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Abstract

Using a Kaluza-Klein reduction, we determine the bosonic part of the d = 4, N' =1
effective theory resulting from the ten-dimensional Type IIB supergravity action on
a general compact Calabi-Yau orientifold, allowing for O3/O7-planes. Including a
single spacetime filling D7-brane wrapped on a four-cycle, we consider the low-energy
limit. We do not specify a specific orientifold or four-cycle on which the D7-brane is
wrapped. However, using the general geometry of these objects, we give a detailed
discussion regarding how to construct the N' = 1 gauge kinetic coupling function.
In doing so, we extensively carry out the dualization procedure for the gauge fields,
giving a clear outlook of how one should handle this technical aspect. By taking
into consideration the Wilson line moduli arising from the higher-dimensional gauge
vector on the brane, we obtain mixed kinetic interactions between the bulk and
the brane gauge vectors. Furthermore, these Wilson lines give rise to an additional
term in the D7-brane gauge interaction. We will emphasize on how the addition of
Wilson lines alters the gauge kinetic coupling function and discuss how this effects
its holomorphic property. As imposed by the N' = 1 supersymmetric representation,
we show that indeed the bulk gauge coupling function is holomorphic in the chiral
superfields. As a new result, we will show via M-theory that the mixed gauge kinetic
coupling function is holomorphic in the complex structure moduli. As of yet, this
result has not been presented anywhere in the academic literature. In addition, we
argue the existence of two specific relations which together imply that the D7-brane

gauge kinetic coupling function is holomorphic in the N'= 1 coordinates.
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Chapter 1
Introduction

The first section of this chapter is devoted to family and friends, to provide them
with a brief historic introduction leading to what motivates this field of research. We
continue with the main fundamentals underlying this thesis in string theory. After
discussing the basic principles, we highlight how our work relates to other studies
and comment on the setup we will analyze. Emphasizing on the aim of the research,

we will briefly discuss our strategy. We conclude with the organization of this study.

1.1 A look back in history

For centuries, mankind has been intrigued by the world around us. Observing and
learning from physical phenomena, theories have been developed. Starting in ancient
Greece, where Plato and his student Aristotle laid out the basic principles of physics.
It was Aristotle who first wrote down the thought that physical phenomena should
lead to the laws of nature governing them. Hence, studying these observations could
lead to discovering these laws. A field of study that he referred to in his work as
“physics”. The theory he developed contained the four elements; earth, air, water
and fire, with which he attempted to explain phenomena like motion and gravity.
Until the end of the Medieval Period Aristotle’s work remained the mainstream the-
ory in Europe. But approaching the era in which Galileo Galilei and thereafter Isaac

Newton came into the picture things started to change.
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Inspired by Nicolaus Copernicus’ thoughts about the heliocentric model of the Solar
System that the Earth revolves around the Sun, Galileo attempted to mathemati-
cally describe motion not only to support heliocentrism, but also other mechanical
experiments. At the age of only 19, he discovered how the period of a pendulum
is independent of the amplitude of the swing. Other experiments, enlightened how
the path of a projectile is shaped in the form of a parabola or that the velocity with
which bodies fall is not proportional to their weights. The experiments Galileo car-
ried out and the results obtained were so contradictory to the theory Aristotle had
developed, that a completely new theory of physics arose. This was the starting point
of Newtonian mechanics, also known as classical mechanics, a theory which describes
the macroscopic motion of objects, funded by Newton’s laws of motion. On top of
that Newton started an entirely new field within mathematics called calculus, which
is still one of the most known and commonly used branches of mathematics today.
It is a long way from this changing point in physics that Newton and Galilei created
to the modern physics studied today. A journey that is an extraordinary intellectual
achievement to which several great researchers have contributed. To mention only
a few of the most memorable findings; it was Michael Faraday who discovered the
electromagnetic induction in 1831 or Wiliam Thomson, better known as Lord Kelvin,
who formulated the first two laws of thermodynamics. Not to mention James Clerk
Maxwell who was able to mathematically substantiate the experimental observations
of Faraday and lay the foundation for electromagnetism. This theory, with in par-
ticular the establishment of the speed of light and the symmetry transformations
of Maxwell’s equations, led Albert Einstein to the development of special relativity,
which he later extended to general relativity. Einstein is probably the most known
scientist that has ever lived. In 1930 he began his work on a so-called unified the-
ory. Just as Maxwell had provided a framework that unifies electric and magnetic
phenomena, Einstein was convinced that gravity could be unified with the electro-
magnetic force, leading to a theory of all fundamental forces. He spent the rest of his
live chasing this unified theory.

Nowadays, this hope of finding a “theory of everything” that constitutes a framework
for all fundamental forces is still shared. However, instead of only considering gravity
and the electromagnetic force, we have included the weak and strong nuclear interac-
tions as fundamental forces. Hence, adding up to four fundamental forces, the three

gauge interactions; the electromagnetic, weak and strong force are already brought
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together in the same framework of quantum field theories. Even more, the Standard
Model of particle physics unifies the electromagnetic and the weak force, which in
itself is an extraordinary accomplishment. The experimental evidence underlying this
theory has so extensively been tested at the LHC that the success is compelling.
The downside of all this is that the mathematical framework that has been proven so
suitable at the subatomic scale to develop these quantum field theories is not applica-
ble to the gravitational force. This is mainly due to the fact that the Einstein-Hilbert
action is non-renormalizable. Even though the principles of quantum mechanics have
not yet been reconciled with the gravitational force, Einstein’s general relativity does
provide a very well tested theory, on length scales of the Solar System, describing
gravity. Though it cannot be completed to a theory of quantum gravity. In principle,
any consistent quantum field theory that reduces to general relativity in the classical
limit would qualify for a theory of quantum gravity.

One can imagine that combining two theories, of which on the one hand one describes
phenomena on subatomic length scales (~ 107m) at the LHC, while on the other
hand the second describes observables at the scale of the universe (~ 10*'m), can
be quite a tough task. However, despite all struggles yet to be overcome one of the
leading candidates for setting a framework containing all four fundamental forces is

string theory.

1.2 The basic concepts of string theory

The underlying fundamental thought behind string theory is quite elegant. Instead of
considering interacting particles as points, we consider interacting strings propagating
through space and time. The spin-2 metric field associated with the graviton is one
of the infinitely many string excitations. This graviton is the elementary particle
that mediates the gravitational force. All particles observed in nature should arise
via the same mechanism in string theory. At low-energy scales string theory can
be described as a field theory called supergravity. The two essential ingredients of
supergravity are gravity and supersymmetry. In physics, two classes of particles are
distinguished. An elementary particle can be either a fermion or a boson. Fermions

are half-integer spin particles, which are described by spinors in relativistic field
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theories and cannot occupy the same quantum state. These particles constitute all
matter we know of. Fields of integer spin describe bosons. These in contrast have
the property that they can occupy the same state. Bosons are the mediators of
forces. Supersymmetry relates these two classes in a one-to-one correspondence such
that each fermion has its bosonic superpartner and vice versa. The superpartner
of the graviton is the Spin—% particle named the gravitino. The number of copies
of this gravitino in a supersymmetric theory is denoted with A'. This contributes
to the number of supercharges, which is determined by multiplying the number of
degrees of freedom of a d-dimensional spinor by N. Therefore, every supergravity
is characterized by two things; the number of dimensions of the theory d and the

number of copies of the gravitini N.

In this thesis we consider the low-energy description of string theories which gives
rise to higher-dimensional supergravity actions. More specifically, we will discuss the
ten-dimensional Type IIB superstring theory and the eleven-dimensional supergrav-
ity action following from M-theory in the low-energy limit at weak string coupling.
We will restrict ourselves to the bosonic fields since supersymmetry relates this part
of the theory in a one-to-one correspondence to the fermionic part of the action.
Instead of only including the one-dimensional strings, one could also wonder about
including higher-dimensional generalizations of the string. These dynamical objects
are called Dp-branes, which are (p+1)-dimensional hypersurfaces embedded in the
higher-dimensional theory. They couple to the Ramond-Ramond p-form potentials
C® . A p-form is an antisymmetric tensor forming a linear map from p vectors to
the real numbers.

However, there is a mismatch between these higher-dimensional theories and the
world we observe around us, since we only see three space dimensions and one time
dimension. Nonetheless, that we do not observe any other dimensions does not nec-
essarily mean they are not present. A thought of Kaluza [I] was to introduce a fifth
dimension, which is so small it cannot be detected with the current accessible en-
ergies reached in modern day physics. This proposal seemed conceivable to Klein,
who five years later in 1926 made an attempt to further elaborate on the idea [2].
The term Kaluza-Klein compactification is a widely used technique in string theory,
which suites as a strategy to defend the unobservability of the extra dimensions and
which we will apply extensively throughout this work. Therefore, we now elaborate

on it.
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Lets say for the moment we start from a D-dimensional supergravity theory, from
which we seek to obtain the lower-dimensional effective field theory. The equations
of motion, for a p-form potential with field strength F®*1) = dC® following from

the higher-dimensional supergravity action of massless fields result in
ApC® =0, (1.2.1)

after gauge fixing. We denoted the Laplacian operator as Ap, acting on a p-form
in D-dimensions, which we will discuss in section 2.1.1] We consider our observ-
able four dimensions to be Minkowski spacetime. Therefore, splitting spacetime as
M p-1y(z,y) = R"(z) x Mp_4(y), with Mp_4(y) denoting the unobservable di-
mensions of a compact manifold expressed in local coordinates y, tells us that the
Laplacian operator decomposes as

AD == A173 + AD74- (122)

If we now also expand the p-form potential according to the decomposition of space-
time

P — Z AD(z) ABD(y)  with B (1.2.3)

q+r=p<D-1 T:p_37?p

in the forms A@ on Minkowski spacetime and B on the internal manifold, whose
dimensions are hidden, we obtain information about the mass of the effective lower-
dimensional fields

(A13AD (2)) A B (y) = =AW (2) A (Ap_a BT (y)). (1.2.4)

Recall from field theory that the mass of a field ¢(z) is given by A¢(z) = 0"0,¢(z) =
m?¢(x), therefore the mass of the lower-dimensional g-form potential field A@ is
reflected by . However, since the mass of even the lightest massive four-
dimensional fields is already of the order of the energy needed to measure the extra

dimensions (which are unobservable), only massless modes are kept in the reduction.
This means that the right hand side of ((1.2.4)) should vanish, which is exactly why
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we expand the higher-dimensional fields in harmonics on the internal manifold. We
will come back to this in section 2.1.1]

Shortly summarizing the above, when compactifying a theory from D to four dimen-
sions, the D-dimensional fields have to be expanded into the zero mode eigenfunctions
of the kinetic operator in the internal space, such that the effective lower-dimensional
fields are massless. The interaction coefficients in the effective theory between these
four-dimensional fields are determined by matrices resulting from the reduction of the
internal space. Therefore, the choice of this manifold one compactifies on is highly

non-trivial for the lower-dimensional effective theory obtained from the reduction.

What we did not take into account yet is how to cope with the (p+1)-dimensional
hypersurfaces, stretching over a submanifold of the higher-dimensional spacetime.
Since we will consider a spacetime filling Dp-brane, exactly (p-3)-dimensions of the
brane extend in the internal directions. Therefore, when compactifying this part of
the brane is wrapped on a cycle of the internal manifold. Thus, not only is the in-
ternal manifold crucial for the lower-dimensional interaction coefficients, but also for

the allowed subspace on which the brane can be wrapped.

A commonly used choice, which we will also work with in this thesis, is to preform a
Kaluza-Klein reduction on a Calabi-Yau manifold. In such a reduction, one expands

all N higher-dimensional gravitini 7 schematically according to

M
h=> mé&, (1.2.5)
=1

where M denotes the number of Killing spinors &; on the internal manifold and 7;
are the lower-dimensional gravitini. Therefore, it follows that the total number of
gravitini in the lower-dimensional theory is given by M - N.

Due to the property that a Calabi-Yau manifold allows for only one Killing spinor, the
lower-dimensional theory results in the same number of gravitini A as the higher-
dimensional theory started from. Thus, when reducing a N' = 2 supersymmetric
ten-dimensional theory on a Calabi-Yau threefold, supersymmetry is broken from
N =8 to N =2 in four dimensions.

Generally, including orientifold planes to a certain configuration of D-branes is re-

quired to cancel Ramond-Ramond tadpoles. The orientifold projection truncates the
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four-dimensional N’ = 2 sypersymmetric spectrum to A/ = 1 by keeping precisely

those states invariant under the projection.

1.3 The scope of the thesis

The amount of supersymmetry is an important phenomenological ingredient. With
the current developments in research, the most promising choice of supersymme-
try seems to be minimal NV = 1 supersymmetry in four dimensions. Even more,
extended supersymmetry in four-dimensional theories does not allow for observed
chiral fermions of the Standard Model [3, 4]. However, exact supersymmetry is not
a correct theory of nature. If supersymmetry exists as an exact symmetry we should
have already observed it in experimental data of particle physics. Though it may
be possible that supersymmetry is non-linearly realized (i.e. spontaneously broken)
in physics, meaning that it is spontaneously broken somewhat similar to the Higgs
mechanism. Quite some studies have yet exploited this field of research [5H8]. Specif-
ically within string theory, a promising set-up seems to be an orientifold bulk theory
with supersymmetry N’ = 1 and D-branes compatible to this supersymmetry. By
including background fluxes to the bulk, supersymmetry is sponteneously broken
[9HT5].

It is necessary to derive the lower-dimensional N' = 1 theory in the low-energy limit
in order to reliably deduce information about the supersymmetry breaking of such
a theory. Therefore, in this work we confine our attention to the d = 4, N' =1
low-energy supergravity action resulting from a Kaluza-Klein reduction on a general
Calabi-Yau orientifold of the democratic version of the ten-dimensional A' = 2 super-
gravity action of Type IIB theory at tree level. We work in the weak string coupling

limit, since we consider the tree level supergravity action.

Introducing D-branes to the theory can be studied from many different perspectives,
for instance to improve the relation between string theory and cosmology in which
branes have been incorporated to the theory to exploit cosmic inflation [I6H18]. From
the particle physics point of view, in general several spacetime filling D-branes are
positioned in such a way that certain particles arise, for instance to give rise to
models similar to the Standard Model [19-22]. If instead of a single spacetime filling
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D-brane, which gives rise to a lower-dimensional U(1) Abelian gauge theory, a stack
of N spacetime filling D-branes is included to the theory, the U(1) gauge group is
enhanced to a non-Abelian U(N) group. Thus, stacking spacetime filling D-branes
gives rise to non-Abelian gauge theories with charged matter multiplets. Whenever
the D-brane is wrapped on a cycle which allows for non-trivial one-cycles, Wilson line

moduli are added to the theory.

In this thesis we will cope with the perspective which improves the relation between
string theory and particle physics. For simplicity we consider a U(1) Abelian gauge
theory by including a single spacetime filling D7-brane that respects the supersym-
metry of the bulk, wrapped on a (2,2)-cycle of the Calabi-Yau orientifold. In terms of
the supergravity action, including a D7-brane implies including the Dirac-Born-Infeld

and the Chern-Simons action to the supergravity bulk part of the action
S = Spuk + Spsr + Scsp, - (1.3.1)

As stated before one has to include orientifold planes, to a certain configuration of
D-branes, to cancel Ramond-Ramond tadpoles [23H27]. Even though, in this work we
do take into account an orientifold projection, in this specific model the configuration
is not set in such a way that the orientifold and the D-brane cancel out each others
tadpoles. Nevertheless, we are interested in the orientifold projection due to the fact
that it reduces supersymmetry from N' = 2 to N' = 1 in the compactification on
the Calabi-Yau orientifold, which is preferred to obtain an effective theory closer to
the phenomenology of particle physics. To give an example, apart from the chirality
mentioned earlier, as the name already states the Minimal Supersymmetric Standard
Model is an extension to the Standard Model that realizes N' = 1 supersymmetry. It

constitutes a complete field of research [28-30].

In ad =4, N = 1 effective theory, the dynamics of both the gauge vectors aris-
ing from the brane and the Ramond-Ramond vector fields crucially depends on the
gauge kinetic coupling function. Inherent to the AN/ = 1 supersymmetry representa-
tion, the gauge kinetic coupling function should be holomorphic in the chiral super-
fields treated as complex variables [31]. The purpose of this work is to show that
the given set-up indeed yields a gauge kinetic function that is holomorphic in the

complex scalars arising from the bosonic part of the chiral multiplets.
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Without specifying the orientifold, apart from that it allows for O3/O7-planes, nor
the (2,2)-cycle on which the brane is wrapped, except that we assume it to include
non-trivial one-cycles, we will derive the gauge kinetic coupling function using the
general geometry of the manifolds. Very similar analyses have been performed in
[32, 33] or for D5-branes [34]. The work in [32] thoroughly carries out this derivation,
neglecting the Wilson lines arising on the brane. However, since the Wilson lines are
part of the N/ = 1 coordinates, the gauge coupling function should be holomorphic
in these as well. For this reason we will be particularly interested in how the addi-
tion of these scalar fields influences the gauge kinetic coupling function. Therefore,
we will derive the lower-dimensional theory resulting from our set-up in which we
emphasize on the parts of the reduction contributing to the gauge coupling. We will
stay close to the analysis performed in [32], but deviate from it towards the end of
the reduction in which we define the ' = 1 coordinates. The reason for this is that
the result for the gauge coupling function including the Wilson lines is stated at the
end of [32]. Though interestingly, they already mention the result does not seem to
be holomorphic in the chiral coordinates. As pointed out in [33] there seems to be
a mismatch regarding the Wilson line moduli, which is recovered at the open string
one-loop level [35]. In addition to this, there seems to be a second problem regarding
one of the derived N' = 1 coordinates. In the presence of Wilson line moduli, one of
these coordinates seems to be in conflict with the holomorphic property imposed by
supersymmetry. This has recently been pointed out in [36], where a set of slightly
different chiral coordinates is proposed. Therefore, in this thesis we will carefully try
to combine the knowledge of these recent studies to work towards the point of show-
ing that, in the presence of Wilson line moduli, the gauge kinetic coupling function

is holomorphic in the N/ = 1 coordinates.

Extensive discussions of the holomorphic property of the kinetic coupling among
the bulk gauge vector fields have yet been included in [32, 34]. Therefore, using an
appropriate set of N’ = 1 coordinates, our main attempt is to show the mixed gauge
kinetic coupling function and the gauge coupling amongst the D7-brane U(1) vectors

are holomorphic in the chiral superfields as well.

Our strategy will be to perform a Kaluza-Klein compactification on a Calabi-Yau ori-

entifold including a single spacetime filling D7-brane such that we reduce the Type
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1B supergravity action, yielding a d = 4, N' = 1 supergravity. Just as in [32] we will
take into account all terms up to second order in derivatives. By paying extra atten-
tion to those parts contributing to the gauge kinetic coupling function and extensively
performing the dualization procedure inherent to starting from the democratic ac-
tion, we carefully construct the gauge coupling function. We will discuss how the
addition of Wilson lines has altered the gauge coupling. As a new way of approach-
ing the objective, we will use an appropriate set of N'= 1 coordinates to express the
D7-brane gauge coupling function in terms of the chiral coordinates in an attempt
to manifestly show it is holomorphic. However, two mathematical identities should
hold in order to obtain this manifestly holomorphic result. We present a possible
approach to prove these equations, though we are unable to give a mathematically
correct proof.

Additionally, we briefly review the holomorphic property of the gauge kinetic cou-

pling function resulting from the bulk part of the action.

