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Abstract

This thesis gives an introduction to the Clifford algebra and its Spin subgroup. We first construct the
Clifford algebra before using the spinorial representation to proof its (semi)simplicity. We then construct
the Spin group and determine its irreducible representations using weight theory. The reader is expected
to have prior knowledge about rings and representations of groups, but all required theory will be recalled
in the preliminaries.
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1 Introduction

The Clifford algebra and its substructures are among the most well-known and well-studied algebraic struc-
tures in history. Named after the British mathematician and philosopher William Kingdon Clifford, the
algebra generalises Grassman’s exterior algebra while simultaneously generalising the complex space and
Hamilton’s quaternion algebra.[I] In modern day, the Clifford algebra still is an interesting structure as it
connects multiple disciplines of mathematics: the Clifford algebra itself combines geometry and algebra, while
its Spin subgroup is a Lie group doubly covering the special orthogonal group. The theory of Clifford algebras
is also closely linked with both general relativity and particle physics.

The goal of this thesis is to give an introduction to the Clifford algebra, the Spin group and their special
properties. We will start with some preliminaries, followed by some general theory of semisimple algebras. In
chapter 3, we first construct the Clifford algebra and apply the general theory of semisimple algebras to find
the spinorial representation. Later in the same chapter, we construct the Spin subgroup and its Lie algebra.
Finally in chapter 4 we study the representation theory of the Spin group, using the spinorial representation
to indirectly determine all irreducible representations.

2 Preliminaries

In this section, we will recall some preliminary notions as well as theorems that will be used (but not proven)
in further sections.

2.1 Representations and modules [2]

Firstly, we recall the definition of a representation. Intuitively, a representation of a group G gives a map
from G to matrices, such that the matrix multiplication on the image has similar properties to the group
multiplication. More rigorously, we define a representation as follows:

Definition 2.1.1. Let V be a (finite dimensional) vector space over R or C. A representation of G over V
is a group-homomorphism p : G — GL(V).

Here GL(V') denotes the ‘general linear’ group of invertible linear maps V' — V| with composition as the
multiplication. By choosing any basis for V', we can make the linear maps into matrices in a natural way.
Two different choices of bases will give different matrices, but we consider these matrix-representations to be
equivalent.

Since the image of the representation are linear maps, we can consider how these maps act on the vector
space V. A group element g € G becomes a linear map p(g) which acts on a vector v € V' to give a vector
p(g)(v) € V. Using this, we can define an action of G on V as G x V — V;(g,v) — g-v := p(g)(v).
This action is linear in v and inherits all homomorphism-properties of p, such as g1 - (g2 - v) = (g192) - v for
g1,92 € G,v € V. Using these properties, we define a module:

Definition 2.1.2. Let V be a (finite dimensional) vector space over K = R or K = C, then V is a G-module
if there is an action G x V. — V such that for any g,h € G,u,v € V, A € K the following conditions are
satisfied:

e g-veV,
b g(hv):(gh)vv
e ¢-v = v where e denotes the identity in G,

e g-(A+u)=Ag-v)+g-u



2 PRELIMINARIES 2

We have seen above that each representation induces a G-module; similarly each G-module V' induces a
representation by p(g)(v) = g-v,v € V,g € G. This means that representations and G-modules are in a one-
to-one correspondence and we can freely switch between the two. We will use representations or G-modules
depending on which is more useful at that point.

Note that if p : G — GL(V) is a representation and A € GL(V) an invertible linear map, then 7 : G — GL(V)
defined by 7(g) = A1 o p(g) o A for g € G is also a homomorphism: for any g,h € G we have 7(g)7(h) =
(A=top(g)oA)o (A op(h)o A) = A=t op(gh)o A = 7(gh). In this manner, any number of representations
can be made. It’s therefore common to look at isomorphism classes of representations (or modules) instead.
The exact isomorphism-condition is the following:

Definition 2.1.3. The representations p : G — GL(V) and p’ : G — GL(V’) are equivalent if there is
an intertwining isomorphism between V and V', i.e. a vector space isomorphism ¢ : V' — V' such that

¢(p(9)(v)) = p'(9)(4(v)) for any g € G v € V.

Finally, there are some properties a representation or G-module can have. Note that if p, p’ are equivalent,
they have the same properties.

Definition 2.1.4. A G-submodule is linear vector subspace of G-module which is closed under the action
the group G. A G-module is irreducible if there are no proper submodules. A G-module is faithful if g-v = v
implies that g is the unit element.

Note that these definitions carry over to representations. The last definition is equivalent to saying that the
representation is injective.

2.2 Manifolds, Lie groups and Lie algebras [3]

Secondly, we recall the definition of a (smooth) manifold. Intuitively, a manifold is a (topological) space such
that the space locally resembles R™, n € N. For instance, the n-sphere resembles R™ when zoomed in ‘far
enough’. This can be made precise as follows:

Definition 2.2.1. A n-manifold is a topological space M together with charts (U, x : U — R"™) such that
each U is open, each x is a homeomorphism, the union of all U’s covers M, and for any two charts (U, x), (V,n)
the map yon=! : n(UNV) — x(UNV) is smooth (as a map R™ — R™). The number n is called the dimension
of M.

The advantage of manifolds is that we can define smooth functions between them. We do this by using the
charts to write the function as a map from R™ to R™, where the meaning of ‘smooth’ is well-defined.

On a manifold, one defines the tangent (vector) space by means of derivatives. This is intuitively best
illustrated by the idea that velocity is always a vector, while position is a point on the manifold. Therefore,
for any element of the tangent space in a given point there is a curve passing through the point with that
element as its velocity. However, the derivative of the curve has not been defined yet (as it depends on the
chosen chart), so we have to define the tangent space in an abstract manner, similar to a dual space. We will
not give this abstract definition since it is not important for this thesis. The tangent space of the manifold
M in the point p is given the notation 7, M. Note that if M locally looks like R™, then the tangent space
also resembles R™, hence the dimension of T, M (as a vector space) is equal to the dimension of M (as a
manifold).

Assuming we have defined the tangent space, we can define the tangent bundle as the disjoint union of the
tangent spaces: TM = HpeM T,M. The elements of T'M are written as (p,v) where p € M, v € T,M. Note
that the tangent bundles can again be seen as a manifold, hence we can speak of ‘smooth functions to T'M’.
This is used to give a notion of a smoothly varying vector field, by defining vector fields as smooth functions
X : M — TM such that X (p) € T, M.

Now consider a Lie group, that is, a manifold G with a group structure, such that the operations of mul-
tiplication (G x G — G, (g,h) ~ gh) and inversion (G — G,g + g~ ') are smooth. It follows that the
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left-multiplication operations I, : G — G, h — gh for g € G are smooth, so one can consider its derivative in
the point h: (dly)n : ThG — TgnG, or in general dly : TG — T'G. The second form allows us to define the
post-composition of a vector field with dl, as follows. Let X : G — T'G be a vector field and let g € G. Since
ly is smooth, so is dlg, so the map dl; o X : G — T'G is smooth. Therefore, dl, o X is a vector field.

We call a vector field X left-invariant if dl; o X = X for each g € G. We can uniquely determine a left-
invariant vector field by its value at the identity e of the group, as X (g) = di4(X(e)) for any g € G. Using
this relation, it turns out that the set of left-invariant vector fields is, as an vector space, isomorphic to T.G.
However, the set of left-invariant vector fields has additional structure; it naturally admits a non-associative
antisymmetric bilinear multiplication [, -] which satisfies the identity [X,[Y, Z]] +[Y,[Z, X]] + [Z,[X,Y]] =0
for any left-invariant vector fields X, Y, Z. This last identity is called the Jacobi identity, and a vector space
with the given properties is called a Lie algebra. We see that any Lie group induces a Lie algebra isomorphic
to the tangent space in its identity. This Lie algebra is denoted by Lie(G), although its also commonly typeset
using lower-case gothic letters, so Lie(G) can also be denoted by g. Note that the dimension of Lie(G) is
equal to dim(7.G) = dim(G).

There are a multitude of proposition which follow from this result; we won’t go into detail for all of them,
but will call upon them when necessary. Some main results are:

e For any Lie algebra g, there is a Lie group G such that g = Lie(G).

e Let G, H be Lie groups and let F : G — H be a (group) homomorphism, then there is an unique
push-forward F : Lie(G) — Lie(H) such that F is an algebra homomorphism.

e (Ado’s Theorem) Every finite-dimensional real Lie algebra admits a faithful finite-dimensional repre-
sentation.

Here, a Lie algebra representation of a Lie algebra g is a vector space V together with a map p: g — gl(V)
where gl(V) is Lin(V') endowed with the commutator brackets [4, B] = Ao B— Bo A as (Lie) multiplication,
and a faithful representation is again defined as an injective representation.

In particular, we note that GL(V') is a Lie group with Lie algebra gl(V).

2.3 (Special) Orthogonal group

Thirdly, we recall the definition of the (special) orthogonal group. The orthogonal group can be seen as the
group of all rotations and reflections on R™, while the special orthogonal group is the subgroup of rotations.

Definition 2.3.1. The orthogonal group O(n) is the group of all real n x n-matrices A with the property
that ATA = AAT = 1. The special orthogonal group SO(n) is the subgroup {A € O(n) | det(A4) = 1}.

Since all n x n—matrices can be associated with vectors in R”Q, there is a natural topology on O(n) and
SO(n). It turns out both groups are compact Lie groups of dimension n(n —1)/2. The group O(n) has two
connected components, one being SO(n) and the other {4 € O(n) | det(A4) = —1}.

Since O(n) and SO(n) are Lie groups, we can calculate their Lie algebras. The easiest way to do this
calculation is by considering O(n) and SO(n) as Lie subgroups of GL(n) := GL(R"™) while noting that
the Lie algebra of GL(n) is gl(n) = Lin(n). This implies that the Lie algebras o(n) = Lie(O(n)) and
so(n) = Lie(SO(n)) are Lie subalgebras of Lin(n). The orthogonality condition (AAT = 1) becomes the
condition B+ BT = 0 for B in the algebra, while the condition det A = 1 becomes Tr B = 0. Therefore, o(n)
is the Lie algebra of skew-symmetric linear maps, while so(n) is the Lie algebra of skew-symmetric linear
maps with trace 0. Since all skew-symmetric maps have trace 0, it turns out that o(n) = so(n).
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3 Associative Algebras

In order to understand Clifford Algebras, we will first have to understand more about general associative
algebras. With that in mind, we define simple and semi-simple algebras and investigate their relations with
representations. We start, however, with some more general definitions, such as the definition of an algebra.
The definitions are all based on Hermann [4]. Note that some of these definitions do not fully agree with
other sources.

3.1 General notions

We define the ‘algebra’ structure, its substructures and homomorphisms.

Definition 3.1.1. An algebra A is an vector space over a field K together with a (K-)bilinear product
i AxXA— A (a,b) — a-b=:ab. An algebra is said to be associative if the product is associative, i.e. for

any a,b,c € A we havea-(b-¢)=(a-b)-c

We will assume that A has finite dimension over K and that K is a field of characteristic 0. Remark that
an associative algebra resembles a ring, but does not necessarily have an multiplicative identity. As we have
defined a structure, we naturally want to define a corresponding substructure. Since we already have the
notion of a vector-subspace and a subring, we get a natural definition for the subalgebra of an algebra.

Let A be an associative algebra.

Definition 3.1.2. For any VW C A let VW := {v-w | v € V,w € W}. A subalgebra of A is a linear
subspace A’ C A such that A’A’ C A’.

Since the multiplication is associative, we can also consider terms like BC'D for B,C, D C A.
Recall that in group theory, one cannot take quotients over any subgroup. Instead, one has to define normal
subgroups. Similarly, there is a stronger notion which allows us to take quotients over algebras.

Definition 3.1.3. Let A’ C A be a subalgebra. We call A’ a left-handed ideal if AA" C A’; we call A’ a
right-handed ideal if A’A C A’. If A’ is both left-handed and right-handed, we call A’ two-sided. An ideal
A’ is said to be non-trivial if A" £ 0, A.

When we refer to an ideal A’, we mean a two-sided ideal, unless otherwise specified. A ‘left-handed ideal’ is
usually shortened to ‘left ideal’, similarly for right-handed. Finally, we have to define the homomorphisms
between algebras.

Definition 3.1.4. Let A, A’ be algebras. A algebra homomorphism is a K-linear map ¢ : A — A’ such
that ¢(ab) = ¢(a)p(b) for a,b € A. If ¢ is bijective it is called an isomorphism, and A, A" are said to be
isomorphic. (Notation: A = A’.) An isomorphism from A to itself is called an automorphism, while an
anti-automorphism is a K-linear bijection ¢ from A to itself such that ¢(ab) = ¢(b)¢p(a) for a,b € A.

The image of an algebra homomorphism ¢ : A — A’ is by linearity of ¢ a linear subspace of A’. Moreover,
@(ab) = ¢(a)p(b) for a,b € A, so ¢p(A) is a subalgebra of A’.

Example 3.1.5. Let V be a (K-)vector space. The linear algebra Lin(V) is the (vector) space of K-linear
maps (endomorphisms) V' — V equipped with (+,0) such that (A o B)(v) = A(B(v)) and (A + B)(v) =
A(v) 4+ B(v) for any v € V. This algebra is associative (as ((Ao B) o C)(v) = A(B(C(v))) = (Ao (Bo(C))(v)
for v € V) and has an identity 1y defined by 1y (v) = v for v € V. A

Using the linear algebra, we can define representations of an associative algebra as follows:

Definition 3.1.6. Let A be an associative algebra over K, and V be a (finite dimensional) vector space over
K. A (linear) representation of A in V is an algebra homomorphism p : A — Lin(V). V together with a
bilinear map (action) - : A x V' — V, (a,v) — a - v such that (ab) - v =a- (b-v) is called an A-module.
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Similar to the group representation and (G-)modules, algebra representations and (A-)modules are equivalent.
Theorem 3.1.7. Modules and (linear) representations are in an one-to-one correspondence.

Proof. Let A be an associative algebra over a field K. Let V' be a vector space over K and p : A — Lin(V') be
a representation. Define the bilinear map - : AxV — V by (a,v) — p(a)(v). Now b-(a-v) = p(b)(p(a)(v)) =
(p(b) o p(a))(v) = p(ba)(v) = (ba) - v for a,b € A,v € V, s0 V equipped with - is an A-module.

Conversely, assume that V is an A-module. Define p : A — Lin(V) by p(a)(v) = a-v. Now p(ab)(v) =
(ab) -v=a-(b-v) = pla)(p(d)(v)) = (p(a) o p(b))(v) for a,b € A,v € V, so p(ab) = p(a) o p(b). Since the
action is bilinear, it follows that p is indeed an algebra homomorphism, so p is a representation.

We conclude that representations and modules are one-to-one. O

Example 3.1.8. Let V be a n-dimensional vector space over K, and let V* be its dual space. Equip the
tensor product A =V @ V* with the multiplication A x A — A, (v1 ® ¢1)(v2 ® ¢P2) = ¢P1(v2) (v1 ® ¢2). Let
{w; |4 =1,...,n} be a basis of V and {w;} its dual basis, i.e. w;(w;) = d;;. Remark that {w; ® w;} forms
a basis for A as a vector space. Define the action of A on V by (w; ® w;) - v = wj(v)w; for v € V and
i,j € {1,...,n}; this is indeed an action, as it is linear and (w; ®w;) - ((wr Owy) -v) = (w; Qw;) - (wi(v) wi) =
wi(v)wj(wk) wi = wj(wg)(w; @ wr) - (v) = (wj(we) (Wi @ wy)) - v = ((w; ® wj)(we @ wy)) - v.

Using the above correspondence, we get a representation p : A — Lin(V). This representation is injective:
Let a = (w; @ wj),b = (wr @w;) € A and assume p(a) = p(b). Then p(a)(w;) = p(b)(w;), so w; = wi(w;)wy.
By definition of the dual basis, it follows that j = and ¢ = k, so a = b. Since dimA = dimV - dim V* =
n? = dim Lin(V), we find that p is an bijective homomorphism, so p is an isomorphism. We conclude that
V ® V* 2= Lin(V). A

We have now defined algebra representations. We define irreducible algebra representations analogous to ir-
reducible group representations. In the following definitions and examples, A denotes an arbitrary associative
algebra.

Definition 3.1.9. Let V be a vector space, p : A — Lin(V') a representation. Let U C V be a linear subspace
of V such that p(A)(U) C U. Then U is called invariant. Define the representation of A on U created by
restricting each linear map in p(A) to U, this is the subrepresentation of A in U. The subrepresentation is

also denoted by p.

Let L C Lin(V). We say that L acts irreducibly on V' if there is no non-trivial invariant subspace V' of V.
For a representation p : A — Lin(V'), we say that the representation is irreducible if p(A4) C Lin(V) acts
irreducibly; we say that an A-module is irreducible if its corresponding representation is irreducible.

A representation is called faithful if p is injective, i.e. if the kernel of p is 0.

We call V' completely reducible if there are k € N and V; for ¢ = 1,...,k such that V =V, & --- & V4,
p(A)(V;) CV; and p(A) acts irreducibly on each V;, i.e. the subrepresentations are irreducible.

Example 3.1.10. Consider the map A x A — A, (a,b) — ab. Since A is a vector space, we can consider
this as an action of A onto itself. From the properties of the multiplication, it follows that A is an A-module
under this action. This induces a representation which is called the (left) regular representation or standard
representation and denoted by preq : A — Lin(A).

Consider an minimal left ideal B of A, i.e. a left ideal such that for any non-trivial left ideal B’ C B we have
B’ = B. We see that the action of A leaves B invariant, as for any a € A we have a - B C B. Therefore,
consider the subrepresentation of A in B.

Proposition 3.1.11. Let A be an associative algebra, B an ideal in A. The regular representation preq :
A — Lin(B) is irreducible.

Proof. Assume there is a C' C B such that p,.4(A)(C) C C. Then aC C C for any a € A, so AC C C. This
gives us that C' is a left ideal of A. But C' C B, so from minimality it follows that C =0 or C = B. We find
that there are no non-trivial invariant subspaces of B, s0 pcq is irreducible in B. O
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As B was arbitrary, we see that the regular representation is irreducible on all minimal left ideals. Therefore,
if A is the direct sum of its minimal left ideals, the regular representation will be completely reducible. We
will later see other properties which relate to A being the direct sum of its minimal left ideals. A

We also want to have a sense for the equivalence of representations.

Definition 3.1.12. Let V, V' be two vector spaces and let p : A — Lin(V), p’ : A — Lin(V’) be representa-
tions. A linear map ¢ : V — V' is said to intertwine p and p’ if ¢(p(a)(v)) = p'(a)(¢(v)) fora € A,v € V. If
¢ is an intertwining isomorphism, p and p’ are said to be equivalent.

Two A-modules are said to be equivalent if the corresponding representations are equivalent.

Example 3.1.13. Let p : A — Lin(V') be a representation of A in a vector space V, and let X be an invertible
map in Lin(V). Define p’ : A — Lin(V) by p'(a) = Xp(a)X~!. Remark that p’ is a representation, as
p'(a)p'(b) = Xp(a) X Xp(b)X 1 = Xp(ab) X~ = p/(ab) for a,b € A. Now p'(a)X = Xp(a)X 1 X = Xp(a)
for all @ € A, so X intertwines p and p’. Since X is an invertible linear map from V to itself, it is an
isomorphism, so p and p’ are equivalent. A

We can now prove the following theorem, which is known as ‘Schur’s lemma’.

Theorem 3.1.14 (Schur’s Lemma). Let V, V' be vector spaces and p, p’ irreducible representations of A in
V' respectively V'.

o Let ¢: V — V' intertwine p and p'. Then either ¢ =0 or ¢~ exists.

o Let K=C and let ¢ : V — V intertwine p with itself. Then there is a A € C such that ¢(v) = lv for
allveV.

Proof. Let N C V be the kernel of ¢, let v € N and a € A. Now ¢(p(a)(v)) = p'(a)(¢(v)) = p'(a)(0) = 0,
so p(a)(v) € N for any a € A. We see that N is an invariant subspace of V. However, V is irreducible,
so N=0or N =V. For N =V, it immediately follows that (V) = 0 so ¢ = 0. For N = 0, the kernel
of the linear map ¢ is 0 so ¢ is injective. In this case, consider ¢(V) C V', For all @ € A,v € V we have
p'(a)(p(v) = d(pla)(v)) € ¢(V) so ¢(V) is an invariant subspace of V'. Since p’ is irreducible and ¢(V) is
non-zero (by injectivity) we have ¢(V) = V', so ¢ is surjective. We find that ¢ is a linear bijection, so ¢!
exists.

Let K = C and V = V’. Since ¢ is a complex linear map from V to itself, is has an eigenvalue \. Let
U={v eV | ¢w) = A} be the set of eigenvectors for \. For a € A,v € U we have ¢(p(a)(v)) =
p(a)(p(v)) = pla)(Av) = Ap(a)(v), so p(A)(U) C U. As p is irreducible, we find that U =V, so ¢(v) = \v

v

forallveV. O

3.2 Properties of associative algebras

In the following, A is an associative algebra over the field K with characteristic 0.
We consider some properties of associative algebras concerning the existence of ideals. We start by defining
a property which guarantees that all ideals are ‘nice’, where we define a ‘non-nice’ ideal using nil-potency:

Definition 3.2.1. Both an element of A and a subset can be nilpotent.
e Let a € A. The element a is said to be nilpotent if there is an n € N such that a™ = 0.

e Let A/ C A. The subset A’ is called nilpotent if there is an n € N such that for any aq,...,a, € 4’,
aj -as-...-a, =0 holds. Note that this condition is equivalent to (A’)™ = 0.

We can now define an associative algebra with ‘nice’ ideals, or no ideals at all.
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Definition 3.2.2. The associative algebra A is called semisimple if any non-trivial ideal is not nilpotent. It
is called simple if there are no non-trivial ideals.

Remark 3.2.3. The given definitions of simplicity and semi-simplicity come from Hermann [4] and do not
agree with all other authors, who might additionally require A to be non-nilpotent or a similar condition.
The given definition, however, is strong enough for our use since we work in finite dimensions. In fact, if
a non-zero algebra A were to be nilpotent and m € N be the smallest integer such that A™ = 0, then any
subset of A™~! would be a nilpotent ideal, hence a semisimple algebra must be non-nilpotent.

Example 3.2.4. Consider C as an algebra over R. Since C is a field, each non-zero element has an inverse.
This implies that each ideal in C is either 0, or contains 1 in which case the ideal is equal to C. We see that
C is simple as an algebra over R.

Another example of a semisimple algebra is the quaternion algebra. Consider the quaternion group
{41, +i,+j,+k | i2 = j2 = k? = ijk = —1}. The group algebra H of the quaternion group over R is
defined as the vector space over R spanned by e1, e;, €5, e, with the multiplication induced by e? = ey, el =
e? = e% = —e) = e;eje. For any element h = ae; + be; + cej + dej, we can define a (‘quaternion’) conjugate
h* = ae; —be; —cej —dey,. Calculating hh* and h*h gives hh* = (a®+b%+c?+d?)e; = h*h. For any non-zero
h € H, we have a? 4+ b? + ¢2 4+ d? > 0 since a,b, c,d € R. We therefore find an inverse of h by dividing h* by
a? + b% + ¢ + d?. We find that any non-zero element has an inverse, so H is a division ring. Using the same

arguments as for C, we see that H is simple. A

In the earlier example with the regular representation, we saw that minimal left ideals are in some sense
irreducible. This works more generally: if V' is a vector space, p : A — Lin(V) a representation and B a
minimal left ideal of A, then p(A)p(B)(V) = p(AB)(V) = p(B)(V), so p(B)(V) is an invariant subspace.
Similarly, minimal left ideals have more nice properties. In the following theorems, we investigate a few of
these properties.

