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Abstract

Symmetries and their corresponding conservation laws are useful tools in par-
ticle physics. However some laws are violated when we they are extended in
quantum field theory. In this thesis we review the chiral symmetry and we show
its anomalous behaviour in perturbation theory and in the path integral formal-
ism. The last method is related to the heat kernel proof of the Atiyah-Singer
index theorem for Dirac operators. By extensively reviewing this proof we cal-
culate the anomalous behaviour of the chiral symmetry in curved spacetime.
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Introduction

Symmetries play an important role in the study of classical and quantum mechanical
systems. Namely, using Noethers theorem we can deduce a conservation law for each
symmetry there is in a physical system. There is a quantum mechanical analog of
Noethers theorem, but it is possible that the classical conservation law is violated
when we extend it to the quantum realm. When this happens we call a symmetry
anomalous. Anomalies are problematic in particle physics. This is because well de-
fined quantum theories are required to be renormalizable and anomalies can break
renormalization. Secondly, particle physics is heavily based on gauge theory: Every
fundamental particle is characterized by the group under which it is invariant. There-
fore, detecting and canceling anomalies is a substantial part of particle physics.

In this thesis we mainly focus on the chiral anomaly. Namely, each Dirac particle has
a left-handed and a right-handed component. We assume that the two components
can rotate independently without changing the theory. This is the chiral symmetry.
Calculating the quantum mechanical consequences of this symmetry is not straight
forward. Most calculations contain diverging integrals or are expressed as divergent
power series. Regularization techniques are needed to extract the physical data. We
show in this thesis the anomalous behavior of the chiral symmetry using perturbation
theory and using the path integral formalism. The first method is due to Bardeen
[1969] and the second is due to Fujikawa [1980]

Seemingly unrelated there is a family of theorems in mathematics that relate analytical
and geometrical data to the topology of a manifold. For example, Gauss-Bonnet the-
orem relates the curvature of a surface with the Euler characteristic and the Riemann-
Roch theorem relates the properties of meromorphic functions with the genus. All
these theorems are specific cases of the Atiyah-Singer index theorem. It states that
that a specific class of operators have a finite dimensional kernel and cokernel and that
the difference between the dimensions of the kernel and the cokernel is topological
of nature. This difference is called the index of an operator and Atiyah and Singer
explicitly calculated this index. For Dirac operators the Atiyah-Singer index theorem
is formulated as follows:

Theorem 0.1. Let S — (M, g) be a Clifford bundle on a compact oriented n-
dimensional Riemannian manifold M. Let D be the Dirac operator. If S is
canonically graded, then the index of D is the integral over the n-form part of
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A(TM) A ch™(S). That is,

Index(D) = /

M

det 12 (%) exp (F)

where R is the Riemann curvature and F° is the twisting curvature.

We review the proof of Theorem 0.1 using a method proposed by Atiyah et al. [1973]
and Getzler [1983]. We compare this proof with the method Fujikawa [1980] used to
calculate the chiral anomaly. We show that not only the results are equal, but we also
show that they used the same methodology. In this thesis we model the proof of the
Atiyah-Singer index theorem using the Fujikawa method and we show how the index
theorem generalizes the Fujikawa method for curved spacetime.

This thesis is organized as follows: In chapter 1 we review the theory of Clifford alge-
bras, we define the Dirac operator and we show the Weitzenbock formula. In chapter
2 we recall Noethers theorem and we show that the chiral current is anomalous us-
ing perturbation theory. After this chapter we study anomalies in the path integral
formalism and we explain the Fujikawa method. From chapter 4 and onwards we
generalize our study to compact curved spacetime and we start formally proving the
index theorem. For this proof we need heat kernels and in chapter 4 we show that
heat kernels exists and are unique. In chapter 5 we consider traces on infinitely dimen-
sional vector spaces and we show that the heat kernel has a well-defined trace. We
analyze the eigenvalues of the heat kernel and using this we show that the index of a
Dirac operator is well-defined. In chapter 6 there is an intermezzo where we shortly
revisit the theory of characteristic classes and we introduce the topological notions the
Atiyah-Singer index theory refers to. Finally in chapter 7 we prove the index theory.

This thesis is aimed for people who have a basic understanding in particle physics and
know the basics of geometry. For physicists who are not used to the mathematical
notation of vector bundles there is a glossary at the end which relates mathematical
notation in terms of physics.

Finally, in this thesis we will use Einstein notation. That is, if we use the same symbol
as an upper index and a lower index we silently assume that we sum over that index.
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1 Clifford Algebras

In the study of spin—% particles, physicists use gamma matrices. They are defined as

—1 0 0 —
o = B —i 0
’YO - Z 0 ’7/1 - 0 Z
0 1 1 0
0 —1 —i 0
1 0 0 =1
-1 0 0 —

and they satisfy the commutation relation

Vst = =4 -2 if p=wvand u,ve{l,23}.
0 else

The algebra these matrices is one of the first examples of an object now called Clifford
algebra. In this chapter we give a rigorous definition of this algebra and we derive its
basic properties. Using this algebra we define a differential operator called the Dirac
operator. We also introduce the physics notation for dealing with Clifford algebras.

In the end, we prove the Weitzenbock formula. This equation relates the square of
a Dirac operator with the Laplacian and we show that the difference can be given in
terms of the curvature and the gamma matrices. For this we need an explicit expres-
sion for the adjoint of the Dirac operator and the connection. In the third paragraph
we perform these calculations and we show that the Dirac operator is self-adjoint.

The material covered in this section is standard. For more information see Roe [1998]
1.1 Definitions

Definition 1.1. Let V' be a vector space with a symmetric 2-form g. A Clifford
algebra for V' is an unital algebra A such that the following holds:

1. There exists a linear map ¢: V. — A such that ¢(v)* = —g(v,v)1d for all
velV.
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2. A satisfies the universal property. That is, if there exists another map
@'V — A’ that have the same property of ¢, then there exists an unique
algebra homomorphism A — A’ such that the following diagram commutes:

Given a vector space V' and a bilinear symmetric map g we can construct a Clifford
algebra. Indeed, consider the tensor algebra

TV)=PVveve.. .oV
k=0

and take the quotient by the ideal that is generated by v ® v+ g(v, v) Id. Denote this
quotient as C1(V') or Cl(V, g). By construction it satisfies the first part of Definition
1.1. The universal property follows from the universal property of tensor algebras. It

states that for all linear maps ¢: V' — A there exists a unique algebra homomorphism
¢ T(V) — A such that

V—=T(V)

X ¢

A

commutes. Now assume that ¢(v)? = —g(v,v) Id for all v € V. This relation extends
on ¢ to

¢ (v@v+gv,v)Id) = ¢'(v)* + g(v,v)¢'(Id) = 0.

So ¢’ factors over the ideal generated by v ® v + g(v,v)Id and so ¢ is a unique
algebra homomorphism between C1(V') and A. Hence,

Proposition 1.2. For any vector space V' with a bilinear symmetric map, there
exists a Clifford algebra and it is unique.

The requirement in Definition 1.1 that ¢(v)? = —g(v,v)-Id for all v € V is equivalent
to the requirement that ¢(u)op(v) + ¢(v)p(u) = —2¢g(u,v) - Id for all u,v € V.

8
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This can be easily seen if we consider ¢(u + v)?. By linearity this equals ¢(u)? +
d(u)p(v) + ¢(v)p(u) + ¢(v)? and so the anti-commutator between ¢(u) and @(v) is
d(u+v)? — ¢(u)? — ¢(v)?. However, by the commutation relation it follows that

¢(u)p(v) + d(v)p(u) = = (g(u+v,u +v) = g(u,u) = g(v,v)) - 1d
=—2¢(u,v)-1d.

Hence these two conditions are equivalent.

Example 1.3 (Gamma matrices). Consider the vector space V = R* and equip it
with the Minkowski metric 7. In the basis (¢, x,y, z) the Minkowski metric is given
by, it = —1, Nyw = Nyy = 1. = 1 and 7, = 0 else. Hence, the gamma matrices
satisfy the relation 7,7, +7.,7, = —27,,. and so ’yﬁ = —1, - Idcs. The unital matrix
subalgebra A generated by the gamma matrices is a Clifford algebra. Indeed, the map
CI(V,n) — A that is defined by t' - 27 - y* - 2! = 7j 0oyl oyl o9l forall i, 5, k,1,€ N
is an isomorphism between two algebras. It is a well-defined linear map and by the
definition of A it is surjective. It is a homomorphism, because both sides satisfy the
same commutation relations. We only need to show that it is injective. For this we
need to work out all matrix multiplications and this is left for the reader.

In field theory the gamma matrices act on spin—% fermions which are represented by
fields. Mathematically particle fields are sections of a certain vector bundle. So to
formalize spin—% fermions we need to let the Clifford action act on section

Definition 1.4. Let (M, g) be a (pseudo)-Riemannian manifold. The vector bundle
S — M is a bundle of Clifford modules if there exists a smooth bundle map
ClTM, g)@CxS — S which makes each fiber S, a left-module over C1(T,M, g)®
C.

Example 1.5 (Spin—% particles). A spin—% particle is represented by a section over the
trivial bundle R* x C* — R*. Clearly, the gamma matrices forms a left-module on
C*. So R* ® C* is a bundle of Clifford modules.

For a bundle of Clifford modules S — M, we define v: I'(T'M) — I'(End(S)) as the
composition of the left-module action and the map ¢ from Definition 1.1. In local coor-
dinates e, € I'(T'M), this map is given by v(e,)s = ¢(e,) - s for all sections s € I'(.5).
If we use the shorthand v, = v(e,), we see that -, extends the gamma matrices from
Equation 1.1 to any bundle of Clifford modules. We call v: ['(T'M) — I'(End(S))
the Clifford action.
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Given a bundle of Clifford modules S — M, a vector bundle £ — M and a section
AeT(TM ® S ® E) we formally define the Feynman slash A of A as follows: It
is the element A € T'(S ® E) that is given by the composition of the following maps:

D(TM ® S ® E)—2~T(CITM) ® S © E) ——T(S @ E)

A:ZuA“®eu|—>ZuA”®%|—>A:%A“.

The second map denotes the multiplication defined by the left-module. We used {e,, }
as a local basis on T'M. We only need it for comparison with the definition physicists
use and we see that they indeed coincide.

In physics there is an operator called the Dirac operator. For the generalization of
this operator we need to consider the interplay between a connection and the Clifford
action. In the next definition we give explicit requirements:

Definition 1.6. A Clifford bundle is a bundle of Clifford modules S over a
(pseudo)-Riemannian manifold (M, g) equipped with a Hermitian metric and com-
patible connection such that

1. The Clifford action is skew adjoint. That is, for all p € M, v € T,M and
1,52 € Sy, we have

(v(v) - 51, 82) + (s1,7(v) 52) = 0,

2. The connection on S is compatible with the Levi-Civita connection on M.
So for all u,v € T(TM) and s € T'(S), we have

Vuy () s = (V) s+ v(v) Vys.

Example 1.7 (Spin-% particles). Note that the gamma matrices from Equation 1.1
are skew adjoint under the Euclidean metric. Also the compatibility condition reduces
to the Leibniz rule for a flat connection. Hence, if we equip R* x C* — R* with
the Euclidean metric of C* and the flat connection, we get that R* x C* is a Clifford
bundle.

10
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Definition 1.8. Let S — (M, g) be a Clifford bundle with compatible connection
V and the Clifford action ~y. Interpret g as the isomorphism g: I'(T'M) — I'(T*M)
which is given by v — g(v,-). The differential operator D is a Dirac operator if
it is the composition of the following maps:

r(S) % r(T*M ® S) L5 D(TM © §) 2 T(S)

Following the steps above we can compute the Dirac operator in local coordinates.
Denote {e,} as a local basis of 7'M and s as a section of S. Let e'L be the dual of
', i.e. € (e’) = d,,. By orthonormality it follows that o eqe), = 1d and

o
Vs :ZVMS ® ez.

I

Under g~ this maps to ZM V.5 ® e, and so the Dirac operator is locally given by
YV 5. (1.2)

In the example of the spin—% particles we use the flat connection V,, = d,. Then the
Dirac operator is given by 9,7* which is the expression normally used in quantum field
theory.

1.2 Graded Clifford bundles

For spin—% Dirac fermions, we distinguish left-handed and right-handed particles. This
chirality is related to the £1 eigenvalues of the operator

V5 = Y0123,

That is, if v5¢0 = 1, then we call ¥ right handed and if 510 = — we call ¢ left-
handed. We see that -5 defines a grading on R* x C*. In general we define the grading
as follows.

Definition 1.9. Let S be a Clifford bundle. We say that S is a graded Clifford
bundle if S can be decomposed into ST ® S~ such that
1. The Clifford action v maps I'(TM @ S*) to T'(STF).

2. The metric and the connection of S respects the grading.

11
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In the example of R* x C* the operator s is fully determined by how it acts on left-
resp. right-handed particles. Its acts by +1 on right-handed fields and by —1 on
left-handed field. This can be generalized to any graded Clifford bundle.

Definition 1.10. Let S be a graded Clifford bundle. We define the grading
operator 5: I'(S) — I'(S) by

’}/5|5+ =1Id
Vsls- = —1d.

The grading operator anti-commutes with the Clifford action. Indeed if S+ ST & S~
is a graded Clifford bundle and s € T'(S%). then for all v € T'(T'M) the section ~y(v)s
is an element of I'(S¥) and hence

Y5y(v)s = Fy(v)s = —y(v)75s.

Even more, the Dirac operator anti-commutes with the grading operator. This can be
easily seen if we use local coordinates and write D = ZM YuV -

Gradings on Clifford bundles are not unique. However, there is a canonical method to
induce a grading.

Definition 1.11. Let S — (M, g) be a Clifford bundle on a 2n dimensional man-
ifold and let {e,} be a local positively oriented orthonormal basis of T M. The
element

w=1"y ... Yo, € ['(End(5))

is called the canonical grading operator.

Lemma 1.12 (Roe [1998], Remark 4.4). The canonical grading operator w from
Definition 1.11 does not depend on the choice of local orthonormal frame and hence
it is globally defined.

Proof. Let {e*} and {é"} be two orthonormal local frames of T'M with identical
orientation. Denote «y, and 7, as the Clifford action on ¢, resp. €,. We expand ¢&*

12
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as A¥e”. In local coordinates the canonical grading operator @ w.r.t. the basis {é*}
equals
-

O =1"Y1 .. Ao = A AR Vi Vs (1.3)

We view A an an orthogonal matrix on {é}. In the case that ;1; = ps it follows that

D APAL = (AAT) 1y =1d;p = 0.
1

This shows that all p;'s in Equation 1.3 must be unique. If Sy, is the set of all
permutations of 2n-elements, then @ equals

~ _mn Ho (1) Ho(2n)
w =t E : Aa(l) o 'AU(Qn) 7%(1) t 'fy/»‘o'(Zn)

o€San

=" Z sgn(a)Aﬁ‘(’l()l) . AZ‘(}(Z’;) M- Yon
o€San

=det(A) - w.

Because A € SO(2n) the determinant of A equals one and @ equals the canonical
grading operator w.r.t. the basis {e/}. O

In the next proposition we show that the canonical grading operator w indeed defines
a graded Clifford bundle and so we see w as the generalization of ~s.

Proposition 1.13 (Roe [1998], Page 142). Let S — (M, g) be a Clifford bundle on
a 2n dimensional manifold and let w be the canonical grading operator. Then w? =
Id and the &1 eigenspaces of w, ST, are subbundles of S, therefore decomposing
it as graded Clifford bundle S = ST & S~.

Proof. The square of w can be easily calculated and is indeed equal to one. Therefore
we can split S into ST @ S~ where S* are the £1 eigenspaces of w. Also, the
commutation identity

wy+yw =0

can be easily calculated in a suitable basis. This proves the first part of Definition 1.9.

13
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To show that g respects the grading we assume that v, € T'(S™) and v_ € T'(S™).
By the skew-adjointness of the Clifford action and wv. = v we van calculate

g(UJm,U*)'
g(U+,U_) :g(wv+,v_) = an(’yl s 72nv+’ U—)
:(_i)ng(UJrv 72n s fylv*) = (i>ng(v+7 71 .
:g(,UmeU*) = _g(UJraU*)'

L)

This shows ¢(S™,S7) = 0 and hence g respects the grading.

To show that the connection on S respects the grading we need to pick a suitable
coordinate system on M. Fix p € M and pick the local coordinate frame {a%}
that follows from the exponential map exp,: T,M — M. This frame is called the

Riemannian normal coordinate system and it has the property that at p
0

— =0

oxH

where V denote the Levi-Civita connection and a - is a basis element in I'(T'M).
Let s € I'(S), v € I'(TM) and use V also for the connection on S. Using the
compatibility property of the connection we get

Vo(ws) =i"V(y' ... 4*"s)
=i"y(V (3/33j ) -2 A Y VL (Y )
:in’)/lvv( 72715)
=...= wvys.
This shows that V also respects the grading. O

Remark 1.14. Unless not stated otherwise we assume that a Clifford bundle is canon-
ically graded.

Remark 1.15. If ~ is the Clifford action and {e*} a basis of T M we simplify y(e")
into 7,,. However, if we explicitly® write 75, then it does not mean 7(e5), but it means
the grading operator. This might be confusing, but it is standard notation in physics.

Remark 1.16. In higher dimensions physicists mostly use the notation =, where n
is the dimension of the spacetime. However, when we consider higher dimensions in
physics, we will use the Veltman-'t Hooft regularization. There it is custom to use 5
instead of v,,,1. To prevent confusion we never use 7,1, but use vs.

In 49 ..., the operator s is not explicitly written we so we don't refer here to the grading
operator.

14
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1.3 The adjoint of a Dirac operator

In this paragraph we will compute the formal adjoint of a Dirac operator D. Since D
is the composition of the Clifford action v and the covariant derivative V. Therefore
we compute the adjoint of v and V separately. These will be calculated in the next
two lemmas. We conclude this paragraph by showing that D is self-adjoint.

Lemma 1.17. Let E — M be a vector bundle with Hermitian metric g and
compatible connection V on an oriented Riemannian manifold M. Letv € T'(T'M)
such that the Lie derivative along v of the Riemannian volume form Vol(M) on M
is zero. Then, for all s € T'(E) with compact support V*(v" ® s) = —V,(s).

Proof. Let s,t € I'.(E) be two sections on E with compact support. We use (-,-) =
f3s 9(- ) Vol(M) as the inner product on I'.(E). Using Cartans magic formula, £, =
d ¢, + ¢, d, and Stokes theorem we have

/Mﬁv(g(s,t)/\\/ol(M)):/M(dLU+Lvd)(g(s,t)/\\/ol(M)):0.

We expand L,(g(s,t) A Vol(M)). It follows from L, Vol(M) = 0 that
L,(g(s,t) NVol(M)) = L, g(s,t) A Vol(M).
Because V is a compatible connection, we can write £,(s,t) in terms of V,:
L,(g(s,t) ANVol(M)) = g(Vys,t) A Vol(M) + g(s, V,t) A Vol(M)

This concludes
(Vys,t) = —(s, V). (1.4)

Finally, denote (-,-) as the inner product on I'.(T*M ® E) and let {e,} be an or-
thonormal frame on T'M. Using the identity Zu eue'; = Id, we calculate

(5, V*(v* @ 1)) =(Vs,0" @)
= Z v(e,) - (ez ® Veys, ebu ®t)
[T8%

= (Vus,1). (1.5)

Combining Equation 1.4 and 1.5 we conclude

(5, V*(1’ @ 1)) = —(V,s,1).

15
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Recall that for a vector bundle £ — M with a metric and compatible connection the
Laplacian is defined as
V*V:T'(E) = T'(E).

Using Lemma 1.17 we can calculate the Laplacian in local coordinates.

Corollary 1.18. Let E — M be a vector bundle with Hermitian metric g and
compatible connection V on an oriented Riemannian manifold M. Let x € M and
let {a%} be the Riemannian normal coordinate frame centered at y. Then at the
origin of the chart the Laplacian V*V satisfies

VV=-) V.V,
w

where V,, =V o

oxH ’

Proof. Let n be the dimension of the manifold M. By Cartans magic formula we can
easily check that Ea% Vol(M) = 0. Indeed, it equals

Lo Vol(M)=dio da'A...Ad2"

P P

=(-1*d(dz' A Ada* P AT AL Ad ")
=0.
Thus we can use Lemma 1.17 and by the identity % dz# = Id we have for all
seTl(F)
ViVs =) V(da"®V,s) ==Y V,V,s.
o o

O

Lemma 1.19. Let S — (M, g) be a Clifford bundle and let -y be the Clifford action.
In the local orthonormal basis {e*} of T'M the formal adjoint of v: T'(TM®S) — S
is given by

7)== @)

Proof. Let s,t € T'(S) and let v € T'(T'M). Denote (-, -) as the metricon T'(TM ®S)
and (-, -) as the metric on S. We write down the definition of the formal adjoint and
use the skew symmetry of the Clifford action:

(v®s,7't) = g(v(v)s,t) = —g(s,7(v) 1) (1.6)

16
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We compare this to (v ® s, —e, ® (7" t)). Expand v as v = v,e”. Then,
(V@ s, —e" @ (V1)) = (ve” ®s, —e" @ (V1)) = v, - g(e”, ") - (s, Wl).
By orthonormality v, - g(e”, e) simplifies to v, and hence
(0® 5,~e* & (3, 1)) = vy - {3, 08) = —(5,7(0) D). (L7)
Comparing Equation 1.6 and 1.7 we conclude the result. O

Proposition 1.20 (Roe [1998],Proposition 3.11). Let S — M be a Clifford bundle
and let D be a Dirac operator. Then D is formally self-adjoint.

Proof. Recall that D is defined as the composition of the following maps:
r($) % I(T*M ® S) L5 T(TM © S) 2 T(S).

So the formal adjoint of D is given by
I(S) L T(TM®S) L T(T"M® S) L5 T(S).

Let x € M and consider the Riemannian normal coordinates centered at y. At x € M
we get for any s € I'(S) that

0
S T e _zﬂ:dx“@%s = Viys.

At the origin of our chart, we have V, e/ = 0. So by the compatibility condition we
get
D*s =V, s ="V, s = Ds.

Therefore, D is formally self-adjoint. O

1.4 The Weitzenbock formula

In this paragraph we compare the difference between the square of an Dirac operator
and the Laplacian. The result will be the so called Weitzenbock formula, which gives
the difference in terms of the Clifford action and the curvature. Before we do this, we
need to generalize the Feynman-slash operator for 2-forms.

17
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Definition 1.21. Let S — (M, g) be a Clifford bundle with the Clifford action ~y
and let K € Q*(M,End(S)) be a 2-form with values in End(S). Define the map
P(M) 5> D(T*"M @T*M) asa A 3 (a®@—-8@«) € I(T*M ® T*M).
Interpret g as the isomorphism g: I'(T'M) — T(T*M) which is given by v
g(v,-). The Clifford contraction of K is the composition of the maps

0(S) & Q2(M,8) = (I"M @ T*M ® S) L5 T(TM @ TM ® S) 2 I(S).

The Clifford contraction of K is denoted as K.

In a local orthonormal frame {e#} on T'M, K can be written as K = > _, er A

e”” @ K(e,,e,). Therefore, the Clifford contraction of K equals It can be shown that
the Clifford contraction of K equals

K= Z Yy K (et e”). (1.8)

pu<v

We are now able to show the Weitzenbock formula.

Theorem 1.22 (Weitzenbock). Let S — M be a Clifford bundle with compatible
connection V. Let D be the Dirac operator and K be the curvature w.r.t. V.
Denote K as the Clifford contraction of the curvature. Then

D? =V*V + K.

Proof. Let x € M and let {8%} be the Riemannian normal coordinate frame centered
at y. Let {7, ~+"} and [y*,~"] be the (anti)-commutator. That is,

VY =+
V9] =y =y Y
Using Equation 1.2 we calculate the square of the Dirac operator

D* =3 A'V,/'V, =Y "1 (Ve )Yy + 49V,

7%

nv
= Z ’y“”yl'v“v,,.
nv

18



1.4. The Weitzenbock formula Andries Salm

This can be written in terms of the commutator and the anti-commutator and so
Z{w,%}v Vo + Y WV Ve
0 1
—Z (W - ) VY + 510l Vi Vo)

0
:_ZVV +Zvv (8# 8x”)'

pu<v

From Corollary 1.18 and Equation 1.8 we conclude that D? = V*V + K. O

Next, we will prove a refined version of the Weitzenbock formula, namely the Lich-
nerowicz formula. We show this by considering the commutation relations between the
the curvature K and the Clifford action. Then K will split into the scalar curvature
and a the Clifford contraction of a 2-form called the Riemann endomorphism.

Definition 1.23. Let S — (M, g) be a Clifford bundle, let ~y the Clifford action
and let R be the Riemann curvature tensor. The Riemann endomorphism R°
of S is the following composition of maps applied to the Riemann curvature tensor

R:

T2 (M)QTM @ T*M) ——=T(Q*(M) ® TM @ TM)

pons| T(Q2(M) @ End(S) ® End(S)) —— T(Q2(M) @ End(S))
o 1/4

~
~

BN

[(Q%(M) ® End(S))

Here o denotes the point-wise composition of endomorphisms and i denotes devi-
sion by four.

Given a local orthonormal frame {e*} we calculate the Riemann endomorphism by
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following the diagram:
— v b 9! v v
R = Zuz/<ReM7 € > Qe ® €, — Zuu<ReM7 € > Re'®e
/

> (R, e”) @7, @ Y > (Bet e ) v

1/4

i ZMV <R6u7 ey>7}1’yy

Hence, in a local orthonormal frame {e*} on T'M, the Riemann endomorphism is
given by
1
RS(X,Y) = ZW%(R(X, Y)et ey VXY € T(TM).

Lemma 1.24 (Roe [1998], Lemma 3.13 and 3.15). Let S — M be a Clifford
bundle, let K be the curvature on S and R be the Riemann curvature on M. Use
~ for the Clifford action and let R® be the Riemann endomorphism. Then for all
u,v,w e I'(TM)

(K (u,v),7(w)] = [R*(u, v), y(w)] (1.9)

where [-, -] is the commutator.

Proof. By the definition of the curvature, the left hand side of Equation 1.9 equals
(K (u,v),v(w)] = [V.V, = V,Vy,v(w)].
According to the Jacobi identity this is
(K (u,0) , 7(w)] = [V Vo = Vo Vi = Vi), 7(w)]
=V [Va, 7(w)] + [V, 7(w)] V=

-V, [VU77(w>] o [vvaf}/( vu [ [u,v]5 7 )]
=V, Vo, y(W)]] = [V, [V, Y(W)]] = [V, v(w)] -

From Definition 1.6 follows that the commutator [V, y(w)] = fy(Vuw) and hence

[K (uv U) 77(w)] :[vua 7(vvw)] - [vva 7(vuw)] - ’Y(V[u,v]w)
=y(V.Vow — V,V,w — Vi, yw)
=v(R(u,v)w). (1.10)
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This gives an explicit result for the left hand side. To calculate the right hand side of
Equation 1.9 we need a local orthonormal frame {e#} of T M. Using the identity

[y(u)y(v), v(w)] = 29(u, w)y(v) = 29(v, w)y(u)
we get that the right hand side equals
1

(77 (u, 0), v(w)] =5 (R(u,v)e",€”) - [, v(w)]
— 2 (Rl 0w, ), — (Rl 0)e, why
By the anti-symmetry property (R(u,v)et, w) = —(R(u,v)w, e} it follows that
(RS (u, ), 7(w)] = (R(u, 0w, )3 = (Bl 0)w). (1.11)
Comparing Equation 1.10 and 1.11 we conclude the result. O

Definition 1.25. Let S — (M, g) be a Clifford bundle over a Riemannian manifold
and let E — M be a vector bundle. A Clifford endomorphism is a section F' of
End¢(S) ® E such that for allv € TM, F o~y (v) equals y(v) o F.

By Lemma 1.24 we conclude that K — R® € Q%*(End(9)) is a Clifford endomorphism.
This difference will play an important role in the index theorem and so we give it a
name.

Definition 1.26. Let S — M be a Clifford bundle and let K be its curvature. The
twisting curvature ['° is the Clifford endomorphism K — R*.

Using the twisting curvature and the Weitzenbock formula we can write
D2 — v*v +FS —|—R,S

However, this can be further reduced.