At last, to show that the mixed gauge kinetic coupling function is also holomor-
phic in the chiral superfields, we will shed light on this with an approach not yet
presented elsewhere. We take an alternative route via M-theory in the weak coupling
limit. Therefore, the reduction of M-theory on a general Calabi-Yau fourfold, lead-
ing to an N = 2 supersymmetric three-dimensional theory, is explained to obtain
the mixed gauge kinetic coupling function following from this theory. In order to
compare the result with the mixed gauge kinetic coupling function obtained from
the Type IIB compactification, we adjust the reduction performed for M-theory by
considering an elliptically fibered Calabi-Yau fourfold and the weak string coupling
limit when lifting to four dimensions, such that it suites our tree level Type IIB per-
spective. By showing the equivalence between the mixed gauge coupling obtained in
M-theory and the one obtained in Type IIB, in combination with the fact that the
mixed gauge kinetic coupling function is holomorphic in M-theory, we conclude it

must be holomorphic in Type IIB theory as well.
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1.4 The outline of the thesis

Specifically, the organization of this work is as follows. To become familiar with all
mathematical definitions and conventions we start with the main basic properties of
several manifolds in chapter Starting briefly with real manifolds in section [2.1
including the differential geometry defined on them explained in sections [2.1.1H2.1.3]
We will continue with complex manifolds in section 2.2]to build towards the Dolbeault
cohomology discussed in [2.2.1] which will be of importance for the dependence of
spacetime fields on the complex structure later on. After obtaining the basic notion
of a real and complex manifold we can move toward the Kahler and Calabi-Yau
manifold, respectively in sections and 2.4 Both will have an important role in
this work. We will compactify on a Calabi-Yau manifold in chapters ] and [0l But
before reaching the compactifications, first the moduli space of a Calabi-Yau threefold
is discussed in chapter [3, which contains the geometry of the manifold and splits into
two Kahler manifolds. We will elaborate on the Kahler class moduli space in section
3.1 and setup the framework for the complex structure moduli space in section [3.2]

In chapter [4] we define the orientifold projection and start the compactification of
the ten-dimensional N = 2 supergravity Type IIB action on a general Calabi-Yau
orientifold. Thereby, analyzing the N/ = 1 spectrum that results from the orientifold
reduction. In chapter |5 we extend this by including the D7-brane action up to tree
level and define the (2,2)-cycle on which the brane is wrapped. To reduce these terms
of the action we include the spectrum of the U(1) gauge vector on the brane and the
normal coordinates, since the brane itself is a dynamical object, in section 5.1, First
reducing the gauge vector part of the Chern-Simons action in detail in section [5.2]
whereafter briefly reducing the rest of the action including the Dirac-Born-Infeld
action in section [5.3] Since the considered supergravity action is formulated in the
democratic version, the duality relations have to be imposed upon the reduced action.
This dualization will be preformed in section [5.4. To eventually reach the conclusion
that the gauge kinetic coupling function is holomorphic in the chiral fields, we define
the N/ = 1 chiral coordinates and vector multiplets in section [5.5] after which we
give an argument showing the holomorphic property of the D7-brane gauge coupling
function. To show that the mixed gauge kinetic coupling function is holomorphic,
we first reduce M-theory on a general Calabi-Yau fourfold, in chapter [6] In order

to compare the the mixed gauge kinetic coupling function obtained from M-theory
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with the Type IIB result, we consider an elliptically fibered Calabi-Yau fourfold and
the weak string coupling limit when lifting to four dimensions, in chapter [7] In this
way we will show that the mixed gauge kinetic coupling between the bulk and the

D7-brane gauge vectors must be holomorphic in the chiral superfields.
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Chapter 2

Manifolds and differential

geometry

Laying part of the mathematical foundation, we will start this thesis with a general
introduction on certain types of manifolds and the differential geometry defined on

these manifolds. We will only consider smooth Riemannian manifolds.

2.1 Real manifold

A real n-dimensional differential manifold is a topological space that locally looks
like Euclidean space, meaning that coordinates and functions act in a similar way.
This does not mean the metric is the same. It should be possible to construct a
manifold by smoothly sewing together these locally flat regions, called patches. More
precisely, the union of patches, U;, is equal to the manifold, M. And every patch can
be mapped one-to-one on Euclidean space, ¢; : U; — R" such that ¢(U;) is open in
R™. The composite function, ¢; ;1’ of any two overlapping patches, U; N U; # 0, is
smooth.

Before going into detail about other manifolds, we first want to use this definition of
a manifold to introduce a special class of tensors defined on such a manifold known

as differential forms, accompanied with some properties.
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2.1.1 Differential forms

Differential p-forms are totally antisymmetric tensors of rank p, that form a linear
map from p vectors to the real numbers, at a certain point on a manifold M. The
definition of a p-form, C®) | in terms of local coordinates, {z*:}, on an n-dimensional
manifold M is given by [37, [3§]

CcWw — lo

. g AT A A At with pi=1,...n (2.1.1)

where A denotes the exterior product and we have used Einstein summation conven-
tion. Due to the antisymmetric property A® A B@ = (—1)PaB@ A A®) holds, and
the rank of two forms adds up.

Lastly, for the wedge product between two forms we use the convention

1
BPONCYD = —B, . Cp.\ o def A Adat Adafrt AL A et (2.1.2)

plq!
Exterior derivative

The exterior derivative, d, is an operator that maps a p-form to a (p+1)-form

1
do® = Haﬂlcu dat A ... A dabre, (2.1.3)

255 Mp+1

It is a nilpotent operator meaning that d*C'®) = 0 for any p-form. Furthermore, the

exterior derivative has the property
d(AP A BD) = dA® A B 4 (—1)P AP A dBW. (2.1.4)

With a closed form we mean a form C®) having the property dC® = 0 and a form

that can be written as C® = dD®=V is called an ezact form.

Interior product

The interior product or interior derivative is quite similar to the exterior derivative,

except that it has the opposite property of lowering the degree of a form by one.
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Therefore, the interior product ¢tx by a vector field X on the manifold M, is a map
from the space of p-forms on the manifold, denoted by AP(M), to the set of (p-1)-
forms on the manifold

tx 1 AP(M) — AP7H(M). (2.1.5)

The interior product relates the Lie derivative to the exterior derivative, and has a

similar property as the one given for the exterior derivative in (2.1.4))

1x(CP A B@WY) = (1xCPY A BW 4 (=1)PC®) A (1x B). (2.1.6)

Even more, by antisymmetry of forms we know that
Lxl,yc(p) = —LyLXc(p) (217)

for a p-form C®) and two vector fields X and Y on the manifold. Since the vector
field X with respect to which we take the interior product ¢x will play an important

role, we will emphasize it by denoting the interior product of a vector field X acting
on a p-form C® as X, CW.

Hodge star operator

Whenever the manifold allows for a metric, one can define the Hodge star operator, *.
This operator is not topological since it does not exist without a reference to a metric
on the manifold. It maps a p-form to an (n-p)-form on an n-dimensional manifold

with metric g,, as

% OP) = LC’ htrbp dz"»*t A LA dat, (2.1.8)

)| M1, 4p Vp+41,--yVn

g
pl(n — p)!

where ¢ is the determinant of the metric g,, and the Levi-Civita symbol is defined

as

+1 for py, ..., tn, even/odd permutations of 1,2,...,n (2.1.9)

E,ul,...,p,n -
0 else.
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Three important properties of the Hodge star operator defined on an n-dimensional

manifold, M, are

0 = 1, for a Lorentzian signature metric
f £ OB = (—1)plnpH ) & (2.1.10)

0 =0, for a Euclidean signature metric

1
/MO(p)A*D(”):H/MC’m7,,,7MPD“1"“7“P\/§d”x, (2.1.11)

and on a Cartesian product of manifolds Mp(x,y) = My(x) X Mp_4(y), the Hodge

star decomposition is given byf]
$p(Ag A By) = (=1)P"D(x4A) A (xp_aB,), (2.1.12)

where A, and B, are a g-form and a p-form on the manifolds My(x) and Mp_4(y),

respectively.

With the Hodge star operator in n dimensions, one can define the Hodge duality
Fetl) — g pln=p=l) (2.1.13)

since both field strengths, F®+Y) = dC® and Fr=p=1) — C("=2-)  describe the
same number of degrees of freedom. Therefore, the Hodge dual relates a p-form

n=2-p) in n dimensions. This is the

potential C® to a dual (n-2-p)-form potential C(
generalized version of the electro-magnetic duality which relates two vector potentials

in four dimensions.

Harmonic forms

At last, we can define the adjoint of the exterior derivative acting on a p-form on an
n-dimensional Riemannian manifold as d' = (—1)"»=D+! x dx. Analogously to what
we called a closed and exact form, we can define a co-closed and co-exact form as
d'C® =0 and C® = d' D@+ respectively. With this definition, we can state what

ITo differentiate between the Hodge star on the internal and external manifold, we use x and *,
respectively throughout the thesis.
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it means for a form to be harmonic. A harmonic form, C®, satisfies
AC®) =0 (2.1.14)
with the Laplacian operator
A= (d+d"?=dd" +d'd (2.1.15)

As a final remark, we want to state that a form is harmonic if and only if it is closed

and co-closed.

2.1.2 Cycles and chains

Given an n-dimensional manifold M, we can define the set of p-dimensional sub-
manifolds {I';}. A p-chain, a,, is defined as a linear combination of such a set of

p-dimensional submanifolds

ap = all, (2.1.16)

with coefficients ¢;. A p-form can be integrated over such a p-chain, which is defined

to be
/C@):ZQ/ O@’):Zci/ Pl . (2.1.17)
ap i F; A F;

Note that the form must be defined on the submanifold we integrate over, otherwise

the integral vanishes.

The boundary operator, 6, for chains is the equivalent of the exterior derivative for
forms. This operator maps a p-chain to a (p-1)-chain. Again we are dealing with a
nilpotent operator. A p-cycle is a p-chain, h,, without a boundary, hence éh, = 0.
What one would call a trivial p-chain, d,, is a p-chain that is the boundary of (p+1)-
chain, thus d, = da,+;. Note that even though the exterior derivative raises the rank

of the form, the boundary operator lowers the dimension of the manifold.
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2.1.3 (Co)homology

We have now build up the basics to be able to discuss what the p* cohomology
and homology groups of a manifold are. Starting with the p'* de Rham cohomology
group, we consider the quotient group of the closed p-forms modulo all exact p-forms

on a manifold M
{o@]dCc® = 0}

~ {DW[DW = JAP-D}’

HP(M) (2.1.18)

With this definition, an equivalence class of the p** cohomology exists of all closed p-
forms that differ from each other only up to an exact form, hence C® ~ C®) —qA®P-1.

Furthermore, the p™™ Betti number is given by [39]
W = dimH? (M), (2.1.19)

which is a topological invariant of the manifold M. For a compact manifold, the
Betti number is finite. Finally, the Hodge decomposition theorem states that every
p-form can uniquely be split into an exact part, a co-exact part and a harmonic part
D)

C¥) = dAP=Y 4 df B 4 D), (2.1.20)

Given that C® is closed, we obtain C® = dA®=Y 4+ D® and hence C® —dA®- =
D® | which we recognize as an element of the same equivalence class of the p™* co-
homology group that C® belongs to. Therefore, each equivalence class of the p'*
cohomology can be represented by a unique harmonic p-form. Thus, the p** Betti
number corresponds to the number of distinct harmonic p-forms that exist on the
manifold.

Now switching to what we call the p'* homology group, we consider the quotient
group of p-cycles modulo all trivial p-chains. Therefore, in complete analogy to the
p'" cohomology, the p* homology of a manifold M is defined as

p(M) _ {hp| 5hp = 0}

= 2.1.21
(] dy = ayr) (2.1.21)

with dimensions b, = dimH,(M ). Therefore, two p-cycles are in the same equivalence

class if they differ up to a boundary, meaning h, ~ h, — da,1.
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Poincaré duality

The fact that these two quotient groups are constructed with so much analogy, results
in a duality between both spaces, the so-called Poincaré duality. The de Rham’s
theorem states that there exists a isomorphism between the cohomology and the
homology group on a smooth manifold M. Due to this isomorphism, one can state
that for any basis of closed p-forms {CP*|k = 1,...,dimHP(M)} of HP(M) there
exists a basis of p-cycles {h}|k = 1,...,dimH, (M)} of H,(M) such that we can define
the period of C®* along a dual basis of p-cycles hﬁ,

/ cwk = gF, (2.1.22)
hp

which explicitly shows the one-to-one correspondence between both groups. Further-
more, the duality that maps H?(M) to H" P(M), due to the Hodge star operator,
ensures that for every basis of closed p-forms {C®*|k = 1, ..., dimH?(M)} of HP(M)
there exists a dual basis of closed (n-p)-forms {A" |l = 1,...,dimH"?(M)} of
H" P(M) such that

/ COF A AP — ok, (2.1.23)
M

Therefore, on a manifold M we also have
/ o _ / CW) A AP (2.1.24)
hy M

for the p-cycle h, C M that is related to the closed (n-p)-form A™~P) via the Poincaré
duality.

At last, with these dualities we are able to define an intersection number between a

p-cycle a, and an (n-p)-cycle d,,_, on a manifold M as
ay - dp_p = / DWW A A=) (2.1.25)
M

where D® and A P) are the dual forms of the cycles dp—p and ap.
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2.2 Complex manifold

In the previous section we gave a definition of a real manifold, on which we defined
differential forms, cycles and (co)homology groups. We could have done this equally

well for complex manifolds, on which we will focus in this section.

A complex manifold, M, is a manifold with 2n-dimensions which locally looks like
C™. It allows an indexed collection of charts (U;, f;) with U; C M and f; : U; — C"
a one-to-one map such that f(U;) is open in C". For any two overlapping patches
U;NU; # 0, the composite function f; f;l is holomorphic. This last demand is the
crucial difference with a 2n-dimensional real manifold, where a smooth map between
non-empty intersections of patches is sufficient.

Complex manifolds allow a complex structure on the manifold. A complex structure
is an almost complex structure which is integrable over the manifold. Therefore, we
discuss the latter. An almost complex structure, J, is a (1,1)-tensor field (a multi-

linear map from one vector and one 1-form to the real numbers) with the property
J?= -1 (2.2.1)
Locally this can be expressed as

T Ty = =6 for o, B,y =1, ..., 2n, (2.2.2)

«

which is used to construct the local complex coordinates on the manifold. Let z¢, y©
with @ = 1,...,n be a set of real coordinates on M, the locally defined complex

coordinates can be written as
2% =%+ jﬁo‘yﬁ. (2.2.3)

Now as mentioned above, this almost complex structure must be integrable in order to
have globally defined complex coordinates on the manifold. To meet this integrability

condition, the Nijenhuis tensor

N3 = 0nTi)T = E0T)) — (057977 = Ty 0,7 (2:24)
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must vanish. Given this condition, the (1,1)-tensor field J represents the complex

structure of the complex manifold.

2.2.1 Dolbeault cohomology

Similar to the cohomology group defined in section [2.1.3, one can define the so-
called Dolbeault cohomology (or O-cohomology) on a complex manifold using the
complex structure. Let M be an n-dimensional complex manifold (hence 2n real
dimensions), then one can always introduce a set of holomorphic/antiholomorphic
complex coordinates z*/ z% with o, 8 = 1, ..., n. Given this set of coordinates, we can
define a (p,q)-form on the manifold M as

P = € 5, A2 A Adz AdEP A LA dEP (2.2.5)

p!q!XOq 7777 anBl 7777

which is fully antisymmetric in both its p holomorphic indices and its q antiholomor-

phic indices. We now split the exterior derivative in two parts
d=098+0d with locally & = d2%9, and 9 = dz°83, (2.2.6)
such that the operators act on the space of (p,q)-forms AP?(M) on the manifold as
Q: API(M) — APTLA(D) and 0 API(M) — APITL(M). (2.2.7)

The notion of closed and exact with respect to these two operators 0,0, called the
Dolbeault operators, is in complete analogy to the exterior derivative. Both Dolbeault
operators are nilpotent.

As the name indicates, the (p+q)"* Dolbeault cohomology is defined with respect to

the operator 0
{CPa)| 9OPa) = 0}
- {D@2)| DPa) = 5A(p7q—1)}'

(2.2.8)

Thus, we consider the quotient group of closed (p,q)-forms with respect to the 0
operator, modulo the exact forms. The complex dimensions of these groups are
called Hodge numbers

hP1 = dimcHg’q(M). (2.2.9)
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Any form y®9 e BYY(M), where BZ“(M) denotes the space of O-closed (p,q)-forms
on the manifold M, can be written as Y9 = JaP4=1) 4 Y9 where P9 is an

harmonic form with respect to the operator
55" + 515 — L
Ay =00"+0"0 = §A. (2.2.10)

Therefore, any Dolbeault cohomology class can uniquely be represented by a harmonic
with respect to the operator Az. Note that the last equality of equation (2.2.10]) only
holds for compact Kéhler manifolds, which will be discussed in section

On a compact Kihler manifold, M, the k' cohomology and the (p+q)** Dolbeault
cohomology can be related, using ([2.2.10)

HYM) = € HEY(M). (2.2.11)

k=p+q

Therefore, a similar expression holds for the relation between the k' Betti number
and the Hodge numbers

N (2.2.12)
k

=p+q

These Hodge numbers are quite often arranged in a Hodge diamond which, using the
duality relations of this chapter and complex conjugation which relates the left side
to the right side, can be expressed as

h0,0
hl,O hl,O

p0 : : hm0 (2.2.13)

hl,O hl,O
h0,0

To conclude this section we want to end with how the interior product splits, simi-
lar to the exterior derivative (2.2.6)), when acting on a Dolbeault cohomology class.

Consider a vector field X on the manifold M which can be split into its holomorphic
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part and its anti-holomorphic part as
X=X+X. (2.2.14)

Then the interior derivatives of these parts can act separately on the space of (p,q)-
forms AP4(M) on the manifold as [40]

Ly s APIM) — APTN(M) and ug s APU(M) — APTN(M). (2.2.15)

2.3 Kahler manifold

With the construction of section [2.2] we are now at a point to define a Kéhler man-
ifold. A Kéahler manifold is a complex manifold that allows for a Hermitian metric.
Whenever a complex manifold also allows for a Hermitian metric, one can always
construct a symplectic (1,1)-form, using the complex structure. To show this, we

start from the Hermiticity condition on the metric written in local coordinates

af — Yap — 07
Jop = Jap ) (2.3.1)
Jop = T T3 Gye-
It therefore follows that one can construct the components of a (1,1)-form
Joi = T 95 (2.3.2)
written in local coordinates
J = ig,zdz* A dz". (2.3.3)
On top of this, the symplectic form should obey
dJ =0, (2.3.4)

in order for J to be the fundamental Kéhler form. This is the final defining condition
for a Kahler manifold. From this defining relation, a characteristic aspect of a Kéhler
manifold can be constructed. Writing ([2.3.4) explicitly using the decomposition of
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the exterior derivative introduced in one obtains
dJ = i), gopdz” A d2® AdZ7 + i015g,5dz® AdZP A dZT =0, (2.3.5)
which results in two constraints
OvGap = 0agyp and 05905 = 039ay- (2.3.6)
Therefore, the characteristic result of a Kahler manifold
Jop = 0a05K = J = i00K (2.3.7)

is obtained, where X is called the Kahler potential. Due to these relations the
only non-vanishing Christoffel symbols turn out to be Fgﬁ and F;B. Therefore, the
only non-trivial Riemann tensor is constraint to R”aﬁ;y. When considering the Ricci
curvature tensor, it follows that only R,z may have a non-vanishing value. With this

tensor the Ricci (1,1)-form is constructed
R =iR,3dz* A dZ” = iddlog(\/g ), (2.3.8)

which implies dR = 0 and defines the first Chern class on the manifold

e (M) = [—] (2.3.9)

2.4 Calabi-Yau manifold

The framework we have set up of defining complex and Kahler manifolds in the
previous sections were needed to define a Calabi-Yau manifold. One can define a
Calabi-Yau manifold in two ways. We will give both since they seem to emphasize

on different properties of a Calabi-Yau manifold [41].

Definition 1: A 2n-dimensional Calabi- Yau manifold, M, is a compact Kéhler mani-

fold of n complex dimensions with a no where vanishing holomorphic n-form.