Theorem 3.2.5. Let A be an associative algebra and let B be a non-nilpotent, minimal left ideal of A. Then
there is an e € A such that e? = e and B = Ae.

Proof. Consider B2. Since AB C B, we know that B> C B and that AB? C B2, so B? is a left ideal
contained in B. By minimality, either B?> = B or B? = 0. Since B? = 0 implies that B is nilpotent, we have
B? = B. Consider Bb C B? = B for a b € B. This is once again a left ideal, so by minimality either Bb = 0
or Bb = B. Since B2 = B, there must be a b € B with Bb = B. Therefore, the map B — B given by right
multiplication by b is surjective. Since the dimension of B is finite, the map is also injective. The surjectivity
of the map implies there is an e € B such that eb = b. Multiplying by e gives e?b = eb, so (e? — e)b = 0. By
injectivity e? — e = 0, so €2 = e. Finally, Ae is a left ideal with Ae C AB C B, so by minimality Ae = B.
We conclude that e has the required properties. O

Corollary 3.2.6. Let A be a semisimple associative algebra and B as in the previous theorem such that
B = Ae and €? = e. Then eA is a minimal right ideal.

Proof. It is clear that eA is a right ideal. We will prove that it is minimal. For this, we first need that eAe
is a division ring, i.e. ede\ {0} is a group.

First remark that eAe C Ae and (eAe)(eAe) = e(Ae?A)e C eAe is closed under multiplication, and that for
any non-zero x € eAe we have ex = xe = x. Consider such a non-zero x € ede. Then = € Ae so the left

ideal Az is contained in Ae. As Ae is minimal, Az = Ae. As e € A, there is an a € A such that ax = e? = e.

2 = ¢, s0 y is a left inverse of x. Consider this y. Similarly,

Define y = eae € eAe, then yr = eaex = eax = ee
there is an z € eAe such that zy = e. Now ay = exy = zyzy = z(yx)y = zey = zy = e, so y is also the right
inverse of x.

We conclude eAe is closed under multiplication and each non-zero element has an inverse, so eAe is a division

ring. Let I C eA be a non-zero right ideal, let t € I. Now t € eA, so te € eAe, so te has an inverse y or
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te = 0. There must be an element ¢ € I such that te # 0, since te = 0 for all t € I implies 12 C IeA = 0
which means I is nilpotent. Since A is semisimple, I cannot be nilpotent.

Choose an element t such that te has the inverse y, hence ty =tey =e. Buty€ A, soe=tyc IAC I. We
conclude that e € I so I = eA, Since I was arbitrary, we conclude that eA is a minimal right ideal. O

The above theorem tells us that certain minimal left ideals are generated by an element e € A. We give this
€ a name.

Definition 3.2.7. An e € A such that e? = e is called an idempotent; if Ae is a minimal left ideal, e is called
a minimal idempotent.

Minimal idempotents will be written as a or e.

To apply the above theorem, we need a minimal left ideal that is non-nilpotent. Proving that a given left
ideal is non-nilpotent is (usually) not overly complicated, but a theorem which guarantees that all left ideals
are non-nilpotent is still very useful.

Theorem 3.2.8. Let A be a semisimple associative algebra and B # 0 a left ideal of A. Then B is non-
nilpotent.

Proof. Assume B is nilpotent, and define N = BA. By definition AN = ABAC BA= N and NA= BA? C
BA = N, so N is a two-sided ideal. Moreover, N* = (BA)" = BABA...BA C BB...BA = B"A by
AB C B, so the nilpotency of B gives that N is nilpotent. Since A is semisimple, we get that N = 0. Hence
BA =0C B, so B is a two-sided ideal. We find that B = 0. Using contraposition, we conclude that B # 0
is non-nilpotent. O

We see that if A is semisimple, then all non-trivial left ideals are non-nilpotent, which can be useful. However,
we still lack ways to prove that A is semisimple. Naturally, that is our next step.

Theorem 3.2.9. Let A be an associative algebra. The following are equivalent:
1. A is semisimple.
2. A is the direct sum of minimal left ideals (as a vector space).

3. There exists a vector space V' and a representation p : A — Lin(V') which is faithful and completely
reducible.

Proof. We proof “1 — 2 — 3 — 17. The proof “1 — 2” and “3 — 17 are based on proofs in [4].

“l — 2”: Let A be semisimple, and let B be a minimal left ideal. Then there is an a € A such that B = Aa.
Define A’ = {b—ba | b € A}. Tt is clear A’ is a left ideal of A. We show A is the direct sum of B with A’.
Let € BN A'. Then z = ca = d — da for some c,d € A. Multiplying the right by a gives ca® = da — da?,
or ca = da — da = 0. We find that x = 0, so BN A’ = 0. For any a’ € A we have ¢’ = d’a + (¢’a — a), and
since a'a € B, (a’a — a) € A’ we find that A = B + A’. Combining this with BN A" = 0, we conclude that
A=BaoA.

We can repeat this process for A’. Since B has at least dimension 1 and A is finite dimensional, this process
stops after finite iterations. We conclude that A is the direct sum of minimal left ideals.

“2 — 3”: Let A be the direct sum of k£ minimal left ideals. Since the ideal 0 does not contribute to a
direct sum, we may assume each minimal left ideal is non-zero. Each minimal left ideal can be written as
Aa; for a minimal idempotent a;, for 1 < i < k, so A = @le Aa;. Let preq : A — Lin(A) be the regular
representation, and define by pf_eg : A — Lin(Aa;) the irreducible subrepresentations. We will show pieg is
faithful. Assume, to the contrary, that pj..,(b) = pj..,(c) for unequal b, c € Aa;. Define N = Aa;(b— c). Now
N is a left ideal with N C Aa;Aa; C Aa;. Since b — ¢ € N, we have N # 0, so minimality gives N = Aa,.
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However, a; € Aa;, so there is a d € Aa; such that d(b — ¢) = a;. Taking the pfneg on both sides gives
Pheg(d) -0 = pl (d(b—c)) = pl.y(ai), so pi.,(a;) = 0. But then a; = aa; = pl.4(ai)a; = 0, so Aa; = 0.
This contradicts the assumption that each minimal left ideal is non-zero. We conclude that pj., is faithful,
so the kernel of pj.., is 0. It follows that the kernel of p;., is 0, so the regular representation is faithful. We
see that the regular representation suffices.

“3 — 17: Let V be the vector space and p : A — Lin(V) the faithful and completely reducible representation.
There are Vi,...,V,, n € N such that V=V, & --- @ V,, and p acts irreducibly on each V;. Assume, to
the contrary, that N is a nilpotent ideal in V. Let k € N such that N*¥ = 0. By definition AN C N, so
p(N)V; CV, is an invariant subspace. As Vj is irreducible, this implies that either p(N)V; = V; or p(N)V; = 0.
However N* = 0 implies p(N)* = 0, so p(N)*V; = 0. This excludes p(N)V; = V;, so p(N)V; = 0. Since V is
the direct sum of the V;, we find that p(N) = 0. Using the injectivity of p (p is faithful), we conclude that
N =0. O

Remark 3.2.10. The proofs of Theorem and “l1 — 2”7 also show that any semisimple A is the direct
sum of minimal right ideals, by writing B = a A with a similar argument and considering A’ = {b—ab | b € A}.
We will use this for the next two corollaries.

Corollary 3.2.11. Let A be a semisimple associative algebra. Then A is the direct sum of simple ideals.

Proof. By the previous theorem, A is the direct sum of left ideals A = @le A = @le Ae; for some k € N|
where the e; are the minimal idempotents. For each Ae;, consider Ae; A. This is, by construction, a two-sided
ideal in A. We will show this ideal is simple.

First of all, let ¢ € {1,...,k} and note that for any j € {1,...,k}, Ae; either satisfies Ae; C Ae; A or
Ae;AN Aej = @, as Ae;A is a left ideal. Therefore, Ae; A is the direct sum of some Ae; for j € {1,...,k}.
By the above theorem, Ae; A is semisimple.

Let B C Ae; A be a non-zero ideal of Ae; A, let b = ae;a’ with a,a’ € A be an element of B. Now ae; € Ae;
which is a minimal left ideal of A, so A(ae;) = Ae; which gives us

Ae;A(ae;a’) = Ae;Ae;a’ = Aesa’

as (Ae;)? = Ae; for minimal left ideals. We find that Ae;a’ C B.

By Remark we find that A is the sum of minimal right ideals A = @le e;A. Therefore, the above
steps repeated for right ideals gives that Ae; A C B, so B = Ae; A hence Ae; A is simple.

For each Ae;, we consider the Ae; A. Since the intersection of two ideals is an ideal, we see that for i,j €
{1,...,k} either Ae;A = Ae; A or Ae;ANAejA = 0 as the ideals are simple. We conclude that the direct sum
of left ideals induces a direct sum of simple ideals if we substitute Ae; — Ae; A and remove all doubles. [

Corollary 3.2.12. Let A be a semisimple associative algebra. Then A has an unit.

Proof. By Theorem[3.2.9] A is the direct sum of minimal left ideals. Moreover, by Theorem [3.2.5] we have that
each minimal left ideal can be written as Ae for a (minimal) idempotent e. Therefore, write A = @le Ae;
for a k € N. We have also seen that the intersection of two left ideals is again a left ideal, so for any left
ideal B and any i we find that Ae; N B is a left ideal contained in Ae;. Using the minimality of Ae;, we find
Ae;NB =0 or Ae; N B = Ae; for any 4. Since A is the direct sum of these minimal left ideals, it follows that
any minimal left ideal of A is of the form Ae; or 0. In Corollary we saw that the corresponding e; A are
minimal right ideals.

By Remark [3:2.10, we see that A is the direct sum of minimal right ideals. Likewise, we see that each right
ideal can be written eA for a minimal idempotent e, i.e. such that Ae is a minimal left ideal. From these
considerations, it follows that A = @le e A.

Consider the map A — Aej,a — ae;. This is the right-unit on Ae; since (e1)? = ej, and is the null-map
on each other Ae; since e; € Aey; and A is the direct sum of all Ae;. Similarly, e; is the right-unit on Ae;
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and null on each other minimal left ideal. Therefore, consider e := Zle e;. This e acts as a right-unit on
A. Since we can write A = @le e; A as well, we similarly get that e is a left-unit on A. We conclude that
e= Zle e; is an unit, so A has an unit. O

We have thus found that a semisimple algebra is the direct sum of minimal left ideals, so one can find the
structure of A by determining its minimal left ideals. We have also seen that the regular representation is
irreducible on minimal left ideals. We use this to show that all irreducible representations of A can be found
in A as a minimal left ideal.

Theorem 3.2.13. Let A be a semisimple associative algebra, V a vector space and p : A — Lin(V) an
irreducible representation. Then there exists a minimal left ideal B C A such that p is equivalent to the
restriction preg : A — Lin(B) of the reqular representation.

Proof. Remark that if V' =0, then B = 0 has the required properties. We assume V # 0.

Using Theorem [3.2.9] write A as a direct sum A; @ - -- @ A,, of minimal left ideals for some n € N. Choose a
non-zero v € V and define B’ = {a € A | p(a)v = 0}. For any b,c € B’ we have that p(ab)v = p(a)p(b)v =0
and p(Ab + c)v = Ap(b)v + p(c)v = 0 for all a € A, X € K, so B’ is a left ideal of A. The intersection
B’'NA; C A; is a left ideal, so by minimality B'NA; =0 or B'NA; = A; for all i = 1,...,n. Therefore, B’
is the (direct) sum of A; for some values of i. Take all the direct sum of all other values of i and call that B,
such that B @ B’ = A. We will show that p is equivalent to p,., acting on B, and that B is minimal.
Define ¢ : B — V by b+ p(b)(v). By construction, each b € B is not in B’ except 0, so p(b)(v) # 0 unless
b = 0 hence ¢ is injective. Since p is irreducible, V' has no non-trivial invariant subspaces, so p(A)(v) =V
hence ¢ is surjective. We find that ¢ is bijective. Because

P(preg(@) (b)) = p(ab) = p(ab)(v) = p(a)(p(b)(v)) = p(a)(H(b))

for a € A,b € B, we see that ¢ intertwines p,., and p. We conclude that ¢ : B — V is an (intertwining)
isomorphism, B 2 V.

Since p is irreducible, pr.q is irreducible in B. But we have seen before that p,.q is irreducible in each minimal
left ideal, and that B is the direct sum of minimal left ideals. Since each minimal left ideal is an invariant
subspace of B, we conclude that B is a minimal left ideal. O

This theorem essentially tells us that all irreducible representations of a semisimple associative algebra can
be found as subrepresentations of its regular representation. For simple algebras, we can prove a similar but
stronger statement.

Theorem 3.2.14. Let A be a simple associative algebra and let B, B’ be non-zero minimal left ideals of A.
Then there exists an isomorphism ¢ : B — B’ intertwining preq(A), i.e. preg(A)|B = preg(A)|p. (This
means that B and B’ are equivalent as A-modules.)

Proof. Since B is a left ideal, BA is a two-sided ideal, so BA = A as A is simple. Therefore, using that A has
finite dimension, we can find a k € Z and a; € A for each i € {1,...,k} such that the (not necessarily direct)
sum of Ba; is A. Choose the smallest k for which it is possible to write A as the sum of Ba;, 1 < i < k,
and choose a corresponding set of a; such that A = Bay + --- + Bay. By our choice of k, the Ba; are
non-zero. Consider the map v¢; : B — Ba;, b+~ ba;. For any a € A, a-;(b) = a(ba;) = (ab)a; = ¥;(a - b),
so 9, intertwines the action of pyeq(A) on B and Ba,. Additionally, 9, is by construction surjective, and
it is injective since B is minimal (and the kernel of 1); is an invariant subspace). We conclude that the 1);
are isomorphisms, so each Ba; is isomorphic to B (as A-modules). This implies the Ba; are minimal, so
Ba;NBa; =0 for any ¢ # j since k was minimal. We see that the sum of the Ba, is direct, so A = @le Ba;.
Define ¢; : A — Ba, as the projection map of the direct sum. The map ¢; intertwines preq(A), as for any
a€Ab=bias+ - +apby € A, a-¢;(b) =a- (ba;) = abja; = ¢;(abia + -+ - + abgag) = ¢;i(a-b). Consider
¢i|p : B' = Ba;. As both B’ and Ba; are minimal, this map will either be the null-map or an isomorphism
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(as the kernel is B’ or 0 respectively). As B’ is non-zero, there must be a map ¢;|p which is an intertwining
isomorphism. Therefore, the composition ¢ := (¢;|p/) "' 09); : B — B’ is an intertwining isomorphism from
B to B’. We conclude that B and B’ are equivalent as A-modules. O

We find that all minimal left ideals of a simple algebra are isomorphic, and that the restrictions of the regular
representation to each minimal left ideal is equivalent. Combining this with Theorem we naturally
get the following result.

Corollary 3.2.15. Let A be a simple associative algebra, V,V' vector spaces and let p : A — Lin(V),
P+ A — Lin(V’) be irreducible representations. Then p and p’ are equivalent.

Summarising this section, we have found a few ways to prove an associative algebra is (semi)simple and seen
properties that are implied by (semi)simplicity, like the existence of an unit and that the vector space is the
direct sum of left ideals. This essentially tells us semisimple algebras are 'nice enough’ for our purposes.

3.3 Tensor product of associative algebras

As we will see in the next chapter, some (associative) algebras are difficult but can be simplified by taking the
product with another algebra. As algebras are vector spaces, this product will be defined such that the vector
space of the product is the product of the vector spaces. This naturally brings us to the tensor product.

In this section, K will again denote a field with characteristic 0.

Definition 3.3.1. Let A;, As be associative algebras over the field K. The tensor product A; ®k As of Aq
with As is the vector space 41 ® Ay equipped with the multiplication defined by (a®a’)(b®b") = (ab) ® (a’V’)
which is extended linearly to non-pure tensors.

Proposition 3.3.2. The vector space A1 ® Ay equipped with the given multiplication is an associative algebra.

Proof. First of all, we have to prove that the extension of the multiplication is well-defined. Let a,a’,c € Ay
and b,b',d € Ay. Remark that (a+d')®b=(a®b)+ (¢’ ®b) and similarly a® (b+ V') = (a®b) + (a @ V').
Multiplying by ¢ ® d gives:

((a+d)®@b)(c®d) =((a+d)c) @bd = (ac+ d'c) ® bd = (ac ® bd) + (a'c ® bd)
(a®@b)+ (' @b))(c®d) =(a@b)(c®d)+ (' ®b)(c®d) = (ac® bd) + (a’c @ bd)

We see that the multiplication gives the same result in both cases. The same steps also give
(a®(b+b))(cad) =(ac®bd)+ (a'c®@bd) = ((a®@b) + (a®b))(c®d).

We conclude the extension is well-defined.
Secondly, we have to prove K-bilinearity and associativity of the multiplication. Let a,b,c € A1, a’, b, € Ay
and A\, u € K. We have

(Aa® ) (ub@ V) = (o) a) ((ub) @ F) = ((Ma)(h)) © (a'8) = (Aab) © (a'8) = Au((ab) @ (@'¥))

and
(@@ a) (b)) (o) =((ab) @ (@¥))(c® ) = (abe) @ ('Hc)
=(a®d)((be)® (V') = (a@d) (b V)(c®))
so the multiplication is both K-bilinear and associative. O

Note that for any a € A;,a’ € A2 we have that a ® 0 = 0(a ® ¢’) = 0® o’ = 0® 0. This is consistent with
the fact that 0 ® 0 is the zero of the vector space A; ® As.
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Remark 3.3.3. Let A,B € A;, A', B’ € Ay be subalgebras. The above proposition naturally gives that
A®g A" and B ®k B’ are subalgebras of A; ®k As. Note that (A @k A')(B @k B') = {(ab) ® (a'V') | a €
Abe B,a' e AV € B} =AB®g A'B'.

In particular, we have considered (left) ideals. This leads us to the following result.

Proposition 3.3.4. Let A1, As be associative algebras over K and let B C A1,C C As be subalgebras. If B
and C are left ideals, then B @k C' is a left ideal of A1 ®k Aa. If B and C are two-sided ideals, then so is
B®x C. If B and C are two-sided ideals and B or C' is nilpotent, then B @g C' is nilpotent.

Proof. Assume B and C' are left ideals. By definition we have A1 B C B and AsC C C, so A1 B ®g AC C
B ®g C. We conclude (A; ®k A2)(B ®k C) C B ®k C, so by definition B ®k C'is a left ideal of A; ®k As.
The same argument holds for right ideals, so B ®k C is a two-sided ideal if B, C are two-sided ideals. Finally,
without loss of generality, let B be nilpotent. From the definition of nilpotency, let n € N such that B™ = 0.
Then (BRg C)"=B"@xC" =0@x C" = 0@k 0 as 0®@ ¢ =0® 0 for any ¢ € C. We conclude that B @ C
is nilpotent if B or C is nilpotent. O

Corollary 3.3.5. Let A1, Ay be associative algebras over K and let Ay Qg As be semisimple. Then A; and
Ay are semisimple.

Proof. Assume, to the contrary, that A; is not semisimple. Then there exists a nilpotent ideal I C A;. Now
I ®k A, is a nilpotent ideal of A1 ®k Ao, which is in contradiction with the fact that A; ®g A, is semisimple.
We find that A; must be semisimple. Using the same argument, we find that A; must be semisimple. We
conclude A; and A, are semisimple. O

Note that this corollary does not imply that A; ®k Ao is semisimple if A; and Ay are semisimple, as there
might be a nilpotent ideal generated by a non-pure element of A; @k As.
We derive a similar corollary for simple algebras.

Corollary 3.3.6. Let Ay, As be associative algebras over K and let A1 @k Ay be simple. Then A1 and As
are simple.

Proof. Assume, to the contrary, that A; is not simple. Then there exists a non-trivial ideal I C A;. Now
I ®k As is an ideal of A; ®k As. By contradiction, we find that A; is simple. Without loss of generality, we
conclude that A; and Ay are simple. O

Example 3.3.7. In Example [3.2:4 we have seen that H and C are simple as algebras over R. Consider
the product H¢ := H ®g C. The vector space H ® C is generated by e; ® 1,e; ® i,e; ® 1, etc. We shorten
these notations to 1, 1,14, i, etc. Although H and C are both division rings, their product isn’t. For instance,
H ®g C has the element 1 + ji and its (quaternion) conjugate 1 — ji. It is clear that (1 4 ji)(1 — ji) =0, so
1+ ji is a zero divisor and therefore has no inverse.

Consider the left ideal generated by 1 + ji, so the ideal I := H¢(1 + ji). Remark that 1(1 4 ji) = 1 + ji,
i(l+ji)=1i+ki,j(1+4i)=j—iand k(1+ji) = k—ii, so out of the 8 dimensions of H® C, at least 4 are
in this ideal. In particular, —i(i + ki) = k — ¢i and —i(1 4 ji) = j — i, so all elements of the ideal are of the
form a(i 4 ki) + b(1 + ji) where a and b are complex numbers hence the ideal is 4 dimensional.

We will show the ideal I is minimal. Assume, to the contrary, there is a non-zero element x € I such that
X = Hcz is a smaller ideal (note that X is contained in I). Now x and xi are in X, so if there is any y € X
such that (i)"z and y are linearly independent for n = 1,2, 3,4 then X at least contains z,zi,y and yi. It
follows the existence of such an y implies that X has 4 dimensions, which implies X = I. Therefore, there
can be no such y, so for each y € X, y must be in the linear span of x and zi.

Therefore, there must be complex numbers ¢;, ¢, ¢, such that iz = ¢;x, jr = ¢;x, kx = cxz. (One can think
about this as x being an ‘eigenvector’ for ¢, j and k.) However, iji = ki = j, so ijix = jz which gives us
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clzcj = ¢; since complex numbers commute. Because j is not a null-divisor and x is non-zero, the complex
number ¢; cannot be equal to 0, so ¢? =1 or ¢; = 1. Similarly, we find c; ==*x1,¢ = £1.
Write z in the form xg + ixy + jzo + kx3 for xg,...,x3 € C. Since ¢; = +1, we have

—X1 —+ iIQ — ji)’]g + k‘xg = :l:(:)j’o —+ ixl +j:]]2 —+ kl’g)

so —x1 = *xg, Ty = 1, —x3 = *x9 and x5 = £x3, where the plus-minuses are either all plus or all minus.
But now —x; = 49 = (+)%2r; = 71, so 1 = 0 and o = 0. Similarly, x5 = 23 = 0. We conclude z = 0.
But we assumed x to be non-zero, so we see that there are no smaller ideals inside I. We conclude that I is
minimal.

By Theorem we know that I can be written as Hce for a minimal idempotent e. Since we have
I = He(1 + ji), we will use 1+ ji. Remark that (1 + ji)? = 2+ 2ji, so (1 + ji) is idempotent. It is clear
that 1(1+ ji) generates I, so we have found the minimal idempotent.

In the same way as above, we find that H¢(1—7i) is a minimal left ideal with %(1 —ji) as minimal idempotent.
Note that %(1 +Ji)+ %(1 — ji) =1, so we have found a decomposition of H¢ into minimal left ideals, such
that Hg is the direct sum of the left ideals. We conclude that Hg is semisimple.

Remark that He¢(1 + ji)He = He(1 — ji)He as —k(1 + ji)k = 1 — ji (using (anti-)commutation relations).
Therefore, using the construction we found in the proof of Corollary [3:2.11] we find that Hc is the direct sum
of a single simple ideal, so H¢ is simple.

We conclude He = H ®g C is simple. This implies that H and C are simple. This is consistent with our
earlier findings. A

In the above example, we have seen that the tensor product with C makes the space H slightly more com-
plicated, but also gives us more options. Since C commutes, the spaces Hg is implicitly identified with “H
where all real numbers have been replaced by complex numbers”. This is a common technique, so we give it
a name.