Proposition 1.27 (Lichnerowicz [1963]). Let S — (M, g) be a Clifford bundle.
Let D be the Dirac operator and F° be the Clifford contraction of the twisting
curvature. Denote x as the scalar curvature. Then,

1
D?>=V*V +F% + o
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Proof. It is sufficient to show that R® = i/{. In a local orthonormal frame {e,} of

T'M, the Clifford contraction of the Riemann endomorphism is given by

1
R = 299" (Rley, €,)ep, €0).

It follows from the Bianchi identity that

1 v_,o v g
R = — (Rl ev)epr €0) (77" +7"9"7"17).
Using the commutation relation of the Clifford action, we can reorder the gammas
back into v#v"v*+° and so R® equals

1

R = — 2 (R(ew e)ep, €0) (V77" = 77"y — 48"9"y7 4 2079).

By the antisymmetry of 2-forms, this simplifies into

1

R =— 5 (Blew ev)ey, e0) (2997 = 65"7"7)

3 VAo
= — QRS + Z<R(eua eu)e;m 6(7)’7 v

Because (R(e,, €,)ep, er) = (R(e,, €,)e,, €,), the Clifford contraction of the Riemann
endomorphism becomes

RS = (R(eps e0)ense0)1")"
:%<R(€w €v)eu, €) (777 +777")
=— i(R(eH, €y)€ps E).
We conclude that RS = 1h- -
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2 Calculating anomalies using Feynman diagrams

In this chapter we introduce the notion of anomalies. For this we revisit Noethers
theorem and we investigate if there are obstructions when we generalize it to quantum
field theory. These obstructions are called anomalies:

Definition 2.1. We call classical conservation law that is not satisfied in quantum
field theory an anomaly.

In this chapter we use the perturbative approach to quantum field theory. That is,
we calculate the amplitude of Feynman diagrams that relate to classical conservation
currents. We work out examples where the classical currents are not conserved.

Most calculations are done by van Nieuwenhuizen [1989], but without much detail.

2.1 Reuvisit of Noethers theorem

Informally, Noethers theorem can be stated as follows:

If a classical system has a continuous symmetry, then there are corre-
sponding quantities whose values are conserved.

To elaborate this, we work out three examples. In each example we define a physical
system by an action and we assume that the system is invariant under a symmetry.
We then calculate what happens to the action when we apply this symmetry and we
find that there must exist conserved quatities.

The first example is a massless complex scalar field ¢ € T'(R* @ C). We describe the
physics by the action

S = /R4 d 20,0 (z)0"¢(x).

Assume that this system is invariant under the variation

¢ =
gb* ’_)Q;* — e—iong'
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where « is a smooth but infinitely small real valued function. This means that the
action must not change under this transformation. We calculate S explicitly:

S = /R 4 d20,¢* 0"
:/ dxa‘u (efia(m)(b*) O (eia(m)(b)
R4
=S — z/ dx 9, (a(x)) ¢*0"¢ + i0" (), (¢*) ¢ + O(a®)
R4

=5-+i [ dwala)- 0, (6700 - 6" 0) + O(a?),

Invariance implies that [, dz a(z) - (9, (¢* - "¢ — O*¢* - ¢)) = 0. This is only
possible when

O (@*-0"p = 0"¢" - 9) = 0.
This equation implies that j# := ¢* - "¢ — O*¢* - ¢ is conserved. This result is pre-
dicted by Noethers theorem. It states that for all symmetries, there exists a current
J* such that 9,5* = 0.

In this thesis we mainly look at the chiral symmetry. We study the fermions ¢ €
['(R*@ C*) with mass m which are coupled to external vector field V# € T'(TR*) and
axial-vector field A* € T'(TR?). The external fields are not necessary Abelian. So let
g be a lie algebra and let {\,} be a set of generators of g. We write V* = V#)\*
[(TR*® g) and A* = A*\* € I'(TR* ® g). The physics is described by the action

S= | —b@+m)+ip(V + Ay)i da. (2.1)
R4
The Abelian chiral symmetry is given by
0 ,_>€ia(w)v5¢
QZ} Hieia(ﬂﬁ)%_

where « is an infinitely small real valued function. Under this symmetry the action
transforms into

S — dr — @eia(r)%(@ + m)eia(:v)“fsw + Z'Q/jeia(:v)%(v + A%)eia(x)“fsw
R4

S =S +/ dz — iyt ysth - O,a(x) — mab(eX 5 — 1))
R4

S —S + /11@4 dz a(z) (9, (V' ys1) — 2im Yys0) + O(a?). (2.2)
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2.2. Chiral currents in triangle diagrams Andries Salm

The invariance of the action implies that

O (VY y50) = 2im 5.

If m = 0, we notice that j* = vy"v51 is conserved. This is Noethers theorem for
the Abelian chiral symmetry.

There is also the non-Abelian chiral symmetry. Again we consider the action given
in Equation 2.1 but now we assume that S is invariant under

w Heia(m))\a'mw
,LE Hlﬁeia(x))\a% )

In the same manner we can calculate the variation of S. Note that A\, does not
commute with A and V. Thefore, the variation of S is not equal to Equation 2.2, but
is actually equal to

S+/ dza(z) (9, (VYY" s ath) + Uy ys (lvf + Z'AZ%) Ao, MoJt0 — 2im Yy A1)
R4
By the invariance of the action we conclude

O (VY5 hath) = =1y s (V2 + 1A% 75) [Aa, Ae]th + 2im pysAa .

To simplify the notation, let 7' € {Id} U g. We define the chiral current as

i = T, (2.3)

If T'=1d, then j% is the current for the Abelian chiral symmetry. If T'= )\, then j#
is the current for the non-Abelian chiral symmetry. In both cases, the chiral current
satisfies

O (VY sTY) = —pytys (V) + i ANs) [T, M + 2im s T (2.4)

2.2 Chiral currents in triangle diagrams

In the previous section, we applied Noethers theorem to chiral currents. The result we
found was based on classical mechanics. Now we calculate the same chiral currents in
quantum field theory. In this chapter we use one-loop approximations to calculate the
amplitudes of scattering processes that are linearly dependent on the chiral current.
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p+q,p T

[+p l—q

p, v, b + +q,,u,a
| |

Figure 1: Example of an anomalous scattering process. On top a particle of an axial-
vector field couples to a massive fermion/anti-fermion which then decays into two
vector fields. The labels p, q and | are used to denote the momentum, v, p are used
to denote the momentum index and a and b are used to denote the gauge index. In
case of the Abelian anomaly we set T' = 1d, else T' is an element of the gauge group.

We compare these amplitudes with the classically expected results and we will notice
that they do not coincide.

Consider the AV'V diagram depicted in Figure 1. Using the following Feynman rules,
we can calculate the scattering amplitude M7

1. For each loop, add an integral [ %.

2. For each vertex between 1, 1) and V#, add the term —~"),.

3. For each vertex between 1), 1) and A*, add the term —#5),.

—if+m
k2+m?

4. For each internal i-propagator with momentum £ add the term
5. Take the trace over the gauge group and the Clifford algebra.

6. The above terms appear in the same order in the trace as they appear in the loop.
However, if the current flows clockwise, then we add the terms counterclockwise
and vise versa.
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2.2. Chiral currents in triangle diagrams Andries Salm

According to these rules, the scattering amplitude becomes

4 —i(/ — ¢) +m —if+m  —i(J+p)+m
ML = | ——t Pl——————, VA
abT Q/(%%—rbm/ U= +m2 "2 rm2 " p)2+m?
(2.5)

Comparing Equation 2.5 with Equation 2.3, we see that the term ~*~5T is related
to the chiral current. To mimic Equation 2.4, we want to calculate 0,M!"”. Recall
however that Feynman diagrams apply a Fourier transformation on the fields. Hence,
we consider contraction (p + ¢),M.,f.

By power counting we see that M/¥ is proportional to % and so is linearly diver-
gent. To overcome this problem, we have to regularize the amplitude. That is, we
modify the theory such that the amplitude is finite. The physical situation is when

the alteration is negligible small. We work out two different regularization methods.

2.2.1 Dimensional regularization

One method is called dimensional regularization. The idea is to generalize equation
2.5 to n dimensions. Also the Clifford algebra is generalized. However, the grading

operator s is still
01,23

Y5 =~V Y
The result is that 75 anti-commutes with /°, 4!, 42 and 73, but commutes with the
other ,. Furthermore, we still assume that the external fields are four dimensional.
This method was introduced by 't Hooft and Veltman [1972] and is also called 't
Hooft-Veltman regularization.

For dimensional regularization we need to decompose [ into k + k, with k € R* and
k. € R"*. The regularized (p + ¢),M!; ¥ becomes

ik Ky =) bm i K)

n

@+q»m&%:1/iiiwrbap+m

2y ko= m? Rk o
(k + ki +p)? +m? P A
A little calculation shows that we can write
Vs(d + 1) =1s(d +B) — v — s + 29k
=—v(/—g—1im) — (J+ P —im)ys — 2imys + 25K, . (2.7)
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The terms —75(/— ¢ —im) — (/+p—im)7s5 in equation 2.7 are related to 1[}7“75(2'\/Mb+
iAl5) [T, Ay]tp from equation 2.4. Indeed, the term —v5(/ — ¢ — im) simplifies the
trace in equation 2.6 into

tr —i(f+ k) +m —i(f+E +P)+m
T e+ k) +m2 " (k+ o+ p)2 + m?

tr [T Ay - (2.8)

This can be interpreted as a one-loop diagram with two external fields where one
vertex is connected to an external (axial-) vector field with gauge index T'\,. This is
up to the factor —¢ in one to one correspondence with

Pysy (V! 4 1ALy T Ay

Even more, this part of the scattering amplitude vanishes in dimensional regularization.
The numerator in equation 2.8 is equal to —4ie"“"k,p, - tr [TA N\ . After a shift
k — k — p/2, the amplitude of this terms becomes

P _UVOT dnl kg
— 4dge pr/ (27?)" ((l—p/2)2+m2)((l+p/2)2+m2)'

This term vanishes, because it is anti-symmetric in k.

The only part in equation 2.7 that is not related to the classical conservation law, is
the term 295/ . In the rest of this section we show that this term does not vanish by
explicitly calculating

—E K ) tm i+ E ) +m

btk —q2+m? "tk )2+m? "
—if P +m
(k+ ki +p)?+m?

. dm
M:bT,am :2/ (271')” tr |:755%J_
(2.9)

tr [T Ag M) -

The denominator is symmetric in k; . Therefore all odd orders of k£, in the numerator
vanish by antisymmetry. Also the quartic order of k&, disappear, because these terms
are proportional to

tr(ysk1) = kL] - tr(ys) = 0

The 2" order terms of k2 are

Tr [k Ky vu(—if + m)y, (—i(K + §) +m)]
+Tr [ysf L (—i( — ) + m)vf L v (—i(K + p) +m)]
+Tr [k L (—i(f — ) + m)yu(=if +m)v ko]
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This trace can be calculated using the commutation rules and the trace identities?. It
is equal to

4|k L] qppy. (2.10)
where €777 is the Levi-Civita symbol®. Combining equation 2.10 and 2.9 we get that
My 0 €quals

d"l k%

8 nvpo - .
WP / @m) (k= g2 + k2 +m2) (k2 + k2 +m?)((k + p)® + K2 + m?)
(2.11)

This integral cannot vanish, because the integrand is positive. It can happen that it
is linearly dependent on the dimensions of k&, . Then it vanishes when n — 4. This is
not the case and we will spend the rest of this paragraph to show this.

First we simplify equation 2.11 by using the Feynman trick

1 1

1 11—z
— =2 d d 2.12
ABC /0 x/o y(a:A+yB+(1—:c—y)C)3 ( )

where we choose the following values for A, B and C"
A=(k+p)?+k +m* B=(k—q)?+ki+m*> C=k+ki+m’ (213)
The denominator in equation 2.12 becomes
zA+yB+ (1 -2 —y)C =(k+ap—ya)* + k1 +m’ + 2’ +yg* — (ap — ya)*.
If we shift k to k — xp + yq and define
a=m’+zp’ +yq* — (zp — yq)?,

then the denominator equals (I* 4 a®)®. The anomalous term M}y . simplifies into

1Gerver /ldx/Md / "Lk (2.14)
€ qppO' 0 0 Yy (27]')” <l2 +a2)3 a’\b|- .

2These are tr(v5) = 0, (V5 Y1 -+ Vizwsr) = 0, V(157 w) = 0and tr(v5y, 7770 ) = 4i€i”P7.
3envpo — 41 depending on the permutation of the indices. If two indices are equal, the Levi-Civita
symbol is vanishes.
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2 ik Indeed, notice

k3 - —4 l
L n—4 12
From symmetry arguments we can replace Erere with = T

that

LKAt R
et ap " Ve
n—4 d"l k4. + k]
on (27 (12 +a?)3
4 At P
o on 2r)n (124 a?)3

Hence, the integrand from equation 2.14 equals

n—4 2 n—4 1 a?
tr|T A\ = — tr| T A \p).
n (124 a?)3 d o) n ((F +a?)? (1?4 a2)3) tl )
The integral [ % is called an Feynman integral [1972] and its result is set to
NG ,
Z~7Tn/2 ((;(a;n) (a2)§nfa

The term "774% will be a multiple of n —4 after integration. Therefore, this term

disappears in the limit n — 4. The other term, m induces a factor I'(2 — %)

which approximates ——2- in the limit n — 4. Therefore, there is a non-zero constant

c¢,independent of = and y, such that

I / "t K
im [ —————— =c.
n—4 | 27" (12 + a?)3

p o
The anomalous part M. ... is equal to

1 11—z
Ma%jcm :16C€MVPOQppo . / dz / d Yy tr[T)\a)\b]
0 0

=8¢ - "7 q,py - tr[T A \).

In the Abelian case, this does not vanish. For the non-Abelian case, Mc’fb”an vanishes

if and only if tr[T'A,, \y] = 0. We summarize this result in a theorem:
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Theorem 2.2. The classical conservation laws for the chiral current does not hold
in quantum field theory. Therefore, the chiral symmetry is called anomalous.

2.2.2 Regularization using Pauli-Villars method

Another regularization method is the Pauli-Villars method. The idea is to subtract the
same amplitude, but we replace the mass m of the Dirac fermion with some mass M
(van Nieuwenhuizen [1989]). This is depicted in figure 2. The physical limit is when
M tends to infinity, because in this limit the regulating particle vanishes.

o o

Figure 2: Pauli-Villars regularization. We subtract the same diagram from the original,
but we replace the mass m of the Dirac fermion with some mass M. The physical
limit is when M tends to infinity.

In the example of the AVV-diagram, we show that this method indeed regulates the
divergences. The denominator in equation 2.5 is of order [5. Thus the current (p +
q),M!F diverges if the nominator is of degree I? or larger. We compare the orders
of [ w.r.t. the orders of m and the number of gamma matrices. It is summarized in
table 1. From this table we conclude that the only the mass independent part of the
numerator need regularization. In this case the numerator of (p + ¢), M~ equals

tr [y (B + D) — DV I+ P)] - tr(TAud).

A simple calculation shows that
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Cl|m l Vanishes? Convergent?

3 |m? I Yes, by trace identities -

4 |m?2 1°-]1 No Yes, by power counting
5 |m' 1°-1%2] Yes, by trace identities -

6 | m® ['- I3 | Only after regularization Only after regularization

Table 1: Order analysis of the numerator in equation 2.5. For a given number of
gamma matrices (Cl), we give the possible orders of the mass m and the loop momenta
l. We also state if the given Clifford order vanishes and if it is convergent.

(p+ q)prpr(mﬂm indep. num. — (P + q)ngbyje(m”M indep. num.

:i/((giTizltr [vs(# + 4) (I — )0 (1 + B)] - Te[TAg ] X

1

U =q2+mD) B +m2)((l 1 p)? + m?) (2.15)
1

- (1 —q)>+ M?)(I2+ M?)((L + p)? + M?)

x (1%« (M? = 3m?) +1*- O(I™)).

By power counting, we see that the integral in equation 2.15 converges. Hence, the
Pauli-Villars method is a valid regularization method.

If one sets k; = 0 equation 2.7 is also valid for the Pauli-Villars regularization.
Using the same argument as in dimensional regularization, we conclude that the first
two terms in equation 2.7 vanishes in the integral. Therefore the physical current is

proportional to ]Vl[im (—2im~ys + 2iM~ys) and the chiral current is anomalous when
— 00

A}im (2iM~s5) doesn't vanish. The amplitude (2iM~s) is given by
— 00
: d"i , —i(l—g4)+ M —if + M —i(/+p)+ M
2iM~y;) = tr [20iMT a A
(2iMs) /(%)n r[ My e e W A PN T )
(2.16)

From the trace identities* and the commutation rules we calculate the trace. Equation

“Theseare tr(vs) = 0, tr(Y5Vuy - - - Yuan 1) = 0, Y(¥57u¥n 1) = 0and tr (57,7570 ) = i 77
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2.16 equals

| - a1 8M2evpopeto .ty [T A ]
(2iMrys) = / 2m)n (1= q)2+ M2)(12 + M2)((I + p)2 + M?2)

We use the same Feynman tick and Feynman integral we used in dimensional regular-
ization. The integral over the denominator in equation 2.17 equals

(2.17)

4 1 _ _ . oTB—2) 5y
/d km—l(él,?))—m r(3) (u?)

and this is proportional to ﬁ So in the limit M — oo, the term (2iM~s) is
not zero, but is a multiple of €77 q,p, - Tr[T'A,Ay]. This matches the result found in
dimensional regularization.

2.3 Other triangle diagrams

Not only the AVV-diagram contains an anomaly. There is another one-loop diagram
that shows that the chiral current is anomalous. It is the AAA diagram and it uses the
same diagram shown in figure 1, but all external fields are axial-vector fields. We calcu-
late the anomalous part of the part of the scattering using dimensional regularization.
That is, we need to find

w, AAA d"1 . —if+ ¥ - +m i E)+m

MabT,an _2/ (27’(’)” t |:755%J_ (k? + k?L . q)2 + m2 ’YM’Y (k? + kL)z + m2 ’YVZ2 1(8)
—i(k+§, +§)+m '

(k+ ki +p)*+m?

tr [T)\a)\b] .

The difference between equation 2.9 and 2.18 is that we have replaced +* and ~
with v#v5 resp. 7v”vs. This correspond with the replacement of the external vector
fields with axial-vector fields. Using the trace identities we calculate the trace of the
numerator and it equals

42'/{6“”“’ (2k,(p + Qo — @ppo) - Te(TAgNp).

Using the same Feynman trick as in equation 2.12 and 2.13, we conclude that M;Z’I:ﬁA

IS
Lo /1 . /1_3[; dy/ A"l k- (2(k —2p+v9),(p+ Qo — 4pq0) [T AN
0 0 (2m)m (I* +a?)? o
(2.19)
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(Note that in the Feynman trick we shifted k and therefore we have the term k—xp+yq
in equation 2.19.) This can be simplified if we use the antisymmetry of € and the fact
that the linear order of k disappears. Hence equation 2.19 can be written as

dnl k’2 1 1—x
16677 q,qs L tr[TA N - [ d dy(2 —1). (220
€ Q[)q / (27’(’)” (l2 + a2)3 I'[ b] A xA y( (.T + y) ) ( )

Comparing equation 2.20 with 2.14, we see that the anomalous amplitude for the
AVV- and the AAA-diagram differs by the constant

fol dz fol_x dy(2(x +y) —1)
fol dz folim dy

and by integration over x and y we conclude that this constant equals 1/3.

2.4 Anomalies in box- and pentagon-diagrams

Not only triangle diagrams, but also box and pentagon diagrams have anomalous
behavior. In this paragraph we calculate the box and pentagon anomaly using dimen-
sional regularization. The calculation is similar to the triangle diagram. However, we
first perform order analysis such that the equations doesn’'t become page filling. We
follow the following steps:

1. Get an expression for the scattering amplitude using Feynman rules and contract

it with the momenta of the A-field. This expression is proportional to the chiral
current.

2. Generalize v5(p+4) = —vs(f — g —im) — (J+ P — im)ys — 20emrys + 25§ for
the box- and pentagon diagram so that we determine the anomalous part.

3. Apply the Feynman trick and make the denominator in the integrand symmetric.
4. Determine which orders of &, and k do vanish and which do not.
5. Calculate the non-vanishing terms.

Consider the box- and pentagon diagrams shown in figure 3. We use the shorthand
notation p; = p; + ...+ p; and py = 0. From the Feynman rules we deduce an
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pA37)\7T ]347)\7T

[+ ps l
> - ppa Puod- =< > = P pha
. I+p .
[+ t s L+
7 \
y Y
7 \
| ’ \
pQ,V,b b3, p,C pQ,V,b
(a) Box diagram (b) Pentagon diagram

Figure 3: Example of an anomalous scattering processes with four resp. five external
fields. In these examples we assume that the top external field is an axial-vector field
and the other external fields are vector fields.

expression for the scattering amplitude. These are

g = [ A0, [19 O i
abet (2m)" (2 +m?)((L+ p1)* +m?)
U+%+hMW&W+%+hM}
(L4 p2)* +m?)((L + p3)* +m?)
M = [ A g (B T G i
e (2m)" (2 +m?)((L+ p1)* +m?)
U+%+”MW&W+%+”MWM@+%+MW}
(L4 P2)* +m?)((L+ p3)* + m?)((L + pa)* + m?)

The vertex 57" is proportional to the chiral current. To show that these diagrams
are anomalous, we need to contract these expressions with ps » resp. pyx. Then we
can compare the results with classical mechanics.

We continue with the second step. Recall that in dimensional regularization, 5 anti-
commutes with 7y, ..., v3, but commutes with the other gamma matrices. If expand [
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into k + k; with k € R* and k&, € R"™*, we get the identity

Vs = — s —im) — (J+ 95 — im)ys — 2imys + 295K, (221)

Vs = — ys(F —im) — (F + ph — im)ys — 2imys + 25K | '
The first three terms in equation 2.21 are in one-to-one correspondence with the
classical current conservation law. Therefore the box and pentagon diagrams are
anomalous if

ypa [ Al 295K T () + im)y* Na(f + 1 + im)y" Ay
Maseran = / (2m)" o { (2 +m2)((l + p1)* + m?) )
(I + ph + im) VP A + ps + im) ]
U+ 5oy + m2) (P2 +m2) | ()
and MMVpU,EJ :/ di" Tr [275%iT(/l/+ im)’yu)\a(l"i_p/l + Z.771)’}/1/)% % .
abedTan (2m)" (2 +m2)((l + p1)? +m?)
(/+ 0o + im) VP A (I + 05 4+ im)y Na(f + ph + im)}
(L4 p2)? +m?)((L+ p3)? +m?)((1 + pa)? +m?)

does not vanish.

In the next step we symmetrize the denominator by applying the Feynman trick. In
the general case, the Feynman trick is

ﬁ:(m—l)!/o dzl...dzm%, (2.23)

Comparing equation 2.22 and 2.23 we choose A; = (k + p;)> + k% + m?*. The
denominators in equation 2.22 can be written as

(Z&%) = (Zzz (k:2+k:i+m2+2k:-ﬁ,~+ﬁ?)>

(2

2 2

m

Let u? = m? + Y, zp7 — (3, zip)” and shift k to k — >, zibi- If we set B; =
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Di — Ej z;p;j, equation 2.22 simplifies to

- [ o5 295K T+ Bo +im)y N+ By + im)y* Ny

MMVPA

abcT,an ~—

o | @ 1 o)

X (J+ Ba+im)y A + Bs + z’m)](2 24)
M,uz/pa,5 _/ dl” _275%LT(}/+ BO + Zm)’yu)‘a(/l/+ Bl + Zm)’YVAb % .

= T
abedT,an (27'(')” r I (12_|_lu2)5

X (I+ By +im)y A () + Bs + im)y Ag(J + By +im)] .

Note that the denominator is symmetric in k& and k. The numerator is symmetric if
the terms are a multiple of £2 (I>)™ for some m € N. For these terms we can use the
following symmetry argument:

/ d"l k2 Pm _n—4/ dari Pt
G @+t n ) GO e
We expand the numerator of equation 2.24 in a polynomial in [. In table 2 and 3

we determine which orders will vanish. There we notice that all terms are a multiple

of %. In dimensional regularization this integrates to iﬂ"ﬂ%(ﬁ)"/“”ﬁ.
By the following proposition, we show that for some values of /3 it vanishes.

Proposition 2.3. Let § € N and f a smooth map. The limit

n

rlLlirzlln;Zl .Z.W%%/;dzl“'dzmé <1 _Zzz) f(Zz) . (MQ)%-i-oz—ﬁ

)1

is zero if § > 2 and converges if 5 = 0.

We postpone the proof of this proposition to the end of this chapter. From table 2
and 3 we conclude that the only non-vanishing terms of equation 2.24 are

wpd [ Al TE[TANN]
MabcT,an _/ (271')” (l2 + ,u2>4
X (Tr 295§ | (o + im)y" I ) + Tr 2vs§ Ay (By + im)y" ) +
Tr 2ysK "I (B2 + im)y )] + T 2y "I I (Bs + im)])(2.25)

= / A" T Aadudcdd] 2ysk I -

M,uz/pa,5 —
abedT,an (271')” <l2 _|_Iu2)5
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Andries Salm 2. Calculating anomalies using Feynman diagrams

Order(s) of [ | Vanishes?

0,2,4 Yes, Then the numerator of equation 2.24 is antisymmetric
inkork,.
1 Yes, the first order of equation 2.24 is proportional to
k% - n—4 I

(52+M2)4 o n (52+M2)4

n—4 1 2
- n (l2+u2)3 (l2+u2)4 :

By Proposition 2.3 this vanishes.

3 No

Table 2: Order analysis of equation 2.24 for the box diagram. We expand this equation
in | and we determine which orders vanishes.

Using the Clifford algebra, we work out the spin traces. We conclude that for the box
diagram this trace is a multiple of ¢#”?"p;) .. For the pentagon diagram equation 2.25
is a multiple of e#*7.

We finish this paragraph with the proof of Proposition 2.3. We simplify our notation
with [ dz...dz,6 (1 -, 2) = [, dz. Observe that

l\9|3

—4 2 I n
tiy™ Lt ) [ )

(3
<na4 nI(B ) hm (2-n/2)T (B —"/2)> Qﬂ/Adzif(zi) ()2 )
(2.26)

The first part of equation 2.26 can be easily calculated and is equal to %’; The
second term vanishes if § > 2. If § = 2, the second term does not vanish, but is

equal to
lim (2 —-n/2)T(2—n/2) = Tlliir}ll"(?) —n/2)=1.

n—4

We finally focus on the last term of equation 2.26. We need to show that this integral
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Order(s) of [ | Vanishes?

0,2,4 Yes, Then the numerator of equation 2.24 is antisymmetric
inkork,.
1 Yes, the first order of equation 2.24 is proportional to
k% - n—4 I

(52+M2)5 o n (52+M2)5

- n—4 1 2
- n (524‘#2)4 (l2+u2)5 :

By Proposition 2.3 this vanishes.

3 Yes, the third order of equation 2.24 is proportional to

K2 n—4 I
(52+M2)5 o n (52+M2)5

n—4 1 212 n ut

T on (524‘#2)3 (524‘#2)4 (12+M2)5 )
By Proposition 2.3 this vanishes.
5 No

Table 3: Order analysis of equation 2.24 for the pentagon diagram. We expand this
equation in | and we determine which orders vanishes.

converges. Recall that

2
p—m?® = Zziﬁ? — <Z zg%) > 0.

Hence the map f - (u2)™/?~# does not have & behavior on A. This concludes that
f - (u®)"/*77 is integrable for each value of n € R. This proves the proposition. [

2.5 Non-Abelian Anomalies in Feynman diagrams

Till now, we ignored the traces like Tr(T'\, ... \.). These terms are determined by the
properties of the gauge group. It turns out that in some cases these terms vanishes.
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Andries Salm 2. Calculating anomalies using Feynman diagrams

We give two examples of this phenomena. In both cases we assume Bose symmetry.
Recall that this is the symmetry when one interchanges external lines.

Example 2.4. If T =1, then the pentagon anomaly vanishes due to Bose symme-
try.
Indeed, the pentagon anomaly is proportional to
eMP7tr (T A ApAeAa)- (2.27)

Bose symmetry requires that the above expression is symmetric under the permutation
of the pairs (a, u), (b,v), (¢,p) and (d,0). By adding all the permuted versions of
equation 2.27 we get an expression with 24 terms, which can be written as

P - tr (T{[Aa, M), [Nes M)} + T{[Aas Ak, [Aas Al } + T{[Aas Adls [Mo, AcJ}) - (2.28)

We now assume that 7" = 1. Note that due to the cyclic property of the trace, the
anti-commutator in equation 2.28 simplifies to

2€,LWP0' - tr ([>\Cw )\b] [)\07 )\d] + [)\au )\c] [)\du )\b] + [)\au )\d] [)\b7 Ac])
and this can be written as
2¢"77 - tr (Aa([Ao, [Acy Ad]] + [Ae, [Ads Ae]] + [Ad, [Aos Acl])) -

From the Jacobi identity we conclude that the Abelian pentagon anomaly vanishes.
Example 2.5. If all triangle anomalies vanishes, then the box and pentagon anoma-
lies vanishes due to Bose symmetry.