This holomorphic n-form can be represented in complex coordinates z%, Z* which
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constitute a basis on M
Q=0 0, (2)dz® A AdZ (2.4.1)

That this form is holomorphic is reflected in the fact that the coefficient is a holo-
morphic function in the complex coordinates and that it is an (n,0)-form. Due to the
holomorphic property, 9Q = 0 and since (2 is an (n,0)-form in n-dimensions 99 = 0.
Thus, 2 is closed. Omne can also show that this holomorphic n-form is co-closed,
therefore it is harmonic.

As a final property we state from this definition, {2 is unique up to constant rescalings.

Definiton 2: A 2n-dimensional Kéhler manifold with vanishing first Chern class is
called a Calabi-Yau manifold.

From the fact that the first Chern class vanishes, it is clear that the Ricci form must
be trivial in cohomology. Therefore, the Ricci form is exact and globally defined on
the manifold. This forms the link to the unique holomorphic n-form, connecting the
two definitions. We will not prove the equivalence of both definitions here. We refer
the reader to [41].

A consequence of this definition is that, given any Kéahler metric ¢ with a Kéahler
form J associated to it , there exists a unique Ricci-flat metric g with associ-
ated Kahler form .J such that .J is in the same Kéhler class as J, i.e. [J] = [J]. Thus,
a Kahler manifold with vanishing first Chern class admits in every Kéhler class a

unique Ricci-flat metric.

Finally, for this work the restriction to three complex dimensions will be most rele-
vant. An important property of a Calabi-Yau threefold is that its moduli space M
splits into a direct product of two special Kahler manifolds, the Kéhler class moduli

space and the complex structure moduli space

M - MKéhler class X Mcomplex structure- (242)

Special Kahler manifolds are distinguished by the fact that the Kahler potential can
be expressed in terms of a holomorphic prepotential [42]. We will elaborate on the

moduli space of a Calabi-Yau threefold in later chapters.



26 CHAPTER 2. MANIFOLDS AND DIFFERENTIAL GEOMETRY




27

Chapter 3

Moduli spaces

In Type IIB theory on a Calabi-Yau threefold Y3, one starts from an N’ = 2 ten-
dimensional supergravity action and obtains after compactification an N = 2 super-
symmetric effective theory in four dimensions. In such a reduction there is a freedom
of the metric on a Calabi-Yau threefold allowing for fluctuations of the metric, con-
strained to the defining properties of a Calabi-Yau manifold, discussed in section [2.4]
Therefore, our interest goes to those infinitesimal fluctuations of the metric g + dg
allowing the manifold to remain Kéhler and Ricci-flat. Expanding R, (g + dg) = 0
to first order in dg and recalling that R, (g) = 0, we arrive at [43]

Ardgu = V2§gw + 2Rupu059p0 =0 (3.0.1)

after fixing the diffeomorphism invariance, since we are not interested in dg generated
by a coordinate transformation. The operator Ay is known as the Lichnerowicz
operator. Given the index structure of the metric, equation decouples for
fluctuations dg,5 and dgqs. Hence, studying these deformations separately, we will
start with fluctuations related to the Kahler form.

Metric variations dg,5 lead to non-trivial cohomology changes of the corresponding
Kahler form J, i.e. given J the Kéhler form corresponding to g,z and J' corresponds
to g, + 6945, then [J] # [J']. However, as stated in section every Kéhler class
admits an unique Ricci-flat metric. Since we want to keep track of these Kahler class
deformations in the lower-dimensional theory, we expand the Kéhler form according
to [44]
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Jog = V' (W) o, i=1,.., A (Y3), (3.0.2)

where w; denote a basis of harmonic (1,1)-forms on the Calabi-Yau threefold. Com-
bining this with the relation between the metric and the Kéhler form ([2.3.3) we can

determine the massless modes arising from the Kéhler class deformations

59«16 = —Z'Ui(wi)ag, (3.0.3)

where v’ are real scalar fields in the effective four-dimensional theory, called Kahler

moduli.

In a similar fashion, one can also study the deformations of the metric disrupting the
complex Hermitian metric structure (2.3.1). The massless modes arising from the

complex structure deformations of Y3 are encoded as [44]

0900 = T ? (Warn®™ s s=1,., b2 (Ys), (3.0.4)
with the lower-dimensional scalar fields z° named complex structure moduli, €2 the

unique three-form and y, constitute a basis of harmonic (2,1)-forms.

The lower-dimensional scalar fields resulting from these fluctuations are the mod-
uli fields and the space they live on is a scalar manifold called the moduli space,
which incorporates the geometry of the manifold. The moduli fields are viewed as co-
ordinates on the scalar manifold. As stated before, the moduli space of a Calabi-Yau
threefold, in A = 2 Type IIB theory, splits into a direct product of the (A (Y3)+1)-
dimensional Kahler class, spanned by the scalars of the hypermultiplets and the
h*1(Y3)-dimensional complex structure moduli space describing the scalars of the
vector multiplets [34], 45]

M = Migaio?™ % Mgl vt (3.05)
Since the resulting lower-dimensional theory is a d = 4, N = 2 supergravity, the
Kéhler class moduli space is a quaternionic Kahler manifold, while the complex struc-
ture moduli space is a (local) special Kéhler manifold [46],[47]. A quaternionic Kéhler

manifold differs from a Kahler manifold by its holonomy group. Extremely simplified,
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the intuition of a holonomy group can be described with parallel transport. When
parallel transporting a vector ¢ along a closed curve on a manifold, one transforms
the vector into Gv. The holonomy group is formed by collecting all elements G ob-
tained in this way [43]. A Riemannian manifold of real dimension 4n, with n > 2,
whose holonomy group is a subgroup of Sp(n)S p(l)E] is called a quaternionic Kéhler
manifold. A Kéhler manifold of complex dimension n has holonomy group U(n). For

further interest, we refer the reader to [48].

3.1 Kahler class moduli space

Starting with the Kahler class, we define the triple intersection number
ICZ-jk:/ wi/\wj/\wk, (311)
Y3

where w; are harmonic (1,1)-forms of H™(Y3).

Since the Kéhler form can be expanded as J = v'w; we can write

’Cij = / w; N\ Wi ANJ = ICZ'jk’Uk (312)
Y3

K:i = / w; N\ JANJ = ’Cijk'l)j/l}k (313)
Y3

6Vy, = K = / JNJINJ = Kijv'vloF (3.1.4)
Y3

in which V4, denotes the volume of the Calabi-Yau threefold.

The metric of the Kéhler class moduli space turns out to be

1
= i A\ KW, 3.1.5
ij vy /ng *Wj ( )

which does not yet show the characteristic form of equation (2.3.7) explicitly, but

1Sp(n) refers to the symplectic group.
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rewriting it with

Ki
*wj=—J Aw; + 4vngA J (3.1.6)

results in the expression [34]

1K G
gij:_z< 2 — ]

T ) = 9,0;(~1n8V4,). (3.1.7)

The inverse metric can be expressed in terms of the dual (2,2)-forms &* [34]

g = 4Vy3/ DA = 4V, (IC” -2 ) (3.1.8)
Y3 2VY3

in which we defined
KK 1, = 6. (3.1.9)

From the metric in (3.1.7) we observe that the Kéahler potential, X, can be written
e = 8V,. (3.1.10)

We have yet explained that to keep track of the Kahler class deformations in the lower-
dimensional theory we expand these deformations according to (3.0.3). Likewise, a
Type I1B theory comes with an anti-symmetric two tensor B which is expanded in a

similar fashion as the metric g,3,
B = bw;. (3.1.11)

Combining the lower-dimensional fields resulting from the expansion of the Kahler
class deformations and the anti-symmetric two-form, we can construct a complex

coordinate X7 = (1,¢") in which ¢’ is a scalar in the hypermultiplets defined as
th =0+’ (3.1.12)

In terms of these coordinates X! and a prepotential F we can write the Kéhler

potential as
e =i( X1 F — XTF)), (3.1.13)
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with prepotential [43]

1 Kijp XX XH )

F= i ~0 and Fr= Ed

F, (3.1.14)

which fully determines the Kéhler potential, making it a special Kéhler manifold [42].
This prepotential again appears in the coupling matrix N;; between the hypermul-
tiplets in Type 1IB as [44]

_ 2
Nij = I X5 X" 1.1
1 =F1+ X TmF XN mFx X ImF X, (3.1.15)
with real and imaginary parts given by
1 - LICK,N
ReNgy = —= Kb’ b'b", ImNgy = —Vy; + (Ki' - ——J> b'y’,  (3.1.16)
3 4 Vy,
1 ; LTIGK,N .
ReNiO = —ICijkbjbk7 III’INZ() = — (K:z] - = J)b], (3117)
2 4 Vy,
1 KK
ReNy; = —[Cyjib", ImN;; = (’Cij - j)- (3.1.18)
4 Vy,

3.2 Complex structure moduli space

To construct the complex structure moduli space we need a basis of harmonic three-
forms on the Calabi-Yau manifold. Hence, we start by introducing these. A Calabi-
Yau threefold has one unique (3,0)-form 2 and h*!(Y3) different harmonic (2,1)-forms
Xs With s = 1, ..., h?!(Y3), which together with their complex conjugates span a space
of all three-forms on Y3, H3(Y3) = H3°@ H>* @ H'> @ H®3 [49]. Note that this
basis was already used in for the expansion of the pure metric deformations.

Two important relations for these forms are [43] 145]
* = —i) and * Xs = 1Xs) (3.2.1)

from which we see that x, is a primitive (2,1)-form, since in general one would expect
[43]
* 0 =1if —iw Ax(w A B) (3.2.2)
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for a (2,1)-form /5. However, the contraction between y, and the Kéhler form vanishes,
making y, a so-called primitive form.

Furthermore, -2 is in H*° @ H*! since the Kéhler covariant derivative of  is

given by [43]

0 .
DsQ = %Q - ng = 1Xs, (323)

with z° the complex structure moduli fields (3.0.4) and ks given by
ke = —0.K, (3.2.4)

where K is the Kahler potential, we will come back to in a second.

Another basis that spans the space of H?(Y3) is the symplectic basis of three-forms

/a;/\ﬂJ:(S}], /O./[/\CYJ: B[/\ﬁ]zo, (325)
Ys
with 2(h*! 4 1) real three-forms a;, 37.

These two bases can be related through [43]
Q= ZIOé] - H[BI, (326)

where H; and Z! are periods of 2 defined by
Hr = / QA ayp, and A / QA B (3.2.7)
Y3 Y3

Analog to the Kahler class, the coordinates on the complex structure moduli space
are Z1 = (1,2°) and the first derivative of an A" = 2 sypersymmetric holomorphic
prepotential H of degree 2 in the coordinates Z! is represented by H; = 9;H. From
(3.2.6) we can deduce

01 = ar —Hp7, (3.2.8)

defining H;; = 9r0,H. Thus, combining (3.2.3) and (3.2.8) leads td]

kJ[Q + iX[ = Xy — H[J/BJ, (329)

2Implicitly a coordinate redefinition has been made [43].
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an important result that will be used later.

The metric on the complex structure moduli space that connects the scalars z° of

the vector multiplets is given by [34]

) s \ Xz ) ~
il AXe / Xs/\)zt:@a%(—ln(i/ QAQ)),  (3.2.10)
Y3

G = =
’ S, QAQ Vi |12 s

using (3.2.3)) for the last equality. Hence, we obtain the Kéhler potential

e = z/ QNQ=i(Z"H; — Z™H,), (3.2.11)
Y3

where we have used equations (2.3.7)), (3.2.5) and (3.2.6). Again, we observe that
the Kahler potential is fully determined by the holomorphic prepotential. Therefore,

the complex structure moduli space of a Calabi-Yau threefold is a special Kahler
manifold [42].

In the coupling matrix of the hypermultiplets was already stated, similarly
we will now give the N' = 2 gauge coupling matrix between the vector multiplets in
four-dimensional Type IIB. In order to do so we have to determine the integrals in
the reduction that contain Hodge duals of the symplectic basis of H?(Y3). The latter
are given by [49]

*xay = A/ ay + Bryp’,

(3.2.12)
«B'=C"ay+ D7,
with matrices A, B,C and D
AJI:— ﬁl/\*CL/J, B]J:/Oq/\*OéJ,
Y ¥ (3.2.13)
cll=— | plaxp/, D‘]I:/Oq/\*ﬁ‘]7
Y3 Y3

which determine the N = 2 gauge kinetic coupling matrix of the vector multiplets
My = AXCky+iCyy. (3.2.14)

We defined C;; to be the inverse of C'Y and mention that these matrices fulfill the
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properties [50]
AT = —D, BT = B, ot =C. (3.2.15)

One can write the gauge coupling matrix M in terms of the prepotential, which

results in [51]

21

M, =H e
L H[J+ZKImHKLZL

ImH 2 ZMImH 5 2V, (3.2.16)

with the matrices A, B and C' in terms of M [49]

A= (ReM)(ImM) ™,
B = —(ReM)(ImM)*(ReM) — (ImM), (3.2.17)
C = (ImM)™*.
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Chapter 4

IIB reduction on Y3 inlcuding
03/07-planes

In this chapter we perform a dimensional reduction of the bulk action of the ten-
dimensional N/ = 2 Type IIB supergravity at tree level on a Calabi-Yau threefold
including O3/07 orientifold planes. We expand the ten-dimensional fields of the
supergravity action according to their equations of motion in harmonics on the Calabi-
Yau threefold, restricting the theory to the subspace invariant under the orientifold
projection O, and integrate out the internal coordinate dependence. We choose the
ten-dimensional spacetime background to be My = R x Y3/0, with Y3/0 a

compact Calabi-Yau orientifold.

4.1 The spectrum

Ignoring the orientifold projection for the moment, we write the metric according to

the block diagonal spacetimd

(ds1y) = nuda’da” + 2g,ady™dy", (4.1.1)

where §,,7 is the background value of the metric on the Calabi-Yau threefold. Note

!'Throughout the thesis we will denote the higher-dimensional objects with a hat.
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that locally this means §¢,,, = gmn = 0, in agreement to the Hermicity condition on
the metric (2.3.1). Recall from section that the effective four-dimensional theory
we obtain after compactifying on the threefold Y3 includes all massless fluctuations
around the background. These fluctuations can be deduced from the Hodge diamond,

stating the number of harmonic forms, of a Calabi-Yau threefold

1
0 0
0 h! 0
1 h2! h12 1. (4.1.2)
0 ! 0
0 0
1

As discussed in chapter , the fluctuations around the background metric ((4.1.1])
can be divided into two types of deformations. The Kahler class deformations are
the mixed forms d0¢,,; and the pure metric deformations 9¢,,, and dgm»» break the

complex Hermitian metric structure (2.3.1).

Recall from equations (3.0.3) and (3.0.4) that up to first order in the moduli fields,
the metric on the threefold Y3 reads

(4.1.3)

with

(bs)mn = (Xs)mer 22, (4.1.4)
122

To include the orientifold projection, the states not invariant under the projection
have to be modded out of the spectrum. The orientifold projection acting on the
Type IIB states is given by

O = (-1)rQ,0". (4.1.5)

Here F7, is the spacetime left-moving fermion number, €2, the world-sheet parity op-
erator that mods out the string orientation and ¢* is the pullback of an internal

symmetry acting only on the Calabi-Yau threefold and leaving the four-dimensional



4.1. THE SPECTRUM

37

Minkowskian spacetime invariant. Due to the orientifold projection N = 2 super-
symmerty is broken. However, maintaining N' = 1 supersymmetry, o is required to

be an isometric and holomorphic involution of Y3 [50, 52], 53].

The fixed point set (or each disconnected component) of this involution spans the
O-planes. Note that since the involution does not act on the Minkowski space, all
orientifold planes are spacetime filling. Since we will discuss D7-branes in this work,
we want to include O3/0O7-planes to the theory. Meaning, given the complex coor-
dinates y™ with m = 1,2, 3 on the Calabi-Yau threefold, we choose the action of the
involution to beﬂ oy™o~! = £y™ with either all three complex directions reflected
creating O3-planes or just one complex direction reversed resulting in O7-planes [46].
This means the involution ¢ must be constrained to act on the unique (3,0)-form §2

as
o0 = —Q. (4.1.6)

We preform the reduction of the bulk N' = 2 ten-dimensional democratic action of

Type IIB supergravity given in the string frame by

51(3111011 B, SF = "5 3 ¢ P’ Ril + §6f2¢(8d<15 Nxdp—HAN*H)— — GPARGP),
10 et

(4.1.7)

where kjp is the ten-dimensional gravitational coupling constant, H is the field
strength of the anti-symmetric two tensor B,ie. H=dB, gfg the ten-dimensional
dilaton and the field strengths G® are defined to be

) dC'©® =1,
G ) o b (4.1.8)
dC®=1) —dB A CP—3) else,

with C@ for p = 1,3,5,7,9 the anti-symmetric ten-dimensional potential fields
from the open string Ramond-Ramond sector. We will expand according to the
vanishing backgrounds (C®) = (B) = 0. Since the democratic action contains all
Ramond-Ramond forms of Type IIB supergravity, the equations of motion have to

be supplemented by the duality constraints

2The minus sign denotes the reflection of orientation.



38 CHAPTER 4. IIB REDUCTION ON Y3 INLCUDING 03/07-PLANES

A ~

GO = GO G® = (—1):GD, G®) =G0, (4.1.9)

Next, the Kaluza-Klein spectrum of this compactification is obtained by expanding
all fields according to their equations of motion into harmonics on the Calabi-Yau
threefold. The Hodge diamond of a Calabi-Yau threefold contains the infor-
mation necessary for this expansion. This results in the massless four-dimensional
N = 2 Kaluza Klein spectrum. However, as mentioned before, truncating the spec-
trum further by keeping only the states invariant under the orientifold projection O,
results in the four-dimensional massless N' = 1 Kaluza Klein spectrum. We first note
that the harmonic forms of H2?(Y3) split into positive and negative eigenforms under
o* [34, 52, [54]. Therefore, our chosen basis for all Dolbeault cohomology groups splits

as HY(Y3) = Hg:i(Y},) X Hgﬁ(Yg) and is shown in Table [32].

’ space \ basis \ dimension H space \basis\ dimension ‘
HI'(Y) | wa |a=1L. 0 [HY(Ys) | w, |a=1..0"

H2 (V) | & |a=L. i [HZ(Ys) | @ |a=1..,A"

HI(Ys) | g, 8" | a =1, W2 | HS(Y3) | 0a,B" [a=0,..,17"
HEL(Y)) | xa | &=L 00 | HYS) | xa |a= 1,00
HyP(Y3) | Xa |a=1..00 [HZ(Ys) | xa [a=1...0"

Table 4.1 — Cohomology basis

In order to determine which states are projected out by the orientifold projection
given in , we need to know how the world-sheet parity operator and the left-
moving fermion number act on the states.