Definition 3.3.8. Let A be an associative algebra over R. The space Ac := A ®gr C is called the
complexification of A. In general, if A is an associative algebra over a field K and K is a larger field

containing K, we call the construction of A ®x K the extension of the ground field from K to K.

Note that the complexification of a real algebra is still a real algebra, but since complex multiplication is
commutative, there is a natural way to extend the scalar multiplication to the complex numbers. When using
complexifications in later chapters, we will always use the complexification as a complex algebra.

In the next chapter, we will consider a particular kind of associative algebras. We will find that the complex
case is much more intuitive compared to the real case, which shows a clear advantage of complexifications.
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4 Clifford Algebras

In this section, we will introduce the concepts of Clifford Algebras and the (S)Pin group. Intuitively, a
Clifford algebra over a vector space V' with a (non-degenerate) quadratic form @ : V' — K is the smallest
associative algebra generated by elements of V' with the property that v-v = Q(v); however, ‘smallest’ is not
directly well-defined. We therefore start with a construction of the Clifford algebra. In this construction we
roughly follow the construction of Hermann [4].

4.1 Construction

Let V be a K-vector space with K = R or K = C. First of all, we define the tensor algebra over V as the
algebra generated by V such that product can not be simplified. This means we start with V' and take the
(associative) tensor product of all elements of V for a set V @ V. We repeat this for sets VRV @ V| etc. to
et Ve (VeV)a(VeVeV)d.... We want our algebra to have an identity for multiplication, so we add
an ‘I’toget {1} ®V @ (VRV)d...; however this is not yet closed under the scalar multiplication of K so
we arrive at:

K{1i}evVve(VeV)e...)=KeVo(VeaV)d...
since V' is closed under scalar multiplication. We have constructed the following algebra:
Definition 4.1.1. We define the tensor algebra TV as K ® @y, ®§:1 V.

Remark 4.1.2. In this context, it is common to denote the tensor product of k copies of V' by V¥ and to
define V0 := K. This allows us to write the tensor algebra as TV = @, V*.

We want to be able to simplify the product, intuitively we do that by ‘defining’ v ® v = Q(v), for a quadratic
form Q. We do this by considering the tensor algebra TV modulo terms v ® v — Q(v). This can be made
rigorous be defining the ideal I generated by {v ® v — Q(v)1 | v € V'}, where 1 is the identity element we
added earlier, and taking the quotient T'V/I.

Definition 4.1.3. Let Q : V — K be a non-degenerate quadratic form, i.e. let {v1,...,v,} be a basis for
V and let A be a symmetric matrix with non-zero determinant such that Q(v) = v" - A-v for v € V. We
define the Clifford algebra C4(V, Q) as TV/I where I is the ideal generated by {v®@v — Q(v)1 |v € V}. We
identify V and K with the images V! + I and V° + I.

There are a couple of remarks attached to this definition.

Remark 4.1.4. For every quadratic form @, the function P : V — K, P(v) = —Q(v) is also a quadratic
form. Therefore, the expressions v ® v — P(v)1 and v ® v + Q(v)1 are equivalent. This causes some authors
to instead use the ideal generated by {v ® v + Q(v)1 | v € V}, effectively giving their quadratic form an
additional minus. In this thesis, the convention will always be that the ideal has a minus.

Remark 4.1.5. Instead of a quadratic form, one might use a non-degenerate symmetric bilinear form
B :VxV — K. In this case, the ideal generated by {v®@u+u®v—28(u,v) | u,v € V} is used. Note, however,
that a non-degenerate bilinear form naturally induces a quadratic form by Q(v) := (v, v) while a quadratic
form induces a non-degenerate bilinear form by the polarisation identity 8(u,v) := 2(Q(u+v) —Q(u) — Q(v)).
If we write the quadratic form as Q(v) = vT - A - v with A a symmetric matrix with non-zero determinant,
then B(u,v) = u' - A - v and vice-versa. The convention used in this thesis uses the quadratic form and the

bilinear form interchangeably.

We have now constructed the Clifford algebra. From here on, we won’t explicitly write a ® b the whole time,
but shorten it to ab, for a,b elements of the Clifford algebra.
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4.2 Signature and grading

Of particular interest are the Clifford algebras over V' =R" or V = C" with standard quadratic forms; that

is to say, quadratic forms without cross-terms. These forms all rely on a basis {ej,es,...,e,} of V to be
written as Q(v) = v} +v3 + -+ v2 — (vi + -+ v2,), for p,q € Ng with p + g = n.

Remark 4.2.1. Let Q(v) = v'" - A- v be a quadratic form with A a symmetric matrix with non-zero
determinant. Then we can diagonalise A using eigenvectors to get a diagonal matrix. For each element of
that matrix, we can then rescale that element to either 1 or —1, by writing that element as +1 - A2 for some
positive real A and rescaling the respective basis element by A. This way, we will always end up with a new
basis, such that the quadratic form Q can be written as Q(v) = v +v3 +---+v2 — (v2,, +---+v2, ) in that
basis, where we have p elements scaled to 1 and ¢ scaled to —1. This basis is, by construction, orthogonal.
We conclude that for any quadratic form, we can choose an orthogonal basis such that the quadratic form
takes a standard form.

Note that in C™ the basis can be substituted with {e1,...,ep,i€pt1,...,ie,} to change the form into Q(v) =
v} +v2 4+ 402, so for C" we can always assume g = 0. We conclude that complex Clifford algebras of the
same dimension are isomorphic.

This brings us to the following definitions:

Definition 4.2.2. Let @), ; denote the standard quadratic form with p positive signs and ¢ negative signs.
The tuple (p, g) is called the signature of the vector space. We define Cl(p, ¢) = C{(R™, @, ) and Cl(n,C) =
CUC"™,Qn0)- In the real case for ¢ = 0, we write C¢(n) instead.

We say that the Clifford algebra has indefinite signature if ¢ # 0 and that is has definite signature otherwise.
Note that Q) 4(v) = —Qqp(v) for any v € V, so for any @, 4, Qq,p takes the role of P in the earlier remark.
The given basis of V' is orthogonal in C¥(p,q) and C¢(n,C) in the sense that B(e;,e;) = %J;; where 4,j €
{1,...,n}, B is the associated bilinear form and J;; is the Kronecker delta. This gives us a natural extension
of the basis of V' to a basis of the Clifford algebra by {1,e;,e;e;,...,e1ea...e,} fori,j € {1,...,n}.

Theorem 4.2.3. The set B = {1,e;,e;e;,...,e1€z...e,} for ordered indices i,j,--- € {1,...,n},i<j<...
forms a basis for CL(V,Q) as a vector space.

Proof. We will prove the given set is linearly independent and spans the whole space. Assume there are
numbers k, k;, K;j, ..., Kki2..n € K such that

n
k+ Z kie; + Z kijeie; + -+ kia. neiea...e, =0,
i=1

1<j

where we sum over ordered indices. Since 0 commutes with every e;, the left-hand can be split up into terms
that commute with e; and terms that anti-commute with e;, each part adding up to 0. Using this for each e;,
we find that we only have to prove the linear independence of terms with the same commutation relations.
We therefore consider the commutative properties of each element of B.

Let f = e;, e, ...¢€;, € B consist of [ different e;’s. If [ is odd, f commutes with each e;,,j =1,...,1 while it
anti-commutes with all other eg. In this case, we say that f has odd length. If [ is even, f commutes with
each e, where m # i; for j = 1,...,l, while it anti-commutes with each e; ,j =1,...,l. In this case, we say
that f has even length.

We see that two element of B with an odd length have the same commutation relations iff they are equal,
and the same holds for two elements of even length. This gives us that each element of B is either unique
in the way it commutes with the e;, or there is exactly one other element with a length of opposite parity.
Which of these is true depends on the parity of n. We separate the cases of n even and n odd.

Let n be even, and let f =e;, ...e;, € B be of odd length. We will show there is no g # f € B with the same
commutation relations. Assume, to the contrary, that g # f has the same commutation relations. By earlier
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remarks, g must have even length. Let e; commute with f, then e; is one of e;,,...,e;,. Since e; commutes
with g, it follows that e; does not occur in g. Let e; anti-commute with f, then e; does not occur in f while
it does occur in g. We conclude that g is the product of all e; that do not occur in f. However, there are
n — [ of such e;, which is an odd number, so g has odd length. This is in contradiction with the fact that g
has even length. We conclude that each f is unique in B with respect commutation relations, so all ks must
be zero, hence the elements of B are linearly independent.

Let n be odd, and let f € B. Let g be the element of B that is the product of all e; that do not occur in
f. Now f and g have the exact same commutation relations. To show that B is linearly independent, we
therefore have to show that f, g are linearly independent. Consider f = 1, now g = ejes...e,. These two
elements are independent since for each non-zero k, k12, € K, k4 k13 ne1€a... e, is not an element of the
ideal I. Therefore, k = k12.., = 0. Now let f € B arbitrary, and g defined as before and let ky, k, be their
corresponding scalars. If kyf + kg9 =0, thensois kyf - f + ko f - 9 = £ky £ kgerea ... e,. But that directly
implies ky = k; = 0. We conclude that all k, are zero, so all elements of B are linearly independent.

We see that in both cases, it follows that all elements of B are linearly independent. We only have to show
that the elements of B span the whole space. For this, we remark that free tensor products of e;’s give a
basis for TV, by construction. By taking the quotient over I, we add anti-commutation relations and replace
repeated e;’s by £1. The image of each free tensor product of the e;’s is therefore either an element of B,
or minus an element of B. We conclude that the elements of B indeed span the space, so B is a basis for
CL(V,Q) as a vector space. O

In the above proof we separated two cases for even and odd dimension. We saw that n odd, there is a twofold
degeneracy in the commutation relations. We will later see that this case distinction has more relevance than
is shown here.

From the theorem, it follows that dimg C¢(p,q) = dimc C¢(n,C) = 2", where we take the real respectively
the complex dimension.

Using this basis, we can make the graded structure of the Clifford algebra (as a vector space) explicit. For
k € Np we denote the vector space generated by elements e;, e;, ... e;, with i; € {1,...,n} by C*(V,Q); we
say that elements of C¢*(V, Q) have grade k. We also say that an elements has even (respectively odd) grade if
k is even (respectively odd), and denote corresponding vector spaces by C£¢*"(V, Q) respectively CL°%(V, Q).
Now CU(V,Q) = CO(V,Q) @ CLH(V,Q) @ - - - = CLv*™(V, Q) @ CL°44(V, Q). Remark that C/°(V, Q) = K and
Cl*(V,Q) = V under the aforementioned identification, and note that “even - even = odd - odd = even” and
“odd - even = even - odd = odd” hold since 0 is both odd and even. Finally, note that 0 is the only element
of CL(V, Q) that has both even and odd grade, because of the direct sum.

4.3 Properties of the Clifford algebra

We want to be able to use theorems such as Theorem [3.2.13| and Theorem Therefore, we try to
determine whether Clifford algebras are (semi)simple. We will first consider complex Clifford algebras, as
they only depend on the dimension. In the proof of Theorem we have seen that the odd dimensional
Clifford spaces might have an ideal of the form 1 & ejes...e, or similar. We therefore start with even
dimension.

4.3.1 Complex Clifford algebras of even dimension

Consider the Clifford algebra C¢(2n,C). To determine (semi)simplicity, we could hunt for (nilpotent) ideals
or try to proof that there are no such ideals. There is an easier way, however, which is based on Physics.
Even-dimensional Clifford algebras appear in particle physics, where they are used to describe fermion statesE
In that context, a faithful irreducible representation of even-dimensional Clifford algebras has been found.

n particular, physicists use the special case in which the vector space is a Hilbert space such that the inner product is
consistent with the bilinear form. See also CAR algebras and (anti-symmetric) Fock spaces.



4 CLIFFORD ALGEBRAS 17

We will construct this representation and proof its faithfulness and irreducibility. Theorem [3.2.9] implies
this representations is semisimple; we will use the stronger condition of irreducibility (instead of complete
reducibility) to proof C¢(2n,C) is simple.

Let V be an n-dimensional complex vector space, and AV the exterior algebra of V. Recall that the exterior
algebra is the algebra generated by (anti-commuting) wedges, where v Av = 0 for all v € V. The construction
of the exterior algebra is similar to that of the Clifford algebra but with 0 as the bilinear form. We write
AV = EB;ZO AV, where A°V =K, A'V =V, A2V =V AV etc. Elements of V? are said to have grade i.
For any v € V define the ‘creation operator’ a™(v) as

at(v): AV = AV, 2 — v A z.

Note that this is for any x € AV as the A operation is distributive over addition. It is clear that the creation
operator a™*(v) increases the grade of a wedged product vi Ava A -+ Avg, k € N by one, unless v isn’t linearly
independent with the vectors v; as that causes the result to be 0.
If we ‘create’, we also need to ‘annihilate’. Let V* be the dual space of V' and let § € V*. We define the
‘annihilation operator’ a™ (6) as

a=(0): AV = AV, w — 0_w.

Here the interior product _ is defined by
j .
9J(’U1 AN A ’Uj) = Z(—l)“@(vi)(vl N ANUV_1 ANVgp1r Ao N ’Uj)
i=1
for j > 0 and 8\ =0 for A € K (j = 0), extended linearly. The annihilation operator decreases the grade
by one, unless the sum 6(v;) is 0 and the terms are added in the ‘right way’ (e.g. 0(v;) = 0 for all 7).

Remark 4.3.1. In physics, the creation and annihilation operators are scaled with an additional factor /7
(or /7 £ 1), where j is the grade. This comes from the normalisation of the wave functions on which the
operators act. However, this complication is unneeded in our construction.

Let v,w € V and 6, ¢ € V*. We calculate the anti-commutators of the corresponding operators.

{at(v),a™(W)}(...) =(WAwA(..)+wAvA(...))
=WAw+wAv)A(...)=0
01p(...) +¢pa0(...)) =0
Os(vA () +FoA0s(..)=0@)(...)—vA@s(...))+vABa(...))
W).)

where we used 0u¢p(...) = —¢u0(...), which follows from its definition.

~
= |
—~
e
N

a (9)}(--)
),at()}(...)

—~~
s |
—~
S

We use these anti-commutations relations to define a structure on V @ V'*.
Let a be the map
a: VoV = LinAV),v+ 60— a(v) +a (0).

Let v+ 0 e VeV andw+¢ € VO V™. Now a(v+ 0)a(w+ ¢) + a(w + ¢)a(v + 0) = O(w) + ¢(v) according
to the anti-commutation relations. Since the anti-commutator is bilinear, this induces a bilinear map

B: VeV ) x(VaV*) =C,Buv+0,w+ ¢) =0(w)+ ¢d(v).

Note that this bilinear map is non-degenerate, as for any v+ 6 we can choose the corresponding dual elements
v* + 6* where v*(v) = 1 and 6(6*) = 1, such that S(v+ 8,0 +v*) = 2. Also note that the induced quadratic
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map is given by Q(v + 0) = 26(v). This implies that Q(v) = 0 and Q(f) = 0 for any v € V,0 € V*, so the
product of elements of V' which are not linearly independent is 0.

Using this bilinear map, we define the Clifford algebra C¢(V @&V™*). Since the vector space V is n-dimensional,
the vector space V* is also n-dimensional, so V & V* is a 2n-dimensional vector space.

We now extend a to a representation p : C4(V @& V*) — Lin(AV) as follows:

piA— Al for A e C
v+0—at(v)+a (0) forveV, eV,
p(zy) = p(x)p(y) otherwise

Extended linearly

where 1 denotes the identity map on AV. Here we used that any element of C4(V @ V*) can be written as
a finite product of elements of V @& V* and elements of C.

Proposition 4.3.2. p: CUV & V*) — Lin(AV) is a well-defined representation.

Proof. To prove that p is well-defined, first consider p’ : T(V & V*) — Lin(AV) defined by p'(A) = A1 for
ANEC, p(v+0)=at(v)+a(0) forve V,0 € V* and p(xy) = p(z)p(y) for elements xy € (VS V*)k k> 2.
This is well-defined, as each element of T(V @ V*) has a unique factorisation into elements of V' @ V*.

Now to go from T'(V@V™*) to CU(V@ V™), we quotient over the ideal, such that (v+60)(w+¢)+(w+¢)(v+6) =
O(w) + ¢(v). Therefore, the only additional condition for p to be well-defined is that p(v+6)p(w+ @) + p(w +
P)p(v+0) =60(w)+ ¢(v). However, p(v+0) = a(v+0) and p(w+ ¢) = a(w + ¢), so we have already proven
the above condition in our construction of C4(V @& V*). We conclude that p is well-defined. O

T(V &V

l e

UV @ V*) —2— Lin(AV)

We now have the representation p : C/(V @ V*) — Lin(AV'). We will show that it’s faithful and irreducible.
We start with proving the faithfulness.

Proposition 4.3.3. The representation p : CU(V & V*) — Lin(AV) is faithful.

Proof. First of all, remark that a creation operator is never equal to the null-map, as a¥(v)(A) = Av for
any A € C. We see that a product of creation operators a™(v;),1 < i < k for k € N can only be zero if
Avp A= Avg =0 for A € C, which is true if and only if the v; are not linearly independent. However, that
means we can write vg as a linear combination of vy, ...vg_1. Since the v; - v; = Q(v;) = 0 an the v; can
be brought next to each other using (anti)commutation, we conclude that vy - ... v = 0. We see that a
product of creation operators can only be equal to 0 if the product of the corresponding vectors is also 0.
This implies that any element in the kernel of p must contain annihilation operators.

Secondly, the anti-commutation relations imply we can always sort our products of operators into creation
and annihilation operators, although that will separate a product of operators into a sum of products. We
see this as follows. For any v € V.0 € V* and X,Y product of operators, we have

Xa= (0)at(v)Y = —XaT (v)a” (0)Y + 0(v)XY.

Now on the right we have two terms, but both are a step closer to being sorted. Using this step repeatedlyﬂ
we find that after finite steps any product is equal to a sum of sorted products of the form AT A~, with AT a
product of creation operators and A~ a product of annihilation operators. Using the exact same reasoning,

2The specific sorting algorithm we use is ‘Bubble sort’.
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we can sort elements of C(V @ V*) into a sum of products starting with elements of V' and ending with
elements of V*.

Finally, let x € ker p. Assume, to the contrary, that x is non-zero. Using the above consideration, we write
2 as a sum of sorted products, call these products ‘words’. Remark that this implies that p(z) is also a sum
of sorted products. Now p(z) = 0, so p(x)(1) = 0. This implies that each sorted product of p(x) ends with
at least one annihilation operator, so each word ends in at least 1 element of V*. Moreover, p(x)(v) = 0 for
all v € V, so each sorted product ends in two annihilation operators, so each word ends with at least two
elements of V*. This continues in a inductive manner with elements v; A --- A vi giving us that each word
ends in k£ + 1 annihilation operators, until we arrive at e; Aes A--- A e, and find that each word of x should
end with at least n + 1 elements of V*. However, V* is n-dimensional, so the n 4 1 elements are not linearly
independent, which in turn implies that « = 0. (Recall that Q(8) = 0 for any 6§ € V*.) We find that « = 0,
which is in contradiction with the assumption that x is non-zero. We conclude that p is injective, so it is
faithful. O

Remark 4.3.4. The dimension of C¢(V @ V*) is 22" while the dimension of AV is 2" so dim Lin(AV) =
(2")% = 22" = dim C¢(V @ V*). Together with the injectivity proven in Proposition we find that the

representation p is surjective.
Next, we prove that p is irreducible.
Proposition 4.3.5. The representation p : C4(V @ V*) — Lin(AV) is irreducible.

Proof. We show that any non-zero invariant subspace U contains the unit, from which it follows immediately
that U = AV as p is surjective.

Let e1,...,e, be a basis for V. Now 1,e;,e; Aej,e; AejAeg,...,eqx A---Aey fori < j<k<... isa basis
for AV. Let a = e;; Nej, N--- Aej,,ip <ig < - < 1ij,5 € N be an arbitrary element of the basis. Now
there is a corresponding element b of the basis such that b is the product of all other e; of the basis of V', so
aANb=2ei Nes A+ Ney,.

Consider the linear map which sends e; Aea A--- A e, to 1 and each other element of the basis to 0. Since p
is surjective, there is an element ¢ of C¢(V @ V*) such that p(c) is this linear map.

Consider also the linear map which sends each element x of AV to b A xz. This sends any element of the basis
of AV with length j or longer to 0, except a which it sends to £e; Aea A -+ A e,. Since this map is also
linear, there is once again a d € C4(V & V*) such that the linear map is p(d).

The composition p(cd) now is a map which sends a to £1 and any other element to 0.

Let v € U be non-zero. Write u in terms of the basis,

n
u = E E )\Z‘hi27_”7ij61‘1 /\(31'2 A "'/\61'9..

J=1i1<ia<---<ij

Because v is non-zero, there must be j and e;,,..., €i, such that Au,@,...,z'j #0. Leta=-e;; Nejy, A--- A €i,
and A = iy iy, i, for those j and e;. Choose ¢,d as in the above. Now p(cd) sends u to A, so A € U. But
that implies 1 € U, as A spans C because it is non-zero. We conclude that U = AV, so AV has no non-trivial
invariant subspaces. O

We have found that p : C¢(V @ V*) — Lin(AV) is faithful and irreducible. It certainly follows that p is
faithful and completely reducible, so we can use Theorem to show that C4(V @ V*) is simple.

Theorem 4.3.6. The Clifford algebra CU(V & V*) is simple.

Proof. We first apply Theorem ‘3 — 1’ to directly conclude that C¢(V @& V™) is semisimple. Now assume
that I is an ideal of C¢(V @ V™). Since p is a isomorphism, p(I) is an ideal of Lin(AV'). However, that implies
that p(I) is an invariant subspace, so p(I) = 0 or p(I) = Lin(AV'). In the first case I = 0, while in the second
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case I = CUV @ V*) since p is faithful. We conclude that any ideal I is either 0 or the whole algebra, so
CU(V @ V*) is simple. O

Corollary 4.3.7. The even-dimensional Clifford algebra Cl(2n,C) is simple.

Proof. By Remark we find that the complex Clifford algebra C¢(V @& V*) is isomorphic to C?¢(2n,C) as
both have 2n dimensions. Here the isomorphism is given by a change of basis from V @ V* to C?". This
isomorphism sends (nilpotent) ideals in C4(V @ V*) to (nilpotent) ideals in C¢(2n,C) and the inverse change
of basis does the same in the reverse direction. We conclude that C¢(2n,C) must be simple since C4(V & V™)
is simple. O

We have found that C?¢(2n,C) is simple. Additionally, we have an isomorphism to C4(V @ V*) and a faithful
irreducible representation p : C¢(V @ V*) — Lin(AV), so the composition is a faithful irreducible repre-
sentation C?(2n,C) — Lin(AV'). This representation is often called the spinorial representation, although
others use that name for the restriction of this representation to a certain substructure. (See Section and
Chapter [5])

Now Corollary implies that any other irreducible representation is equivalent to C¢(2n,C) — Lin(AV)
and therefore faithful. With this, we have determined the only irreducible representations of C¢(2n,C).

4.3.2 Complex Clifford algebras of odd dimension

Now consider odd dimensional complex Clifford algebras C¢(2n + 1,C) for n € N or n = 0. The proof of
Theorem already implies that odd dimensional Clifford algebras might have non-trivial ideals, generated
by terms like k + k12, ne1€2...e,. We use such an ideal to show that C¢(2n + 1, C) is not simple.

Proposition 4.3.8. The complez Clifford algebra C¢(2n + 1,C) is not simple.

Proof. Consider €} = ejey. .. ean11. Note that (ef)? = 1, as

/\2
(60) = €1€2...€2p41€1€2...€241

= (=

= (-1 n (= )2" 1(61)2(62)2 ©€364...€2711€3€64 ... €011

1)?"(e1)? - exe3...ean11€2€3 . .. Cont1
)
=(- 1)2n+(2n D+ +0( )2(
)

62)2 e (€2n+1)2
( 1 n(2n+1) ( )2n+1 _ (_1>n(2n+1)

==+l

so either (ef)? = 1 (if n is even) or (eyi)? = 1 (if n is odd). Let eg be €} or eji such that e2 = 1. We will
show that 1 + eg generates a non-trivial ideal of C¢(2n + 1, C).