Under Bose symmetry the triangle anomaly is proportional to

P qopo - tr(T A Ap) + €777 ppqs - tr(TApAg).

which equals €7 q,p, - tr(T{\, \p}). Hence all triangle anomalies vanishes if and
only if tr({As, \p}A:) = 0 for all generators of the lie algebra A, Ay, .. We call
tr({\a, Ao} Ac) to be the d-symbol and we denote it as dy,.. We show that the box
and pentagon anomalies can be written as linear combinations of d-symbols.
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Assume that 7" = \.. We can write equation 2.28 in terms of d-symbols using the
structure constants® b

P (fh S L+ T L) degg

Clearly this vanishes if the d-symbol vanishes. We repeat the calculation for the box
diagram. Under Bose symmetry, the anomaly is proportional to

PPy r - T (AeAaApAc) + €Ty 7 - tr(AeAgApAc)

TGy r (A Aeda) + €7 i) r - tr(AdpAae)
+ep“"7p(l - tI‘()\ )\ by )\b) _|_€Pl/u7'p(l)7 I'()\e)\c>\b>\a)-

We write this in terms of (anti)-commutators

%6‘””" o tr(Aa({Aa, Ao, Acl}) + {2, [Ae; Aal} + {Ae; [Aas Aol })-

This is a linear combination of d-symbols, because it equals

1

§€Wp0p(z’),o (fbecdaed + ffadbed + f;bdced) .
So when the d-symbol vanishes, the box and pentagon anomaly also vanishes. Georgi
and Glashow calculated the d-symbol for many matrix groups and showed that in most
cases the d-symbol vanishes. For more information, see Georgi and Glashow [1972)].

Now we calculated the chiral anomaly in the one-loop approximation we might ask if
there is any anomalous behavior in higher order loop approximations. Adler and Bardeen
[1969] calculated higher order loops and they came to the conclusion

Theorem 2.6 (Adler and Bardeen [1969]). The chiral anomaly can be fully deter-
mined in the one loop approximation.

In the next chapter we consider another method to calculate anomalies and there we
prove this theorem.

®Recall: f¢, are uniquely defined by Ay, \o] = fS A
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Andries Salm 3. Calculating anomalies using path integrals

3 Calculating anomalies using path integrals

In the previous chapter, we have seen that anomalies are related to the braking of
classical conservation laws when we consider its results in one-loop diagrams. In this
chapter we examine another point of view, namely we show that anomalies arise due
to the fact that the path integral measure is not invariant under the symmetry.

To show this, we first consider the simple case of massless Dirac fermions in the path
integral formalism. Using the method introduced by Fujikawa [1980], we again show
that the chiral symmetry is anomalous. After this, we look at other examples and we
relate them to the results found when using perturbation theory.

Finally we analyze Fujikawas method from a more mathematical perspective. We show
that the anomaly only depends on the topology of the gauge bundle and is a specific
application of the Atiyah-Singer index theorem. In the next chapters we prove the
index theorem using Fujikawas method.

3.1 The Fujikawa method

In classical mechanics we investigated how the action D changed under symmetry
transformations of the fields ). From this we deduced conserved quantities we called
Noethers currents. In quantum field theory the dynamics of a field are not determined
by the action, but by the generating functional

Z = /DQ/} Dipexp (i5) .

Here [ D is the path integral over all fields ¢». With Fujikawas method(1980, 2004)
we mimic Noethers theorem for generating functionals. We get a result that differs
from the classical theory and this difference is the anomaly. As an example we consider
a Dirac fermion 1 of mass m in quantum electrodynamics. Let A, be the electromag-
netic gauge potential and let F), = 0,A, — 0,A,, be the field strength. The action
for this fermion is given by

S= [ d'axin"(9, — iA)Y — mypyp — iFWF“”. (3.1)
R4

As usual we work with a flat four dimensional spacetime, but instead of using the
Minkowski metric, we use the Euclidean metric. For this we need to replace the ¢ with
—1 in equation 3.1 We use the following properties of path integrals:
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3.1. The Fujikawa method Andries Salm

1. The path integral is different for fermionic than for bosonic particles. For
fermionic particles physicists use Berezin integration for which the Jacobian
is given by the inverse of regular Jacobian.

2. The Dirac field v is actually a bispinor. That is, C* has 2 irreducible spin-
representations and thus describes 2 spin particles. Therefore we treat ¢ and v
as separate particles and so we integrate them seperately.

We assume that the Dirac fermion is invariant under the transformation
1/} Heia(m)% w
Q/j ,_)djeia(r)%.

where « is an arbitrary but infinitely small real-valued map on R*. Under this symmetry
the action S changes into

55+ [ d'a(e) [0u(670) + 2mins].

If we denote the Jacobian of the path integral as .J,,, then the generating functional
Z transforms into

Z = / DY DY J 3y exp (—S - /R 4 d*z (@) [0 (V" yse) + 2im%5w]) :
(3.2)

Clearly, we get the classical chiral current conservation if and only if the Jacobians are
equal to one. To show that the chiral symmetry is anomalous we need to calculate
the Jacobians. For this we must assume that « is small enough such that it behaves
as a constant. Formally, the Jacobian is given by

Jy = det “lexp(ia ys) = exp(—i Tr(a vs)) + O(c, )

where Tr is the trace over spacetime and all spin indices. The expression is exactly
the same for J;; and therefore is the combined Jacobian

J = exp(—2i Tr(avs)) + O(a&, a?). (3.3)

To evaluate this explicitly, we consider an orthonormal basis of eigenvectors ¢, for
the operator D = +#(d,, — 1A,). We denote the corresponding eigenvalues with \,,.
Formally the trace equals Tr(-) = Y, [ d* #(¢,(z)| - |¢n(x)) and so

J = exp [—22' ) / d* 2 (2)la(2)5l60(2)) | + O, 02).
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This is a formal calculation and may not converge. Indeed, there may be infinitely
many eigenspaces and each eigenspace may be infinite dimensional. It is also possible
that the eigenvectors are not normalizable. That is, they diverge when we integrate
over them. We tackle this problem by modifying the Jacobian slightly. For this observe
the following: Recall that the sum over an infinite sequence {c,} is defined as the
limit of the partial sums Eﬁio ¢n,. Consider the step function : R — {0,1} with
O(z) =1if x <1and 6(x) =0 if x > 1. The partial sum equals

M M n > n
D en=2oe (57) = et (7).

We modify the Jacobian by replacing the step function with another smooth map
f(zx) that rapidly approaches zero when z is large and f(0) = 1. See figure 4. For a
well-chosen map f the Jacobian converges absolutely. An example is e™*. We study
this regulator more thoroughly in chapter 4. In this chapter we investigate the second
method and we assume that the combined Jacobian equals

J =exp [—22’ 1%2/d4xa(x)(¢n(x)|75 F(E-22) |on(2) | + O(a,a®). (3.4)

Using functional calculus we rewrite equation 3.4 as

L f(@)

0 1
Figure 4: The regulator f(x),used in the Fujikawa method, mimics the behavior of
the step function. It must value 1 at x = 0 and it must rapidly decrease at infinity.

log J =— 21 zlg%z / d* z a(z) (¢ ()]s f (t . D2) |pn(2)) + O(a, a?)

=—2lmTr [y a- f (t- D°)] + O(a,a”). (3.5)
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Next we perform a change of basis. Namely, we expand the Jacobian in terms of the
plane-waves ¢**. Because plane-waves form only a basis over R*, we still have to
take the trace over the spin indices. We denote the trace over the spin indices as tr.
In the plane-wave basis equation 3.5 becomes

4

log J = — 2ilim | K ke [ysa- 7 (t- D) |R)

t—=0 | (2m)*

. d4k —ik-x ik-x
:_2z1% d4:ca(a:)/(2ﬂ>4e Mor [y f (t- D?)] e

Note that the operator D is the Dirac operator with respect to the covariant derivative
V, = 0, —iA,. Theorem 1.22 states that D*> = —V*V, — £[y* 4"]F,, and so

'k it :
— 9 4 —ik-x i w7 . WAV ik-x
log J = 22%1_1}01/d xa(:c)/ (2w)4e tr [75]0( AV 7 [, ~ ]Fw)} e,

(3.6)

We simplify the equation 3.6 by pulling €’ to the left. For this we use the Leibniz
rule [V,,, e*7] = ik, and hence

4 :
log J = — 2i 1%/&20&@)/%& l%, f (—t(V“ +ik,)* — %[7“,7“]}7“”)} :
(3.7)

We calculate the non vanishing part of this integral. First we rescale %, by t*1/2ku
and the integrand of fd4x in equation 3.7 equals

/ (;1:;4t2 tr [% f (_@1/2% +iky)” — %[V“ﬁ”]&u)} : (3.8)

We consider the Taylor series of f in t2 att=0. We only have to consider the first
four orders, because all higher orders are linear to ¢'/? and vanishes when we perform
the limit ¢ — 0. In table 4 we analyze these orders and we see that only the ¢-constant
term doesn't vanish. Hence, when ¢ tends to zero, then equation 3.8 equals

1 d*k W o o
3 Wf (k )tl"[% Y AN, 0% Fu Fpo.
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t Clifford order Vanishes?
t2 tr(s) Yes
t=3/2 tr(7ys) Yes
t! tr(7ys) Yes
tr(v57"7") Yes
172 tr(s) Yes
tr(y57"v") Yes
t0 tr(s) Yes
tr(y57"v") Yes
tr(y57*7" P Y7) No

Table 4: Order analysis of the Taylor approximation of equation 3.8 in t'/ at t = 0.
For a given order of t'/2, we give the possible traces over the spin indices. Using the
trace identities we conclude if a given order vanishes

From the trace identity (757 7" y*v7) = 4€"*P” where € is the Levi-Civita symbol,
the regularized Jacobian becomes

i e d*k
logJ:Ze“ P /d4xa(az)/ (27T)4f//<k2)F,ul/Fpo
1

— L / & & (@) Fy Fy. (3.9)

In the last step we used the that f(0) = 1 and f(co) = 0. We use equation 3.9 in
the transformed generating functional and so equation 3.2 equals

Z= / Dy Dy exp (—SM - /g[e d'za(x) [6M<&v“75¢> + 2imyyse — %Ge“pFFD .
Because Z is conserved under the chiral transformation we get the conservation law
O (Y yst) = —2imapryse) + %euypUF,ul/Fpo-

This shows that the chiral current is anomalous.
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3.2 The covariant anomaly

Previously, we have only considered Fujikawas method for abelian anomalies. It is nat-
ural to ask whether this method also works for non-abelian gauge fields. Most steps
we can copy directly, but there are some subtleties we have to be aware of. For ref-
erence see Bertlmann [1996], which give a detailed overview of different non-Abelian
anomalies.

In the rest of this paragraph we consider the chiral symmetry for a fermion 1) with
mass m we studied in chapter 2.1. The action S is given by

S = 5 — (@ +m)p +ip(V + Ays)yp da

where V}, and A,, are gauge fields. In the case of the chiral symmetry we assume that
the physical system is invariant under the transformation

s Ty )y et (3.10)

Here « is a small real valued function. When we consider the Abelian chiral symmetry
we assume that 7" equals the identity. Otherwise we assume that 7" is a generator of
the Lie algebra. We rewrite the action and the symmetry in terms of the operators
P, = %(1 + 75). These operators project the fields into the +1 eigenspace of ~s.
Because they are projection operators they obey the properties

pPl=p, PP =PP =0 P, +P =1 and 4P ==+P;.

We write ¢ for the projection of 1) to the +1 eigenspace of ~;. In terms of these
new fields the action can be written as

5=, (@ +m =iV — i)y + = (P +m—Y +iA)y_ duw.

If we denote A* =V 4 A and define D = @ — i A= the action splits into the action
of two non-interacting Dirac particles. That is, the action becomes

S= [ = (Dy+m)y +—_(D_+m)y_ du. (3.11)

R4

Using Fujikawas method we calculate how the generating functional changes under
the chiral symmetry. The generating functional Z = [ Dy, Dy, Dy)_Di)_ exp[—S]
transforms under equation 3.10 into

Z= / DY DY, DY_Dy_ Jy, Jy, Iy Jy_ exp[—S] (3.12)
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where S equals

S=5+ /R4 d*z o(x) [0, (VY v5TY) + vyt vs (ZV; + iAZ%) [T, \pJop — 2im ysTY] .

The transformed action S was found using Noethers theorem and was calculated in
equation 2.4. We note that P.7v; = 5P+ and hence the chiral symmetry equals

’l/}:t — eia(x)Tv5wi Q/Zi — ineia(x)T75.
By definition of the fermionic path integral the Jacobian equals

Jg, = Jy. = det " exp(ia S7s).
If we assume that «v and ¢ are infinitely small, we get by the Baker—Campbell-Hausdorff

formula
Jj. = Jy. = exp Tr(—ia Tys) + O(a®, &).

Again, this might diverge and we need to regulate this. We regulate the same way as
we regulated the Jacobian in the previous paragraph. For this we need to pick a real
valued maps f,, f_: R — R that vanishes at infinity and f1(0) = 1. We regulate
Jy, and Jy, with Dy. The combined regularized Jacobian equals

J= tliir_I}O expTr [=2i a Ts - (f4(t. DY) + f-(¢t- D?)] . (3.13)

Here Tr denotes the trace over the fields, spin-indices and the Lie algebra of the gauge
group. We split this trace into the trace try over the Lie algebra and the trace Tr over
the fields and spin indices. Equation 3.13 then equals

lim Tr [—2ia -5 f4(t4.D7)] +t{ig0Tr [—2ia -5 f(tDz)})} :

t+—0

log J = try [T~ (

We already calculated tlim Tr [—22'04 Y5 fi(tiDi)} in the previous paragraph. By

+—0
equation 3.9 we conclude

pv™ po uvs po

7; vV po — —
logJ:1—66“p /d4xoz(3:)trg [T (FLFE, +F,F,)]
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where Flfy is the field strength with respect to Ai. Hence equation 3.12 equals
Z= /D¢+D¢+D¢—D¢— exp (—95) x
" <_ /m d'z (@) [0u(7"750) — 97"y (V) +iAyys) [T Ao — 2z’m@/375w]) x

(4 [ wat 1 (FLEL 4 FuR)).
R4

Because Z is conserved under the chiral transformation we get a conservation law.
However it does not coincide with the classical conservation equation. This shows
that the Abelian chiral current is anomalous. We call this anomaly the covariant
anomaly.

3.3 The Bardeen anomaly

In Fujikawas method, we have to regulate in order to get a well-defined Jacobian.
However, the result depends on the method of regularization. In this paragraph we
consider another regulator for the chiral current. Again the result is anomalous, but
this time it coincides with the one-loop calculations.

We consider the chiral symmetry given in equation 3.10:

= @@y ) s T (3.10)

The generating functional Z transforms under this transformation and the Jacobian
of the path integral equals

Jy = J = det " exp(iarys) = exp(—i Trla - 7).

We need to regulate the Jacobian in order to get a well-defined result. For the
covariant anomaly we used D as the regulator. We now try to regulate the Jacobian
with the differential operator @ — i}/ — iA~5. This operator is not Hermitian. Even
more, it doesn’t commute with its adjoint. Hence it is not suitable to use in functional
calculus. To solve this, we take the analytic continuation of A, and we transform A,
to 1A,. We regulate the Jacobian with the differential operator D = @ —i}/ + Avs. At
the end of our calculation we undo the transformation. Note that Tr[a 5 exp(—tD?)]
diverges in the limit £ — 0. This is due to the factor ~; in the differential operator
D. There are two approaches to solve this problem:

1. We can renormalize the theory such that the divergent terms are canceled.®

SFor the mathematicians: Renormalization is the process of modifying the action with ¢ dependent
terms such that the final result is finite.
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2. According to Hu et al. [1984], the t-divergent terms cancels if we choose a
different regulator for d¢» and d¢: They regulate the Jacobian for d¢ with
e~ P but they use et P* (with D, := 9, —iV,, — A,,) for d ).

We use the second method, but to prevent extra terms from the Baker-Campbell-
Hausdorff formula we regulate both d ¢ and d ¢ with (e~ D? 4 e7tD*) The regulated
Jacobian equals

J = lir% exp [—z’ Tr(ys a (e7! D? o ot DQ))]

—

where Tr is the trace over spinor fields and over all spin indices. We expand this
trace using the plane wave basis e”**. This yields an expression for the trace over
space-time, but we still need a trace over the spin-indices. If we denote the trace over
the spin indices as tr, we get

d'k : 2 N
T 4 . —ik-x —tD —tD ik-x
log J = zlg]% d*z a(x) / 2 tr (756 (e +e " e ) :

Using the Leibniz rule [D, e™**] = ife’*®, we pull ¢*® to the left

4 k SN2 = N2
i 4 ) d —t (D+if) —t (D+if)
log J = 2111% d*z a(z) /(2 )4tr(y5<e +e ))

and as before we rescale k, with tfl/zkru:

d4]€ 1/2 2 1/2 F 02
— i 4 . -2 —(tY 2 D+if) —(t'/2D+if)
log J z%g]%/d x a(x) /(2ﬂ)4t tr (75 (e +e ))
(3.14)

We consider the Taylor series in t'/2 at ¢t = 0. In this approximation the integrand of
equation 3.14 equals

e tr[ys (202 +
- it_g/Q ({D7 %} + {Dv k})

— ¢! <D2 + D% + % ({D,}})" + % ({D, %})2)

L4712 (DD, K} + DHD KD + .
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The order ¢~2 vanishes because it is proportional to tr(vs) = 0. We notice that
the orders t~3/2 and ¢t='/2? are odd in k. Hence these orders also vanishes when we
integrate over k. To calculate the ¢t~! order let Dy = @ + i}/ and notice that

D4 D* 4+ L (D J) + 5 ({D,K))” =2D5 +24% + ({Do, }* + ([K, A)*.
(3.15)

All notions of 5 disappears. We apply the trace identities by counting the Clifford
degree. The terms D? and A? vanishes in the trace. The other terms in equation 3.15

are proportional to e"**?k,k,. However, the integral [ d* k:e*kauk,, equals r M and

2
so the ¢~! order vanishes completely. We conclude that the Jacobian does not diverge
when ¢ — 0.

The calculation of the t-independent part of equation 3.14 is tedious and hence
we use computer algebra to solve this problem. We calculate the Jacobian using
FORM(Vermaseren [2000]) and the source code is given in the appendix. The basic
structure of the calculation is as follows:

oo gh

1. We expand the exponent in equation 3.14 using the series exp(z) = Y~ %
We only consider the taylor series with five orders. All higher order terms van-
ishes because they are a multiple of /2.

2. We work out the trace using the gamma matrix identities
tr(ys) =0 tr(ysyH") =0 tr(ys Yy P yT) = 4P

3. We integrate over k using the identities:

2

/ d*ke ™ = 72 / d*ke ¥k k, = %mw
47, —k2 ™
d*ke™ " kukyk ks :Z(nlwnpa + NupMvo + nuanyp).

4. We simplify the result and we recall that we transformed i4, to A,,.
After the calculation we conclude that the Jacobian equals

d*k oo 1 32
J =exp {/ 167T204(5U)€u 7 tr (Fuquo + gGuquo + EAuAuApAo—

8
-3 (A AVF o + A F Ay + FWApAU))}
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where

Fu =0V, =0,V + [Vuv V] + [Auv Al
G, =0,A, —0,A, + [Vu, A+ [Au, V]

This result coincide with the results in Bertimann [1996] and van Nieuwenhuizen [1989]
and was first found by Bardeen [1969]. Therefore, F,, and G, are called Bardeen
curvatures.

We compare the difference between the Bardeen anomaly and the covariant anomaly.
We notice that the Bardeen anomaly is not covariant under gauge transformation.
From this we immediately see that the Covariant anomaly and the Bardeen anomaly
must differ. There are two possible factors where the difference can come from:

1. We used different regulators for the different anomalies.
2. We changed A, to A, when we calculated the Bardeen anomaly.

When we set A, to zero, the Dirac operators D, D and D* become equal and hence
the regulators are equal. The act of making making A, imaginary is irrelevant, when
A, = 0. Hence the results must be equal when A, = 0. This is indeed true, because
the Bardeen anomaly simplifies to

E'LWPU (a,uvy - ayv,u + [V,LH Vl/]) (aPVU - a"'% + [‘/P7 Vo]) ’

This is equal to the covariant anomaly.

Earlier we calculated the chiral anomaly using Feynman diagrams. Recall that the
rules for Feynman diagrams comes from the perturbation theory of the path integral
formalism. In table 5 we compare our earlier calculated results with the results found
by Bardeen. For example, the term €77 A, A, A,A, corresponds to an interaction
with four external A-fields. Up to first loop approximation, this is calculated in a
pentagon diagram’. In this diagram we denote

Fit=8,V, — 8,V
Gl =0,4A, — 0,A,.

See that the factor % difference in the AVV and AAA diagram corresponds to the
factor % between Fi@”Fplf,” and GZZG%‘. We see that the one loop approximation fully

"Although a pentagon diagram has 5 external fields, one is contracted to calculate the anomaly.
Hence, it correspond to e***? A, A, A,As
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captures the anomaly. This is first found by Adler and Bardeen [1969] and is called
the Adler-Bardeen theorem:

Theorem 3.1 (Adler and Bardeen [1969]). The chiral anomaly can be fully deter-
mined in the one loop approximation.

Bardeen anomaly Factor Feynman diagram Amplitude
F PZ}”F ;ﬁ," 1 AWV e"P7q,ps
GZ,’}G%‘ % AAA %e““p”qppo
Finv,V, + V,V, Flin 2 AVWV etrropll)

GlinV,Ag + Gl A Vy+

V,A,Glr + AV, Glin— 2 AAAV -
—FlinA,A, — AAFlN A, — AL A Fl

V.V, V,V, 4 AVWWV emvre
VAV, Ag = V,V, A As+

AV, ANV, — ALA VY, + 1 AAAVV -

V, A, AV, —4A,V,V,A,

A A ALA, —1  AAAAA -

Table 5: The Bardeen anomaly has an one loop approximation using Feynman dia-
grams. In this table every term in the Bardeen anomaly is related to a triangle, box
or pentagon diagram. The prefactor of each term in the Bardeen anomaly are given
relative to F" ", Also, the results from chapter 2 are again stated.

3.4 The consistent anomaly

When we calculated the covariant anomaly, we simplified the calculation by considering
the 75 eigenbasis. We concluded that the action given in equation 3.11 describes two
non-interacting particles. We now ask what happens to the chiral anomaly if we only
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consider massless right-handed particles 1, . That is, what is the chiral anomaly if we
consider the action

S = - i (P = iA )y da?

However, this does not define a well-defined quantum theory. Using v, = P,y =
2(1+~5) and Dy = @ — i A" we rewrite this action as

S= [ —B(Dy)Pv da.
R4
The operator D, P, maps right-handed chirality spinors into left-handed chirality
spinors. Therefore, this operator has no eigenvalues and the generating functional,
which is the formal determinant of ¢D, P,, cannot be defined. Alvarez-Gaumé and
Ginsparg [1984] [1985] noticed that if we consider the action

S= [ —(DyPy+@P )¢y da

R4
we get a well-defined quantum theory. Also the gauge couples only to the positive chi-
rality spinors and the non-zero eigenmodes are all right-handed. Hence the gauge the-
ories coincide. We assume that 1/, is invariant under the symmetry v, s ¢@(@)%5q), .
Here we assume that « is an infinitely small Lie algebra valued smooth map. The
action transforms into

S—5+ / it (Do) de. +O(a?) (3.16)
R4
where D:[ = 0, —i[A},]. The generating functional Z[A] transforms into

Z[Af] = /D@Dw.exp (—3) (3.17)

where J is the Jacobian of the path integral. We can use Fujikawas method to
calculate the Jacobian. However, this is a special case (Andrianov and Bonora [1984])
of Bardeens anomaly if we substitute

1 1
V, — 5/1: A, — 5/1:.
The Jacobian J equals [ d*ztr(a(z) - G[A]) where G[A*] is

1 1
SATAT (9,47) — AT, A) AL

G[AJr]_ 1 eHvPo <3 :

3272
1 2
+3OADATA + 2(0,40)(0,40) )
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We simplify G[A™] into

1 1
GIAY] = 5", <Aj(8ij) + éAjA;jA;L) .

241

This result is called the consistent anomaly. It is called this way, because G[AT]
satisfies the Wess-Zumino consistency condition [1971].

We now derive this condition. By assumption the generating functional is invariant
under the chiral symmetry. So from Equations 3.16 and 3.17 it follows that

Z[A} + Dya(z)] =Z[A} + Dfa(z)]
:/Dz/_JDz/JeXp <—S—|—/a(:c)G[A+] d? x)
and we conclude

lim% (log Z[AS + t[?:[a(:c)] — log Z[A:]) :/a(x)G[A+](:U) d*z.  (3.18)

t—0

In terms of the variational derivative we yield the anomalous Ward identity % log Z =
G[A*]. The Ward identity can also be written in terms of differential forms®. For this
we view Z as a smooth real-valued map on the space of all fields A:[. Thatis, Z is
a 0-form on a infinite dimensional manifold. The left hand side of equation 3.18 can
be interpreted as the Lie derivative of log(Z) in the direction D:a. The right hand
side is the L? inner product on the space of Lie algebra valued smooth maps. Hence,
the anomalous Ward identity equals

Ly, log Z = (o, G[AT]) 2. (3.19)

Let (i be the exterior derivative dlog(Z). It is the unique 1-form such that G(6A,) =
Lsa, log(Z). By equation 3.19 we conclude G(D*a) = (o, G[A*]) 2. Using Cartans

magic formula we calculate the exterior derivative of G which is
dG(DTa, D B) =tpi50tpi,0dG
=—tp+godotpr G +ipigo LG

=dotpigotpraG — LpigotpraG+ipig o Lp,G.

8See the appendix for a short introduction.
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We notice that ¢p. 4 © Lpi oG is a (—1)-form. These forms does not exists and

hence dovp g 0L ,G is zero. We also recall that the commutator between a Lie
derivative and the interior product is the interior product of a Lie bracket. That is,
[Lg, ty] = t[x,y] and hence

dG(b+a,D+5) = — [£D+a, LE*B]G + £D+a o LD+ﬂé — £D+B e} LE+QG
:_L[D+Q,D+5}é+£l§+ao[’l~)+ﬁé_£ﬁ+ﬁoLD+aé' (320)

By the definition of the exterior derivative d*> = 0, and so equation 3.20 equals zero.
Using the Ward identity we simplify equation 3.20 into

£D+CM<D+/87 G[A+]>L2 - E[)+6 <D+Oz, G[A+]>L2 - <[D+O‘7 DJrﬁ]v G[A+]>L2 =0.

This is the Wess-Zumino consistency condition.

3.5 Mathematical interpretation of the Fujikawa method

At last we give a mathematical interpretation to the Fujikawa method. In section 3.1
we calculated the chiral anomaly for a Dirac particle in quantum electrodynamics. The
anomaly was due to the Jacobian of the path integral. By equation 3.9 the Jacobian
equals

log J = ie“"p(’/ dz o(z)FuF. (3.9)
16 -

For simplicity we assume that a(z) = 1. We rewrite J in terms of differential forms®.
Recall that F'* are the components of the curvature tensor F'. For quantum electro-
dynamics F' is a complex valued 2-form. By definition the wedge product between F

and itself equals (F'A F)"23 = 1emr?F, F,,. This shows that

logJZE/ FNF.
8 R4

By stokes theorem we conclude that the Jacobian is determined by the cohomology
class of F' A F. In Chapter 6 we will show that this cohomology class only depends
on topology of the gauge bundle. At the same time, the regulated Jacobian equals

log J = —2ilim Tr [vs f (t- D?)] .