From the fact that the world-sheet parity operator acts on the world-sheet bosons,

on a string of length [, as [46]

A

Q,XH (1,00t = X*(1,1 - 0) (4.1.10)

and similarly for the world-sheet fermions. One can deduce the eigenvalues of the
NS-NS fields and the Ramond-Ramond fields under this operator [55]

>g;w7 027 CY6

Q,=+1: 5
8 @G, O Co. (4.1.11)
Qp =-1 B,ul/700704708'
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Finally, since all NS-NS fields have eigenvalue +1 under the operator (—1)% and
Ramond-Ramond fields eigenvalue -1, we conclude that in order for states to be
invariant under the orientifold projection (4.1.5), and hence not to be projected out,

they must obey to the eigenvalues

of = +1: b, Gus Co, C, C.
@ G, Co, G, Ci (4.1.12)
o =—1: B,,,Cy, Cs.
under the involution operator. This brings us to the expansions [32]
J = 0%(2)wa, B = b*(2)w,, ¢ = o(x)1, (4.1.13)
R - QAQ
A®) @) 7
(@) L, QnQ
CO = D () Ao,
(4.1.14)

with scalar fields v®, b, @, pa, c® and [, vector fields V¢ and U, and two-form tensor
fields [, &2 and Dy,

Finally, since the metric has a positive eigenvalue under the operator (—1)f2Q,, and
the involution acts on the unique (3,0)-form as given in , the expansion of the
complex structure deformations becomes

Grmn = 2% (0a)mn- (4.1.15)

4.2 Bulk compactification

Before starting the dimensional reduction of the bulk ten-dimensional Type IIB action
[.1.7), we preform a Weyl rescaling (Garn)?¢ = e®(garn)™ to switch from the

string frame to the Einstein frame for convenience. Ignoring total derivatives the
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action in the Einstein frame becomes

10 1 A 1.~ 1 5. 4 1 Dir_\ A A
! &
(4.2.1)

A more detailed discussion of how one should preform such a Weyl rescaling is in-

cluded in appendix [B]

We begin with the dimensional reduction of the Einstein-Hilbert term up to second

order in the moduli fields

10 1 5 a
S e = —5a [ AL (4.2.2)
10

The ten-dimensional Ricci scalar is given by

pmy mun

R= gMNRPMPN = QWRpupy + [QWRm + g™ (R, + Rpmpn + Rﬁmﬁn)

) ) (4.2.3)
=+ gmn<RMm/m_z + Rpmpﬁ =+ Rpm;ﬁﬁ) +c.c. )
with RRM py the Riemann curvature tensor
Ry = 0T N0 — ONTBar + DB TR0 — TR B (4.2.4)
and Christoffel symbols
AR Lorp o . - -
Ty =39 (Omgpn + Ongrm — Opgun).- (4.2.5)

Deriving all terms of the Ricci scalar (4.2.3) up to second order in moduli fields, using
the background given in (4.1.1)) expanded according to (4.1.13) and (4.1.15)), results

in the lower-dimensional Einstein-Hilbert action

1 1 nm m n o
Stk er = =g [ 00V [Rt (G0 @) — (wa) ) ) (B0
1

= 5 00) ™ 03)n (9,202
(4.2.6)
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The details of this derivation are presented in appendix [C]

When compactifying all other terms on the background (4.1.1)), we use the Hodge

star decomposition ([2.1.12)) combined with the expansions (4.1.13)) and (4.1.14)). The
dimensional reduction of (4.2.1)) results in

)
/H/\ $H = ?KGab/db“ N (4.2.7)
/G“) AFGWY = %/dl A xdl, (4.2.8)
. . 2

/ G ARGO) = ?’CGG,} / (de® — 1db®) A x(dc® — 1db?), (4.2.9)

A o 2 . 5

/ GO A RGO = ?’CaaﬁdDg A xdDj + %G“ﬁdpa A xdpg + ByzdV® A xdV?

— C9PAU, A #dU; — 24 FdUs A #dV7 — b A xdp, / Wa A wy A H@°
Y3

+ (c*db®) A *(ccdb?) / Wa A wpy A *(we A wyg),
Y3
(4.2.10)

N A 3 ~ ~ ~ 5
/0(7) ARG = / %G“bdci A *dE —2db™ A DS A *dci/ Wa A Wo A *@°
Y3

+db* A D§ A *(dbb/\Dg)/ Wa N Wa A *(wp A wg),
Y3

(4.2.11)

12

/G*(g) A KGO = / %d? A xdl? + %dba A2 A (b A E) (b A &) A xdl?,

(4.2.12)

in which we used that there are no 1-forms on a Calabi-Yau threefold and that the
unique 6-form is positive under the involution. Therefore, we are able to write
QANQ 1

AN =0 = —OAQ 4.2.13
% W afYSQ/\Q VY3 a ? ( )
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where Vy, denotes the volume of the Calabi-Yau threefold and 6Vy, = KC, with
K = / JINTNJ = Kapv* 007, (4.2.14)
Y3

Note that the volume form dVy, of the Calabi-Yau threefold is even under the invo-

lution, therefore K. = 0 since w, A wp A w,. is odd under the involution.

Hence, all non vanishing intersection numbers are

Kasy :/Y Wa N wg A Wy,
3

Kaﬁ - ,Caﬁwv’ya

(4.2.15
Ko = /Caﬁwvﬂiﬂ, )
lCab = / Wq VAN Wy ANJ = /Cabﬂﬂ-
Y3
Furthermore, we defined the metrics on the space of harmonic two-forms
1 3 Kap
Gap = a A\ = ———, 4.2.16
", /yf TR (4.2.16)
1 3/Kasp 3KKs
Gop = w Ay = =5 (S22 - S2a) 4.2.17
’ 4VY3/Y3“ rm Uk e (4.2.17)
and denoted their inverse metrics by G® and G*? respectively.
The metric on the complex structure deformations 2% is defined to be
g ! /b/\*l_) & Kes(z, 2) (4.2.18)
~7 = a 7 = = = Z, z 3 e
T AW, Uy, b7 9ragz T P
with Kahler potential
Kos(z,2) = —In(i / QNQ). (4.2.19)
Y3

Finally, the introduced coefficients of the vector fields Us and V¢ are given by [49]

Y3 Y3 Y3
(4.2.20)
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which is consistent with
xa = Al ag+ BB, 3% = C%ay + D", (4.2.21)

Furthermore, defining the matrix

M,;=AJC.;+iCy; (4.2.22)
implies the identities
A =ReM(ImM) ™, B = —ImM — ReM (ImM) 'ReM, C = (ImM)™ 1,
(4.2.23)

where we have written (C*°)™! = C,5 = (ImM) 5.

Note that all the above definitions (4.2.14]) - (4.2.17)) correspond exactly to what

is defined for the Kéhler class moduli space in section [3.1] if one takes into account

that the orientifold projection (4.1.5) mods out the states not invariant under the
projection.

The same holds for the comparison between the complex structure moduli space de-
fined in section [3.2] and the definitions (4.2.18)) - (4.2.23).

Therefore, judging from the way the full Kéhler potential, which follows from the re-
duction of N' = 2 Type IIB supergravity on a Calabi-Yau threefold including O3/O7-

planes, decomposes into two parts [34], the moduli space becomes block diagonal and

reads
h>'(vs)
complex structure*

M= MPETOBH g

Kaéhler class

(4.2.24)

This scalar manifold is restricted to be Kahler since the N' = 1 supersymmetry im-
poses this constraint in four dimensions. Even more, the moduli space is required
to be a Hodge Kahler manifold, due to the fact that the chiral supermultiplets are
a representation of d = 4, N’ = 1 supergravity [47]. A Hodge Kéhler manifold is a
Kéhler manifold with a Hodge metric, meaning that the fundamental Kahler form
defines a cohomology class of integral forms. The latter are forms defined on the
manifold whose integral over any cycle of this manifold is integer [56]. The Kéhler
class moduli space is a Kahler manifold and the complex structure moduli space is

even a special Kahler manifold [34].
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Furthermore, for orientifold compactifications with O3/O7-planes, relation (3.2.16)
alters due to the fact that the fields z%, 2% are projected out by the orientifold, re-
sulting in [34]

M&/} = MIJ _

(4.2.25)

From here on we will denote 7—[&3 =H;y

2&=z8=0

From (4.2.6)) it is clear that we should preform a second Weyl-rescaling in order
to obtain the standard four-dimensional Einstein-Hilbert term. Thus, we rescale the

action with (g,,)?" = Vi, ' (g,,)"*" and rewrite the coefficient matrices using

3
Kap 00’ dv =

1
d H(Vys) 6Vy3

A(KCap, v 07) = Kodv® (4.2.26)

6Vy, Vy3

to obtain the low-energy four-dimensional effective NV = 1 action [32]

1

4) _
S Bulk, EF — 2_/@21

/ [ — R 1 +2G;d2" A #d2" + 2Gasdv® A xdv?

1 1 1
+ —d(anyg) A xd(InVy,) + 56 A xdo + Ze2¢dl A *dl + 267 ?Gapdb® A xdD°
2

9
—Gapd Dy A *dDB + —Ga dpa A *dps — = KapaG*P(c*db”) A *dpg

" 36 e 2K
1
4’9@ (KabaKeasG™? + KapeKoas G ) (c*Ab) A % (cdb?) + 1—6€-¢Gabde§3> A sdet?
1
T " KabaKeas G (Ab* A Diyy) A (db® A DY) (4.2.27)

1 ~ a a
-3¢ ?KabaG" (db® A Dfyy) A xdet? + e?Gp(de® — 1db) A #(dc” — 1db”)

1 oy s o 1 1 -
€ Al Al 4 e A ED A A &) — S¢ P (abr A SR Al
1 : s 1 4z I ;
R .dvé B _ ZeBarr. L A LA g
BV AxdV? — 209U A #dU; = SASdUG A =dV7).

An important remark here is that (4.2.27]) has double the amount of degrees of free-
dom that we would expect. This is due to the fact that we have compactified the

democratic version of the Type IIB action and have yet to impose the duality relations
(4.1.9).
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Chapter 5

IIB reduction on Y3 including a
D7-brane

We will include a single spacetime filling D7-brane in this chapter. Meaning, we will
be discussing a U(1) Abelian gauge theory. After generally defining the (2,2)-cycle
on which the brane is wrapped, we consider the spectrum of the brane consisting of
the U(1) gauge field on the brane and the fluctuations in the directions normal to the
brane. Hereafter, compactifying and collecting all lower-dimensional terms obtained
so far, we impose the self-duality relations upon the action. Finally, we write the
obtained four-dimensional theory in the N' = 1 supergravity representation and read

of the gauge kinetic coupling function of which we discuss its holomorphic property.

5.1 D7-brane

The internal part of the D7-brane worldvolume, VW, has four legs on Y3. Therefore,
in reducing the action, it is wrapped on a (2,2)-cycle of the Calabi-Yau threefold, due
to restrictions on Y3, which are captured in the Hodge diamond (4.1.2)).

Consider a four-cycle S; C Y3 on which the D7-brane is wrapped. Since we discuss an
orientifold theory M 9) = R"® x Y¥3/0, we must include its image D7-brane wrapped
on the four-cycle o(S;). We will assume that the D7-brane and its image are disjoint,

meaning S; N o(S;) = ). However, we only wanted to include a single spacetime



46

CHAPTER 5. IIB REDUCTION ON Y; INCLUDING A D7-BRANE

filling D7-brane. Therefore, we construct the internal four-cycle
SJr = Sl U O'(Sl) (511)

on which the brane is wrapped, such that W = R'? x S, the worldvolume of the D7-
brane, is invariant under the involution, making it an O-plane. In this way, we prevent
the problem of having to include the image brane by construction. By requiring the
empty intersection S; N o(S;) = 0, we implicitly required that the involution does
not have any fixed points in the four-cycle S;. If this would have been the case, we
would expect extra massless states in the twisted open string sector [57]. For later

convenience we define

S_ = Sl U —O'(Sl), (512)

where the minus sign denotes the flipping of orientation of the cycle. Thus, the two

cycles we have defined obey o(S51) = £5..

The spectrum of the D7-brane consists of two parts, namely the degrees of free-
dom due to the U(1) gauge field on the brane and secondly the fluctuations of the
embedding of the four-cycle into the two directions of the Calabi-Yau threefold, nor-
mal to the internal cycle. Both type of degrees of freedom belong to the bosonic part

of the action. We will start by discussing the former.

5.1.1 U(1) gauge field on the brane

Since the U(1) gauge boson A on the worldvolume of the brane is negative under the

world-sheet parity operator €2,, we expand it in harmonics of the four-cycle Sy

A= A@)P_(y) + ar(@)A'(y) + az(x) A (y), (5.1.3)

where { A’} and { A”} form a basis of Hg’i (S;)and H 5’2 (S5 ) respectively.Furthermore,
P_(y) is an element of H°(S,) obeying the relation

+1 € 5y,
P_(y) = yE (5.1.4)

-1 y € o(Sy).
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The lower-dimensional Minkowski fields resulting from this expansion are a four-
dimensional U(1) gauge vector A(z) and the Minkowski scalars a; and ay, called
Wilson lines. The four-dimensional gauge vectors A? and A7 are on the cycle S,.
The lower-dimensional vector boson A(z) contains less degrees of freedom than the
higher-dimensional gauge vector A. However, all gauge degrees of freedom of the orig-
inal eight-dimensional vector boson A should be captured in the lower-dimensional
theory. Those gauge degrees of freedom captured by the Wilson lines give rise to a
shift symmetry of both a;(x) and aj(x). This is demonstrated with a simple example
of a circle reduction in appendix [D}
Due to the expansion of the ten-dimensional gauge vector A in the forms A’ which
constitute a basis of Hg:l_(5+), their coefficients a; are holomorphic in the complex
structure moduli fields. Similarly, the fields a; are anti-holomorphic in the complex
structure.
Additionally D-branes may carry lower-dimensional Ramond-Ramond charges, dis-
tributed over the brane, which appear as background fluxes f within the field strength.
Therefore, the field strength F on the brane in the presence of background fluxes is
defined as

F=f+4dA, (5.1.5)

~

such that (F') = f an harmonic two-form on the worldvolume of the D7-brane which

reads

f=f"w,. (5.1.6)

Note that t*w, is an element of H%(S,) which is in accord with the fact that the
field strength Fis negative under the involution, which was already displayed in the
expansion in . We defined ¢ to be the map ¢ : S, — Y3 which embeds the cycle
S, into the Calabi-Yau threefold, therefore /* is the pullback of this embedding.
An important remark here is that we have implicitly assumed the pullback of the
harmonics in the cohomology class H él_(Y})) to be the only two-forms on the cycle,

negative under the involution.

5.1.2 Normal coordinates

Apart from that the brane is accompanied with U(1) gauge fields that live on it, as
described in the previous section [5.1.1} the brane itself is a dynamical object, which
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can vibrate in the directions normal to the worldvolume of the brane, in the Calabi-
Yau threefold. These fluctuations are encoded in the map ¢ : W < M4 9y embedding
the worldvolume of the brane into the ten-dimensional spacetime. Since we are
describing the fluctuations of the brane in the directions normal to the worldvolume,
these fluctuations are sections of the real normal bundle of the cycle in the Calabi-
Yau threefold. We denote the fluctuations with ¢ € H9(S,, Ng Sy), where N3 Sy
is notation for the real normal bundle of the cycle S, in the Calabi-Yau threefold
Y;. Note that because the world-sheet parity operator €2, acts with a plus on states
normal to the brane, we consider the positive eigenspace of H°(S,, N53S+) which
does not get projected out by the orientifold (4.1.5)).

Now decomposing these real sections Qﬁ into a holomophic part ¢, coming from the
holomorphic normal bundle Ny,S,, and an anti-holomorphic part ¢, from the anti-

holomorphic normal bundle Ny, S, we can expand [54]

~ — —

(= CM)3aly) = ¢+ C = CMa)saly) + (A (@)5a(y). (5.1.7)

In this notation {ss} constitutes a basis of H{ (S, Ny,Sy) and their complex con-
jugates {54} for HY(S;, Ny,Sy). Furthermore, the coefficients (4, ¢4 turn out to be

scalar fields in the effective lower-dimensional theory, after compactification.

The decomposition of the real normal bundle into an holomorphic and an anti-
holomorphic part, depends on the background complex structure of the Calabi-Yau
threefold. Therefore, when considering the vector field s4 it is natural to explore the
interior product with the complex structure forms €2, x; and their complex conju-
gates. Consider the background complex structure of the Calabi-Yau threefold to be

Zp, then we obtain
s4.0(z) = 0, 542Q(20) = 0, saixa(zo0) =0, (5.1.8)

in the cohomology of Y3. This is a logical result since h?° = 0 for a Calabi-Yau
threefold. However, on the (2,2)-cycle S; we do not have this information. If we
would have considered for instance a D5-brane wrapped around a (1,1)-cycle on the
Calabi-Yau threefold, we would have been able to obtain more specified information.
For the sake of getting a notion on what is relevant to keep in mind, we will explore

this situation briefly.
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Consider an identical situation but with a spacetime filling D5-brane wrapped around
the (1,1)-cycle 3, instead of a D7-brane. For a supersymetrically embedded D5-
brane, any two-form that is pulled back to the cycle ¥ has to be proportional to the
(1,1)-K&hler form. Therefore, in the background zy the only non-trivial two-form,
resulting from the interior product of the vector field s, with a holomorphic form
2, xa or their complex conjugates, which can be pulled back to ¥ is s4xa(20). In
other words, equation also holds for the cohomology of the cycle X.

When in addition taking into account that the complex structure may vary around
its supersymmetric background value z;, we can expand the complex structure as
z = zp + dz. To understand how this differs, we consider ¢*(s4.8(z)) and expand to

linear order in 0z [54]

1 (5420(2)) = *(542Q(20)) + 020" (kasasQ(z0) + isaaxa(z0)) = i62%* (s40xa(20)),
(5.1.9)

where we have made use of (3.2.3) and that (5.1.8)) holds for the cohomology of the
(1,1)-cycle. Equation (5.1.9) explicitly shows that even though s4.€ is a (2,0)-form
on the (1,1)-cycle X in the complex structure z, it is a (1,1)-form on ¥ in the back-

ground complex structure zp, up to first order fluctuations.

Back to the D7-brane, unfortunately we cannot derive such equalities that easily
due to the fact that we do not know a similar relation to (5.1.8) for the complex
structure background on the (2,2)-cycle S;. Therefore, the best we can do for now

is to phrase that, in the complex structure background zy, s4.€2(2) is an element
of H;:(i(&r), 542Q(z0) = 0, saxa(zo0) € H(%:i(SQ, saiXa(zo) € Hgi(SJr) in the

cohomology of the (2,2)-cycle and similar for §y.

5.2 Compactification Chern-Simons action

In the Abelian case, the general form of the Chern-Simons action of a Dp-brane is

Sos —up/ Z¢ et (5.2.1)

given by [50]
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This part of the action captures the interactions between the gauge fields on the
brane coupled to the Ramond-Ramond fields on the bulk. The integral is over the
(p+1)-dimensional worldvolume W = RY3 x S| which is allowed to fluctuate since
it represents a dynamical object. Furthermore, the exponential is meant to be a
wedged power series of the form (F — @ZB , wedged with the pullback of C@ to the
brane such that the total integrand adds up to an 8-form that is compatible with the
worldvolume. With the latter we imply that the integrand should be an 8-form split
into a 4-form defined on Minkowski spacetime and another 4-form on the (2,2)-cycle

S,

Therefore, one needs to know how to cope with the pullback to the worldvolume of
the brane, given by the inverse map of ¢ : W < M, y. This is done by expanding
the ten-dimensional forms according to a Kaluza-Klein expansion on the manifold
M9 = RY" x Y3/0 and pull back the forms on the Calabi-Yau orientifold to the
cycle with the inverse map of ¢ : S, < Yj3.

The normal coordinate expansion of the anti-symmetric two-form B, that captures
the fluctuations on the D7-brane in the two directions normal to the brane, is given
by [32] [45]

0iB = 00w, + b0, (™ 0,¢ datda”, (5.2.2)

up to second order in derivatives.

Since we are mainly interested in the gauge coupling between the gauge vectors, both
arising from the bulk and the brane, we will explicitly compactify only the specific

part of the Chern-Simons action involving the gauge vector fields

B @t(Vo (@) naa + Us(a) AB) A (EF = iB) N (P = 91B),  (52.3)
w

coming from the ten-dimensional four-form potential C@. Using (5.2.2) and the
expansion of the gauge field strength F, while redefining

B =B"w, = (b* — £f*) " w,, (5.2.4)
we obtain up to second order in derivatives

(F—giB = — B w,+(dANP_+das AA +dagAAT) =b,n8,(™ 0, datdz”. (5.2.5)
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Furthermore, to compactify the Chern-Simons action ([5.2.1]), one needs to know how
to pullback a g-form from the Calabi-Yau threefold to the worldvolume of the brane.
Incorporating fluctuations in the directions normal to the brane, one can write up to

second order in derivatives

1
(q—1)!