First of all, note that eg commutes with e; for every i, as ey has 2n + 1 terms, one of which is e; and all the
other e;,4 # j, anti-commute with e;. Therefore, ey commutes with every element of C¢(2n +1,C). We find
that 14 ep commutes with every element of C¢(2n + 1, C).

Now consider the ideal I = C¢(2n 4+ 1,C) - (1 4+ eg) - C¢(2n + 1,C). Since 1 + ey commutes, this is the same
as I =Cl(2n+1,C) - (1 +ep). Now

I(1—ep)=Cl2n+1,C)- (1 +eo)(1 —eog) =Cl(2n +1,C) 0=

But 1-(1—eg) = (1 —ep) #0,s01 is not an element of I. Moreover, 1 + ¢ is in I, so I is non-zero. We
conclude that I is a non-trivial ideal of C¢(2n + 1, C). O

In the above proof, we have constructed an e; and generated an ideal with (1 4 eg). Call this ideal I. It is
clear that I, is also generated by the idempotent %(1 + e0), and that a similar ideal I_ is generated by the
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idempotent (1—eg). Since 1(1+eg)+1(1—ep) = 1and 3(14ep) 3(1—ep) = 2(1—eo)-2(1+eg) = 0, we find
that C¢(2n+ 1, C) is the direct sum of the ideals generated by (1+ep) and (1 —ep); C¢(2n+1,C) =1, I_.
Also note that 1-(14ep) = 1+eg = ep(1+ep), so 1 and eg are ‘the same’ in I ;. Therefore, the ideal generated
by (1 + ep) is isomorphic to the quotient C¢(2n +1,C)/(1 — eg) := C¢(2n+ 1,C)/I_. This also follows from
the direct sum. The explicit isomorphism is given by C¢(2n + 1,C)/(1 —eg) = I+, 2 + I — z(1 + eg).

In the space C¢(2n+1,C)/(1 — eg) we have the relation 1 = eg (modulo I_). This implies that e, ..., €241
are no longer independent, but bound by a single condition. However, for any e; ...es, we can always
replace es, 41 by ikegnegn,l ...ep for a certain k € {0,1,2,3}, which guarantees that ey = 1. This implies
that we can make a map from C¢(2n + 1,C)/(1 — eg) to C¥¢(2n,C) by sending e; — d; for 1 < i < 2n and
€ani1 — Ldayday 1 ...dp with ¢ = +1 or ¢ = +i. Here we use dy,...,ds, as the basis of C?" (instead of ¢;)
to avoid confusion.

Proposition 4.3.9. The map ¢ : Cl(2n+ 1,C)/(1 — eg) — Cl(2n,C) which sends e; to d; for 1 < i < 2n
and espy1 to tday, . ..dy where =1 if n is even and « = —i if n is odd, is a well-defined isomorphism.

Proof. Let t =1 if n is even and ¢ = —i if n is odd, and remark that teq = ejes ... ea,41 by construction.
First consider the map ® : C¢(2n + 1,C) — C¢(2n,C) defined by e; — d; and esn1 +— tday ... d;. This
sends each of the (independent) generators of C¢(2n + 1,C) to elements of C¥¢(2n,C), and extends linearly.
Moreover, by definition of the map, ®(ab) = ®(a)®(b) for a,b € C¢(2n + 1,C), so this map is a well-defined
homomorphism.

Consider the image of teg under this map. We have

(D(Leo) = @(61)@(62) e @(egn)fb(627l+1) = d1d2 e dgn(Ldgn e dgdl) = L12n =1,

so ®(eg) = 1. Also, ® sends e; — dy, s0 1 = e — 1 = d? i.e. ®(1) = 1. We see that ®(1) = ®(eg), so
1 — eg is in the kernel of ®. It follows that /_ is in the kernel of ®. Therefore, ® induces a well-defined map
¢:Cl(2n+1,C)/(1 —eg) = C¢(2n,C). This map is precisely defined by e; — d; and e, y1 — tdaoy ... dy, as
required.

Secondly, note that for any element y of C?¢(2n,C), there is a corresponding element z of C¢(2n+ 1, C) which
we get by substituting all d; with e; for 1 < j < n. Clearly, ®(z) = y as the e; are once again send to
d;. We find that ® is surjective. Because ¢ is induced by ® and the domain of ¢ is the quotient of the
domain of ® by the kernel, we see that ¢ has the same image as ®. It follows that ¢ is surjective. Note that
dim C¢(2n+1,C) = 22"+ and dim C¢(2n,C) = 22", so the dimension of the kernel of ® is 227+1 — 22" = 221,
Now consider the same map ® as above, but we send es,+1 — —tea, ...e1 instead. Now (1 4 eg) replaces
the role of (1 — ep), and the corresponding ideal is now I. In this new map, we once again find that the
dimension of the kernel is 22, Since I, & I_ = C¢(2n + 1,C), the sum of the dimensions is 22"*1. The only
way that this is possible is that dim I, = dim I_ = 22", We find that the kernel of ® is equal to I_, so the
kernel of ¢ is 0. We conclude that ¢ is injective.

Now ¢ is injective, surjective and a homomorphism, so ¢ is an isomorphism. O

Corollary 4.3.10. The Clifford algebra C¢(2n + 1,C) has two simple ideals, both isomorphic to CL(2n,C).

Proof. We have found that I is isomorphic to C¢(2n + 1,C)/(1 — eg), which is isomorphic to C?¢(2n,C), so
I is isomorphic to C¢(2n,C). Similarly, I_ is isomorphic to C¢(2n,C). We conclude that C¢(2n + 1, C) has
two simple ideals, both isomorphic to C¥¢(2n, C). O

We have found our decomposition of C¢(2n + 1,C) into simple ideals. Since any irreducible representation
corresponds to a minimal left ideal and C¢(2n, C) had a single irreducible representation (up to equivalence),
we find that C¢(2n + 1,C) has two irreducible representations up to equivalence: one for each simple ideal,
given by the composition of the isomorphism with the representation p from the previous subsection. For a



4 CLIFFORD ALGEBRAS 22

n-dimensional space V', we can write the two irreducible representation as
pt+: Cl(2n+1,C) — Lin(AV), eg — 1

and
p—:Cl(2n+1,C) — Lin(AV), eg — —1

where 1 denotes the identity map on AV and all other elements are fixed by the choice of ey.

4.3.3 Real Clifford algebras

We now know that all complex Clifford algebras are semisimple and that the even-dimensional ones are
simple. Like we said in Section [3.3] we want to use the complexification of real Clifford algebras to show
that they are also semisimple. However, the complexification of a real Clifford algebra is certainly a complex
algebra, but it’s not trivial that the complexification is once again a Clifford algebra. We will need to show
that first.

Proposition 4.3.11. The complexification of a real Clifford algebra is isomorphic to a complex Clifford
algebra.

Proof. Let V be a real vector space and ) : V' — R be a non-degenerate quadratic form on V. Let Vo = V®C
be the complexified vector space (which we see as a vector space over C) and let Q¢ : V¢ — C be the complex
extension of the quadratic form, defined by Q¢ (v ® 2) = 22Q(v) extended linearly to the rest of V. Remark
that Q¢ now corresponds to a complex bilinear form S¢ : Ve x Ve = C, Bc(v ® z1,w ® 22) = 21226(v, w),
again extended linearly.

Now consider the complex Clifford algebra C¢(Vg, Qc). This is, by definition, equal to TV /Ic where I is
the ideal generated by

{(ve2)@(WRz2)—Qclvez)(1®1l)|veV,zeC},

so the entire space is

é(V®C)k/{(U®z)®(U®z)—Qc(v®z)(1®1)|v€V,z€(C}.
k=0

Remark that 1 ® 1 is the unit of C¢(V¢, Qc).
Also consider the complexified Clifford algebra C¢(V, Q) ®g C, which is given by

(@Vk/{v@)va(v)l\vEV}) %C.
k=0

We first define @ : @, ,(V ® C)* — CU(V, Q) ®r C by
(’Ul®Z1)®(U2®22)®...®(Uk®2k)0—>(’Ul'7)2-...~’1}k)®(2122...2k),

extended linearly. Since the quotient map TV — TV/I is a well-defined homomorphism, ® is also a well-
defined homomorphism. Now consider the image of (v® 2) ® (v® z) for v € V, z € C:

P(v@2)@Wez)=w-v)22=Q)(1®2*)=2"QW)(1®1)=Qclv®=2)(1a1).

It follows that (v®2)®@ (v® 2) —Qc(v® 2)(1®1) is in the kernel of ® for each v € V, z € C. Since the kernel
of a homomorphism is an ideal, it follows that I¢ is contained in the kernel, so we can quotient out I¢ in the
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domain. This induces a map

¢:TVe/Ic = Cl(Ve,Qc) — CUV, Q) ® C

This map is surjective, since for any vy -va-...-vp € CUV,Q), k € N we have ¢p((11®1)-(v2®1)-...- (v ®1)) =
(vp-v2-...-v) @1, (1 ®1) = 1®1 and ¢ is linear. Since dimc C¢(Ve, Qc) = 24meVe = 2dimV apq
dime CU(V, Q) ®@g C = dimg C(V, Q) - dime C = 24mV | we find that ¢ is also injective.

Now ¢ is injective, surjective and a homomorphism, so ¢ : C¢(Vg, Qc) — CL(V,Q) ® C is an isomorphism.
We conclude that a complexified Clifford algebra is isomorphic to a complex Clifford algebra. O

We use this to determine whether C¥(p, ¢) is (semi)simple.

First let p,q € N, and consider C¢(p, q¢). We have just seen that C¥¢(p,q) ®g C is isomorphic to C¢(p + ¢, C),
so if p+ ¢ is even it follows that C¥¢(p, q) is simple. Since C¢(2n,C) and Lin(AV) are isomorphic as complex
algebras, they are also isomorphic as real algebras, so the case that p+ ¢ is even, C¢(p, q) is isomorphic to its
image in Lin(AV'). Therefore, the unique irreducible representation of C¥¢(p, ¢) can be found in the restriction
of the representation of C¢(2n,C).

Secondly consider C¢(p, q) with p 4+ ¢ odd, so p + ¢ = 2k 4+ 1. Since C?¢(2k + 1,C) is semisimple, it directly
follows that C¢(p, q) is semisimple. However, the ideals of C¢(2k 4+ 1,C) don’t have to appear in C¥(p, q), as
they might be generated by mixed elements. The only two ideals of C¢(2k + 1,C) are generated by 1 + eq,
where eg = ejea...eo541 if k is even and ey = iejes. .. eopy1 if £ is odd. It is clear that i is not an element
of Cl(p,q). However, the square of eg := ejey...ea5+1 no longer just depends on the anti-commutativity of
the e;, but also on the fact that e = —1 for p+1 <i<p+1. If e2 =1, 1+ ey generates a non-trivial ideal,
while if e2 = —1, the ideal generated by 1 + eq is trivial. This is the case because (1 + €g)(1 —eg) = 1 — €3
has an inverse if and only if €3 = —1. Therefore, we calculate the square:

(e0)? 1€9...€6p€1€3 ... En

1 ( ) ©€9€3...6p€2€3...6p

=(=1)""
= (=) =1)"" 2(61)2(62)2 < €3€4...€p€3€E4...CEp
= (1) IHTDE 00 )2 ()7 L (en)?

= (1) DR)P(-1)1
= (- 1)(p+q)(p+q 1)/2+q

We separate four cases: p odd, ¢ even and (p + ¢ — 1)/2 odd; p even, ¢ odd and (p+ ¢ — 1)/2 odd; p odd, ¢
even and (p+ q — 1)/2 even; and p even, ¢ odd and (p + ¢ — 1)/2 even. These cases give (eg)? equal to —1,
1, 1, and —1 respectively. It turns out these cases are most easily characterised by p — ¢ mod 4, where they
correspond to 3, 1, 1 and 3. We see that p — ¢ =1 mod 4 implies (eg)? = 1 while p — ¢ =3 mod 4 implies
(e9)? = —1 Therefore, if p— g =1 mod 4 then C/(p,q) is only semisimple, while if p — ¢ = 3 then C/(p, q)
is simple. The irreducible representations of C¥¢(p,q) for p + g odd can be found as a part of the spinorial
representations p, p— of Cl(p + ¢, C).

Note that we have seen that in the case p — ¢ =3 mod 4 there is an ey which squares to —1 and commutes
with all other elements. This ey can be seen as the i that generates C. This allows us to define a scalar
product C x Cl(p,q) — Cl(p,q), (a + bi,z) — (a + beg)z for a,b € R. Under this scalar product, C¥(p, q)
with p — ¢ =3 mod 4 becomes a complex algebra.

Our conclusions are in Table [1} This table, along with the earlier representations p, p4, p— for the complex
cases, determines all irreducible representations of Clifford algebras of the form C¥¢(p, ¢) or C¢(n,C). Since any
Clifford algebra is isomorphic to a Clifford algebra of this form, we have indirectly determined all irreducible
representations of real or complex Clifford algebras.
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p—q mod4 | Clp,q) Cl(p+q,C)

0 simple simple
1 semisimple semisimple
2 simple simple
3 simple semisimple

Table 1: Simplicity of Clifford algebras

The case distinction to determine the precise form of the real Clifford algebras is tedious (it relies on the case
separation of p — ¢ mod 8) but not terribly complicated, so will not go into that. The complete derivation
can be found in Bilge, Kocak, and Uguz [5]. To give an idea of the process, we will show the most important
theorem (Lemma 2.4 in [5]).

Theorem 4.3.12. There are isomorphisms

® Cl(p,q) = Cl(q+2,p)
Ce(1,1) ® Cl(p,q) = Cl(p+1,q+1)
®

2 Cl(p,q) = Cl(q,p +2)

For integers p,q > 0.

Proof. Call the first p elements of the basis of C¢(p,q) a; for 1 < i < p and call the next ¢ elements b; for
1<j<g,so(a;)*=1and (b;)*> = —1. Similarly, let (d;)? = (d2)? = 1, (e1)? = (e2)> = —1 such that C?(2,0)
is generated by dy,ds, C4(1,1) by dy,e; and C¢(0,2) by e1,ea. Now (die;)? = 1 due to anti-commutativity,
while (d1d2)2 = (6162)2 =-1.

First consider C¢(1,1) ®g C¢(p,q). This algebra is generated by the tensor product of both bases. We want
to show an isomorphism to C¢(p+ 1, g+ 1), we do this via the basis. We therefore need to find p+ 1 elements
such that their square is equal to 1 and ¢ + 1 elements with a square equal to —1, which all anti-commute.
A first attempt could be 1 ® a;,d; ® 1 as the first p+ 1 elements and 1 ® b;,e1 ® 1 as the last ¢+ 1 elements,
but these elements do not anti-commute as required. We know, however, that (die1)? = 1 and dy, e; both
anti-commute with dyje;. We therefore choose (die1) ® a;,d1 ® 1 for 1 < i < p as the first p + 1 elements
and (die1) ® b;,e; ® 1 for 1 <i < g as the last ¢ + 1 elements. It is clear that these elements anti-commute
and have correct squares, therefore they are isomorphic to the basis of C¢(p + 1,q + 1). This induces our
isomorphism.

Secondly consider C/(2,0)®@g C¢(p, q). We want to do something similar here, but we now have (dyds)? = —1
instead. Therefore, the square of (d1ds) ® a; is —1, which means it is now part of the ‘last (...)” elements.
We find that there are now ¢ + 2 elements with square 1, which are (did2) ® b;,1 < j < gand 1®di,1®ds,
and that there are p elements with square —1, namely (d;ds) ® a;,1 <4 < p. This gives us an isomorphism
to Cl(q + 2,p).

Finally, we do the same for C?(0,2) ®r C¢(p, q) to get ¢ first elements (ejez) ® b;,1 < j < g and p + 2 last
elements (eje2) ® a;,1 <i < pand 1 ®e, 1 ®ea. We conclude there is an isomorphism to Cl(q,p+2). O

Using these isomorphisms, we only need to know a few small Clifford algebras (p, ¢ < 3) to generate all real
Clifford algebras inductively [5]. The irreducible representations of real Clifford algebras can be generated
using a similar construction, where we take a representation of C¢(p, q) and tensor it with the representation
of C¢(1,1), C¢(2,0), or C£(0,2) (the Pauli matrices).

We now know the (semi-)simplicity of both real and complex Clifford algebras, and know how to determine
their exact structures. This means we can conclude we know ‘everything’ about the Clifford algebras and
their representations.
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Although a representation of a Clifford algebra induces a representation for all its substructures, there might
still be substructures with more irreducible representations. We will investigate them next.

4.4 Substructures of the Clifford algebra

We will now consider some relevant substructures of the Clifford algebra. We will not consider any subal-
gebras, as we have already determined the ideals. Instead, we will find groups and Lie algebras inside the
Clifford algebra.

As before, let V be a n-dimensional vector space (n > 1) over K € {R,C} and @ a non-degenerate quadratic
form on V. We will use the orthogonality of the basis of V, so we assume C¢(V, Q) is in standard form
(Cl(p,q) or Ct(n,C)). We will first consider the case C?¢(n), then C¢(p, q) and finally Cl(n,C).

4.4.1 (S)Pin groups in C/(n)

We first consider C¢(n), so V.= R™. In this case, § corresponds to the inner product on R™ while @
corresponds to the square of the norm.

It is clear that all invertible elements of the Clifford algebra form a group C¢*(n) and that any subgroup
G of C¢(n) must be a subgroup of C¢*(n). We follow the construction from Atiyah, Bott, and Shapiro
[6], which uses homomorphisms to find subgroups of C¢*(n). For these homomorphisms, we first define an
automorphism and anti-automorphism on C¢(n).

Recall that Cl(n), as a vector space, had a graded structure C¢(n) = C¢°(n) @ Cl*(n) @ --- = CL¢°*"(n) @
Crodd(n).

Definition 4.4.1. Let -* denote the map
t . ok k t_
L C(n) = CF(n), (viva... o) = VgpVK—1 ... 01,

extended to C¢(n) by the direct sum. We call this map the transpose map. The transpose map -* sends the
‘empty product’ A € R to itself.

Note that the transpose map sends elements vw + wv to itself, and also sends B(v,w) to itself, for any
v,w € V. Therefore, the elements of the ideal (which defines the Clifford algebra) are all invariant under the
transpose map. This guarantees that the transpose map is well-defined on products x - y where z,y contain
linearly dependent vectors.

It is clear that the transpose map is an anti-homomorphism since

t
((v1v2 o) (wrws . wk)) = WpWh_1 - .. W01 ... 01 = (wiws ... wg) (V102 ... 07)"

for I,k € N and v;, w; elements of V, while ‘empty products’ commute with products. Moreover, (z')! =
for any 2 € Cl(n), so it is bijective. We see that -! is an anti-automorphism.

Definition 4.4.2. The canonical automorphism is the map

a: Ol (n) @ CL°%(n) — Cl(n), a(z +y) =z —y

where x is a sum of elements of even grade and y a sum of elements of odd grade.

The canonical automorphism can also be described by 1 +— 1,v — —uv for v € V. We again see that
a(a(z)) = x for z € Cl(n). Additionally, if z, 2’ € C¢¢**"(n) and y,y’ € CL°%(n) then za’,yy’ € CLP*"(n)
and 2y, 7'y € C¢°4(n), such that

a((z+y)(@' +9) = al(@a’ +yy') + (xy' +2'y)) = (za’ +yy') — (xy' + 2'y)
=(z—y) (' —y) = alz +y)alz' +y),
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which shows us that « is a homomorphism. We find that « is an automorphism.

From the formulas of -* and «, we directly see that a(z') = a(x)! for € C/¢(n) which implies o and -*
commute. For clarity, we introduce the shorter notation Z = a(x)! for x € C¢(n). Because the composition
of an anti-automorphism with an automorphism is an anti-automorphism, the operation = — T is an anti-
automorphism.

Remark 4.4.3. For any x € Cl(n), if  is invertible, then a(x), 2¢ and T are invertible, with inverses given
by a(z1), (z71)! respectively z=1. Therefore, a, -t and = are well-defined (anti-)automorphisms on C¢*(n).

We now define our first subgroup, which uses the equality V = C¢*(n) to multiply elements of V with
elements of Cl(n).

Definition 4.4.4. Let I' be the subgroup of C¢*(n) of elements x such that a(x)-v-z7* € V forallv € V.

This is a well-defined group because « is an automorphism and o — 2! is an anti-automorphism on C¢* (n).
Remark that I" is non-empty, as A € I' for non-zero A € R. It also contains other elements, as we will show.

Proposition 4.4.5. For any invertible v € V, we have v € T.

Proof. Let v € V have inverse v—! and let w € V be arbitrary. Remark that Q(v) #0asv=v-v-v" ! =
Q(v)v~t. Note that a(v) - w-v~t = —v-w-v~! by definition of a. Now w v+ v -w = 28(v, w) where 3 is
the bilinear form of the Clifford algebra, so v-w v +w-v-v=t = 28(v, w)v~!. Using that v-v~! =1 and

vl = ﬁv, we find 5 |
-1 -1 v, w
—v-w-v - =w-—280w,w)vT  =w—2 v,
() QW)
which is a linear combination of v and w and therefore an element of V. Since w was arbitrary, we conclude
a(v)-w-v~t €V for all w € V, and therefore v € T. O

Since the basis-vectors e;, 1 <4 < n are invertible (with inverse +e;) we conclude that e; € I';1 < i < n.
By construction, it is clear that the map I' x V' — V, (x,v) + «a(z) - v - 271 is well-defined. We also see that
a(y)(a(z) -v-x Yyt =a(yz) v (yz)~! for 2,y € T,v € V, so the map I' = GL(V) is a homomorphism.

This gives us a well-defined representation of T'.

Corollary 4.4.6. The map p: ' — GL(V),p(z) = (v~ a(z)-v-z7') is a well-defined group-representation
of I' over V.

We call this representation the twisted adjoint representation. We want to ascertain whether it is faithful
and determine its reducibility. Unfortunately, the representation is clearly not faithful, as p(A)(v) = v for
any non-zero A € R, v € V. In order to find a faithful representation, we calculate the kernel.

Proposition 4.4.7. The kernel of p: T' — GL(V) is equal to R* := R\ 0.

Proof. Let x € Cl*v*"(n),y € C¢°%(n) such that z+y € ker p. Now p(z+y) = 1y, so a(z+y)-v-(z+y) "t = v.
We rewrite this as - v —y-v = v -z 4+ v -y where we used the definition of a. Now x € C¢*¥*"(n) and
v € Cl(n) C CL%(n), so x-v € CL°%(n). Similarly z - v € C¢°%(n), while v -y and y - v are in C£¢V¢"(n).
Therefore, the earlier condition is equivalent to x-v =v -z and —y-v=v-y.

If z-v=wv-x for any v € V, then it certainly holds for the elements v = e;,1 < i < n of the basis of V. This
gives - e; = ¢; - x for 1 < i < n, so x commutes with all e;. But as we have seen in the proof of Theorem
the fact that 1 has even length and that x has the same commutation relations as 1 implies that each
term of z is linear in 1 or has odd grade. Now each term of x with grade 2 or higher has both odd and even
grade, so those terms are 0. We find that x is linear in 1, so = € R.

