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ABSTRACT

For a dynamical system consisting of a set S and a map f : S — S, the dynamical zeta
function ¢ f,S(T) encodes all information on the (finite) number of fixed points of all nth
iterates of f on S. We are particularly interested in the case where S = X(K), with X an
algebraic variety over K, and f a morphism of degree at least two.

If X = P}, where K is a field of characteristic zero, and f is a rational map of degree
at least 2, then the dynamical zeta function is a rational function over Q(T). However, if
K has positive characteristic, then the dynamical zeta function of dynamically affine maps,
which are morphisms of a strongly group-theoretical nature, becomes transcendental over
Q(T).

Under some assumptions, we prove new results for separable endomorphisms on an el-
liptic curve E over a field K of characteristic p > 0, and for multiplication-by-m maps on
abelian varieties, where p { m.

Such transcendence results indicate that for characteristic p > 0 the number of fixed
points does not have an easy pattern. The tame dynamical zeta function is introduced as an
alternative for the original dynamical zeta function; it only counts nth iterates for p { n. We
prove a new theorem which tells us that for dynamically affine maps, the tame dynamical
zeta function is algebraic.
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INTRODUCTION

An arithmetic dynamical system is a pair (f, X) where X is an algebraic variety over a field
Kand f : X — X is a morphism.

When working with dynamical systems we are often interested in all orbits of f. When
an orbit is finite, all its elements are periodic points of f, i.e. fixed points of its iterates. We

will investigate the patterns in the number of fixed points of the nth iterate f°" on X(K) via
the dynamical zeta function:

gf,X(T) = exp (i #Fix(f"”)Tn> )

n=1 L

Here we assume the number of fixed points is finite. A more precise introduction of arith-
metic dynamical systems is presented in Chapter [2]

This zeta function was first introduced by Artin and Mazur in [AM65] for a diffeomor-
phism on a topological space in order to study the asymptotic behaviour of its fixed points.
Later Hinkkanen proved in [Hin94] that if X = P{. and f is a rational map of degree at least
2, then the dynamical zeta function is a rational function in T. This was later generalized
to arbitrary fields of characteristic zero by Lee in [Leel5]. A detailed proof is included in
Chapter [4]

The case where K is a field of positive characteristic had remained more mysterious, until
Bridy proved in [Bril12]] and later in [Bril6] that the dynamical zeta function is transcenden-
tal for some sufficiently nice separable morphisms. These morphisms are called dynamically
affine maps and include power maps, Chebyshev polynomials, Lattes maps, and when the
characteristic is positive also (sub)additive polynomials.

His proofs rely on the theory of automata: finite-state machines that take strings of input
and give an output following a deterministic protocol. Therefore, Chapter |3|is included to
introduce all necessary theory on automata.

We were able to rewrite some of his results as simple corollaries of the following theorem:

Theorem (5.1.1). Let p be a prime and m € Z\ {-1,0,1} and b,c,d,e,e € Z>o with
e € {0,1} and A € Q*. Define the sequence (a,),>1 by

a, = A <(m” — 1P| = 15 + e(m” + 1) |m" + 1|;) .
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If p t m, then exp (¥,>1 %2T") is transcendental over Q(T). However, if p | m, then
exp (L1 %T") is algebraic over Q(T). In particular, when p | m and A € Z, then
exp (L1 22T") is rational over Q(T).

By some basic algebraic computations, we can see that this theorem applies to power
maps, Lattés maps and Chebyshev polynomials. Looking at the proof for Lattes maps, it
became clear that a similar result should hold for endomorphisms of elliptic curves as well.
We proved:

Theorem (5.2.14). Let E be an elliptic curve over a field K of characteristic p > 3, and let
f + E — E be an isogeny of degree at least 2. If f is separable, then (s (T) is transcendental
over Q.

The proof consist of the same steps as Theorem yet generalized to suit all endo-
morphisms of elliptic curves. As the proof relies on the structure of kernels of the endomor-
phisms, the idea arose to generalize this to abelian varieties. For multiplication-by-m maps
it was not hard to see it is in fact a corollary of Theorem [5.1.1}

Theorem (5.2.7). Let A be an abelian variety over a field K of characteristic p > 0, and let
[m] : A — A be the multiplication-by-m map, with |m| > 1. If p { m, then {j,a(T) is
transcendental over Q(T). However, if p | m, then {j, (T) is rational over Q(T).

Although the majority of steps in the proof of Theorem |5.2.14| apply to general isogenies
of abelian varieties, there was one step in the form of Lemma [5.2.13] regarding the insepa-
rable degree of an isogeny, which proved to be more complicated for abelian varieties. This
problem is reviewed in Chapter

One studies the dynamical zeta function as a way to understand the patterns in the num-
ber of fixed points. The fact that we obtain transcendence results tells us that simple pat-
terns are not easy to detect. Therefore, G. Cornelissen and J. Byszewski came up with an
alternative to the dynamical zeta function, namely the tame dynamical zeta function, which
omits all ‘problematic’ terms:

#le
Cix(T) = epo LY

an

One naively expects that its behaviour is similar to the (full) dynamical zeta function in
characteristic zero. By computing the tame dynamical zeta function for dynamically affine
maps we observe:

Theorem (6.1.2). Let K be a field of characteristic p > 0, and let f : Py, — Pk be a
morphism of degree at least 2. If f is a power map, Chebyshev polynomial, Lattés map induced
by a multiplication-by-m map or a (sub)additive polynomial, then the tame dynamical zeta

function (f]’i p1 (T) is algebraic over Q(T).
Ak

The algebraicity of the tame dynamical zeta function of such f suggests that its structure
might be similar to the dynamical zeta function of a corresponding map f over characteristic
zero. It turns out that there is a natural way of lifting power maps, Chebyshev polynomials
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and Lattes maps to maps over characteristic zero. This allows us to compare the tame
dynamical zeta function of a dynamically affine map f to the dynamical zeta function of
its lift f. For power maps we found promising results, e.g. when p { m we have Equation

6.2.1.6f (A1)
S — S
Caom G, K0 (T) ] -~ Gmko (T%)
Gt 6, o (TOVP\ L Trs)1/p ,

where G, F, is the multiplicative group over F,, and G,k the multiplicative group of K,
a field of characteristic zero. Here s and A are constants depending on m. When the tame
dynamical zeta function can be written in this way we call it expressible over its lift.
However, it turns out that such a relation does not exist for (most) separable Chebyshev
polynomials and all separable Lattés maps induced by a multiplication-by-m map:

Con G, (T) =
xm m,IFp xmpSer,Kﬂ(

Theorem (6.3.3| (v,vi,vii)). Let K be a field of characteristic p > 0, and let f : X — X be a
dynamically affine map. Then §;'Z,X(T) is not expressible over its lift if f is one of the following:

e Chebyshev polynomial T; on G,,,(K), with p{d and p # 2;
e Chebyshev polynomial T; on G, (K), with p =2, andd =1 mod 4;
e Lattés map Ly on Py (K), with p { m.

There are several aspects of dynamical systems over positive characteristic which have
potential for further study. An overview of interesting problems is presented in Chapter

11






ARITHMETIC DYNAMICAL SYSTEMS

In this chapter we will discuss the basic notions in the field of arithmetic dynamical systems
and more algebraic notions of how or where we will apply these. The first section is a brief
introduction which only discusses the necessary definitions. The second section will focus
for algebraic structures for which we will consider these dynamical systems.

2.1 DYNAMICAL SYSTEMS

A (discrete) dynamical system consists of a set S and a self-map f : S — S. When considering
such a system, we will be interested in the behaviour of f when it is iterated multiple times.
Hereinafter, let S and f be such a dynamical system.

Definition 2.1.1. Let Sbe asetand f : S — S a map. We define the n-fold composition of
fas f":= fo...of,suchthat f*":S — S. Any f°" is called an iterate of f.
———

n times
Definition 2.1.2. Let Sbe asetand f : S — S a map. We call x € S a fixed point of f if
f(x) = x. With Fix(f) we denote the set of all fixed points of f in S.

Clearly, not every point is fixed for f itself, and hence it is interesting to consider points
being fixed for the n-fold composition.

Definition 2.1.3. Let Sbe asetand f : S — S a map. We call x € S periodic if there exists
n € Z>1 such that f°"(x) = x. Moreover, the smallest such integer n is called the exact or
minimal period of x.

We are interested in determining how many fixed points we have for each iteration of
f. In other words, we are interested in the sequence |Fix(f°")|. This information can be
given in the form of a generating function defined as a formal power series, similar to the
Hasse-Weil zeta function of an algebraic variety over a finite field.

Definition 2.1.4. Let Sbe asetand f : S — S a map. Define the dynamical zeta function
of f over S as

Crs(T) =exp <Z A}f]’ﬂ) )
n=1

where

N {IFiX(f°”)| if [Fix(f")| is finite;

0 otherwise.

13
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We need NV, to be finite to ensure that the zeta function is well-defined. This formal power
series was first introduced by Artin and Mazur in [AM65]], and hence it is also referred to
as the Artin-Mazur zeta function.

Notation. When the set S is understood we may omit it: {¢(T). Furthermore, we will be
interested in S = X(K), where X is an algebraic variety over a field K. We may just write
Crx(T) instead of { £,X(E) (T) as we will always count fixed points over the algebraic closure.
Similarly, we can write f : X — X and then we count its fixed points over the algebraic
closure: Fix(f) := {x € X(K) | f(x) = x}.

Moreover, throughout this thesis we will switch between maps over different fields, i.e.
fields of different characteristic. To avoid confusion, we denote the zeta function of a
map f : X(K) — X(K) by {fx,,(T) when K has characteristic or {fx, ,(T) when K has
characteristic p > 0. When the characteristic is obvious from the field, e.g. IF,, or if we have
not specified the characteristic of K we may just write {f x,.

2.2 DYNAMICALLY AFFINE MAPS

We will be particularly interested in the case where S is an algebraic variety, denoted X,
over a field K and f is a morphism. Following Section 6.8 in [Sil07]], we introduce a few
other notions in order to discuss a specific family of morphisms on P}, called dynamically
affine maps.

Definition 2.2.1. An algebraic group is a group that is also an algebraic variety, such that
the multiplication and inversion operations are given by regular maps on the variety.

Definition 2.2.2. A morphism ¢ : X — Y of algebraic varieties is said to be unramified at
a point P € X if ¢ induces an isomorphism between the completion of the local rings at P
and ¢(P). We call ¢ unramified if ¢ is unramified at all points P € X.

Definition 2.2.3. An unramified morphism ¢ : X — Y of algebraic varieties is called a
finite morphism if for any point P € ¢(X), the inverse image ¢~ !(P) consists of d points,
counted with multiplicity, for a certain fixed integer d, called the degree of ¢.

Definition 2.2.4. Let G be a commutative algebraic group. An affine morphism of G is the
composition of a finite endomorphism of degree at least 2 and a translation.

We can finally give the definition of a dynamically affine map.
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Definition 2.2.5. A self-morphism of an algebraic variety ¢ : V — V is dynamically affine
if it is a finite quotient of an affine morphism, i.e. if there exist a connected commutative
algebraic group G, an affine morphism ¢ : G — G, a finite subgroup I' C Aut(G), and a
morphism y : G/T" — V that identifies G/T" with a Zariski dense open subset of V, such
that the following diagram is commutative:

c—r ¢

| |

V—V

Example 2.2.6. A power map ¢(x) = x™ is an example of a dynamically affine morphism.
Let G = G;(K) be the multiplicative group of a field K, I' = (1), V = PL(K) and yx :
Gn(K) — PL(K), defined by identifying G, (K) with PL(K) \ {0,00} C P%(K). We get the
diagram:

Clearly, almost all maps are restrictions or identity maps, hence the diagram commutes.
Other dynamically affine maps we will study on P} are Chebyshev polynomials and Lat-

tes maps, which come from the multiplicative group or an elliptic curve, these will be intro-
duced in Section These three families of maps are the only rational dynamically affine
morphisms on ]P}: (Theorem 6.79 in [Sil07]). When K has positive characteristic we also
need to consider (sub)additive polynomials, which will be introduced in






AUTOMATA THEORY AND ITS NUMBER THEORETICAL APPLICATIONS

Automata theory is the study of virtual machines known as automata. An automaton is
a very basic notion of a computational model and has its origin in theoretical computer
science, with links to logic, combinatorics and number theory. In particular, automatic
sequences are of interest to us as we can relate these to the coefficient sequences of formal
power series.

3.1 AUTOMATA THEORY

In this section we will introduce the basic notions of automata theory using definitions,
examples and theorems from [ASO3].

Definition 3.1.1. An alphabet ¥ is a nonempty set of symbols.

Often the alphabet consists of symbols which we will denote with numbers, like 0,1, 2,3, .. ..
Note that an alphabet is not necessarily finite.

Definition 3.1.2. Let X be an alphabet. A word or string is a finite or infinite list of symbols
in X, often denoted without comma’s or spacing. With >* we denote the Kleene closure of
Y; it is the set of all finite words on X.

Example 3.1.3. One of the most ubiquitous family of alphabets in number theory is £; :=
{0,...,k—1} for k > 2. Although, the symbols do not necessarily represent the integers,
we often do identify them with each other. Let w € ¥~*. We can write w = w; - - - wy, where
wy, ..., wy € ¥ and t is some non-negative integer. Then we can introduce

t .
[w]k = Z wikl.
i=0

Note that any word w will give the same value if we add zeroes on the left. For example in
the decimal system: [000501]19p = [501]19. We consider the word 501 as the canonical word
corresponding to the integer 501 in the decimal system, as it contains no leading zeroes. We
write (n) for the canonical word of 7 in base k. That is [(1)]x = n and (1), has no leading
zeroes.

With this basic vocabulary we can now introduce automata. There are several types of
automata, so we will start with a simpler version of what we will need in the end.

17
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Definition 3.1.4. A deterministic finite automaton (DFA) is a 5-tuple M = (Q, %, 4, qo, F),
where

e () is a finite set of states;

e X is an input alphabet;

e §:(Q x X — Qis a transition function;
e g0 € Q is a begin state;

e F C Qis a set of accepting states.

Note that the transition 6 : Q x £ — Q can be extended on words. Given a begin state, one
can apply delta to this state and the rightmost letter of a word to get to a new state and
then use the next letter to go to another state, etc. To make this more formal: we can define
0" 1 Q x £* — Q in the following way ¢'(g, (ay,...,a0)) = 6(...(6(6(q,a0),a1),...,a,). We
will usually denote the extended map on Q x ~* — Q also by ¢.

We can describe a DFA by a diagram: the states are represented by circles; the transition
function consists of arrows between the nodes which depend on the input alphabet; the
begin state will have start arrow and lastly; the accepting states are represented by taking
double circles. To clarify, we give an example.

Example 3.1.5. We can think of a DFA as a machine which either accepts or rejects certain
words on our input alphabet. We will give an example by defining which words the DFA
will accept. Let X = {0,1} and we accept words which contain at least one 1, but no two
consecutive 1’s.

0 0,1
1 1
start — @
1 0

A more general notion is the following.

Definition 3.1.6. A deterministic finite automaton with output (DFAO) is a 6-tuple M =
(Q,%,6,90,A,T), where

e () is a finite set of states;
e . is the input alphabet;
e §:(Q x X — Qis a transition function;

e g0 € Q is the begin state;
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e A is the output alphabet;
e 7:(Q — A is the output function.

Just like the DFA, a DFAO can also be described using a diagram: the states are rep-
resented by circles; the transition function consists of arrows between the nodes which
depend on the input alphabet; the begin state will have an incoming arrow with the word
“start”. In some of the literature on automata the circles do not only contain the state, but
also the corresponding output given by 7. However, we chose to omit the output.

We claimed that a DFAO is a more general notion than a DFA. It is easy to turn a DFA into
a DFAO by the following construction. Define A = {accepting, rejecting} to be the output
alphabet, and define the output function as

(q) = {accepting ifgeF;
rejecting ifg ¢ F.
The last type of automata we will introduce is a specific family within the DFAQ’s.
Definition 3.1.7. A k-DFAO is a DFAO M = (Q, %, 6,40, A, T), where £ = X for k € Z>1.
This family allows us to talk about the notion of automatic sequences.

Definition 3.1.8. A sequence (a,),>0 on an alphabet A is called k-automatic for k € Z~4
if there exists a k-DFAO M = (Q, Xy, 4,40, A, T), such that a, = 7(6(qo, w)) for all w € X}
with [w], = n, forall n > 0.

Note that we demand that the automaton gives us the correct output, even when we
insert a word with leading zeroes. It turns out that it suffices to just look at the canonical
word. This is expressed in the following theorem.

Theorem 3.1.9. The sequence (a,),>0 is k-automatic if and only if there exists a k-DFAO
M such that a, = t(5(q0, (n)x)) for all n > 0. Moreover, we may choose M such that

5(q0,0) = qo.
Proof. See the proof of Theorem 5.2.1. in [Sil07]. O

Example 3.1.10. A famous automatic sequence is the Thue-Morse sequence. Let (t,),>0
denote the sequence, defined by

_Jo if the number of 1’s in the base 2-expansion of 7 is even;
" 1 if the number of 1’s in the base 2-expansion of n is odd; '

We can make a 2-DFAO with 2 states {go, g1} which generates the Thue-Morse sequence.

0 0
1
start — e
1

19
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Here g is the state with output ¢, = 0 and ¢; has t, = 1 as output. Clearly, we start with
output zero and whenever we get a 1 the parity of the number of 1’s changes, and whenever
we get a zero, the parity remains the same. The automaton above clearly represents this
behaviour.

3.2 NUMBER THEORETICAL APPLICATIONS

In this section we will focus on automatic sequences and how to determine which sequences
can or cannot be p-automatic for a prime p. We will obtain many tools throughout this
section which will play a major role in many of the proofs presented in Chapter[5] We start
with a famous theorem which truly exemplifies the connection between automata theory
and number theory.

Theorem 3.2.1 (Christol). Let p be a prime and let Y° ; b;t' € FF,[t] be a formal power series.
Then this power series is algebraic over IF,(t) if and only if the coefficient sequence (b;);> is
p-automatic.

Proof. See the proof of Theorem 12.2.5. in [ASO3]. O

This theorem has a very practical corollary.

Corollary 3.2.2. Let Y°,b;jt' € Z[t] be a formal power series. If it is algebraic over Q(t),
then for every prime p the reduced coefficient sequence (b, mod p),>o is p-automatic.

Proof. Let us write f(t) := Y22, b;t' for the formal power series. Assume f is algebraic over
Q(t). Then there exists a polynomial P(X) of degree at least 1 with coefficients in Q(#) such
that P(f) = 0. Let us write P(X) = a,(t)X" + ...+ ao(t), where a;(t) € Q(t), such that for
all primes there is at least one a; with v,(a;) = 0. Now we can write each a;(t) = a;(t)/a;(t),
where 4;(t),a;(t) € Z[t] and for each i we have (;(t) is coprime to «;(t) in Z[t].