1 n, m
Vel OO,
1

+ 5=y Vi Vi Oy + 5 Bl € o))

2(q — 2) nmp3...piq n pim

daz™ A ... A dxt.

o 1 Lo
SOC(C(‘I)) :(EC‘L(Z)“(Z + ag an<C£?)pq) —

v/»‘l gnCT(L(QQ ~ Mg

1
+ ¢ 0 (¢ Om(CD ) —
51 OO (C) (5.2.6)

Note that in this expression the directions normal to the worldvolume of the brane
are denoted with Roman indices and the directions tangent to the brane are denoted
with Greek indices. Furthermore, V denotes a covariant derivative of the normal
bundle.

Combining all the above and noting that the cycle S, on which the D7-brane is
wrapped is a (2,2)-cycle, we obtain from ({5.2.3)) up to second order in derivatives the

non-vanishing terms

m/ C(VENFag +Us ABY)Y ANAAA Po A (dag A AT+ day A A7)
e ) ) (5.2.7)
= —u7 / ClarAf +az A7)V AdA + (apAY + a7 A% )dU, A dA.

Here we have repeatedly used some of the conventions of section and defined

the matrices

AdI:/ L*ﬁd/\Aly Aé{:/ L*ad/\AI,
) . . . . (5.2.8)
A% = / CBYN AT fld‘] = / Cag N A7

The other terms in the action ([5.2.1)) are compactified in a similar fashion with
expansions in massless Kaluza-Klein modes given in (4.1.13]), (4.1.14)) and (5.1.3)),

which results in the lower-dimensional effective action [32]
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1 1 I
SH =z / (FI® = d(E2B") + SKared (D B'B) ) A Lap (dCHCH — dCPc?)

1
1 -
—(4(&) — KavpDgyB") A A+ €2 = SCH Dy A (dasay — dajar )
1 1
+5 (pA — KCpap B+ §ICAabB“Bbl> FAF

- <(a1A&I + a;AD)AVE N F + (a AY 4+ a5 A% )dU, A F)]

(67

(5.2.9)

Important to note here is that integration over the function P_ switches the integra-
tion domain from Sy to S_ and visa versa. This follows directly from the definition

of these cycles (5.1.1)) and (5.1.2)) and the definition of the function (5.1.4)).

Note that in this derivation we have repeatedly used (2.1.22)) and ([2.1.24)) to ob-
tain

&2 =& A / Ut = DA / VP, (5.2.10)
Sy

PA = Pa /\/ . (5.2.11)
S

This notation will be used throughout the thesis, denoting the subscripts A and P
for a contraction with an integral over the cycles S, and S_ respectively of their

corresponding pulled back (2,2)-forms @*P_ / @* and @ / @“P_.

Lastly, we have defined the matrices £,z and C’C{j to be

fS SA_IQ/\ggJQ
Lig="—"" = , (5.2.12)
L, QnQ

and
Ccl7 = / wa A ATAN AT (5.2.13)
St
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5.3 Compactification Dirac-Born-Infeld action

When including a single Dp-brane to the Type IIB orientifolded theory, one should
add the Abelian Dirac-Born-Infeld action which captures the degrees of freedom of
the kintetic terms of the D7-brane. The Dirac Born Infeld action can in general be

displayed in the string frame as

O — /W d%eﬂi’\/—det(goZ(g + By) — (). (5.3.1)

In this section we will not go through the compactification in detail, but only give the
main techniques and state the result. For a more detailed description of the reduction
we refer the reader to [32].

The action shows that we need to know how to pull back forms from the
Calabi-Yau threefold to the worldvolume of the brane. Equation already
views how to cope with @Z(Bg) — IF in the action. Hence, at this point we are

interested in the normal coordinate expansion of the metric (4.1.1)), which is given by

6 _ _
RS Ee¢/2nuydx“dx” + 2e%/2 g dy™dg" + 2e%/%g,,ndC™dCT, (5.3.2)

after a Weyl rescaling. To be able to drop the square root in the Dirac-Born-Infeld

action, the action is expanded according to the Taylor series

1

1
Vdet(U + B) =vdetdd |1+ §Trif1% +3

((Tee )2 - 2Te(et'8)?) + O(B?)|
(5.3.3)
up to second order. Applying this Taylor series to the action (5.3.1]), we split the de-
terminant into two parts. Namely, with U we represent the background configuration,
both of Minkowski spacetime and the Calabi-Yau threefold including the spacetime
filling D7-brane. Furthermore, 8 encodes the fluctuations around this background.
These fluctuations are coming from three different causes. First, of course we have ex-
panded the NS-NS fields g and Bin perturbations around their background. Second,
we have included the fluctuations of the embedding ¢ of the cycle into the Calabi-
Yau threefold, which are parametrized by the normal coordinates and result in the

four-dimensional fields ¢4 and (4. And third, we consider the fluctuations around
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the background of the U(1) vector boson resulting in the inclusion of the Wilson lines
a’,a’. Using (5.3.3) and inserting the calibration condition [32]

R 15 1
d4a:\/—det(e¢/2cp*§ + Berrw,) = §e¢’g0*J Aot J — §BaL*wa A Bl (5.3.4)

which ensures supersymmetry and the fact that the spacetime filling D7-brane is a

BPS state, one obtains the effective four-dimensional Dirac-Born-Infeld action [32]

12 7

EiCéJ’Uada] A *d(_lj]
18
K2

1
Sg%‘l, EF — M?ﬁ/ [Z(KA - €_¢/CAabB“Bb)F A xF +

(€2KCh — KauBBY) * ]1} .
(5.3.5)

+ N7/ [iﬁAB(€¢ — GupB*B)d¢* A +d(P +

We will not elaborate on the calibration condition of a Dp-brane. However, a more

detailed discussion is given in [32].

5.4 Imposing self-dual relations on gauge vectors

The not yet dualized action obtained so far still has to many degrees of freedom.
Recall from chapter [4] that the vector fields U and V¢ are related to each other via
the self-duality relation given in (4.1.9)), which has to be imposed upon the action.
Since we are mainly interested in the lower-dimensional gauge vector fields arising
from the D7-brane and the four-form potential C'® of the bulk, we will explicitly
carry out the dualization for this part of the action. We first collect only the terms

relevant for the gauge kinetic coupling functions [32]

1 1 . 5001 a4 1 . .
4 - _- [Z . & B _ —ap . . A B B
Siorse = 3,0 / 1 BapdV? A xdV? — ZC¥dUL A dUy — S A AU A xdV
1 1
+ ﬁiu7l2(§lc/\ — §G_¢/CAabBaBb)F A *F
1
+ /’ii/ﬁﬁ(ﬂA - ’CAabCaBb + §UCAabBaBb)F NF

— 2:2u 2 ((ag AL +a; A )AVE A F + (ar A + a7 A% )dU, A F).
(5.4.1)
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We repeatedly use relations (4.2.20) - (4.2.22)) and (2.1.12)) and the fact that

0 = 1 for a Lorentzian metric,
s %qFP) = (=1)Pd=PF0 with (5.4.2)
0 = 0 for an Euclidean metric,

for F(®) a p-form in d dimensions, to rewrite the self-duality relation obtaining new
constraints. Collecting all terms that correspond to the same basis form ag of the

self-duality relation GO = %G results in the constraint

— AU = o+ VP + dVIALCy (5.4.3)

which needs to be imposed upon dualization. Similarly collecting all terms corre-

sponding to 3% results in another self-duality constraint
& _ _ pap A &y A BarT.
dV* = =B xdUz + BV A, dU,, (5.4.4)
defining B to be the inverse matrix of B, ie. BMBW; = 55.

For simplicity, we will first dualize the action omitting the D7-brane gauge vector
field. To do so we introduce a vector field V¢ functioning as a Lagrange multiplier
and include the term %df/d A Hg to the action

1 1 . s 1 .3 1 . R
(4) —_— _ R « /8 _ = aﬂ . . & A B
S.‘]““Qe - 21{121 /435&5(:1‘/ N *dv 40 Hoc A *HB QAB Ha A *dV
1 (5.4.5)
+ §df/‘3‘ A Hg.

In this way the equation of motion for V¢ incorporates the trivial Bianchi identity
dH4 = 0 of the field, to maintain the information that locally Hs = dUs. Thus, we

constructed an action that is a functional of V¢ and Hj instead of dU,.

Within this limit of neglecting the brane vector fields,

Hy = —(ReM),dV7 — (ImM) 5 + dV” (5.4.6)
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are the equations of motion for the field Hs. Note the striking similarity with the self-
duality constraint given in . Of course the equations of motion of the dualized
field have to be in accord with the self-duality constraints, since these constraints
need to be imposed upon the action. This is done by substituting the equations of
motion into the action. To obtain equations of motion that match the self-duality
constraint, we conclude that the Lagrange multiplier vector field V¥, must correspond
to the bulk gauge vector field V. Substituting these equations of motion into the
action, which corresponds to imposing the duality constraints upon the action, results
in

S —1(1 + RIT'R)AV A xdV

gauge 2_/@21 4
1 . . . .
— Z—}I(—dV—FRI‘1 *dV)A (= +dV — RIT'dAV) (5.4.7)
1 1 - -1 -
= [ —z1dV AxdV — -RAV AdV,
2K] 2 2

where we have used matrices (4.2.23]), switched from Einstein summation convention
to regular matrix multiplication and for convenience denoted ReM and ImM by R

and I, respectively.

Thus, we have obtained the dualized action when neglecting the D7-brane gauge
vector fields. For these fields to be included into the dualization, one still has to
impose the self-duality constraint . However, due to the D7-brane vectors, the
action now takes the form , from which we observe that couplings between
the gauge vectors from the bulk and brane are added. We refer to these terms as
source terms. For the sake of keeping a clean overview we denote these sources with
J* = 4k2p712(ar AY + @A) F and Jsy = 462712 (ar Al + a5 AJ)F. Due to these
source terms, the Bianchi identities for both fields U; and V' have been altered and
are not trivial anymore. Therefore, the Lagrange multiplier that previously included
the trivial Bianchi identities for the fields can no longer be blindly added. Though in
dualizing the action , which is a functional of Us; and V¢, the main techniques
are not altered thus we still need to adjust the action to being a functional of the
two-form H, and the vector field V. In doing so we include a Lagrange multiplier
term that does incorporates the correct Bianchi identities of the fields in the action.

We derive these Bianchi identities by substituting the duality constraints into the
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equations of motion of the fields. The equations of motion of Us; and V¢ following
from (5.4.1]) are respectively

1 .2 1 . 5 1 .
__aB . __AG B _ —3718
SOV AU, — SAfdx AV — 2dJ* =0, (5.4.8)
1 3 1 5 1
. B_ 7B A7 —
§B&ﬁd x*dVF — 2Aa d * dUB 2dJa =0. (5.4.9)

Substituting the self-duality constraints (5.4.3)) and (5.4.4)) into the equations of mo-
tion results in the Bianchi identities

L s 0 54 R L a R
SO (Cay AV + dVIATC5) — S AL dVP — 2d] (5.4.10)
1 1

- —§d(dva> - §dja - 0, (5411)
1 AI% A4 i 1 2 ]_

5 Basd * (=B« dU; + BT AfdU;) — 5Afol #dU; — Sd s (5.4.12)

1 1
- §d(dU&> - §d<]& = O (5413)

Since we eventually will express the action in fields having a trivial Bianchi identity,
we define the new fields

A0, = dUs — J, — d(dUa)
dVe =dve + J@ = d(dVe) =

0, (5.4.14)
0. (5.4.15)

Now incorporating these Bianchi identities as a Lagrange multiplier in the action,

we include the term +,5(Hs — Ja) A (AV® + J%). Note that because of this the
4

information dHs = dJj is captured in the action. Due to this alteration of the

action, the equations of motion slightly differ and are given by

1 A 1 . -1
_ (8B L _ A& B Zqve =
20 * Hp 2A5 x*dV"P + 2dV 0, (5.4.16)
1 s 1 5 1 1
) B_ - pB U I S T —
S Bapdx VP — S AJdw Hy — dJa+ 5d(Ha — Ja) = 0. (5.4.17)

An important remark here is that these new equations of motion of Hs; and V¢ are
in accord with the equation of motion of V¢ (5.4.9), upon imposing the Bianchi
identity of Hs, and with the self-duality constraint of U, (5.4.3) as they should for

consistency.
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At this point the obtained action is a functional of Hs; and V¢

1 1 ; R P 1 4 5
(4) _ - R & B _ —aBry. T A GTT. B8
Ssauge = —2/@21 /4B&BdV A xdV 40 Ha N +Hpg 2Ag Hg N\ +dV
1 1
-+ :‘ii,uﬂz(—ICA — —eigb’CAabBaBb)F A *F
2 2 (5.4.18)

1
+ “iﬂ?lQ(pA — ICAabCaBb + §l]CAabBaBb)F NF
5 1 . 1 .
—dV*A Js + in AdV® — §Jd N JY,

which we can now dualize by substituting the equation of motion of Hg into
the action, i.e. imposing the duality constraint and eliminating this field from the
action, together with half of the degrees of freedom. Note that the part of the action
relevant for the dualization is identical to (5.4.5]). Even more, the equations of motion
for H4 are in accord to those obtained neglecting the D7-brane gauge vector fields.
Using the result of the dualization previously carried out , we obtain the dual
action

1 1 : ; 1 : ;
S e =53 / = S (ImM)5dVE A xdV7 — S (ReM),,dVE A dV7

gauge 2,%3 2
1 1
+ /{Zp7l2(—lCA — —e_¢/CAabBaBb)F A xF
2 2 ) (5.4.19)
+ Hi/LﬂQ(,OA — ]CAabCaBb + il’CAabBaBb)F NF

. 1 .
—dVYA Js — §J& A JC
Since we aim for the action in terms of the new defined field V¢ (5.4.15) with trivial
Bianchi identity, we substitute dV® = dV® — J& obtaining
50 = [~ LamM), 7 A «d VP — L (Re), ;AT A 47
gauge ~ 2"@21 2 afs 9 e ap

1

—e

2
2 2 a 1Rb 1 a 12b

+ kil (pa — KaapC* B’ + §llCAabB B’)F N F

1
+ Kliﬂﬂz(ﬁ’CA - 7¢’CAabBaBb)F A *F

(5.4.20)
+ (ImM) AV A %% + (ReM) 5V A JP — AV A T,

1 X 5 1 X 5 1 A
TG B - LT B i N o
—§(ImM)&BJ A xJ —2(ReM)&5J NJ —|—2Ja/\J .
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Recalling the definitions of the sources
J = 4k (a; A + a7 AYF and  Js = 42l (ar AL + a7 A0 F,
the final result for the dualized action is given by
S e = % / — 1(ImM)&ded AxdV? — 1(ReM)dded AdVP
212 2 2

1 1
+ w2l <§ICA — 5 KauB'B'

= SK3url*Cag(ar A + 0 A (g AP 4 g AP) ) F AP

+ K2l (m — Kaap® B + %zchabBaBb (5.4.21)
+ i8k2purl*Cp(ar A — @y A% ) (a AP + @y AP ))F AF,

+ 4rkprl*C <(a[A‘ﬂ + ajﬂdj)dvﬁ A *F

— i(a;AM — a;A%) AV A F)
where we have used (3.2.9) to construct the equalities

/ Lo A A = Hdﬁ/ L*ﬁé nA = afﬁaj = Ha,éaj-[l’éj,
- S_

i A i  (54.22)
/ Vaa NAT=H [ 0BT A A — arAd = Hpar A
S_

Important to mention here is that it is crucial that A! € Hg’i and s € H;{ in
order for the integrals over the (2,2)-cycle to vanish. In combination with (4.2.22))

and (4.2.25)), this is used to obtain
ar Al + a7 A7 = (ReM),z(ar A + agAY) +iCp(ar A — azAPT).  (5.4.23)

For the sake of completeness we state the full action after imposing the self-duality
relations, inherent to starting from a democratic action. The dualization of the total
action is analog to the dualization for the gauge vectors, explicitly carried out in the
previous paragraph. Hence, imposing the constraints to the action, we reduce
the degrees of freedom by half and obtain the four-dimensional action in the Einstein
frame [32]
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1 1 1 1

St = Spuk + Sppr + 563
1

22

1 1
+ d(ImVig) Axd(InVy ) + Sdg A xde + 2e?G oy db® A xdb°

[ — Rx 1 +2G;dz" A xd2® 4+ 2G apdv® A xdo”

=21
+ 2ik2pr L a2 + GopBBY)ACA A xd(P + V—ﬁiﬂ%%@é‘]vadaf A xday
Y3
020 I
+5 (dz 4 k2 Loag (dgAgB . chgA) ) A
i (A4 rdpeLap (4CACP — Al )
+ 2% Gl <Vc“ Cdb + K2 s B (dgAEB —dcB gA> ) A
« <Vcb 1AW + K2 BL 5 (d{‘fé . d{“BgA»
9 1 S
_7 (eB ) brep, AFB _ 37BrA
+ o€ (V0 = 5HinKanBBL 15 (4¢P — dCc) (5.4.24)
— Kapec?db® + 262072C (ayda; — a J—dal)} A
1 s s
| Vo = R BB L.ap (ACHCH — )
— Kapec®db® + 2ﬁiu7€205j(a1d&j — C_Ljd(l])]
1 i .1 ) ;
— §(ImM)&BdV“ A *dVP — §(ReM)&BdVa A dVF
+ 4ﬁiu7l2C’aﬁ((a1AdI + a; ANAVP A xF — i(a A — a; A0T)aVP A F)
1 1 .
+ mzmz?(ém — 5 KauB' B’
— 8kiurl*Cyy(ar AY + ;A ) (0, AP + ajAW))F A *F
1
+ K2l <pA — Kaa'B' + 51K nasBB'
. - : s 1
+ i8k3url*Cp(ar A — @y A% )(a AP + a jAﬂJ))F NF 4+ SV ]1] :
where a scalar potential Vp, related to spontaneous supersymmetry breaking, is in-

cluded. For a detailed background of the origin of this scalar potential, we refer the
reader to [58].
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5.5 AN =1 supersymmetric representation

Any N = 1 supergravity theory can be written in a standard form in which all fields
are grouped into the chiral multiplets CV and vector multiplets V®. In the dualization
we have seen that in a four-dimensional theory all fields can be written as either a
scalar or a vector. Since there is only one supercharge in the effective theory, bosonic
scalars and vectors cannot be grouped into the same supermultiplet. Therefore, all
scalars fit into the chiral multiplets and all vectors in the theory are grouped as
vector multiplets. The interactions in this N/ = 1 supermultiplet representation are
completely determined by the Kéhler potential K, the superpotential W and the
gauge kinetic coupling functions fesx. Generally speaking a four-dimensional N = 1

supergravity action is of the form [32]

1 o
SW o — | _Rsl+2K,,xdCM AxdCN + (Vi 4+ Vp) * 1
N=LT 9 ARy ¥+ (Ve + Vo) » (5.5.1)

+ (Ref)os F® A xF> + (Imf)en F* A F,

with the field strength of the vector multiplets F* = (dV%, F') and the Kéhler metric
Kyy = 0o K.
Guided by [11], 36l 45, [59], the correct Kéahler variables which are part of the N' =1

chiral superfields are

ZEL7 CAa ar,
S =1+ ki Lap¢CP,
G* =c¢* — 1B,

X , (5.5.2)

VA —

T, = Ko+ ——Kaan GG’ — G°

SACRETes L )

1 _
+ z'(pa — §Kaabc“8b) + 2il€i/£7l2c(§]a[(aj +aj),

in which we defined the original complex Type IIB axion-dilaton field 7 = [ + ie~%.
However, the coupling to the open string sector leads to a shift in this field. Therefore,

the shifted new axion-dilaton field is represented by S.

