
Geometric derivations of quantum
corrections for gauge coupling functions

Li Chongchuo (李李李 翀翀翀綽綽綽)

Utrecht 2017



Supervisor: Dr. Thomas W. Grimm



Contents

Abstract v

1 Introduction 1
1.1 Literatures on the basic mathematics . . . . . . . . . . . . . . . . . . . . . 4

2 The Seiberg-Witten theory 7
2.1 The microscopic N = 2 SUSY action . . . . . . . . . . . . . . . . . . . . . 8
2.2 The general form of the effective action . . . . . . . . . . . . . . . . . . . . 9
2.3 Moduli space, dual variable and monodromy . . . . . . . . . . . . . . . . . 10
2.4 Determining the monodromies . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.4.1 M∞ in the asymptotic free region . . . . . . . . . . . . . . . . . . . 12
2.4.2 M+Λ2 in the strong coupling region . . . . . . . . . . . . . . . . . . 13
2.4.3 M−Λ2 from the consistency condition . . . . . . . . . . . . . . . . . 14

2.5 The “auxiliary” Seiberg-Witten elliptic curve . . . . . . . . . . . . . . . . . 15
2.6 Computation of the prepotential via Picard-Fuchs equations . . . . . . . . 17

3 Calabi-Yau compactification 19
3.1 The 10D type IIB supergravity action . . . . . . . . . . . . . . . . . . . . . 20
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Abstract

This thesis discusses several aspects of computing the nonperturbative corrections to the
gauge coupling functions in N = 2 supersymmetric field theories and type II superstring
theories. We first reviewed the Seiberg-Witten theory for theN = 2 gauge field theory with
gauge group SU(2) and no matter. Then we derived the 4-dimensional supergravity action
resulting from compactification of type IIB superstring on a Calabi-Yau threefold. With
these two ingredients, we further geometrically engineered the N = 2 gauge field theory in
type IIA superstring and computed the instanton corrections with local mirror symmetry.
In the end we discussed how to fix an integral basis in the mirror symmetry computation
for compact Calabi-Yau threefolds and fourfolds, discussed how the corresponding mon-
odromies can be used to determine whether a singularity in the complex structure moduli
space of a Calabi-Yau space is of finite Weil-Petersson distance, and show these ideas in
some examples. We always focus on the explicit computation in the examples and give
references for more general results.
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Chapter 1

Introduction

String theory (and its various nonperturbative relatives, namely the M- and F-theory) is
one of the most promising candidate for the physical theory of everything. In string theory
one replaces point particles by 1-dimensional strings and higher dimensional extended
objects. With supersymmetry and the cancellation of Weyl anomaly, the dimension of the
spacetime in string theory is constrained to be exactly 10. The movement and interaction
of strings and branes in the 10-dimensional spacetime can then generate interesting physics,
including the unification of gravity and quantum mechanics. In addition to its physical
success, it also serves as an important connection between physics and mathematics.

The successful application of mirror symmetry to solve a long-standing problem in enu-
merative geometry [13] serves as an example among the various success of applying string
theory into mathematics. Inspired by such achievements, more and more mathematicians
are becoming increasingly interested in physical problems, and more and more physicists
are participating in research projects in modern mathematics. An excellent example is
the cooperation between Atiyah and Witten, who both won Fields medals because of their
works that enhanced the connection between mathematics and physics.

In this thesis, we focus on such connections. In particular, our aim is to understand
what physicists contributed to mathematics in the last 20 years. This thesis serves as a
record of my personal journey along the boundary between physics and mathematics, to
be more precise, between string theory and geometry.