9See the appendix for a basic introduction.
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In the orthonormal eigenbasis ¢,, of D where ), is the corresponding eigenvalue this
trace is given by

log J == 2ilim > (énls f (- D*) |6)
=—2i lggz IRICACEENE

Recall that ~; anti-commutes with the Dirac operator D and hence 7v5¢,, is an eigenvec-
tor of D with eigenvalue —)\,,. By the orthonormality of the eigenspaces we conclude
that (¢,|vs5|¢n) = 0 if A, # 0. If n* denotes the number of independent left- resp.
right-handed zero modes of D, then

left-handed right-handed
zero modes zero modes
=2 > (Gulow) =20 Y (¢nlon)
left-handed right-handed
zero modes zero modes

=—2i(n" —n").

This result is found by McKean and Singer [1967]. In mathematics the quantity
nt — n~ is called the index of D. Using the Fujikawa method we see that the
index is determined by the topology of a vector bundle. This relation is first found by
Atiyah and Singer [1968] and is called the Atiyah-Singer index theorem.

In the next chapters we prove this theorem for Dirac operators on compact spaces'®
by using Fujikawas method. In chapter 4 we define the operator exp(—tD?). We
will not define it using the eigenvalues of D, but as the unique operator that satisfies
(2 + D?)e *P" = 0. In chapter 5 we show that the trace over y5¢~*P” is finite and

—tD?

does not depend on the choice of basis. Hence, we show that e is a well-chosen

regulator for J.

In the next step Fujikawa considered the trace in the plane wave basis ¢**** and showed
that the index of D equals the integral over a trace. In chapter 4 we show that e~tD?
has a kernel. That is, we show that there exists an operator k; such that e~tP? is the
integral over this operator. Later in chapter 5 we show that the trace over yse2”

0That is, we assume that the space-time is of finite size and we assume that it does not contain
any singularities.
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reduces to the integral [ tr(7; k).

In the last step Fujikawa calculated a Taylor series. In chapter 7 we formalize this
in the theory of graded and filtered algebras. We show that the number of gamma
matrices induce a grading. Also, Taylor series in k, forms a grading. However the
grading Fujikawa used is a combination of both and is due to Getzler [1983]. Till
now we explicitly calculated each term of the Taylor series. This is tedious and is
not useful when we consider the general case. Hence we investigate how the Getzler
grading behaves under the differential equation %+D2. This yields another differential
equation that we can explicitly solve.
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4 Smoothing operators and Heat kernels

In chapter 3 we saw how the Abelian anomaly was related to the index of a Dirac
operator. In the following chapters we analyze this method and work out the technical
details. In this chapter we question whether a Dirac operator can be exponentiated.
This is indeed possible and we also show that we can write it as a integral.

We follow the approach given by Berline et al. [2004]. We construct the exponential
by solving a differential equation. This is still a formal solution, because we need to
show that this formal solution converges. We prove this in two steps. First we modify
the formal solution into an approximate solution that does converge. Secondly we
increase the accuracy of the approximate solution. So the basic steps in this chapter
are

Formal solution = Approximate solution = Existence.

4.1 Definitions

We want to study e~tD* From the Lichnerowicz formula, we know that
2 * S 1

where F¥ + 1x is a section of End(S). In this chapter we don’t need the Clifford
structure and hence we study generalized Laplacians:

Definition 4.1. Let (M, g) be a Riemannian manifold and let E be a vector bundle
over M with a positive definite inner product. A self-adjoint map H: I'(E) — T'(E)
is a generalized Laplacian if there exists a compatible connection V such that
H — V*V is a section of End(E).

We want to write e *2* as an integral. Although vector-valued integration is well-

defined, vector bundle valued integration is not. To solve this, we construct an operator
which maps all fibers into a single one. Then vector bundle integration reduces to
vector space integration which is well defined. Such an operator is called a kernel.
Informally, for two vector bundles E' and E? and x,y € M a kernel is a "smooth”
linear map p(x,y) from E, to E. To define smoothness we recall that Hom(E}, E7)
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is isomorphic to (E;)*®E§ Using the canonical projections pry and pr, from M x M
to M we can write this as

pri B> @ pry B' () ~ (E*), ® (E;)* ~ Hom(Eyl, E?).

To simplify notation we write the vector bundle pri E? ® pry E'! — M x M as
E'X E? — M x M. We see p is a section of ' X E?. Smoothness of a kernel
follows from the fact that sections are smooth.

Definition 4.2. Let (M, g) be a compact Riemannian manifold and let E' and
E? be vector bundles over M with positive definite inner products. A kernel is
a section p € I'(E' X E?) (which is a linear map p(x,y): E, — E2). A linear
operator P: I'(M, E,) — I'(M, E5) is a smoothing operator if there exists a
kernel p € T(E' X E?) such that

(Ps)(z) = /  plrp)s(y) Vo).

The are two methods to define e *?*. One method is to consider the eigenvalues )\,

of D? and construct an eigenbasis {v;} of D2 Then we define e *P* by e 1Py, =
e iy, For this method we need to estimate the eigenvalues of D? before we can
show that the exponent converges. Also, if we want to show that this is a smoothing
operator, then we need to prove this separately. We follow a more direct approach:
We consider all smoothing operators that satisfy %e*wg = —D2P*  \We then
show that there is a unique operator satisfying this equation which has therefore the
properties we would formally expect from e D%,

Definition 4.3. Let (M, g) be a compact Riemannian manifold, E be a vector bun-
dle over M with a positive definite inner product and H be a generalized Laplacian.
A heat kernel for H is a section k!l of the vector bundle ERE — R, x M x M
which has the following properties:

1. The kernel k™ is at least once continuous differentiable in the first component

2. The kernel k™ s at least twice continuous differentiable in the second com-
ponent

3. The kernel k satisfies the heat equation:

0
<E+Hx)k’q(t,x,y):0 Ve,ye M, t e R,
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4. The kernel k! satisfies the boundary condition. That is, in the supremum
norm

lim K2 (t, 2, y) s(y) Vol(g) = s(z)

t—0 yeM
for all x € M and s € ['(E).

We denote Kk (t,-,-) as kI (-, ).

4.2 Examples of heat kernels

In this paragraph we give some useful examples of heat kernels for Laplacians on the
real line. Although R is not compact we can define a heat kernel if we restrict the
boundary condition to only square integrable sections of R. Note that on the real line
p; reduces to a smooth map R x R x R, — R.

The simplest generalized Laplacian is the standard Laplacian H = —%. The heat
equation % — % = 0 suggests that the heat kernel is a Gaussian function. By trial

and error we can find that the map £/ (z,y) = \/%ﬂte_(’”_yw‘“ satisfies

0 0?
(a — @) ki (z,y) = 0.

This suggests that kI’ is a heat kernel. This is indeed true.

Lemma 4.4 (Berline et al. [2004], Lemma 2.12). The map kf(x,y) =

ﬁe*(“y)z/‘“ is a heat kernel for the generalized Laplacian H = —% on R.

Proof. We are left to show that [, k" (x,y)s(y)dy = s(x) for all s € L*(R). Recall
that compactly supported smooth maps are dense in L?(R) and on this compact
support we can approximate these maps with polynomials. Hence it is sufficient to
that this is true if s(z) = 2*. Consider the map

1 2
A(s, t) = \/m/Re(xy) /AtEsy q g, (4.1)
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This map converges, because if we substitute y with y = /4tj + 2st + = we get

A(S,t) :L/6—(I—(\/4_t37+25t+m))2/4t+s(\/ﬂg+25t+$)dy
T JR

1 724 g2
- —y“+s“ttsx di
7l !

= exp(s°t + sz). (4.2)

We calculate the Taylor series of A(s,t) in s. Comparing equation 4.1 and 4.2 we see
that

e} o0

k
e/t kg (st + )"
Sl ) =35

In the limit ¢ — 0O this simplifies to

Oosk<1' 1 /4tkd) — s k

E — [ lim e Y E — .z

=0 kN0 Vant Jr =0 !

This proves [, k' (z,y)s(y) dy = s(z) for all s € L*(R). O

Another example is the quantum mechanical harmonic oscillator in one dimension .
Up to constants the Schrodinger equation for this system is

Q_8_2_|_ 0
5 TV =

where w € R is the angular frequency. Notice that this is the heat equation for the

generalized Laplacian
2

The heat kernel is found by Mehler [1866] and in the next lemma we give the formula.

Lemma 4.5 (Mehler [1866]) Let H be the generalized Laplacian on R that is

given by H = — 2 + w?x%. Then the heat kernel w.r.t. H exists and equals
w —w(z? + y?) coth(2wt) + 2w cosech (2wt)zy
k! =/
(Y = o mEen &P [ 2

62



4.2. Examples of heat kernels Andries Salm

Proof. To solve the heat equation, we use the ansatz:

1 2.9) = oxp ("0 4 02) + b0+ )

The heat equation we need to solve is then

0 =%x2 + Bay + %y2+7— (az + By)? — o + w’a?

= (%—a2+w2) T (%—52) +xy<ﬁ'—2aﬁ>+(ﬁ—a).

This equation must be valid for any xz,y € R. Hence, we have the following system
of differential equations

%?ZQW%wﬂ=Wm B(t) =2a(t)B(E)  A(t) = alt).

The differential equation for o can be written as fR ﬁ da=2t+c; wherec; € R

is an integration constant. Using change of variables this simplifies to fR agggit_)wg dt =
2t + ¢;. The primitive is a cotangent hyperbolic!! and o equals

a(t) = —wcoth (2wt + ¢1) .
By integration and differentiation we find expressions for 8 and v and hence we have

a(t) = — wcoth (2wt + ¢4)
B(t) =+ w cosech (2wt + ¢1)

1
v(t) = — 3 log (sinh (2wt + ¢1) * ¢a) .

Here c¢; and ¢y are integration constants and we find them by using the boundary
condition. Already we notice that k' is a bounded map and so it is a well defined
operator on L*(R).

When we apply the smoothing operator on 1 and x2, we conclude that ¢; must vanish.
We approximate the resulting kernel using a taylor series in ¢ and we get that

I 2m
kf{(ﬂf,y)z—me ( y)%_( —+(9(t)).

V4 wcey
Using Lemma 4.4, we conclude that k[ satisfies the boundary condition if ¢, = o U
11 Recall that coth = ‘;ﬁf}}: and cosech = snl]h

63



Andries Salm 4. Smoothing operators and Heat kernels

In our last example we generalize Mehlers kernel for R™. This extension will be
important in the proof of Atiyahs index theorem.

Lemma 4.6 (Roe [1998], Proposition 12.25). Let R € M,x,(R) be a skew-
symmetric matrix and let F' € R. Let H be the generalized Laplacian on R" given

2
by H= -5, (% + i Zj Rija:j) + F. Then the heat kernel kI’ w.rt. H is
given by

1 tR/2 1 /tR tR
K (2,0) = det 12 [ 2= S Peoth (2 _tF|.
e (#.0) = (e de (sinh(tR/Q))eXp[ 4t< 2 <2 )”> ]

Proof. Assume that the heat kernel k7 can be written as

ktH<x7 y) = wt(l}y)eitF'

The heat equation (2 + H,)K{(z,y) = 0 simplifies to

2
) o 1 |
%“Z(%*zi%ﬂ) we| =0 (43)
i v j

and this gives us a differential equation for w;. Next we consider the eigenvalue
decomposition of R. Extend R to Rc: C* — C" and let {z;} be the eigenbasis of
R¢. The eigenvalues \; w.r.t. z; must be imaginary, because R is skew symmetric. So
there exists ; € R such that \; = ;. We split z; in its real and complex components
z; = x; + 1y;. We decompose the eigenvalue equation Rcz; = A;z; into its real and
complex components. It follows that

Rx; = —0,y; Ry; = 0;x;.

Because Z; is an eigenvector of R¢ and x; and y; forms a linear combination of z;
and z;, we get that the set {z;,y;} forms a basis of R". Even more, this basis can be
chosen orthonormal. This follows from the relations

(i, Rr;) = — (Rxy, ;) = 0;(y;, x;) =0
(i, Ry;) = — (R, yi) = O;l|i|* = 0;|wil|*s

In the orthonormal basis {x;,y;}, equation 4.3 becomes

8wt 0 1 ? d 1 ’ —
s (axi " zeii‘“) w2 (ayl- B 16”“”‘) vl

i
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We also assume that w; = [, u; - v;, where u; is a smooth map in z; and ¢ and wv; is
a map in y; and t. From this ansatz the heat equation reduces a differential equation
for all i < n:

i\t ~ 022 167 ") T ot T ey 167 ") T

_ei 0 AV
oy Yo )

We further postulate that the left hand side and right hand side of equation 4.4 are
independent differential equations and are both equal to zero. From the left hand side
we notice that u; and v; are the heat kernels for the harmonic oscillator. That is

(4.4)

1 it0; /2 1 .
u;i(z;,0,t) = iz \| smb(itf2) exp {—gzﬁix? coth(zt@i/Z)}

1 ith; /2 1. :
v;i(2,0,t) = i smh(zt/H ) exp {—gzﬁiyf Coth(ztﬁi/Z)} :

Notice that the product u; - v; is rotation invariant. Therefore is (%‘a%. — yi£> u; -

v; = 0. Thus the right hand side of equation 4.4 also vanishes. We finally have a
solution of the heat equation which is given by

t0/2 1
K =™ Z —~if(2? + y?) coth(itd/2) | .
(,0) =e H47Ttsmh (it/2) *xp [ 3! (7 +y;) coth(itf/ )}

This equals the heat kernel proposed in the lemma. At last we need to check the
boundary condition. Note that

tR/?2 , tR IR ,
S —— — coth— =1 .
Snh(tR/2) d+O(t") and 5 cot 5 d+0(t%)
Hence in the limit t — 0, [5, k{'(2,0)s(x) = s(0) for all s € L*(R™). O

4.3 Uniqueness of the heat kernel

Proposition 4.7 (Berline et al. [2004], Proposition 2.17). Let (M, g) be a compact
Riemannian manifold and let EJ be a vector bundle on M with a positive definite
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inner product. Let H be a generalized Laplacian and suppose that H admits a heat
kernel k! € T(E' X E). Then k; is unique and is self adjoint in te sense that

k' (2,y)" = k' (y, 2)

for all xz,y € M andt € R,.

Proof. Let k' € T(EX E) be another heat kernel of H and let K and K}/ be the
corresponding smoothing operators. Pick two sections u,v € I'(E) and denote (-, -)
as the inner product on E. Consider the smooth map

£(0) = (Kfu, K o) 0<0<t.
From the heat equation it follows that
of _

90 _<_HKéqu7 K£0U> + <Kéqu7 HK£0U>

This equals zero for all 0 < # < ¢, because H is self-adjoint and hence f is constant.
Taking the limits 8 — 0 and # — ¢ we conclude that

(K u,v) = (u, K{'v).

If we multiply u and v with bump functions, then for all z,y € M and ¢ € R, we get
(kI)*(x,y) = kIl (y,x). If we choose kI = k[, we conclude that k7 is self adjoint.
In the general case we get for all z,y € M and t € R

k' (,y) = (K1) (y, 2) = k{' (2, ).
Therefore the heat kernel is unique. O

With a slight modification of this proof we show that smoothing operators of heat
kernels form a semi group. That is, Kgrt = K" o K. This property will be useful

—tD?

later, when we show that the trace of e is well-defined.

Lemma 4.8 (Berline et al. [2004], Proposition 2.17(3)). Let (M, g) be a compact
Riemannian manifold, let E be a vector bundle on M with a positive definite
inner product and let H be a generalized Laplacian. If H admits a heat kernel
kE € T(EX E), then the corresponding smoothing operator K} satisfies

H _ H H
Kert - Ks OKt

for all s,t € R,.
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Proof. Let u,v € I'(F) be two sections on E. Consider the differentiable map
f(0) = (K u, K yv) —t<f<s.

From the heat equation it follows that

0
8—£ = (—HK. u, KX o) + (K;! u, HK ).
Again, this equals zero for all —t < 6 < s, because H is self-adjoint. Hence, f is
constant. Comparing f at different values of § we conclude

(Ki'u, Koy = (K, 0)

andso K o K = K1 . O

4.4 The formal solution of the heat kernel

In section 4.2 we found that —L—e—%"/4

= was the heat kernel for the Laplacian on
R. For an n dimensional Riemannian manifold this kernel can be generalized into
W exp(—r?/4t) where r is the geodesic distance. In order to construct the heat
kernel k7 we consider the map s, which is defined by s, = (47t)"/2 exp(r?/4t) - kH.
This map measures the difference between the 'Euclidian’ heat kernel and the heat
kernel we are interested in. We show that if s; is a formal power series ). t'®;, then

s¢ has a unique solution.
In this section we work with the following setup: Let (M, g) be an n dimensional
Riemannian manifold and let y € M. Consider a neighborhood U, such that the map
exp;lz U, = T,M is a chart of M. Let E — U, be a vector bundle with a positive
definite inner product and let H be a generalized Laplacian on E. The "Euclidian”
heat kernel we denote by
1 2
q(z,y) = Wexp(—d(m,y) /At) Yz e U, (4.5)

where d(z,y) is the geodesic distance between x and y.

Definition 4.9. A formal power series kI' € T'(E X E) of the form
k' (2,y) = qi(a,y) Y t®i(z,y)
=0
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is a formal solution of the heat equation if
0
H, | k'=0
(g1 + 1)

If we let k7 = ¢, - s; be a candidate for the heat kernel, then s; must satisfy a
differential equation. In the next lemmas we make this explicit.

Lemma 4.10 (Roe [1998], Lemma 7.12 and 7.13). Lets; € '(E - UX R, )® E;
be a time-dependent section on E and let ¢;(-,y): U xR, — R be the map defined
in equation 4.5. Then

H(Qt : St) —qHs = (Ath)St - QVVtht-

Proof. By definition of the generalized Laplacian, the only non-commuting part of
H is the Laplacian. In a Riemannian normal coordinate system {z,} it is given by
— Zu V. V,. In this coordinate system the commutator between H and ¢; is given

by
[Ha Qt]st = - Z[vuva Qt]St
m

Using the properties of the commutator this can be written as

(H,qi)s; = Z VulVu ase + [V @)V s

= Z ,LL7 ,u7 Qt]]st + Q[V}M Qt]vust-
I

According to the Leibniz rule, the commutator between a connection and a smooth
function is the Lie derivative and hence

[H, qi]st = — Z(ﬁuﬁuqt)st + 2(Luq1) V 51

"

Recall that — > (£,L,q:) is the Laplacian of g;. We only need to show that
Zu Cuqt% is the gradient of ¢;. Indeed, the gradient is the dual of the exterior

derivative. The dual of Eu%a% equals >, £,,g; da#. This is the exterior deriva-
tive of ¢; in local coordinates. O
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We need to calculate the Laplacian and the gradient of ¢; in a suitable coordinate
system. Namely, take the Riemannian normal coordinate frame and pick the polar

coordinates {r, ¢1,...,¢,_1} on T, M. In this coordinate frame the map ¢ reduces
to 1
_ 2
qt - (47Tt)n/2 eXp( r /4t)

For this calculation we also need the Hodge dual'?, because the Laplacian can be
written as — *x d xd. The next lemma calculates x dr and after this we calculate Ag;
and Vg,.

Lemma 4.11. Let {r, ¢1,...¢,—1} be the polar coordinates on T, M and use the
exponential map as a coordinate frame around y. Then,

*d’f’:'f’nil\/gd(bl/\.../\d(ﬁnfl

where g is the determinant of the metric.

Proof. First we show that xdr is a multiple of d¢; A ...d¢,,_1. For simplicity we
write dgp1 A ... d¢,_1 = d . Indeed, dr can be expanded into

sdr=c,dQ+ > cidrAdér AL dgigAdea A dduy

where ¢,, ¢; € R are the components of the vector field. We calculate d ¢y A xdr in
this local basis and using the Hodge dual. Comparing them gives

dop Axdr = (=1)"epdr AdQ = (d ¢, dr) Vol(g).

By Gauss lemma it follows that (d ¢y, dr) = 0 in a local neighborhood around the
origin and so ¢, = 0 for all k. This shows that xdr = ¢, d €.

We explicitly calculate ¢, by computing dr A xdr. Because H% Hg = 1 it follows that

dr Axdr=c¢.drAdQ = (dr,dr) Vol(g) = Vol(g).

For polar coordinates the volume form is given by r”_l\/@d rAd ). Hence we conclude
that *dr:rn_l\/adﬂ. 0

2Recall that the Hodge dual * is the unique operator which is defined by the property ae A %3 =
(ar, B) Vol(g) for all o, 8 € Q*(M).
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Lemma 4.12. In the coordinates defined in Lemma 4.11 the gradient of q; is

r 0

Vg = —qp— —
qt QtQtar

and the Laplacian of q; is

2 n r dg
Aag, = - 44— 7
b= ( 12 o T ag ar)

where g is the determinant of the metric.

Proof. The gradient is the dual of the exterior derivative and so

_ b (_ 4t T 0
Vg = (da) _( QtTdT> = gy

For the Laplacian we need to calculate — xd x d ¢;. From Lemma 4.11, we know that

g
*dqt = — %T*dT: _QtQ_t\/add)l/\/\dd)nfl

The Laplacian can now be easily calculated

2 0
Ag = — *q; (T_ _n_ L—g) r"_l\/gdr/\dgbl/\.../\dgbn_1

and this proves the result. O

Theorem 4.13 (Roe [1998], Theorem 7.15). For any generalized Laplacian H,
there exists a unique formal solution of the heat equation of the form

1
(4rt)n/2

kilz,y) = e MY 1Py, y)
=0

such that ®(y,y) is the identity map on E,.
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Proof. Denote s, = ). t'®;. The kernel k{{ = ¢;s; must satisfy the heat equation.
By Lemmas 4.10 - 4.12 the heat equation applied on k{7 equals

0 0
(a + H) k! :a(% “s1) + @ Hk + (Aq)se — 2Vygg,s0 =0
g 9,  n  r dg _1
_ % A 7 A .
ottt (8t Ty o Fagray 2y Vo ) St

The t-derivative of ¢; can be easily calculated and it equals

0 B n+r2
otlt =4\ T T g

and so the heat equation simplifies to

0 0 r dg 1
— 4+ H K = —+H+ ————2- =0.
(at—F )kt qt (at—F +4gt8'r tvra/aT) s; =0

This induces a differential equation for s,. By expanding s; into ) . ®; we get a
differential equation for each factor of t. We get the system of equations

r dg
<@5 + Vr@/ar) ®y =0 (46)
. 1r dg .
(z + @E —+ Vra/ar) (I)z = — H(I)i—l Vi > 0. (47)

This can be simplified into

Vojsor (9" ®0) =0
Vosor (r'g"*®;) = —r1g"* H®; .y Vi>0.
Equation 4.8 and 4.9 are first order differential equations. Both are uniquely deter-
mined by its initial value at the origin. We set the integration constant for &, such
that ®y(y,y) is the identity map on E,. Note that 7’ g'/4®; will be of order ' if and

only if the integration constant is set to zero. So the requirement that ®; is smooth
determines ®; uniquely. O

4.5 The existence of the heat kernel

We have seen that for any generalized Laplacian has a unique formal solution of the
heat equation. However we do not know if this formal solution is globally defined
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and we do not know if the power series converges. In this section we construct the
heat kernel by considering globally defined approximations to the formal solution.
These approximations are not necessary smooth, but we require them to be [ times
continuous differentiable for some [ € N. In this paragraph we denote the space of
I-times differentiable sections on a vector bundle £ — M as T''(E). We often use the
norm
Islli(x) = sup sup [[(£,)"s]].
k<l v€Tx M

The first approximation to kff = ¢, >, t'®; we consider is the partial sum multiplied
by a bump function. The next proposition states some properties this approximation
has.

In this section we work with the following setup: Let E — (M, g) be a vector bundle
with a positive definite inner product over an oriented n dimensional compact Rie-
mannian manifold, let H be a generalized Laplacian and let &k = 3, t'®; be the
formal solution of the heat equation. Let y € M and consider a neighborhood U,
such that the map exp,': U, — T, M is a chart of M.

Proposition 4.14 (Berline et al. [2004], Theorem 2.20). For a small enough ¢ > 0
pick a smooth map v): R — R such that

_ 1 if :1:<62/4
w(x)_{o if x>¢e

Then k"N (z,y) = W@‘d(x7y)2/4t~z/z(d2(x, y)) SN D, () is a smooth fam-
ily of sections of E X 2 — M x M for which the following holds:

1. The smoothing operators K" which has k™" as their kernel, form a uni-
form bounded family of operators on T'(E) for all0 <t < T for all T

2. Foralll € N and s € T'(E) the norm | K[""s — 5|, tends to zero when t
tends to zero.

3. For alll € N, there exists a constant C € R such that the kernel satisfies the
estimate

(& en)psnf
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Proof. Pick € > 0 such that the ball of radius € centered at y lies inside U,. For this €
the map ktH’N can be globally extended on M x M by zero. Hence kf{’N is a smooth
family of sections of £ X . The corresponding smoothing operator equals

(KtH’Ns) (x) = W /yeM e (d(w,y)?) ;tiq’i(x,y)S(y)Vol(g)-

The integrand is almost everywhere zero, except in the neighborhood of x € M. For
this neighborhood we pick the local coordinates y = exp, y and we have

N
H.N 1 2 i .
(K5%3) ) = ggzggm [, 2P0 s, o) "y

1=0

for some compactly supported ¥; € I'(E' K E). It follows from applying the vector
space transformation y = ¢'/?v that

(KNs) @) = (amy o [ et /4th (,120)s(exp, (1)) " v, (4.10)

This is bounded for all ¢. Because [0, 7] is compact for all T > 0, we conclude that
K} is uniformly bounded on [0, 7. This proves the first part.

In the limit t — 0 equation 4.10 equals

(Ké{’Ns) () =(4m) "2 / eI g, 0)s(exp, (0)) d" v
=(47)~"/? /n e WPy (d(z, 2)%) o (z, 2)s(z) d" 0. (4.11)

Clearly, the distance between x and itself is zero and hence v(d(x,z)?) = 1. Recall
that Wo(x, z) is the identity operator on E,. So equation 4.11 simplifies to

(Kf’N5> (x) =s(x) - (4%)"/2/ e~ lelP/4 qr g,

n

By comparing this result to the Euclidean heat kernel we conclude that Ilfilrol KtH’Ns = s.
_)

This shows the second part.
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Finally we estimate H (% + H) kf{N(:c,y)H For simplicity we write rY = (% + H) kN ().
From lemmas Lemmas 4.10 - 4.12, we know that

0 r 0 N o
) =i (g + H o o) vl ) Y 0o

N

0 r dg ,
o 2 7
=q:Y(d(z,y)) (8t+H+ Vra/ar+—4 o ) ;ot@i<x

9 r 81/1 i%
q (A’I/J(T ) — 2va(r2) Z ) Zot
The kernels ®; will cancel most terms. However, we are left with
i (x,y) =g (d(z, y)* )t HON (2, y)+

+q (AQ/J(Tz) — 2va(r2 iaw ) Z tl

The first terms is of order tV~"/2. \We show that this is true for

q (Aw(rz)—szﬂ fa¢ )Zﬁ (4.12)

This vanishes if d(z,y) < €, because 1 is constant in this area. If this term is zero,
then it is of order t¥~"/2. So we only need to show that equation 4.12 is of the right
degree when d(z,y) > e.

If d(x,y) > ¢, then |[t=N*2¢,(z)||o is bounded by [[t~N*2¢,(e)|lo. This follows from
the fact that ¢, is a decreasing map. For ¢ > 1 the norm |[t="*2¢,(z)||o is bounded
by one. Because t~V*2¢ () is continuous in ¢ and [0, 1] is compact follows that
t~N*2¢,(¢) has an upper bound. So 7 is bounded in the supremum norm by tV~2

To consider higher order derivatives of ¥ (z,y) in x, we note that we can only lower
the degree of ¢ by differentiating over ¢;. Because a%qt = O(t71/%), we conclude that

n+l

|7 < CtV—"2. O

New kernels can be constructed using old kernels. Indeed let p,q € I'(F X E) be

two kernels. The composition [ _, p(z,2)q(z,y) Vol(g) is a map from E, to E,.
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Therefore it is a section on FX E. For smooth families of kernels p;, ¢, € '(EX E —
M x M x R+) we consider the composition

(r,y,t) >—>/0 ds/EMpt_S(x, 2)qs(z,y) Vol(g).

This is also a section of '(EX E — M x M x R+). As our second approximation
attempt we consider compositions of k:tH’N and (% +Hx) kf’N. To simplify our

notation we inductively define

0 ) = () (413)

pHNmHL (o / ds / PN (g 2)r BN (2 ) Vol(g)  (4.14)
zeM

kHNO(x y) =k (z,y (4.15)

kPN (2, ) / ds/ kDN () 2)r BN (5 0) Vol (g). (4.16)

In the following lemma we give an estimation of &k, and r,~""™.