Finally, the potentials Vr and Vp are also fully determined by the gauge coupling

functions, the superpotential and the Kahler potential. The scalar potential Vi is
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expressed as [50]
Vi = 5 (KMN Dy WDgW — 3|W|?), (5.5.3)

in terms of the inverse Kéahler metric and Kahler covariant derivatives of the super-
potential, Dy W = Oy W + (O K)W.

The gauge kinetic coupling function is a complex holomorphic function of the chiral
superfields. These chiral superfields are treated as complex variables. Under the
interchange of its two indices, represented in the adjoint representation of the gauge
group, the coupling function is symmetric. Finally, the mass dimension is zero and
the function encodes the couplings of the chiral supermultiplets to the gauge super-
multiplets [3].

Similar to the gauge kinetic coupling function, the superpotential is also a complex
function holomorphic in the chiral superfields. The function has mass dimension
three and must be invariant under the gauge symmetries of the theory.

The Kahler potential is a function of both the chiral superfields and their anti-chiral
partners. It is a real function with mass dimension two. At tree level, the Kéhler

potential is always linear in the term CM V.

Since the part of interest for this work is the gauge kinetic coupling function we
will not go in to this in more depth and refer the reader to [3 B2, [60] where a thor-

ough explanation is given.

Combining equations ([5.4.21)) and (5.5.1)) and the knowledge that all gauge vectors

fit into the vector multiplets of the A" = 1 supersymmetry representation, we read of

the gauge kinetic coupling function

305 A3 12C, AT
f'I’E - <4/€421U7l20&5‘a1¢4d] /i?lu7l2 (LA — 16Kiu7l20d5a1¢4d[(a[,431 + deBJ))) ;
(5.5.4)
in which, for a more convenient notation, we defined

Ly = %’CA + KaaGY(G" — G*) + i(PA - %’CAabcaBb)' (5.5.5)
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It follows from (4.2.25)) that we can write the bulk gauge kinetic coupling function as

i
fag = —5Hap (5.5.6)

which explicitly shows the holomorphic nature of the gauge coupling function f,z,

since the prepotential is a holomorphic function in the complex structure moduli.

The gauge kinetic coupling matrix displays that whenever the Wilson line
moduli are switched off, there is no mixed interaction between the bulk and the
D7-brane gauge vector fields. Furthermore, neglecting the Wilson line moduli, the
D7-brane gauge coupling function reduces to fp; = HileTA, which is manifestly

holomorphic in the chiral superfields.

However, if the relations

— 8C, A AP =i (5.5.7)

and

— 8C, A AP =i} (5.5.8)

hold, we can rewrite the last term of the D7-brane gauge coupling (5.5.4)) involving

the Wilson lines. This results in writing the D7-brane gauge coupling function as
for = KipelPTy, (5.5.9)

which implies that regardless of the Wilson line moduli fields, the D7-brane gauge
coupling function is holomorphic in the N/ = 1 coordinates. Even though we have
not proven and (5.5.8), based on [32] we have reason to believe there must
be such relations. This is due to the fact that [32] uses relation in one of the
last steps of their calculation to obtain the gauge kinetic coupling function. However,
they do not mention using it, which leaves us a bit uncertain. Therefore, we have in-

cluded suggestions for a closer look into the validity of these equations in appendix[A]

Finally, the mixed gauge kinetic coupling function fs;p7 between the bulk and the
brane vector bosons should be holomorphic in the chiral superfields in order to com-
plement the AN/ = 1 supersymmetric representation. At a first glance, judging by
its form fipr = 4"‘121”7[20@@1“4&[ , it looks holomorphic in the A" = 1 coordinates

since the only explicit dependence on the chiral fields seems to be a;. However, this
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expression is misleading due to the fact that the matrices C' o and A depend on yet
another one of the superfields; the complex structure, though this dependence is not
manifest. It is hidden in the basis forms A’ of the Dolbeault cohomology Hg:l_ (S4)
and in the Hodge star operator due to the Hermitian metric. Therefore, the holo-
morphic nature of the mixed gauge coupling function does not explicitly show. We

will elaborate on this in the following chapters.
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M-theory reduction on a general
Y4

The final aim is to show that the gauge coupling function of Type IIB theory is
holomorphic in the chiral superfields. For the mixed gauge kinetic coupling function
between the bulk and the brane gauge vectors, we will take an alternative route.
Since there exists an indirect relation between Type IIB theory and M-theory, further
elaborated on in the next chapter, we will reduce the eleven-dimensional supergravity
action resulting from M-theory on a general Calabi-Yau fourfold in this chapter.
Therefore, later on we can compare the results of the mixed gauge coupling function
found in M-theory with the one resulting from Type IIB theory, to clarify that it

should indeed be holomorphic in the complex structure moduli fields.

6.1 The spectrum

We start from the bosonic part of the eleven-dimensional supergravity action

1 [ - 14 N
Sub ZE/R%]I—EGA>T<G—EC/\GAG, (6.1.1)
with R the eleven-dimensional Ricci scalar and G = dC the field strength of the three-

form potential C. We perform a reduction on a Calabi-Yau fourfold Y;. Analog to
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the reduction performed in [36], we will decompose according to the backgrounds

(ds3)) = nuda”da” + 2§,:dy"dy",

06— 0 (6.1.2)

where ¢,.; is the background value of the Calabi-Yau metric on Y}, thus locally g,., =
Jni = 0. The background in equation implies that the eleven-dimensional
spacetime can be written in the irreducible form M 19y = M1 2) x Y,. So far, this
setup is in complete analogy to the derivation of the spectrum in section when
ignoring the orientifold projection and realizing that all forms are defined on Y} in

this compactification instead of Y3. Therefore, the relevant Hodge diamond reads

1
0 0
0 htt 0
O h2,1 hl 2 0
1 3! h2:2 B3 1. (6.1.3)
O h2’1 hl 2 0
0 hb! 0
0 0
1

We briefly state the massless spectrum arising from the fluctuations of the metric on
a Calabi-Yau fourfold. Using the information encoded in the Hodge diamond (/6.1.3]),

the metric on this manifold reads

Gmi = Jma — iv2<w2)mﬁ, Y =1,.., A% (Y,
K/ (6.1.4)
Gmn = = (blC)mna
up to first order in the moduli fields, where we defined
_ i -
(blC)mn = —(X]C)mgleéengleﬂg o K= 17 ey h173(m). (615)

12

Here ws, denote a basis of harmonic two-forms on Y, and v* are real scalar fields in the
effective three-dimensional theory. Furthermore, xx constitute a basis of harmonic

(1,3)-forms on the Calabi-Yau fourfold and € is the unique holomorphic 4-form.
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We use the Hodge diamond of Y} (6.1.3) to construct the massless modes arising from
fluctuations of the three-form C

C = A% Aws + NgUA + N 04, A=1,.. h3(Y), (6.1.6)

where A* and N4 are vector fields and complex scalars respectively in the three-
dimensional effective theory. Furthermore, the basis of harmonic (1,2)-forms is chosen
to be

g = %RefAB(OZB — if5cf°), (6.1.7)

with (a4, 8%) the real basis of harmonic three-forms on a Y; and f4s a function
holomorpic in the complex structure, i.e. fas(2*(x)). We denote Ref*F to be the
inverse of Refaz. Note that due to this choise of basis W, the scalar fields N4 are

holomorphic in the complex structure moduli.

Thus, the four-form field strength G is obtained by
G =dC = dA” Aws, + ANA A TA + Ny AdTA + AN A TA + Ny AdTA (6.1.8)
When writing d¥# explicitly we obtain

AUA(E(z), M (2), ) = % [(9.cRefABdS + DcRef48d=Y)

A (as — ifse°) + RefA8(dag — i faed5°) (6.1.9)
— iRefP0x fgedz A B°].

Note that implicitly dfge(Z*(z)) = 05« fee(Z°(2))d2Z* and recall that a4, 8° are har-
monics on Y. For convenience the dependence of the fields on the spacial coordinates

is dropped. In addition, we use
dRefAB = —Ref*°dRefepRefP5, (6.1.10)

in combination with the holomorphic property of f 45 leading to

1 _ 1
O.xRefap = §3z'<(fAB + faB) = 5(9sz,43, (6.1.11)
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to derive
1 1 s .
AU = — Ref*dfep AP = SRef*dfep A TP = AT, (6.1.12)

Therefore, we can now obtain the field strength by substituting this back into equation
(6.1.8) and defining DN 4 to be

DN, =dN,4 — ReNgRef"dfos, and DN, = DNy. (6.1.13)
Given this definition the eleven-dimensional four-form field strength reads

G = dA” Aws + DNAAUA + DNy A TA, (6.1.14)

6.2 Compactification

Having set up the spectrum of the lower-dimensional effective theory in the previous
section, we will reduce the eleven-dimensional supergravity action (6.1.1) starting
with the kinetic and the Chern-Simons term.

Substituting (6.1.14)) into the second term of the eleven-dimensional action (6.1.1)
and using the Hodge star decomposition (2.1.12)), yields

1 A a2 A 1 b Q , \ A A T8
—1 GNA*G = 2 dA*® A *d A A (ws A xwq) + DN A *DNg A (U A WP A LJ)
— iDN4 A*DNg A (U4 A TB A L)

1. _
- _ / va dAZ A xdA? + §VLEdEABDNA A *DNj,

(6.2.1)
in which we have made use of
* U8 = WP A (6.2.2)
The coefficients in the effective three-dimensional action are defined to be
Gy = K Wy N\ *wq = —L(ICZQ - LICZICQ) = —laLzﬁLQlogV, (6.2.3)
4 Jy, 8V 18V 4
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deP = z/ ws A TA AT, (6.2.4)
Yy
where we denoted
f/:l J4 LE:f V:lIC QALELQLFLA (6.2.5)
A Jy, v’ 41 h

and the intersection numbers

Ksora = / ws A wa A wr A wa, Ks = Ksara LALY LA Ksa = Ksara L' L.
Yy

(6.2.6)
Finally, to obtain equation (6.2.3) we additionally used
1 V2
*WE:—ﬁj/\J/\wZ—F%ICEJ/\J/\J. (627)

Performing a dimensional reduction on the third term in the eleven-dimensional

supergravity action (6.1.1), we substitute expansion (6.1.6) and define the lower-
dimensional field strength F'* = dA*. As a result, the Chern-Simons term reads

| 1 o
53 | ONGAG=— /dAZ Aws A [NATAA (d(NgPP) + d(NpTF))
+ NATA A (d(NgPP) + d(NpTP))]
1 _ _
=7 / F¥ ANws A [NoUA A (NpdUP + AN 0P + NpdUP)

+ NoPA A (ANUP + NpdUP + NpdUP)].
(6.2.8)

By using d¥# = dU4, shown in equation (6.1.12)), we conclude that

1 [ A ~ 4 1 L _
—E/C’/\G/\G:—Z/Fz/\wg/\ [(N4dNg — NgdNa) A TA A TP

+ (NATA + NATA) A 2ReNgd TP ]

1 o _
= / F* Nws A [(NadNg — NpdN4) A U4 A OF (6.2.9)
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+ NaReNgRe fPdfep A UP A WA — NReNgRef%dfep A U4 A WD)
1 _ _
= dsBF® A (Ny4DNg — NgDN ).
1
The reduction of the Einstein-Hilbert term is in complete analogy with the reduction
in appendix [C] except that now the metric deformations are expanded according to

(6.1.4), which results in

1 [ 1~ . <

3 / Rl = / gV R - VGipd2™ A xdzF — VGgod L™ A +d LY (6.2.10)
in the three-dimensional effective theory, with Gy 7 a Kahler metric defined by

fy XIC/\XE A
Gep=—"2— " = —0x0.rl QNQ ). 6.2.11
ke fy4Q/\Q 02 0g</y4 ) ( )

Collecting all terms after the dimensional reduction, the three-dimensional effective

action has become

1. . A G
5 = / EVR %1 — VGipd2® A xdz5 — VGsodL® A +dLS — %%AZ A #d A
1. 1 L
- §VLEd2ABDNA A *DNg — 4—Z,d;‘BFE A (N4DNg — NgDN ).
(6.2.12)

)" explained in ap-

Performing a Weyl rescaling of the form (n,,)%" = V*2(77W
pendix [B] on the three-dimensional external spacetime metric, results in the low-

energy effective theory

]_ _
St = / SR - Gyezdz A %dz5 — GgodL® A +dL® — Gyod A A xd A®
(6.2.13)
1 | L
— §L2d2ABDNA A *DNpg — IdzABFz A (NADNg — NgDN ).
{)

Recall that the whole point of reducing the eleven-dimensional supergravity action,
following from M-theory, was to relate the mixed gauge kinetic coupling function
obtained from the M-theory reduction to the one resulting from the Type IIB com-

pactification. Therefore, our main interest is this gauge kinetic coupling term.

Although it is at this point a priori not obvious which terms in the three-dimensional
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action resulting from M-theory will be related to the bulk and brane gauge vector
fields of Type IIB theory, we rewrite the object dy*® introduced in (6.2.4)), for later
convenience of dualizing the mixed kinetic coupling. Thereby, using the intersection

numbers

ME‘AB:/Q)E/\/B’A/\/BB, MEAB:/WE/\O{A/\OZB, MEAB:/ WE/\aA/\ﬁga
Y. Y. Y.
! ! ' (6.2.14)

which are independent of the complex structure moduli, we are able to state
dzAB:z‘/ ws A TANUE
Yy

= 7Re f°RefP[Msce + (iRef + Imf)epMs” + (iRef — Imf)eg My’
+ (Ref — ilmf)ep(Ref + ilmf)eg MyP]
_ iRe FA°Re f5€ [ Msce + 2iRe fepMygel + 2Im fiep MyeP + RefepRe fog My

+ ImfcplmfggMEDg + QiRef(CDImfg)gMEDg]

1 1 i

= —5Re fEEM A — S Re FEIm fop MFP + EM;‘B (6.2.15)
1

= —§RefBCQ2cA,

defining new matrices
Qs = My +ifep M4, (6.2.16)

which will prove to be of great importance in chapter[7]when dualizing to the Type IIB
perspective. Note that these matrices (6.2.16]) only depend on the complex structure

through the holomorphic function fep. Furthermore, in the third step we used
0= / ws A AN BB, (6.2.17)
Yy
which we have split into its real part

1
0 =Re [/ wy A BA A 58} = ZRefACRefBg [Mgcg - RefchRefggMEDg (6 5 18)
Yy 2.

+ Im foplm feg M9 + 2Im fiop My |
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and the imaginary part

1 1
0= Im[ / ws A BAN [3’5‘] = —5Re M P+ SRe A fop M7 (6.2.19)
Ya
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Holomorphic mixed gauge kinetic

function

In the previous chapters we have shown the full reduction of the eleven-dimensional
supergravity action on Yj following from M-theory and Type IIB theory on a Calabi-
Yau orientifold including D7-branes. The reduction preformed for M-theory is valid
for any smooth Calabi-Yau fourfold. M-theory is the geometrical origin of Type ITA
theory in the strong coupling limit. Additionally, Type ITA can be dualized to Type
I1B theory via a T-duality, which implies an implicit relation between our Type 11B
reduced action and the effective lower-dimensional action resulting from M-theory.
Generally speaking Type IIB theory can be related to M-theory on an elliptically
fibered Calabi-Yau fourfold, when lifted on a circle to four dimensions. An important
remark here is that we discuss the weak string coupling limit in M-theory to match
the theory with the tree level supergravity Type IIB action. We will explore this
relation in a bit more detail within this chapter, to reach the conclusion that M-
theory shows the holomorphic property of the gauge kinetic coupling function in the

chiral superfields.
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7.1 Compatible Type IIB theory

Before beginning with the lift from three to four dimensions, we first turn to the Type
IIB theory again and define an explicit basis of Hg:l_(SJr) and H gﬂ(&) denoted with
{7?} and {4P} respectively, such that the higher-dimensional gauge vector on the
D7-brane decomposed in (5.1.3]) can be expanded as

A

A= A(x)P-(y) + ap(x)7"(y) + ap(2)7" (1), (7.1.1)

in the explicit basis [36]
1 . A
vP = éRequ(ozq —ifyf"), (7.1.2)

where (&, 3P) is a symplectic basis of H'(S,). All complex structure dependence is
captured in the function f,,, which is holomorphic in the complex structure moduli
2% While not a priori obvious why one would choose such a basis, this will turn
out to be convenient in translating from M-theory to Type IIB theory, due to the
remarkable similarity with the choice of basis of the three-forms in the M-
theory reduction. Note that a;A’ = a,7? since both span the full space Hgi(é})
and 7? is just a specific choice for A, Furthermore, note that we could have equally
well chosen the basis (&, Bp) itself to expand the gauge vector boson. An expansion

in these symplectic three-forms would have been [36]
A= A(x)P_(y) + @4, + ¢, 37, (7.1.3)

which implies the form a, = ic,+ f,,¢?, explicitly showing that the complex structure
dependence of the Wilson lines is captured by the function f,,, since the coefficients
¢? and ¢, are real. This manifestly shows the holomorphic property of a, in the

complex structure moduli fields.

7.2 M-theory perspective

Now turning to the M-theory side. To bring structure to the set of lower-dimensional
scalars and vectors obtained in the M-theory reduction, we state how to group them

into the three-dimensional N’ = 2 supersymmetry multiplet representation. There-
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fore, we denote the scalar and vector multiplets of the representation respectively
with
(Z’C7NA)7 (LE7AZ)' (721)

To obtain the three-dimensional theory after reduction that is dual to the lower-
dimensional Type IIB theory, we compactify M-theory on an elliptically fibered
Calabi-Yau fourfold. Splitting the three-forms and two-forms according to the num-

ber of legs they have on the fiber we write
T4 = (T4, U), wy = (wo, Wi, Wa), (7.2.2)

where U* corresponds to three-forms that live on the base of the fibration, while U4
are three-forms that may have one leg on the fiber. Likewise, w, are (1,1)-forms on
the base, w; may have one or no legs on the fiber and wy are forms that have either
two, one or zero legs on the fiber. Note that since we are now compactifying on a
elliptically fibered Calabi-Yau fourfold, each non-vanishing integral over the internal
space must have an integrand which is an eight-form with exactly two legs on the
fiber and the other six on the base.

Due to the decomposition of the forms on the Calabi-Yau manifold, we include the

corresponding decomposition of the scalars and vectors related to these forms
Ny = (Na, N,), L* = (L°, L', L*), A% = (A% AT A%, (7.2.3)

Since the higher-dimensional supergravity action started from in the Type IIB re-
duction was at tree level, we must consider the weak coupling limit in dualizing
the low-energy effective result from M-theory to the fields of Type IIB theory. The
N, scalars lift to both the G* moduli and the Wilson lines a, on the D7-brane,
while the complex scalars N, lift to the Ramond-Ramond vector fields V¢. From
the three-dimensional ' = 2 vector multiplets, (L°, A°) lifts to the four-dimensional
Kaluza-Klein vector that follows from the reduction of the metric, whereas (L’ A*)
includes the D7-brane gauge vectors A. Finally, the vector multiplets (L, A%) trans-
late to the complex scalars T, in four dimensions, therefore the vectors A® have to
be dualized into scalars. Considering the complex structure moduli fields z* arising
from the eleven-dimensional supergravity, they lift to the complex structure moduli

in Type IIB 2% as well as the axion-dilaton field and the normal coordinates (.
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Since we are mainly interested in the mixed gauge kinetic coupling function of the
bulk and brane gauge fields, the relevant four-dimensional Type IIB theory terms
are of the form dV® A *F and dV® A F. The coupling functions of these two terms
in the action represent the real and imaginary part of the gauge kinetic coupling
function respectively, as shown in equation . In the reduced three-dimensional
M-theory, the parts of the action corresponding to this include the fields N, and
(L%, A%), since these are dualized into V¥ and A. In [36] an explicit explanation of
this duality map is reviewed and they furthermore state that within M-theory the
gauge coupling function between N, and (L?, A?) is given by

fin = Qi Na (7.2.4)

up to a prefactor, where the matrix Qs was defined in (6.2.16) and shown to be

holomorphic. Thus, when writing out the gauge coupling function we obtain
fil’f = (MmA + ifHDMiDA)NA = (MMA + ifRAMiAA)NA7 (725)

from which it follows that the subscript D should turn into a subscript correspond-
ing to the field N,, under the assumption that a gauge coupling of the form f.4
between N4 and N, does not exist. Even more, the matrices MmA and MZ-)‘A are
only non-trivial whenever N4 corresponds to N4 such that the integrals in ((6.2.14])
have precisely two legs on the fiber and thus are non-vanishing.
To obtain an expression closer to the form of the mixed gauge kinetic coupling func-
tion derived in the Type IIB reduction , one can use the particular property
that

d B = dPA, (7.2.6)

with dg® defined in (6.2.15)) which implies the equality Ref*PRefepQyf = Qs
[36]. Using this result and similar arguments to the ones stated above, one can write

the gauge coupling between N, and (L?, A?)
fir = (RefABReanQiBD)NA = RefABRefm\(MiB)‘ - ichMiCA)NA

:RefABRefm(/ wi/\OzB/\ﬁA—iJFBc/

Ya Yy

» AﬂcAﬁ)‘)NA, (7.2.7)
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where we have split the symplectic basis of three-forms on the Calabi-Yau fourfold
(cg, BB) in (au, B) and (a4, BP) analog to the devision of the basis ¥ in (7.2.2)).
Therefore, a Greek index denotes a form without any legs on the fiber and a form
with either one or no legs on the fiber is represented with a Latin subscript.