Similarly, —y-e; = ¢; -y for 1 <14 <mn, so y anti-commutes with each e;. Fix an e;, and write y out in terms
of the basis. Now each term must anti-commute with e;, so each term contains an odd number of e;,7 # j.
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But each term has odd grade, so that implies e; does not occur in y when y is written out in terms of the
basis. Since e; was arbitrary, it follows that y € R. But y anti-commutes with e;, so the only option is y = 0.
We conclude that x 4+y = A for A € R that are in I'. We already knew that R* is in the kernel, and it is clear
that 0 has no inverse, so the kernel of p is equal to R*. O

We want to find a subgroup of I" such that this representation is faithful, which means we want to ‘divide I'
by R*’. We determine the subgroup using a homomorphism with image R*.

Let N : Cl(n) — C¢(n) be the map z — z - z*. For v € V we have N(v) = v-v' = v-v = Q(v) while for
A € R* we have N(\) = A - A = \2. This suggests that N(T') C R*. To prove this, however, we first need
that x* € I for any x € I, to make sure N is well-defined as a map from I to T.

Proposition 4.4.8. Let x € I'. Then a(z), 2!,z € T.

Proof. The condition ‘a(z)-v-z~1 € V for any v € V' is the same as saying a(z)Vz~1 C V. We apply a to
both sides and use that it is a homomorphism to find 2Va(z)™t CV or a(z) € T.

Since v! = v for any v € V, taking the transpose on both sides gives (z71)!Va(x)! C V, so (z!)~! and
a(z?)~1 are in V. Using that T is a group, we have ((wt)_l)_l =z' € . Now Z = a(z?) is also in I'. We
conclude that a(z), 2,z €T for z € T. O

We can now talk about the map N : I' — I', which we use in the following proposition.
Proposition 4.4.9. For any © € T’ we have N(z) € R*.

Proof. Let x € T and let v € V be arbitrary. We will prove N(z) € kerp. By definition of T, we have
a(x)-v-z?

= v for some v’ € V. Taking the transpose and canonical automorphism of both sides and
using that o = —v, ¥ = —v/, we have 2z~ (—v)a(z) = (—v'), or

Since v was arbitrary, this holds for all v € V.
Now let w € V be arbitrary and consider p(N(z))(w) = a(N(z)) -w- N(z)~!. Since N(z) = x - 2!, we have
a(N(z)) = a(z)z and N(z)~! = (2t) "1z~ so

a(N@) w-N@) ' =a@)(Z-w-(z") Nz =@ '2-w 2 2" =w
where we used the earlier equation for v = Z - w - (#')~1. We conclude that N(z) is in the kernel of p. But
ker p = R*, so N(z) € R*. As x was arbitrary, we have proven that N(z) € R* for any = € I. O

We once again change the codomain of N to get N : I' — R*, which is well-defined by the above. We
now directly see that N(zy) = zyy'zt = xN(y)azt = N(z)N(y) for z,y € T, and that N(a(z)) = a(z)T =
a(zz?) = a(N(z)) = N(z) for x € T, so N : I' = R* is a homomorphism. We use these properties of N to
show that Q(p(x)(v)) = Q(v) forx e T,v € V.

Proposition 4.4.10. Let z € T' and v € V, then Q(p(z)(v)) = Q(v).

Proof. By definition, p(z)(v) = a(z)-v-2~1. We have also seen that N(v) = Q(v) for v € V. Now
N(a(z) -v-27") = N(a(z))N(0)N (@) = Q)N (z)N(z7") = Q(v), so Q(p(x)(v)) = Q(v). O

Recall that Q(v) = ||v||? for v € V. Since the norm is non-negative, we see that ||p(z)(v)|| = [Jv||, so p(x) is
a linear isometry for any x € I'.
Since N : I' — K* is a homomorphism, we can take the kernel, which is a subgroup of T'.

Definition 4.4.11. Let Pin(n) be the kernel of N : T' — R*. We call Pin(n) the Pin group.
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Note that 1,—1 € Pin(n) and v € Pin(n) for any v with Q(v) = ||v[|? = 1, as vv! = Q(v) = 1 so v is in the
kernel of N.
Let v be such an element in Pin(n). In the proof of Proposition we have seen that v acts on V' by

sending w — w — 2%’1(’:)’)11 for w € V. Using that § is the inner product and Q(v) = 1, we find

w — w — 2(v, wHv.

We recognise this formula as the reflection of w in the hyperplane orthogonal to v. These reflections generate
the group O(n), so Pin(n) acts on R™ via reflections and rotations. We already saw that each element of
Pin(n) acts as an isometry, so the image of Pin(n) is precisely contained in O(n).

However, this map from Pin(n) to O(n) will not be an isomorphism. After all, the formula shows that v and
—uv act in the same way. This is also intuitively clear: the unique hyperplane orthogonal to v will certainly
be orthogonal to —v. However, if we can prove that the map is surjective and determine its kernel, we will
still know a lot about the exact structure of Pin(n). We will show that the kernel of the map Pin(n) — O(n)
is given by {1,—1}.

Theorem 4.4.12. There is a (well-defined) short exact sequence
1 = Zy — Pin(n) & O(n) = 1

where Zy =2 {1,—1} C Pin(n). In other words, the kernel of p : Pin(n) — O(n) is isomorphic to Zs, while p
18 surjective.

Proof. First of all, note that the map p : Pin(n) — O(n) is well-defined, as we have seen that p(x) is an
isometry for any x € Pin(n) and O(n) is the group of all isometries on R™. Furthermore, for any hyperplane
there is an unit vector orthogonal to it. Since any unit vector is in Pin(n), it is clear that p is surjective.

Now we calculate the kernel of p : Pin(n) — O(n). We have seen before that the kernel of p : ' - GL(R") is
R*, so the kernel of p : Pin(n) — O(n) should be a subset of R*. The only two elements A of R* that satisfy
N(A\) =1are A=1and A = —1, so we find that the kernel of p is {1,—1}. Since {1, —1} is isomorphic to
Zsy as a group, we arrive the short exact sequence, where 1 — Z5 is the trivial map, Zs — Pin(n) sends Z5
to {1, —1} and O(n) — 1 is once again trivial. O

It can be show that Pin(n) is the universal cover of O(n) for n > 3, but I will not go into that, as it uses
a lot of preliminaries from algebraic topology. The main idea is that Z5 is finite, so by defining a topology
on Pin(n) such that each  and —z have disjoint neighbourhoods, we find that p is a double covering which
induces a Lie structure on Pin(n). This implies that the Lie algebra of Pin(n) is the Lie algebra o(n) of O(n).

We now consider the separation of Pin(n) in even and odd elements. We have seen that the v € V with
Q(v) = 1 are send to reflections, and we know that an even number of reflections is a rotation, while an
odd number of reflections is once again an reflection. Therefore Pin®’*"(n) maps to SO(n), the group of
rotations.

Definition 4.4.13. We define Spin(n) = Pin(n) N C¢***"(n). This group is called the Spin group.

Since the product of two even elements is even, and since the inverse of an even element is also even, we see
that Spin(n) is indeed a subgroup of Pin(n).
Because the earlier sequence was exact, we find that Spin(n) — SO(n) is surjective and has kernel {1, —1}.

Corollary 4.4.14. The sequence
1 — Zy — Spin(n) & SO(n) — 1

15 exact.
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We see that Spin(n) is the double cover of SO(n), which implies Lie(Spin(n)) = so(n) = o(n) = Lie(Pin(n)).
Therefore, Spin(n) has the same Lie algebra as Pin(n).

We have found two short exact sequences describing the subgroups (S)Pin(n) of C¢(n). We now want to
generalise these sequences to subgroups of C¥¢(p, q). The groups (S)Pin(p, q¢) can be defined in a way similar
to (S)Pin(n). However, we haven’t defined a group such as “O(p, q)” yet, so we have to do that first.

4.4.2 Interlude: indefinite orthogonal groups

We define a generalisation of O(n) in order to describe the image of Pin(p, q) in GL(R")E

Definition 4.4.15. Let RP? with p + ¢ = n be R™ equipped with the non-degenerate quadratic form
Q) =vi+vi+...+v2—v2, —...—v2, . Wecall (p,q) the signature and say that this space is the real
space with signature (p, q).

As a vector space, we identify RP*? with RP x R? such that the non-degenerate quadratic form can be written
as Q(v) = Q(u,w) = ||ul|® — ||w||* for v € RP9,u € RP, w € RY. We now define the group of transformations
of RP-4,

Definition 4.4.16. Let O(p,q) be the group of matrices A € GL(R™) that leave @ invariant, so Q(Av) =

Q(v). We call this group the indefinite orthogonal group of signature (p, q).

The group O(p, q) consists of rotations and reflections on the first p dimensions, rotations and reflections on
the last ¢ dimensions, and (Lorentz) boosts between the first p and the last ¢ dimensions. A well-known
example of an indefinite orthogonal group is the Lorentz group, which is O(1,3) or O(3,1) depending on the
convention used.

The corresponding definition for the symmetric bilinear form 3 on RP4 is B(v,w) = vwy + ... + vpw, —
Up+1Wp41 — - . — UprqWptq- Note that this symmetric bilinear form induces the non-degenerate quadratic
form Q and conversely this symmetric bilinear form can be defined via the polarisation identity (see Remark
4.1.5). Therefore, we can alternatively define O(p,q) as the group of matrices A € GL(R™) such that
B(Av, Aw) = B(v,w) for any v, w € RP4,

Let I,, = diag(1,1,...,1,—1,...,—1) denote the diagonal matrix with the first p elements equal to 1
and the next ¢ equal to —1. Now the B(v,w) can be written as v'I, ;w for v,w € RP4. The condition

B(Av, Aw) = B(v,w) then becomes (Av)TI, ,(Aw) = vT I, yw for all v, w, or
UTATIpﬂAw = UTIpﬂw.

By choosing v = e;,w = e; for 1 < 4,5 < n we conclude this is only possible if ATI, ;A = I, ;, which gives
us a condition similar to ATA =1 for 4 € O(n).

The condition AT, ,A = I, , conversely implies @(Av) = @(v), so we find that we can alternatively define
O(p,q) by {A € GL(R") | ATIp¢A = I, }.

Remark 4.4.17. The equation ATI, A = I, , implies that the determinants on both sides are equal, so
det(AT)det(A) = 1. Since det(AT) = det(A), we find det(A) = £1. This agrees with det A’ = £1 for any
A" € O(n).

The final definition makes it clear that O(p, ) is a Lie group, since it is the kernel of the map A — ATI, ;A—
I,, from GL(R™) to itself. From the condition, it is easy to calculate the Lie algebra of O(p,q) as the
condition for the Lie algebra is given by the derivative of the condition for the group. We therefore get the
following.

3These definitions are considered well-known as they stem from physics, so I give them without source.
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Corollary 4.4.18. The Lie algebra of O(p,q) is given by o(p,q) := {B € M(n) | B'1, , = —I, ,B}, where
M(n) denotes all real n by n matrices.

Note that I, ; is its own inverse, so we can write the condition as BT = —1,, ,BI, 4, or Bj; = —n(i)Bi;n(j),
where n(i) =1 for 1 <i < pand n(i) = —1for p+1 < i < p+q. Fori,j < p this gives B;; = —B;; and
similarly for 7,57 > p+ 1, but for i < p < j or j < p < i this gives Bj; = B;;. Therefore, the matrices in
o(p, q) are anti-symmetric on the first p X p block and on the last ¢ x ¢ block, but symmetric on the rest of
the matrix (the p x ¢ and the g x p blocks off the diagonal are each others transpose). This gives n(n —1)/2
free choices, so the dimension of o(p, q) is %n(n —1). The diagonal is covered by the p x p and ¢ x g block
and therefore anti-symmetric, so the trace of elements of o(p, ¢) is always 0.

Much like O(n), we define a special subgroup.

Definition 4.4.19. The indefinite special orthogonal group SO(p, q) is the group {4 € O(p,q) | det(A) = 1}.

It is clear that SO(p,q) is once again a Lie group. Since the trace of all matrices in o(p,q) is 0, it follows
that so(p, q) = o(p, q).

Finally, we give the following lemma. It is a specific case of the Cartan-Dieudonné Theorem. We will not
give or prove the theorem, as the proof is too complicated and the theorem is not related to the rest of this
thesis. A proof can be found in Fukshansky [7].

Lemma 4.4.20. The group O(p,q) is completely generated by reflections. In this context, ‘reflections’ are

maps of the form w — w — 2%((27"5))1) with v € V' non-isotropic and  the symmetric bilinear form.
Proof. This follows directly from the Cartan-Dieudonné theorem. O

4.4.3 (S)Pin groups in C¥¢(p,q)

We now cousider C¢(p, q), assume g > 1. We will construct (S)Pin(p, ¢) in a way similar to the construction
of (S)Pin(n), following the construction from Gallier [§]. We will only see a difference when taking the kernel
of N, everything before that is the same.

Let C¢*(p, q) be the group of invertible elements. We define the transpose map -* and canonical automorphism
a in the same way as before, and define the same notation T = a(x?) for x € Cl(p, q). It can easily be checked
that -! and « are again an anti-automorphism respectively automorphism. Next, we define I' is the same
way as before along with the twisted adjoint representation. In particular, note that the proof of Proposition
stays the same, so we once again have

for v,w € V with v invertible (Q(v) # 0). Once again, the kernel of p is R*.

We once again define N : T' — I', N(z) = z - z*, and see that N(z) € R* for z € . Note that Q(p(z)(v)) =
Q) for x € T, v € V is still true, as the proof does not use p =n,q = 0.

However, @ is no longer the square of the norm, so N(ep+1) = Q(epy1) = —1. Therefore, e,41 is not in the
kernel of N. In order to make sure that our Pin-group contains all e;, 1 < i < p 4 ¢, we have to take the
pre-image of {1,—1} instead. Fortunately, {1, —1} is a normal subgroup of R*, so the pre-image is still a
subgroup of T'.

Definition 4.4.21. Let Pin(p,q) = N~1({1,—1}) be the pre-image. We call Pin(p, q) the (indefinite) Pin

group.

We once again define the Spin group as the even subgroup of the Pin groups. Note that C¢¥"(p, q) is closed
under multiplication, and that the inverse of an even element is once again an even element.
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Definition 4.4.22. We define Spin(p, q) = Pin(p, q) N C¢¢*¢"(p, q). We call this group the (indefinite) Spin

group.

We now consider the image of the maps p : Pin(p,q) — GL(V) and its restriction to Spin(p,q). We have
seen that Q(p(x)(v)) = Q(v) for x € ', so the same is true for = € Pin(p, ¢). Therefore, p(z) is an isometry
with respect to Q for z € Pin(p, q). Now remark that Q = Q on V = R4 and 8 = 3, so p(z), z € Pin(p, ¢)
leaves Q invariant. By definition of O(p, q), it follows that p(x) € O(p, q) for z € Pin(p, q).

We also want to show that p(x) € SO(p,q) for x € Spin(p,q). To do that, we show that det(p(v)) = —1
for v € V with Q(v) = +1. From det(p(v)) = —1 for v € V and the fact that v € V = Cl!(p, q) are the
only elements of grade 1, it follows that the determinant of the image of even-graded terms is 1, so indeed

p(Spin(p, q)) € SO(p, q).

Proposition 4.4.23. For any v € V with Q(v) = £1, we have det(p(v)) = —1.

Proof. Let v = 77" vie; with Q(v) = Y27 07 = Y1 02, = +1. Call @ = Q(v). We calculate the
determinant by writing it out. In the proof of Proposition we have found that p(v) is given by the
formula
W w — QB(U’U))U.
Q(v)

By choosing w = e; for 1 <14 < n, we can find the matrix of p(v). First consider an e; with ¢ < p. Then the
map becomes e; — e; — 2°2-v, which describes the first p columns of our matrix. Next consider an e; with
j > p+1. Then we have e; — e; — 2%”1;, so we also know the last ¢ columns of our matrix. Writing it out,

we get:
1—2a0? —2avv; ... —2avpvy 20051101 ... 2004401
—2av1v2 1-— 20&)% ... —2av,v2 20004102 ... 2000p 4 qV2
—2av1vy —2av9vp, - 1-— 2av12) 200041y - 2000 44Uy
—2001Vpy1  —2002Vp41 ... —200pUpy1 1+ 2avg+1 coe 2000p4gUpy1
2
—2001Uptq  —2QU2Uptq ...  —20UVpUpyq  2QUpy1Uptq  -.. 1+ 2au5,

We see that the matrix has a lot of repeated terms. We will assume v; # 0 for the Gauss-elimination; the
method is similar for each other v;. For the rows 2 < i < p, we subtract the first row times v; /vy; for the last
rows p+ 1 <1i < p+ ¢, we add the first row times v;/v;. This gives us the matrix

1— 20“]2 _ vy _Yp Up+1 Up+q
1 v e V1 V1 e v1
—2av1 02 1 o 0 0 ... 0
—2aw1vp 0 - 1 0 e 0
—2001Vp41 0 - 0 1 o 0
—2avivpyqe 0 ... 0 0o ... 1
which clearly has determinant
(1 —2av?) — <_02 . —2av1v2> — = <_Up . —2av10p> + il —2001Vpq1 + - Irtq —2001Vpq
v U1 V1 U1
=1—-2a(v] +v3+- v —vi — o —vi ) =1-2a%=—1.

Since v was a general element of V' with Q(v) = %1, we conclude that all elements with odd grade have
determinant —1. O
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As mentioned, it follows that p(x) € SO(p,q) for = € Spin(p,q). We are finally ready to prove the short
exact sequences.

Theorem 4.4.24. Let Pin(p, q) and Spin(p, q) as before. There are (well-defined) short exact sequences
1 — Zo — Pin(p,q) & O(p,q) — 1

and
1 — Z5 — Spin(p, q) LN SO(p,q) = 1

where Zy = {1,—1} C Pin(p, q). In other words, the kernel of p : (S)Pin(p,q) — (S)O(p, q) is isomorphic to
Zo, while p is surjective.

Proof. First, consider the kernel of p : Pin(p,q) — O(p,q). We already know that the kernel should be
a subset of R* such that N(A) = +£1 for each A € R, so the kernel is {1,—1}. Simlarly, the kernel of
p: Spin(p, q) = SO(p,q) is {1, —1}.

Next, we need to show surjectivity. Using Lemmawe see that O(p, q) is generated by reflections. Since
for any reflection there is a v € R™ such that this v generates the reflections, we once again conclude that
p : Pin(p,q) — O(p,q). The surjectivity of p : Spin(p, q) — SO(p, q) then follows from the the fact that the
determinant of p(x) is 1 if and only if = € Spin(p, q).

We conclude that the short exact sequences are well-defined. O

We see that the maps (S)Pin(p, ¢) — (S)O(p, q) are again double covers, and that Lie(Spin(p, ¢)) = Lie(Pin(p, ¢)) =
s0(p, q). We conclude that we can determine the structure of (S)Pin(p, ¢) by studying (S)O(p, q).
Finally, we consider the complex case.

4.4.4 (S)Pin groups in C¢(n,C)

Let V = C" and let the Clifford algebra be of standard form, C¢(n,C). Our construction is based on the
previous two, but the definitions change slightly because we are now working with complex numbers.
We first define the (anti)-automorphisms.

Definition 4.4.25. Let - : C¢*(n,C) — C¢*(n,C) denote the transpose map
(V102 ... o)t = (VpUR_1 ... V1),

extended to C¢(n,C) by the direct sum. Here -° denotes complex conjugation.

Note that the complex conjugation does not change the fact that -! is an anti-automorphism.

We define the canonical automorphism the same as before, and define T'C as the subgroup of C¢* (n,C) such
that a(z) -v-27" € V for all v € V,2 € I'C. However, we instead use the subgroup I' of I'C such that
a(z)-v-z7! € R" for v € R® C V, as this ' is much more similar to the earlier groups.

We again find the twisted adjoint representation p, but we see that it’s kernel now is C* = C\ 0. We also
define N : Cl(n,C) — C¥¢(n,C).

Definition 4.4.26. Let N : T' — I' be the map N(z) = z - 2.

The map N looks the same as before, and is certainly a well-defined homomorphism. However, it includes
the complex conjugation from earlier, so N(\) = || for any \ € C*.

We continue following the construction of the real case, and see that the complex version of Proposition [£.4.9]
implies that N(z) € kerp, so N(z) € C* for any € I'. However, the definition of N is N(z) = z - z' so
N(z)! = (z - 2')! = z - a'. Therefore, if N(z) € C*, then N(z) = N(z)! = N(z)¢ where -° denotes complex
conjugation, so N(z) € R*. We see that we can again define N : ' — R*. Since this has the same form as in
the Cf(n) case, we use the same definition for the Pin group.
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Definition 4.4.27. Let Pin(n,C) = Pin®(n) be the kernel of N : T — R*. We call Pin®(n) the (complex)
Pin group. We additionally define Spin(n, C) = Spin®(n) as Pin®(n) N C¢**"(n, C), and call that group the
(complex) Spin group.

We now consider the image of Pinc(n) in GL(C™). We want to to make an argument like earlier, where we
used that p(z),z € T is a linear isometry. However, N(v) # Q(v) for a general v € V, so we can no longer
guarantee that v € Pin®(n) for every v € V with Q(v) = 1. Fortunately, N(v) = Q(v) if v is a R-linear
combination of the e;, 1 < i < n. Therefore, we can say Pin(n) C Pin®(n) as sets, and the image of Pin®(n)
in GL(C"™) contains O(n).

We also know N(\) =1 for A € C with |A| = 1 i.e. for X € U(1), so U(1) € Pin®(n). (Recall that U(1) = §*
is the group of all A € C with norm 1 under multiplication.) However, the elements of U(1) are all send to
1 in the twisted adjoint representation, meaning they well replace the Zs in the short exact sequence, rather
than appearing as part of the image.

Since we have seen that Pin(n) € Pin®(n) and U(1) € Pin®(n), it follows that product of elements of U(1)
and elements of Pin(n) are in Pin(c(n). In fact, such products generate the whole group.

Proposition 4.4.28. For any x € Pinc(n), we can write x = Ay with A € C, y € Pin(n).

Proof. Let z € Pin®(n). Now z-2* =1 and a(z)-v-z~' € R” for any v € R". Note that # € Pin®(n) implies
zt € Pinc(n) and that Pinc(n) is closed under complex conjugation. First consider x¢, where - denotes
complex conjugation (which is an automorphism). Since (a(z)-v-271)¢ = a(z¢) - v - (z¢)~! for v € R" and
w® = w for all w € R™, we have

a(zf) v ()P =a(z) - v-x?

for all v € R”, 2 € Pin®(n). Next consider z - (z¢), where -¢ denotes complex conjugation. We have

But we have just seen that 2¢ and x have the same action, so (z¢) and z' have the same action, so this is
equal to
a(@)-z-v- () a7t =a(N())-v- (N() ™! =

We conclude that z - (2°)! is in the kernel of p for any = € Pin®(n), so - (°)* is a complex non-zero number.
Let z € Pin®(n) and let A € C such that A2 = z - (2°)*. Note that X is non-zero, and consider y = A~'z. Now
y-y' = 1is clear, and a(y) -v-y~ ! = a(z) -v-2~! € R", so y € Pin®(n). But we also find that y - (y°)* = 1.
Soy -yt =1y - (y°)t. Using that y is invertible, we find y* = (y°)® or y = y¢. We find that y is a real linear
combination of the basis-vectors, so y € Pin(n). We conclude that z = Ay, with A € C and y € Pin(n). O

Remark 4.4.29. The A and y are not unique for a given x, as (—A)(—y) = z also works. This degeneracy
is caused by the square root in the definition of .

Remark 4.4.30. The proof of the above proposition would not have worked for T'C instead of T, as the
equality v¢ = v was used. This shows why we have chosen to define Pin® (n) as a subgroup of T".