Define a(t) as the least common multiple of all a;(#), and define P(X) := a(t)P(X). It
follows that P(f(t)) = a(t)P(f(t)) = « -0 = 0. So we get

B(X) =a,(t)X" +...+aj(t),

where a/(t) is a multiple of 4;(t). By definition of 4;(t) it must follow that a)(t) € Z[t].
Note that by taking the least common multiple the a/(t) are not all divisible by some non-
unit in Z[t]. Hence we can define @;(t) := aj(t) mod p in IF,(t) and henceforth we get
P(X) =@, (t)X" +...4dp(t). Similarly, we define b; := b; mod p in IF, which also gives us
f(t):= YiZo bit' € Fp[t]. i

Since P(f(t)) = 0 in Z[t], we also know that P(f(t)) mod p = 0 in F,[t]. This is
equivalent to saying that P(f(t)) = 0 in [F,. We need that P is not identically zero. To
get a contradiction, assume however that P is identically zero. This happens if and only if
a;(t) = 0foralli =0,...,n. This is equivalent to a/(t) = 0 mod p. By construction all
a(t) are coprime over Z[t|, in particular they cannot all be divisible by p. Hence, this gives
a contradiction. O

As the statements in Chapter[5|often include the notion of transcendence, we need tools to
prove that a specific sequence is not automatic for a certain (prime) number. The following
theorem is a great means to this end.
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Theorem 3.2.3 (Cobham). Let p and g be multiplicatively independent integers
(i.e. logp/logg ¢ Q), at least 2. If the sequence (ay,),>o is both p-automatic and g-automatic,
then (a,)n>o is eventually periodic, i.e. there exists an integer N > 0, such that the sequence
(ay)n>N is periodic.

Proof. See the proof of Theorem 11.2.2. in [AS03]. In fact this is a corollary of the original
Cobham’s Theorem, given as Theorem 11.2.1. in [ASO3]. O

To apply the aforementioned theorems we often need to modify the given sequence to make
it fit in the framework. We will provide several theorems and propositions which will be
useful tools when proving that certain sequences are not p-automatic for a prime p.

Theorem 3.2.4. Let (a,),>0 be an eventually periodic sequence, then (a,)>o is k-automatic
forevery k € Z>4

Proof. See the proof of Theorem 5.4.2. in [AS03]. O]

Theorem 3.2.5. Let (a,),>0 be a k-automatic sequence. Then for all nonnegative integers b
and c, the subsequence (ay, . ¢)n>0 is also k-automatic.

Proof. See the proof of Theorem 6.8.1. in [ASO3]. O

Proposition 3.2.6. Let (a,),>0 and (b, )y>0 be two k-automatic sequences both with values
in the output alphabet A. Let f : A x A — A be any binary operation. Then the sequence
(f(an, by))n>0 is k-automatic. In particular, if (a,)n>0 and (by)n>0 have entries in a ring, this
holds for the sum (a, + by,) >0 and the product (a, - by)y>o-

Proof. This is a special case of Corollary 5.4.5. in [[ASO3]. It follows if one just equates all
output alphabets. Taking the pointwise sum and pointwise product are binary operations,
hence it holds for these cases. O

Proposition 3.2.7. Let (a,),>0 be a k-automatic sequences with entries in the ring R, and let
f : R — R be a unary operation. Then the sequence (f(a,))n>0 is k-automatic. In particular,
the sequence (cay,),>o is k-automatic for ¢ € R and if a, is invertible in R for all n > 0, then
the sequence (a,'),>0 is k-automatic.

Proof. Let M = (Q,X%,4,90,R, T) be the k-DFAO corresponding to (a,),>0. We define 7’ :
Q — R defined by 7/(g;) := f(t(q;)). Consider M = (Q,%,6,90,R, 7). Then this is an k-
DFAO and moreover, T'(5(qo, (n)x)) = f(t(6(q0, (n)x))) = f(a,). Therefore, the sequence
(f(an))n>0 is k-automatic. Multiplying by a scalar and taking the inverse (if defined) clearly
are unary operations. O

The propositions and theorem mentioned before give very general manipulations. We
will now focus on sequences which include a valuation function, e.g. a, = a% ("),

Proposition 3.2.8. Let p be a prime and m a positive integer. If (a,),>0 is a function of the
equivalence class of v,(n) mod m, then the sequence (a,),>o is p-automatic.
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Proof. Let A = {a; | i > 0} be the output alphabet. Because a, only depends on v,(n)
mod m, it can only attain a finite number of outputs, which implies that A is finite. This
means there exists some function f : Z/mZ — A, such that f(v,(n) mod m) = a, for
all n > 0. To prove the proposition we define a p-DFAO M = (Q,X,,d,qo, A, T), where we
take Q = {qo,...,qom—1}. Also, we define 7: Q — A by 7(q;) = f(i mod m). We define
5:QxE,—Q,by

qi ifie{m,...2m—1};
iem ifie{0,...m—1}and k £ 0;
giv1 ifie{0,...m—2}and k = 0;
q0 ifi=m-—1andk=0.

We can represent this automaton with the following graph, where the dashed arrows illus-
trate that this continues analogously for alli € {4,...,m — 2}:

O

This proposition gives us the opportunity to obtain the following two propositions which
will both be critical to prove significant results in Chapter [5]

Proposition 3.2.9. Let p and q be distinct primes. Suppose a € Z,, a # 0,1 mod gq. Also,
suppose &, B € Z, with « # 0 such that v,(a) < v, (p). Let the sequence (ay),>o be a sequence
with entries in Z./qZ. be defined by a, = a®“**F) mod g. Then the sequence (a,),>o is not
g-automatic.

Proof. Let d be the multiplicative order of 2 mod g in [F;, which exists as a # 0 mod g,
and d is strictly greater than 1 as @ # 1 mod g. Then the sequence b, = a%( is a
function of the equivalence class v,(n) mod d. We apply Proposition to see that
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b, is p-automatic. Then a, = b, 4 is also p-automatic by Proposition Assume by
contradiction that a, is g-automatic. As distinct primes are multiplicatively independent,
we apply Theorem to see that a,, must be eventually periodic.

Let k be the period and N > 0 such that ay,.,, = a,, for all m > N. This means that
a(mtp) = gop(alkntm)+h) mod g, which is equivalent to vy, (am + B) = v, (a(kn +m) + B)
mod d. Define &’ := & - |a|, and similarly B’ := B - |a|,. Clearly, &’ is coprime to p (we
use that a is nonzero). Because v,(a) < v,(B) we know |a|, > |B|,, hence ' is still an
integer. By arguments analogous to earlier ones, we have v, (a'm + ') = v, (' (kn + m) +
B’) mod d. Choose | := v, (k) such that k' = k/p' and K is coprime to p. Asa’ # 0 mod p
the following equation is solvable in m:

o'm=—B +p' mod p'2

We can choose m > N as the sequence (a,),>n is periodic. Hence, we get v, (a'm + p') = I.
Moreover, we can also solve the following equation in n:

ZkKn=p—-1 mod p'*2
Let us multiply this equation with p! and add it to the previous equation.
& (m+kn) = —p +p*t mod p't2.

Therefore, v, (a’(m + kn) 4+ ') = 1+ 1. If we combine our results we obtain I = [ +1
mod d. However, d > 1 is in contradiction with this identity. O

Proposition 3.2.10. Let a € Z and let p and q be primes with q¢ > p°"". If p is odd, also
assume that g —1 0 mod p. If p = 2, instead assume that g =7 mod 8. Let the sequence
(ay)n>0 With entries in Z./qZ. be defined by a, = p™" " mod g. Then this sequence (a,)u>0
is not g-automatic.

Proof. Because q > pF" the primes g and p are distinct. Hence, p* Z 0 mod q. We can
define d to be the multiplicative order of p* mod qinIF,. As g > p”", we know thatd > p”.
The sequence a,, is a function of the equivalence class of p? (") mod d.

Assume p is odd. Then p” and g — 1 are coprime, and as d | #F; = g — 1, we have that
p” and d are also coprime. Let e be the multiplicative order of p* mod d in Z/dZ, note
that e # 1. Hence, a,, = a,, if and only if p”r’(”) = p”v(m) mod d, which is equivalent to
vp(n) = vp(m) mod e. By Propositionthis means a, is p-automatic.

Secondly, assume p = 2. Then g = 7 mod 8, so 2 is a quadratic residue modulo 4.
This means that d | (g — 1)/2, which means d is odd and in particular coprime to p = 2.
Let e be the multiplicative order of p mod d in Z/dZ, and as before ¢ # 1. Similarly to
the previous case we get equivalences a, = ay, if and only if v,(n) = v,(m) mod e. In
particular by Proposition a, is again p-automatic.

Assume the contrary: a, is g-automatic. Using Cobham’s theorem we see that a,, must be
eventually periodic. Let k be its ultimate period and N > 0 such that a,,, = a,, for all
m > N and n > 0. In particular we get v, (kn +m) = v,(m) mod e. We get a contradiction
by analogous arguments as we have seen in the proof of Proposition [3.2.9| with « = 1 and
g =0. O
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THE DYNAMICAL ZETA FUNCTION IN CHARACTERISTIC ZERO

In this chapter we will examine the dynamical zeta function of maps on varieties over a
field K of characteristic zero. Understanding the characteristic zero case allows us to gain
important insight into what to expect in positive characteristic. The most examined object
on which we will consider self-maps is the projective line IP}<.

The first section is dedicated to Theorem [4.1.13| and its proof, which tells us that the
dynamical zeta function of a rational self-map of degree at least two is rational as well.

In the second section we will exhibit some examples of self-maps on the projective line
PL, or on its open subsets: the multiplicative group G, and the additive group G,. This
underlying algebraic structure of the maps allows us to give the exact dynamical zeta func-
tion. To avoid duplicating certain results, in the second section we will provide results over
general fields, to be used in chapters[6] and [5| over a field of positive characteristic.

4.1 RATIONALITY OF THE DYNAMICAL ZETA FUNCTION

This section is based on an article [Leel5] by Junghun Lee. All propositions, lemmas and
theorems which are (partially) his are referenced, although some proofs might deviate from
the ones in the paper.

Throughout this section K will be a field of characteristic zero and X = P} (K). We will
consider f : X — X, a rational map. We will always count points over the algebraic closure,
hence we will just write f : PL — P} and denote the dynamical zeta function as { £(T).

Because we can consider PL(K) as the set KU {oo}, we can view f as a map on this set.
So in fact f : P%(K) — KU {co} means that f is a regular map, but we do allow poles. For
any P € Py (K) we have the local ring at P, denoted Op p:1 . Let mp be the unique maximal
ideal and « the residue field. We can see f as an element of Op p: for all P which are not a
pole of f.

Definition 4.1.1. Let f € K(t) with f = f1/f> such that f, f> € K[t], and f; and f, have
no common factors. Define the degree of f as

deg(f) = max{deg(f1), deg(f2)},

where deg(f1) and deg( f») are the usual degrees of polynomials.

Definition 4.1.2. Let f € Oppi. Then for some g € K(t) we have f = g on an open
V C PPL. The degree of f is equal to the degree of ¢. Notation: deg(f).
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This appears to depend on the choice of V, however, let V be the largest non-empty
open on which f coincides with a rational function g. For any non-empty open U on which
f coincides with some rational function h, we have that f = ¢ = honUNV # @. In
particular, the degree is invariant under the choice of V.

Definition 4.1.3. Let P € Py (K) and f € Opp1 . The multiplicity at P of f is

mp(f) :=max{i| f(z) —z € mh}.

i>0

Note that mp(f) > 1if and only if P is a fixed point of f. Moreover, whether f(z) —z € m;,
or not, does not depend on coordinates, hence the multiplicity of f at P is invariant under
a change of coordinates.

Proposition 4.1.4. If P € P}, then the completion of (’)P/]P}< with respect to the my-adic
topology is equal to the ring of formal power series:

Oppl, = Krep],
where 7Tp is a uniformiger of the maximal ideal mp.

Proof. We denote the maximal ideal of @P,]P}( by iip and the residue field by k. Because Pk

is nonsingular, Op 1 is a regular local ring for all P € PL. Hence, @P/]P}( is a regular local
ring(Theorem 5.4.A in [Har77]). We apply a corollary of Cohen’s structure theorem (Corol-
lary p. 307 in [ZS60]) to say that @P,P}( = K [x1,...,x,], where {xq,...,x,} is a system
of regular parameters, i.e. a system of generators of the maximal ideal i,. But we have
ip = mp@plp}( (Theorem 5.4.A in [Har77]). Hence, only one generator is needed, namely

the uniformizer 7rp. We acquire O, Pl = ®[7p]. Observe that K C O, pl» A cOnstants are
regular functions and a ring injects naturally into its completion. Now consider the evalu-
ation map ¢ : Oppr — K, f — f(P). This is a group homomorphism with ker(¢) = fip

and therefore im(¢) ~ @PJP; /tip = k. Note that im(¢) both contains and is contained in
K. Ergo ¥ = K. This concludes the proof: @plﬂ,}( = K[mp]. O

Remark. The elements of Op p1 are pairs (f,U) under an equivalence relation. Here f is a

regular function on U, which is an open subset of P containing P. Two pairs (f,U) and
(g,V) are equivalent if and only if f = ¢ on U N V. Usually we just write f, but for the
following corollary, we do need the pair.

Corollary 4.1.5 (Proposition 2.3. in [Leel5]). Let (f,U) € Opp: and let x be the local
coordinate on U. If Py = a with « € K, then

with a; € K.

Proof. Because OP,IP}( naturally injects into its completion (Theorem 5.4.A in [Har77]), we

can consider f as an element of @P Pl = K[rtp]. First observe that indeed x — a« € mp. We
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know mj, is generated by one element, which must divide (x — &) too. Obviously, K ¢ mp,
therefore mp is not generated by a scalar. So (x — &) is a uniformizer. It follows that f can
be written as a formal power series in (x — a) with coefficients in K. O

Definition 4.1.6. Let P € P} and (f,U) € Oppr. Let {a;i}?2, be as in Corollary
Define

e A(f;P):=ay;
o n(f;P) = min{i | a; # 0}

The definition of A(f; P) depends on the choice of the local coordinate on U. In the case
that P is a fixed point of f, we call A(f; P) the multiplier of f at P.

Note that we can also obtain A(f; P) by taking the formal derivative of f in P, because
f'(x) = a1 mod m,. This provides us with a useful computational definition of A(f; P).
Moreover, we have

(f) = 1 if A(f;P) #1;
"= 0hp) AP = 1.

Proposition 4.1.7 (Proposition 2.1.(2) in [Leel5[). Let f : Pk — P be a rational map of
degree d > 2 and let P € P}, be a fixed point. Then the following statements hold.

1. The multiplier A(f; P) is independent of the local coordinate x.
2. For any k € Z> we have A(f°5; P) = A(f; P)k.

Proof. (1.) The multiplier is defined on some open affine U with local coordinate x. First
note that two pairs (f,U) and (g, V) are equivalent if f = ¢ on U N V. This means that
on any intersection we need to get the same a1, hence we can consider any open U, as all
should result in the same power series on the intersection. We need to consider a change of
coordinates. We will write A(f,;«) and A(f,; B) where P = («), and P = (), to emphasize
the two different coordinate systems. We can write this as a linear coordinate change given
by a map ¢ : IP}W — ]P}Qx’ where the subscripts denote the coordinates. Therefore, we can

write f, = ¢~ o f o p. We compute A(f,; B):

MfyB) =Moo frog;p ! (w)
= (¢ "ofro )( “Ha))
= (¢71) (fx(p(¢7 (@) - fr(p(@™ (@) - ¢'(¢7'(#))  (chain rule)
= (¢71) (fx(a)) - frl@) - ¢'(¢7" () (po¢p™' =id)
= (¢~ )(fx( )) - fula) - ¢' (¢~ (f(a))) (a = fa(a))
D (fela)) - A(fu; ) (chain rule)

= (¢o
)\(fx, )-
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Henceforth, we can truly write A(f; P).
(2.) We use that f(P) = P for all i. Let us compute A(f°; P) using the chain rule for
derivatives.

k=1 , k-1 k=1
AFEP) = (f1) () = 11f’(f°’<ﬂé>) = [gf’(a) = QA(f;vc) = A(f;P)~.

O

Remark. Note that the requirement that P is fixed is necessary for A(f; P) to be independent
of the choice of coordinates. We define f, : Py . — P} . by f(x) = x> + 1, and f;(c0) = co.
We introduce the coordinate change y = 1/x. So ¢ : Py, — P, with $(0) = oo, ¢(c0) =0
and ¢(a) = 1/a fora € K*. We can see that f,(1) = 2 # 1. So 1, is not a fixed point. Note
that 9~ 1(1) = {1}.

d 1
dip~lofiop) .\ (@2“)
~2y(1+y2) —2y'y2‘
B (1+y?)? y=1
210+1) -2 1

22 2

But we can also compute

dfe . B
m=2 =2

Next we discuss the remark given in the introduction of [Leel5] in the form of a proposi-
tion.

Proposition 4.1.8. Let f : Pk — Pk be a rational map of degree zero or one over K, a field
of characteristic 0. Then the dynamical zeta function {¢(T) is algebraic over Q. Moreover, all
geros lie on the unit circle.

Proof. If f is of degree 0, it must be constant. Let f = ¢ for some ¢ € PL. Then we know
that f°" = c. We can easily solve f°"(x) = x, because we get exactly 1 solution: x = c¢. So
N, =1 forall n > 1. We compute the zeta function:

= Nun S 1 1
¢f(T) = exp (; — T ) = exp (; T ) = exp (log <1_T>> =1

Let f be of the form f(x) = ax + b witha,b € K and a # 0. We first treat this case and then
reduce all other cases to this one. The composition is easily determined:

o' (x) =a(a(...alax +b) +b)...+b)+b=a"x +a" 'b+...+ab+b.



4.1 RATIONALITY OF THE DYNAMICAL ZETA FUNCTION

We will write this as f°"(x) = a"x + c,. Next we solve f°"(x) = x:
a'x+c, =x = (a" —1)x = —cp.

To see that oo is fixed, use the transformation x = 1/y. We obtain 1/f(1/y) = ﬁ, which
we consider in y = 0. We can see y = 0 is fixed. Hence, oo is fixed.

Here we need to make a distinction. If a” # 1 then we have precisely two solutions:
x = —% and co. So N, = 2 for all such n. If this holds for all n > 1, we can compute

Cr(T):

C¢(T) = exp (i Ay{"T”) = exp (nil iT”) = exp (210g <1—1T>) = (1_17,)2

n=1

However, if a” = 1, then we need the equation 0 = —c¢, to hold. Now observe that ¢, =
b(a*'+...4+1). Ifa = 1, then ¢, = nb. Here we need that char(K) { n to say that
¢, = 0if and only if b = 0. If b = 0, we have the identity map and hence infinitely
many solutions, so Ny = 0. If b # 0 we have a translation, only oo is fixed. Hence,
N, = 1 for all n > 1. We obtain the same result as in the constant case. If 2 # 1, then
0=a"—1= (a—1)(a"'+...+1) implies that ¢, = 0. Hence, all points are solutions
of the equation f°"(x) = x. This means we have infinitely many fixed points, therefore
N,, = 0 for such n.

Let g be the smallest positive integer such that a7 = 1. Then

N, — 2 %fq]n;
0 if gfn.

We can determine the zeta function:

Cf(T) = exp (EMT"> = exp ZET"—EET” = exp (21T”—121(T”/)f)
n=1 " n=1 nTl,n n=1" 75 ¢
qln

— exp <log ((1 . T)—1> - ;log ((1 - Tq)—1)> —(1-T)"'-(1—T9)7.

Lastly, we will discuss the case where char(K) = p | n and a4 = 1. We observe that f(x) =
x + b, and hence f°"(x) = x +nb. If b = 0 we find the identity map, hence there are
infinitely many solutions. Hence, N, = 0 for all n. If p | n, then f°"(x) = x, hence N, =0
as there are infinitely many fixed points.

Let f be any rational map of degree 1. Then it is of the form f(x) = ZﬁrZ, with a,b,c,d €
K such that ad — bc # 0, otherwise the map would be of degree 0. Since f has at least
one fixed point, we can assume it is co by some change of coordinates. This means we can
reduce each degree 1 case to the ax + b case.