When dualizing from M-theory to Type IIB theory, the internal forms on the mani-
folds also have a correspondence to each other according to their expansion coefficients

in Minkowski spacetime. Therefore, the correspondences
(ALY — A = w— P,
NH — V& — (aﬁyﬁ)\) — (OZ@,BB),

(éps 7).

wa?

(7.2.8)

Na— (G ay) = (0a,8") —

relate the mixed gauge kinetic coupling function in M-theory (7.2.7) to

k lin,
fin weax coupuns, fapr = RequRef&B</

PoAGg A BP— z’fqr/ P_AB A L*65>ap,
Sy Sy

(7.2.9)

which states the corresponding expression in the Type IIB theory. Hence, this should
be equivalent to the expression of the mixed gauge kinetic coupling function (j5.5.4)),
obtained in the reduction of Type IIB theory. To explicitly show this equivalence, we
recognize the basis form ~? in expression , such that combined with a;A! =

a,y? we can write
f@D'y = QRede/ AI VAN L*BBCL] = —QRGde CL[ABI, (7210)
S-

using the matrices defined in ([5.2.8)).

Recall from equations (4.2.22)) and ([5.5.4) that

i Lo
fup = =5 My = —5(C +iaC >@B (7.2.11)

in Type IIB theory. Thus, indeed the mixed gauge kinetic coupling function between
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the bulk and the brane bosonic gauge vectors turns out to be
Japr = CdgazABI, (7.2.12)

up to a prefactor, as was already shown from the reduction of the Type IIB
theory on a Calabi-Yau threefold including D7-branes. Hence, as expected in the weak
string coupling limit dualizing M-theory compactified on an elliptically fibered Calabi-
Yau fourfold results in the same mixed gauge kinetic coupling function as obtained
from the Type IIB reduction. However, an important result is deduced from this M-
theory path. This path has shown that the mixed gauge coupling function, obtained
from the Type IIB reduction, is holomorphic in the complex structure moduli fields,
since the mixed gauge kinetic coupling function resulting directly from the reduction
of the eleven-dimensional supergravity action on a Calabi-Yau fourfold turned
out to be holomorphic, due to the holomorphic property of the function f 5.
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Conclusion

In this thesis, we have investigated in a mathematical proof that the A" = 1 gauge
kinetic coupling function resulting from our setup is holomorphic in the chiral co-
ordinates. To reach this point, we have first compactified the democratic version of
the ten-dimensional Type IIB supergravity in the weak string coupling limit on a
Calabi-Yau threefold. Focussing on orientifold reductions admitting O3/O7-planes
such that part of the spectrum is projected out, we obtained the lower-dimensional
effective theory. Next, we have included a single spacetime filling D7-brane wrapped
on a (2,2)-cycle of the Calabi-Yau orientifold. We have realized this by adding the
Dirac-Born-Infeld and the Chern-Simons action for a D7-brane. Compactifying both
has led to a U(1) Abelian gauge theory. In this reduction we have taken into ac-
count the fluctuations of the embedding of the four-cycle into the two directions of
the Calabi-Yau orientifold normal to the cycle and assumed the (2,2)-cycle which
wrappes the brane allows for non-trivial one-cycles leading to Wilson lines. The final
ingredient of this reduction was the inclusion of a background flux on the D7-brane,
which gives rise to lower-dimensional Ramond-Ramond charges distributed over the
brane. For this flux we have assumed the pullback of the harmonics in the cohomol-

ogy H ((51_1)(5/3) to be the only non trivial two-forms on the four-cycle.

After reducing all parts of the democratic action, we worked out the technical as-
pect of imposing the self-dual constraints on the gauge vectors. Defining the correct

N =1 chiral and vector multiplets, it can be shown that the four-dimensional theory
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obtained indeed suites the N’ = 1 supergravity action, from which we can read of
the gauge kinetic coupling function. This function is of our main interest. We briefly
review that the coupling function among the bulk gauge vectors is holomorphic in
the N' =1 coordinates, as yet shown in [32] 34].

Apart from the U(1) bulk gauge vectors we obtain another sector of U(1) gauge
vectors resulting from the brane. These D7-brane gauge vectors interact amongst
themselves but also couple to the bulk vectors in the presence of Wilson line moduli.
As a new result, we discuss the indications we have found that point towards the fact
that the D7-brane gauge kinetic coupling function is indeed holomorphic in the chiral
coordinates, taking into account the existence of Wilson lines. Even though we do
not provide a mathematical proof, we do include recommendations for the discovery
of such a proof in appendix [A] which could be supporting for further studies. Lastly,
we note that the Wilson lines give rise to mixed kinetic coupling terms between the
bulk and the brane gauge vectors. To show that this mixed kinetic coupling function
is holomorphic, we first compactify the eleven-dimensional supergravity resulting
from M-theory on a elliptically fibered Calabi-Yau fourfold. Hereafter, we explain
which fields in M-theory correspond to the Type IIB fields in the weak coupling
limit, to show that the mixed gauge kinetic coupling in M-theory corresponds to the
function obtained in our Type IIB reduction upon matching the correct harmonics.
Therefore, from the knowledge that the mixed gauge coupling function is holomorphic

in M-theory, we conclude it must also be holomorphic from the Type IIB perspective.

As yet stated, both sectors of vectors are the gauge bosons of two different U(1)
groups. One possibility for extending the Standard Model with a new U(1) Abelian
gauge group is to interpret it as the very weak coupling of the dark photon with
the electrically charged particles of the Standard Model through kinetic mixing with
the regular photon arising from electromagnetism [61), 62]. The dark photon is the
force carrier of the hidden/dark sector [63], similar to the photon. The coupling of
the photon to the dark photon might provide the only non-gravitational window to
the existence of the hidden sector. Within string theory it has been studied that
placing hidden branes which are geometrically separated from the visible branes can
give rise to these additional hidden U(1) groups [64] with massive fields arising on

strings stretching between the branes, with masses of the order £~2. The interactions
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appearing here are aﬁ suppressed. In our reduction, we have not taken into account
higher orders of o’ which can be interesting for phenomenological applications [111 [65].
Finally, we observe something quite similar to these force carriers of the hidden sector.
Due to the mixed kinetic coupling we obtain between the two U(1) gauge groups, we
could possibly view the two gauge vectors as the photon and the dark photon, which

could be an interesting point of view for further research.

Lora! = ¢
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Appendix A

Recommendations for D7-brane

coupling

In this chapter we focus more extensively on equations (5.5.7) and ([5.5.8)). We suggest

some point of views that, if explored, could lead to a mathematical proof of these

relations, which we will leave for future research.

One possible approach would be to search for how these terms appear in M-theory.
We have only looked into this briefly, though we will now explain our findings to

construct a starting point for further investigations.

First, we want to remind the reader where the Type IIB harmonics on the Calabi-Yau

orientifold originate from in M-theory. Recall that

M-theory Type IIB theory

e as, B,

v — Al A7, (A.0.1)
We Was

wW; P_.

We will assume that the (1,2)-forms WU* on the Calabi-Yau fourfold take a similar
form when dualized to the Type IIB perspective as ¢* = TRef* (e — z'féﬁﬁﬁ).
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Next we want to emphasize that dyw*® was given in (6.2.4) as
dP = 2/ ws A TA AT, (A.0.2)
Yy
though, using (6.2.2)), it can also be written as
LFd AP = / TA N +TB, (A.0.3)
Y

With the above information, it becomes clear which matrices in M-theory correspond

to the required Type IIB matrices

C'/I\‘]_ — L¥d*P, Y must be a,
O = L=ds™, > must be 0,
AM — L¥dA, ¥ must be .

Note that the matrices in both theories are not equal, we only want to stress that

there are certain relations between these expressions.

When writing both equation and in a slightly different form
— 8AM AP = jCT 0oF (A.0.4)
— 8AM AP = T 0P (A.0.5)
it becomes more explicit that both result from similar parts in M-theory, namely
LEdPL8d P, (A.0.6)

Though, taking into consideration that every non-vanishing integral over the Calabi-
Yau fourfold must have two legs on the elliptical fiber, we obtain that the left hand

side of (A.0.4) and (A.0.5|) originates from

i] KArj ] AB
Lid, "\ L7d, (A.0.7)
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in M-theory, while the right hand side from
LOdy"*L*d 8. (A.0.8)

Hence, to show explicitly which parts of L¥d*BL2d P result in the required Type
IIB matrices, we write out both parts

L0y, AP = AP / AR =
Yy
3 1 s _ . ¥
z/ Vwa A AT A AJ/ ~Ref¥ (s — ifse8%) Ax(az +iB% f.5)Refo”
S+ Y3 4
1 7 A4 543 a ei .7 e . i
_ ZC«AIJRefcwRefEB [B&S _ fﬁécmf,:@s + zf,»yéA 3 + lDﬁ fms}
- J &4 1Bé ke L. q R 3
=i\ oveP [ — C5p AT A s — Cis + Z<ZC&§AC€ — Cse)C (nggA% + C.5)
Z’ . F é Z . ; P
+ S0, AS = Ch) A% 4 S (iC3eAS, + Cy) A &]
75509 4 e 9O
— IJB6| _ 2 A& gé _ = s&
iCy 0% | - 2A%4% - 253).
(A.0.9)

In this derivation, we repeatedly used equations (3.2.13)), (3.2.15) and (3.2.17) and
derived Ref&# = —2C%" from the result obtained in (7.2.11]). Note that the M-theory

equivalent of the four-dimensional Kaluza-Klein vector is involved in this derivation.

When aiming to obtain the left hand side of relation (A.0.4)), we deduce

Ak 3 AB
d; dj =
1 R A o _ . -
- / P_ A (o + iﬁ”fRS)Refda A AI/ P_ARef 1" (ag — ifse5°) N A7
4 Js, Sy
= / i B (fi5 = 2F15) 7 A A[/ CPi(2fs5e — fe)"B° N AT

= [ e Gasagraal [ (Gad s A

S_ S_
79 . 5 1 . 5
— ARI g&J| 2 pa BA —sé ﬂA
=A"A [4AHA€+45556},
(A.0.10)

frequently using (5.4.22)) and (5.5.6). The left hand side of equation (A.0.5)) can be
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derived in a similar fashion. Judging from the similarity between both results (A.0.9)
and ({A.0.10]), this seems to head in a promising direction, however to precisely deduce
relations (A.0.4) and (A.0.5)) this should be further explored, but we will leave this

to the interested reader.

Another suggestion that could quite possibly lead to the mathematical discovery of
equations and is to take a closer look into the derivation of the N' =1
chiral coordinates. This is likely to reveal similar relations to the ones we are aiming
for. A careful construction of these coordinates has been performed in [36]. Therefore,

we will not go into further detail about this.
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Weyl rescaling

Within string theory Weyl transformations are a commonly applied technique since
they form a symmetry of the Polyakov worldsheet action. Such a transformation is

a local rescaling of the metric
gzlyd = e g, (B.0.1)

These rescalings transform the original metric into another metric of the same con-

formal class. We will explicitly show how terms of the form
F® A xp® (B.0.2)

frequently appearing in supergravity actions transform under a Weyl rescaling. We
assume a d-dimensional theory with a rescaling in all d dimensions. The
crucial assumption, is that we assume F® to be a p-form that itself is invariant
under the Weyl rescaling. Writing in Einstein summation convention shows

the explicit dependence on the metric

1

F® A s FP) = . Frrs By 0 g/ Gora A" (B.0.3)

From (B.0.1)) it follows that
ggllé - G_Zu)gﬁgw and vV Yold =/ (€2w)dgnew = (Gw)dvgnew, (B04)
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which results in
—Fr o by (€72 P glavs | ghrle () [Guowd s = e PO A PP (BLO.5)

However, if F®) does transform under the Weyl rescaling, this has to be incorporated
in addition to the result derived above. The most known example of such a situation
is the Ricci scalar. The general transformation rule of the Ricci scalar under a Weyl
rescaling is explicitly derived in [55] to be

B = (R — (A= 1)(d - 2) V0V —2d = 1)V Vow) . (B.0.6)
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Einstein-Hilbert term reduction

In section we reduced the ten-dimensional Einstein-Hilbert term (4.2.2) on the
background (4.1.1)) up to second order in moduli fields. However, before arriving at
the reduced form given in equation (4.2.6|), we will emphasize to some extent on the

intermediate steps of this derivation.

Recalling that the ten-dimensional Ricci scalar is given by

A

R = QMN RPMPN = g Rpww + [¢g™R™ + gmn( R* + Rpmpn + Rﬁmﬁn)

pwmy mun

_ _ (C.0.1)
+ 9" (R + R s+ R ) + c.c.] :
with R%,,py the Riemann curvature tensor
RRMPN = an‘ﬁM - 8Nf‘§M + f‘JIELf‘]L\fM - fﬁLfILDM (C.0.2)
and Christoffel symbols
I %gRP(aMgPN + Ongpy — Opdun). (C.0.3)

Given the background (4.1.1]) expanded in (4.1.13]) and (4.1.15)), the only non-vanishing

ten-dimensional Christoffel symbols are
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T, = 5 0s)aplia)™0°0,0% = S (00 ™ ()"0, — 5(000) Oy
PTH = 2(()&)723#2“ + 5 (wa)™ (Eﬁ)pnvaaﬂza + Q(Wa)np(l;&)ﬁmzéauva7
L (C.0.4)
an = _§<b&)mna Za?
o = 500"

and their complex conjugates.

As an example we explicitly calculate the third term of the Ricci scalar (C.0.1)) up to

second order in moduli fields
/dlox\/ —4g10 gmnRum;m == / dlox\/ —910 Za<b&)mnaﬂrlrf1n
1 _ ~ -
_ / A/ =G0 5 (0a)™ (g 20,07 (C.0.5)

1 _ ~ -
= —/dlol'\/ —d10 E(ba)mn(bg)mn(ﬁuz“)auéb.

Note that the derivatives do not act on the harmonics since these are closed and
furthermore we performed a partial integration in which we drop the total derivatives
and used metric compatibility and the mathematical trick det(A) = T for a

general matrix A to obtain

1 . m «
OV =910 =V —940,\/96 = 9V —91\/96 Tr[gmnau gnp] = —iv/—g10(Wa)m O (C.0.6)

up to first order in moduli fields. Calculating all other terms of the Ricci scalar in a

similar fashion results in

1
/dlox\/—glo gR",, =~ /dwl‘v —910 5 [(Wa ) (W),

) )] ") 0™ B (B0

4
(C.0.7)
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_ 1
/dmﬂ?\/ —4g10 gmnR“mm = —/dwﬂ?v —4g10 5 [(wa)n’f‘(wﬂ)n”

2
50 5 ) ] (™) — ()™ (B (0,272
(C.0.8)
[ ey g B = 5 [ @yl )7 @) (0™ (5)]
(0,0%)0"0”,
(C.0.9)
10 — mn P ,,:l 101, — W) () ™ oo MU’B
[0 R = 5 [ %= gin () ), 8,000 o

+ (ba)mn (Bg)mn(auzd)aﬂgg] )

Finally, combining the terms ¢™" (R, + RP mpn) = 97" Ry yields the Ricci tensor

on the internal space. Up to second order in moduli fields this term vanishes.

Collecting all terms, including the complex conjugates, we obtain the reduced Einstein-
Hilbert action

1 1 _
St er = =5 [ V=g [R+ (5(wa)™ (@s)ma — (@a) (), ) (B0*)0o”

2&%0
1

= 0™ ) (D214 2.

(C.0.11)
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Appendix D

Shift symmetries from circle

reduction

In this chapter we will discuss how shift symmetries arise when compactifying an
Abelian gauge theory. Therefore, we discuss the most basic example of a D-dimensional
theory reduced on a circle, considering the manifold Mp = My x S;. As a starting

point, we will take the higher-dimensional action
S:/FAMy (D.0.1)

with the field strength F = dA of the D-dimensional gauge vector A. By construction

the field strength is invariant under a gauge transformation

~

A— A4 dA. (D.0.2)

Expanding the higher-dimensional gauge vector A = A A 1 + a A dy where y is the
coordinate on the circle, y ~ y + 27, results in a lower-dimensional gauge vector
A and a d-dimensional scalar a. When also expanding the D-dimensional gauge
transformation as dA = dAA T + p A dy, we conclude that indeed the transformation
leads to a d-dimensional gauge vector transforming as A — A + dA, with
a field strength F' = dA invariant under the transformation. In addition there is a
d-dimensional scalar a that enjoys a shift symmetry a — a+p, obtained from the fact

that the higher-dimensional gauge vector A includes more gauge degrees of freedom
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than the lower-dimensional gauge vector A. Therefore, the gauge degrees of freedom
are spread over the d-dimensional scalar and vector and the vector on the internal
space. Note that dA =0 implies dp = 0 which makes da invariant under the shift

symmetry.



BIBLIOGRAPHY

Bibliography

[1] T. Kaluza, “Zum unititsproblem der physik,” Sitzungsberichte der Koniglich
Preufischen Akademie der Wissenschaften (Berlin), Seite p. 966-972 (1921)
966-972.

[2] O. Klein, “Quantentheorie und fiinfdimensionale relativitétstheorie,”
Zeitschrift fir Physik 37 (1926) no. 12, 895-906.

[3] S. P. Martin, “A Supersymmetry primer,” arXiv:hep-ph/9709356 [hep-phl].
[Adv. Ser. Direct. High Energy Phys.18,1(1998)].

[4] C. Cséki and P. Tanedo, “Beyond the Standard Model,” in Proceedings, 2013
European School of High-Energy Physics (ESHEP 2013): Paradfurdo,
Hungary, June 5-18, 2013, pp. 169-268. 2015. arXiv:1602.04228 [hep-ph].
https://inspirehep.net/record/1422131/files/arXiv:1602.04228.pdf.

[5] R. Kallosh and T. Wrase, “Emergence of Spontaneously Broken
Supersymmetry on an Anti-D3-Brane in KKLT dS Vacua,” JHEP 12 (2014)
117, arXiv:1411.1121 [hep-th].

[6] T. Kuroki and F. Sugino, “Spontaneous supersymmetry breaking in large-N
matrix models with slowly varying potential,” Nucl. Phys. B830 (2010)
434-473), arXiv:0909.3952 [hep-th]l

[7] J. Louis, P. Smyth, and H. Triendl, “Spontaneous N=2 to N=1
Supersymmetry Breaking in Supergravity and Type II String Theory,” |JHEP
02 (2010) 103, arXiv:0911.5077 [hep-th].