In a standard introduction to quantum field theory, perturbative physics is the main
topic and marvellous techniques such as the method of Feynman diagram are developed.
However, the physical quantities under considerations do not only receive corrections from
perturbative region but also receive nonperturbative corrections. Nonperturbative effects
in quantum field theories are invisible to perturbative computations. In a quantum field
theory with coupling constant g, the partition function of the field theory is schematically
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of the form

Z(g) =
∑
n

ang
n + e−A/g

∑
n

a(1)
n gn +O(e−2A/g), (1.1)

where the coefficients an in the first sum come from perturbative computation by, e.g.,
summing over Feynman diagrams. The second and further terms are nonperturbative
corrections. They are typically accompanied with weight e−A/g, which is a well-known
example of a function that is smooth but not analytic. To be more precise, recall that the
function defined on R

f(g) =

{
e−1/g for g > 0,

0 otherwise
(1.2)

is infinitely differentiable at g = 0 with f (n)(0) = 0 for all n, while f is not analytic
at g = 0 since its power series expansion, which is identically 0 in a neighbourhood of
g = 0, does not coincide with f in this neighbourhood. As a result, the nonperturbative
part that weighs with e−A/g is not viable in perturbative computation since during such a
computation we always assume that the physical quantity is a power series in g. Such a
characterisation cannot capture the nonperturbative information.

But nonperturbative effects are indeed present and controlling the world around us. A
well-known yet to be understood example is the colour confinement in quantum chromo-
dynamics which is crucial for our understanding of the low energy behaviour of quarks
and gluons. As a result of such importance and difficulty of nonperturbative effects, every
development of a technique that enables us to delve deeper in the nonperturbative realm
is considered as a big success in theoretical physics.

According to Standard Model, our world is governed by gauge theories without super-
symmetry. Systematically investigation into such theories for nonperturbative effects is in
general too hard, and in such cases one usually first look for a simpler model, possibly with
more symmetry. Supersymmetry is a very nice constraint on the system for such purposes.
In four dimensions, a quantum field theory can has N = 1, 2, 4 group of supersymmetry
generators (there are also evidences on the existence of nontrivial N = 3 theories, see,
e.g., [26]). A theory with N = 4 supersymmetry is too constrained for investigation into
the nonperturbative effects. On the other hand, a theory with N = 1 supersymmetry
is possibly not restricted enough for a determination of nonperturbative corrections. An
N = 2 theory is the best. Seiberg and Witten proposed a beautiful programme known as
Seiberg-Witten theory that determines all nonperturbative corrections to such a theory at
once.

In Seiberg-Witten theory, the instanton corrections are computed from a geometrical
object called the Seiberg-Witten curve. Various group of researchers later also found
solutions to N = 2 theory that bypass the need for such a curve. This fact makes one
wonder if the Seiberg-Witten curve is really important in solving N = 2 theories. String
theory turned out to give the correct explanation. To talk about it, we have to first set up
a link between string theory and geometry.
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As mentioned above, string theory is consistent only in certain spacetime dimensions.
For bosonic string the dimension is 26, and for superstring the dimension is 10. In order
to make contact with our physical 4-dimensional world, one needs to make the surplus 6
dimensions compact such that they are hidden in our low energy world. Such a process is
called string compactification. It is the main bridge that connects string theory with geom-
etry since many interesting geometrical properties of the 6-dimensional compactification
space is reflected in the 4-dimensional physics and can be computed physically.

The 4D theory after compactification is a supergravity theory. For the type II super-
string on a 3-dimensional smooth Calabi-Yau manifold (from now on we always use the
complex dimension for convenience), the 4D theory will be an N = 2 supergravity with
abelian gauge fields. When D-branes are present in string theory, one can further realise
non-abelian gauge groups in 4 dimensions. TheN = 2 non-abelian field theory that Seiberg
and Witten solved can thus be embedded into type IIA superstring theory such that they
appear in the 4D theory after compactification. Further one can push the Planck scale to
infinity to decouple gravity in the 4D theory and recover the original 4D supersymmetric
field theory. Hence we have another way to solve the N = 2 field theory by solving the
corresponding type IIA string theory on a suitably chosen compactification space.