The fact that all zeros lie on the unit circle, follows easily from the expressions found. [

Proposition 4.1.9 (Corollary 2.2. in [Leel5]). Let f : Py — PL be a rational map of degree
d > 2. Then the number of fixed points of f°" in IP}( is exactly d" + 1, counted with multiplicity.
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Proof. Because f is of degree d at least 2, it cannot be the identity map. Hence, there is at
least one point not fixed. Using some change of coordinates we may assume oo is not fixed.
Let us write f = f;/ fo, where f;, f, are polynomial maps with no common factors. Since
co is not a fixed point, we know that deg(f1) < deg(f2), as the numerator cannot increase
faster than the denominator. Therefore, d = deg(f,). Observe that & € K is fixed if and
only if

;;Ez; =a < fi(a) —afr(a) =0.
We obtain f1(z) — zf2(z), which is a polynomial over K. Because deg(f1) < deg(f2) = d,
this polynomial is of degree d + 1. Since K is algebraically closed, this polynomial has
precisely d + 1 zeros, counted with multiplicity. Since oo is not a fixed point, all fixed points
lie in K. This means that f has precisely d + 1 fixed points counted with multiplicity.

As multiplicities of fixed points are preserved under a change of coordinates this result
holds for any f. In particular under a change of coordinates we may assume oo is fixed.
Hence, we can reverse the assumption on the degrees to deg(f1) > deg(f2). We use this
for the following claim, just for simplification of the proof.

Claim: If f = f1/f, with d := deg(f1) > deg(f2) = ¢, then f°" = ¢1/g> with deg(g1) =
d" > deg(g2).

We will prove our claim using induction. For n = 1 it is true by definition. Assume it is true
for n and consider f°("*1), We will write f°" = ¢1/g, as in the claim.

_filg/s) _ %A _ A
f(81/82)  &f & h

£ = F(5om)

7

where fi := g4f1(g1/42) and f> := g5f2(1/g2). Note that both f; and g4~¢f, are polynomi-
als. We need to check whether they have common factors. Let us write f; = ¢; [T (x — a;)

and f, = 2 [T7_(x — Bi). Then

d d e
fi=giei[[(g1/82—ai) =c1]J(g1 —wig2), andsimilarly fo =] [(g1 — Big2)-
i=1

i=1 i=1

If fi and g2 /> have an irreducible non-constant common component /, then & | g or
h|foandh| fi. Ifh | g» and k| f1, then h | g4. This is a contradiction with the assumption
that ¢1/g» is reduced. If i | f; and h | f», then & will divide some some factor: | g1 — «;g»
and 1 | g1 — B;g2. Hence, the difference is also divisible by h: h | g2(a; — B;). As h is non-
constant, | ¢». However, this implies that /1 | g1, which is again a contradiction. Hence,
the polynomials have no common components.

We can conclude that deg(f°("*1)) = max(deg(f;), deg(g? ¢f2)). We observe that

d

deg(f1) = deg <Cl (81— “z‘gz)> =d-deg(g1 — n;g2) = d - deg(g1) = d".

i=1
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Similarly, we find

deg (g4 f2) = deg(g§ ) + deg(f2)
= (d — ) deg(g2) + deg(c28]) = (d — ¢) deg(g2) + ed".

By the induction hypothesis deg(g>) < d". Hence, we see that (d — ¢) deg(g2) + ed" <
(d —e)d" + ed"*! = d"*1. So indeed, f°("+1) has degree d"*'. The claim is proven.

We may assume f has at least one fixed point, hence we may assume it is the point at
infinity. If we use the first part of the proposition and apply it to f°" we can use the claim
to see that f°" has precisely d" + 1 fixed points, counted with multiplicity. This concludes
the proof. O

Lemma 4.1.10 (Lemma 3.2. in [Leel5]). Let f : Pk — Pk be a rational map of degree
d > 2 and let « be a periodic point of f with minimal period n. Suppose that {f°*(a )}k 0 IS
contained in K. Then m ok (o) (f") = mu(f") for allk € {0,1,...,n —1}.

Proof. We write f(z) as a formal power series near a; := f°*(a) using Proposition
For each «aj we get such a power series, denoted fy.

fi(z) = flak) + Mz — o) +ay, (z — ag)* + ...

Note that for each aj there is some Uy, formally (f, Uy) € OP,]P}< . Because of the equivalence,

the f; will remain the same on the intersection U := ﬂZ;& Uy. This set is open and contains
P, hence we can consider each f; on this open U. Note that f°"(«;) = ay, because n is the
minimal period of f. This means that ay = ., for all m > 1. Hence, fi(z) = fiinm(z)
for all m > 1. Moreover, Ay = A(f;ar) = A(f; &ktnm) = Aknm for allm > 1 and py =
u(frax) = u(f; ksnm) = MPksnm for all m > 1. Therefore, it makes sense to speak of f, a,
Ar and py, where we restrict k € Z/nZ. From now on k will denote an element in Z/nZ.
Next we obtain f°" using n different representations of f, namely those f; with k € Z/nZ.
We can then find f°" near ay by computing f°" = fy_j0 fr_p0...0 fry1 0 fr. We define a
partial composite gy ; := fi4i © fk+i—10-..0 frt1© fx, Where k,i € Z/nZ.

Claim:

ki =Wkriv1 + Ak oo Apgi(z — ag)
ki, .
+2Akj""'/\]’il'aﬂj'/\j+1"-")\k—&-i(z—ﬂék)”j—i—...

We let k fixed and prove this by induction on i. First for i = 0:
ko = fr = fla) + Ai(z — ) + ay (z — )™ + ...

k
= Oyy1 + Ak(z — Dék) + Zam(z — [xk)l‘i + ...
=k
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We continue with the induction step. Assume the identity holds for 7, and consider gj ;1:

Skit1 = fevit10 ferio -0 fry10 fx
= frgir1(8ki)
= flarriv1) + Arrin1 (Shi — Mhpivt) + Qi (i — ki) + .
= Qti2 T kit </\k e Apyi(z — )

ki '
+Z)\£l/.,..-A;lil-ayj.)\j_H.”'./\kJri(Z_th)yj_’_'”)
j=k

+“Hk+i+1 ()\k et )\;H_i(z — ak)

‘u]- y]- X Hk+i+1
+Y A -...---AH-am-Am-...-Ak+z-(z—ak)ﬂf+...) +
=k
= Qppig2 + Ak M Ak (2 — @)
ko "
] ] i
- Z]:{Ak e A A At Ak Agyi (2 — ag)
]:
g, AT AR (5 i
= Qpyip2 + Ak A (2 — ag)
ki1

+ Z Agj""'A]P'lil'aﬂj'A]'+1'---'Ak+i+1(Z—le)Hf—|—.._
jmr

The claim is proven. Next, we consideri =n —1 € Z/nZ.

Q-1 =0k + Ak Appno1(z — ag)
k+n—1 " "
+ Z /\k]""'/\jil'a}’j'/\]‘-"l""'/\k+n71(z—lxk)m—|—..,
=k

To see what the multiplicity of f°" at ay is, we must consider j,, := min(y; | A}’ -...- A;.d K
Ay " Ajt1+ ... Agpno1 # 0) = min(p;). Note that this minimum is independent of k. This
means that the multiplicity of aj of f°" is independent of k. Hence, the multiplicity is equal
for all k. O

Lemma 4.1.11 (Lemma 3.3. in [Leel5]). Let f : PX — Pk be a rational map of degree
d > 2 and a € Pk be a fixed point of f. Suppose that there exists a natural number q such that
AMf;a)1 =T1and A(f;a) # 1forany ! € {1,2,...,q — 1}. Then u(f°7;a) — 1 is divisible by
q. Moreover, for any natural number k, such that char(K) 1 k, we have u(f°7;a) = u(f°";a).

Proof. We know there is at least one fixed point and we can assume & = 0. So f(a) = a = 0.
Then we can use Corollary to write f near a:

f(z) =Az+auz' + ...,
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where A := A(f;a) and u := u(f;a). We will consider f°1. Because « is a fixed point of f

and by the way g is defined, we have A(f°7;a) = A(f; )7 = 1, and we write ji := u(f°%; a).

We can write f°1 near « using Corollary
U z) =z+bzzl + ...

We use these expressions for f and f°7 to compute f°(7+1) near « in two different ways. We
wish to obtain information on i hence we will also include the term a;z" in our expression
for f. Note that fi > u, as each term of the iterate f” is either linear or of degree at least y.

(f*0 f)(z) =f(2) +buf(2)" +...
=(Az4auz’ + .. dap + . )+ bp(Az Fazt + . Fap 4 )+
=Az+auz' + .. +apzl + bgAZ + L
=Az+a,z" +... + (ap + bpAf )2 + ..

Next we use another way to obtain f°(7+1),

(fo fN)(z) =Af(2) +au(fH(2)" + ...+ an(f(2) + ...
=Az+bpzl +. ) +au(z+ bz + . )+ tap(z b+ )L
=Az+ Abpzl + ayz! 4+ azzf + ..
=Mz +a,z" + (Abg +ap)zl + ...

From this we obtain a; + bgA" = Ab; + az. Hence, bg(A — A") = 0. Since by # 0 per
definition of ji, we have A — A" = 0. We also know that g is the multiplicative order of A. If
g = 1 it trivially divides fi — 1. If g # 1, then A#~! = 1, so the order must divide the power:

q|p—1
To prove the second part of the lemma, we write f° = (f°1)¥ and use induction. Our claim
is

foM =z + kbpzf + ...

For k = 1 it is clear. Assume it is true for k, and fo(k+1)4:

FUEDD (z) = f(fH(2)) = fH9(2) + by fH0"
=z 4+ kbpz" + bzl + ...
=z+4 (k+1)bpzl + ...
The claim is proven. Because char(K) { k, we have that the coefficient kb; # 0. Therefore,

we see that 1u(f°7;a) = u(f°;«) for any natural number k coprime to the characteristic.
O

Remark. Note that we can see in the proof that the second part of the lemma holds for
k € Z>, if and only if char(K) { k. This means we know this lemma holds for all k if
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the field K is of characteristic zero, yet it most certainly does not for a field of positive
characteristic.

Lemma 4.1.12 (Lemma 3.1. in [Leel5]). Let f : Pk — Pk be a rational map of degree
d > 2. Then the cardinality of the set

P:={P c Pk |3In € Z>1,3q € Z>1 such that f*"(P) = P and A(f;P)7 = 1}
is finite.

We call a point P parabolic if A(f; P) is a root of unity. Hence, the set P consists of all
parabolic periodic points.

Proof. This proof is based on the Lefschetz principle, that translates statements over arbi-
trary fields of characteristic zero to statements over C (Section VI §6 in [|Sil09]).

Let f(x) = p(x)/r(x), with polynomials p(x),r(x) € Ok|x], where Ok is the ring of inte-
gers of K. Let py, ..., pn be the coefficients of p(x) and ry, . .., 7, the coefficients of r(x). We
define A = {po, ..., pu,70,-.., 17k} U (P \ {c0}), and consider the field L := Q(A). This is a
field of characteristic zero, as K has characteristic zero, and it is a countable extension of Q.
Therefore, we get an embedding ¢ : Q(A) — C (Section VI §6 in [Sil09]). We can define
f(x) € C(x) as p(x)/§(x), where these are the polynomials with coefficients ¢(p;) and (r;),
respectively. Clearly, there is a 1-to-1 correspondence between P and

P':={P € P, |3In € Z>1,3q € Z>1 such that f"(P) = P and A(f; P)7 = 1}.
The set P’ is finite: see proof of Corollary 10.16 in [Mil06]]. Hence, P is finite as well. [J

Remark. This Lefschetz principle can be extended to fields of characteristic p > 0 for
sufficiently large p, but it is not possible to make a general statement like we did here.
Note in particular that over the algebraic closure of a finite field there will always exists an
q € Z>1 such that A(f; P)7 = 1.

Theorem 4.1.13 (Theorem 1.1. in [Leel5]). Let f : PL — Pl be a rational map of degree
d > 2 over K. Suppose that the characteristic of K is zero. Then the dynamical zeta function
f(T) of f on Py is rational over Q. Moreover, all the zeros of {¢(T) are on the unit circle.

Proof. As there must be at least one fixed point we can assume without of loss of generality
that oo is a fixed point of f, so me(f°") = 1 for all n > 1. We want to count fixed points
without multiplicity. If we were to count with multiplicity we would get d" + 1 points
(Proposition [4.1.9). Let us define the difference M,, := d" + 1 — N,,. This gives us:

°° © g+ 11— M
log (¢4(T)) =) —T"=), —— 1"

n=1 n=1

n=1 n n=1 h n=1 n

We will determine the contributions to M, for all periodic points. Note that we can disre-
gard oo as it has multiplicity 1. Define

B, := {a € Pk | « periodic of exact period k, with k | n} — {co}.
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Then we can rewrite M, in the following way:

My =Y (ma(f")=1) =} (ma(f") =1+ ) (ma(f*")—1).

®EB, weB,NP a€B,—P

Let a € By, & # co. Assume a ¢ P, then A(f°5;a)" # 1 for all n € Z>; by definition
of P. Hence using (Proposition(Z)), /\(fO”k;uc) # 1 for all n € Z>,. Therefore, the
multiplicity m,(f°") = 1 for all n € Z-;. This means that for all non-parabolic periodic
points, there is no contribution to M,;:

Y, (ma(f™)—1)=0.

a€EB,—P

We will take a closer look at B,, N P. We first use the fact that the set P is finite (Lemma
[4.1.12), hence B, NP is finite. This gives us the possibility to partition P into N cycles
C; generated by some &; € P with minimal period #;, such that C; = {f°"(«;)}"_, and
P =1IN, Ci. Asall a € P are periodic, these cycles are well-defined and invariant under f.
We obtain a partition of B, NP for all n > 1. Note that there is at most one cycle containing
co as it has period 1. Hence, we know for all other cycles C; N B, = {a« € C; : n; | n} have

n; elements. We can apply this to M,,:

N N
M=}, (ma(f") =1) =3, ), (malf) = 1) = Fomi- ma, (£ = 1).
aEB,NP an}’l weC; anll

Here we used Lemma [4.1.10} as B,, does not contain co. Henceforth, we will only consider
n; | n. Let g; be the smallest positive integer such that A(f°"; ;)% = 1 (by definition of
P such a number must exist). Let r; be the number such that g;r; = u(f°"%; ;) — 1 (such
a number exists due to Lemma . If n;q; | n, then A(foa;) = A(f"; ;)" =
1. Similarly, if n;q; 1 n, then A(f";a;) = A(f°"%;a;)"™ # 1. Hence, the multiplicity
my, (f°") = 1, if n;q; { n. Otherwise, i.e. if n;q; | n, the multiplicity m,, (f°") = u(f"; a;) =
pu(fomi%; a;) by Lemma4.1.11] Lastly, we have that u(f°"%; ;) = g;r; + 1. This gives us:

N N
My = Zni(mzxi(fon) -1)= Zni%‘ri-
i=1 i=1

p '
niln niqi|n

We use this expression in the computation of the zeta function:

0 Aan . 0 1 , %) Mn , %) 1 N ;
log (gf(T)) - Z ;T - E ET = Z TT = - Z P ZWM:T
n=1 n=1 n=1 n=1 i:1|,
n;igi|n
N N oo
niqiti —n iqiTi pg.0
= — T — T iqdi
nigi|n
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We can take the exp to see that

Z

G(T) =1 —dD)~ -1 =T)7" - [J(1 - T"%)"

i=1

As this is a finite product of rational functions, the zeta function is indeed rational over Q
and all zeros lie on the unit circle. O

4.2 DYNAMICALLY AFFINE MAPS ON P}

To understand the dynamical zeta functions on P} better, we will compute a few examples
of a group-theoretical nature. In a one-dimensional setting we may consider dynamically
affine rational maps. Depending on whether the characteristic of the field is zero or positive
we can categorize these maps in three, respectively five families, namely in both cases:
power maps, Chebyshev polynomials and Lattés maps. When the characteristic is positive,
in addition there are two other families: additive polynomials and subadditive polynomials
[Bril6]. We will give an overview of results for power maps, Chebyshev polynomials and
Lattés maps, we may include some results for fields of arbitrary characteristic, but we will
state this clearly.
To avoid duplicating calculations, we use the following proposition:

Proposition 4.2.1. Let K be a field of characteristic zero and n a positive integer. Then the set
of all nth roots of unity p, := {x € K | x" = 1} has cardinality n.

Proof. Define f(x) = x™ — 1 and note that u, = {x € K | f(x) = 0}. As f has degree n
it has exactly n zeroes, counted with multiplicity. Consider the derivative f’(x) = nx"~1.
Note that f/(x) = 0 if and only if x = 0, which is not a zero of f. Henceforth, all zeroes
of f have multiplicity one and thus there are exactly n distinct zeroes of f. This means that
|| = n. 0

As we are interested in maps on [P}, it can occur that some points on P} are completely
fixed, for example a polynomial will not only fix co, any other element will never be send
to co as well. In a way we just want to ignore such elements. Let S beasetand f : S — S.
Let F C S be a subset such that

e F C Fix(f);
e FNUP f*(S—F) =0.

Letx € S — F, then f°"(x) € U ,f°F(S — F) and by assumption this implies f°"(x) ¢
F. Then f°" : S — F — S — F is well defined for all n > 1. If the only such setis F = @,
then f is called primitive on S.

Proposition 4.2.2. Let S be a set and f : S — S, and assume #Fix( f) is finite. For any
subset F C Fix(f) C S such that F N U f°%(S — F) = @, the following holds:

Crs(T) =Ch(T) Css-k(T),

where {pe(T) = 11z, that is the dynamical zeta function of any map g : {P} — {P}.
Moreover, there exists a largest set Fimax such that f is primitive on S — Fpax.
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Proof. For any such set f can be considered on F and on S — F separately. We can write fr :
F — Fand fs_r:S—F — S — F. Observe that #Fix( f°") = #Fix(fp") + #Fix(f§" ;) =
#F + #Fix(f¢" ;). We can use this to obtain the required identity on zeta functions:

©  4Rix( Fon © #F + #Fix(fo" "
gf,S(T):eXP<E (f )Tn> :exp<2 ( S F)T )
n=1 n n=1 n
[e0) (o] #F' on
= exp Z ETH + IX( S—P) ™"
n=1 n n=1 n
o0 [ee] #F' on
= exp (#F Z 1T”> - exp <Z 71)(( 52r) T”)
n=1" n=1 n
= Cﬁf ) gf,s-zi

To prove the second part of the proposition we will define F.x := Fix(f) — U, f°"(S —
Fix(f)). We prove that f is primitive on S — Fnax. Assume the contrary, so let @ # E C
S — Fmax such that E C Fix(f) and EN U,‘f’:OfOk(S — Fnax — E) = @. Let x € E, then
x € Fix(f) — Fnax. Hence, x € U, f°"(S — Fix(f)). Because Fnax C Fix(f) and E C
Fix(f), we have Fynox UE C Fix(f). This also means that S — Fix(f) C S — Fnax — E.
Therefore, U, f°"(S — Fix(f)) C U (f*"(S — Fmax — E). But x € U, f°"(S — Fix(f))
and x & U f"(S — Fmax — E). Such x cannot exist, hence f is primitive on S — Fpax. The
following then must hold:

Z5.5(T) = Cot™ - £f,5—Fyun-

We claim that Fn,y is the largest set such that f is primitive on the complement. If there is
aset G C Fix(f) such that there exists x € G — Fnax, then x € U, f°"(S — Fix(f)). Which
means there exists an y € S — Fix(f) and n > 1 such that f°"(y) = x. Because G C Fix(f),
we have that S — Fix(f) C S— G. Hence,y € S — G. So x € Uy ,f°"(S — G). This means
that GNUS_,f"(S — G) # @. Hence, the function f is not primitive on S — G. Therefore,
Fmax is the largest set such that f is primitive on the complement. O

From now on we won’t necessarily compute fixed points on P}, but we might only con-
sider points on PL \ {oco} or PL \ {0, 0}.