[8] W. Buchmuller, L. Covi, and D. Delepine, “Inflation and supersymmetry


http://arxiv.org/abs/hep-ph/9709356
http://dx.doi.org/10.5170/CERN-2015-004.169
http://arxiv.org/abs/1602.04228
https://inspirehep.net/record/1422131/files/arXiv:1602.04228.pdf
http://dx.doi.org/10.1007/JHEP12(2014)117
http://dx.doi.org/10.1007/JHEP12(2014)117
http://arxiv.org/abs/1411.1121
http://dx.doi.org/10.1016/j.nuclphysb.2009.12.021
http://dx.doi.org/10.1016/j.nuclphysb.2009.12.021
http://arxiv.org/abs/0909.3952
http://dx.doi.org/10.1007/JHEP02(2010)103
http://dx.doi.org/10.1007/JHEP02(2010)103
http://arxiv.org/abs/0911.5077

96

BIBLIOGRAPHY

[10]

[11]

[12]

[15]

[16]

[17]

[18]

[19]

breaking,” Phys. Lett. B491 (2000) 183-189, arXiv:hep-ph/0006168
[hep-ph].

S. Gukov, C. Vafa, and E. Witten, “CFT’s from Calabi-Yau four folds,” Nucl.
Phys. B584 (2000) 69-108, arXiv:hep-th/9906070 [hep-th]. [Erratum:
Nucl. Phys.B608,477(2001))].

S. B. Giddings, S. Kachru, and J. Polchinski, “Hierarchies from fluxes in string
compactifications,” Phys. Rev. D66 (2002) 106006, arXiv:hep-th/0105097
[hep-th].

K. Becker, M. Becker, M. Haack, and J. Louis, “Supersymmetry breaking and
alpha-prime corrections to flux induced potentials,” |JHEP 06 (2002) 060,
arXiv:hep-th/0204254 [hep-th].

T. R. Taylor and C. Vafa, “R R flux on Calabi-Yau and partial supersymmetry
breaking,” Phys. Lett. B474 (2000) 130-137, arXiv:hep-th/9912152
[hep-th]!l

J. Polchinski and A. Strominger, “New vacua for type II string theory,” |Phys.
Lett. B388 (1996) 736742, arXiv:hep-th/9510227 [hep-th].

G. Curio, A. Klemm, D. Lust, and S. Theisen, “On the vacuum structure of
type II string compactifications on Calabi-Yau spaces with H fluxes,” Nucl.
Phys. B609 (2001) 345, arXiv:hep-th/0012213 [hep-th].

K. Becker and M. Becker, “Supersymmetry breaking, M theory and fluxes,”
JHEP 07 (2001) 038, arXiv:hep-th/0107044 [hep-th].

V. Balasubramanian, “Accelerating universes and string theory,” Class. Quant.
Grav. 21 (2004) S1337-1358, arXiv:hep-th/0404075 [hep-th].

A. D. Linde, “Prospects of inflation,” |Phys. Scripta T117 (2005) 4048,
arXiv:hep-th/0402051 [hep-th].

C. P. Burgess, “Inflationary string theory?,” Pramana 63 (2004) 1269-1282,
arXiv:hep-th/0408037 [hep-th].

E. Kiritsis, “D-branes in standard model building, gravity and cosmology,”


http://dx.doi.org/10.1016/S0370-2693(00)01005-4
http://arxiv.org/abs/hep-ph/0006168
http://arxiv.org/abs/hep-ph/0006168
http://dx.doi.org/10.1016/S0550-3213(01)00289-9, 10.1016/S0550-3213(00)00373-4
http://dx.doi.org/10.1016/S0550-3213(01)00289-9, 10.1016/S0550-3213(00)00373-4
http://arxiv.org/abs/hep-th/9906070
http://dx.doi.org/10.1103/PhysRevD.66.106006
http://arxiv.org/abs/hep-th/0105097
http://arxiv.org/abs/hep-th/0105097
http://dx.doi.org/10.1088/1126-6708/2002/06/060
http://arxiv.org/abs/hep-th/0204254
http://dx.doi.org/10.1016/S0370-2693(00)00005-8
http://arxiv.org/abs/hep-th/9912152
http://arxiv.org/abs/hep-th/9912152
http://dx.doi.org/10.1016/S0370-2693(96)01219-1
http://dx.doi.org/10.1016/S0370-2693(96)01219-1
http://arxiv.org/abs/hep-th/9510227
http://dx.doi.org/10.1016/S0550-3213(01)00285-1
http://dx.doi.org/10.1016/S0550-3213(01)00285-1
http://arxiv.org/abs/hep-th/0012213
http://dx.doi.org/10.1088/1126-6708/2001/07/038
http://arxiv.org/abs/hep-th/0107044
http://dx.doi.org/10.1088/0264-9381/21/10/007
http://dx.doi.org/10.1088/0264-9381/21/10/007
http://arxiv.org/abs/hep-th/0404075
http://dx.doi.org/10.1238/Physica.Topical.117a00040
http://arxiv.org/abs/hep-th/0402051
http://dx.doi.org/10.1007/BF02704894
http://arxiv.org/abs/hep-th/0408037

97

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[30]

Phys. Rept. 421 (2005) 105-190, arXiv:hep-th/0310001 [hep-th]. [Erratum:
Phys. Rept.429,121(2006)].

D. Lust, “Intersecting brane worlds: A Path to the standard model?,” |Class.
Quant. Grav. 21 (2004) S1399-1424, arXiv:hep-th/0401156 [hep-th].

L. E. Ibanez, “The Fluxed MSSM,” Phys. Rev. D71 (2005) 055005,
arXiv:hep-ph/0408064 [hep-ph].

A. M. Uranga, “Chiral four-dimensional string compactifications with
intersecting D-branes,” Class. Quant. Grav. 20 (2003) S373-S394,
arXiv:hep-th/0301032 [hep-th].

A. M. Uranga, “D-brane probes, RR tadpole cancellation and K theory
charge,” Nucl. Phys. B598 (2001) 225-246, arXiv:hep-th/0011048 [hep-th].

E. G. Gimon and J. Polchinski, “Consistency conditions for orientifolds and d
manifolds,” |Phys. Rev. D54 (1996) 16671676, arXiv:hep-th/9601038
[hep-th].

G. Pradisi and A. Sagnotti, “Open string orbifolds,” Physics Letters B 216
(1989) no. 1-2, 59-67.

A. Sagnotti, “Open Strings and their Symmetry Groups,” in NATO Advanced
Summer Institute on Nonperturbative Quantum Field Theory (Cargese Summer
Institute) Cargese, France, July 16-30, 1987, pp. 0521-528. 1987.
arXiv:hep-th/0208020 [hep-th].

D. Bailin and A. Love, “Constructing the supersymmetric Standard Model
from intersecting D6-branes on the Z(6)-prime orientifold,” Nucl. Phys. B809
(2009) 64-109, arXiv:0801.3385 [hep-th].

C. Csaki, “The Minimal supersymmetric standard model (MSSM),” Mod.
Phys. Lett. A11 (1996) 599, arXiv:hep-ph/9606414 [hep-ph].

A. Kar, S. Mitra, B. Mukhopadhyaya, and T. R. Choudhury, “Do astrophysical
data disfavour the minimal supersymmetric standard model?,”
arXiv:1711.09069 [hep-ph].

ATLAS Collaboration, M. Aaboud et al., “Search for Minimal


http://dx.doi.org/10.1016/j.physrep.2005.09.001
http://arxiv.org/abs/hep-th/0310001
http://dx.doi.org/10.1088/0264-9381/21/10/013
http://dx.doi.org/10.1088/0264-9381/21/10/013
http://arxiv.org/abs/hep-th/0401156
http://dx.doi.org/10.1103/PhysRevD.71.055005
http://arxiv.org/abs/hep-ph/0408064
http://dx.doi.org/10.1088/0264-9381/20/12/303
http://arxiv.org/abs/hep-th/0301032
http://dx.doi.org/10.1016/S0550-3213(00)00787-2
http://arxiv.org/abs/hep-th/0011048
http://dx.doi.org/10.1103/PhysRevD.54.1667
http://arxiv.org/abs/hep-th/9601038
http://arxiv.org/abs/hep-th/9601038
http://arxiv.org/abs/hep-th/0208020
http://dx.doi.org/10.1016/j.nuclphysb.2008.09.036
http://dx.doi.org/10.1016/j.nuclphysb.2008.09.036
http://arxiv.org/abs/0801.3385
http://dx.doi.org/10.1142/S021773239600062X
http://dx.doi.org/10.1142/S021773239600062X
http://arxiv.org/abs/hep-ph/9606414
http://arxiv.org/abs/1711.09069

98

BIBLIOGRAPHY

[33]

[34]

[35]

[42]

Supersymmetric Standard Model Higgs bosons H/A and for a Z’ boson in the
77 final state produced in pp collisions at /s = 13 TeV with the ATLAS
Detector,” Eur. Phys. J. C76 (2016) no. 11, 585, arXiv:1608.00890
[hep-ex].

J. Wess and J. Bagger, Supersymmetry and supergravity. Princeton university
press, 1992.

H. Jockers and J. Louis, “The Effective action of D7-branes in N = 1
Calabi-Yau orientifolds,” Nucl. Phys. B705 (2005) 167211,
arXiv:hep-th/0409098 [hep-th].

H. Jockers and J. Louis, “D-terms and F-terms from D7-brane fluxes,” Nucl.
Phys. B718 (2005) 203246, arXiv:hep-th/0502059 [hep-th].

T. W. Grimm and J. Louis, “The Effective action of N = 1 Calabi-Yau
orientifolds,” Nucl. Phys. B699 (2004) 387-426, arXiv:hep-th/0403067
[hep-th].

M. Berg, M. Haack, and B. Kors, “Loop corrections to volume moduli and
inflation in string theory,” Phys. Rev. D71 (2005) 026005,
arXiv:hep-th/0404087 [hep-th].

P. Corvilain, T. W. Grimm, and D. Regalado, “Shift-symmetries and gauge
coupling functions in orientifolds and F-theory,” JHEP 05 (2017) 059,
arXiv:1607.03897 [hep-th].

T. Weigand, “Introduction to string theory,”.
C. Petersson, “Flux Compactification of Type II Supergravities ,”.
M. Nakahara, Geometry, topology and physics. CRC Press, 2003.

K. Tsukada, “Holomorphic forms and holomorphic vector fields on compact
generalized hopf manifolds,” Compositio Mathematica 93 (1994) no. 1, 1-22.

S. Vandoren, “Lectures on riemannian geometry, part ii: Complex manifolds,”

Fulltext on Stefan Vandoren’s personal page (2008) .

S. Bellucci, The Attractor Mechanism: Proceedings of the INFN-Laboratori


http://dx.doi.org/10.1140/epjc/s10052-016-4400-6
http://arxiv.org/abs/1608.00890
http://arxiv.org/abs/1608.00890
http://dx.doi.org/10.1016/j.nuclphysb.2004.11.009
http://arxiv.org/abs/hep-th/0409098
http://dx.doi.org/10.1016/j.nuclphysb.2005.04.011
http://dx.doi.org/10.1016/j.nuclphysb.2005.04.011
http://arxiv.org/abs/hep-th/0502059
http://dx.doi.org/10.1016/j.nuclphysb.2004.08.005
http://arxiv.org/abs/hep-th/0403067
http://arxiv.org/abs/hep-th/0403067
http://dx.doi.org/10.1103/PhysRevD.71.026005
http://arxiv.org/abs/hep-th/0404087
http://dx.doi.org/10.1007/JHEP05(2017)059
http://arxiv.org/abs/1607.03897

99

[43]

[44]

[45]

[46]

[47]

[48]

[50]

[51]

[53]

[54]

Nazionali Di Frascati School 2007, vol. 134. Springer Science & Business
Media, 2010.

R. Blumenhagen, D. Liist, and S. Theisen, Basic concepts of string theory.
Springer Science & Business Media, 2012.

S. Gurrieri, N=2 and N=/ supergravities as compactifications from string
theories in 10 dimensions. PhD thesis, Marseille, CPT, 2003.
arXiv:hep-th/0408044 [hep-th].

M. Grana, T. W. Grimm, H. Jockers, and J. Louis, “Soft supersymmetry
breaking in Calabi-Yau orientifolds with D-branes and fluxes,” Nucl. Phys.
B690 (2004) 2161, arXiv:hep-th/0312232 [hep-th].

R. Blumenhagen, B. Kors, D. Lust, and S. Stieberger, “Four-dimensional
String Compactifications with D-Branes, Orientifolds and Fluxes,” |Phys. Rept.
445 (2007) 1-193, arXiv:hep-th/0610327 [hep-th].

X. Yin, “Special geometry,”.

A. Swann, “Hyperkahler and quaternionic kéhler geometry,” Mathematische
Annalen 289 (1991) no. 1, 421-450.

A. Ceresole, R. D’Auria, and S. Ferrara, “The Symplectic structure of N=2
supergravity and its central extension,” Nucl. Phys. Proc. Suppl. 46 (1996)
67-74, |arXiv:hep-th/9509160 [hep-th].

J. Louis, “Generalized Calabi-Yau compactifications with D-branes and
fluxes,” Fortsch. Phys. 53 (2005) 770-792.

L. Andrianopoli, R. D’Auria, and S. Ferrara, “Consistent reduction of N=2 —;
N=1 four-dimensional supergravity coupled to matter,” Nucl. Phys. B628
(2002) 387403, arXiv:hep-th/0112192 [hep-th].

I. Brunner and K. Hori, “Orientifolds and mirror symmetry,” |JHEP 11 (2004)
005, larXiv:hep-th/0303135 [hep-th].

B. S. Acharya, M. Aganagic, K. Hori, and C. Vafa, “Orientifolds, mirror
symmetry and superpotentials,” arXiv:hep-th/0202208 [hep-th].

T. W. Grimm, T.-W. Ha, A. Klemm, and D. Klevers, “The D5-brane effective


http://arxiv.org/abs/hep-th/0408044
http://dx.doi.org/10.1016/j.nuclphysb.2004.04.021
http://dx.doi.org/10.1016/j.nuclphysb.2004.04.021
http://arxiv.org/abs/hep-th/0312232
http://dx.doi.org/10.1016/j.physrep.2007.04.003
http://dx.doi.org/10.1016/j.physrep.2007.04.003
http://arxiv.org/abs/hep-th/0610327
http://dx.doi.org/10.1016/0920-5632(96)00008-4
http://dx.doi.org/10.1016/0920-5632(96)00008-4
http://arxiv.org/abs/hep-th/9509160
http://dx.doi.org/10.1002/prop.200410202
http://dx.doi.org/10.1016/S0550-3213(02)00090-1
http://dx.doi.org/10.1016/S0550-3213(02)00090-1
http://arxiv.org/abs/hep-th/0112192
http://dx.doi.org/10.1088/1126-6708/2004/11/005
http://dx.doi.org/10.1088/1126-6708/2004/11/005
http://arxiv.org/abs/hep-th/0303135
http://arxiv.org/abs/hep-th/0202208

100

BIBLIOGRAPHY

[56]

[57]

[58]

[62]

[63]

[64]

action and superpotential in N=1 compactifications,” |Nucl. Phys. B816 (2009)
139-184, arXiv:0811.2996 [hep-th].

F. Bonetti, Effective actions for F-theory compactifications and tensor theories.
PhD thesis, Imu, 2014.

A. S. Schwarz, Topology for physicists, vol. 308. Springer Science & Business
Media, 2013.

M. Berkooz, M. R. Douglas, and R. G. Leigh, “Branes intersecting at angles,”
Nucl. Phys. B480 (1996) 265278, arXiv:hep-th/9606139 [hep-th].

[. Brunner, M. R. Douglas, A. E. Lawrence, and C. Romelsberger, “D-branes
on the quintic,” JHEP 08 (2000) 015, arXiv:hep-th/9906200 [hep-th].

M. Haack and J. Louis, “Duality in heterotic vacua with four supercharges,”
Nucl. Phys. B575 (2000) 107-133, arXiv:hep-th/9912181 [hep-th].

A. Bilal, “Introduction to supersymmetry,” arXiv:hep-th/0101055 [hep-th].

R. Essig et al., “Working Group Report: New Light Weakly Coupled
Particles,” in Proceedings, 2013 Community Summer Study on the Future of
U.S. Particle Physics: Snowmass on the Mississippi (CSS2013): Minneapolis,
MN, USA, July 29-August 6, 2013. 2013. arXiv:1311.0029 [hep-ph].

https://inspirehep.net/record/1263039/files/arXiv:1311.0029.pdf.

M. Battaglieri et al., “US Cosmic Visions: New Ideas in Dark Matter 2017:
Community Report,” arXiv:1707.04591 [hep-ph].

D. Chialva, P. S. B. Dev, and A. Mazumdar, “Multiple dark matter scenarios
from ubiquitous stringy throats,” Phys. Rev. D87 (2013) no. 6, 063522,
arXiv:1211.0250 [hep-ph]l

M. Goodsell, J. Jaeckel, J. Redondo, and A. Ringwald, “Naturally Light
Hidden Photons in LARGE Volume String Compactifications,” JHEP 11
(2009) 027, arXiv:0909.0515 [hep-ph].

V. Balasubramanian and P. Berglund, “Stringy corrections to Kahler
potentials, SUSY breaking, and the cosmological constant problem,” JHEP 11
(2004) 085, arXiv:hep-th/0408054 [hep-th].


http://dx.doi.org/10.1016/j.nuclphysb.2009.03.008
http://dx.doi.org/10.1016/j.nuclphysb.2009.03.008
http://arxiv.org/abs/0811.2996
http://dx.doi.org/10.1016/S0550-3213(96)00452-X
http://arxiv.org/abs/hep-th/9606139
http://dx.doi.org/10.1088/1126-6708/2000/08/015
http://arxiv.org/abs/hep-th/9906200
http://dx.doi.org/10.1016/S0550-3213(00)00091-2
http://arxiv.org/abs/hep-th/9912181
http://arxiv.org/abs/hep-th/0101055
http://arxiv.org/abs/1311.0029
https://inspirehep.net/record/1263039/files/arXiv:1311.0029.pdf
http://arxiv.org/abs/1707.04591
http://dx.doi.org/10.1103/PhysRevD.87.063522
http://arxiv.org/abs/1211.0250
http://dx.doi.org/10.1088/1126-6708/2009/11/027
http://dx.doi.org/10.1088/1126-6708/2009/11/027
http://arxiv.org/abs/0909.0515
http://dx.doi.org/10.1088/1126-6708/2004/11/085
http://dx.doi.org/10.1088/1126-6708/2004/11/085
http://arxiv.org/abs/hep-th/0408054

	Introduction
	A look back in history
	The basic concepts of string theory
	The scope of the thesis
	The outline of the thesis

	Manifolds and differential geometry
	Real manifold
	Differential forms
	Cycles and chains
	(Co)homology

	Complex manifold
	Dolbeault cohomology

	Kähler manifold
	Calabi-Yau manifold

	Moduli spaces
	Kähler class moduli space
	Complex structure moduli space

	IIB reduction on Y3 inlcuding O3/O7-planes
	The spectrum
	Bulk compactification

	IIB reduction on Y3 including a D7-brane
	D7-brane
	U(1) gauge field on the brane
	Normal coordinates

	Compactification Chern-Simons action
	Compactification Dirac-Born-Infeld action
	Imposing self-dual relations on gauge vectors
	N=1 supersymmetric representation

	M-theory reduction on a general Y4
	The spectrum
	Compactification

	Holomorphic mixed gauge kinetic function
	Compatible Type IIB theory
	M-theory perspective

	Conclusion
	Recommendations for D7-brane coupling
	Weyl rescaling
	Einstein-Hilbert term reduction
	Shift symmetries from circle reduction