We have found that p : Pin®(n) — GL(C") has kernel U(1) and image O(n). This brings us to the complex
equivalent of [4.4.12

Theorem 4.4.31. There are exact sequences
1= U(1) = Pin®(n) & O(n) = 1

and
1= U(1) = Spin©(n) & SO(n) — 1

where U(1) = {\ € C | |A| =1} C Pin®(n).
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Proof. The short exact sequence of Pin®(n) follows directly from the fact that p : Pin®(n) — GL(C") has
kernel U(1) and image O(n). The complex Spin group Spin®(n) contains all even elements. Remark that all
elements of U(1) are even, while the even elements of Pin(n) form Spin(n). Therefore, the Spin group also
has kernel U(1), while the image of Spin®(n) is equal to the image of Spin(n) which is SO(n). We conclude
that both sequence are exact. O

We now have described (S)Pin”(n) by a short exact sequence. However, unlike the sequences of (S)Pin(n) and
(S)Pin(p, ¢) which both started with the finite group Zs, the sequence of (S)PinC(n) starts with an infinite
group. Therefore, we cannot conclude that (S)Pinc(n) is the double cover of O(n) or a similar statement.
Because of this, we try to extend p in some way such that the kernel of the new map is equal to Z5. In
order to do this, we will have to make sure that complex numbers are no longer all send to 1. Since a
representation is a homomorphism, this is only possible if Az is no longer send to the same value as z, for
A € U(1),z € Pin(n). Therefore, we have to distinguish between Az and z. This brings us to the following
definition.

Definition 4.4.32. Let Q : Pin®(n) — U(1) be the map Q(z) = z - (2°)".

This map is a well-defined, as we have seen in the proof of Proposition It is also clear that this map
is a homomorphism. Also note that Q(v) =v-v=Q(v) forany v € V = C", so Q is an extension of Q
to the whole complex Pin group, which explains the notation Q. Also recall that Q(\) = A2 for A € U(1),
which implies that @ is surjective.

We use this homomorphism to extend our representation p to a (more general) homomorphism.

Definition 4.4.33. Let j: Pin®(n) — U(1) x O(n) be the map

Finally, we use the extension of p for another short exact sequence.
Theorem 4.4.34. There are exact sequences
1= Z, — Pin®(n) & U(1) x O(n) — 1
and 3
1= Zy — Spin©(n) & U(1) x SO(n) — 1
where Zy 2= {1, 1} and U(1) = {\ € C | |\| = 1} are subgroups of Pin®(n).

Proof. We have seen that p and @ are surjective, so the surjectivity or p is clear. We calculate the kernel of
p. Since the kernel of p was U(1), the kernel of j is the subset of elements A € U(1) such that Q(\) = \? = 1.
The only options are A = £1, so the kernel of j is {1, —1} & Zs.

Similarly, the surjectivity of 5 : Spin®(n) — U(1) x SO(n) follows from the surjectivity of p and @, and the
injectivity is the same subset of U(1). We conclude that the second sequence is also exact. O

Since we now have short exact sequences starting with a finite group, we can conclude that (S)Pin“(n) is a
double cover of U(1) x (S)O(n). We can also determine which double cover it is, by comparing the short
exact sequences.

Corollary 4.4.35. There is a Lie group isomorphism
U(1) x 2, (S)Pin(n) = (S)Pin®(n)

where U(1) Xz, (S)Pin(n) is U(1) x (S)Pin(n) where Zy causes (—1,—1) to be identified with (1,1).



4 CLIFFORD ALGEBRAS 35

Proof. We could prove this by comparing the exact sequences, and using that @ restricted to U(1) gives a
double covering of U(1). However, from Proposition We already know that each element of (S)Pin(c(n)
can be written as Az with A € U(1), = € (S)Pin(n). We have also seen that the product (—\)(—x) works as
well, but these are the only two options. This gives us a short exact sequence

1 — Zy — (S)Pin%(n) — U(1) x (S)Pin(n) — 1,
where Z, = {(1,1),(—1,—1)}. We conclude that (S)Pin"(n) = U(1) x z, (S)Pin(n). O

We conclude that Spin®(n) 2 U(1) x z, Spin(n) and Pin®(n) 2 U(1) x z, Pin(n). This completely determines
Spin®(n) and Pin®(n) in terms of (S)Pin(n).

Finally, we consider the Lie algebras of (S)Pinc(n). Since double covers have the same Lie algebras as the
Lie group they cover, we see that

Lie(Pin®(n)) = Lie(Spin®(n)) = Lie (U(1) x Spin(n)) = (Ri) x so(n),
since the Lie algebra of U(1) = S is the line Ri.

To recapitulate: we have defined the groups (S)Pin(n), (S)Pin(p, ¢) and (S)Pin"(n) and shown that they are
double covers of (S)O(n), (S)O(p, q) respectively U(1) x (S)O(n). We have also seen that Lie(Spin(p, q)) =
Lie(Pin(p, ¢)) = so(p, q) and similarly for (S)Pin(c(n). Therefore, we can determine the structure of (S)Pin(p, q)
and (S)Pin"(n) by studying (S)O(p, q), with particular focus on (S)O(n).

4.4.5 Lie subalgebras of the Clifford algebra

We now turn to Lie subalgebras of the Clifford algebra. Let C¢(V, Q) still be a (real or complex) Clifford
algebra in standard form. Define the map [-,-] : C4(V, Q) x C¢(V,Q) — C4(V, Q) as the commutator [v, w] =
vw — wv for v,w € CL(V,Q). This is a Lie bracket, and using it we define the following Lie algebras.

Definition 4.4.36. We define L as [V, V] = {[v,w] | v,w € V}, and G as V & [V, V]. We call L the bivector
Lie subalgebra and G the orthogonal Lie subalgebra of C¢(V, Q).

Of course, we have to prove the vector spaces L and G form Lie algebras together with the bracket [-, -].
Proposition 4.4.37. The vector spaces L and G form Lie algebras together with the commutator bracket.

Proof. We first show that L is closed under the commutator bracket. Let 8 be the (induced) bilinear form of
the Clifford algebra, and remark that for any z,y € V we have zy + yx = 28(z,y). Now [z,y] = 2y —yx =
2xy — (zy + yx) = 2zy — 26(x,y). We will use this relation repeatedly. Also remark that for any z,y,z € V
we have [z,yz] = xyz — yzo = vyz — yxz + yxrz — yze = [z, ylz + ylz, 2].
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Let [a,b], [c,d] € L,a,b,c,d € V. We have:

[[a,b], [c,d]]= 4[ab — B(a,b), cd — B(c,d)]

4[ab, cd)

4(abcd — cdab) = 4(abcd — cabd + cabd — cdab)

= 4([ab, c]d + c[ab, d])

= 4(ab, c]d + [a, c]bd + ca[b, d] + c[a, d]b)

= 8(abed + acbd + cabd + cadb — adB(b, c) — bdB(a, c) — caB(b,d) — cbB(a,d))
~ S(albe+ b

—(

a(be + cb)d + ca(bd + db) — adB(b, c) — bdB(a, c) — caB(b,d) — cbB(a,d))
2adfB(b, c) + 2caB(b,d) — adB(b, c) — bdB(a,c) — caB(b,d) — cbB(a,d))
8(adB(b, c) + caB(b,d) — bdB(a,c) — cbf(a,d))

= 4( ([a,d] +28(a,d)) B(b,¢) + ([c,a) + 26(c, a)) B(b, d)

— ([b7 d] 4+ 28(b, d))ﬁ(a,c) — ([e, 0] +28(c, b))ﬁ(a,d))
= 4(ﬂ(b, ¢)[a,d] + B(b,d)[c,a] — B(a,c)[b,d] — B(a,d)]c, b]),

which is a linear combination of terms in L. We conclude that L is closed under the commutator bracket.
Now we will show that G is closed under commutation. For x,y € V it should be clear that [z,y] € [V, V] C G,
so we only have to consider the commutator of an element of [V, V] with an element of V. Since commutation
is anti-symmetric, we consider [[z,y], z] with x,y,z € V. We get the following:

([, ), 2] =lay, 2] -y, 2]
=aly, 2] + [z, 2]y — yla, 2] — [y, 2]>
=(2yz — 2B(y, 2)) + (222 — 28(x, 2))y — y(222 — 28(x, 2)) — (2yz — 2B(y, 2))x
=2xyz + 2x2y — 2yxz — 2yze — 2B(y, 2)x — 26(x, 2)y + 28(x, 2)y + 26(y, 2)x
=4B(y, z)x — 4B(x, 2)y

This is an element of V, so we see that [A,z] € V for A € [V,V],x € V. We conclude that G is also closed
under commutation. O

We have proven that L and G are Lie subalgebras of the Clifford algebra.

Remark 4.4.38. Let eq,...,e, generate a basis in the sense of Theorem Now the basis of L is given
by [ei,e;] = eie; —eje; = 2e;e; for 1 < ¢ < j < n and similarly for i > j. We see that L is as a vector
space identical to Cl?(V, @), so all (non-zero) elements of L have grade 2. This explains the name ‘bivector
Lie subalgebra’. Similarly, we have G = C¢*(V,Q) & C¢?(V, Q) but unlike L, the elements of G can be odd,
even, or linear combinations, so a general element has no well-defined grade.

Using the relatively easy structure of L, we can calculate its dimension.
Proposition 4.4.39. The dimension of L is in(n — 1), while the dimension of G is in(n+1).

Proof. First consider the vector space V A V. We know that the dimension of V AV is %n(n —1). Consider
the map VAV = Lo Aw +— [v,w]. We have L = [V, V] = {[v,w] | v,w € V} and v A w = 0 implies that
v =Aw (or w = 0) for some A € K which implies [v, w] = 0. Therefore, it is clear that the map is surjective.
Conversely, if [v,w] = 0 then v and w commute, which is only possible if v and w are linear, so v Aw = 0. We
conclude the map is also injective. We conclude that the map is bijective, so the dimension of L is %n(n -1).
Since G = V @ L, we find that the dimension of G is in(n +1). O
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In order to determine more of the structure of L and G, we try to find homomorphisms from these Lie algebras
to matrix Lie algebras. In the proof of Proposition [4.4.37] we have seen that for any A € [V,V],2 € V we
have [A,z] € V. This allows us to define an actionof Lon Vby LxV -V, A-x = [4, z].

Corollary 4.4.40. The action L xV =V, A-x = [A, z] is well-defined.

Since this is a linear action, we can write the matrix corresponding to the map [A, -] for A € L. We use this
to define a map of which we show that it is a homomorphism.

Definition 4.4.41. Let ¢ : L — M (n) denote the linear map defined by ¢(A)v = [4,v] for all v € V where
M (n) are the real n by n matrices and n = dim V.

Proposition 4.4.42. The map ¢ is a injective Lie algebra homomorphism, i.e. ¢([A, B]) = [¢p(A), ¢(B)] for
A, BeL.

Proof. We first show the injectivity.
Suppose ¢([a,b])v = ¢([c,d])v for a,b,c,d € V and for all v € V. Using the earlier formula, we find

48(b,v)a — 48(a,v)b = 46(d,v)c — 4B(c,v)d
for all v € V. Choose v = ¢;, now 3(a,e;) = e; if i < por —e; if i > p+ 1, and similarly for b, ¢, d, so
bia — aib = diC — Cid.

Multiplying by e; from the left, and summing over the i gives ba — ab = dec —cd or [a, b] = [¢, d]. We conclude
that ¢ is injective.
In order to show that ¢ is a homomorphism, we have to show [¢([a,b]),d([c,d])] = ¢([[a,b],[c,d]]) for
a,b,c,d € V, ie. to show

[6([a, b)), é([e, d])]v = &({[a, 8], [¢, d]])v
for all v € V. We use the identities [[z,y],v] = 4B8(y,v)z — 4B(z,v)y and [[a,b], [c,d]] = 4B(b,c)[a,d] —
48(a, )b, d] + 48(a,d)[b, c] — 45(b, d)[a, ¢]. Extending the definition of ¢, the right-hand-side becomes:

[Ha7 b], [C, dH ’ 7):| :4ﬁ(b7 c)[[a7 d]7 7)] - 45(0" C)Hb7 d]7 U] + 45(&, d)[[b7 C]v U] - 45(1)7 d)[[a7 CL U]

=168(b, c)3(d,v)a — 163(b, c)B(a,v)d — 165(a, c)B(d,v)b + 163(a, c)5(b,v)d
+165(a, d)5(c,v)b — 168(a, d)5(b, v)c — 165(b, d)5(c, v)a + 166(b, d)B(a, v)c

while for [(ﬁ([a,b]),gb([c, d])]v = [[a,b], [[c, d},v]] — [[c, d], [[a, b],v]] we get

[[a.8], [fe, ], o] | =48(d, v)[[a, 8], ¢] — 48(c,v) [a, 1], ]
=168(b, ¢)B(d,v)a — 165(a, ¢)B(d,v)b — 168(b,d)B(c,v)a + 168(a, d)B(c,v)b
[[c, d), [[a, b],v]} —168(d, a)B(b,v)c — 168(c, a)B(b, v)d — 168(d, b)B(a, v)c + 165(c, b)3(a, v)d.

By comparing the expressions, we see that [¢([a,b]), ¢([c,d])]v = ¢([[a, b],[c,d]])v for any a,b,c,d € V, so ¢
is a homomorphism.
We conclude that ¢ : L — M(n) is an injective homomorphism. O

Now assume C¢(V,q) is the real algebra C¢(p,q). We want to find the image of the homomorphism. In
order to do that, we consider the action of elements of [V, V] on the basis vectors, and determine whether the
matrices in the image are (skew-)symmetric, what their trace is, etc. Let 2,y € V and consider [[z, y], ¢;]. For
i < p, we have [[z,y], ¢;] = 4y;x — 4x;y, while we have minus that for j > p+ 1, as B(v,¢;) = v;Q(e;) = tv;.
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The j-th component of this vector is 4y;xz; — 4x;y;, which is anti-symmetric in 4, j. Therefore, the matrix
o([z,y]) is anti-symmetric on the first p x p block. Similarly, if both ¢ > p+ 1 and j > p + 1 then the i, j-th
is 4x;y; — 4y;x; while that j,i-th component is minus that, so the matrix is anti-symmetric on the last ¢ x ¢
block.

However, if i+ < p < p+1 < j, then [[z,y],e]; = (dyix — 4ay); = dyiz; — Azy; = (dyx; — doy;); =
(4(—y;)x —4(—x;)y)i = [[z,y], e;]:, so the matrix is symmetric on the side p x ¢ and ¢ x p blocks.

This symmetry is exactly the symmetry of so(p, q), as we have seen in Corollary We conclude that
the image of ¢ is contained is so(p, ¢). This brings us to the following theorem.

Theorem 4.4.43. The Lie algebra homomorphism ¢ : L — so(p, q) is a Lie algebra isomorphism.

Proof. We know that ¢ is an injective homomorphism. Moreover, we have found in Proposition that
the dimension of L is %n(n — 1), while we found in Corollary m that the dimension of o(p, q) = so(p, q)
is also %n(n —1). Therefore, it directly follows that ¢ is surjective. We conclude that ¢ : L — so(p,q) is a
Lie algebra isomorphism. O

Corollary 4.4.44. The Lie algebras L and Lie(Spin(p, q)) = Lie(Pin(p, q)) are isomorphic.

We have now found an indirect relation between L and Spin(p, ¢) using (S)O(p, q). It turns out the relation
can be made more direct. Let e;,e; € V be independent elements of the basis such that e? = e? = +£1. Now
(eiej)? = —efes = —1, (eiej)(eje;) = 1 and (ee;)' = eje;. Therefore

N(cos(8) + sin(f)e;e;) = (cos(8) + sin(f)e;e;)(cos(0) + sin(f)e;e;)
= (cos?(6) + sin?(0)) + sin(0) cos(0) (e;e; + eje;) = 1

for any 6 € R, since e;e; +e;e; = B(e;,e5) = 0. It is easy to check that cos(6) +sin(f)e;e; is in Pin(p, ¢), and
therefore in Spin(p, q).

We can consider cos(f) + sin(f)e;e; as a path (as function of 0) starting in the identity. By definition of the
Lie algebra, the derivative of cos(#) + sin(f)e;e; with respect to € in 8 = 0 is an element of the Lie algebra,
so e;je; € Lie(Spin(p, ¢)). But we have seen that e;e; € L.

Similarly, for €] = —e? we find the path cosh(f)+sinh(6)e;e; with derivative e;e; so again e;ze; € Lie(Spin(p, q)).
We see that for any e;, e; in the basis of V, the product is contained in Lie(Spin(p, ¢)). But these elements
exactly generate L. We see that Lie(Spin(p, ¢)) and L are not only isomorphic, but equal as vector spaces.

Remark 4.4.45. For any Lie group G the exponential map exp : Lie(G) — G is defined using the integral
curve of elements of Lie(G). From the above findings, it follows that exp(fe;e;) = cos(d) + sin(f)e;e; for
0 € Re? = e? and exp(fe;e;) = cosh(f) + sinh(f)e;e; for e? = fe?. Considering the power series of
cos, sin, sinh and cosh, we find

exp(fee;) = Z (eie;) gk — Z l(@eiej)’“ _ cos() + SlIT( )eie; 1 (eie;)
o o cosh(f) + sinh(f)e;e; if (eje;)? =1

This is the same formula as the exponential of a number or a matrix.

Conversely, for a given e;, e; such that e? = e? we can choose a § € R such that exp(fe;e;) = 1 or similar
for exp(fe;e;) = e;ej. Therefore, the exponentials of elements fe;e;, e = e? generate a part of Spin(p, q).
However, for e = —e? we cannot reach e;e; as for large 6 we instead get cosh(f) +sinh(0)e;e; ~ (1 + e;e;)
but 1+ e;e; is not an element of Spin(p, ¢). Hence, the exponentials of fe;e; € L generate a Lie subgroup of

Spin(p, ¢) (called the identity component), which is equal to the entire group for ¢ = 0.

Now consider C¢(n,C). Now L = [V,V] is complex. In this case, L is not equal to Lie(Spin(n,C)) =
(Ri) x so(n). In fact, we cannot write any element of L as a product of a complex number with an element in
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the real space C¢?(n); we have to consider L as a complex Lie algebra. This gives us a fundamental difference
between (Ri) x so(n) and L, and implies there is no useful homomorphism between the two Lie algebras.
Note that the equality [[x, y], e;] = 4y;x — 4x;y again holds, so the image of ¢ : L — M (n) consists of complex
anti-symmetric matrices. Therefore, the image is contained in so(n,C), the complex Lie algebra of the Lie
group SO(n, C) of complex matrices A such that AAT = 1, where the matrix is transposed but not (complex)
conjugated. Since the dimension of so(n,C) is equal to that of L, we again get an isomorphism.

Remark 4.4.46. That so(n, C) is isomorphic to a Lie subalgebra of the Clifford algebra C¢(n, C) implies that
a cover of the group SO(n, C) should be inside the Clifford algebra. Indeed, there are sources which instead
define Spin®(n) as the double cover of SO(n,C). This construction can be done by using the definition of
the transpose map without complex conjugation, and following a construction similar to our construction for

Spin®(n).

We have identified the relevant substructures of the Clifford algebras C¢(p,q) and C¢(n,C). In the next
chapter, our aim is to determine the representations of these substructures.

5 Representations of the Spin group

We have seen a lot of relations relating the (real) Spin group with the complex Spin group or with the bivector
algebra. Therefore, we try to determine all representations of the Spin group, as that will additionally gives
us information about the representations of the other substructures of the Clifford algebra.

We do this by determining the representations of so(n), i.e. Lie algebra homomorphisms to the general linear
Lie algebra gl(V) = Lie(GL(V)) (with V a vector space), and by using that the exponential of any Lie algebra
homomorphism @ : so(n) — gl(V) gives a Lie group homomorphism ¢ : Spin(n) — GL(V) [see [, pg. 116].
Conversely, any representation Spin(n) — GL(V') induces a push-forward so(n) — gl(V).

Since we can extend any representation of so(n) to a representation of so(n,C) through complexification,
we will determine all representations of so(n,C). This has the added bonus that the representations of the
identity component of Spin(p, q) can also be found, since so(p, ¢) is isomorphic to a subalgebra of so(n,C).
We will follow the construction of Fulton and Harris [9], which writes any irreducible representation as a
direct sum of eigenvector spaces of certain elements of the Lie algebra, and describes all other elements of
the Lie algebra by how they permute these eigenvector spaces.

Remark 5.0.1. Note that this construction only works because so(n,C) is a semisimple Lie algebra, i.e. for
any I C so(n,C) such that [so(n,C),I] C I we have I = 0. This semisimplicity also complies the complete
reducibility of representations of so(n,C), i.e. if W C V is an invariant subspace of a module V' then there
is another invariant subspace W’ such that V.=W @ W', and that if h C so(n,C) is a set of simultaneously
diagonalisable matrices, then the image of b in gl(V') is also simultaneously diagonalisable. The proofs for
these statements can be found in Appendix C of Fulton and Harris [9].

Before construction the irreducible representations of so(n,C), we first need to consider the representations
of sl(2,C), the Lie algebra of complex 2 x 2 matrices with trace OE| This will not only clarify the process,
but will actually be necessary when we use Lie subalgebras s C so(n, C) which satisfy s 2 s[(2,C) to set up
a lattice of weights.

5.1 Representations of sl(2,C).

As mentioned, sl(2,C) is the matrix of 2 X 2 matrices with trace 0. Therefore, the algebra is spanned by

1 0 0 1 0 0
m=(y %) x=(5 o) mav=(7 )

4This is the Lie algebra of the complex special linear group SL(2,C) of 2 x 2 matrices with determinant 1.
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Computing the commutation relations, we find [H, X] = 2X, [H,Y] = —2Y and [X,Y] = H. The first two
equations essentially tell us that X, Y are ‘eigenvectors’ with respect to the action [H, ] of H on (2, C). This
action where an element of the Lie algebra acts by commutation is know as the adjoint action and notated
by ad(H) = [H,-]. Since [H, H] = 0, we see that H, X, Y are eigenvectors of ad(H) with eigenvalues 0, 2 and
—2 respectively. Since s[(2,C) =C- X o C-H @ C-Y, we see that s[(2,C) is split up into eigenvectors of
ad(H). While this decomposition is not directly important in the 2 dimensional case, we will see its relevance
when we consider so(n, C).

We will now characterise the representations of sl(2,C) by looking at the action of H on the vector space.
Let ¢ : sl(2,C) — gl(V) be a representation, where V' is a (finite dimensional) complex vector space. We will
write A - v for the matrix multiplication ¢(A)v.

Since H is diagonal, the final statement of Remark implies that we can choose a basis of V' such that
¢(H) is diagonal. This decomposes V' into eigenspaces V,, such that H - v = aw for v € V,,, where o € C.
Next consider the action of X,Y on such an eigenvector v € V,. We cannot directly say anything about X -v
or Y - v, but we can consider H - (X - v). Using the commutation relations, we find

H- (X -v)=HX) v=[HX| - v+ (XH) - v=2X v+ X (aw) = (a+2)(X - v).

This shows that X - v is again an eigenvector of H, this time with eigenvalue o + 2. Similarly H - (Y - v) =
(¢ —2)Y -v. This shows that X and Y send the spaces V,, to V2 respectively V,_o. Moreover, if a # 0 we
can exclude X v =Y -v =0, since H = [X,Y],s0 X - (Y -v) =Y - (X - v) = aw.

Now additionally assume our representation is irreducible. Since H only sends each V,, to itself, the lack of
invariant subspaces must come from the X and Y. Since each V, can only be send to V,42 and V,_o by
X and Y, it follows that €,y Vator must be an invariant subspace, where we abuse notation by saying
Vg = {0} for eigenvalues 8 which do not occur. Therefore, the irreducibility of the representation gives that
all eigenvalues must be equal modulo 2. Since V is finite dimensional, we see that there must be a ‘smallest’
eigenvalue « such that the other eigenvalues are o + 2, +4,...,a + 2¢ for £ € Z. We define n := o + 2¢.
We now exactly know how X acts on V,,: V10 = {0}, s0 X -v =0 for v € V;,. Since H - v = nv, this implies
X - (Y-v)=nvsoY -v=#0. This brings us to the following proposition.