4.2.1 Power maps

First let K have any characteristic. For any m € Z-; the mth power map is defined by
f(x) = x™ on IP%. It is clear that 0 and co are always fixed for any m. Hence, we can simply
consider f on the multiplicative group G,,/K = Pk — {0,00}. We observe that f°(x) = x™".
Hence, we solve "' = x for x € G,; = K — {0}. This is equivalent to x”"~! = 1. Therefore,
we can see that Fix(f°") = pyn_1.
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Now we let K have characteristic zero, so we can use Proposition to obtain N, =
m" — 1. From this we easily find the zeta function.

> Ny < m'—1
log Cerm,K,O(T) - Z 7Tn = Z Tn

n=1 " =1
o0 e
L L e () (i)
Hence, we have that
CFGuio(T) = 11__mTT- (4.2.1.1)

4.2.2 Chebyshev polynomials

Another well-known example of rational maps with a group-theoretical origin is the family
of Chebyshev polynomials. At first we will only assume that K is an arbitrary field, not
necessarily of characteristic zero. We start with the multiplicative group G,,. On G,, we
have the non-trivial isomorphism z — z~!. This gives rise to the following proposition.

Proposition 4.2.3. Let G,, denote the multiplicative group and G, the additive group of a
field K. Then the map

¢: Gu(K)/{x~x1} = G,(K),

z v+ z+4+z7!
is a bijection.

Proof. We start by showing that ¢ is well-defined. First note that if x € G, (K), then
x~1 € G,;(K). Moreover, we can consider G,,(K) C Gu0(K), hence a,a~! € G,0(K). We
have addition on G, hence a +a~! € G,o(K). On the left-hand side we have a ~ a~!,
which proves that ¢ does not depend on the choice of representative: ¢(a) = a+a ! =
a '+ (a=1)~! = ¢(a~!). We continue by proving that the map is surjective. Let x € G, o(K).
We want to solve z + z~! = x for z € G,,(K). Because z # 0, the equation is equivalent to
z?2 — xz+1 = 0. This equation has solutions for z € G, (K) as we consider the algebraic
closure. Note that z = 0 is not a solution. Therefore the equation has solutions for z €
G (K). The map is thus surjective.

To prove that the map is injective, we start with w,z € G,,(K) such thatz+z"!' = w+ w1
Because we have both z # 0 and w # 0, the equation is equivalent to z?w + w = zw? + z,
which is equivalent to (zw — 1)(z — w) = 0. This gives two possibilities: z = w or z = w1,
Because of the equivalence on G,,(K) we have that w = w™! € G,,(K)/ ~, hence the map
is injective. O
Note that the power map x — x? commutes with the isomorphism x — x~!. The dth
Chebyshev polynomial T} satisfies an identity closely related to this property.
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Definition 4.2.4. The dth Chebyshev polynomial is the polynomial in Z[w] that satisfies
the following identity

Ti(z+z 1) =242

in the field Q(z).

The definition requires existence and uniqueness. The following proposition will provide
all necessary properties.

Proposition 4.2.5. For each integer d > 0 there exists a unique monic polynomial T;(w) €
Z|w) of degree d satisfying

Ti(z+z ) =z"+2z71
in the field Q(z). We call T, the dth Chebyshev polynomial. Moreover, we have T;(T,(w)) =
Tae(w) for all d,e > 0.
Proof. See the proof of Proposition 6.6. in [|Sil07]. O

For any field containing Z the dth Chebyshev polynomial naturally exists. For a field of
positive characteristic we reduce the coefficients modulo the characteristic.

Proposition 4.2.6. Let K be any field, and let d be a positive integer. Then the number of fixed
points in G,(K) is

pix(ry| = el el
where pgn 1 and pg_1 denote the sets of (d" + 1)-th and (d" — 1)-th roots of unity, respectively.
Proof. To compute Fix(T;"), we start by remarking that T;" = T;.. We also use the bijection
z — z+ 2z~ 1. Hence, by the surjectivity, solving Ty (x) = x for x € G, is equivalent to
solving Ty (z +z~!) = z+z !, with z € G, . By definition of the Chebyshev polynomial
this is equivalent to z%" 4+ z7%" = z 4 z71. Lastly, using the injectivity of ¢ we know that

z%" =z or z# = z71. Note that z # 0, hence this is equivalent to z being a root of unity of
order d" — 1 or d" + 1. We have the following.

FlX(Tdﬂ) == {x S GtZ,O | Tdn(x) - x}
={z+z'z2€Guo, Tp(z+z ) =2z4+2z"1}
={z4+212€Guo, z€ par_1Ugni1}.
Note that z +z ! = w+ w™! if and only if w = z or w = z~! by injectivity of ¢. Hence,
most elements in the set occur twice, except for those z + z~! such that z = z~!. In other

words, the cardinality |Fix(Ty )| = 1/2|pgn 1 U pgn 1| + 1/2|pgn 1 U pgn 1 N p2|. We have
that pgn 1 N pgn_1 = pgny1 N pp. This leads us to the final result.

1

[Fix(Tan)| = 5 (Iptarsa| + (a1 = [pans1 0 pran 2|+ [pan i1 U pran 1 O pia)
1
2

(|pansr| + [pan—1l) -
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O

Now let K have characteristic zero. We combine Proposition [4.2.1|and Proposition |4.2.6
to obtain the number of fixed points in G, o(K)

n n_ ar+1+d"—1
Nn:|]/’d+1|+’ﬂd 1| _d"+1+ _

a.
2 2
From this the zeta function follows easily:
(o] dn " 1
(TiGao(T) =exp ), —T" = . (4.2.2.1)
n=1

Remark. We count fixed points over P} \ {0}, and from an algebraic point of view the
structure of Chebyshev polynomial it should be considered as a dynamically affine map
coming from Gy,o. This is clear as P} \ {co} is the Zariski open from Definition and
Proposition tells us how this map works.

4.2.3 Lattés maps

Lastly, we will investigate the family of Lattés maps.

Definition 4.2.7. Let K be any field. Let ¢ : PL — P be a rational map of degree d > 2.
We call ¢ a Lattes map if there exists an elliptic curve E over K, a morphism ¢ : E — E,
and a finite separable covering 7 : E — P} such that the following diagram commutes.

4

7T 7T

P

Py

Let us introduce a family of Lattés maps. Let E/K be an elliptic curve with Or the identity
element in the group. The map ¢ : E — E, defined by P — —P is an automorphism of
order 2 in Aut(E), i.e. 0> = id. Hence, the quotient E/(c) is isomorphic to IP* (Proposition
6.37. in [Sil07]). We obtain a map 7t : E — P, such that 71(P) = 7(c(P)) forall P € E.
This means that 7(P) = 7(Q) if and only if P = £Q. Consider m € Z>, and the map
[m] : E — E, which induces a Lattés map L,, : P! — P! such that L,, o 1 = 71 o [m]. The
map L,, depends on the chosen elliptic curve. However, we will see that the zeta function
does not depend on E if K has characteristic zero and in the positive characteristic case it
only depends on whether E is ordinary or supersingular.

Proposition 4.2.8. Let K be a field, E/K an elliptic curve with identity element O and an
integer m > 2. Let Ly, be the corresponding Lattés map. Then

_ |Emn—1| + |Epn 1]
5 )

|Fix (L") |
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Proof. To find the fixed points, we start with rewriting L;"(x) = x. As 7t is a covering, there
exists P € E such that 71(P) = x. From this we get L;"(7r(P)) = 7(P). Now we use the
commuting property L, o 7t = 7t o [m] repeatedly:

L (n(P)) = Lyt (o [m])(P) = Ly (o [m]°2(P)) ... = ([m]"(P)).

Combine this with the fact that [m]|°" = [m"], and we can find the fixed points set. We will
denote the set of n-torsion points of E(K) with E,. We get:

Fix(Ly') = {x e P! | L;}(x) = x}
= {x € P! | 7(P) = x = 7([m"]P) for some P € E}
=n({P € E| n(P) = n([m"]P)})
=n({P€E|P=[m"|PorP=—[m"]|P})
=n({P€E|[m"—1]P =Ogor [m"+1]P = Of})

({PEE|PE€Ey_10rP €Eyni1})

(E

mn—1) U TT(Epni1).

=TT

=T
To determine the cardinality of this set, we use the set-theoretic fact that
[Fix(Ly")| = [70(Emn—1)| + [7T(Emns1)| — [70(Epn—1) N 7T (Epnia) |-

To use this we have the following claim:

Claim: TT(Epns1) N W(Epn—1) = 7(Egpy1) N m(E2) = m(Epnsr N Ez).
Moreover, |7t(Eynt1 N E2)| = |Epne1 N Ep|, where the 4 sign means for either choice of
sign.

We start with 77(Eyn—1) N 7T(Epny1). If x € w(Eyn_1) N 7t(Eyny1), then there exists some
P € Eyn_1and Q € Epn.q, such that 77(P) = 71(Q). By definition of 7t this implies that
P =4+Q.

o If P = Q, then [m" — 1]P = O = [m" + 1]P. This implies that O = O — O =
[m" 4+ 1]P — [m" — 1]P = [2]P. So P € E,.

o If P = —Q, then [m" — 1]P = O = [m" + 1](—P). This implies O = O + O =
[m" —1]P + [m" + 1](—P) = —2[P], and hence P € E;.

Consequently, 77(E;;n_1) N 7w(Eyni1) C 71(Ez). Moreover, we have
H(Emn_l) N N(Em”—&-l) C TI(Emn:H) N 7T(E2).

Assume x € 71(E,nq1) N (Ey), then there exist P, Q such that 77(P) = 71(Q) and P € Eniq
and Q € E,. From this we find that Q = —Q, as it is of order two, and P = +Q. Together,
we get that P = Q. Hence, O = O + O = [m" £ 1]P F 2[P] = [m" F 1]P. So indeed

70(Epns1) N 7T(Eyn—1) = 70(Epns1) N7t (Ep).

Furthermore, the fact that P = Q implies that x € 7(E,»+1 N Ep). Because all 2-torsion
points have exactly one image, we have |77(E;)| = |Ez| and similarly for any subset of E,.
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In particular we find |7t (E,n11 N Ez)| = |Epnsi N Ez|. The claim is proven.

Determining |7 (E,»_1)| and |m(E,»41)| is completely analogous. Hence, we will write
m™ + 1. We use that all points P € E have 2 pre-images, except for those P € E,. Hence,
|7T(Epnsr)| = %|Emni1| + %|E2 N En+1|. We can use this in the formula.

[Fix(L)| = |7(Eyr—1)] + |7 (Egrs1)| — 170(Ewr—1) O 70(Enr )|
= %’Emnfﬂ + %yEz N Epn_1| + %|Emn+1\ + %|E2 N Epni1| — |7t(Epn—1 N Ep)]|
= %’Em”—ﬂ + %’Emn+1|‘
O

Now let K have characteristic zero. To determine the size of the torsion groups we use
the following proposition.

Proposition 4.2.9. Let E be an elliptic curve over a field K and let m € Z at least two. Then
En(K) =Z/mZ x Z./mZ.
Proof. See the proof of Corollary II1.6.4. in [Sil09]. O

n_1)\2 n 2 .
Henceforth, we have |E,| = n? and N, = % = m?" + 1. The zeta function
can be computed:

n=1
00 mZTn o T
— exp <; ( E )" ;n> (4.2.3.1)
1




THE DYNAMICAL ZETA FUNCTION IN POSITIVE CHARACTERISTIC

In this chapter we will explore the case where the characteristic of K is positive. The first
section is focused on dynamically affine maps as introduced in Section In particular it
centers around the results proved by Andrew Bridy in [Bri12] and later in [Bril6].

The second section involves generalizing this result to abelian varieties, in particular to
elliptic curves.

5.1 DYNAMICALLY AFFINE MAPS ON P}

As introduced in Section a dynamically affine map involves some underlying algebraic
structure. We will prove transcendence of the corresponding dynamical zeta function in the
separable case. We first prove a general theorem, which is easily applicable to many cases,
and then cover each family in short.

5.1.1 General theorem for transcendence

We start by stating the main theorem.

Theorem 5.1.1. Let p be a prime and m € Z \ {—1,0,1} and b,c,d,e, e € Z>o with
e € {0,1} and A € Q*. Define the sequence (a,),>1 by

a, = A ((m” 1) m" =1+ e(m" + 1)4|m" + 1|;) .

If p t m, then the power series exp (¥,>1 22 T") is transcendental over Q(T).
However, if p | m, then the power series exp (L ,>1 “*T") is algebraic over Q(T). In
particular, when A € Z, it is rational.

To prove this theorem, we need two lemmas and some basic facts on p-adic norms. We
start by summarizing all norm related facts in the following proposition.

Proposition 5.1.2. Let p be a prime number and m an integer coprime to p. With u,, we
denote the set of all mth roots of unity in E. Then the following hold for all positive integers
n.

L fpn| = n-|nfp.
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2. Let p # 2 and let s be the smallest positive integer such that m* —1 =0 mod p.

|mn_1’ _ |ms_1|P"n‘P l:fs‘i’l;
: 1 ifs{n.

3. If p # 2, then

m" +1], =

im 241, |n], ifZel1+427Z;
1 otherwise. '

4. If p #2and 2?” € 1+ 27, where s is as before, then

5. If p =2 and m is odd, then

. _)2im =1 m 41z |nl2 F2[n
|77’l —1|2— .
|m — 1|, if2¢n.

6. If p = 2 and m is an odd integer, then

lm?" + 1), = 1/2.

Proof. (1.) Write n = pku, where k € Z>( and u € Z such that p { u. Then we consider
X € Up.

=1 = M _1=0 = @)V 1" =0 = —1)/'=0 < x*—1=0.

Hence, 11, = . Consider the polynomial f(x) = x* — 1, the derivative is f'(x) = ux*~1.

Since f(x) and f’(x) have no common zeros, all zeros have multiplicity one. Because F, is
algebraically closed, f(x) has exactly u unique zeros. So |u,| = |pu| = u = n - |n|,.
(2.) Because s is the multiplicative order of m in IF; ,ifs{ nthenm™ #1 mod p. Therefore,
we find that [m" — 1|, = 1if s { n. Now consider the case where s | n. Note thats | p —1
which is the order of the multiplicative group. This implies that s and p are coprime. Write
n = spku, where k € Z>o and u € Z such that p { u. Also, write m° —1 = api, where
pta€Zandi€ Zs;. Then we have

m—1 = mspku —1= (api+1)pkll -1

= p*u - ap’ + higher p-order terms.
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From this we see that ord,(m" — 1) = ord,(p*u - ap') = i+ k = ord,(m* — 1) + ord,(n).
Indeed we find |m" — 1|, = [m°® — 1|, - |n|,.

(3.) Unlike the previous case m" = —1 mod p does not necessarily have a solution for n.
If it does not, we find |m" 4 1|, = 1 for all n. Assume such a solution exists and define f to
be the smallest positive solution to m' = —1 mod p. Obviously, we have m* =1 mod p,

hence s | 2t. Because p # 2 we have that s # t. If s < t, then —1 = m' = m'm® = m'~>.
Since t — s > 0 this contradicts the minimality of ¢{. Therefore s > t. We know sk = 2t for
some k > 0 and hence tk < sk = 2t, which means k = 1. So we see that s = 2. Therefore,
if s/2 ¢ Z we have |m" 41|, = 1 for all n. Note that s/2 ¢ Z implies 2n/s ¢ 1+ 2Z.
Clearly, this means |m" + 1|, = 1if s/2 ¢ Z. Now assume 2 | s and write f = s/2. Then
m"+1=0 mod p implies s | 2n, so t | n. Also, if n/t is even, then m" =1 mod p. This
means that if 2n/s € 2Z, then |m" +1|, = 1. If n/t is odd, so 2n/s € 1+ 2Z, then we
see |m" + 1|, < 1. We will now prove the formula given in the proposition. Write n = tpgv,
where 2,p{v € Zand ¢ € Z>o, and m* +1 = bp/

m'+1=mP?+1=(bp/ —1)P'"+1

—1 +I§; (’f”) (bpl)’

14

p‘v
(7)o
=1

= p'v - bp/ + higher p-order terms.

~.

This implies that ord,(m" + 1) = ord,(p‘v - bp/) = £+ j = ord,(m' + 1) + ord,(n). This
leads us to the formula 1r1 the case that 2n/s € 14+2Z: |m" + 1|p im*/2 + 1], - ]n\p

(4.) Write m*/? +1 = p*u, where k > 0 and p { u € Z. Then we square m*/2 = p*u — 1 and
obtain m® = p*u? — 2p*u + 1. From this we can deduce that |m* — 1|, = |[p*u(p*u —2)|, =
|pkul,, because p t 2. Hence, we see that indeed |m*/? + 1|, = |m® — 1],

(5.) First we write n = k-2¢, where 2 { k and ¢ > 0. Note that m" —1 = (m? )k —1 =
(mZK — 1)((7}12[)"*1 +...+ mzz). Because k is odd, we have that k — 1 is even. Note that
m? =1 mod 2 as m is odd and that m2 )1 + ... 4 m? = k-1 mod2 = 1 mod 2.
Hence, vp(m" — 1) = vp(m? —1). If £ = 0, and hence 2 1 2, then this already proves the
first case. If ¢ > 0, that means 2 is divisible by 2, and as the square of an odd prime is 1
mod 4, we get that m2 —1= (m? ' +1)- (m? " +1)-...- (m2 +1)(m+1)(m —1). Asm
is odd, we know that m2 =1 mod 4 for alli > 1. Hence, m? +1 =2 mod 4. We see that
each such factor has exactly one factor 2. There are exactly £ — 1 such factors. This yields:
va(m? —1) =€ — 1+ va(m+1) + v2(m — 1). If we combine this with the first part, we see
that vy(m" — 1) = va(n) — 14 vp(m + 1) + vo(m — 1). This result is easily translated to the
result on norms.

(6.) As m is odd, its square is 1 mod 4. Hence, m** +1 = 2 mod 4. Hence, |m?" + 1|, =
271 O

Now we give the lemma which incorporates all automata theory related notions.
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Lemma 5.1.3. Let p be a prime and m,b,c,d,e,e € Z>o with m coprime to p,c # 0 and
e € {0,1}. If p = 2, assume moreover that rad(m) { rad(2° — 1). Define the sequence (a,),>1

by
ay = (m" —1)°|m" — 1]y +e(m" + 1)4m" + 1[5,
Then there exists a prime q such that (a, mod g),>1 is not g-automatic.

Proof. First for p # 2. Choose a prime g such thatg = —1 mod p and g > max{m, (mP~! —
1)h, p°}. By Dirichlet’s theorem on primes (Theorem 13.2 in [Neu92]), such a prime must
exist. Now g is fixed. Assume the sequence (2, mod gq),>1 is g-automatic. The subsequence
A(p-1)((g-1)n+1) mod ¢ is g-automatic by Proposition We obtain the sequence defined
by

by := (m(P= D@ 1nt1) _1yb) (p=D((g=1)n+1) _ 1/

+ e(mP=D(@=Dn1) 1)) (r=D(a=D1) | 1]e mod g.

Obviously, as g4 > m, we know that m # 0 mod g and hence m is invertible. Moreover,
m7~1 = 1. Hence, we get

by = (mP~1 = 1) (P~ D= 1n+1) _ 15 + e(mP~V) 4+ 1) m P~ Da=1n+1) 4 1% mod g.

Also, as m is coprime to p, we know that m?~1 =1 mod p, and hence |m(P~D((a-Dn+1) 4
1] = 1. We get

by = (mP~1 — 1) |m (P~ D(a=n+1) _ 1) +e(mP~ + 1) mod g.