Lemma 4.15 (Berline et al. [2004], Lemma 2.21 and 2.22(1)). Let k™" be the
family of kernels defined in Proposition 4.14. Then for all |, m € N and N > ”T“
the kernel ;""" (x, 1), which is defined in equation 4.13 and 4.14, is I-times
continuous differentiable with respect to x and y and satisfies the estimate

tm

”THNerl H < Cerlt (m+1)(N VOI(M) (417)

m!

for some C' € R. The kernel k:tH’N’m, which is defined in equation 4.15 and 4.16,
is also [-times continuous differentiable with respect to x and y and satisfies the
estimate

tm

[N | < GomALmEDIN=) N (M) ——
m!

for some C € R.

Proof. From Theorem 4.14 follows that /™! is bounded by ¢. Hence we extend
™M1 (and its derivatives) continuously to t = 0 and so r;"™"! has a well defined
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[-norm. This is equivalent to the fact that it is [-times continuously differentiable.

We show the first estimate using induction. From Definition 4.13 and Theorem 4.14
it follows that

||THNO+1||Z < CtN_”_‘H

This coincides with equation 4.17 for m = 0. Now assume that equation 4.17 holds
for some m € N. Then rHNm+1 is estimated by

AR H /ds/ rfflsz |2 ( x,z)Hl.
zeM
From the induction hypothesis it follows that
m—1
N (g y H / ds/ C(t—s)N - Cm st )VOI(M)m 1871'
m — 1!
and this simplifies to
t m—1
HrtH’N’m“(x,y)H SCm“Vol(M)m/ ds(t — s)N="2 gmN="30) i
l 0 m — 1!
m+1,(m+1)(N m ! s
<O Vol(M) ds -
o m—1!

Integrating fo dsi— 1, y|eIds a factor ¢ g " and this proves that equation 4.17 is satisfied
form+ 1. By |nduct|on we conclude that it is satisfied for all m € N.

From Theorem 4.14 it follows that the smoothing operators w.r.t. kN are uniform
bounded on 0 < ¢ < T for all T'. Hence for all s € [0,t] and x,y € M

for some C' € R. Notice that the left hand side is a norm estimate of k"™ From
this and equation 4.17 we conclude the result. O

< Ol (@ y)li

/ BN (2, 2)r BV (2, ) Vol (g)
zEM

l

+1
(M) =3 ym
The kernels r; are bounded by (CVol( 7)7'; )™ Hence we can use

them for constructlng convergent power series, because we can bound these series by
exp(C Vol(M)tN="2"). To find which series is the heat kernel, we need to investigate
how the heat equation behaves for k;HNm.

H,N, H,N,
"™ and k"
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Lemma 4.16 (Berline et al. [2004], Lemma 2.22(2)). For all I,m € N and N >
"t the kernel k,"™"™ (x,y), which is defined in equation 4.15 and 4.16, satisfies

0 H,Nm H,N,m+1 H,Nm
<§+Hx>kt,7 :Tt7’++7"t’7 .

k:ﬁév(x, 2)rENm (2 ) Vol(g). The in-

S

Proof. Consider the map b(t, s, z,y) = [ _,,

tegral fot b(t,s,x,y)ds equals the map k"™, The map b(t,s,x,y) is continuous
in s € [0,], because the smoothing operator KV is uniform bounded. So the heat
equation applied on kf{’N’m equals

(g—i—H)kH’N’m—(gjLH)/tb(tsxy)ds
8t T t at x 0 (AR}

t
=b(t,t,x,y) — b(t,0,x,y) +/ (% + Hm) b(t,s,z,y)ds.
0
(4.18)

From Theorem 4.14 it follows that b(t, 0,2, y) = [ _,, kN (2, 2)r N (2, ) Vol(g) =
0. Also, b(t,t,z,y) = |

e kN (2, 2)rfP ™ (2, ) Vol(g) = "™ (z,y). Equation
4.18 therefore becomes

8 HNm __ _H,Nm ! a
<E+Hx> kt =Ty (xay)+/0 at +Hx b(t7 S,l‘,y)dS.

We calculate the heat equation acted on b(t, s, z,y). By definition it equals:

Qi bt say) = (2 4w, / KEN (2, 2)r T (2, ) Vol (g)
ot ot e

The heat equation acts only on terms which depend on ¢ and z and so

(3 + Hx) b(t,s,2,y) — / ((9 + Hm) KN (0, z)) PN ) Vol(g)
ot o \\ 01
_ / PN (g, 2) N (2 ) Vol(g).
zEM

By equation 4.14 it follows that

0
(5 " H"”) b = ) 4 P ()

and we finish the proof. O
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Assume that the heat kernel is of the form >~ _, kPN We now search for which
values of ¢,, € R the heat equation is satisfied. From the previous lemma it follows
that

<8t+H)ZkaHNm Zcm HNm+ {{Nerl)
_Z HNm Ck+cm—1)~

The alternating sum of kf’N’m will satisfy the heat equation. We show that it is
indeed the heat kernel.

Theorem 4.17 (Berline et al. [2004], Theorem 2.23). Let (M, g) be a compact
Riemannian manifold of dimension n and let E — M be a vector bundle with a
positive definite inner product. Let H be a generalized Laplacian and let k; be the
formal solution to the heat kernel. Then the following is true:

1. Forany N € N and | € N such that N > %l“ the series

[e.e]

pi N () = (0" R (@, y)

m=0

converges in the || - ||;-1-norm over M x M and it is continuous differentiable
in t. It satisfies the heat equation.

2. The kernel k"N ['(E'X E) approximates p; in the sense that

n+l

/{ZHN) O<th—fm+1>

Jot =),

for allm € N and N > %”1 when t approaches zero.

3. The kernel pfl = "™ s a heat kernel for the operator H.

Proof. In the above discussion we showed that p; converges because it can be esti-
mated using the exponential series. Therefore the kernel p;, converges in the [+1-norm.
From Lemma 4.16 it follows that

0
H,N, H,N 1 H,N H,N
k‘ m_rt ,m+ + 70 Jn_ka,t, ;M

ot
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and we estimate

M
8 m m m
m= !
A}@OOH( M HNM+1 —H,p,

This converges for all ¢ and so p; is continuous differentiable in the ¢ component. It
also satisfies the heat equation. This prove the first part.
To show the second part, recall that th’N’O = k;tH’N. From Lemma 4.15 we estimate

[e.9]

> (=g

J=1

_ntl
Ipe — k[l = = OV,

l

The second part of the theorem follows after m-times differentiation.

N

Before we show that p is a heat kernel, we prove that pH is a C'-heat kernel if

N > ™ We only need to show the boundary condition

lim N (2, y)s(y) = s(x) for all s € TY(E).
t—0 yeM

From the second part of this theorem we know that 111%” fyeMpva(x,y)s(y) —
ﬁ
s(x)|lp =lim| [ _, k"N (x,y)s(y) — s(z)||. By Theorem 4.14 is equals zero. Hence,
t—0 yeM
"N is a C'-heat kernel w.rt. H.

Finally notice that T'(E) C T°(E). Hence, p;"" and p/""*" are both C°-heat kernels.

By unicity of the heat kernel it follows that they are equal. Hence, pH "1 s the smooth
heat kernel w.r.t. H. O
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5 Traces and the Index of a Dirac operator

In chapter 3 we saw how the Fujikawa method relates the chiral anomaly to the index
of a Dirac operator. Although we calculated the trace over 756*”)2 we did not check
whether it converges. We also never checked if the trace was independent of basis.
Now we rigorously introduce a class of operators for which the trace is well defined
and show that the heat kernel is in this class.

Because the trace is the sum of the eigenvalues, we retrieve some properties of the
eigenvalues of the heat kernel. Using the heat equation we get that a generalized
Laplacian has countably many eigenvalues. Using this spectrum analysis we can prove
McKean-Singer formula. It relates the index of a Dirac operator with the trace of the
heat kernel.

Next we investigate how the trace interacts with the Clifford action. We prove the
trace identities which we used in chapter 2 and we generalize them to higher dimen-
sions.

At last we study the topological properties of traces. We study the trace over dif-
ferential forms and we show that they characterize vector bundles. We introduce the
characteristic classes needed for the Atiyah-Singer index theorem.

The theory of traceclass operators is standard. For more information see Murphy
[1990].

5.1 Traceclass operators

Definition 5.1. A linear operator A on a Hilbert space H is called Hilbert-
Schmidt if Y, || Ae;||? is finite for all orthonormal basis {e;}.

Hilbert-Schmidt operators are bounded operators. Indeed let H be a Hilbert space, A
a Hilbert-Schmidt operator and let v € H. In an orthonormal basis {e'} of H we can
write v as Y. v;e’. Let vy,4, be the largest component of v. That is, vy, = max; |v;].
We can estimate

|AU||2 |UZ mam 2 2
o S 2 e 4IPS H?Z”Ae <2 lael
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and so the operator norm is bounded by

Av|)? , _
Alj2 = sup | < sup Ae'||? = Ae||*. 5.1
A1, = sup S < sup 3 4€1? = 3 4 5.)

ve

By definition 3, || Ae’||? is finite and hence A is bounded.

Linear combinations of Hilbert-Schmidt operators are also Hilbert-Schmidt. To see
this let A and B be Hilbert-Schmidt operators on a Hilbert space H, let A € C and
let {¢'} be an orthonormal basis of H. For all N € N we estimate

N N N
D IA+AB)? < Y AP + AP ) [1Be)?
i=0 i=0 i=0

and in the limit N — oo we conclude that SV |[(A 4+ AB)é’||? is finite.

The product between a Bounded operator B and a Hilbert-Schmidt operator A is also
Hilbert-Schmidt. This follows from the estimate

Do IIBAS < |IB]3, - > lA¢.

This shows that the space of Hilbert-Schmidt operators is an ideal in the space of
Bounded operators.

Lemma 5.2. Let H be a Hilbert space. Then for all orthonormal frames {e'} of H
the map A — />, ||Aet||? is a norm on the space of Hilbert-Schmidt operators.

Proof. Let A be a Hilbert-Schmidt operator. Clearly, > ||A¢’[|> > 0 and so this
norm is positive. It is also definite. In the case that >, [|Ae’||* = 0, then by Equation
5.1 the operator norm of A is zero. Hence the norm is positive definite.

This map is also absolutely scalable: For all N € N and A € C the finite sum
SV, X Ael||? equals [A2 SN || Aef||?. Absolutely scalability follows if we take the
limit N — oo.

Finally we show that it satisfies the triangle inequality. Let A and B be Hilbert-Schmidt
operators. Then for all N € N these operators satisfy

N N N o) o)
DA+ B <> A+ Y 1B < > [1A* + > || Be'|)*.
=0 i=0 i=0 =0 i=0
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The triangle inequality follows if we take N — oc. O

Lemma 5.3. If A is a Hilbert-Schmidt operator on a Hilbert space H then the
following is true:

1. The adjoint A* is a Hilbert-Schmidt operator.

2. The norm />, ||A*€?||? equals /Y, || Ae?||>.

3. The norm />, || Ae?||? does not depend on the choice of orthonormal basis
{e'}.

Proof. Let {¢'} and {é'} be two orthonormal bases of H. By Parsevals identity it
follows that for all N € N

N N o o X -
oA =N A ) =YD e AP < Y A8
=0 ' 0

i=0 j=0 j=0 i= §=0

Because ) 7 [|Aé’||* is finite, we conclude that A* is Hilbert-Schmidt. Using a
similar method we can show that Y 2, [[Ae’||? < Y07 [[A*€"]|%. Hence A has the
same norm as A* and

\/Z [ Aeil[* = \/Z |A*&]|? = \/Z | Aei]|2.

So the norm is independent of the choice of basis. O

Definition 5.4. Let H be a Hilbert space and let {e'} be an orthonormal basis of
‘H. The Hilbert-Schmidt norm is the norm on the space of all Hilbert-Schmidt
operators on H defined by

1AIZs = ) lAe|.

Given a norm, we can ask whether it is induced from an inner product. Recall that
any Hermitian inner product (-, -) on Hilbert space H satisfies the polarization identity

3

1
(u,v) = 1 szHu +i*||* Yu,v € H.
k=0
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Hence we investigate if the pairing (4, B) — 1370 i*||A + i*B||%,4 is an inner
product on the space of Hilbert-Schmidt operators.

Lemma 5.5. Let H be a Hilbert space. The function that maps two Hilbert-
Schmidt operators A and B to

3

1 : :

L H A+ Bl
k=0

is an inner product on the space of Hilbert-Schmidt operators. Given an orthonormal
basis {€'} this inner product is given by

(A,B) — ) (A¢', Be'). (5.2)

Proof. This pairing is clearly positive definite, because the norm is positive definite.
We only need to check for linearity and conjugate-symmetry. Let {e'} be an orthonor-
mal basis of H. Then the pairing of A and B equals

3
1 : ok
1 E g i*|| Ae? + i Bel||% 4. (5.3)

k=0 j

Applying the polarization identity on H Equation 5.3 simplifies to

3
) E E i*|| Ae? 4 i Bel||% 4 = g (Ae', Be').
k=0 j

J
This concludes Equation 5.2. From this Equation we directly conclude that the pairing
is linear and skew-symmetric. 0

Definition 5.6. Let H be a Hilbert space, {¢'} be an orthonormal basis of H
and let A and B be two Hilbert-Schmidt operators. The Hilbert-Schmidt inner
product is the inner product that maps A and B to

> (Ae’, Be')

i

and is denoted by (-, ) us.
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For a finite dimensional Hilbert space #, all linear operators are Hilbert Schmidt. Note
that for any linear operator A, B on H,

(A,B)gs =Y (Ae;,Be;) = (B*Ae;,e;) = Tr(B"A). (5.4)

7 %

Equation 5.4 suggests that we can define a trace for products of Hilbert Schmidt
operators.

Definition 5.7. A linear operator T' on a Hilbert space H is traceclass if it is the
product of two Hilbert-Schmidt operators.

Let T" be a traceclass operator. Hence, there exists two Hilbert-Schmidt operators
A and B such that T = AB. Now suppose that there is another decomposition
of T'. That is, there exists also some Hilbert-Schmidt operators A and B such that
T = AB = AB. In both cases we have

(B, A*) g = Z<Bei, Arel) = Z(ABeZ‘, Arel) = Z(Tei, e’
(B, A")ps =Y (Be', A%e') =3 (ABe', A*e’) = Y (T¢', "),

and we conclude that (B, A*) ys does not depend on the decomposition of 7. Using
Equation 5.4 we extend the definition of the trace to traceclass operators.

Definition 5.8. Let T be a traceclass operator and let A and B Hilbert-Schmidt
operators such that T' = AB. The trace of T' is the Hilbert-Schmidt inner product
Te(T) = (B, A") s

In the previous chapter we studied generalized Laplacians. We showed that for each
generalized Laplacian H there exists a smoothinh operator e~ that satisfies the heat
equation. We now show that e~* is traceclass. Observe that it is enough to show
that e~* is Hilbert-Schmidt, because of the semi- group property Indeed, if we show
that e~ %! is Hilbert-Schmidt for all t € R, then e~ sH . ¢=2H s traceclass. By the

semi-group property e~ sH . e=sH simplifies to e |
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Proposition 5.9. Let F is a vector bundle with a positive definite inner product
over a compact Riemannian manifold (M, g) and let H be a generalized Laplacian.
Let kI be the heat kernel and let e=*H be the corresponding smoothing operator
of k. Then e ", which we view as a operator on the space of sections of E with
L? norm, is traceclass.

Proof. First we observe that it is enough to prove that e=*# is Hilbert-Schmidt for all

t € R+, since in this case et = ¢~2H . ¢=3H by the semi-group property. Pick an

orthonormal basis {e'} on the space of sections of E. The Hilbert-Schmidt norm of
H equals

[e.e]
’e_tH”%TS:Z”e tH z” ) _Z<€—tH z’ —tH Z>L2'
1=0

In Lemma 4.7 we showed that ¢*P* is self-adjoint. Using this and the fact that e~
is a smoothing operator we conclude that the Hilbert-Schmidt norm of e~ equals

e M5 =) (e7Mel ey,
=0
3 RIS IEREN
i=0 TEM

Let {f;} be an orthonormal frame of the fiber E,. Using the identity e'(z) =

SSEE (ei(), f7) [T we see

dimE oo

_tHHHS_Zz/ (k- 2) €)1, - €(), 7).

7=0 =0

Because {e'} is a basis of I'(E) we conclude that > "2, (ko:(-, ) f7, €") . - €' equals
kot (-, ) and hence

dim F

\WM—ZL<@HﬁM§/ (ko ().

Because the manifold is compact, we conclude that e~ is Hilbert-Schmidt. O
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Proposition 5.10 (Berline et al. [2004], Proposition 2.32). Let E is a vector bun-
dle with a positive definite inner product over a compact Riemannian manifold
(M, g), let H be a generalized Laplacian, let kI' be its heat kernel and let e~
be the corresponding smoothing operator. Let B be a bounded operator on I'(E).
The operator Be~* s trace-class and its trace is given by

Tr (Be ) = / te(Bha(z, 7).

xeM

Proof. Because Hilbert-Schmidt operators is an ideal in the space of bounded opera-
. . . . t t
tors it follows that Be™*/2# is Hilbert-Schmidt. Hence the product Be 21 . ¢~321 =

Be s traceclass.

To show the explicit expression of the trace, let {¢'} be an orthonormal basis of the
space of all sections on E. Equip I'(E) with the L? norm. In this orthonormal basis
the trace equals

Tr(Be ) = Z(Be’”{ei, ') 2.
=0

(2

From the definition of a smoothing operator follows that
Tr(Be ) :Z/ (Bky(-,w)e" (1), ") 2.
i=0 xeM

Let f7 be an orthonormal basis of E,. Using the identity ¢’(x) = Z?iﬁE’(ei(x), VEAY il
we see

dim F, oo

T(Ee ) = 3 [ (@) (Bhn P

j=1 i=0 "%

S Z/ (Bly(-,2) 7, €Y - €(x), 7).

Because {e'} is a basis of I'(E) we conclude that Y27, (ki(-, ) f7,€") ;. - €' equals
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ki(-,z) and hence

dim F,

Tr(Be_tH) = Z /GM <Bkt(x,x)fj, fj>

j=1

_ / _u(Bh(r.a).
]

The grading operator 75 is a bounded operator. On a Clifford bundle with Dirac
operator D we have the generalized Laplacian D?. We conclude that 756*”)2 is
traceclass and so Tr(vse *P*) is well-defined. In the next section we will study the
eigenvalues of the Dirac operator so that we can express Tr(%,e*tDQ) in terms of these

eigenvalues.

5.2 Spectral theory of generalized Laplacians

In functional analysis there is a generalized notion of eigenvalues and it is called the
spectrum. The spectrum of an operator A is the collection A € C such that A — \1d
is not invertible. There is a class of operators for which the spectrum behaves well,
namely the class of compact!® operators. We recall the following theorems from
functional analysis. For more information see Murphy [1990].

Theorem 5.11. On a Hilbert space, the space of finite rank operators lies dense
in the space of compact operators.

Using this theorem we can create compact operator by considering the limit of a
converging sequence of finite rank operators. The next two theorems, we describe the
spectrum of compact operators

Theorem 5.12. If A is a compact operator on a Banach space BB, then the spectrum
of A is at most countable, each non-zero element of the spectrum is an eigenvalue
and all eigenvalues are isolated.

13Do not confuse it with the notion of compact spaces!
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Not all elements in the spectrum are eigenvalues, but all eigenvalues are part of the
spectrum. The previous theorem states that for compact operators, the spectrum and
the set of eigenvalues coincide (except for zero). Isolated means that eigenvalues does
not lie infinitely close to each other.

Theorem 5.13. If A is a compact self-adjoint operator on a Hilbert space H, then
‘H can be decomposed in a countable family of finite eigenspaces.

We show that Hilbert-Schmidt operators are compact. Especially we get that smooth-
ing operators of heat kernels are compact. Using the eigenspace decomposition of we
then calculate the spectrum of a generalized Laplacian.

Lemma 5.14. Hilbert-Schmidt operators are compact.

Proof. Let K: H — H be a Hilbert-Schmidt operator on a Hilbert space H. Let
{e'} be an orthonormal basis of H. Denote K as the projection of K to the span
of {e!,...,eN}. Thatis KN = 32 K (e')e? where b denotes the dual. We estimate
the difference of K and K¥ in the operator norm:

oo o0
1K = ENVlop < Y 1K) llop < Y 1K
1=N+1 i=N+1

This is arbitrary small when N tends to infinity, because K is Hilbert-Schmidt. Hence,
K is a limit of finite rank operators and thus compact. O

Smoothing operators e ' of heat kernels are compact operators. Hence, for each

t € R, we have a eigenvalue decomposition of I';2(E) with respect to e . If we
defined e " using functional calculus, we get that \ is an eigenvalue of H if and
only if e=* is an eigenvalue of e~*7. We replicate this result using the heat equation.
First we relate the different eigenvalue decompositions of e~*#. That is, we show that
there only one eigenvalue decomposition for e=** and the rest is related using the
exponential map.

Lemma 5.15. Let E be a vector bundle with a positive definite inner product over
a compact Riemannian manifold (M, g) and let H be a generalized Laplacian. Let
kE be the heat kernel and let e=*" be the corresponding smoothing operator. The
operator e~ has only positive eigenvalues and its kernel is empty.
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t tH

Proof. Let \ be an eigenvalue of e7* and let H, be the eigenspace of e~ * corre-
sponding to the eigenvalue \. Because e~* is self-adjoint, we have that \ is real.
Let z € H,. From the semi-group property of the heat kernel follows that

e—tH(e—t/Z HZ) — o BtH _ ~t/2H —tH  _ )\(e—t/Q HZ)
This shows e "/2H(#,) is a subset of H,. From the spectral theory of compact

operators it follows that
Ha =P Haw
i

—t/2H tH

where H, ,, is the eigenspace of e with eigenvalue y; and the eigenspace of e~
with eigenvalue \. Also y; is real valued, because e~ */2H |, is self-adjoint. So for all
2 € Hy, pu, we get

Az =e Hy= (722, = 122

We conclude that the eigenvalues of e~ are non-negative.

If =t has a non-empty kernel, then we can construct a sequence {t;} converging to
zero such that e %z = ( for all t;. Hence the limit of e *¥ 2 tends to zero when
t tends to zero. This is in conflict with the boundary condition of the heat kernel.
Therefore, the kernel is empty. O

Theorem 5.16. Let E be a vector bundle with a positive definite inner product
over a compact Riemannian manifold (M, g) and let H be a generalized Laplacian.
Let kP be the heat kernel and let e=*" be the corresponding smoothing operator.
The space I'12(F) can be decomposed in an countable family of finite eigenspaces
‘H such that

e Mg, = \-1d.

H H

Proof. Let A be an eigenvalue of e™" and let H, be the eigenspace of e corre-
sponding to the eigenvalue \. Fix n,m € N. The operators e # and e~ commute
and so e”m(H,) C H,. From the spectral theory of compact operators it follows

that
Ho =D Ha

. . _n
where H, ,,, is also the eigenspace of e~ m®

comparing eigenvalues we get

with eigenvalue p;. Let z € H, ,,. By

py = (emm MMy = ey = (e7H)ny = N2,
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Because y; and \ are strictly larger then zero, we conclude that y; = /™ and is
proves the theorem for all t € Q.. Finally recall that e~* is continuous in ¢ and thus
the theorem holds for all ¢t > 0. O

Finally, we study the eigenvalues of H. We use the heat equation to show that there
is a one to one correspondence between the spectrum of e=*¥ and H. The proof
is straight forward, but we need that H and e *! commute. This is proven in the
following lemma.

Lemma 5.17. Let E be a vector bundle with a positive definite inner product over
a compact Riemannian manifold (M, g) and let H be a generalized Laplacian. Let
kH be the heat kernel and let e=*! be the corresponding smoothing operator. The
operators H and e "' commute for all t > 0.

t

Proof. Because H and e~ are self-adjoint, we get

He_tH _ e_tHH _ He_tH _ (He_tH)*.

Using the heat equation, we rewrite this into

He tH _ o~tHp — _Qefm + (%615H) _ _% (6ftH _ (eftH)*) '

t t

Because e~ is self-adjoint we conclude that H and e~*# commute. O

Theorem 5.18. Let E be a vector bundle with a positive definite inner product
over a compact Riemannian manifold (M, g) and let H be a generalized Laplacian.
Let k' be the heat kernel and let e ' be the corresponding smoothing operator.
A section s € I'12(FE) is an eigenvector of H with eigenvalue X\ if and only if it
is an eigenvector of e~ with eigenvalue e=*. Therefore, H has countably many

eigenvalues which are isolated.

Proof. Let e~ be an eigenvalue of e 7. Let s € I';2(F) such that e s = e 5.
From the heat equation and Theorem 5.16 it follows that

= g —tH o g A _ (_ —At
0_<6t+H)€ S_<6t+H)€ s=(=A+H)e Vs

After the limit ¢ — 0, one concludes that Hs = \s. Because I';2(E) can be fully
decomposed by the eigenvalues of e, we know that H has no other eigenvalues. [
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5.3 The McKean-Singer formula

When we considered the Abelian anomaly using the Fujikawa method we showed that
the anomaly was proportional to Tr(%,e*“ﬁ) where 75 is the grading operator and
D is the Dirac operator. We already found that this is a well-defined quantity for
Clifford bundles on compact Riemannian manifolds. We now study this trace using
the eigenvalue decomposition we found in the previous section.

Theorem 5.19 (McKean and Singer [1967]). Let S be a Clifford bundle over a
compact Riemannian manifold (M, g) and let D be the Dirac operator. Let k¥ be
the heat kernel of D? and let e='P° be the corresponding smoothing operator. Let
~5 be the grading operator and let D be the restriction of D to the +1 eigenspace
of vs. Then,

Tr(yse*P*) = dimker D, — dim ker D_.

This result is called the McKean-Singer formula

Proof. By Theorem 5.18 we can decompose I'(S) into the eigenspaces
I(S) =P Ky,

where H), is the \;R eigenspace of D. Denote {s?l} as an orthonormal basis of H,.

2
D% equals

D2 ) D2 )\ _ )2 i i
o) = 30 3 (e e 753 = 3 e Yo )
[ i 4 i

However, (s;\i, 755?1) will vanish if \; # 0. Indeed, the grading operator and the Dirac
operator anti-commute and so for all 7 and j and so

The trace of y5e™

ny5s?i =— 75D5;"' = —)\i%s;\i.

This shows that 7553\1' is an element of H_,,. From the orthonormality of the

eigenspaces it follows that (s?i,%s?i} = 0 if \; # 0. Therefore, the trace simpli-
fies to

Tr(yse™*7") =D {55, 1555)-

J
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The grading operator decomposes the kernel of D into two eigenspaces ker D, &
ker D_. Let {s;t} be an orthonormal basis of ker Dy. We conclude that the trace of

2
vse P equals

Tr(vyse tP%) = Z(s*, sty —(s;,s;) = dimker D, — dimker D_.

373

O

Notice that the adjoint of D, is D_. Therefore, we can write the McKean-Singer
formula as Tr(ee*P*) = dim ker D, —dim coker D... This quantity is called the index
of the operator D,. When considering Dirac operators some writers(Roe [1998],
Berline et al. [2004]) call this the index of D. Although they look similar, those
definitions does not coincide. Indeed, recall that D is a formally self-adjoint operator.
Hence the kernel equals the cokernel and dim ker D — dim coker D is zero. In this
thesis we only calculate the index of Dirac operators and hence define the index as
follows:

Definition 5.20. Let S be a graded Clifford bundle over a compact Riemannian
manifold (M, g). Let D be the Dirac operator and let e~ tP* be the smoothing
operator for which the kernel is the heat kernel kP”. The index of D, which we
denote by Ind(D), is defined as

Ind(D) = dimker D — dimker D_

where D s the restriction of D on the +1 eigenspace of the grading operator.

One of the main results of the Atiyah-Singer index theorem is that the index of a
Dirac operator is topologically determined. That is, it does not depend on the choice
of metric or connection, but only depends on the topology of the vector bundle. A
similar result can be deduced from the McKean-Singer formula.