Proposition 5.1.1. Let v € V,, and let Y* -v be short for Y - (... (Y -v)) with k copies of Y for k € N. Then
V is spanned by v, Y -v, Y2 v, ...

Proof. We will show the span W of these vectors is an invariant subspace; the irreducibility of the repre-
sentation then gives that the whole vector space is spanned by the given vectors. First of all, note that
H-(Y* v)=(a—2k)Y* v,s0 H-W CW. Secondly, Y - (Y*.v) =Y 1.9 50 Y -W C W. Now we only
have to show that X - W C W. We show this inductively over k for YE ..

For the basis, we see that X -v=0¢& W. Now if X - (Y*¥.v) =k(n —k+1)(Y*"!.0), then

X (YH0) =(XY)- (Y 0) = [X,Y]-(Y* o) + YV - (X - (YF - v))
=H- (Y 0)+Y - (X-(Y*F-0)=n—-2B)(Y*-0)+Y - (k(n—k+1)YF1.0)
=(k(n —k+1)+n—-2k)Y*-0)=(k+1)(n— (k+ 1)+ 1)(Y*-0).

Using induction, we find X - (Y*-v) = k(n —k +1)Y*~! . v for any k € N.
We find that X leaves W invariant, so W is an invariant subspace. We conclude that V' is spanned by Y* - v,
keNy:=NUO. O

The proposition and its proof directly give us a few corollaries.
Corollary 5.1.2. The eigenspaces Vg are one dimensional.

Corollary 5.1.3. The representation is uniquely determined by the eigenvalues a, + 2, ..., n.
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Proof. We have found how X, Y and H act on the eigenspaces, and therefore how they act on V. Our
description of these actions only depends on the eigenvalues. Hence, any two representations with the same
eigenvalues must be equivalent. O

Of course, when we talk about the uniqueness of representations, we mean uniqueness up to equivalence.
The explicit formula X - (Y*.v) = k(n — k+1)(Y*~!.v) combined with the finite dimension of V also gives
us the following result.

Proposition 5.1.4. The eigenvalues are integers and equal to —m,—n+2,...,n—2,n.

Proof. We first show that n is an integer. We know that the Y* - v, k € Ny span the vector space. Moreover,
the sequence {Y* - v}, must terminate after finite values, since each non-zero Y* - v is linearly independent
of the other non-zero eigenvectors. Therefore, there is a smallest m € Ny such that Y™ - v = 0. Now
X-(Ym-v)=mn—-—m+1) (Y™ 1.0) =0,s0 m(n—m+1) =0. Since v # 0 we have m > 0, so
n—m+1=0. We conclude that n =m — 1 € Z.

Conversely, we find that m = n+1 is the smallest integer such that Y™ .v = 0, so there are n+ 1 eigenvalues:
n,n—2,..., —n. O

Together with Corollary we find that the irreducible representation is uniquely determined by n.

We have now found that for any irreducible representation there is a highest eigenvalue n € Ny such that the
representation is uniquely determined by the value of n. This can be interpreted as an uniqueness theorem.
Therefore, our next question is about the existence of the corresponding representations. Fortunately, the
direct formula we have found for X,Y, H allow us to write them as matrices acting on the span of e; :=
v,eg :=Y -v,...,e,41 :=Y" v, which gives us an irreducible representation for each n € Ny.

Proposition 5.1.5. Let n € Ny and let ¢ : 51(2,C) — gl(C™*1) be defined by

n 0 0 0 0 0 n 0 ... 00
0 n—-2 0 0 0 00 2;n—1) ... 0 0
0 0 n—4 0 0 0 0 0 ... 0 0

O(H) = , 0(X) =
0 0 0 -n+2 0 0 0 0 0 n
0 0 0 0 —n 0 O 0 0 0

and

0 0 O 0 0

1 0 0 0 0

01 0 0 0

oY) = K
00 0 ... 00
0 0 O 1 0

extended linearly, where the coefficient of X are given by k(n—k+1) for k € N<,,. Then ¢ gives the (unique)
irreducible representation with highest eigenvalue n.

Proof. Direct calculation shows that the ¢(H), ¢(X), (V) satisfy the commutation relations [p(H), p(X)] =
26(X), [(H), 6(Y)] = ~26(Y) and [6(X), 6(Y)] = 6(H), so we find [p(H), 6(X)] = ¢([H, X]) and similar
for [H,Y] and [X,Y]. This shows that ¢ is indeed a Lie algebra homomorphism.

Next, we have to show this representation is irreducible. Let v = (vg,v1,...,v,) € C"T! be non-zero. Then
there is an v; # 0. Now the first component of ¢(X)*v is a scalar multiple of v;, where the scalar is non-zero
(as it is a product of k(n —k + 1) for k = 1,...,4). Therefore, the invariant subspace containing v must also
contain an element of the form (1,wq,wa,...,wy,),w; € C.
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Now let w = (1,wi,ws,...,wy,), w; € C. By definition of ¢, we have ¢(Y)w = (0,1, wy,...,wp—1),
#(Y)*w = (0,0,1,...,w,_2) up until ¢(Y)"w = (0,0,...,1). It is clear that these vectors are all non-
zero and linearly independent, so we conclude that the invariant subspace W containing w must at least be
n + 1 dimensional. Since W C C**!, we find that W = C"**+1.

We conclude that the representation is irreducible. O

This way of finding representations using the relations only works in this specific 2-dimensional case, as
the eigenvalues are all on a line. More generally, we will determine representations by considering the
standard representation and its symmetric and exterior powers. By the standard representation we mean
the representation where H, X,Y directly act on V = C2?, which is possible as they are 2 x 2 matrices, while

they act on the symmetric powers Sym” (V) and exterior powers A*(V) by extension.

Remark 5.1.6. Recall that

Symk(V) ={vi-v2-..cvp [V, 0 €V Ug(1) cVa(2) e Vo(l) = UL V2 - ... Uy forall o € Sk}
where Sy is the symmetric group of k£ elements, and
AV ={vi Ava A Ay | or,. . o, € Vo(1) ANVg(2) A -+ - AUy = 8g0(0)v1 Av2 A ... Ay, for all o € Sy}

where sgn(o) = +1 is the sign of the permutation ¢. The symmetric power Sym”*(V') corresponds to the
homogeneous polynomials or order k; therefore, the representations of the form Symk(V) are known as
polynomial representations in physics.

Example 5.1.7. Consider Sym?(V) and A*(V). H acts on v-w € Sym?(V) as H(v-w) = (Hv)-w+v-(Hw),
and acts on u AvAw € A3(V) as HuAvAw) = (Hu) A v Aw+uA (Ho) Aw+uAv A (Huw). A

The most important advantage of the symmetric and exterior powers is that we can easily calculate their
eigenvectors. Since H is the diagonal matrix with 1, —1 on the diagonal, we can ‘plot’ the eigenvalues of the
standard representation as {1,—1} C R:

Standard representation (V)

This is called a weight diagram, where the eigenvalues are weights. The non-zero weights of the adjoint
representation are called the roots of the representation. For s[(2,C) the roots are {2, —2} corresponding to
X respectively Y.

The weight diagram of Sym2(V) has all products of roots, but without ‘double counting’, so

0
Sym*(V)

We see that this is the weight diagram for the irreducible representation with n = 2. Similarly, we have

0
Sym?*(V)

for the irreducible representation with n = 3. Although we won’t prove it here, it follows that the standard
representation extended to its n-th symmetric power gives the irreducible representation with highest weight
n.
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We have seen all the main tools for analysing the representations. We will now generalise the same construc-
tion to the special orthogonal Lie algebras. In order to understand how we generalise the construction, we
first consider the small cases so(n, C), for n = 4, 5.

Remark 5.1.8. We ignore the cases n = 1,2, 3, because they can be determined directly through the so-
called ‘accidental’ isomorphisms. For instance, so(1,C) is the group of 1 x 1 anti-symmetric matrices, i.e.
50(1,C) =2 0. Similarly, we have so(2,C) = C* and s0(3,C) = sl(2,C). While we could take them as our
examples, they have more structure then we can expect from so(n,C) for general n € N, which makes the
examples slightly misleading.

However, in the very first step of our construction, we used the diagonal matrix H. Since the matrices in
s0(n,C) are anti-symmetric, we clearly cannot have any diagonal matrices in so(n,C). We therefore first
have to change the basis of our Lie algebra.

5.2 Interlude: alternative basis for so(n,C)

In order to change the basis of so(n,C), we first return to its definition. While there are multiple equivalent
definitions of SO(n, C), one of the definitions is that SO(n,C) is the group of n x n matrices which preserve
the non-degenerate symmetric bilinear form (x,y) = 2"y for x,y € C*. Implicitly, we have z'y = 2" I,y
with I,, the identity, so the symmetric bilinear form is induced by the identity. However, we have seen that
non-degenerate symmetric bilinear forms on C" are all equivalent, so we could also define SO(n,C) as the
group of n x n matrices which preserve the (non-degenerate symmetric) bilinear form (z,y) = 2" My with M
a symmetric matrix with non-zero determinant. This implies a basis in which SO(n,C) consist of matrices
A such that ATMA = M. In this basis, the Lie algebra so(n,C) is the Lie algebra of traceless matrices B
such that BTM + MB = 0.

Our goal is to think of a M such that the corresponding basis of so(n,C) is such that the matrices are in
general not anti-symmetric. This can be done by no longer making M diagonal. Our choice for M is as
follows, splitting the cases for even and odd:

0 I 0 I, O
M= ([ 5) for so(2n,C)and M = | I, 0 0] forso(2n+1,C).
" 0 0 1

Remark 5.2.1. Note that the bilinear form induced by M is exactly the bilinear form on V& V™ in Subsection
g3

Let us first consider the even case, s0(2n,C). We want to put a condition on the elements of so(2n, C) similar

to ‘anti-symmetric’. Therefore, consider a 2n x 2n matrix consisting of 4 n x n matrices ( ) and assume

C D
this matrix is an element of so(2n,C). Now

O_ATCT 0 I\, (0 I A B\ _ [(CT+C AT+D
- \BT DT I, O I, O C D) \D"+A B"+B)’
so we find that B, C are anti-symmetric and A, D are minus each others transpose.
The odd case is similar. In this case, an arbitrary matrix in so(2n + 1, C) can be written as

A B FE
¢ D F
G H 0
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where E, F' are n X 1 matrices and GG, H are 1 x n matrices. Note that the last component must be 0 because
M has a 1 as final element of the diagonal. The condition becomes:

AT T Gt 0 I, 0 0 I, 0\ /A B FE C"+C A"+D G'+F
0=|B" D" H'||I, O Oo|+|I, 0 o|l|C D F|=|D"+A B"+B H'+E]|,
ET FT 0 0 0 1 0 0 1 G H 0 FT+G E"+H 0

so C' and B are anti-symmetric, AT = —D, FT = -G and ET = —H.
With this description of the elements of so(2n, C) and so(2n + 1,C), we are ready for so(4,C) and so(5,C).

5.3 Representations of so(4,C)

In this section, we consider s0(4,C), so n = 2. Our first goal is to generalise the H, X and Y from sl(2,C).
Therefore, we are looking for a subalgebra of commuting diagonal matrices, called an Cartan subalgebra and
notated by h. From the previous description, it is clear that each element of so(4, C) is of the form

a b 0 e
c d —e 0
0 f —a -—c
—f 0 —-b —d

with a,b,¢,d, e, f € C. Therefore, our Cartan subalgebra b is generated by Hy = E11 — E5 3 (the a’s) and
Hy; = E5 9 — Ey 4 (the d’s), where E; ; denotes the matrix with a 1 on the (¢, j)-th place and zeroes otherwise.
These two matrices obviously do not span the whole Lie algebra. We therefore define a few more matrices,
corresponding to the b, ¢, e and f respectively in the general matrix; let X; o = Ej 20— FEa3, Xo1 = F21—FE34,
YLQ = E1,4 — Eg)g and ZLQ = E4’1 — E2’3. It is clear that H17 H27 )(1’27 Xg’l, YLQ and ZLQ span 50(4,@)
linearly. Calculating the commutators of the other elements with H;, we get [H1, X1,2] = X1 2, [H1, X2,1] =
—Xo1, [H1,Y12] = Yip and [Hy, Z1 5] = —Z1 5 for Hy, and [Ho, X1 0] = — X1 2, [Ha, Xo1] = Xo1, [Ha, Y1 2] =
Y10 and [Ho, Z12) = —Z1 2. We see that X 9, X01,Y1 2 and Z; o are eigenvectors of H; and H», but they
do not have the same eigenvalue for H; and Hy. Therefore, in order to talk about ‘the eigenvalue’ we would
have to talk about a vector of two eigenvalues, or a similar object. However, this becomes tedious when
we generalise to higher dimensions. Instead, we define L; and Ly to be the dual elements of Hy, Hs, so
L, Ly € b* such that L;(H;) = d; ;, and describe the eigenvalues as elements of h*. Now the eigenvalue
of X1 is L1 — Ly while the eigenvalue of X5 is Ly — Ly. It is clear that the eigenvalues of Y7 2 and Z; 2
are Ly + Lo respectively —L; — Ly. We see that the eigenvalues are {£L; + Lo}. A plot of our non-zero
eigenvalues is in Figure

We call the non-zero eigenvalues (now elements of h*) the roots of our Lie algebra; it is clear that this
definitions of the roots is a generalisation of the roots of s[(2, C). The set of roots is normally denoted by R.
We can also directly find the eigenvalues of the standard representation in terms of L, Ly; the vectors
(1,0,0,0),...,(0,0,0,1) respectively give Ly, Ly, —L; and —Ly. We call these values the weights of the
standard representation. A weight diagram of the standard representation, i.e. the plot of the weights of the
standard representation, can be found in Figure The eigenvectors of (the elements of) the image of b
under the representation are called the weight vectors.

In the figure, we implicitly assume we can draw L; L Ly. The relevant bilinear form on h* is known as the
Killing form [see @, pg. 206]. Abusing the notation to write B for both the form on § and the induced form
on h*, we can define this bilinear form on h as B(H,H') = Y _pa(H)a(H'). Since R = {+L; &+ Lo}, we
find that B(H;, H;) = §; j. The induced bilinear form on h* therefore also has B(L;, L;) = d; j, so we indeed
find L1 1 L2.
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[ ] L] [ ]
LQ L2
o L, S0 Ly
[ ] L] L]
(a) The roots of s0(4, C). (b) The weights of the standard representation.

Figure 1

We have now seen two representations of s0(4,C). Our next step is to take any (irreducible) representation
of 50(4,C) and show that it is uniquely determined by its weights. Moreover, we also want to show the
existence of irreducible representations corresponding to certain given weights with given multiplicities.

Remark 5.3.1. In the case of s[(2,C) and in the previous two representations, we have only seen weights
with multiplicity 1, i.e. for every eigenvalue, the corresponding eigenspace was 1-dimensional. This will not
be true in general.

We are currently missing a lot of information necessary to start calculating weights. The Figures [Thb are
both symmetrical in a very nice way, so the symmetric and exterior powers will also be symmetrical. With
that in mind, we want to prove that the weights of any representation are symmetrical. We also want to
prove that the weights are discrete. We do this by finding copies of s(2, C) inside so(4, C); after all, we have
already found that the representations of sl(2,C) are discrete and symmetric.

We first need the following definition.

Definition 5.3.2. Let @ € R. Then g, denotes the eigenspace corresponding to the root . We call g, a
root space and the vectors in g, root vectors.

We have already determined the roots and root vectors, so we know that g, —r, = C- X1 2, 91,1, =C- X5,
and similar for Y; 5 and Z; 5. Now our Lie algebra decomposes into a direct sum as

50(47@) =bho @ Ja-

a€ER

This is called the Cartan decomposition of so(4,C). Using this decomposition, we get the following proposi-
tion:

Proposition 5.3.3. Let o € R and define 54 = o @ §—a ® [Ga, 8-l Then s, is isomorphic to s((2,C).

Proof. Note that s, = s_,, so we have two cases: « = L1 + Lo or a« = L1 — L. In the first case, we have
5, =C-Y100C-Z12®C-[Y1,2,721,2] Direct calculation gives [Y1,2,Z1 2] = —H1 — Hz. In order to prove
the isomorphism, we now have to find Hr,4+r1,, Xr,+1, and Yz, 41, satisfying the commutation relations
[HL1+L2’XL1+L2] = 2XL1+L2’ [HL1+L2’YL1+L2] = _2YL1+L2 and [XL1+L27YL1+L2] = HL1+L2' It is clear
that Xy, 47, and Yz, 41, are not unique; we can e.g. multiply one by 3 and the other by 1/3 and the same
commutation relations still hold. However, Hy,, 1, is fixed by the eigenvalues 2, —2.
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Since Hr, 41, must be a multiple of —H; — Ha, we calculate [—Hy — Ha, Y1 o] = (L1 + Lo)(—Hy — Ha)Y1 2 =
—2Y7 2. This is minus the desired eigenvalue, so we find Hy, 1, = Hi + Hs. We choose X1, 41, = Y72 and
Yr,+L, = Z1,2 and note that the commutation relations are now satisfied. These Hy, 1., Xr1+Ly) Y1410
span sp, 4+, in the exact same way as H,X,Y span s[(2,C), hence we conclude the two Lie algebra are
isomorphic.

The case o = Ly — Ly is similar. Now [X;9,X91] = H1 — Hy and [H1 — Ho, X12] = Xi,2, s0 we get
Hyp, 1, = Hi — Hy and choose Xp,_1, = X192, Y,-1, = X2 to find that s;,_r, is isomorphic to
s((2,C). O

The copies s, of s1(2,C) inside so0(4,C) are called the distinguished copies. These copies tell us a lot about
the weights of an arbitrary representation. After all, the restriction of the representation to s, gives a
representation of s[(2,C). But we know that the weights of any representation of sl(2, C) are integers.

Definition 5.3.4. Let Ay be the lattice of all § € h* such that 5(H,) € Z for all « € R. We call this lattice
the weight lattice.

Corollary 5.3.5. The weights of any representation of so(4,C) must lie on the weight lattice.

Since we know Hp, 41, = Hy + Hs and Hy, 1, = Hy — Ho, we find

AW:{aL1+bL2|a—|—b€Zanda—bEZ}:{aLl—i—bLg

1
a,be 22} .
We see that all half-integer combinations of L; and Ly can appear as weights. Note that the roots and the
weights of the standard representation are all integer in L; and Lo. This is related to the fact that SO(n,C)
has a double cover (similar to Spin(n)); we will see the relation later in this section.
We finally assume that ¢ : s0(4,C) — gl(V) is a representation with V' a complex vector space. As noted in
Remark the semisimplicity of so(4, C) implies that we can choose a basis of V' such that ¢(H;), p(Hz)
are diagonal. The matrix multiplications of ¢(Hy), #(H2) now splits V into a direct sum of eigenspaces P V;
where 3 are the weights of V. Note that the eigenspaces V3 do not have to be 1-dimensional.
We consider the action of the root vectors Xi 2, X21,Y1 2 and Z; 2 on an eigenspace V. Let i € {1,2}, let
v € V3 be a weight vector and let A be the root vector corresponding to root o. Now

H;-(A-v)=[H;,Al-v+A-(H;-v)=a(H;)(A-v)+ B(H)(A -v) = (a+ B)(H;)(A-v).
We either see that the weight vector A - v has weight o+ 3, or A-v = 0.

Corollary 5.3.6. For any root o € R and weight 5 of a given module V, the action of g, on V sends Vg to
a subspace of Vo4 5.

This shows that if we restrict the representation of so(4,C) to s, for @« = L; £ Lo, then the vector space
V' is guaranteed to split up into modules of the form €, ., Vsira (here we again abuse notation by saying
V, = 0 for any v which is not a weight of V). By the symmetry of representations of s((2,C), any such
module should be symmetrical in the line perpendicular to «. Since the n = 0 must also correspond to a
weight which is perpendicular to «, we find that the modules are symmetrical in the line through 0 € bh*
perpendicular to a. For @ = Ly — Lo that means symmetry in C - (L; + L) while for &« = Ly + Ly means
symmetry in C - (L; — L). See also Figure

We have found that the weight diagram of any representation should be symmetric in the line through L+ Lo
and L1 — Lo. The group of these symmetries is known as the Weyl group.

Since our weight diagram is now symmetric, we only have to know a quarter of the weights of a given
representation to determine all other weights. We will choose a direction and only consider weights in that
direction. We also made this choice in the analysis of representations of s[(2,C), but in a more implicit
manner: we chose n to be the highest weight. We could have chosen —n, it would not have made a difference.
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We first have to choose a similar idea to the ‘highest weight’. In order to do that, we choose that L; is
‘larger’ than Lo. To make this precise, let ¢,d € R such that ¢ > d > 0. We say that the (possible) weight
aly +bLy € Aw is positive if (aLy +bLo)(cHy + dHs) > 0, i.e. if ac+ bd > 0, and negative otherwise. Since
¢ > |d|, we see that Ly, Lo, L1 + Ly and L; — Lo are positive, but Ly — L; is negative. This splits our set
of roots R into two sets Rt and R~ of positive respectively negative roots. For any root «, we note that
a € R* implies —a € RT. We shorten ‘root vector with positive/negative weight’ to ‘positive/negative root
vector’.

Using similar definitions, we can also compare two given weights. For two positive weights a1, s, we say
that «; is higher than ag if oy (cHy + dHs) > ao(cHy + dH>).

We can now choose a quarter of the space, such that we can apply the symmetries on that quarter to determine
the rest of the space. We will call this quarter the Weyl chamber W. It is natural to choose the chamber
as a set of positive weights. Moreover, we choose our chamber such that the boundaries are symmetry axes.
With these conditions in mind, there is only one natural choice: W = {aL; 4+ bLs | a > |b| > 0}. Note that
this definition of W does not include the boundaries, we will refer to its closure as the closed Weyl chamber.
Our Weyl chamber is drawn in Figure

[ ] [ ]

[ ] o
Lo { Ly
0\ L
L ! 0] I,

° [ ]

[ ] [ ]
Rt
R-
(a) The symmetry axes. (b) The positive and negative (¢c) The Weyl chamber.

weights.

Figure 2: The symmetry axes, weights and Weyl chamber of s0(4,C). Each diagram has the roots for
comparison.

We return to our (irreducible) module V. Since V is finite-dimensional, there must be a highest weight ~.
Let v € V.

We already know that the action of go, € R on V sends Vi to V14 for any weight 3. For a € RT, the
weight a + 3 is higher than 3. Therefore, the actions of g,,a € RT increase the weights, sending a weight
vector to 0 or to another weights vector of higher weight. This corresponds to the action of X in sl(2,C).
Similarly, the actions of g, € R~ decrease the weights, corresponding to Y € sl(2,C).

Since 7 is the highest weight, we find that A-v = 0 for any A € R*. This leads us to the following definition
and proposition.

Definition 5.3.7. Let [ be a weight of V' and let v € V3 be non-zero. We call v a highest weight vector if
A - v =0 for any positive root vector A € so(4,C).

Proposition 5.3.8. Let v € V' be a highest weight vector. Let W be the subspace of V' generated by v and by
the image of v under repeated applications of negative root vectors (Xo1 and Z12). Then W is an invariant
subspace (i.e. W gives a subrepresentation) of V.

Proof. First of all, note that W is a module, so we do not have to worry about the well-defined-ness of the
action. Moreover, the action must be linear, so we only have to consider the action of elements of so(4, C)
on the elements spanning W.
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By definition, it is clear that W is closed under applications of negative root vectors, and since every image
of v is a weight vector or 0, W is also closed under the action b.