Because (mP~! 4 1)% is just a constant (possibly zero), subtracting this is a unary operation,
hence by Proposition the sequence ¢, := (m?~! — 1)?[m(P=D{=Dn+1) — 1]¢ mod ¢
is g-automatic. Now let us write ¢, := (mP~1 — 1)bp=cop(m? V" V-1) 154 4 By our
choice of g we have that g > (m?~! — 1), and in particular we get that (m?~1 —1)" is
invertible modulo g. Hence, we can multiply (c,),>1 by the inverse of this constant, which
is a unary operation, and then invert every element, and then by Proposition the se-
dy = peopmP VN1 604 g is also g-automatic, note that as # p we can
quence dy p q q , 97 P
just invert p in F,. We use Proposition (2) to see that vp(m(pfl)((qfl)”“) -1) =
0p(mP~1 = 1) +0,((qg — 1)n +1). We get that d,, := p " ~Dp(@=11+1) mod . How-
ever, we know that p° € Z and p° #0,1 mod gandv,(g—1) =0asqg=—-1#1 mod p
as p # 2. Note that v,(g — 1) = 0 > v, (1), hence we can use Propositionto conclude
that (d,),>1 is not g-automatic. We found a contradiction.
Now let p = 2. Then consider g prime such that g | m and g { 2° — 1, such a prime must
exist by the assumption that rad(m) { rad(2° — 1). Note that g | m implies that g # 2. Let
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us fix this 4. Again assume that (a,),>1 mod ¢ is g-automatic. Then the subsequence ay,
mod g is also g-automatic. We get

by = (m®" —1)"[m®" — 1|5 + e(m® +1)%m* + 1|5 mod g
_ (mZn N 1)b2—cv2(m2”—1) _|_€(m2n + 1)d2—e mod g
= (=1)b2=@m"=1) L e2=¢ mod g

We can subtract the (possibly zero) constant €27¢, which is a unary operation, hence by
Proposition the sequence c, 1= (—1)b2_‘3”2(’”2"_1) mod g is also g-automatic. Clearly,
we have that (—1)? is invertible in IF;. We can construct another sequence by multi-
plying with its inverse and taking the inverse of each element in the sequence. We get
d, = 202(m"=1) 'mod g, which is also g-automatic by Proposition Now use Propo-
sition (5) to obtain d, = 26(@0m=D+oa(m+1))ocra(n) mod g. As g # 2, we know that
2¢(2(m=1)+02(m+1)) s invertible in IF,. Hence, we can multiply the sequence with its inverse
to obtain another g-automatic sequence by Proposition namely: e, := 22(") mod g.
We assumed that g 1 2° — 1. Hence, 2° # 0,1 mod q. Now by Proposition this
sequence is not g-automatic. We have a contradiction. O

The second lemma tells us the connection between the dynamical zeta function and the
automata theory.

Lemma 5.1.4. If exp (¥, %2T") is algebraic over Q(T), where a, € Z for all n > 1. Then
(a, mod q),>1 is a g-automatic sequence for any prime q.

Proof. By assumption exp (}_,>1 2 T") is algebraic over Q(T).
Write F(T) := exp (L,>1 22T"). So let P(x) € Q(T)[x] be such that P(F(T)) = 0. Then
we can write P(x,T) = Y", p;(T)x' for some n € N and p;(T) € Q(T).

APET) . - dp(DET))
T Ve =0
= D ey 4 pn T

I |
=
3
=
3
_|_
-
3
5
=
=
3

T

:
|
(@)

= P = m )T

Because p;(T) € Q(T), that means p}(T) € Q(T). Moreover, as F(T) is algebraic, we know
that — Y o pi(T)(F(T))  and Y1 p:i(T)i(F(T))'~! are algebraic. The quotient of algebraic
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elements is algebraic (algebraic elements form a field), hence F/(T) is algebraic over Q(T).
Observe the following

dT dT =k
_ @d(Tk) _ k—1
=Lk ar F(T) = k;akT F(T).

We can see that ¥ ,_; 2, T""! = F/(T)/F(T), which is algebraic, as it is the quotient of
algebraic elements. Note that a, € Z for all n > 1, hence Y3> ,a,1T¥ € Z[T]. Apply
Corollary to conclude that (ay)>1 is a g-automatic sequence for all primes 4. O

These two lemmas already represent the main ingredients of the proof of Theorem|5.1.1},
and hence the proof follows easily:

Proof of Theorem First let p { m. Assume by contradiction that exp (¥, %T") is
algebraic over Q(T). Define b, := A~'a,, which is defined over Z for all n. Hence, we see

that
A-1p b A
exp 2 Ly L exp Z—nT”
i1 n>1

is algebraic over Q(T). Taking a rational power A of an algebraic function preserves being

-1

algebraic over Q(T). Therefore, we know that exp <Zn21 %”T”) must be algebraic over

Q(T). Then we use Lemma. [5.1.4]to see that (b, mod g),>1 is g-automatic for any prime
g. In our case that means that b, = (m" —1)’[m" — 1|5 + e(m" + 1)?|m" + 1|5 mod q is
g-automatic for any prime gq. However, this is in contradiction with Lemma m

Now let p | m. Then a, = A(m" —1)? +e(m" + 1)?. This can be rewritten using the bino-
mial identity to some polynomial in " with integral coefficients times A: a, = A(by(m")* +
...+ bp). We use this in our computation of the dynamical zeta function.

00 n\k () nk [
y. Al +"'+b0)T”:A<Zbk(m Tt bOT”)

n=1 n

I
b
=
L8
S
=
S
R
=
+
+
P
S
S
=
N———

We take the exp:
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This is a finite product of rational functions to a fractional power, hence the formal power
series are in fact algebraic. When A € Z, it is clearly rational. O

5.1.2 Power maps

To compute the zeta function for power maps we do something similar to Subsection [4.2.1
Let f(x) = x™ for some m € Z>1. Again we will study this map on G, ;, the multiplicative
group of the field IF,. The n-fold composition is f"(x) = x™" . Similarly to before we
need to solve ™" = x for x € Gy,,. This is equivalent to solving ™"~ = 1 for x € Gyyp.
Again we can conclude that Fix(f°") = py»_1. Using Proposition (1), we obtain the
following.

Ny =(m"=1)-|m" —1],

If p | m, then N, = m" —1 for all n > 1. Hence, we get exactly the same result as in
: . _1-T

Subsection . 8t Gur, (T) = 17

If p { m, then we can clearly see that this formula fits into the requirements (A =1, b = 1,

c=1,d =0,e = 0, e = 0) of Theorem and hence the zeta function becomes

transcendental over Q(T).

5.1.3 Chebyshev polynomials

Using Proposition |4.2.6, we know that: |Fix(T;")| = w Here we can use the for-
mula from Proposition|(5.1.2|(1), so |ux| = k- |k|,, where |k|, can be found using Proposition
(2,3). We denote the additive group of E, be G,,,. We get

N @1 @ Dl 1),
2

If p | m, then NV,, = @ + @ = d" for all n > 1. Therefore, we get the same result as

in Subsection I CTiGur, (T) =ar-

If p { m, then we can again use Theorem |5.1.1jwith (A =1/2,b=1,c=1,d=1,e =1,
e = 1) to see that the zeta function becomes transcendental over Q(T).

5.1.4 Lattés maps

We start our computation using the result from Proposition : |Fix(Ly")| = M;‘E”’"“‘

Now we need to determine |Ey/| for a general N. Let us write N = p* - u, where p{ u € Z.
Because Ey is an abelian torsion group it is the direct product of its coprime torsion groups.
In particular, the fact that p* and u are coprime implies Ey ~ E,x x E,. Because u is coprime
to p we know that |E,| = u? (Corollary I11.6.4.(b) in [Sil09]). The other factor depends
on whether E is supersingular (h = 2) or ordinary (h = 1). Namely, E,x ~ {0} when E
is supersingular, and E« ~ Z/ p*Z when E is ordinary (Theorem V.3.1.(v,b) in [Sil09]).
We obtain |Ey| = u? when E is supersingular and |Ey| = u?p* when E is ordinary. We
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can write this in a general formula: |[Ex| = N?- |N ]’; We can use this formula for both
N =m"+1and N = m" — 1. We can assemble the formula:

. o 1 1
Fix(Li) | = ol B 1] + 5 Ewrsa
1

1
= " = 12" A+ " 1 1
If p | m, then N, = w = m?" + 1. The zeta function is again equal to the one

we find in Subsect1on-

1
CLmJPJle (T) = (1-m2T)1-T)

If p t m, we use Theorem |[5.1.1{with (A =1/2,b=2,c=h,d =2,e = h, e = 1) to again
conclude that the zeta function is transcendental over Q(T).

5.1.5 Additive and subadditive polynomials

We start with two definitions.

Definition 5.1.5. Let k be a field. A polynomial f(x) € k[x] is called additive over G, if
flx+y)=f(x)+ f(y) forall x,y € G,.

And the other family of polynomials.

Definition 5.1.6. Let k be a field. A polynomial f(x) € k[x] is called subadditive over G,
if f(wyx) = wyf(x) for a d-th root of unity, such that char(k) 1 d.

Unlike the previous three families, these families do not contain any non-trivial examples
over fields of characteristic zero. Moreover, these two families can be handled as one. We
can just consider the endomorphism ring of G,. We know that this contains all multiplica-
tions x — cx, and also the Frobenius map. We get End(G,) ~ k(¢), where ¢ is the Frobe-
nius, so ¢c = cP¢ for ¢ € k. These results can be found in [Wat79] on p. 65. As we work in
the algebraic closure of k, the Frobenius is not commutative, and hence the endomorphism
algebra is not commutative. The Frobenius and its n-fold compositions are the only purely
inseparable maps on G,. The inseparable degree of a map f is thus the number of times
it contains the Frobenius. Let f € End(G,), then #ker(f) = deg_(f) = deg(f) - p~%!).
Let f be a (sub)additive polynomial of degree d > 2 on G,. As it is a polynomial, we have
deg(f°") = deg(f)". Moreover, subtracting the identity (x — 1x, so represented by 1 in
k{(¢)) does not impact the degree, as d > 1.

[Fix(f°")| = #ker(f" — 1) = deg(f* — 1)p»" 1) = d"poe /"1,

If f € k(¢), then surely vy(f" — 1) = 0. Hence, we get \;, = d". So it is easy to see that
we get gf,Ga,]Fp(T) = L-. If f & k(¢). Then there is an s, such that f* — 1 € ¢k(¢) (the
multiplicative order in the residue field, so s is coprime to p). We need a lemma to rewrite
the formula into the proper form.
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Lemma 5.1.7 (Lemma 6.3. in [Bril6]). Let k be an algebraically closed field of characteristic
p, and let k(¢) be the noncommutative polynomial ring, with multiplication rule ¢c = cF¢.
Let x € k(¢) be such that x — 1 € ¢k(¢). Then

vp(x" — 1) = vp(x — 1)ptr(m,

Proof. First we assume v,(n) = 0. In that case we get

x”—1:(1+(x—1))”—1:i(?)(x—l)i—lz (’D(x—n mod ¢k(4).

i=0

As vy(n) = 0, we also have that vy(n) = 0. Therefore, we get vy(x" — 1) = vy (x — 1)p°.
This allows us to reduce to the case where n = pF, as we can take out all coprime factors. We
will prove this for k > 1. So let n = p*. Then 1= (x — 1)Pk because the characteristic
is p (generalized high school student’s dream). It is clear that we get vy ((x — Dy =
prog(x —1). O

We then get N, = d*p%(f e, Unfortunately, this does not match the form of
Theorem We can still use Lemma [5.1.4] to see that \, mod g is g-automatic for all
primes g. Hence, the subsequence ./\/s(q_l)n mod g is also g-automatic by Proposition
Moreover, we assume g4 # 1 mod p if p is odd, and 4 = 7 mod 8 if p = 2. By Dirichlet’s
theorem (Theorem 13.2 in [Neu92]) there are still an infinite number of such primes 4. For
g sufficiently large we obtain another g-automatic sequence.

b, = ds(q—l)npv4,(f5—1)pvp(”(ﬂ—1)) mod g

= 1pv¢(fs—1)p’“p(")pvp<q—1> mod ]

O e L e

So we demand g > d. Now define a := vy(f°* — 1)p®@~1) and assume g > p*". By
Proposition [3.2.10| this sequence is not g-automatic. This is a contradiction, hence the zeta
function ¢ £.Ga, (T) is transcendental over Q(T).

5.2 ABELIAN VARIETIES

We want to use the structure of proofs we saw in the previous section and apply them to
different maps on different varieties, namely on isogenies on abelian varieties. We will
provide a short introduction to abelian varieties following [MvdG].

Definition 5.2.1. A group variety over a field K is a K-variety X together with K-morphisms
m: X x X — X (group law), i : X — X (inverse) and a K-rational point ¢ € X(K) (identity
element), such that

i. mo(mxidy) =mo(idy xm) : X x X x X = X;
ii. mo(exidx)=7j;:X xSpec(K) x X — X and mo (idx x e) = j» : X x Spec(K) — X,

where j; : Spec(k) x X = X and j, : X x Spec(K) = X are the canonical isomor-
phisms;
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fii. eor =mo (idx xi)oAxx =mo (i xidx) o Ax/k : X — X, where 7 : X — Spec(K)
is the structure morphism.

If X is a group variety, then the set X(K) of K-rational points naturally inherits the struc-
ture of a group. As a variety (or morphism or point) over K is a variety (or morphism or
point) over K as well, we see that X(K) is a group is as well, this is very relevant to us, as
we are interested in this group structure. We continue with abelian varieties:

Definition 5.2.2. An abelian variety is a group variety which, as a variety, is complete.

A famous example of an abelian variety is an elliptic curve. It turns out that demanding
completeness makes abelian varieties into a very special class of varieties, most notable its
group structure is very useful. Let us now show that the name is well chosen:

Proposition 5.2.3. Let X be an abelian variety over a field K, then X(K) has an abelian group
structure.

Proof. See the proof of Corollary 1.14(ii) in [MvdG]. O

Definition 5.2.4. Let f : X — Y be a homomorphism of abelian varieties. Then f is called
an isogeny if f is surjective and dim(X) = dim(Y’).

So clearly, all isogenies f : X — X are endomorphisms. An endomorphism which is not
an isogeny is not surjective. A group homomorphism f that is not surjective must have a
proper subgroup as its image. However, we only consider maps of degree at least two, and
hence all generic points need to have a pre-image. Therefore, the set of all endomorphisms
of degree at least two is the same as the set of all isogenies of degree at least two.

Definition 5.2.5. Let f : A — B be an isogeny of abelian varieties over k.
e the degree of f is the degree of function field extensions [k(A) : f*k(B)];

o the separable degree of f is the separable degree of the function field extensions
[k(A) = f*k(B)]s;
¢ the inseparable degree of f is the inseparable degree of the function field extensions

[k(A) : f*k(B)];.

It turns out that these notions are very useful to gain a better understanding of how to
approach our generalization for abelian varieties.

Lemma 5.2.6. Let f : A — A be an endomorphism of degree at least 2. Then the order of the
kernel equals the separable degree deg_(f).

Proof. This result can be found in [Shi98]] on p. 4. O

5.2.1 Multiplication-by-m maps on abelian varieties

We can generalize the results of the previous section to abelian varieties for the familiar
multiplication-by-m map:
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Theorem 5.2.7. Let A be an abelian variety over a field K of characteristic p > 0, and let
[m] : A — A be the multiplication-by-m map, with |m| > 1. If p { m, then () a(T) is
transcendental over Q(T). However, if p | m, then {j,, (T) is rational over Q(T).

To prove this we need an expression for the number of fixed points. We first introduce a
new notion and then give a useful lemma.

Definition 5.2.8. Let A be an abelian variety of dimension g over K, a field of characteristic
p > 0. Then the p-rank of A is

r:=vp(|A[p] (K)|)-

Lemma 5.2.9. Let A be an abelian variety of dimension g over a field K of characteristic p > 0,
and let [m] : A — A be the multiplication-by-m map, defined by P — Y.I" | P, with m € Z,
not divisible by p. Then #ker([m]) = m*pr=28)% (") where r is the p-rank of A.

Proof. Write m = p*-u, with k € Z>¢ and u € Z, such that p { u. This means [m] = [p¥][u].

As the separable degree is multiplicative (follows from a tower of field extensions), we find

deg, ([m]) = deg,([p¥]) - deg,([u]). Because p { u, the map [u] is separable (Proposition 5.9.

in [MvdG]), therefore deg,([u]) = deg(u) = u%8 (Proposition 2.9. in [MvdG]]). We are left

with deg, ([pX]). Define r to be the p-rank of A. As ker(p*) ~ (Z/p*Z)" (Proposition 5.22.

in [MvdG]), we know that deg ([p¥]) = p*. We get:

deg, ([1]) = W8P = mPS plr=29mim)

We can now prove the theorem with this lemma.

Proof of Theorem By Lemmal|5.2.6|we know that #Fix([/]) = deg,([{m]). We can also
apply Lemma and see that #Fix([¢]) = (2 p("=28)%()) When we take £ = m" — 1, we

see that
Nn — (mn o 1)2gp(r72g)vp(m”71).

Then we can apply |5.1.1| to this for (A = 1,b = 2¢,c = r—2g,e = 0,d = 1,e = 1) and
obtain that () 4(T) is transcendental over Q(T), when p { m and it is rational if p [ m. [

5.2.2 Endomorphisms on elliptic curves

We wish to generalize our results to a wider range of endomorphisms on abelian varieties.
We will present several lemmas which correspond to steps or lemmas of Theorem It
turns out that we can apply this theory to elliptic curves.

Lemma 5.2.10. Let « : A — A be an endomorphism of degree at least 2. Then the vector
space generated by a and all its kth compositions a°f denoted Q(«) is a Q-subalgebra, and
Q(«) is a finite field extension of Q. Moreover, we have that deg(f) = NQ(,X)/Q([%)ZSM, for all
B € Q(a), where ¢ = dim(A) and d is the degree of the field extension Q(«)/Q.

53



54

THE DYNAMICAL ZETA FUNCTION IN POSITIVE CHARACTERISTIC

Proof. Itis clear that 1 € Q C Q(«) and by definition we generate it as a vector space. Any
isogeny has a characteristic polynomial of degree 2g. When we fill in the isogeny itself, the
polynomial is zero. This can be found in [Shi98] on p. 4,5. Moreover, the polynomial is
defined over Z, hence «a can be considered an algebraic element over Q. That means Q(«)
can be seen as a field extension of Q of finite degree.

As K = Q(«) is a Q-subalgebra of End’(A), and it is a field. We can use that deg(B) =
Nmyg,q(B)%*’9, where d is the degree of the field extension, sod = [K : Q], and ¢ = dim(A).
The proof of this claim can be found in [MilO8] as the proof of Proposition 10.23. O

Lemma 5.2.11. Let K := Q(«) be a finite separable extension of Q, and L its normal closure.
If & € Ok, then there exists an integer N € Z such that for each prime q > N the sequence
(an)n>1 defined by a, := Ng,o(a" —1) mod q is periodic of (not necessarily exact) period
g/ — 1, where f is the inertia degree of the prime ideals above q in Oy.

Proof. Let 07,...,0; be the distinct Q-embeddings of K into a normal closure L of K. Then
the norm for x € K becomes

1~

Ni/q(x) =] [oi(x).

i=1

We are interested in the norm of a” — 1. We get the following:

=

—-

Ngsq(a" —=1) = [ Joi(a" = 1) = [ [(os()" = 1).

i=1 i=1

We know that 0;(«) € L for all o;. Moreover, as the set {o;(«)}; is finite, we know there are
only finitely many prime ideals q in Oy such that o;(a) € g for some i. Hence, there are only
a finite number of primes g € Z such that o;(«) € g for some q | O;. Hence, there exists
an N € Z, such that for every prime number g > N we have that 0;(«) ¢ g for every prime
ideal q | qOr.