Corollary 5.21 (Roe [1998], Proposition 11.13). Let D, be a continuous family
of graded Dirac operators. That is, Let g;, be a continuous family of Riemannian
metrics on a compact manifold M, ~; be a continuous family of Clifford actions
on a Clifford bundle E — M and let V,; be a continuous family of compatible
connections on E. D, is the resulting Dirac operator. Then the index of D, is
independent of t.
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Proof. The map (s,t) — Tr(757te*3Dt2) is a continuous map. By the McKean-Singer
formula this map equals (s, t) — Index(D;). Notice that the index is an integer. The
only continuous maps from R to Z are the constant maps and hence Index (D) is
constant. U

In theory the index of a Dirac operator D can be calculated using the formal solution of
the heat equation. Indeed, we know that the index of D equals [ _, tr[ysk:(z, )] Vol(g)
where k; is the heat kernel. We approximate this using the formal solution of the heat

equation ki(x,y) = (47Tt1)n/2 e~ d(@y)? /4t > t'®;(z,y). The index is independent of ¢

and hence
tr[15Pn2(z, )] if n is even

1
I D) = (4m)n/2 fxeM
ndex(D) { 0 if n is odd.

Although this calculation is straight forward, it is not easy to calculate ®,,/, by hand.
To solve this equation we need to study the behavior of the heat kernel and the Clifford
action with the trace. In the next section we study the interaction between the Clifford
action and the trace.

5.4 The trace and the Clifford action

When we considered chiral anomalies using perturbation theory, we often used the
'trace identities’

Tr(vys) = Tr(vs79") = Tr(9s7"7”) = Tr(57"9"9*) = 0
for indices u, v and p and
Tr(957"9"7"y°7) = 4ie?”

where €777 is +1 depending on the permutation of {y, v, p,0}. One can find these
results by calculating the trace over the gamma matrices. However these identities
can also be deduced from the Clifford algebra. We show this in the following lemma.

Lemma 5.22 (Roe [1998], Lemma 11.5). Let V' be a 2n dimensional vector space
with a positive definite inner product g. Let C1(V') be the Clifford algebra and let
S be a left C1(V')-module. Let ~y5 be a grading operator, let F' € Endcyy)(S) and
let v: V' — End(S) be the Clifford action. For any orthonormal basis {s;} of V
there is

Tr(ysF) =0
Tr(vsv(s0) ... v(sk) F) =0 Vk < 2n.

93



Andries Salm 5. Traces and the Index of a Dirac operator

If v5 is the canonical grading operator then,

Tr(v57(s0) - - - Y(s20) F) =(=12)" Tr(F).

Proof. Let v € V with norm 1. By the anti-commutation property of the Clifford
algebra it follows that v(v)? = — Idg and hence Tr(75F) = — Tr(v57(v)y(v)F). The
Clifford action anti-commutes with the grading operator and so

Tr(vsF) = — Tr(ysy(v)y(0) F) = + Tr(y(v)y57(0) F) = + Tr(ysy(v) Fy(v)).

Because F' commutes with the Clifford action it follows that Tr(vy;F') = 0. This trick
can be repeated for Tr(y57(sq) - .. 7(sox)F') for all k < n. That is, we add the term

—(s2k+1)7Y(s2k+1) and we cyclically permute. Hence, Tr(v57(so) ... v(s2%)F) = 0
for all k£ < n.

To show that Tr(y5v(so) ... Y(Sok+1)F) = 0 for all 2k+1 € N we just pull 5 through
the other side of the trace. That is, we use that 75 anti-commutes with the Clifford
action and commutes with F'. Hence,

Tr(757(s0) - - - Y (s2r41) F) =(=1)* " Tr(v(s0) . .. y(s2h41) F75).-

By the cyclic property of the trace and (—1)?**! = —1 we conclude

Tr(v57(s0) - - - ¥(s2k41) F)) = 0.

Finally we assume that 5 is the canonical grading operator and we calculate Tr(~ys -
v(s0) - .. v(s2,)F). Recall that v5 = i"y(sq) ...7v(S2,) and thus

Tr(v57(s0) - - - Y(520) F) = (=i") Tr(13 F).
From ~2 = 1 follows the result. O

With this lemma we characterize the trace for all elements in C1(V) ® Endcivy(95).
Clearly these are endomorphisms on S. The next question is whether all endomor-
phisms on S can be decomposed into C1(V') ® Endciv(S). That is, is every linear
map the product of Clifford actions and a Clifford endomorphism? The following
proposition shows that this is indeed true.
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Proposition 5.23. Let V' be a 2n-dimensional vector space with a positive definite
inner product and let S be a left C1(V')-module. Assume that the Clifford action
is normal with respect to the norm on S. Then the map which injects C1(V) ®
Endq(S) into Endc(S) using the Clifford action is an isomorphism.

Proof. Because elements of the Clifford algebra are invertible we have that CI(V) ®
Endg (S) — Endc(S) is injective. We only need to show that is map is surjective.
Let F' € End¢(S) be a linear map on S and let v € V' be a vector of length one. We
first show that F' can be decomposed into two terms that (anti)-commute with ~(v).

Indeed, Let PE be bounded linear operators on S defined by P = WZTM These
operators have the properties:

PE.Pf=PF PF.PF=0
Pr+ P, =1ds  PF~(v)=~(v) PFf=4iPF .

v

Hence P are the orthogonal eigenspace projectors of y(v). From these properties it
follows that

PEFPF y(v) = +i PFFPF = +v(v) PFFPT (5.5)
PFFPE v(v) =+i PTFPFf = —y(v) PFFPF . (5.6)

and thus we decompose F' into

F=(P]+P))F(P] + P;)
=(PSFP/+ P FP])+ (PfFP; + P FP}).

We denote F'* for the operator that is defined by F'* = PFFPXF + P, FP¥. By
equations 5.5 and 5.6 it follows that F," commutes and F) anti-commutes with y(v).
Hence, F' = F'* + F~ is the sum of (anti)-commuting terms w.r.t v(v).

Assume w.l.o.g. that F' (anti)-commutes with ~(v). That is, suppose that F'y(v) =
ey(v)F for some € € {0,1}. Let w € V be of length one and normal to v. By the
anti-commutation property of the Clifford algebra it follows that PZ~(v) = v (v)PF.
However, F= is defined such that F=v(v) = ey(v)F=. By induction we conclude
that F' can be decomposed into the sum of terms that (anti)-commute with a whole
orthonormal basis {e*} of V.
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Now pick an orthonormal basis {e;} of V' and assume w.l.o.g. that F' commutes with
e1,...,ex and anti-commutes with egyq...es,. Let B F~ € End(S) be opera-
tors defined as F'* = ;... 7, F and F~ = 441 ...7,F By the anti-commutation
property of the Clifford algebra it follows that

YWt = (=D DRy, Yu <k
’7uF+ = (_l)k'Yl < YE T 1)k+1F+’7u Vi >k
2

YuF T = (FU P = (1) E Ty, Y <k
VB~ = ()" ey F = (1) T, Yp >k

F=(-
F=(-

This calculation shows that if & is even, then F~ is a Clifford endomorphism and if
k is odd, then F'* is a Clifford bundle endomorphism. So in both cases, F has a
representative in C1(V) ® Endevy(S). So CL(V) ® Endgivy(S) is isomorphic to
End(c S. [

In the next chapter we decompose the heat kernel k; into CI(V') ® Endcyv)(S) and
we will calculate the index of a Dirac operator.
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6 Characteristic classes

In this chapter we consider the following question: "How can we distinguish two
different vector bundles?” The answer to this question is studied in the theory of
characteristic classes. We introduce this theory by following the Chern-Weil method.

6.1 Chern-Weil method

Definition 6.1. Given a complex vector space V', an invariant polynomial p on

V is an element of @& Sym” Endi V that is invariant under conjugation. That is,
if M; € Endc V and S € GI(V') then

p(SMlel, cee, SM]CSil) :p(Ml, ceey Mk)

To simplify the notation we denote the space of polynomials as Sym*® Endg V. Clearly
the trace and the determinant are invariant polynomials on any vector space V. They
are both invariant under cyclic permutations. This also holds for invariant polynomials
and we will show this in the next lemma.

Lemma 6.2. Let p € Sym"* Endg, V be a degree k polynomial. Then p is invariant
under conjugation if and only if it is invariant under cyclic permutations.

Proof. Let My, ..., My € End(V) and let S € GI(V). Suppose that p is invariant
under cyclic permutations. Then it satisfies

p(SM S~ .. SMS™Y) =p(MS™'S, ... M, S™1S)

and we conclude that it is invariant under conjugation. Now assume that p is invariant
under conjugation. By definition it satisfies

p(M,S, ... M}.S) =p(SM;SS™!, ... SM,SS™)

and so it is invariant under cyclic permutations of invertible elements. Because GL(V')
is dense in End(V') we conclude that p is invariant under all cyclic permutations. [
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Given a polynomial p € Sym® End (V) we can interpret p as a map from V to C.
Indeed, we inject Sym® Endg (V) into ®°® End¢(V) by

1
PO Opn — > Do) ® - - Dofn)-
gESy

The tensor algebra satisfies the following universal property: If A is a complex algebra
and f: Endc(V) — A is a linear map, then there exist a unique algebra homomor-
phism f: ®°® End¢(V) — C such that the following diagram commutes:

Ende (V) — @* Ende (V)

\lf

A

Now let A = C and M € End¢(V) and consider the map ¢y: Ende(V) — C
that is defined by ty/(p) = p(M). Using this universal property there is a unique
algebra homomorphism 7;;: ®°® End¢(V) — C extending ¢y;. Combining 7, with
the injection of Sym® End¢ (V') we constructed a map from Sym® End¢(V) — C.
Notice that this maps p € Sym” End¢(V) to p(M, ..., M). The map top is a map
from V to C which we also denote as p.

Example 6.3. Consider the vector space C? and let M be a complex 2 x 2 matrix.
The components of M we denote as M;;. Let p;;: M>(C) — C be the projection onto
the (7, )™ component. In this case the map ¢5;: Ma(C)* — C equals trr(pi;) = M,
for all ¢ and 5. We now consider the determinant which is formally the element
Poo ®p11 — Po1 ®P10 in Sym' MQ(C)* We inject Y% into ®.M2(C) to

1
3 (Poo ® P11 + P11 ® Poo — Po1 @ Pro — P1o @ Dot ) -

Calculating 7/ (det) we get

. 1.
in(det) :§LM (Poo @ P11 + P11 @ Poo — Po1 @ Pro — P10 @ Po1)

:%(ZM(pOO) ~ia(pu) + 2 (pa) - 2a (poo)

— iv(po1) - Tm(pro0) — i (pro) - T (Por))
=ip(Poo) - tar(P11) — Tar(por) - Tar(P1o)
=Moo M1 — Mg Mo;.

Hence 7)/(det) equals the determinant of M.
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We can replace C with any commutative algebra A. Indeed, let p € Sym® Endg. (V)
be a polynomial, let M be an element of End¢(V) ® A and consider the map
ty s Ende (V) — A that is defined by ¢y, (p) = p(M). By the same universal property
we used before, there exists a unique algebra homomorphism 7);: ®*® Endg (V) — A
that extends ¢);. Because A is commutative, we have for any polynomial

(1 ©...Opn) =ln <% Z Po(1) @ ... ®p(0(”))>

’ oESy
1
:ﬁ Z LM(pU(l)) et LM(pU(n))
gESy
:LM(pl) L LM(pn)

and so we interpret polynomials as maps from V' to A.

Example 6.4. We review Example 6.3. Consider C? and let A be a commutative
algebra. We denote the matrix multiplication with *. Let M be a matrix on R? with
values in A. We want to interpret the determinant of M as

det(M) = MOO % M11 — M01 % MlO-

With the above construction this is indeed possible. Indeed, the map ¢y, is given by
e (pij) = My; € A for all 4, j. We conclude that

. 1.
in(det) :§LM (Poo @ P11 + P11 @ Poo — Po1 @ Pro — P10 @ Po1)
1, - ~ -
:§(LM(2?00) s I (p11) + Tar(p11) * 2ar (Poo)
— v (po1) * Tar(P10) — e (Pro) * Tar(Por))
=ip(Poo) * Inr(p11) — Tar(Po1) * Tar(P1o)
=Moo * M1y — Mg * Mo;.

Hence we define the determinant of an element M € Ms(A) as ¢ps(det).

Let £ — M be a rank k complex vector bundle over an n-dimensional manifold. We
view invariant polynomials on E as sections of Sym® End¢(F) which are invariant in
each fiber. Consider the vector bundle Endc(FE) @ (©xA*T* M) which we denote
as End¢(F) ® AT*M. The algebra on I'(A“’T*M) is a commutative algebra and
hence we can use the construction described above.
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Let V: I'(F) — I'(T*M ® E) be a connection on E and let p be an invariant
polynomial. The curvature K is a section of End(E) ® A*T*M. We show that
p(K) € T'(A®UT*M) is a useful measure for some invariant polynomials. For this we
need the following lemma.

Theorem 6.5 (Milnor and Stasheff [1974], Page 298). Let E — M be a vector
bundle and let p be an invariant polynomial such that for all curvature tensors K
the form p(K) is closed. Then the cohomology class of p(K) does not depend on
the choice of connection.

Proof. Let m: M x R — M be defined as 7(z,t) = x and let for all t € R, ¢;: M —
M x R be defined as t;(z) = (z,t). Let 7*F and (;7*E be the pull-back bundles.
Because 7 o ¢ is the identity map we have that the pull-back bundle (;7*E — M is
equal to £ — M. Now consider the following diagram:

E=gmkE m™E E

| |

M—= MxR—ZsM

Let VO and V! be two connections on E — M. Using the pull-back!* we get two
connections 7*V? an 7*V! on 7*E. Also the linear combination

V' =tr*V! + (1 — t)7*V°

is a connection on m*E. We pull-back V' on ¢;7*E and we calculate (qm*V’. Let
s € I'(E) and note that s = ¢;7*s for all t € R. Hence for all u € T'(T*M) we have

(1Y )us = (V' )ultg7"s) = 16(Va,, )7 s).

Note that for ¢5(Vy,,,)7"s) we only consider the fibers of (7*E) (. o) and s0 15(V}, (,y7"5)
equals of;((7*V°)q,,(u)7*s). By the definition of the pull-back connection 7*V° (15V'),s

simplifies to

s/ _x_*xv0 o 0
(LOV )US = LT vdﬂost(u)S =V

Y4Recall that for a vector bundle E — M and a smooth map between manifolds ¢: N — M the
pull-back connection is the unique connection on ¢*E such that (¢*V)x (¢*s) = ¢*(Vae(x)s) for
all X € T*N and s € T'(¢*E)
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Using a similar argument we can show that (;V’' = V1.

Let K° K' and K’ be the curvature with respect to the curvatures V°, V! and V'.
Note that ¢; is a homotopy between ¢y and ¢;. Hence the induced maps ¢, ¢ : H*(M x
R) — H*(M) are isomorphic. Therefore, we have

[P(K%)] = w[p(K")] = d[p(K")] = [p(K7)] € H*(M).

So the cohomology class of p(K’) does not depend on the choice of connection. [

Definition 6.6. Let E — M be a complex vector bundle and let p be an invariant
polynomial such that p(K) is closed for all curvature tensors K. A characteristic
class of E w.r.t. p is the cohomology class of p(K') which we denote as p(E).

Notice that the characteristic class w.r.t. p only depends on the isomorphism class of
a vector bundle, because p is invariant. Hence, characteristic classes are useful tools to
distinguish different vector bundles using their topology. To construct characteristic
classes we need to define covariantly constant polynomials. For this we need to
extend the connection on a vector bundle £ to a connection on End¢(E) @ A*T*M
and Sym® End{.(E).

Lemma 6.7. let E — M be a vector bundle and let NV be a connection on E.
Then V induces a connection over E* by the relation

df(v) = f(Vo) + (Vf)(v)
forall f e I'(E*) andv € I'(E).

Proof. Clearly Vf is an element of I'(T*M ® E*). It is also linear, because for all
f,geD(E*), ve'(F) and A € R we have

V([ +Ag)(v) =d(f(v) + Ag(v)) — (f + Ag)(Vv)
=V()v) +AV(g)(v).
The Leibniz rule is satisfied, because for all f € I'(E*), v € ['(E) and a € C>*(M)
there is
Via f)(v) =d(a f(v)) —a f(Vo)
=da- f(v) +a d(f(v)) —a f(Vv)
=da- f(v) +a(V)(v).
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So we conclude that V induces a connection on E*. O

Lemma 6.8. Let E,F — M be two vector bundles on M and let Vi be a
connection on E and let V be a connection on F'. Then Vi and V induces a
connection on £ ® I by the relation

Proof. By the universal property of the tensor algebra this map is well-defined. Clearly
V is a linear map from I'(E ® F) to I'(T*M ® E ® F). We only need to show the
Leibniz rule. Let e € I'(E), f € I'(F') and let a € C*°(M). By the Leibniz rule of
Vi and Vi we have

Viee® f) =V((ae)® f)
=da®ReR f+a@Vee® f+a®e®Vef
=da®ex f+axV(ie® f).

Notice that this proof is independent if we considered V(e ® (« f)). So we conclude
the proof. O

Recall that Endc E is isomorphic to F ®¢ E*. So the connection V induces a
connection on End¢(E) and a connection on the space of invariant polynomials.
For sections of End¢(E) ® A*T*M we consider the exterior covariant derivative dy.

Corollary 6.9. Let E — M be a vector bundle equipped with a connection V.
Let p,q € I'(E) and let f € I'(E*). Then the induced connection on I'(End(FE))
satisfies

V(p® NH@)=(Veo )+ @ f)(Vae).

Proof. Notice that (p ® f)(q) equals p- f(¢q) and hence
Vipe f)le) =d(f(g) -p+ f(a)- Vp.

By the definition of the induced connection on E* we conclude

Vle® @)=V -p+f(Vg) -p+ flg)-Vp
=(Vp® f)(q) + (p® f)(Vq).
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Lemma 6.10. Let E — M be a vector bundle with a connection and let p €
F(Symk Endg E) then for all Xy, ... X € I'(Endec E ® A*T*M) we have

d(p(X17 s 7Xk)) :(Vp>(X17 B 7Xk) —|—p(dv Xl,XQ, e 7Xk)
+p<X17dVX2,X3,. . XK) 4+ ...

where V is the induced connection.

Proof. We prove by induction. Pick a local coordinate basis {«*} of M. Assume that
k =1 and pick wlo.g. X =da* A...da? - X;_;. Then for all p € T'(End{(E))
there is

dp(X) =d (p(Xi,.;)-dz' A...da?).
By the previous lemma we conclude that
dp(X) =(Vp)(X1. ) Adat A.da? +p(VXy ) Adat AL dad
=(Vp)(X) + p(dy X).

For the induction step let py,...pp € I'(End(£)) and let X ... X} € D(EQAT*M).
By the definition of the symmetric algebra we get

k
1
d(pr © - O pp(X, - Xy)) =d 5 > T (Xei)

" oesy, j=1
1 k
=7 0D dniXow) [ [ 2i(Xow)-
" 0€Sy i=0 j#i

Using the induction base we conclude

k
d(pr © ... O pu(X1, ... Xy)) :% > D (V) (Xow) [ Trs(Xowi)
" o€y i=0

J#i
1 k
+o DD pildy Xow) [ [ 15(Xo)
o€Sy =0 i

and this simplifies into

1
d(p1 © ... © pe(X1, ... X)) =% Z (V1 ® ... @ pe))(Xoq), - -+ Xow)

’ ogESy

1
‘|‘E (V(pl®...®pk))(Xo(1),...,deo(l-),...

€Sk
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By rewriting the right hand side in terms of the symmetric algebra we conclude the
proof. O

Definition 6.11. Let £ — M be a complex vector bundle equipped with a con-
nection V and a curvature K. A polynomial p € T'(Sym® End(.(E) is covariantly
constant if Vp = 0.

Theorem 6.12. Let E — M be a complex vector bundle equipped with connection
V and curvature K. Let p be a covariantly constant polynomial on E. Then
p(K, ..., K) is closed.

Proof. By the previous lemma we know
dp(K,...,K)=(Vp)(K,...K)+pldy K,K,...,K)+p(K,dv K, K,...,K)+ ...

By assumption Vp(K, ... K) vanishes and by Bianchi identity dy K = 0. This con-
cludes that p(K, ..., K) is closed. O

The previous theorem states that covariantly constant invariant polynomials induce
characteristic classes. Next we will show that the trace is covariantly constant and
how we can use this to create many more characteristic classes.

Lemma 6.13. Let £ — M be a rank k vector bundle and let K be a curvature
on E. The covariant derivative of the trace vanishes and so d tr(K) = 0.

Proof. Let {¢'} be a local frame of E and let {e”} de the dual frame. In this local
basis the trace of a section F' € I'(Endc(E)®@A“T*M) equals >, e” Fe'. Expanding
the exterior derivative in terms of the connection of £ and E* we get that

dTr(F) = Z de’ Fe'
= Z(Veib)(Fei) + e (dy F)e' + e”F(Ve).

Recall that €”e’ is one if i = j and zero otherwise. Hence the exterior derivative of
e”el vanishes and so

0=d(ePe?) = (Ve?)(e?) + e (Ved).
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This concludes
AdTr(F) =) e*(dg F)e' + e?F(Ve') + > (Ve?)(¢)) - e/ (Fe')
i ij
= Z e”(dy F)e' + e”F(Ve') — Z e’ (Vel) - e (Fet)
i ij

=> e’(dy F)e'.

Hence, V tr = 0. For F' = K Bianchi identity states that dy /"= 0 and so d Tr(K) =
0. O
We create more examples of characteristic classes using formal power series on C.
If E — M is a vector bundle, K is a curvature tensor and f(z) = > ;7 ax2" is
a formal power series on C, we extend f to an element of ['(A®“T*M) by setting
f(K) = Y02, arK*. Notice that I'(9°,A**T*M) is a nilpotent algebra and so
> e arK* has only finitely many nonzero terms. This concludes that f(K) is well-
defined.

Lemma 6.14. Let E — M be a vector bundle, let p be a covariantly constant
polynomial and let f and g be formal power series on C. If K is a curvature on E,
then g o po f(K) is well-defined invariant polynomial and is closed.

Proof. Clearly, gopo f is a formal power series on E. The algebra generated by K is
nilpotent and so gopo f is a polynomial on E. Because f is equivariant!®> we know
that g o p o f is invariant.

To show closedness we need to calculate the exterior derivative of gopo f(K). Assume

that f(2) = 3, a2’ and g(2) = >_;b;27. The exterior derivative of g o po f(K)
equals

dgopo f(K)=d ijp (Z%‘KZ)

X (Vp)(F(K)) +p(dy f(EK), f(K), ..., [(K))+...).

BThatis, f(SMS™) = f(M) for all M € End(E) and S € GI(E)
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We only need to show that dy f(K) vanishes. Note that for all A, B € I'(End¢(E))
and v € T'(F) there is

V(ABv) = (VA)Bv + A(VB)v+ AB(Vv) = (V(AB))v + AB(V(v)).
This concludes that dy F* = k(dy F')F*~!. By the Bianchi identity this vanishes and
SO dv f(K) = 0. ]

Example 6.15. Using the previous lemma we show that the determinant defines a
characteristic class. For this we use that the determinant of the exponent of a matrix
is the exponent of its trace. For suitable A € C we have the matrix identity

det(K + AlI) = exp(trlog(K + AL)).

The logarithm might be ill-defined, but if K € T'(End¢(F) ® @2, A**T* M) then K
is a section of a nilpotent algebra and the power series of the logarithm,

log(K + AlI) = log(\) — i (b

i=1

i
I ’

converges. This proves that for all rank r vector bundles

i

det(K + M) = exp <k log(A\) — ) (;}i tr(Kf)> =M1 % tr(K7)7.

i=1 j=0

=1

The left hand side is a polynomial in A and the right hand side is a (finite) Laurent
polynomial in \. This concludes that the determinant of K is a polynomial map over
the traces of K* and so the determinant defines a characteristic map.

6.2 Examples of characteristic classes
We now revisit some examples of characteristic classes. All are based on the construc-

tion described in Lemma 6.14.

Example 6.16. Let £ — M be a complex vector bundle, let K be a curvature
tensor on F and let f be a formal power series on C. The Chern f-genus of £
is the characteristic class with respect to the polynomial

10 ae [1 (2]

and is denoted by II;(E).

106



6.3. Characteristic classes of Clifford bundles Andries Salm

Example 6.17. Let £ — M be a complex vector bundle. The total Chern class
c¢(E) € H®(M) is the Chern f-genus with respect to the power series f(z) = 1+z.
The it" Chern class is the projection of the total Chern class into H*(M) ® C.

Example 6.18. Let £ — M be a complex vector bundle and let K be a curvature
tensor on E. The Chern character Ch(E) € H (M) ® C is the characteristic
class with respect to the polynomial

p) e (22|

For the Atiyah-Singer index theorem we mainly focus on the Chern Character and the

Chern f-genus of TM where f(z) = ,/%. The latter is a cohomology class
in H*(M) and not in H*(M) ® C. Indeed, if R is the curvature tensor on T'M,
then R is a skew-symmetric matrix. Hence, it has eigenvalues of the form 4\ where

A € Q*(M). Hence, the Chern f-genus is

A;/2 -N/2 A;/2
H\/smh)\ /2 \/sinh—)\j/Z B 1;[ sinh \; /2"

This shows that I1; (7'M ® C) indeed represents a real cohomology class. Also it does
not depend on the choice of branch of the square root. This is not a special property
of T'M and so we define:

Example 6.19. Let £ — M be a real vector bundle. The A-genus A(F) is the
z/2
sinhz/2"

Chern f-genus of £ ® C where f is the holomorphic map z

6.3 Characteristic classes of Clifford bundles

When we consider a Clifford bundle S — (M, g) the curvature K is not the only
section of End(S) ® A®” T*M we study. Namely, for a Clifford bundle we also have
the twisting curvature F’° and the Riemann endomorphism R®. We study if invariant
polynomials over F'¥ and R also define characteristic classes.
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Lemma 6.20. Let A be an algebra and let V,W be two vector spaces. Let P
be an element of Sym®(V @ W)*. Let P be the projection of P onto Sym*® W™,
Them for allw e W ® A, v € V ® A the polynomials P and P satisfies

P(w) = P(v+w).

Proof. Assume w.l.o.g. that P has a unique representation as >, H;:(](fij + gij)
where f;; € V* and g;; € W* for all ¢ and j. Then p is the sum ), Hé‘:o gi;j. Let
veV®Aand we W ® A. Because f;;j(w) =0 and g;;(v) = 0 there is

= S TI00) #0500 = X [T outw

i j=0 i j=0
U+w ZH g” +gz] ZHgU
i 7=0 v j=0
This concludes that P(w) = P(v 4 w). O

Theorem 6.21. Let S — (M, g) be a Clifford bundle, let R® be the Riemann
endomorphism and let F'° be the twisting curvature. For all invariant polynomials
P, the differential forms P(R®) and P(F®) are closed.

Proof. Let K € T'(End(S)® A?T*M) be the curvature on S. Recall that End¢(S9) is
isomorphic to CI(7T'M)®End(S) where C1(T'M) is the Clifford action and End¢(.5)
is the bundle of Clifford endomorphisms. Because C1(7'M) is unital we can decompose
End(S) into V@ W where W = {C - 1d} ® End¢(S) and V is the rest. Let P be
the projection of P onto W. By the previous lemma we know that P(F®) = P(FS +
R%) = P(K). Notice that P is also an invariant polynomial. Hence, d P(K) =

d P(F®) = 0. Using the same argument we can show that d P(R®) = 0. O

For Clifford bundles we can also use F° and R® to calculate characteristic classes.
For the Atiyah-Singer theorem we only use the following:
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Definition 6.22. The relative Chern character Ch™(S) € H**(M) ® C of a
Clifford bundle S — M on an n dimensional manifold is the cohomology class of
P(F®) where P is the invariant polynomial

P(X) = (=2)"*tr {exp <;—X>} :

v
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7 Symbol Calculus

In chapter 3 we saw how the Fujikawa method relates the chiral anomaly to the
index of a Dirac operator. In one of the steps we considered a Taylor approximation
and we showed that only a single order contributed. We formalize this approach by
introducing graded and filtered algebras. We show that the Taylor approximation used
by Fujikawa is related to the Getzler filtration. Secondly we investigate how the heat
equation changes the Getzler filtration. The result is related to the heat equation for
Mehlers kernel and this proves the Atiyah-Singer index theorem.

7.1 Definitions

Definition 7.1. A graded algebra is an algebra G' with a direct product decom-
position G = [[,., Gi such that G;-G; C G,y for alli,j € Z. An element g € G
is of degree k if g € G.