There is already a powerful method to compute the nonperturbative corrections for
type IIA compactification, namely mirror symmetry. From the worldsheet σ-model point of
view, it is a consequence of a trivial sign flipping. But from the spacetime point of view, the
implication is huge. Mirror symmetry means for every Calabi-Yau threefold Y3, there exists
another Calabi-Yau threefold Ŷ3 such that the 4D theory resulting from IIA/Y3 is equivalent
to the 4D theory resulting from IIB/Ŷ3. Such an equivalence is good for computation of
nonperturbative corrections because a quantity that receives quantum corrections in the
IIA/Y3 theory is mapped under mirror symmetry to a quantity in the IIB/Ŷ3 theory that
does not receive any quantum correction! One can thus use the geometrical properties of the
mirror Ŷ3 to compute the quantity in IIB/Ŷ3 and then maps it to IIA/Y3 for a completely
solution to the nonperturbative corrections. For the N = 2 field theory realised in IIA/Y3,
people found that the mirror geometry Ŷ3 contains exactly the Seiberg-Witten curve! This
explains the physical significance of the Seiberg-Witten curve.

In mirror symmetry computation, the geometric quantity on the mirror Ŷ3 is computed
by solving a system of linear differential equations. As we all know, the solution space of a
system of linear differential equations is a vector space, and after finding a basis of linear
independent solutions, we need some extra data to fix a particular solution for our needs.
In mirror symmetry, such a process is called finding an integral basis and is completely
solved for the mirror symmetry of Calabi-Yau threefolds.

In addition to Calabi-Yau threefolds, there are good reasons to consider a string theory
compactified on Calabi-Yau spaces of dimension 4. For example, when the conjectured 12-
dimensional F-theory is compactified on a Calabi-Yau fourfold, the resulting 4-dimensional
theory will be an N = 1 supergravity [34]. The geometry and mirror symmetry for Calabi-
Yau fourfolds are more complicated than threefolds as expected. Most importantly there
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was no good systematic formula to fix an integral basis for them until the recent paper
[16].

There is one comment about the overall principle of this thesis. The author believes
that the existing literatures are more suitable for general knowledge. But for a starter
in this field, there is often a lack of concrete computation. Moreover, the general story
is often too complicated to be written in a short master thesis. Hence we will focus on
providing enough details of the computations. For more general information we will refer
the reader to existing papers. The author hopes that these explicitly computations could
one day help a confused amateur entering this beautiful field of research.

The structure of this thesis is as follows: In chapter 2 we review the Seiberg-Witten
theory forN = 2, SU(2) gauge theory without matter, focusing on the geometric structures.
In chapter 3 we explicitly compute the 4D supergravity action of type IIB superstring
compactified on a Calabi-Yau threefold. The emphasis is on its vector multiplet. In
chapter 4 we embed the N = 2, SU(2) gauge theory without matter considered in chapter
2 into a type IIA superstring theory compactified on a noncompact Calabi-Yau threefold
with singularity, and then explicitly solve the theory via local mirror symmetry which is
a modified version of mirror symmetry for noncompact Calabi-Yau spaces. In the final
chapter 5, we go through the mirror symmetry for compact Calabi-Yau threefolds and
fourfolds, focusing on the determination of an integral basis. As an application, we use the
integral basis to determine whether a singularity in the complex structure moduli space is
at finite distance or not.

1.1 Literatures on the basic mathematics

In this thesis we will not list the basics about complex geometry and toric geometry. The
author realised that at the time of writing his own explanation will not be better than the
existing professional literatures. Instead of repeating on the formulae, we give a suggestion
of relevant literatures.

In general, it is always assumed that the reader has some background in real differential
geometry as what an introductory course in general relativity provides. Then one can
start learning about complex differential geometry. For physicists, there are lecture notes
[11], [9], [28], and books [65], [43]. The latter book is also a good reference on Calabi-Yau
manifolds. For the mathematically inclined reader, there are books [44], [3], [77], [80] and
[33]. Furthermore, what we actually need in complex differential geometry is really about
Kähler manifolds, hence a search with the keyword “Kähler ” can return some unexpected
nice lecture notes. Two dedicated books on Kähler manifolds are [4] and [64].