Note that over the number field L there are only finitely many primes that ramify. Hence,
there exists an M € Z>y such that for every prime g4 > M the prime g does not ramify
over L. For any q > M there is a factorization qOp = ¢, - ... - g,, where g # g forj # k
and each ideal g; is maximal. For each maximal ideal q; we know that O / g; is a field and
moreover it is a finite extension of IF; of degree f;, the inertia degree. Note that L/Q is a
Galois extension as it is a normal extension of a separable extension. Because we have a
Galois extension we get f; = f for all 1 < j < ¢ with ef¢ = d’, where e is the ramification
degree (¢ = 1 in our case), ¢ the number of distinct prime ideals and lastly: d' = [L : Q],
which is finite as the normal closure of an algebraic extension is also of finite degree.

Let us remark that #0 /g; = ¢/, as it is a field extension of IF,; of degree f. Note that we
choose 4 > M > N, hence 0;(a) ¢ g; forall1 <j < /¢and1 < i < k. This means that

O’i(O')qf =1 mod g; as this is just the order of the multiplicative group. Note that we get
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ai(a)qf*”” = 0;(a«)* mod g; foreach1 <j</¢,1<i<kandallae Z. This also implies
the following forall1 <j < {andalla € Z.

(a0 1) = T [(ox(a)” er(a) 1) mod g,

i=1 i=

—.

—-

I
—

(ci(a)" —1) mod g;.

1

Note that as all g; are maximal they must be pairwise coprime. Hence, we can use the

Chinese remainder theorem on the product O =gy - ... - g, to obtain that
k ; k
H(Ji(zx)q 1) = H((fi(oc)“ —1) mod qOy.
i=1 i=1

We know that [TE_, (¢;(a)? 177 — 1) = Ng/q(a” ~1+" — 1) and [T\, (03(w) — 1) = Ni/q(a —
1) for all @ € Z~4. By assumption « € Ok, hence P S Ok and &« — 1 € Ok for all
a > 1. Because integral elements have integral norm (Corollary 2.21 in [Mil17]), we see
that our identity must hold in Z:

NK/Q(Iqu_H_a — 1) = NK/Q(IXa — 1) mod q.

We clearly see that the sequence (a,),>1 with a, := Ng/q(a” —1) mod g is periodic of
(not necessarily exact) period qf — 1. O

Lemma 5.2.12. Let A be an abelian variety over a field of characteristic p of dimension g, and
« : A — A a separable self-map. Assume one of the following conditions holds:

1. p—1>2g
2. p—1>[Q(a): Q]

Then there exist an infinite number of primes q such that ¢/ —1 # 0 mod p, where f is the
inertia degree of q in the normal closure of Q(«).

Proof. We will prove that there exist and infinite number of primes g that split completely, so
its inertia degree f = 1 and are not congruent to 1 mod p. It is clear that, then ¢/ —1 # 0
mod p. We first prove it for assumption 2.

Denote the density of a subset A of all primes by §(A). By Dirichlet’s theorem on the
density of primes (Theorem 13.2 in [Neu92[]), we know that the density of primes of the
form a mod p, for a coprime to p, is 1/(p —1). Hence, the number of primes of the
form a4 mod p for a # 0,1 must be (p —2)/(p —1). Denote this set by A, so 6(A) =
(p=2)/(p—1).

As « is algebraic (mentioned in proof of Lemma we know the extension Q(«) is
welldefined and separable. Now let L be the normal closure of Q(«). As it is defined by
adjoining all other roots of the minimal polynomial of «, it is a separable extension. Because
the extensions L/K and K/Q are separable, the extension L/Q is separable. This means
the extension L/Q is both normal and separable, hence it is Galois.
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Chebotarev’s density theorem tells us that the density of primes that split completely in
an Galois extension L/Q is precisely 1/[L : Q] (Theorem 13.4 in [Neu92]). As Q(«) is
a separable extension, « has a minimal polynomial F of degree d := [Q(«) : Q], and the
normal closure is created by adjoining all n — 1 other roots of F to Q(«). For each root of
F the extension can be of degree at most d. However, if it were of degree d, then all roots
are included at once. Hence, if we need to extend Q(«) for each root separately, we have
extensions of degrees at mostd — 1, d — 2, etc. So [L : Q] < d!. Hence, the degree [L : Q(«)]
is at most (d — 1)!. We see that [L : Q] < [Q(«) : Q]!. Let us denote the set of primes that
split completely in L by B, therefore: §(B) = 1/d(d — 1). We are interested in the density
of AN B. Note that if 5(A) + é(B) > 1, then 6(A N B) > 0. In other words if

-2 1 1 1
Z_l+d!>1 = gy = ol
We now prove that assumption 1. implies assumption 2. Because Q(«) is a field, it is also a
simple Q-subalgebra on End’(A), and it contains 1. Therefore the the degree [Q(«) : Q] = d
must divide 2g, with ¢ = dim(A). This follows from Proposition 2 on p. 36 of [Shi98] by
noting that a field is it its own centre. This means that d = [Q(«) : Q] is at most 2g. We see
that p —1 > 2g! > dl. O

Lemma 5.2.13. Let E be an elliptic curve over a field K of characteristic p > 0 of height h,
and let a : E — E be a separable isogeny of degree at least 2. Define K = Q(«) C End’(E) as
before, then for all p € KNEnd(E)

deg; () = p™*#),

Where a is an integer and

p:{(n) iftek;
(r) gk

where 1t is the pth Frobenius on E. Moreover; if f = o= _ 1, then
op(aF P — 1) = vp(a”" 1) + bo, (K),
with b an integer only depending on K.

Proof. If « € Q, then m ¢ K = Q. This means B = [m]| for some m € Z, and therefore
deg,(B) = p"(™). This proves the lemma.

Now let « ¢ Q and assume 7 € K, then n = 2, because n | 2¢ = 2 and K # Q. We get
that deg(B) = Nk/q(B) (Lemma[5.2.10). Note that § = v o 71" for some separable -y and
integer n (Corollary 2.12. in [Sil09]). So deg;(B) = deg;(m)" = p". We claim that (77) is a
prime ideal in Ok. Clearly, the ideal norm N((71)) = p, because Ng,q(71) = deg(m) = p.
When the norm of an ideal is prime, it clearly cannot be divisible by another ideal, hence it
must be prime. We can see that v;() = n, and hence

deg;(B) = deg;(y 0 ") = deg;(7) deg,(71)" = deg;(m)" = p*=").
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Lastly, we let « ¢ Q and 7t ¢ K. We still have that B = 7y o r" for some separable v and
integer n. However, as 7 ¢ K, we must consider the smallest prime ideal that contains
7. Because Nk ,q(71) = deg(m) = p, we know that 7w o & = p (the dual in Theorem 6.1
in [Sil09]). Hence, the smallest ideal which contains elements divisible by 7z must be (p),
as N((p)) = p?, and no ideal of degree p containing elements divisible by 7t can exist, as 7t
itself is not contained in K. Therefore, we see that = 6 o p, with

deg;(B) = deg, (5 0 p*) = deg,(p)" = p"*

Here  is the height of E and we see that deg;(B) = p""»(f).

For the second part of the lemma we take g = a7~ _ 1. Note that #p = p¢ — 1, with
€ = 1,2 as the field extension has degree 2. In either case, #p | p2 — 1. Because « is
separable, it is clear that &« % 0 mod p. Hence, we get 1€ p. Now we will write
v = aP’~1 for easier notation. We prove op(7F —1) = vp(y — 1) + vp(k), for y — 1 € pand
v # 1. We prove this by induction on v, (k). Observe that v* —1 = (y —1)(v* 1 +... 4+ 1),
and hence vy(7* — 1) = vp(y — 1) + vp(7* 1 +... +1). We compute

'yk’1+...+151+...+1 mod p=k mod p,

First suppose v, (k) = 0, then clearly k is not zero over any ideal p dividing (p) either. Now
suppose k = p, then it just depends on vp(p) which is an integer:

op(7 = 1) = op(y = 1) + by (k),

with b = 1 or b = vp(p), an integer either way. Now let k = p'u, for some integer i and
p{u. Then 7" — 1 € p holds, hence we apply the proof for v, (1) = 0 and see that

op(7F = 1) = 0p(7? — 1) + boy(u) = vp(o¥ — 1).

Now we also note that y# ' — 1 € p for i > 0, hence we apply the proof for vp(p) =1:

i—1

op(7* = 1) = vp(y" —1) = op(9y"" = 1) +b.

With induction on i we get
U{](’)/k —1) = vp(y — 1) + b, (k).
]

Theorem 5.2.14. Let E be an elliptic curve over a field K of characteristic p > 3, and let
« : E — E be an isogeny of degree at least 2. If « is separable, then {, g(T) is transcendental

over Q(T).

Proof. We first remark that the fixed point set of a°" is the same as the kernel of a°” — 1.
Therefore, we want to find | ker(a” — 1)|. By Lemma we know that |ker(a" —1)| =
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deg(a" —1)/ deg;(a" —1). We start with the case where « is separable. So assume the zeta
function is algebraic. Then by Lemma the sequence

a, := deg(a" —1)/ deg,(a" —1) mod g = NQ((X)/Q(zx” — 1)2/dp_”vp("‘n_1) mod ¢

is g-automatic for all primes 4. Note that we used Lemmas|5.2.10|and [5.2.13here. We will
find a prime g such that this statement is false. First let let 4 > N as in Lemma|5.2.11} such
that N, o(a" — 1) mod g is periodic of period ¢/ — 1, where f is the inertia degree of the
prime ideals above g in O;. We consider a subsequence, which must be g-automatic as well
by Proposition [3.2.5}

2_ f_ n —av a( 2*1)(( ffl)YH’l)f
b = (2 _1)((gf —1ys1) = Now (a0 =mrt) —q)2/dpmamp(e Y mod g

As we choose g > N, the norm becomes periodic and we obtain:

b, = NQ(a)/Q(lsz*l B 1)z/dp,m]p(“(pzfl)((qffl)wrl)71)

mod ¢

Choose g > N’ := max{Ng(y),q(a” ! — 1)>/¢,N}. Because deg(a) > 2 we must have
a”~1 —1 # 0 and hence NQ(DC)/Q(aPZ_l —1)?/? is invertible in F;. We multiply by its
inverse and obtain another g-automatic sequence:

2_ _ - (P-D((af ~1)n+1) _q
e := (No( (@ ' = 1)) 1o, = p~ )

mod g

Because p > 3, we know that p —1 > 2 = 2!, and hence we may use Lemma [5.2.12}
there exists an infinite number of primes such that ¢/ —1 Z 0 mod p. Certainly, there exist
infinitely many such primes ¢ > N’. So now let 4 > N’ also be such that qf —1#0 mod p.
We use Lemma [5.2.13]to get

op (P~ ~DntD) _ 1()5 vp(a@z-;) —1) + boy(¢f —1)n+1).
) = p—a(vp(a P —1)+bv, (g/ —1)n+1)) mod q
We get

. . —avp(aP* 1 —
As g # p, we can invert p and hence we can invert p 2

automatic sequence:

to obtain another g-

avp (P~ 1) abo, (qf —1)n+1)

dp:=1p Ch=1p mod g

Because ab € Z, we can assume ab € Z. as otherwise we just add multiples of g — 1.
Moreover, we can choose g > p™ to ensure that p* # 0,1 mod g. Because we choose
q such that v,(g/ —1) = 0 < 0 = v,(1), we can apply Proposition and see that d,
cannot be g-automatic. This is a contradiction, hence the zeta function cannot be algebraic:
it must be transcendental. O

Remark. To replace ‘elliptic curve’ with ‘abelian variety’ in Theorem|[5.2.14]we need to find
an equivalent to Lemma for abelian varieties. Note that all other steps in the proof
of Theorem can be duplicated as Lemmas|5.1.4} [5.2.6] [5.2.10} [5.2.11} [5.2.12] are all
stated in full generality, except for the fact that we need to increase the lower bound on p.




THE TAME DYNAMICAL ZETA FUNCTION IN POSITIVE
CHARACTERISTIC

In the previous chapter we saw that over positive characteristic the dynamical zeta function
can become transcendental for certain endomorphisms on P} or abelian varieties. This
suggests that a straightforward pattern in the number of fixed points of iterates cannot easily
be deduced. However, one would like to have an alternative which contains at least part of
the information in a way that we can use or compute it well. In this chapter we present an
alternative to the (full) dynamical zeta function: the tame dynamical zeta function due to
J. Byszewski and G. Cornelissen. This chapter will exhibit some computations and results
on the tame dynamical zeta function of dynamically affine maps. We will also discuss the
notion of lifting to characteristic zero.

6.1 INTRODUCTION TO THE TAME DYNAMICAL ZETA FUNCTION

In this section we provide the definition of the tame dynamical zeta function, give the main
result and a proposition which will be most useful in doing computations.

Definition 6.1.1. Let X be a variety defined over a field K of characteristic p > 0, and let
f : X — X be amap. Then the tame dynamical zeta function of f is defined as

* - Nn n
T x(T) = eXPZ7T ,
n=1,
ptn

where

otherwise.

It turns out that the tame dynamical zeta function of all maps for which we computed it,
unlike the full dynamical zeta function, is algebraic:

Theorem 6.1.2. Let K be a field of characteristic p > 0, and let f : Py, — P} be a morphism
of degree at least 2. If f is a power map, Chebyshev polynomial, Lattés map induced by a
multiplication-by-m map or a (sub)additive polynomial, then the tame dynamical zeta function

g% o1 (T) is algebraic over Q(T).
[Py
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We will prove this theorem in Section [6.3.1} after we have completed all computations.
To simplify parts of those computations we will use Proposition to only do the compu-
tations for G, C IP! or G,, C IP'. Also, we have the following proposition:

Proposition 6.1.3. Let k € Z~1 and T a variable. Then the following holds:
S B (1 o Tk)l/k
;n_log(l—T )

k’[nl

Proof. Let k € Z~1. We compute:

[ee] Tn (o] Tn (o] Tn
kin k|n
o Tn o Tk[
= — = — (substitute n = kf)
nZ:l n /; ke
B AR NChL
o kim oL
1 1 1 .
= log 1-7) & log {_T% (power series log)
_ (1 _ Tk)l/k
= log ( 1T

O

We will often use this where k is equal to the characteristic p. Also, we may use substitu-
tions T = aT'!, for some s € Q and ¢ € Z.

6.2 DYNAMICALLY AFFINE MAPS ON P}

We will now compute the tame dynamical zeta functions, rather than the regular dynamical
zeta functions in the positive characteristic case. We will discuss all five families of dynami-
cally affine maps: power maps, Chebyshev polynomials, Lattés maps, additive polynomials
and subadditive polynomials. For the first three families we will use results from the previ-
ous chapter as several results were for arbitrary field, i.e. not necessarily of characteristic
zZero.

As several computations are quite lengthy, boxes are used to assist the reader in recognizing
all significant results.

6.2.1 Power maps

As we have seen in Subsection[5.1.2], we obtain a formula for the number of fixed points:
Ny = (m"=1)-|m" —1],.

To determine the tame dynamical zeta function, we distinguish between a number of cases.
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Case 1: p | m.

Assume p | m. Then p { m" — 1 forall n > 1, which means that |[m" — 1|, = 1. Therefore,
we find NV;, = m" — 1. We find:

. [eS) N’ 0 m" —1 o) (mT)n 00 T"

log (G p, (T) =), =T =) ——T" =) —— ). —
n=1, n=1, n=1, n=1,
pin pin pin pin

s () v (45277

The tame dynamical zeta function is easily determined:

. _(=(mm)Yr 1-T
GGz, (T) = (1—TP)1/r  1—mT (6-2.1.1

Case 2: p # 2 and p { m.

Assume p { m and p # 2. In this case m is invertible in IF,. Hence, m has a multiplicative
order s € Z in [F,. We apply Proposition [5.1.2{(1,2):

"=1) - mt =1, if s | n;
Ny = (" =1)- 1], = J U 7 Dl =2l i s |
m" —1 if stn.

First notice that as p { n, the norm |n|, = 1 in all cases. Let us introduce the notation
. s
A - |m - 1 |p.

Also, note that s and p are coprime, because s divides the order of [F;, which is p — 1. We
get:
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. = N > A
log me,Gm/]Fp (T) = Z; 7 Z; T” + Z
n=1, n=
pin pinsin pin, SIH
00 n_1 00 n_1 m"—1
yE v T”+AZ T"
n=1, n n=1,
pin ptnsn pin, S\n
=] n 1 00 sk 1
e Dy R S D) ety
n=1, n=1 sk
pin pfk

00 Tsk
k-

n=1,
pik’ ptk

e ) om(57)

+A—1lo (1 — (mT)Ps)V/p A1 (1— TP/
s 8\ T 1= (mT) s e\ 11 )¢

Il
(ngk
=
.|
%&M%
= |
+
Mg
»
|
™

The tame dynamical zeta function then becomes:

" _1-T (1= (mT))'"7
GGy (T) T1-mT  (1-Tr)V

(1 — (mT)pS)l/P 1—Ts (A-1)/s
(&t o)

(6.2.1.2)

Moreover, assume m =1 mod p. In this case s = 1 and the tame dynamical zeta function
simplifies further:

A

: (A=) 1T 213
N e e 6.2.13)

Case 3: p=2and 2t m.

Assume p + m and p = 2. We can still use Proposition (1) to obtain that N, =
(m" —1)|m" — 1|,. Note that by assumption m is odd, hence s = 1. We define A := |m — 1|,
and B := |m + 1]». Then we have N;, = 2AB(m" — 1) for all p { n.

We compute the tame dynamical zeta function:

. i 2AB(m" —1)
log gxerm,]Fp (T) - E 7'1"1’[ — 2 TTH
n=1, n=1,
pn 2tn

- 2\1/2 _ T2y\1/2
—2ABlog ((1 1(T:1)T) ) —2ABlog (“1_TT))
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This gives us the tame dynamical zeta function:

(6.2.1.4)

* (1— (T2 11 \***
G Gp, (T) = < (1-T9)1/2 1 —mT) '

Comparison to characteristic zero
In Section 4.2.1|we had Equation [4.2.1.1|that said for K of characteristic 0:

1-T
Can Gxo(T) = T-mT

In this subsection we saw a few different answers. Recall that s denotes the multiplicative
order of m in IF, and A := |m® — 1|, also B = |m + 1|, in the last case. We will give
identities in each case to show the relation between the tame dynamical zeta function in
positive characteristic and the zeta function in characteristic zero.

e If p | m, then

. (A= (mT)P)Vr 1-T
me,Gm,n:,, (T) = (1—Tr)V/p 1—mT’

This can be rewritten:

* me er,K,O (T)
me,(;mfp(T) = T o KO(TF’)l/P‘ (6.2.1.5)
e If p # 2 and p 1 m, then
" _1-T (- (mT)")"?
ng,Gm,]Fp (T) - 1—mT ’ (1 _ Tp)l/p
(1= (mT)r) /A A
ot ) (am)
Again, we can write this using the zeta function in characteristic zero:
A-1)/
Gon G, (T) = CorGusalT) [ Gor G (") o (6.2.1.6)
xm,G,,,,]pp o gxmp/GmKO(Tp)l/p gxmpS/GMKO(Tps)l/p . P/

e A special case of this is when m =1 mod p, then

A

. (1—(mT)yP)? 1-T
éxm,cm,u:p(T) - < (1—Tr)1/r 1- mT)
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As we did before, we will now rewrite this:

A
x",Gm k0 T
GG, (T) = (g Can ,(,T(p))l/p> , (6.2.1.7)

p
xm G m,K,0

e If p =2 and m is odd, then

S € e 17 e el A
gx"’,Gm,IF,, - (1— T2)1/2 1—mT ’

And we repeat this process:

2AB
* g erm (T)
Cin G, (T) = (g Y : (6.2.1.8)

xm2/Gm,K,O(T )
6.2.2 Chebyshev polynomials

As we have seen in Subsection , we have that: |Fix(T;")| = w In this
formula we again use the identity from Proposition |5.1.2|(1), so |p| = k - [k|,.