We note that [Y12,X21] =0 € b and [X72,Z12] = 0 € B, so the commutator of any negative root vector
with any positive root vector is in . Consider v/ = By, Ba, « -+ Ba,, - v, where k € Ny, a; € R~ and B, is a
root vector corresponding to the root . We let a positive root vector A act on v'. Now

A (BayBay -+ Bay, - ) = [A, Bay]Bay - - Bay - U+ Bay[4, Bay|Bag - Bay v+ ...+ Bay -+ [A, Ba,] - v.
Now every [A, Bg,] is in b, so this reduces to

A-v' =(a—0a1)([A,Ba,]) * Bay - Ba, - v
+(a— a1 — a2)([A, Bay]) - BayBas +* Bay - v
+...
()[4, Bar])  Bay -+ Bay_, -

where o = oy + -+ - + ay, + v is the weight of v'. The right hand side is a linear combination of elements in
W, so we conclude A-v' € W. Since W is generated by elements with the form of v’ and A was an arbitrary
positive root vector, we conclude that W is invariant under the action of so(4,C) on V. O

Note that we could have avoided calculating the commutators by using induction over k. When we generalise
to higher dimensions, we will see that the commutators are no longer necessarily in b.

We have the following corollaries. Note that these statements are not true for the trivial representation
s0(4,C) — {0} = gl(C) since that representation has no non-zero vectors, hence no highest weight vectors.

Corollary 5.3.9. FEvery non-trivial irreducible representation has exactly one highest weight vector up to
scalar multiplication.

Proof. Let s0(4,C) act on the irreducible module V' and let wy,ws be two highest weight vectors of V' with
weights 3 respectively (2. Proposition tells us that w; and wsy induce invariant subspaces Wy, Ws.
Since V is irreducible, we find W7 = V = W5 hence w, € Wy, we € Wy. This can only be true if 5; = f5 is
the highest weight of V.

Since W7 is generated by wi and by weight vectors with lower weights, it follows that ws is in the linear span
of wy and vice-versa. We conclude that w; and ws are equal up to scalar multiplication. O

Corollary 5.3.10. Let V' be a non-trivial irreducible module and let v be the highest weight in V. Then V,
is 1-dimensional.

Proof. This follows directly, since every element of V, is a highest weight vector. O

Note that any highest weight vector must lie in the closed Weyl chamber, since the weight in the chamber
will always be higher than its mirror images.

Proposition [5.3.8] also tells us that irreducible representations with a given highest weight are unique, and
tells us about the existence of an irreducible representation with given highest weight.

Proposition 5.3.11. Let Vi, V5 be irreducible modules and let their highest weights be equal. Then Vi, Vs
are equivalent.

Proof. Let wy,ws be the (up to scalars unique) highest weight vector of V; respectively Vo, with weight ~.
Consider W = V; @ V,. This is again a module, with the action defined by A - (u +v) = (A - u) + (4 -v)
for u € Vi,v € Vo and A € s0(4,C). Now H - (w1 + wa) = y(H)wy + y(H)we = v(H)(w; + we) and
A-(wg +we) =A-w; +A-wy =04 0=0 for any positive weight vector A, so wy + ws is a highest weight
vector with weight v. Now w; + wsy generates an irreducible submodule U C V; & V5.
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Consider the projection maps m : U — Vi, my : U — V5. These projection maps certainly intertwine the
action of so(4,C), by the construction of the direct sum. Moreover, 71 (w1 +ws) = wy and ma (w1 +wa) = wo,
so the image of w1 respectively s is non-trivial. Since the image of a module under an intertwining operator

gives an invariant subspace of the codomain and Vi, Vs are irreducible, it follows that 71 (U) = V; and
mo(U) = V. Since U is also irreducible, we find that m; and 7o are isomorphisms. We conclude that V; is
isomorphic to V5 as a module of so(4, C). O

We have found an uniqueness theorem, so our next step is to prove existence of each representation. We will
need the following proposition.

Proposition 5.3.12. Let Vi, V5 be modules with w1 € Vi, we € Vo highest weight vectors with weight 1
respectively ~vo. Then wy @ ws is a highest weight vector of Vi ® Vo with weight v1 + 2.

Proof. Recall that V3 ® V5 is a module, where the action is defined by A- (v @ w) = (A -u) Quw+u® (A-w
for A € s0(4,C), u € Vi, w € V. Direct calculation gives A - (w; @ we) = (A - w1) @ way + w1 ® (A - wsy) =
0®@wy+w; ®0=0®0 for positive root vectors A, and H - (w; @ wa) = (y1(H)w1) @ we + w1 @ (y2(H)ws) =
(71 + 72)H (w1 ® wy) for H € h. We conclude that wy ® ws is a highest weight vector of weight v + 2. O

Proposition tells us that we can find any irreducible module as a submodule of a tensor product of
smaller modules, assuming we have smaller modules whose weights add up in the right way. However, there
is still a clear flaw here: we have found that any representation that is based on the standard representation
or adjoint representation will have a highest weight of the form alL; + bLo with a,b integers. We have also
seen that our weight lattice Ay, instead allows a,b to be half-integers.

Since the intersection Ay NW of the weight lattice and the closed Weyl chamber gives us all possible highest
weights, we see that we cannot yet generate an irreducible representation for each possible highest weight.
We want representations with weight (L1 + Ls) and 3(L; — L2) lying along the boundaries of our Weyl
chamber; it is clear that if we find representations with these weights, we have proven existence.

To find representations with these weights, we recall that the Lie algebra L = Cf?(n,C) is isomorphic to
s0(n,C). Choosing n = 4 gives us an isomorphism L 2 s0(4,C). But L comes with a natural representa-
tion: the spinorial representation p : C4(V & V*) — Lin(AV) from Proposition induces a Lie algebra
representation C¢2(V @ V*) — gl(AV) by taking the commutators on both sides. (This Lie algebra repre-
sentation is also known under the name ‘spinorial representation’; the same holds for the induced Lie group
representation.) In order to see what this representation is, we follow the trace of the isomorphisms.

First of all, we had L = s0(4,C) via [z,y] — [[z,], ] (see Theorem and the two successive remarks).
We proved the isomorphism using the anti-symmetry of [[x,y], -], so we were in the ‘normal’ basis for both
50(4,C) and for L. Now Remark gives that Cf2(V @ V*) has the same basis as the ‘new’ basis of
50(4,C), so the isomorphism C??(V & V*) — so0(4,C) will again be given by

CEVaV)3u+0,0+¢]— [u+bv+d¢],]€so(VaV*) =s04,C).

Any representation of C¢?(V @ V*) will therefore directly give a representation of so(4,C), so we no longer
have to worry about the isomorphisms. We only have to know what subset of C/?(V @ V*) corresponds to
b C s0(4,C). Note that CZ*(V @ V*) has basis {e1ea — eze1, e;e — ee;, efes — esej} for 4, j = {1,2}. Since
leie}, e;] = 26; je; and [e;e], €] = —20; e} we find that Hy maps to 3(eje] —ejer) and Hy to & (eze} — ejes).
We similarly see that X ; is send to %(eie; —ejel), Y12 to (erea — ezer) and Zy 5 to 3 (eje; — ezel).

Now recall the action of C¢(V & V*) on AV. The action was given by (v +6)-w = v A w + 6_w. The action
of e;e] on a basis vector ey =e€j, A---Aej, | €N then is

!
ee; ey =e; N(e;iey)=e; A <Z er(e; ) (=) ej Ao Aej A Cpyr N A ejl)> .
k=1
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Now either ¢ occurs as one of the ji, or it doesn’t. But if it occurs as ji, then e; e](e;,) = e; = ej, s0
eie; ey =ey. We get:
. ej Thereisak: jp =1
€i€; ~€j = .
0 otherwise.

We see that each e is an eigenvector of e;ef with eigenvalue 1 if ¢ occurs or 0 if it doesn’t.

Now the eigenvalue of e; with respect to & (e;e} —efe;) is 3 if i occurs and —3 if i does not occur. Therefore,
the weight of e is %Zi:jk L; — %Z#jk L;.

Now consider e; A ep. It is clear that every e;e; or eie;f with @ # j acts on e; A e2 by sending it to zero (by
repeated e; in a single wedge product). Therefore, e; A ez is a highest weight vector. This gives us a highest
weight vector with weight %(Ll + Lo).

We also know that L = C¢2(4,C) C C¢¢v*"(4,C), so the action of L on AV is even. Therefore, we find that
the vectors of odd length should form an invariant subspace of AV. Consider e;. We see that X; o and Y7 2
both send e; to 0, so e; is also a highest weight vector. Since e; has weight %(Ll — Ls), we have found our
second highest weight vector.

We call these two representations the half-spinorial representations.

L2 L2
[ ] L] L2 [ ] o
N O o L1 . O L1 O . Ll

(a) The spinorial representation. (b) The half-spinorial representa- (c) The half-spinorial representa-
tion generated by e A ea. tion generated by e;.

Figure 3: The spinorial representation and its decomposition into the half-spinorial representations.

Finally, we have proven uniqueness and have found two highest weight vectors with weights %(Ll + Ls) and
%(Ll —Lo). Now the tensor products of these weight vectors span the intersection of the closed Weyl chamber
and the weight lattice, which tells us that we have determined each representation.

We will now turn ourself to so(5,C), before generalising to so(2n,C) respectively so(2n + 1, C).

5.4 Representations of so(5,C)

The theory for so(5,C) resembles so(4,C) in many ways, but there are some small extra difficulties. We
again start with writing a general element of so(5,C):

a b 0 e g

d —e 0 h
0 f —a —c i
-f 0 —=b —d j
—i —j —g —h 0

with a,b,c,d,e, f,g,h,i,j € C. We define Hy, Hy, X1,2,X2,1,Y1,2 and Z; 5 in the exact same way as before.
However, we still have a g,h,? and j. Therefore, we define Uy = Ev5 — Es3 (‘g = 1), Uy = Eo5 — E54
(‘h = 1’), V1 = E3’5 — E571 ("L = ].7) and ‘/2 = E475 — E5’2 (‘j = 1’)
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Simple calculations give that [Hy,Uy] = [H2,Us] = 1, [Ha,Uy] = [H1,Us] = 0 so Uy, Uy are root vector with
eigenvalues Lq respectively Lo. Similarly, Vi, Vs are root vectors for —L; and —Ls. Note that 0 is now a
weight of the standard representation, since es is send to 0 by both H; and Hs.

The root diagram and weight diagram for the standard representation are thus as follows:

Ly
0 Ly
(a) The roots of so(5,C). (b) The weights of the standard representation.

Figure 4

Our next step is to determine the distinguished copies s, of sl(2,C). We again have sp,47, = 915,41, D
§-L,—L, D[OL,4L2,0-L,—L,] generated by Y1 and Z1 o with Hy, 7, = Hy + Ho and s, r, = 91,1, ®
O—I1+L, P [80,—Lss8—L,+L,] generated by X; 9 and Xpq with Hy,_p, = H; — Hy. However, we now
additionally have s, generated by Uy, V] and sy, generated by Us, Va. Since [U;, V;] = —H; and [—H;, U;] =
—U,;, we find that Hy, = 2H; and Hy, = 2H,.

We see that the Weyl group is generated by reflection in C- (L1 + Lo), C-(L; — Lg), C- Ly and C- Lo, and that
the weight lattice Ay is again {aL; +bLs | a,b € %Z} since Hy,, = 2H; and Hy, = 2H,. We choose the same
weights to be positive as in the case of s0(4, C) and define the Weyl chamber as W = {aL; +bLs | a > b > 0}.
Note that we again have that for any weight, the mirror image in the closed Weyl chamber will have higher
or equal weight. Therefore, all highest weights again lie in the closed Weyl chamber.

The positive roots, Weyl chamber and symmetry axes are given in Figure [5| We clearly see that all weights
in the closed Weyl chamber are integer combinations of Ly and %(Ll + Lo).

° °
Ly
. 5 le
L] (]
(a) The symmetry axes. (b) The positive and negative (¢) The (closed) Weyl chamber.
weights. The intersection with the weight

lattice is given by the small dots.

Figure 5: The symmetry axes, weights and Weyl chamber of so(5, C).

We want to copy everything from Proposition to Proposition [5.3.12] By going through the proofs, we
find that all the proofs for so(4,C) also work for so(n,C),n > 4, except the proof of Proposition We
will have to proof that proposition through induction, as mentioned.
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Proposition 5.4.1. Let v € V' be a highest weight vector. Let W be the subspace of V' generated by v and by
the image of v under repeated applications of negative root vectors. Then W is an invariant subspace of V.

Proof. Again, V is a module so the action is well-defined, and v and its image under repeated applications
of negative root vectors span W linearly, so we only have to consider the action on those elements.

W is clearly closed under the action of negative root vectors and under elements of ). We will prove that W is
closed under the action positive root vectors, by letting a positive root vector A, act on v’ = Bg, Bg, ... Bg, v,
where [ € Ng, B1,..., 8 negative roots and Bg is the root vector corresponding to the negative root 5. We
prove that the result is again in W by induction over [.

First | =0, so v = v. Now A, -v =0 € W, since v is a highest weight vector. This gives us the induction
basis.

Now assume A, - Bg; Bg, ... Bg -v € W for all k < and (arbitrary) negative weights 31, ..., 8;. Consider
A, - v'. Using repeated commutation relations, we get

Ao - v’ :[AOHB,&]BBQ "'Bﬂl v
+B51 [Aa’Bﬁz}Bﬁz o 'Bﬂz v
+...
+Bﬁl ..'Bﬁl—l[AOUBﬁl] v

Since the positive and negative root vectors and the elements of h form a basis for so(5,C), we can write
each commutator as a linear combination of those elements. We already know that the negative root vectors
and elements of h leave W invariant, so we only have to consider the positive root vector components of
each commutator. However, the positive root vectors act on Bg, --- Bg, - v or Bg, --- Bg, - v etc., so by the
induction hypothesis we find that A, -v" € W. Since the 8; were arbitrary, we find that positive root vectors
leave W invariant.

We conclude that W is invariant under the action of s0(5,C). O

With this proposition proven, we again find the previous results of uniqueness and existence of irreducible
representations of a given weight. We only need to find two representation which generate all other represen-
tations through tensor products. We are therefore looking for a representation with highest weight L; and
one with weight %(Ll + Ly). We have already seen that the standard representation has highest weight L;
(see Figure . Therefore, we are looking for a representation with highest weight %(Ll + L5). Considering
the case of s0(4,C), we guess that this representation can be found using L.

We know that C¢(5,C) contains two copies of C¢(4,C) corresponding to 1 + ey and 1 — eg (see Proposition
[£.3.§ for the definition of ey). Therefore, each representation of C/(4, C) is a representation of C/(5, C) in two
ways, giving the two spinorial representations. We can interpret the spinorial representation corresponding
to 1 — ep as sending ey, eq,e3,eq € CU(5,C) to their counterparts in C¢(4,C) and sending e5 € C¢(5,C)
to ejezezes. In that interpretation, we have e;e; — eje; mapping to their counterparts, and ejes — ese; —
eaeszey — (—1)3ezezeq = 2eze3ey and similar for the other e;. The image in C¢(V @ V*) is then generated by

*

{erez — ezeq, €]

—eje;, eje; —exe], esejes, ejejes, e1ege], €12}

We see that the corresponding representation on AV is an extension of the representation of so(4,C) on AV
to a larger Lie algebra.

The highest weight vector is again e; A ez, but e is no longer a highest weight vector as (ejeze})-e1 = e1 Aea
which has higher weight. We find that AV is an irreducible representation with highest weight %(Ll + Lo).
We call this the spinorial representation of so(4,C). The weight diagram of the spinorial representation is
equal to that of so(4,C), see Figure
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We have now found irreducible representations with weight L; and %(Ll + L), spanning the intersection
Aw NW of the weight lattice and the closed Weyl chamber. Hence, all irreducible representations of so(5, C)
have been classified.

We now generalise the last two sections to s0(2n, C) respectively so(2n + 1, C).

5.5 Representations of so(2n,C)

We first consider the even dimensional case. We follow the same analysis as in the case of so(4,C), but in
higher dimensions. The given proofs of relevant results (uniqueness, existence) all generalise, so we only have
to define our root vectors and Weyl chamber etc.

In the case of so(4, C), we split the space into Hy, Ha, X1,2,X2,1,Y1,2 and Z o along each letter. We can do
the exact same for higher dimensions. Recall that elements of so(2n,C) have the form

A B

( 5)
with B, C anti-symmetric and AT = —D.
Let H; = E;; — Eptinyi for 1 <4 < n. This gives us n diagonal matrices which all commute. These H;
span the Cartan subalgebra h. We will again call their dual elements L;.
Also define Xi,j = Ei,j_En+j,n+i; Y;’]‘ = i,n—i—j_Ej,n-i-i and Zi,j = n+i,j_En+j,i7 all with ¢ 75 j, 1 S ’L,j S n.
The X, ; again correspond to the off-diagonal elements of A (or D) while the Y; ; correspond to B and Z; ;
to C.
Direct calculating gives that X; ; is a root vector with root L; — L;, while Y; ; is a root vector for L; + L;
and Z, ; for —L; — L;. Therefore, the roots are {£L; + L; }1<i<j<n-
Note that the Killing form once again shows that L; 1 L; for i # j, so we can picture the weight diagram as
hypercubes.
We have to choose a direction to be able to speak of positive and negative weights. We again choose
that L; is ‘larger’ than Ly, which is ‘larger’ than L3, etc. until L,. To make this precise, we choose
¢ >c3 > >cp >0, ¢ € Rand say H € b is positive if (c1L1 + -+ + ¢pLy)(H) > 0. Now the L; are
positive, L; + L; is positive and L; — L; is positive if i < j. This gives us R = {L; + Lj, L; — L; }1<i<j<n
as positive roots.

The distinguished copies s, are given by X; ;, X, ; pairs and by Y; ;, Z; ; pairs. General calculations give
that Hy,r, = H; + H; for the Y; ;, Z; ; pairs and Hy, 1, = H; — Hj for the X; ;, X;; pairs. Therefore, the
weight lattice is again given by

1
AW:{BGIJ*|ﬂ(Ha)GZ,a::I:Li:l:Lj}:{a1L1+a2L2+~~+anLn|a1,...,an€§Z},

and the symmetry axes are the diagonals C - (L; £ L;). Therefore, we choose our Weyl chamber as W =
{a1L1+---+apnLy, |ayg > -+ > an—1 > |ay| > 0}. The boundaries of the Weyl chamber are in the directions
Ll, L1 +L2, L1+L2+L3, ey L1+"'+Ln_1 7Ln and L1++Ln Note that L1+"'+Ln_1 is not a
boundary. The corresponding elements of Ay, are thus Ly, L1+ Ls,..., L1+ -+ L,_o, %(Ll—i—- «++L,_1—Ly)
and (L1 + -+ + Ly).

Therefore, we have to find a total of n irreducible representations of the given weights. First consider the
standard representation V = C?". By direct calculation, we see that ey, - - , e, have eigenvalues Ly, --- , Ly,
respectively, while e,11,--- ,e2, have eigenvalues —L;,---,—L,. Hence, the highest weight vector is e,
with weight L;. We find an irreducible representation with weight L;. Since the standard representation is
irreducible, we find that the standard representation is the first of the n needed representations.

Next, consider the exterior product A?V of the standard representation, consisting of elements e; A e, # j.
As mentioned before, s0(2n,C) acts on A*V by A (e; Aej) = (A-e;) Aej+e; A(A-ej). A’V has ‘each
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weight of V' times each other weight’ as weights, so {£L; = L; }1<i<;<n, each with multiplicity 1, and 0 with
multiplicity n (as 0 = L; + (—L;)). The highest weight is L1 4+ Lo, corresponding to e; A es. This gives us an
irreducible representation with weight L; 4+ Lo. It turns out that A2V is irreducible, but we will not prove it
here as it requires knowledge of the irreducible representations of sl(n,C),n > 3.

Since A2V has highest weight L; + Ly and V = A'V has highest weight L;, we guess that A*V will have
highest weight L + --- + Ly for 1 < k < n. This is true: ARV has highest weight vector e; Aes A--- A ey
with weight L; + --- + Lj. Moreover, it turns out that A*V is irreducible for k& < n. This directly gives
us the first n — 2 irreducible representations: V,A'V,... , A"~2V. Note that A”~'V has highest weight
L1+ -4 L,_1, but that is not one of the boundaries of the Weyl chamber and therefore not one of the
irreducible representations we were looking for.

Now for the final two irreducible representations we turn to the spinorial representation. The remarks
for s0(4,C) = C*(V @ V*) are precisely the same for higher dimensions, so we find that H; is send to

l(eie’{ — efe;), which acts on AV, V = C™ by sending each e; to %eJ if ¢ occurs in J, or —%ej if it does not

c2)ccur. Hence, the weights of AV are . .

3 YL 3 > L

jeJ jeJ

Similarly to the 2n = 4 case, consider the ‘longest’ vector in AV, e; A --- A e,. This has weight % S, Ly,
which is the highest weight of AV. Therefore, e; A- - - Ae, generates a representation of s0(2n, C) with weight
YLy 4o+ L),
Again, C/?(V @& V*) in contained in C¢¢¢"(V & V*), and therefore has even elements. This gives us that the
even and odd subspace of AV are left invariant. The even subspace has highest weight vector of even length,
but the odd subspace has a highest weight vector of odd length. Therefore, e; A --- A e, is not the only
highest weight vector. The next highest weight is %(Ll +:-+4+ L,_1 — Ly) corresponding to e; A+ Aep_1.
We find that this is the other highest weight vector.
We have therefore found two highest weight vectors with weights %(Ll +---4+L,) and %(Ll +-++Ly,_1—Ly),

the half-spinorial representations. Therefore, we have determined all the needed representations and thus

have found all representations of so(2n, C).
Finally, we consider so(2n + 1, C).

5.6 Representations of so(2n + 1,C)

The generalisation to so(2n + 1,C) is almost identical to the combination of the generalisation from 4 to 2n
and from 4 to 5.

We start with defining H;, X; ;,Y; j, Z;; as in the previous section. Moreover, we additionally define U; =
Eiont1 — Eongi1 nysi with eigenvalues L; and V; = B, o0n+1 — Fapt1,; With eigenvalues —L;, corresponding
to the last column and row. This gives us additional distinguished copies of s[(2,C), as the pair U;, V; gives
H;, =2H,.

We again find Aw = {a1L1 + asLao+ -+ apLy | a1, -+ ,a, € %Z}, but our Weyl group now also includes
reflections in the axes. Therefore, our Weyl chamber becomes W = {a1 L1 +---+an L, | a1 > -+ > a, > 0}.
The intersections with the boundaries are given by Ly, Ly + Lo,..., L1 +---+ L,_1 and %(Ll + o4+ Ly).

The first n — 1 representations are again A*V for 1 < k < n — 1, following the same line of thought as
for the 2n case. As for the final representation, we again consider the spinorial representation. By sending
€oni1 — L lejes -+ ea,, where t = 1 if n is odd and ¢ = i if n is even, we again find that the spinorial
representation of s0(2n,C) gives a representation of s0(2n + 1,C) with highest weight (L1 + -+ + Ly,).
We conclude that we once again find the needed irreducible representations. Therefore, we have characterised
and determined all irreducible representations of so(2n + 1,C).
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5.7 Representations of so(p,q) and Spin(n)

As a last note, we return to so(p,q) and Spin(n). It is clear that so(p,q) C so(p + ¢,C) if so(p + ¢,C)
is in the right basis, because so(p + ¢,C) does not depend on the bilinear form as long as it is symmetric
and non-degenerate. Therefore, every representation of so(p + ¢, C) induces a representation of so(p,q). In
fact, we can easily check that so(p + ¢, C) is just the complexification of so(p,q) (in the right basis), so any
representation of so(p, q) conversely induces a representation so(p + ¢, C).

Now taking the exponential of the representation gives a representation of the identity component. While we
have not talked about the identity component of Spin(p, ¢), we know that the exponential of s0(n) generates
all of Spin(n). Therefore, the representations of Spin(n) are all exponentials of representations of so(n).
Since so0(n,C) is the complexification of so(n), we conclude that all representations of Spin(n) have been
determined, albeit indirectly.
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