Then one can study toric geometry. This is a particularly nice class of algebraic vari-
eties such that all the interesting topological properties can be relatively easily (although
tedious) computed from some combinatorial toric data defining the toric variety. Main
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examples of Calabi-Yau spaces in physics belong to this class. There notes [9], [28] also
contain short introduction to toric geometry. Furthermore for physicists, there are two
short reviews [72], [58] and a longer one [15]. If the reader is interested in rigorous mathe-
matical treatments, there are introductory notes, e.g. [17], written by Cox, and also books
[23], [19], [25] and [66].

In the end, one has to mention the encyclopaedic book [41] which contains reviews about
everything one needs in this field of research.
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Chapter 2

The Seiberg-Witten theory

In this chapter, we review the Seiberg-Witten solution to N = 2, D = 4, SU(2) super-
symmetric gauge field theory. We will not focus on the details of various field theory
constructions and solutions but merely aim to get familiar with several common features
of field and string theories that will appear again and again throughout this thesis, namely
that

1. A family of theories (instead of one theory) are under consideration;

2. There is a moduli space which classifies the theories in such a family;

3. The physical quantities that we want to understand can be expressed in terms of
certain geometric quantities of some nice geometric spaces with well-behaved singu-
larities;

4. The changes of the geometric quantities with respect to a variation in the moduli
space are determined by the so-called Picard-Fuchs differential equations;

5. The physical quantities coming from the solution of the Picard-Fuchs equations
often solve our family of theories completely, i.e. both perturbatively and non-
perturbatively.

We will meet all these features in the Seiberg-Witten theory.

We temporarily adopt the convention (ηµν) = diag(+1,−1,−1,−1) in this chapter and
mainly follow [5] and [61]. For more details on Seiberg-Witten theory, the reader should
consult many of the existing nice reviews, including [21], [76], [5], [1], [50], and of course
the excellent originals [70], [71].

The goal of Seiberg-Witten theory is to determine the low-energy, i.e. macroscopic,
Wilsonian effective action from the high-energy, i.e. microscopic, pure SU(2) gauge theory
with N = 2 supersymmetry.
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2.1 The microscopic N = 2 SUSY action

For our purpose, the N = 2 SUSY action is conveniently constructed with superspace.

Required by N = 2 supersymmetry, a theory with such supersymmetry is completely
determined by a holomorphic function F called the prepotential. Then in the language of
N = 2 superspace, the action for a general N = 2 SUSY Yang-Mills theory is constrained
to be

S =
1

16π
Im

∫
d4x d2θ d2θ̃F(Ψ), (2.1)

where θα and θ̃α are two sets of Grassmann coordinates, and Ψ is the N = 2 chiral
superfield. The holomorphic prepotential F only depends on Ψ, not on Ψ†. Such property
is referred to as holomorphy, which is one of the key properties that govern supersymmetric
theories [69].

It is convenient to express an N = 2 action in the N = 1 superspace language. Perform
the integration over the second set of Grassmann coordinates θ̃α, and we get the general
N = 2 action in terms of N = 1 superfields

S =
1

16π
Im

∫
d4x

{∫
d2θFab(Φ)W aαW b

α +

∫
d2θ d2θ̄

(
Φ†e−2gV

)aFa(Φ)

}
, (2.2)

where Fa := ∂
∂ΦaF(Φ),Fab := ∂

∂Φa
∂
∂ΦbF(Φ). All the superfields V,Φ,W live in the adjoint

representation of the gauge group SU(2). Then in terms of the N = 1 language, an N = 2
vector multiplet contains an N = 1 vector multiplet W ⊃ {Aµ, λα} and an N = 1 chiral
multiplet Φ ⊃ {φ, ψβ}, where Aµ and φ are bosonic fields with spin 1 and 0, respectively.