Case 1: p | d.

If p | d we know that [d" — 1|, = |d" + 1|, = 1. This means we get a formula for the
number of fixed points:

n n__
and +1+d 1:d”.
2
With this identity we determine the log of the tame dynamical zeta function:
" & & (1 (dT)r)'”
log gTd,GMFp (T) nZ; Z T” =1lo <1—dT .
pin an
This gives us the tame dynamical zeta function:
o (my = L@t (6.2.2.1)
TCary ") 1 —dT

Case 2: let p be odd, p 1 d and s odd.

Since d € TF;, let s be the multiplicative order of d in F, and A := [d® — 1],. Again, we
have that:

ifs|n;

1
n__ — dn—l
mar—a] = ( ){A']n\p if s {n.
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We define:
A — A ifs|n;
1 ifstn.
In this case s is odd, which means that [d" 41|, = 1 for all n. When p { n, we get a

formula for the number of fixed points:

A" — 1) Ay +d"+1
5 .

N, =

In fact we obtain two summations which we will compute separately. We start with the
first half which depends on A,,:

(@ DA D@ DAL, 2@ 1),

T T n
Z 2n T_Z 2n T+Z 2n

n=1, n=1, n=1,
pin pinsin pinstn
© gks _q X 2 (d"—1)
=(A—-1 — T ~——ZT"
( )k; 2ks +ﬂ; 2n
pfk pin

These two sums need to be split in two again:

> (d"—1)A, A-1[& dD)ks & Tk 1[&
2, 2n 2s k;, k k;, k 2 n;, n n=1,
pin ptk plk pin pin

:AT;l <log <(1 ;Edél);s)zl/p> ~log <(1ipTzw>>
4 (on (U510 g (U577 )

Next we compute the second summation:

B = (o () e (577)).

n=1,
pin

GO

g

n

In this case the tame dynamical zeta function becomes:

(1—-@dn)HVr 1-T
< 1—dT (1—TP)1/P>

(A=1)/2s 1/2

, _(a-@nmr a-r
gTd,Gﬂ,]Fp (T) - ( 1— (dT)S (1 _ Tps)l/p>

(1— (dT)P)V/P (1= TP)V/P 1/2

This can be written in a simpler formula:
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(6.2.2.2)

G (T)= <(1 — (@T)) P 1T >(A1)/2s A= @nny
T4.GaFp 1—(dT)s (1—Tps)l/p 1-dT

Ifd =1 mod p, then s must be 1 and the above can be simplified:

(A+1)/2 (A-1)/2
: _ (=@ 1T 62.2.3
gTd,Ga,Ipp(T) = < 14T o _ (6.2.2.3)

Case 3: pis odd, p 1d and s even.
Because s is even, we can write t = s/2 and we know that |d' + 1|, = [d° — 1|, = A by
Proposition[5.1.2)(4). Similar to before, we can find a useful identity:

1 ift|norf €27,

n :dﬂ+1
Fara] = ){A-\n|p if 1 €14 2Z.

Again, we define:

A if ; A iftel+27;
1 ifstn, 1  otherwise.

With this, we can write:

(dn - 1)An “I’ (dn + 1)Bn

Nn: 2

Again this renders two summations. However, we already computed the first half in the
previous case. Hence, we only have to compute the second half:

> (d+1)By ., =@+1)B, , <d'+1_,
D N TR " T
pin’ plntn pin,tn
—Z d”+1 1)Tn+id”+1Tn
n=1, 2n
Tnt\n pin
DBy g Ly
= 2kt = 2
pfk pin
kt 1 00 kt (A —1 o Jn 1
=1 2kt =i 2n

iﬂfk 2|k pik.2tk pin



6.2 DYNAMICALLY AFFINE MAPS ON IP}< 67

We can see that the first summation cancels and the last summation is one we computed
already for case 2. Hence, we compute the second summation:

@+ 1) (A=) 4y A-1Sd"+1 4, A-1|&d¥+1 ,, d+1
L o TPV Tl P e P
pik 21k pik,2tk pik pit
_A-1, (A= @T))Vr (1 - TP
o2t 1—(dT)t 1-Tt
A1 (- (dT)?HV/rP (1 — T21)1/p
i ° 1— (dT)% 1- T2

When we combine the results we obtain the tame dynamical zeta function:

: _(a-@npvr a-r \NYUE cao@npve 1o N2
gTd,G,,/]Fp (T) - < 1— (dT)s (1 _ Tps)l/p) ’ < 1—dT (1 _ Tp)l/p)

(L= @D)Yr @ =T)VP\E (1 @) e (1 T
( 1—dT 1-T ) ( 1— (dT)t 1-Tt )

1— (dT)Zt 1— T2t (A-1)/4t
' ((1 — (@dT)>P)r (1 - TZW”’) '

(A-1)/2t

Using the fact that s = 2f, we can simplify the expression and regroup certain factors:

— £\1/ _ Tpt\1/ 72t (A-1)/2t
fh, (1) = (LFEDR AT 1T )
1/GaFp 1—(dT)t 1—TF  (1—T2r)i/p 6.2.2.4)
(= @y 22

Case 4: p =2 and d is odd.

For p = 2 we still have N, = 3((d" 4+ 1)|d" + 1|, + (d" — 1)|d" — 1|5). Also, as d is an odd
integer, we know that s = 1. Define A := |d — 1|, and B := |d + 1|. Then |d" — 1|, = 2AB
because 2  n. Similarly, we get |d" + 1|, = B for 2 { n. Let us write this in a formula:

(4" +1)B+ (d"—1)2AB _ (2A+1)Bd"  (1-2A)B

Nu= 2 2 + 2
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The log of the tame dynamical zeta function becomes::

. © (2A4+1)Bd" _, & (1—2A)B
1oggTd,GMFp(T)Zz( )BA" o Z( 2 )B

n=1, 2n n=1,
pin pin
(RA+1)B & @T)  (1-2A)BT"
T2 how Tz hw
pin pin
~ (2A+1)B 1—(dT)P)V/r (1-2A)B (1—TP)V/p
=7 &g )t 2 st )
Moreover, we find the tame dynamical zeta function:
) . 1— (dT)P) /v (2A+1)B/2 (1—TP)/p (1-2A)B/2 62.2.5)
Cuan, D=\ —a1 A S

Comparison to characteristic zero

In Subsection we had Equation [4.2.2.1| that said, for a field K of characteristic 0:

%) dn 1
T) — i, Y )
C7,Guo (T) eXPn; , 1_dT

In Subsection [6.2.2] we obtained results for distinct cases. Recall that s denotes the multi-
plicative order of d in IF,, and A := |d° — 1|,, also B = |d + 1|, in the last case. If s is even,
then t = s/2. Unfortunately, unlike the power map case, here we cannot give an identity
solely in terms of the zeta function in characteristic zero. We will give an identity that is as
close as possible.

e If p | d, then

. 1—(dT)P)V/p
671G, (T) = ( 1(— d)T)

This can be rewritten:

(T) _ gTern/K,o (T)

" TG (TP (6.2.2.6)

*
CTd/Gu,]Fp

e If p #2, p{dands odd, then

(A*l)/2s ' (1 . (dT)P)l/p

1—-dT

: (- -
éTd/Gu,IFp(T) - < 1— (dT)S (1 _ Tps)l/p)
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And we repeat this process:

(A-1)/2s
gTdS /G0 (Ts> 1-T° > gTeru,K,O (T>
1/p

c: T) — . .
Teru,]Fp( ) gpos,Ga,Klo(TPS)l/P (1 —Tps) gpo,Ga,K,O(Tp)l/p
(6.2.2.7)

e A particular case of the above is whend =1 mod p, we get:

_ py1/p (ATD/2 _ (A-1)/2
T, (T) = (LU0 (=T |
Garp 1—dT (1—Tr)V/rp

As we did before, we will now rewrite this:

T (T) = £1Goia(T) (AH)/Z. -1 A (6.2.2.8)
T1,Gup - gpo,Gﬂ’K’O(Tp)l/P (1_TP)1/P . 2.2,

e If p #2, p{dands even, then

i () = (C DM o1 N - @nynye
T1,Gup B 1— (dT)t 1—T¢ (1 _ TZpt)l/p 1_4dT

We rewrite this using the zeta function in characteristic zero:

A-1)/2t
oy (s _aoTr a-r
T1,Gu - gpot’Ga’K/O(Tpt)l/p 1—Tt (1 _ T2pt)1/p

(6.2.2.9)
. gTd/Ga,K,O (T)
gpo,G,;,K,o (TP ) 1p
e If p =2 and d is odd, then
) . 1— (dT)P)1/r (2A+1)B/2' (1= TP/ (1-2A)B/2
ST 6ury (T) = 1—dT 1-T
This can be rewritten:
2A+1)B/2 _
0T, Gop, (T) = 73Guo (1) o (A=) B (6.2.2.10)
TaGaxy B Cpo,Ga,K,o(Tp )UP 1-T ‘ o
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6.2.3 Lattés maps
We use the result we obtained in Subsection[5.1.4:

o 1 1
Fix(L)| = 5B 1] + 5 B
1

1
= 5 (m" 1)?[m" =1 + 5 (m" + 1) m" 1[5,

Case 1: p | m.

When p and m are not coprime, we know that |m" — 1|, = |m" 41|, = 1. This simplifies
the formula for the number of fixed points to:

1 1
No = 5( ”—1)2+§(m"+1)2:m2”+1.

Using this identity we can compute the log of the tame dynamical zeta function:

§ 00 N 00 m2n+1 00 mZT n o TN
logf, gy (T) =1 21" = Y e Tnzz( ) e
, n=1

n=1, n n=l1, n=1, h

ptn pin ptn pin
_ (1= (m?T)P)!/» (1—T1P)/r
_log< T — 2T +log 1T .

This gives the tame dynamical zeta function:

I i S L (o Lo

* = 6.2.3.1
ngJPkp (T) 1— m2T 1-T ( )

Case 2: let p be odd, p 1 m and s odd.

As before we write A := |m® — 1|, where s is the multiplicative order of m in IF,. We define:

A — Al if s | n;
1 ifs{n.

As s is odd we know that |m" + 1|, = 1. We again use Proposition to see that
N, = (m" —1)2A,/2 + (m" +1)?/2 for n not divisible by p. This identity allows us to
compute the log of the tame dynamical zeta function:

. Ve = (m" —1)%A, = (m" +1)>2
log ng,P}(,pq) = Z% 7Tn = Z% e ™ + Z; —y T".
n=1, n= n=

ptn pin’ pin
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We compute these two sums separately, starting with the summation depending on A,,:

= (mn — 1)2Aﬂ n __ - (mn — 1)2Ah n - (mn — 1)2 n
n; 2n T _n; 2n d +ﬂ; 2n d
pin pinsin pin,stn
= (' — 1AM 1) g e —1)7
= T AN
P 2ks +ﬂ; 2n
ptk ptn
A1 Em —om* 1 1T &m —2m" + 1
= 2 T S _|_ _ 2 —Tn
2s = k 2= n
pfk pin
LA (U @RTPY ( T)PYP TE  T
2 8\ TT1 (2T 1— (mT) 1-Ts
L (A= TP (1= (D)) N T (T
2 %8\ T 1= meT 1—mT -1 |-
Now we determine the second summation:
< (mt+1)2? 0 1 &mP 4 2mt+1
n; 2n d _2n; n T
pin pin
L (A= PN (1 D)) PN (1 - TV
28\ 1wt 1—mT 1-T |-
We can combine the results to find the tame dynamical zeta function:
P (o L e L W R GRS e (7 W R
L P, " 1 — (m2T)s 1-T¢ (1 — (mT)ps)V/p
(1— (m2T)P)/r (1 —T7)/P\Y2 1 —mT
1—m2T 1-T (1 — (mT)P)V/p
(L= (2 T))Yr (1= T)VP\ 2 (1= (mT)?)Vr
1—m2T 1-T 1—mT '

We obtain a simpler identity:

(1= (TP /7

1— (mT)*

2 (1—1TP)

Ly, (T) = ( T~ (m2T)s ((

(1= (m*T)")"r 1 —TP)!/7
1—m2T -7

1— (mT)ps)/r

1/p (A"—1)/2s
1-Ts

)

(6.2.3.2)

Now we can assume m = 1 mod p which means s = 1. The above formula simplifies

even further to another identity:
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(1 . (mZT)P)l/p (1 . TP)l/P (Ah+1)/2
< 1—m2T 1-T >

' <(1 —1(;1777*1)1*;)1”’)#11 '

Case 3: let p be odd, p t m and s even.

gzm,]pl (T) =

K,p

(6.2.3.3)

Because m and p are coprime, m is a root of unity in IF,. Let s be the multiplicative order
of m in FF, and write A := |m° —1|,. We can use Proposition [5.1.2(4.) to also write
A = |m' +1|,, where t = s/2. For p { n we define:

n=

Al ifs | and B Al if e 14-27;
" 1 otherwise.

1 ifsin,

Again we can start with computing the log of the tame dynamical zeta function:

% _ 0071’1 . (m" —=1)*An + (m" +1)*By
log &y, ey (T) _n; =T _n; 5 T".
ptn ptn

The first summation has already been determined in the previous case. Hence, we only
have to compute the second summation depending on B,. Note that this computation is
quite similar to case 3 of the Chebyshev polynomials.

- (mn+1)2Bﬂ n __ — (mn+1)2B” n — (mn+1)2 n
Z 2 T _Z 2n T +Z 2n T

n=1, n n=1, n=1,
pin pintin pintin
_ i (m" +1)*(By — 1) T i (m" + 1)2Tn
= 2kt = 2n
ptk pin
= (212 1) 5 DA 1) S (1)
= T T ~— 27"
kg 2kt +k; 2kt +ﬂ; 2n
pik2[k pk2fk ptn’
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The first summation is zero and the last summation we already computed in the previous
case. Therefore, we continue computing only the second summation:

i (" + 12(AN 1) gy AT o 2w 1y i (" +2m +1 oy
f

=~ 2kt 2t = k = 2/
pik,2tk pik ptt
Al —1 (1= (m2T)PHYP [ (1= (mT)P)V/P\? (1= TPt)L/P
=y los ( 1— (m2T)f < 1— (mT)! > 1- Tt )
Ah 1 (1— (m2T)2P)V/p (1— (mT)2PH)1/p 2 (1— T2H)1/p
g los ( 1— (m2T)2 ( 1— (mT)2 ) 1— 7% ) ‘

We can combine this result with the part depending on A, to get the complete tame
dynamical zeta function:

: B A L T L R N e 1 0 S
gL,,, 1 (T) - ( 1— <m2T)s < 1— (TI’ZT>S > 1_Ts >

U = ) ey a1\
l — sz 1—mT 1-T

1— (m2T)t — (mT)t 1-Tt

1— (m2T) 2t 1— T

. ( m2T)P)L/P <(1 - (mT)”t)”P>2 (1- Tl’t)l/P>(Ahl)/2t
1

2T Zpt 1/p (1 _ (mT)Zpt)l/p 2 (1 _ T2pt)1/p (Ah_l)/‘k
()

1—m2T 1—mT 1-T

. ( — (m2T)P) P ((1 - (mT>P>W>2 (1- ml/p>”2.

Fortunately, we can reduce this expression quite a bit using s = 2¢:

N B (1_<m2T)pt)1/p (1—(mT)Vt)1/P 2(1—Tpf>1/p (A"—1) /2t

=

‘ (1 . (mZT)ZPf)l/P (1 B T2pt)1/p (A"lfl)/Zt ' (1 . (mZT)p)]/p (1 _ Tp)l
1— (m2T  1- 1% 1—m2T 1-T
(6.2.3.4)
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If m=—1 mod p, thent = 1 and the identity becomes:

] _ (A =(@PT)P)VP (1 -TP)VP @HD2 g Gy e\ AT
Sy, (1) = < 1—(mT)  1-T > ‘ ( 1—mT )
(1= (m2T)2P)V/p (1 — T20)1/p (A" 71)/2
( 1— (m2T)? 1- T2 >

(6.2.3.5)

Case 4: Let p = 2 and m odd.

For p = 2 we still have \;,, = J(m" — 1)*[m" — 1|} 4+ 3 (m" +1)?|m" + 1|5 As m is odd, we
can introduce A := |m — 1|, and B := |m + 1|,. This gives us a formula for 2 { n:

(m" —1)2(2AB)" + (m" 4 1)?B"
2
h Ah h...2n

N, =

(2" Al 4+ 1)B"
—_—

We use this to find the log of the tame dynamical zeta function:

> (2"AM + 1)B'm® > (1—2"AM)BI'm" > (2"AM +1)B"

log 7 o1 (T):Z T”+Z T”+Z—T”
FnPicy k=1, 2n k=1, k=1, 2n
24k 24k 24k
h Ah h o 27\n 0 n h Ah h o Tn
:(ZA +1)B Z:(m T) +(1—2hAh)BhZ(mT) +(2A +1)B ™
2 k:“} n k:“} n 2 kjl, n
2 2 24k
hoAh h _ (2T)2\1/2 _ 2\1/2
A8 o (A PTAY |gypiog (U 00
(2"AF+1)B" (1-T*)12
1 .
M 2 © 1-T
The tame dynamical zeta function follows easily:
h Ah h
e i et W S
ngJPlK,p B 1—m2T 1-T (6.2.3.6)
(1= (mr 2y /2y o
' ( 1—mT )

Comparison to characteristic zero
In Subsection we had Equation |4.2.3.1}, for a field K’ of characteristic zero:

1
ng,Il’}(,,O(T) T 1-mT)(1-T)
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In Subsection [6.2.3| we distinguished between several cases again. We recall that s denotes
the multiplicative order of m in IF,, and A := |m* — 1|, also B := |m + 1| when p = 2
and m is odd. If s is even, then t = s/2. As before, it is not possible to express the tame
dynamical zeta function in positive characteristic completely in terms of the zeta function
in characteristic zero. Instead, we provide an identity which emphasizes the connection as
much as possible:

e If p | m, then

(2T\PYL/ T/
G g ()= (LRI Q=T

1
Ln P,

We substitute the zeta function in characteristic zero where possible:

¢r,pt, (T)
é’* ] (T — K’,0 .
LVH/]PK,I; ng}" /]P}d 0 (Tp)l/p

(6.2.3.7)

e If p #2, p{mand s is odd, then

— (m2T)Ps)V/ — (mT)® P N e
é;;(p%(n:(“ L Wy G T SC mlp)

1— (m?T)s (1— (mT)ps)1/p 1-Ts
(1 (m*T)P)7 (1 —TP)!7
1—m2T 1-T

As we did before, we will now rewrite this:

Al—1)/2
gL S]Pl (TS) 1 . T s 2 ( )/ S
Gy, 1, (T) = | ( T )
Py orLm Tr)V/p \ (1 — (mT)Ps)V/p
Crpe it (TP)VP X (1= (mT)P) (6.2.3.8)
. gL””]P}d,o(T)
ngP’P}(/O(Tﬂ)l/P

e We get a special case if m =1 mod p, then

h
PO € o (3 L € S0 WA S GRS S S M
L Py 1—m2T 1-T (1— (mT)P)L/p
And we repeat this process:

(A"41)/2
CLpy,, (T)

Cmer]P}(/,O (Tp>1/p

1—mT \4!
Cey 1, (T) = ( )w) . (6.2.3.9)

(1= (mT)?