Example 7.2 (Trivial grading). We can turn any algebra G into a graded algebra.
For this let Gy = G and G; = {0} if i # 0. Clearly G has the decomposition [, G..
Because G is an algebra G, - Gy C Gy. Also {0} - G = G - {0} = {0} and hence
G; -G C Gi1j. We call this the trivial grading.

Example 7.3 (Taylor series). Let V' be a vector space let G = C [z] be the space of
formal power series of maps on V. Homogeneous polynomials span this space and it
even induces a direct product decomposition. Indeed, we say that a formal series is of
degree'® —k and only if it is a homogeneous polynomial of degree k. Under change of
coordinates a homogeneous polynomial stays homogeneous and the degree stays the
same. Hence the homogeneous polynomials induce a direct product decomposition of
G. Also the multiplication between a degree i and j homogeneous polynomial induces
a degree ¢ + j homogeneous polynomial. Hence the property G; - G; C G4 ; is also
satisfied.

Example 7.4 (Exterior algebra). Let V be a vector space and let G, = A*V be the
k-times wedge product of elements in V. The exterior algebra is the direct product
G = [1,en A*V. The wedge product between an - and j-form is a (i + j)-form.
Hence G; A G; C G4 and the exterior algebra is a graded algebra.

16 Although the minus sign is not necessarily, it will be useful in later calculations.
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Let V' be a vector space with inner product g and let Cl;(V, g) be the linear span
of k products of pairwise orthonormal Clifford actions. The space CI(V,g) has the
direct product decomposition [[, Clx(V, g) but is not a graded algebra. Indeed, for
all v € V the Clifford action v(v) is an element of Cl;(V, g). However v(v)? is an
element of Cly(V, g) instead of Cly(V, g), because v(v)? = —g(v,v) - Id. To assign
degrees for elements in the Clifford algebra we use filtered algebras:

Definition 7.5. A filtered algebra is an algebra A with a family of subspaces A;,
t € Z such that A; C Ay and A; - A; C A,y;. An element a € A is of degree
keZifae A, buta & Ay_1.

Example 7.6. (Clifford algebra) Consider the Clifford algebra A = CI(V, g) and let
A; = Hj<i Cl;(V, g). Clearly A is the union of all A; and for all i and j the product
of an element in A; and in A; is an element of A, ;. Hence the Clifford algebra is a
filtered algebra.

Example 7.7. (Differential operators) Recall that for a manifold M a differential
operator is a smooth operator on C*°(M) such that in a local coordinate frame {z*}
the differential operator is given by

o 0 0
ZC’“ """ Bk Qg Ok """ Qi

Here ¢, ., is a smooth maps on M. If we use multi-index notation we say that a
differential must locally be of the form Y~ ; c;52r. Let |I| be the degree of the multi
index I and let A, be the vector space generated by the differential operators that are
locally of the form ZIIISk 01%. Notice that Ay is independent of choice of basis and
A; - A; C Ay forall 2+ j. Hence Ay induce a filtration on the space of differential
operators. We denote differential operators as D(M).

Lemma 7.8. Let G =[], G}, be a graded algebra and let Ay, =[], G;. If there
exists an M € 7 such that Gj, = {0} for all k > M, then | J, Ay is a filtration of
G

Proof. Clearly GG is the union of all A, and by definition A, C Ay, for all k. Because
G is graded we conclude that A; - A; C A;;;. Hence A, is a filtration of G. O

From the previous lemma we conclude that all our examples of graded algebras are
also filtered algebras. Not every filtered algebra is a graded algebra. However for every
filtered algebra we can construct a graded algebra by considering quotient spaces.
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Definition 7.9. Let A be a filtered algebra. The associated graded algebra is
the graded algebra G(A) that is defined by

G(A) =[] Ar/Ar-1.

Given a filtered algebra A = [J, A; consider the associated graded algebra G(A).
Notice that the quotient map 7y: Ay — Ay /Aj_1 describes the relation between the
filtration of A and the grading of G(A). Also notice that for all a € A; and &’ € A;

mi(a) - mi(a’) = mipj(a - ).

This is an example of a symbol map.

Definition 7.10. Let A = |J,; A« be a filtered algebra and let G = [],.; G\ be
a graded algebra. A symbol map is a family of linear maps oy.: Ay — Gy such
that

1. forallk € I and a € Aj_, the map oy, satisfies o(a) = 0.

2 foralli,jel, a€cA; andd' € A; the symbol map satisfies o;(a) - 0;(a’) =
oirsla- a).
If G is the associated graded algebra of A, then the associated symbol map is

the family of projection maps my.: Ay — Ax/Ax_1, which is a symbol map between
A and G(A).

Example 7.11. Consider the trivially filtered algebra A. Thatis, A; = Aifi > 0
and A; = {0} else. The associated graded algebra G(A) is isomorphic to the trivially
graded algebra of A. Hence, the associated symbol map equals o, = Idy if £k = 0
and o, = 0 else.

Example 7.12. (Clifford algebra) Let V' be a vector space with symmetric 2-form
g. Consider the associated graded algebra of Cl(V, g). By the definition of a Clifford
algebra the projection map m; satisfies

m1(v1) - m1(ve) + 1 (v2) -1 (v1) = Mo (V1 - Ve +v2-v1) = —g(v1,0v2)-m(Id) =0 (7.1)

for all v1,vo € V. This shows that the associated graded algebra of CI(V,g) is
isomorphic to the exterior algebra A*V*. Equation 7.1 also shows that the associated
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symbol map interchanges the Clifford multiplication with the wedge product. That is,
for all vy ...vx €V, the map m(vy - ... - vy) equals v} A ... A ).

Example 7.13 (Endomorphisms of algebras). Given an filtered algebra A = J; A;
we can create a filtered subalgebra on End(A). Indeed, End,,(A) be the subspace of
End(A) such that for all k£ € Z the map f|4, maps into Ay,,. Because Ajy, is a
subspace of Ag.,,1 we conclude that End,,(A) C End,,;1(A). Using the composition
of maps we notice that End,,(A) o End,,(A) € End,4.,(A). Hence, | J,, End,(A) is
a filtered algebra and a subalgebra of End(A). This property can also been shown for
graded algebras G. That is, the subalgebra [], End,(G) of End(G) is also a graded
algebra.

We construct a symbol map between | J, End, (A) and [], End,,(G(A)). Fixn € Z
and let f € End,(A). Forany k € Z and a € Ax_; we have f(a) € Agip_1. This
shows that 7,4 o f(a) = 0. We conclude that 7, o f factors over A;/A;_1 and
we can define o,,(f): G(A) — G(A) as the unique map such that for all k € Z the
following diagram commutes:

Ak: AkJrn

T
On f)
A/ Ar— o Apin/Apin—1

We see that o, is a family of linear maps from End,,(A4) to End,(G(A)). It is also
a symbol map. We already showed that o, (End,,_1(A)) = 0 for all n € Z. To show
the homomorphism property let n,m € Z, f € End, (A) and let g € End,,(A). For
all k € Z we get the commuting diagram:

f

Ak: AkJrn AkJrner

lﬂ'k lﬂ—k-kn lﬂk-kn-km
on(f) om(g)
Ak/Ak—l - Ak+n/Ak+n—1 - Ak+n+m/Ak+n+m—1

\//

ont+m(gof)

By uniqueness we conclude that o,,.,(g 0 f) = 0,,(g9) 0 0,,(f) and so o is a symbol
map.

Example 7.14 (Taylor series). Consider formal power series C [z] over R. Note that
for all a;, B; € C the differential operator > o (%)Z maps the formal power series
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D e Bir? to 3T >0 i B - L2797 Hence, the space D, (R) is a subalgebra of
End,, (C [z]) for all n € Z. However the filtrations of D,,(R) and End,,(C [x]) differs.
To see this note that the operator p — x - p is a differential operator of degree zero,
but this operator is an element of End_;(C [z]).

7.2 Getzler filtration

In paragraph 3.1 we calculated the trace over ’}/56_tD2 by considering a Taylor approx-
imation in t'/2 for Equation 3.8

/ (;1:;4t2 tr [% f (_@1/2% +iky)* — %[V“ﬁ”]&u)} : (3.8)

Notice that we have a factor t'/2 for every k, and for every 4*. Now we rephrase
this in terms of filtrations. The element k, is the Fourier transform for a degree
one differential operator. Also, v* is a degree one Clifford action. By applying a
Taylor approximation we combine the filtration of the Clifford action with the filtration
induced by differential operators. In general we always can combine multiple filtrations
using the tensor algebra.

Lemma 7.15. Let B = |J, B; and C' = |JC; be filtered algebras and let A be
the tensor algebra of B and C. Then A is a filtered algebra spanned by A, =
>ioBi ® Cii.

Proof. Let b € B, ¢ € C and consider b ® ¢ € A. Because B and C are filtrations
there exists an ¢, 7 € Z such that b € B; and ¢ € C;. Hence, b® c € B; ® C;. The
space B; ® C; is a subspace of Zig B, ®C; = Zig B; ® Ciyj)—i which equals
A;yj. Hence, A is the union of the family of spaces Ay.

Now let £ € Z and consider A;. By definition it equals Z?:o B; ® Cj_;. The space
Ay is a subspace of A1, because

k k k1
A = Z B, ®Cy_; C Z B; @ Clry1y)—i C Z B; @ Clr1)—i = Ag1.
=0 i—0 =0

Finally let 4,7,k,l € Z and let b; € B;, ¢; € C}, by € B, and ¢ € C;. Then
b; ®c; € Ay and by ® ¢; € Apy1. The tensor product between b; ® c¢; and b, ® ¢
equals (b; - b;) ® (¢ - ¢;). Because B and C' are filtrations (b; - b;) ® (¢ - ¢;) is
an element of B;y; ® Cyy;. This proves that b; ® ¢; - by ® ¢ € A;yjyk, and so
A+ Ajrk € Aiyjrrr- We conclude that A is a filtered algebra. O
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We want to create a filtration on the space of smoothing operators. For this let
(M, g) be an even dimensional Riemannian manifold and let y € M. Consider a
neighborhood U, C M such that exp;lz U, = T,M is a chart of M. Let S = U,
be a Clifford bundle and let p € I'(S X S) be a kernel. We fix the second component
of p at y and so we only consider p(-,y) € I'(S ® S;). Using parallel transport
and the exponential map we trivialize S into T,M x S,. Then locally p(-,y) is a
smooth map from T,,M to S, ® S;. Notice that S, ® Sy is isomorphic to End(S,).
By Lemma 5.23 the space S, ® S; is isomorphic to CI(T,,M) ® Endc(S,) where
Endc(Sy) is the space of Clifford endomorphisms on S,,. We conclude that p(-,y) is
locally a map from T, M to Cl(T,M) ® End¢(S,). Thatis, p(-,y) is an element of
C>(T,M) ® Cl(T,M) ® End¢(S,). Notice that this space is the tensor product of
filtered algebras. Using Lemma 7.15 we can create a filtration on I'(S ® Sj).

Definition 7.16. The Getzler filtration for kernels on S is the tensor filtration
on S ® S, that is induced by the Taylor series on C*°(T,,M), the Clifford action on
CI(T, M) and the trivial filtration on Endcy(S,). For operators on I'(S ® Sy) we
define the Getzler filtration for operators on I'(S) and the Getzler symbol as
the filtration and symbol described in Example 7.13.

In the rest of this section we refer to the trivialization 7, x End¢(S,) of S as the
trivialization induced by parallel transport. Without further introducing we also use
{sx} for an orthonormal frame of 7}, A/ and {5,} as the local frame of S induced from
{si} by parallel transport. Note that {5} is also orthonormal, because the connection
on S is metric compatible.

Our goal is to calculate the Getzler symbol of the operator D?. For this we need to
calculate the symbol of the Clifford action and the covariant derivative. We show this
in the next lemmas.

Lemma 7.17. Let v, € T,M and consider the vector field v € T'(TM) in-

duced by parallel transport. The Clifford action v(v) along v is locally given by

IdTyM ®’}/(Uy) X Idsy € COO(TyM) X Cl(TyM) X EIldCl(Sy).

The Clifford action ~(v) has Getzler degree one and the Getzler symbol o1 ((v))
/ b

equals v, .

Proof. Let x € M and consider a radial path p: [0,1] — T,M from y to x. The local
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trivialization induced by parallel transport of v(v) is given as
D (5,7(0)5))e @ s; - 8 € C(T,M) ® Ende(S,).
.3

The metric on S is compatible with the covariant derivative V and so

0 . B 5 5 N N
a(su Y(©)35)p) =(Vp)5i> Y(0)35)pe) + (8is V)1 (0)55) (1) - (7.2)

Because s; is a vector field induced by parallel transport, we have the identity V;;)s; =
0 for all t. So equation 7.2 simplifies to

0 . - -
g (85, 7(0)85)pe) =(55, Vpyy(v)

(35,7 (Vi)
:<§i, V(Vp(t)v)

VAN
<

'>p(t)

j>p(t) + (8, ’Y(U)vz')(t) Sj>p(t)
J)p(t)-

[V R ERVAR]

Also the vector field v is induced from parallel transport and so (5;, v(v)3;)pw) is
constant. We calculate this constant by evaluating at y and we conclude that ~(v)
locally equals

Z<Si7 Y(vy)s;) - 1dy, ® s; - 52‘ € C*(Ty,M) ® Endc(S)).
i,J

This simplifies to Idr,y ® v(vy) € C*(T,M) ® Endc(S,) and we conclude the
result. O

Lemma 7.18. Any endomorphism F' € T'(Endc(S)) is a Clifford endomorphism if
and only if there exists some «; € C*°(T,M) and f* € Endcy(S,) such that in the
trivialization induced by parallel transport F' equals

Y a;@ldef € C*(T,M) ® CI(T,M) ® Ende(S,).

The Clifford bundle endomorphism F' have Getzler degree zero and the Getzler
symbol oo(F) equals F(y).
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Proof. Let f € Endq(Sy) and let a € C°(T,M). Let F be a section of End¢(S)
such that F' is locally given by a ® Id®f € C*(T,M) ® Cl(T,M) ® Endc(Sy).
Using the orthonormality of {si} we see that F' equals

F= ZO& . <8i, f5j>§i . 5?
ij

Let v € ['(TM) be the parallel transport of v, € T, M. By the identity >, 55, = Id
we conclude

Fry(v) =Y a-(si, f5;)(3;,7(0)31)8i - 8.

ijk

By Lemma 7.17 we know that (5, y(v)3j) is constant and hence equal to (s;, (v, )sk).
This simplifies F'y(v) into

Fry(v) :Z@' (i, fy(vy)sk)Si - 5.

ijk

By definition f must commute with v(v,) and so F' commutes with v(v). Hence F'
is a Clifford bundle endomorphism.

At last consider the subbundle of End(S) spanned by the Clifford action and all
Clifford endomorphisms that are locally of the form Y. a; ® Id®f* € C™(T,M) ®
ClT,M)®Endc(S,). By dimension counting we conclude it spans the whole bundle
and so all Clifford bundle endomorphisms are of the form >, o; ® Id @ f* € C~(U,) ®
Cl(TyM) ® EIldCl(Sy). U

Lemma 7.19 (Roe [1998], Proposition 12.22). Let {z*} be an orthonormal coor-
dinate frame of T,,M and extend this to an orthonormal coordinate frame on T' M
using parallel transport. Let R be the Riemann curvature tensor. Then for all i
the covariant derivative V,, is a differential operator of Getzler degree one and the
Getzler symbol of V,, equals

o 1 ) o\
7 (V) =@+12<@’R<*> axu>“’ |

Proof. Let p be a section of S ® S; and assume without loss of generality that
p=72iDPij Si- sg- where p;; € C*(U,). In the trivialization induced by the parallel
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transport p equals El.jpij 8- s?. We show that in this trivialization V,p equals

o1(V,) p plus lower order terms. From the Leibniz rule it follows that

~ 8 17 ~
VMPZZVM (pijsz‘ 5?) = a 8]9; 5i 8} +Z (3, Vu5:) - ij 3 - 3"

ijk

Locally we can write V,p as (axﬂ +w)p where w is a Imear endomorphism on S, with
the elements wy; = (5%, V,,5;) € C*(T,M). CIearIy = is a degree one operator and
so we only need to show that w has Getzler degree one. For this we use a trick. Let K
be the curvature tensor w.r. t the connection V of S and let R be the radial vector
fleId That is, R = > z"5%. Note that the Lie bracket between a - and R equals
So the matrix eIement wy; equals = (8, V[%R] 5;). We write this in terms of

8:1:”'
the curvature.

Wi = <§k,Vu§i> = <§k, <—K (8;;77%) + VuvR - VRVM) §Z> : (7'3)

By the definition of the parallel transport it follows that Vzs; = 0. Using that V is
a metric connection equation 7.3 simplifies into

_ _ _ 0 _ _ _
(8K, V,5i) = — <sk,K <@,R) Sz> — Lg (5K, V,5i) .

Moving Lr to the left hand side, we get (14+Lr)w = —K (32, R). The Weitzenbock
formula states that K = R® + F*° where F¥ is a Clifford endomorphism and R® =

%Z”p VYo (B )82"’ amﬁ> So the matrix w satisfies
0 )
e () ()
- 0 p(0 9NN o ps(0
ZWZU%/YP<81‘M’R <8xv’ axp) 8$0> T F (8 e R) (7.4)

Now we write w in local coordinates. Let /,.J be multi-indices over {z#} with degree
1| and |J] and write w as >, ;2! @ ¢/ @ wry € C(T,M) ® C(T,M) ® End(S,).
The left hand side of equation 7.4 equals

(1+£R)w—z<1+2x )SL’ ®c’ @wry
_Z<1+Z )SL’ ® ¢’ Q wry

:Z 1+ I)2" ®c @wry.
IJ
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We compare this to the right hand side of equation 7.4. Because F° is a Clifford
endomorphism, we conclude that F*¥ (a%w R) is a Getzler degree zero operator. Also,

R3 ( 9 R) has Getzler degree one and so

Oxh?

S+ )" @ @wy
1J

1 0 o 0 0 "
=1 Z%% <8xﬂ R <8x”’ (%cp) 8xf’> 2% + lower order terms.

vpo

We conclude for the top order that X' = 27, C/ = 7,7y, and wry = (32, R (5%, 52 ) 72 )-

OzV 7’ OxP
Hence w has Getzler degree one and is given by

1 9] g 9d\ 0 ”
Qv = T Z%% <8x“ .R <8x”’ (%cp) 8x”> x7 + lower order terms.

vpo

The Getzler symbol of w equals

1 B} o 9\ 0
— o v P
al(w)_82<8x”’R<8x”’8sﬂ)) 8x"> v7-dat Ade

vpo
1 ) o\
1% (g0 g @

and we finish the proof. O

Corollary 7.20 (Roe [1998], Example 12.16). The Dirac operator D has Getzler
degree two and the Getzler symbol of D equals

0 1 0 J 0 0
D= "_C . qpraz 7 o d p o
o9(D) Eu B dzx +8 E <6:U“’R(8x”’8:cﬂ) 8x”>x da* Ada’ Ndx

pvpo

where {z"} is the Riemannian normal coordinate frame.

Proof. Recall that in the Riemannian normal coordinate frame D = _ v,V and
use Lemmas 7.17 and 7.19. U
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Proposition 7.21 (Roe [1998], Proposition 12.17). Let S — (M, g) be a Clifford
bundle over an even dimensional Riemannian manifold and let D be the Dirac oper-
ator. Let R be the Riemann curvature and F'* be the twisting curvature. Let {z"}

be the Riemannian normal coordinate frame and denote R, = 82 , R(-, ) €

QO2(M). The operator D* has Getzler degree two and its symbol equals

02(D2)2_2<6:€“+ ZRM:> + FS.

I

Proof. Proposition 1.27 states that D? = V*V + F* + 1x where F* is the Clifford
contraction of the twisting curvature and « is the scalar curvature. In Riemannian
normal coordinates we write this identity as

1

ZVV+ ZVH% (auaa)JrH

Recall that the twisting curvature is a Clifford endomorphism. Hence by Lemmas 7.17,
7.18 and 7.19 we conclude that D? has Getzler degree 2 and the symbol is given by

_ZH:U?(VfL) + % ZO—Q <%%Fs (6;;’ ai”)) + 0y <im) . (7.5)

2l

The scalar curvature and F* (32;, 52.) are Clifford endomorphisms and hence it has
at most degree zero. So we simplify equation 7.5 into

(D) == S oW+ 5 S weno (7 (5 )

1 o 0
:_201(Vu)2+§ZF5(&W 5 )dx“/\dx

Using Lemma 7.19 we conclude the result. O
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7.3 The symbol of the heat kernel

In chapter 4 we showed that each Dirac operator on a compact Riemannian manifold
has a heat kernel k;. Using the heat equation we calculate the Getzler symbol of the
heat kernel.

Proposition 7.22 (Roe [1998], Proposition 12.24). Let S — (M, g) be a Clifford
bundle over an n dimensional Riemannian manifold and let D be the Dirac operator.
Assume that n is even. Let k; be the heat kernel w.r.t. the generalized Laplacian
D? and denote the formal power series of k;, as —L——e~""/4 Yoo t'®;. Then for

(4mt)n/2
all i the kernel ®; has at most Getzler degree 2i and the symbol of ®; satisfies
0
"or 70(®o)
0
(TE + Z) o2i(P;) = — 02(D2)02z72(®@;1) Vi € N.

Proof. Let y € M. In Theorem 4.13 we showed that k; has a formal solution to the
heat equation by proving that ®; is the unique solution of the differential equations

r Og B
(@5 " VR) ol,9) =0 (4.6)
) L@ (o) — — D2F. (. .
<z + 1g0r + VR) Qi(-,y) =—D*®;_1(-y)  Vi>0. (4.7)

Here r is the distance from y, R = r 0/0r is the radial vector field originating in y
and g is the determinant of the metric. Suppose that ®;(-,y) has Getzler degree k;
for some k; € N. The symbol of ®; equals

Multiplication by 7 is a degree zero operator and ﬁ% has degree -1. Also V3 is a

degree zero operator. Indeed, let {z#} be the Riemannian orthonormal coordinate
and notice that V¢ = Zu a# - V. The symbol of Vx equals

0 1
UO(VR) :qu@ + Z ZRPWZCHZCV.
I v
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Using the anti-symmetry in R we simplify o¢(Vz) into x“a% and this equals r%.
Therefore the symbol of @y is
0 (oraol- 1)) =0 (7.6)
/r‘_ O’ . pr .
87" k'() 0 7y
0
<7"8— + Z) O-kiq)i('a y) = — O'Q(DQ)O'ki_Q((I)Z‘_l) Vi > 0. (77)
T
Inductively we conclude that ®; has Getzler degree 2:. O

Comparing equations 4.6 and 4.7 with 7.6 and 7.7 suggest we need to investigate the
differential equation 2 + 05(D?) = 0. Even more, this is a heat equation. Indeed,
it is sufficient to show that oo(D?) is a generalized Laplacian. For this consider the
trivial bundle T, M x A*T,M ® End(S,) — T,M. Equip A*T, M with the induced
metric from T, M and equip End¢(S,) with the Hilbert-Schmidt metric. The operator
% + izy R,,x" is a covariant derivative for all 2#. Denote this connection as
V. This connection is metric compatible, because R, is skew-symmetric. Hence
the operator o(D?), which equals V*V + IS, is a generalized Laplacian. Next we

explicitly calculate the heat kernel.

Proposition 7.23 (Roe [1998], Proposition 12.24). Let S — (M, g) be a Clif-
ford bundle over an n dimensional Riemannian manifold. Let D be the Dirac
operator and let k; = Wexp(—ﬂ/élt) >, t'®; be the formal solution of the
heat equation with respect to the generalized Laplacian D*. Let y € M and
consider the trivial vector bundle T,M x A*T,M ® Endc(S,) — T,M. Let

W, = Wexp(—'rﬂ/llt) >, 1'0; be the formal solution of the heat equation

with respect to the generalized Laplacian o5(D?). Then for all x € T,M andi € N
the components ©; satisfy

Oi(z,y) = 09;(P;).

Proof. In Theorem 4.13 we showed that ©; is the solution of the differential equation

r Og B
(@5 " vR) ol,9) =0 (4.6)
) L@ (o) — — D2F. (. .
<z + 19 0r + VR) Qi(-,y) =—D*®;_1(-,y)  Vi>0. (4.7)
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Comparing this to Equations 7.6 and 7.7 we conclude that o9;®; satisfies the same set
of differential equations. The only possible difference is in the initial conditions. This
is not the case. For i = 0, the initial condition is that ®((y, ) equals the identity map.
The symbol map doesn't alter the identity map and so ®q(-,y) = 0o(Pp). Fori >0
the initial condition is determined by the requirement that ®; is differentiable at the
origin. Because 9;(®;) is differentiable by construction, we conclude the result. [

If we replace T,M x A*T,M ® Endq(S,) — T,M with the vector bundle R X
T,M — T,M we already have a heat kernel w.r.t. o9(D?), namely Mehlers kernel.
Consider the Taylor series of this kernel in R and F. If replace R € M,,.,(R) with
the Riemann curvature and F' with the twisting curvature we created a kernel on
A*T,M ® Endc;. Note that the algebra generated by the Riemann curvature and
the Twisting curvature is a nilpotent commutative algebra. Hence the Taylor series
converges on A*T, M ® Endc; and satisfies the heat equation. So Mehlers kernels is
also the heat kernel w.r.t. 05(D?) and by uniqueness we conclude

Proposition 7.24 (Roe [1998], Proposition 12.26). Let S — (M, g) be a Clifford
bundle over an even dimension Riemannian manifold. Let D be the Dirac oper-
ator and let k; = W exp(—r?/4t) >, t'®; be the formal solution of the heat
equation w.r.t. D?. Lety € M, U, C M be a neighborhood of y such that
exp;l: U, — T,M is a chart of M, let x € U, and let r be the distance between
x and y. Then for all i the symbol o4;(®;) satisfies

tR/2 1 /tR tR
RN ey S —— ( —coth | — —tF
det (sinh(tR/Q)) exp [ m < 5 cot ( 5 ) :c,:z:> t }

7.4 Atiyah-Singer Index theorem

At last we consider the interaction between the symbol map and the trace and we
prove the Atiyah-Singer index theorem. From the trace identities we know that only
top Clifford degree part are non-vanishing in the trace. In the next definition and
lemma we translate this in terms of Getzler symbols.

Definition 7.25. Let S — (M, g) be a Clifford bundle on an even dimensional
Riemannian manifold and let y € M. The constant part of the Getzler symbol

123



Andries Salm 7. Symbol Calculus

oy is the projection of the Getzler symbol oy, to C3°(T, M) @ A*T,M ® Endcy(S,)
where C3°(1T,,M) denotes the constant part of the Taylor grading.

Lemma 7.26. Let S — (M, g) be a Clifford bundle on an 2n dimensional Rieman-
nian manifold, let y € M and let p be a section of S ® S,. Let 5 be the canonical
grading operator. If S is canonically graded, then

tr(ys p(y)) - Vol(g) =(—1)" tr(o3,(p)).

Proof. In this proof we use the letters I and J for multi-indices and we denote their
degrees with |I] resp. |J|. Locally p is represented by an element >, 2’ @ ¢/ ® pr;
in C>*(T,M) ® Cl(T,M) ® Endc(S,). The trace of v5 p(y) equals

tr(ys p(y) = >’ - tr(ys ¢’ pry).
IJ
Note that if |I| # 0, then 2/ = 0 because we evaluate = at zero. Hence the trace of

p(y) is

tr(ys p(y) = Y -tr(vs ¢’ - pos).
J

By lemma 5.22 it follows that tr(ys ¢’ - pry) = 0 if |J| # 2n. The only non-
vanishing multi-index of J is (1,2, ...,2n). The same lemma states that tr(vysc(:2").

Pr,,...2n)) = (=)™ tr(pr,a,..2n)) and we conclude
tr(vs p(y)) = (—1)" tr(po, ... 2n))-

The trace over the constant part of the Getzler symbol equals

tr(03,(p) = Z tr(e’ @ da’ @ prs)
I
1]=0
\I]+]7]=2n

=tr(p,(1,2,...,2n)) dat Adz? A ... Adz™

and so tr(y5p(y)) = (=) tr(a3, (p))- m

We finally have all the ingredients to prove the Atiyah-Singer index theorem.
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Theorem 7.27 (Atiyah and Singer [1968]). Let S — (M, g) be a Clifford bundle
on a compact oriented n-dimensional Riemannian manifold M. Let D be the Dirac
operator. If S is canonically graded, then the index of D is the integral over the
n-form part of A(TM) A ch™!(S). That is,

Index(D) = / A(TM) A ch™(S).