Our starting point is the microscopic N = 2 super Yang-Mills action. In addition to
the above requirement by the N = 2 supersymmetry, the microscopic prepotential F is
further restricted by renormalisability, so that it depends on Ψ quadratically

Fcl(Ψ) :=
1

2
Tr(τΨ2), (2.3)

where τ is the complexified coupling constant

τ =
θ

2π
+

4πi

g2
, (2.4)

with g the gauge coupling constant and θ the instanton angle. When we integrate out
the high-energy fluctuations to get the low-energy effective action, the action is no longer
required to be renormalisable and the macroscopic prepotential F will receive quantum
corrections.

Plug the Fcl into the general action (2.2) and we have the microscopic lagrangian

S = Im Tr

∫
d4x

τ

16π

{∫
d2θWαWα +

∫
d2θ d2θ̄Φ†e−2gV Φ

}
. (2.5)
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We can further expand all the superfields to write down the bosonic part of the action
in component fields

S =

∫
d4xTr

{
− 1

4g2
FµνF

µν +
θ

32π2
FµνF̃

µν +
1

g2
|∇µφ|2

}
+ Saux, (2.6)

where the dynamical fields are the complex scalar φ (with its superpartner) in the N = 1
chiral multiplet, and the massless gauge vector field Aµ (with its superpartner) in the
N = 1 vector multiplet. The covariant derivative is ∇µφ = ∂µφ − i[Aµ, φ] as expected.
The fields D and F are “auxiliary”, with

Saux =
1

g2

∫
d4xTr

{
1

2
D2 − gφ†[D,φ] + F †F

}
, (2.7)

which implies that they are not dynamical and can be eliminated from the action using
their equations of motion. This procedure in turn generates a potential for the scalar field

V (φ) =
1

2
Tr
(
[φ†, φ]2

)
. (2.8)

We can see that the potential V has a flat direction, hence this scalar φ is conventionally
called the Higgs field. We will discuss its implication in the following section.

It is also known that the N = 2 theory with SU(2) gauge group and no matter is
asymptotically free.

2.2 The general form of the effective action

We now determine the general form of the N = 2 low-energy effective action. First let us
recall that for the N = 2 supersymmetry to be unbroken, the vacuum field configuration
should satisfy V (φ) = 0. Classically, from the potential (2.8) we can make the following
SU(2) gauge choice

φ =
1

2
aσ3 (2.9)

=
1

2

(
a 0
0 −a

)
, (2.10)

where a is a constant complex number. In mathematical words, we are restricting ourselves
to only consider the Cartan subalgebra of the gauge Lie algebra, which for the SU(2) group
is generated by σ3.

But there is still a residual gauge transformation (a transformation in the Weyl group)
a 7→ −a that maps a vacuum field configuration to a gauge equivalent one. So we label
gauge inequivalent vacua by the variable

u :=
〈
Tr(φ2)

〉
, (2.11)



10 2. The Seiberg-Witten theory

with

〈φ〉 =
1

2

(
a 0
0 −a

)
. (2.12)

Then we put all u together to form the moduli space M, the space of all gauge inequiv-
alent vacua, of the SUSY gauge field theory. The variable u functions as a coordinate on
the moduli space. The moduli space M after being compactified by adding a point at
infinity is roughly speaking just the Riemann sphere (the complex projective line) P1 with
several singularities removed.