75



76 THE TAME DYNAMICAL ZETA FUNCTION IN POSITIVE CHARACTERISTIC

e If p #2, p{m and s is even, then

] (@R - ey @ e

(1— (m2T)2Pt) /P (1 — T2ty /p\ A0/ g 2y (1 — oy
( 1— (m2T)% 1— T2 ) 11— m?T 1-T

Again, we obtain a similar identity:

(A"-1)/2
e (= [ FemnD (1 <mT>Pf>1/P>“‘h‘1
PL, L") T C1pp Pl . (TP)1/P

1— (mT)t
y (A1) (6.2.3.10)
Cr ol (T7) Cr,e, (1)
ngzpt’IP}(’,O (szt)l/p ngp’]P}(’,O (Tp)l/p .
e A special case of this is when m = —1 mod p:
n h_
oy (AT @ e ey
Py prLim 1— (m2T) 1-T 1—mT
(1— (m2T)2P)\/p (1 — T2)V/p (A"-1)/2
( 1— (m2T)? 1-12 >

This gives us the following more compact formula:

Aly1)/2
(T Gy, N s ey
glpk,,,Lm( )= ngp/]P}( ,’O(Tp)l/r’ ' < )

1—mT
(6.2.3.11)
(Ah—1)/2
' 4 LR, (T?)
Cr o, (TP)YP
e If p =2 and m is odd, then
g* (T) B (1 . (THZT)Z)l/Z ‘ (1 . T2>1/2 (ZhAh+l)Bh/2 . (1 B (mT)Z)l/Z (172hAh)Bh
PhprLm 7 1—m2T 1-T 1—mT
Lastly, we find the another identity:
(2" A" +1)B" /2 )
I o (T) = ey ) (= (mT)?)2 S (6.2.3.12)
B N O T—mT -
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Relation between {; 1 and the elliptic curve

It is clear that the fixed points of a Lattés map and the corresponding multiplication-by-m
map are closely related, as E,»_1 = Fix([m]°"]). Unfortunately, it appears impossible to
find a endomorphism g to consider the m" 4 1-torsion points as a fixed point set of g. We
do see that for any field K:

1/2
© | Epiit|
ot = (on (£5527))

When K is a field of characteristic p > 0, then a similar equality holds for the tame
dynamical zeta function:

1/2

K,p

1/2 el S
G (1) = (Ghe)” | e | 2o Bt
n=1

pin’
6.2.4 Additive and subadditive polynomials

We use the result found in Subsection N, = d"p®f). Again, we will distinguish
between a few cases.

Case1:p | f

In other words, let f be inseparable. Then it is clear that f” — 1 is separable. We then get
N, = d". The tame dynamical zeta function is easily determined.
With this identity we determine the log of the tame dynamical zeta function:

. o N > d" (1— (dT)P)V/p
loggf,Gu,]Fp(T) :n;7'1"n :n;;'rn = log <1—dT) .
pin’ pin’

This gives us the tame dynamical zeta function:

(1= (@)

Crigor,(T) = 77 (6.2.4.1)

Case 2: p1 f

Let s be the multiplicative order of f in the residue field k(¢) /pk(¢). Note that, ass | p — 1,
the multiplicative order s must be coprime to p. Then f" —1 & ¢k(¢) if and only if s 1 n.
For n not divisible by p we get v,(n) = 0, and hence:

N — ar if s 1 n;
T d"pPe (=1 ifs | n.
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We define A := p?(f~1), We can compute the tame dynamical zeta function now:

a ©AA L, d”

YT =L ST T
n=1, n n=1,
pin pinsin J(n s’(n
0 dskA & o Jn . o gsk
Z T + Z T" — Z ET
Pfk an pfk
CA-1&((dT)) =dr
E k; k Z !
pfk Pfﬂ
_A-1 (1— (dT)P)!/» (1 (aT)P)"?
=5 los < 1—@n: ) T8 1—dT ‘
This allows us to find the tame dynamical zeta function:
s (A-1)/s 1/
: _ (@@ (1 @) 62.4.2)
& Gux, (T) = < 1— (dT)s 1—dT '

6.3 RESULTS REGARDING THE TAME DYNAMICAL ZETA FUNCTION

To place the computations of the previous section in some context we focus on two aspects.
The first regards the fact that the tame dynamical zeta function is algebraic over Q(T) for
the maps we investigated. The second focuses on the lifting of maps and how we can see
the the relation between the tame dynamical zeta function in positive characteristic and its
corresponding dynamical zeta function in characteristic zero.

6.3.1 Proof of theorem on algebraicity

In the previous section we gathered all computations. These allow us to prove the following:

Theorem (Theorem. Let K be a field of characteristic p > 0, and let f : Py, — P be a
morphism of degree at least 2. If f is a power map, Chebyshev polynomial, Lattés map induced
by a multiplication-by-m map or a (sub)additive polynomial, then the tame dynamical zeta
function g;[g}(,f(ir) is algebraic over Q(T).

We first adjust Proposition for the tame dynamical zeta function to exclude a few
points, e.g. zero and/or infinity.

Proposition 6.3.1. Let S be a set and f : S — S, such that #Fix(f) is finite. For any subset
F C Fix(f) C S such that FNUY (S — F) = @, the following holds:

_ 1/
G = (C5597) - tsr(D)
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Proof. The proof is completely analogous to the proof of Proposition We can write
fr+F— Fand fs_p:S—F — S — F. Observe that #Fix(f°") = #Fix(fp") + #Fix(f" ;) =
#F + #Fix(fS" ). We can use this to obtain the required identity on zeta functions:

. o Hmiv( fon © #F + #Fix(f" )
n=1, n=1,
pin pin

® #F ® #Fix(fo"
:exp ZiTn—i—Z (foF)Tn
n=1, n n=1,
ptn pin
o 1 n - #FIX( 521—“) n
= exp #FZ;T - exp 271“
n=1

n=l1,

pin’ ptn

. 1/ #F
- (557) .

n

We will now start the proof of Theorem [6.1.2

Proof of Theorem First let f be a power map, so f(x) = x™ for some m > 1. It is clear
that 0 and oo are fixed by f. Moreover, if y € f~1{0,c0}, then y € {0, c0}. Hence, we apply

Proposition [6.3.1}

1— TP)/P\?
s = (U529 )  uryrT

It is clear that the first factor is algebraic. The latter is algebraic when p | m (Equation
6.2.1.1), when p # 2 and p { m (Equation and when p = 2 and p { m (Equation
6.2.1.4). Now let f be a Chebyshev polynomial. This time we observe that co is an isolated
fixed point. With Proposition [6.3.1| we get:

1— TP\1/pP
Cpy,p(T) = (1_T) Gy, f(T)- (6.3.1.1)

The first factor is clearly algebraic. The second factor is algebraic when p | d (Equation

6.2.2.1), when p # 2, p t d and 2 t s (Equation [6.2.2.2), when p # 2, p f d and 2 | s
(Equation [6.2.2.4), and when p = 2 and p { m (Equation [6.2.2.5). Now let f be a Lattes
map induced by the multiplication-by-m map [m]. The tame dynamical zeta function is
algebraic when p | d (Equation [6.2.3.1), when p # 2, p t d and 2 { s (Equation [6.2.3.2)),
when p # 2, p { d and 2 | s (Equation [6.2.3.4), and when p = 2 and p { m (Equation
6.2.3.6). O
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Remark. Our results show that the tame dynamical zeta function is algebraic, even when
the full dynamical zeta turned out to be transcendental (Theorem [5.1.1). This suggests
that the tame dynamical zeta function can be an alternative. No general results have been
proven, hence it is unclear whether this would work for more general maps, e.g. x — x>+ 1.
But as we do not even know if the full dynamical zeta function is transcendental in a general
setting, offering an alternative might be premature.

6.3.2 Lifting properties of the tame dynamical zeta function

We first remark that (sub)additive polynomials do not occur as a dynamically affine map
over fields of characteristic zero, hence they are not of interest in this section.

For power maps, Chebyshev polynomials and Lattes maps over positive characteristic
there is a natural way to lift these to characteristic zero. For Chebyshev polynomials and
power maps in characteristic zero, it is clear that these maps are defined over Z, hence
considering them over a field of positive characteristic is done by looking at the coefficients
reduced modulo p.

As Chebyshev polynomials and power maps are uniquely determined by their degree, it is
clear that we can uniquely lift any Chebyshev polynomial f of degree d over positive charac-
teristic to a Chebyshev polynomial fover a field of characteristic zero of degree d (any field
of characteristic zero contains a unique subring additively generated by the multiplicative
identity isomorphic to Z). Analogously, any power map over positive characteristic can be
uniquely lifted to one over a field of characteristic zero.

For Lattés maps there is a lot to be considered when trying to lift such maps. Note that the
(tame) dynamical zeta function over positive characteristic does not depend on the specific
elliptic curve, but only on whether it is supersingular or ordinary. Over characteristic zero
the dynamical zeta function does not depend on the elliptic curve nor its field of definition at
all. Hence, to lift the Lattes map L,,, we first remark that any lift of an elliptic curve E over a
field of positive characteristic to an elliptic curve E over any field of characteristic zero will
suffice. Deuring’s lifting theorem (Theorem 14 in §15 of Chapter 13 in [[Lan73]]) gives us a
proper lift: an elliptic curve E over a field of characteristic zero which reduces to E. Also,
the map [m] is lifted to some map [m] over E. As the group operation needs to be respected
by the lift, we know that [fn;] is the multiplication-by-m map on E. Taking the quotient
under the relation P ~ —P as described in Section is defined for elliptitc curves over
fields of arbitrary characteristic. We obtain a lift of L,, over positive characteristic given by
Ly = L.

We are interested in how we can view the tame dynamical zeta function of a function f
as a ‘function’ in the dynamical zeta function of its lift f. To make this precise, we introduce
the following notion:

Definition 6.3.2. Let f : X — X be a power map, Chebyshev polynomial or Lattés map
induced by a multiplication-by-m map, with X equal to IP ,(K), G, (K) or G,,(K). Then
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we call X the lift of X and f : X — X the lift of f, both defined by the construction above.

Moreover, we call the tame dynamical zeta function (% f(T) expressible over its lift if

Cxf(T) = P(gwidetildef°i1,X(Tj1)/ = -,Cfoi[,X(Tff)),
where P(x1,...,x,) is an algebraic function over Q(xy,...,x¢) and i, ..., ig, j1,...,j¢r € Z.

In the last section we looked at whether a dynamically affine map is expressible over its
lift, we summarize all results in the following theorem:

Theorem 6.3.3. Let K be a field of characteristic p > 0, and let f : X — X be a power map,
Chebyshev polynomial or Lattés map induced by a multiplication-by-m map, with X equal
to P ,(K), Gy, (K) or Ggp(K). Then {7 x(T) is expressible over its lift if f is one of the
following:

i. Power map x — x™ on Gy, F, (K);

ii. Chebyshev polynomial T; on G, (K), with p | d;
iii. Chebyshev polynomial T; on G, (K), with p =2, and d =3 mod 4;
iv. Lattés map Ly on Py ,(K), with p | m.

However, C}/X(T) is not expressible over its lift if f is one of the following:

v. Chebyshev polynomial Tj on Gk, (K), with p{d and p # 2;
vi. Chebyshev polynomial Ty on G, (K), with p =2, andd =1 mod 4;
vii. Lattés map L,, on ]P}W(K), with p { m.

Proof. We will prove this case by case, mainly referring to the equations we found in the
previous section.

i. If f is a power map, then we can see that it is a (fractional) power of a rational function
in Cf’ﬂ)}do when p | m (Equation [6.2.1.5), when p # 2 and p t m (Equation [6.2.1.6) and

when p = 2 and p { m (Equation|[6.2.1.8).
i Iff=T;: Ga,lpp — Ga,ﬂ:p is a Chebyshev polynomial with p | d, then we can see that
the statements holds in Equation |6.2.2.6

ii. If f =T:Gar, = Ggp, is a Chebyshev polynomial with p = 2 and d =3 mod 4,
then A = |d — 1], = 1/2. We set A = 1/2 in Equation[6.2.2.10}

o () CT1,Gy o (T) (2-1/2+1)B/2 ((1 B TP)UP) (1-21/2)B/2
T4,Ga¥,p o T Gaxco (TP)V/P T

B
_ gTd’Ga,K/,O (T)
CTyp Gy o (TPVP )
Hence, the statement holds.

iv. If f =Ly : Py, — Py, with p | m, then Equation 6.2.3.7 clearly confirms the state-
ment.

(6.3.2.1)
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v. Iff=T;:Gur, = GgF, is a Chebyshev polynomial with p = 2 and p 1 d, then
we can only partially express the tame dynamical zeta function in the required way, as we
saw in Equations [6.2.2.6} 6.2.2.7/and [6.2.2.9, Note that the factor(s) we are left with has
a rational factor in T, not in dT. As A < 1 and B # 0 it is clear that this last factor cannot
disappear.

vii If f=T;: Gor, — GuF, is a Chebyshev polynomial with p = 2 and d =1 mod 4,
then A = |d — 1], < 1/2. This means that 1 — 2A # 0 in Equation[6.2.2.10} and as B # 0
we know this last factor cannot disappear.

vil.  If f = Ly : IP}W — ]P}W is a Lattés map with p { m, then we can partially ex-
press certain factors of the tame dynamical zeta function in the required way, as we saw in
Equations|6.2.3.7}6.2.3.8}16.2.3.10]and |6.2.3.12| Note that we always have a factor left of
the form

h_

(L (mT)r/ry

1—(mT)! ’

with a slight abuse of notation we set t = 1 for the cases no t occurred. Clearly, no such
factor exists in

1
A—mT)1-T)

€L,,,,11>}<,,0 (T) =

This factor can only disappear if A" — 1 = 0, which cannot happen as & = 1,2 and A <
1. O

Remark. Because the tame dynamical zeta function is algebraic (Theorem|6.1.2]) one might
expect that the behaviour is similar to that of the dynamical zeta function of its lift in char-
acteristic zero. This suspicion is confirmed for power maps, but contradicted by the results
for (most) separable Chebyshev polynomials and all separable Lattés maps. It is possible
that there is another way of interpreting the functions, but it is not as straightforward as it
was for power maps.
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In this thesis, we studied the behaviour of dynamical systems on varieties defined over a
field K, of both characteristic zero and of positive characteristic. We have investigated this
problem in roughly three ways: first we looked at results over a field K of characteristic zero
and analyzed which steps of the proofs did or did not rely on the characteristic of the ground
field; secondly we looked at the behaviour of certain specific maps on algebraic varieties
over fields of positive characteristic; lastly, we investigated the possibility of an alternative:
the tame dynamical zeta function. We now discuss some opportunities for further study.

7.1 PRODUCT OF RATIONAL FUNCTIONS

In Chapter [4{ we saw that the dynamical zeta function of a rational map on P}, with K a
field of characteristic zero, is a finite product of rational functions. We can ask ourselves
the following question:

Q: Is there an expression of the zeta function of a rational map on P}, with K
a field of arbitrary characteristic, as a (possibly infinite, but convergent)
product of rational functions?

When K has characteristic zero, we saw that the answer is yes (Theorem |4.1.13)). Many
steps were independent of the characteristic. The most notable that did depend on the
characteristic was the following:

Lemma 7.1.1 (4.1.12). Let f : P} — P be a rational map of degree d > 2, with K a field of
characteristic zero. Then the cardinality of the set

P :={P € Pi(K) | 3n € Z>1,3q € Z>1 such that f**(P) = P and A(f;P)7 = 1}
is finite.

Over fields of positive characteristic this is generally untrue, e.g. if K = Fp. As all nonzero
elements are roots of unity, the condition of A(f; P)7 = 1 for some g can be omitted. Then
this set consists of all periodic points, which can easily be infinite. In the proof of Theorem
[4.1.13| we saw that a partition of P corresponds to factors of the dynamical zeta function.

It would be interesting to partition P in a different way over a general field: perhaps an
infinite number of finite subsets, which also corresponds with an infinite product (indeed,

83



84

FUTURE RESEARCH QUESTIONS

we do not expect rationality, as demonstrated in Chapter|5), which may give us more insight
in the dynamical zeta function.

7.2 TRANSCENDENCE IN POSITIVE CHARACTERISTIC
Again, we can ask ourselves a compelling question:

Q: When is the dynamical zeta function of a separable endomorphism
on an abelian variety transcendental?

We obtained pleasing results for endomorphisms on elliptic curves in Theorem |5.2.14| and
for multiplication-by-m maps on abelian varieties in Theorem The only obstruction
to finding a similar result for all endomorphisms of degree at least two on abelian varieties,
was that it is unclear how to relate the inseparable degree of an isogeny f" — 1 to the
valuation v, (1). We need this to apply automata theory in the same way as Bridy.

Unlike for elliptic curves, higher dimensional abelian varieties may have endomorphism
algebras where the inseparable isogenies do not form an ideal. For example: consider the
abelian variety E x E’, where E and E’ are elliptic curves over a field of characteristic 2 and
consider the maps [2] x id and id x [2]; they are both inseparable, but the sum [3] x [3] is
separable.

Perhaps there is a different way of finding out more about deg;(f" —1). We could ask
ourselves:

Q: Given that f — 1 is inseparable, can we write deg;(f" — 1) as an explicit function
depending only on the variety A, the map f and v,(n)?

We expect the formula to depend on constants like the p-rank and dimension of the variety,
but any constant depending on the variety or on f that is included in the formula will most
likely not pose a problem for the structure of transcendence proofs.

It might be worth studying simple abelian varieties first as that would entail eliminating
maps like the example mentioned. Later one could look at products of simple abelian
varieties, where we might need to consider maps that operate on each simple abelian variety
separately, and later consider even more complicated maps. Also, once we have a good
understanding of what happens for abelian varieties, it is natural to consider algebraic
groups next, as abelian varieties are a subcategory of algebraic groups.

7.3 TAME DYNAMICAL ZETA FUNCTION
Let us start with another question:

Q: When is the tame dynamical zeta function of a rational map f : Py, — P} algebraic?
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We know that for dynamically affine maps the tame dynamical zeta function is indeed
algebraic. However, we used that we could actually write down formulas for the number of
fixed points. At the moment it is not obvious whether this would hold for general rational
maps on IPL. Also, we should consider expanding to other algebraic varieties, such as:

Q: Is the tame dynamical zeta function of endomorphisms on abelian varieties algebraic?

We already found several formulas; especially for multiplication-by-m maps it should not be
difficult to check this. For general endomorphism it might turn out to be more complicated
than for endomorphisms on elliptic curves because a norm function enters the formula.

One might also consider looking at a map f and its tame dynamical zeta function and the
dynamical zeta function of its lifts fto characteristic zero. Note that there is not always
a canonical choice of a lift. For power maps we observed that the tame dynamical zeta
function can be written using the dynamical function of its lift:

(A-1)/
me er,K/O (T) ( gx'”s er,K,O (Ts) ) ?

(Tp)l/p- gxm"“,G (TPS)l/P

Cxm G, (T) =

p
gx"’ G, k0 mK,0

We say that (7w g o (T) is expressible over its lift and we know that such a pattern cannot
always be detected as easily (Theorem [6.3.3). We ask ourselves the question:

Q: When is the tame dynamical zeta function expressible over its lift?

Now it appears that we can always recognize the dynamical zeta function of the lift as a
factor in the tame dynamical zeta function. Does this hold in general? It is compelling to
first look at examples coming from algebraic groups, but simple maps such as x — x% + 1,
might also prove to be very insightful.
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