Proof. By Theorem 4.17 each Dirac operator has a unique heat kernel k! € I'(SXS)
such that the corresponding smoothing operator e~ tP? satisfies (% + Dz)(f“)2 = 0.
From Proposition 5.10 we know that the composition between the canonical grading
operator 5 and the operator e~tP” is traceclass and its trace equals

Tr(rse—tP%) = / (s ) Vollg),

The McKean-Singer formula states that the trace of vz P

and we conclude

equals the index of D

Index(D) = / y tr(yski(x, z)) Vol(g).

Now Theorem 4.13 states that k; has a formal solution We‘r2/4t >, t'®;. Because

Index (D) is independent of the choice of ¢, all t-dependent terms in (47rt1)"/2 e /4 ot

will vanish and so

V5P s2(x, x)) VOl(M)  if nis even

_1 tl"(
I D) = { (4mn/? fyeM
ndex(D) { 0 if 1 is odd.

By definition A(TM) A (:Ahrel(S) is an element of H*"(M) ® C. Hence if n is odd,
then the n-form part of A(TM) A ch™(S) is zero and we conclude

Index(D) = / A(TM) A ch™(S).

Now assume that n is even. By Lemma 7.26 the index of D equals

Index(D) = W /M (0 (By)2)).

125



Andries Salm 7. Symbol Calculus

According to Proposition 7.24 the constant part of the Getzler symbol o (®,,/2) equals
the n-form part of

det /2 (ﬁﬁﬂ)) exp(—F5).

where R is the Riemann curvature and F° is the twisting curvature. Up to the
constant 22 x (27i)™/? this equals the n-form part of A(TM) A ch™(S) and we
conclude

Index(D) = / A(TM) A ch™(S)

for all n € N. O

7.5 Final remarks

In the previous section we finally concluded the proof of the Atiyah-Singer index
theorem. For this we required that the manifold was compact. There is a version
of the index theorem that does not require compactness. It is the local Atiyah-Singer
index theorem and it states that for a Clifford bundle S on a (non)-compact oriented
Riemannian manifold (M, g) the formal solution of the heat equation k; satisfies

Pi% tr(vyske(z, ) - Vol(M) = A(TM) A ch™(S) (7.8)

for all x € M. Compactness was needed to show the existence of the heat kernel and
the existence of the trace. In the local index theorem we only take the trace over a
fiber and hence the trace is well-defined. For a non-compact manifold it is uncertain
if the heat kernel exists. However, there always exists a unique formal power series.
The limit lg% k; denotes the constant part of this formal power series and so Equation

7.8 is well-defined. Therefore, the given proof of the Atiyah-Singer index theorem also
proves the local version.

Notice that the local index theorem extends the Fujikawa method for Abelian chiral

anomalies to curved spacetime. Indeed, we regularize the Jacobian J = exp(—2i Tr(y5))
of Equation 3.3 as

logJ = — 22'/ Tr(vs ak(z, ) Vol(M)).
zeM
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By the local Atiyah-Singer index theorem this equals
logJ:—Qi/ a- A(TM) A ch™(8S).
zeM
By requiring that the curvatures are rapidly decreasing the Jacobian converges.

Also the non-Abelian chiral anomalies can be related to the Atiyah-Singer index the-
orem. Using a technique called descend equations(Stora [1985], Zumino [1983],
Zumino et al. [1984], Zumino [1985]) one can relate the non-Abelian chiral anomaly
in n dimensions with the Abelian chiral anomaly in n 4+ 2 dimensions. This technique
is heavily based on Poincaré lemma and variational calculus. It can be formalized in
K-theory and and the resulting theorem is called the family index theorem. For more
information on descend equations see Bertlmann [1996] and for more information on
the family index theorem see Berline et al. [2004].
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Glossary: Differential geometry for physicists

There is a joke that " differential geometry is the study of properties that are invariant
under change of notation” (Lee [2013]). This is especially true when we compare the
notation in Riemannian geometry and gauge theory. If one is familiar with general
relativity and field theory, then one has already seen many of the constructions used
by mathematicians. So in this chapter we will translate the language used by mathe-
maticians into the language used by physicists.

If one is already familiar with differential geometry, one can safely skip this chapter.

In this chapter we assume that M is a manifold, and we denote x as a point on
M. In general we don’'t assume that M has a metric g. If we have an Euclidean
metric g we call M a Riemannian manifold. For an Minkowski metric g we say
that M is Pseudo-Riemannian. On a (Pseudo)-Riemannian manifold we often write
the integral [, f(z)\/gda'...da"™ as [,, f(z) Vol(M). We say that Vol(M) is the
Riemannian volume form.

Sections and fields

Vector fields is important in particle physics and in geometry. We see however that
there physicists and mathematicians use them for different purposes and so use dif-
ferent notation. In physics we use fields to model the reality and we compare these
models with experiments. To calculate comparable results we always need expressions
in local coordinates. In geometry we study the global properties of vector fields and
so we often prefer index-free notation. So if physicists denote a vector field they just
write down A*(x) and say " A*(z) is a field". Mathematicians on the other hand
write down A € T'(T'M) and say " A is a section of the tangent bundle" .

An example of a vector field is given in Figure 6. Note that the vector field assigns
each point of the manifold exactly one vector. Also note that each vector lies in a
different vector space. Therefore we consider vector bundles: |f we have for each point
x € M a vector space E,, we call the collection of all these vector spaces a vector
bundle!’. The collection of all tangent spaces is an example of a vector bundle. We
call this bundle the tangent bundle and we denote it as 7M. To emphasize the de-
pendence of M we often write £ — M for a vector bundle over M.

When we consider the tangent bundle T'M of M we often consider one tangent space

" There are also some smoothness and compatibility requirements.
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T.M of M at x. This principle we can generalize to vector bundles. Each single
vector space E, inside of the vector bundle £ = {E,} is called a fiber of £ at x.

Figure 5: An example of a vector bundle is the tangent bundle. It is the collection of
all tangent spaces. A single vector space inside of a vector bundle called a fiber. So
the blue tangent space depicted is an example of a fiber in a vector bundle.

A synonym for a vector field is a section. A section of a vector bundle £ — M is a
function that assigns each point x € M a vector of E,. This requirement is needed
because we want that each base point obtains exactly one vector. We denote the
space of all section of E as I'(E). We use this notation often in this thesis, because
with a few symbols we can explain the whole structure of a vector field. For example,

if you want to explain the electromagnetic four-potential A* in seven characters you
just write"A € I'(T'M)".
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Figure 6: An example of a vector field on a sphere. Notice that every basepoint has
exactly one vector attached to it. Another word for a vector field is a section.

We can also generalize the concept of bases of vector spaces to vector bundles. If
we have a collection of vector fields which uniquely span all vector fields we call such
collection a frame. For example the vectors {;2:} span the tangent spaces, but also
defines local vector fields. Hence, {a%} is a local frame of T'M.

There is a trivial method to create a vector bundle from a vector space V. Just create
a copy of V for each point x € M and bundle them in a set. Vector bundles that
can be created this way are called trivial vector bundles. For example, A real scalar
field is related to the trivial vector bundle M x R.

Must constructions we use to create new vector spaces from old ones we also can use
to create new vector bundles. For example given a vector space we can consider the
dual space, namely we can consider the space of bras instead of the space of kets.
Hence if E' = {E,} is a vector bundle then the bundle of dual spaces is also a vector
bundle. We denote this vector bundle as E*. Tensor products and direct sums are
also constructions we generalize to vector bundles. In table 6 we give some examples
of such constructions we show where they are used in physics.
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Type Field Section of Alternative nota-
tions
Real scalar field o MXR (M x R) =C>®(M)
Complex scalar field o MxC F(MxR) =C*(M)®
C
Real vector field ot TM
¢, T°M L(T*M) = QY (M)
Complex vector field ot TM®C
¢, T"MxC
Real gauge Field AL, T"M®g
Tensor field ™ TMTM

T, TM®TM TM ® T*M =
End(TM)

T,, T*M®TM

Antisymmetric tensor field | F**  TM ATM  A*TM

F. NT*M D(A2T M) = Q2(M).
€wps  AT*M D(AT* M) = Q4(M)
Classical Dirac field on R* | y#* R* x C*

Table 6: Examples of different fields and the common used notation.

Derivatives and curvature

In calculus we defined the derivative of a function f(z) at a € R as the limit

limx_,aM. For functions there is a canonical way to extend this definition

to manifolds. That is, we take the flow ¢, in a given direction v € T, M and we follow
it for a given t]ic[n)e JIE( )This gives us a point © = ¢,(a) € M. The derivative % is

defined as lin% —=——. However, on curved manifolds there is no canonical method
t—

to extend the directional derivative for fields. This is because there is no canonical
way to compare different fibers. See figure 7. In this paragraph we study different
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generalizations of derivatives on fields and we study which extra structure they require.

i
1
i
1
i
]
i
1
1
1
1
1
i

\
1
1
1
1
1
i

Figure 7: In this picture we see a manifold(blue line) and different vectors(red) in
a vector bundle. We cannot compare the vectors, because they are in a different
fibre(dotted line). So there is no canonical method to generalize the derivative for
sections on curved manifolds, because there is no canonical method to compare dif-
ferent fibers.

For vector fields on the tangent bundle there is a canonical derivative and it is called
the Lie derivative. For the tangent bundle we use the flow ¢; to identify different
fibers. Under this identification the Lie derivative of a field ¢ € I'(T'M) in the direc-
tionv € I'(TM) ata € M is lg% w Usually we write this as £, (7).

Note that v and v are the same type of field. To show this equal footing, one also
writes L, as [v,1]. This bracket is called the Lie bracket. It also behaves like a
bracket, because one can show that [v,¢] = —[),v]. In general the flow identifies
different fibers of the dual tangent bundle, but it also works for tensor bundles of T'M.
So for all these cases we can define an derivative and for all these cases we call it the
Lie derivative.

Another method to define the derivative on fields uses the Leibniz rule. Recall that
for multi-variable calculus, the Leibniz rule reads

0 . af og

—(f =G
forall f e R* - R, g € R* — R™ and v € R™. A covariant derivative on a vector
bundle E is a map which maps a vector field of "M and a section of E to a section
of E such that the Leibniz rule holds

0
Vuf o) =f Va2

pETAE
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It must also be linear in the following way:

vv(@bl + 1/}2) = Vv(wl) + vv(@bQ)
Vot @ = Vb + (@) - Vi, (7.9)

As you see we usually denote the vector field of T'M with a subscript.

In gauge theory the covariant derivative is defined such that it acts covariant under
gauge transformations. However, it also satisfies the properties listed above. There-
fore, the covariant derivative in gauge theory is an example of a covariant derivative.
Another example is the Levi-Civita connection. It is the unique covariant derivative on
TM such that it is compatible!® with the metric and torsion free!®. A non-example
is the Lie-derivative on vector fields. Indeed, for any smooth map f € C*(M) and
vector fields u,v € I'(M), we have

Cfuv:—ﬁv(f-u)
=—0yf - u—f-Lyu
=—0uf -u+ f-Lyv.

This does not satisfy condition 7.9. Another word for the covariant derivative is a
connection. Both words are frequently used in this thesis.

For a given connection V: I'(E) — I'(F ® T*M) we define the curvature tensor
Kel'(T"M @ T*M ® End(F)) as

K(u,v) = VyVy = VoV — V-

In local coordinates the term V|, vanishes and is usually omitted in physics litera-
ture. However due to this term, the curvature tensor doesn't acts like a differential
operator but acts tensorial.

At last we introduce the exterior derivative. This derivative makes use of the fact that
antisymmetric tensor fields forms a Grassmann algebra where fields on T*M are the
Grassmann numbers. In mathematics this algebra is more commonly known as the
exterior algebra on forms and it is defined as follows: Let ¢ be am antisymmetric
(0, k)-tensor field and let ¢ be am antisymmetric (0, m)-tensor field. The wedge
product ¢ A 1) is an antisymmetric (0, k + m)-tensor field. Up to an constant it is

BThat is L,g(v,w) = g(Vyv,w) + g(v, Vyw) for all u,v,w € T(TM)
YThat is Vv — Vyu = [u,v] for all u,v € T(TM).
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the graded sum of all permutation of the indices. For example if ¢ is a (0, 2)-tensor
field and ¢ is a (0, 1)-tensor field, then

1
(@A w)ﬂl/ﬂ = 5(‘25;”/7/’/) + GupVpu + Gputhv—
_Qbuuwp - Q%ﬂ/fu - %p%)-

By direct calculation we can check that ¢ A ¢ is antisymmetric in its indices and that
d AN = (=1)¥ A ¢. So the wedge product defines a Grassmann algebra on the
antisymmetric tensor fields. Usually the space of antisymmetric (0, k)-tensors is de-
noted by I'(A*T* M) or QF(M). Antisymmetric (0, k)-tensors are also called k-forms.

Notice that QY(M) is just the space of smooth functions and Q!(M) is the space of
vector fields. The exterior derivative for a function f € Q°(M) is the unique dual
vector field d f: I'(T'M) — C*°(M) such that d f(v) = % (Compare this to the
definition of the variational derivative). Hence, d is a map from Q°(M) to QY(M).
We extend d to a map from QF(M) to Q*1(M) using the following rules:

o dod: QF(M) — Q¥2(M) =0 Vk € N
o d(anp) = (da)AB—(~1)aA (dB) Yo € QF(M), B € Q™(M).

The exterior derivative is related to the Lie derivative by the use of the interior
product. This is a map ¢: T(T M) x QF(M) — QF~1(M) which reduces a form with
one degree. For a (0, k)-tensor field 7" it is defined as

([/,LLT)upU... = T,uz/pa...-
Cartan showed that the Lie derivative can be expressed as
L,=1t,d+dy,.

This result is called Cartans magic formula.

Topology of vector bundles

As mathematicians we often ask the question: "How can we tell two spaces apart?”.
One of the main theorems in differential geometry is that the exterior derivative can
be used to discriminate different manifolds. First we recall this result and then we
explain how this is relevant for physics.
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Figure 8: How to transform a coffee mug into a donut (Commons [2007])

Before we know the difference between manifold we need to know when they are the
same. There is a saying that for a mathematician a donut and a coffee mug are
equal. How weird as this sounds but if the mug was not baked then the mag can be
continuously molded into a donut. That is, it can be molded without tearing, gluing,
creating holes or closing holes. This is shown in figure 8. We say that if two spaces
are equivalent up to continuous deformation they are homotopy equivalent.

Look at figure 9. We added a subscript to the exterior derivative to keep track of the
vector spaces it acts on. So dj_; is a map from Q*~1(M) into QF(M). It doesn't
necessary mean that the whole space Q¥(M) is reached. We call the subspace in
QF(M) that is is reached the image of d;_; and is denoted by Imd;_;. In figure 9
the images are depicted as red squares. The blue square represent the kernel of d.
It is the subspace in Q%(M) that is mapped to zero by d;. and we denote it by ker dj.
Because did,_1 = 0, the image always lies inside of the kernel. That is, the red square
lies inside the blue square. The part of the blue that is not covered by the red square
is called the k-th cohomology class. We denote this by H%,(M). The collection of
all Hy,(M) is called the de Rham cohomology. Formally H%,(M) is a subspace
of ker d;, that is orthogonal to Im dj_;.

One of the main theorem in differential geometry is that cohomology is invariant under
continuous deformations. That means that if two spaces are homotopy equivalent,
then they must have the same cohomology classes. So if the cohomology classes
differ, then the manifolds must differ.

Also vector bundles can be characterized using differential operators. For this we
don't use the exterior derivative but the curvature tensor. The idea is that from
the curvature tensor we create elements in H3j,(M) called characteristic classes.
These classes don't depend on the choice of connection and so it only depends on the
shape of the vector bundle. This plays an important role in the study of anomalies.
Indeed, anomalies are given in terms of characteristic classes. For example, the abelian
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QL) L k(M) QFL(M)

Figure 9: In this image the red squares represents the image of the exterior derivative.
The blue squares represent the kernel of d. Because d*> = 0, the image always lies
inside the kernel.

anomaly is proportional to
P Tr(FuFpo).

This is proportional to the second Chern class. So the shape of the vector bundle
breaks the classical conservation laws. More details on characteristic classes can be
found in chapter 6.
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Appendix: Source code

In this chapter we add the source codes we used to do the nasty calculations. We
performed the calculations using FORM from Vermaseren [2000].

*FH—;

*

x Define global variables
*

Indices ml, ..., mlO0:;
Indices x1, ..., x10:

Functions gb, g;
CFunction ep(a);

Symbol i;

Symbol z1,..., z10;

.global

*

* Give an explicit expression for D"2.
* The results are hardcoded later.

*

Symbol M,;

Functions D1, D2, d;
Functions Pp, Pm;

Functions V,A, dA, dV:
CFunctions k:

* D
Local exprl = 1/M"2 % (g(ml) % D1(ml) *x g(m2) x D1(m2));

x Dbar
Local expr2 = 1/M"2 x (g(ml) % D2(ml) *x g(m2) x D2(m2));
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* Give definition of D and D Bar
Id D1(x1?) = d(x1) — i % V(x1) + A(x1) % g5;
Id D2(x1?) = d(x1) — i % V(x1) — A(x1) % gb;

x Reorder Clifford Multiplication
repeat;

Id d(x17?) x g(x27?) = g(x2) x d(x1);
Id V(x1?) % g(x2?) = g(x2) x V(x1);
Id A(x1?) x g(x27?) = g(x2) x A(x1);
Id g(x1?) = gb =— gb * g(x1);

Id A(x1?) % gb = gb * A(x1);

Id V(x1?) %= gb = gb * V(x1);

Id d(x17?7) % gb = g5 * d(x1)

Id gb = gb = 1;
endrepeat;

x Pull e™{ikx} through expression
Ild d(x1?) = d(x1) + i * k(x1) = M;
Id i"2 = —1,

x Write clifford multiplication using commutator and anticommutator
Id g(x17?7)*xg(x2?) = d_(x1,x2) + 1/2 % (g(x1)xg(x2) — g(x2)xg(x1));
Id g(x1?)xg(x2?)xd(x2?)xd(x1?) = g(x1)xg(x2)*d(x1)*xd(x2);

* Take derivatives

repeat;

Id d(x1?) x A(x2?) = dA(x1,x2) + A(x2) * d(x1)
Id d(x1?) % V(x2?) = dV(x1,x2) + V(x2) * d(x1)
endrepeat;

% Print answer

Sum ml, ..., mlO;

Bracket M, g, g5b;

Print:
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.store
Symbols s,t M;

*
x Calculate the Bardeen Anomaly
*

Functions Xa, Xb, Ya, Yb;

Set spacelndOdd: ml,m3,m5,m7,m9;
Set spacelndEven: m2,m4,m6, m8, ml0;

Functions Xal, ..., Xa4;
Functions Yal, ..., Ya4;
Functions Xbl, ..., Xb4:
Functions Ybl, ..., Yb4:
Set gFields:
Xal, ..., Xa4,
Xbl, ..., Xb4,
Yal, ..., Ya4,
Ybl, ..., Yb4;

Functions gField;

Functions V, A, d:
Functions dA, dV:

Functions F,G;
CFunctions k;

*
x Expand Exp (Xa/M"2 + Ya/M) + Exp (Xb/M*2 + Yb/M)

*

Global expr = t/2 % gb x M"4 x (1+
#do a =1, 5

+1

#do b =1, ‘a’
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* (Xa(spacelndOdd['b’'], spacelndEven['b’'])/M"2
+ Ya(spacelndOdd['b’'], spacelndEven['b’])/M)
#enddo
/ fac_('a’")
#enddo
) +
t/2 x gh x M™4 x (1+
#do a =1, b5
+1
#do b =1, ‘a’
* (Xb(spacelndOdd[‘'b’'], spacelndEven['b’'])/M"2
+ Yb(spacelndOdd ['b'], spacelndEven['b’])/M)
#enddo
/ fac_('a’")
#enddo

)

x Consider only constant order in M
Id M*{-1} = 0;

x Write X = X1 + gb % X2 + g(mu) g(nu) X3(mu,nu)
* + g5 g(mu)g(nu) X4(mu,nu). Same for Y
Id Xa(x1?, x27) = Xal(x1,x2) + gb % Xa2(x1l,x2)
+ g(x1) % g(x2) x Xa3(x1l,x2)
+ g5 * g(x1) % g(x2) * Xad(xl, x2);
Id Ya(x1?, x27) = Yal(x1,x2) + gb * Ya2(x1,x2)
+ g(x1) % g(x2) % Ya3(x1l,x2)
+ g5 * g(x1) x g(x2) * Yad(xl, x2);

Id Xb(x17?, x27) = Xb1l(x1,x2) + gb * Xb2(x1,x2)
+ g(x1) % g(x2) x Xb3(x1,x2)
+ g5 * g(x1) x g(x2) * Xb4(x1l, x2);

Id Yb(x1?, x2?7) = Ybl(x1,x2) + gb * Yb2(x1,x2)
+ g(x1) % g(x2) % Yb3(x1l,x2)
+ g5 * g(x1) % g(x2) * Yb4(xl, x2);

x Order gamma matrices
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repeat;

Id gField?gFields x gb = gb *x gField;

Id gField?gFields(x1?) * gb = gb x gField(x1);

Id gField?gFields(x1?, x27) x gb = gb % gField(x1, x2);
Id g(x17?) x gb =— gb *x g(x1)

Id gb *x gb = 1,

Id gField?gFields *x g(x1?) = g(x1) *x gField;

Id gField?gFields(x1?) % g(x2?7) = g(x2) * gField(x1);

Id gField?gFields(x1?, x27) % g(x37?) = g(x3) x gField(x1, x2);
endrepeat;

« Fill in earlier results for Y

Id Yal(x17?,x27) = 2xd(x1)xk(x1)*xi + 2«V(x1)xk(x1);

Id Ya2(x1?7,x2?7) = 0;

Id Ya3(x1?7,x2?7) = 0;
( )

Id Yad(x17?7,x27) = — A(x1)xk(x2)*xi + A(x2)xk(x1)x*

Id Ybl(x17?7,x2?7) = 2xd(x1)xk(x1)*i + 2xV(x1)xk(x1);
Id Yb2(x17,x27?7) = 0;

Id Yb3(x17?,x27) = 0;

Id Yb4(x17,x27) = A(x1)xk(x2)xi — A(x2)xk(x1)x

Id 172 = —1;

x Perform K integration

Id k(x1?) % k(x27?7) = k(x37) x k(x47)
= (d_(x1,x2)x d_(x3,x4)
+ d_(x1,x3) x d_(x2,x4)
+ d_(x1,x4)x d_(x2,x3))/4;

Id k(x17?7) % k(x2?) * k(x37?) = 0;

Id k(x17?7) % k(x2?) = d_(x1,x2)/2;

Id k(x1?) = 0;

x Group gamma functions and remove odd gamma fields
Id gb * g(x1?) % g(x2?) * g(x37?) x g(x47?)
x g(xb?) x g(x67?7) *x g(x77?) x g(x8?) = gb(x1,x2,x3,x4,x5,%x6,x7,x
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Id g(x17?) % g(x2?) * g(x37?7) x g(x4?) x g(x57?)
x g(x67) x g(x77?) *x g(x87?7) = g(x1,x2,x3,%x4,x5,x6,x7,x8);
Id gb * g(x17?7) % g(x2?) * g(x37) % g(x47?)
x g(x57?) x g(x6?) x g(x7?) = 0;
Id g(x17?) % g(x2?) * g(x37?7) x g(x4?) * g(x57?)
x g(x67) x g(x7?) = 0;
Id g5 x g(x1?) % g(x2?) * g(x37)
x g(x47) x g(x5?7) * g(x67) = gb(x1,x2,x3,%x4,x5,x6);;
Id g(x1?) x g(x27?) * g(x3?7) x g(x47?)
x g(x57?) x g(x6?) = g(x1,x2,x3,x4,x5,x6);
Id gb * g(x1?) x g(x2?) x g(x37?7) * g(x4?) % g(x57) = 0;
Id g(x17) * g(x2?) * g(x37) x g(x4?) % g(x5?7) = 0;
Id g5 * g(x1?) % g(x2?) % g(x37) % g(x4?) = gb(x1l,x2,x3,x4);
Id g(x17?) % g(x27?) * g(x37?7) % g(x47?) = g(x1,x2,x3,x4);
Id gb * g(x17?) * g(x2?) % g(x3?) = 0;
Id g(x17?7) % g(x2?) * g(x37?) = 0;
Id gb * g(x17?) x g(x2?) = 0;
Id g(x1?) % g(x27?7) = g(x1,x2);
Id gb * g(x1?) = 0;
Id g(x17?) = 0;
Id gb = 0;

x Now simplify gamma expressions

repeat;

Id g(?pll, x1?7,x1?, ?pl2) =4 % g(?pll, ?pl2);
Id gb(?pll, x1?,x1?, ?pl2) =4 % g5(?pll, ?pl2);

Id g(?pll, x17,?7pl2 ,x27,x17, ?pl3) = — g(?pll, x1,?7pl2,x1,x2, ?pl3)
+ 2 % g(?pll, x2,?7pl2,7pl3);
Id gb(?pll, x17?,?pl2 ,x27,x17?, ?pl3) = — g5(?pll, x1,?7pl2,x1,x2, ?pl3)

+ 2 % gh(?pll, x2,7pl2,?pl3);
endrepeat;

repeat;

Id gb(x17,x27) = 0;

Id gb(x17?7,x27,x3?7,x47) = 4 x ep(x1,x2,x3,x4)/t;
endrepeat;
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x* Fill in earlier results for X
Id Xal(x17?,x27) = d(x1)*d(x1) — 2%V (x1)xd(x1)xi
— V(x1)xV(x1) — A(x1)xA(x1) — dV(x1,x1)xi;
Id Xa2(x17?,x2?) = — V(x1)*A(x1)*i + A(x1)xV(x1)*i + dA(x1,x1);
Id Xa3(x1?,x27?7) = — 1/2xV(x1)*V(x2) + 1/2xV(x2)*V(x1)
— 1/2%A(x1)*A(x2) + 1/2xA(x2)*A(x1)
— 1/2%dV(x1,x2)*i + 1/2%dV(x2,x1)x*1i;
Id Xad(x17?7,x27) = — 1/2xV(x1)*A(x2)xi + 1/2xV(x2)*A(x1)x*i
— A(x1)*d(x2) + 1/2x%A(x1)*V(x2)*i
+ A(x2)*d(x1) — 1/2%A(x2)*V(x1)*i
+ 1/2%xdA(x1,x2) — 1/2xdA(x2,x1);

Id Xbl(x17,x27) = d(x1)*d(x1) — 2%V (x1)xd(x1)xi
— V(x1)xV(x1) — A(x1)xA(x1)

— dV(x1,x1)x*i;
Id Xb2(x17?7,x2?) = V(x1)*xA(x1)*xi — A(x1)xV(x1)*i — dA(x1,x1);
Id Xb3(x17,x27) = — 1/2xV(x1)*V(x2) 4+ 1/2%V(x2)*V(x1)

— 1/2%A(x1)*A(x2) + 1/2xA(x2)*A(x1)
— 1/2%dV(x1,x2)*i + 1/2%dV(x2,x1)*i ;
Id Xb4(x17?7,x2?) = 1/2«V(x1)*xA(x2)*xi — 1/2xV(x2)*A(x1)x*i
+ A(x1)*d(x2) — 1/2%A(x1)*V(x2)*i
— A(x2)*d(x1)+ 1/2%A(x2)*V(x1)*i
— 1/2%dA(x1,x2) + 1/2%xdA(x2,x1);

* Take derivatives

repeat;

Id d(x1?) x A(x2?) = dA(x1,x2) + A(x2) * d(x1);
Id d(x17) x V(x2?) = dV(x1,x2) + V(x2) * d(x1);
Id d(x17?7) = dA(x2?, x3?7) = dA(x2,x3) * d(x1);
Id d(x17?7) % dV(x2?, x3?7) = dV(x2,x3) * d(x1);

endrepeat;
Id d(x1?) = 0;

* Rewrite in terms of Bardeen Curvatures

Ild dA(x17,x27) = 1/2 % (G(x1,x2) 4+ i * V(x1)xA(x2)
— i *A(x2) x V(x1) + i*A(x1)xV(x2)
— i *V(x2) x A(x1));

Id dV(x17?7,x2?) = 1/2 = (F(x1,x2) + i *V(x1)xV(x2)
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* Return result

Sum ml,... 6 ml0;
Bracket ep, g, gb;
Print;

.store ;

.end
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