If the scalar field φ has a nonvanishing vacuum configuration u 6= 0, then the SU(2)
gauge symmetry is broken down to U(1) gauge symmetry by the Higgs mechanism. The
gauge fields Abµ with b = 1, 2 (and their superpartners) become massive with mass m ∼ |a|.
Hence when we integrate out the high-energy fluctuations, the fields left are the massless
field A3

µ (and its superpartner) and the nonvanishing constant scalar φ. From the general
action (2.2) with the superfields in the adjoint representation of U(1) gauge group, we have
the following form of the general low-energy effective action

S =
1

16π
Im

∫
d4x

{∫
d2θF ′′(Φ)WαWα +

∫
d2θ d2θ̄Φ†F ′(Φ)

}
. (2.13)

Written in component form and it reads

S =
1

4π

∫
d4x

{
−1

4
Im(τ)FµνF

µν +
1

4
Re(τ)FµνF̃

µν + Im(τ)|∇µφ|2
}
, (2.14)

where τ(φ) := F ′′(φ) is the effective complexified coupling function.

Our goal is to determine the prepotential F in this low-energy effective action (2.13).

2.3 Moduli space, dual variable and monodromy

We can tell from equation (2.14) that Im(τ) is a metric for the sigma model, hence a metric
on the moduli space M where it is given by ds2 = Im(τ(a))dadā. Unitarity requires
this metric to be positive Im(τ) > 0 on the entire moduli space. At the same time τ
is a holomorphic function on the (compactified) moduli space so we immediately realise
that there must be singularities in the moduli space, otherwise by Liouville’s theorem the
coupling τ = F ′′ as a holomorphic function on the compact spaceM will be constant.

Seiberg and Witten argued that there are exactly three singularities in the moduli space
M: a singularity in the asymptotically free region at u =∞ and two more singularities in
the strong-coupling region at u = ±Λ2, where Λ is the dynamically generated scale at which
the gauge coupling becomes strong. Then in order to obtain a nontrivial coupling function
τ , we cover the entire moduli space M by three patches each around one of the three
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singularities. The effective coupling τ will be determined on each of these three patches
together constrained by a natural consistency condition. We can roughly compare the idea
here with what mathematicians do when they define manifolds via local charts and then
require functions on a manifold to behave coherently in different charts (or in more physical
words, require the functions to be covariant under general coordinate transformations).

Recall that in the asymptotically free region near u =∞, the Higgs field VEV (vacuum
expectation value) is given by a. We can do reliable perturbative calculations in this
region, and the prepotential has contributions from the classical part, the perturbative
1-loop NSVZ part, and the non-perturbative instanton corrected part[68]:

F(a) =
1

2
τcla

2 +
i

2π
a2 log

a2

Λ2
+

a2

2πi

∞∑
k=1

ck

(
Λ

a

)4k

, (2.15)

in which all the non-perturbative contributions cl are hard to compute directly and are
determined indirectly by Seiberg-Witten theory. Note that the perturbative part does
not receive any contribution from diagrams containing more than one loops. This kind of
results are called non-renormalisation theorems and is crucial for supersymmetric theories.
The gauge coupling can then be derived

τ(a) = F ′′(a) (2.16)

= τcl +
i

π

[
2 log

a

Λ
+ 3− 1

2

∞∑
l=1

(4l − 1)(4l − 2)cl

(
Λ

a

)4l
]
. (2.17)

In the strong-coupling regions, the above non-perturbative sum will diverge. It turns
out that to describe the theory properly in such regions, we need to take into consideration
the dual field aD as well as a into the coordinates. The dual field aD is defined by

aD := F ′(a). (2.18)

We also define other dual field quantities

ΦD := F ′(Φ), (2.19)

F ′D(ΦD) := −Φ. (2.20)

And then written purely in dual quantities the effective action (2.13) becomes

S =
1

16π
Im

∫
d4x

{∫
d2θF ′′D(ΦD)Wα

DWD,α +

∫
d2θ d2θ̄Φ†DF

′
D(ΦD)

}
. (2.21)

Note especially from the definition of the dual ΦD and FD that there is a relation

F ′′D(ΦD) = −dΦ

dΦD

= − 1

F ′′(Φ)
, (2.22)
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which, after defining the dual coupling τD(aD) := F ′′D(aD), actually means

τD(aD) = − 1

τ(a)
, (2.23)

i.e., via the duality transformation, the role of strong and weak couplings are exchanged.

There are of course other duality transformations. In fact the full group of duality
transformations for the theory is SL2(Z) acting on (aD(u), a(u)). We will not discuss
the details but merely point out that a consequence of this is that the field variables
(aD(u), a(u)) form an SL2(Z) vector bundle over the moduli spaceM, and the monodromy
group (which will be introduced shortly) is a subgroup of SL2(Z).

To determine the prepotential, the behaviours of the field variables (aD(u), a(u)) around
closed contours encircling the singularities provide particularly valuable information. In
the moduli spaceM, we start from u, move around a closed contour encircling a singularity
u0. When we return to our start point u, the vector (aD(u), a(u)) will change linearly(

aD(u)
a(u)

)
7→Mu0

(
aD(u)
a(u)

)
, (2.24)

where the 2×2 matrix Mu0 is called the monodromy around u0. Note that if we go around
a loop that does not contain any singularity in M, then the vector (aD(u), a(u)) will of
course go back to itself because it is holomorphic in the region that the loop encircles. Our
next step is to determine the three monodromies M∞, M+Λ2 and M−Λ2 .

2.4 Determining the monodromies

2.4.1 M∞ in the asymptotic free region

In this region, the perturbative 1-loop term in the prepotential (2.15) dominates and we
have the perturbative dependence a(u) =

√
2u. Then we compute the dual field variable

aD =
∂

∂a
F(a) =

i

π

√
2u

(
log

2u

Λ2
+ 1

)
. (2.25)

We move around a circle counterclockwise with very large radius in the moduli space
and write schematically u 7→ e2πiu where |u| is very large. Therefore

a 7→ −a (2.26)

aD 7→ −aD + 2a, (2.27)

i.e., the monodromy M∞ is given by

M∞ =

(
−1 2
0 −1

)
. (2.28)
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2.4.2 M+Λ2 in the strong coupling region

Recall that the SU(2) gauge symmetry is broken by the nonvanishing vev a of the Higgs
field φ and we have chosen the remaining massless U(1) fields as the only dynamical fields
in our low-energy effective action (2.14). Seiberg and Witten argued that at the strong
coupling singularities, it is the masses of the solitionic objects, i.e. monopoles and dyons,
that vanish such that our low-energy effective action becomes singular since it does not
contain enough fields.

At the singularity u = +Λ2, the mass of the magnetic monopole vanishes. The BPS
mass formula tells us that the mass of a magnetic monopole is determined by the dual field
aD:

m2 = 2|aD|2. (2.29)

Hence we know that at the singularity u = +Λ2, the dual field aD = 0 vanishes.

In the dual description near the strong coupling singularity u = +Λ2, the theory is an
N = 2 SUSY QED with light electrons whose β-function for the gauge coupling is given
by

µ
d

dµ
gD =

g3
D

8π
, (2.30)

where gD is the coupling constant related to τD by τD(aD) = 4πi
g2
D(aD)

, where we have set

θD = 0 (a requirement by super QED). The renormalisation scale µ is proportional to aD

and hence we have

aD
d

daD

τD = − i

π
, (2.31)

for u ∼ +Λ2, which is being integrated once to get

τD(aD) = − i

π
log aD. (2.32)

Recall from the relation (2.22) that τD(aD) = − da
daD

. Integrate once again and we have

a(aD) = a0 +
i

π
aD log aD, (2.33)

for u ∼ +Λ2, where a0 is a constant.

Recall that in the patch of the moduli space near u = +Λ2, the field aD is a good
coordinate. One can further show that aD depends linearly on u in this patch, and we have

aD(u) ∼ c0(u− Λ2), (2.34)

a(u) ∼ a0 +
i

π
c0(u− Λ2) log(u− Λ2), (2.35)
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where c0 is a constant. The monodromy as we move around u = +Λ2, schematically
u− Λ2 7→ e2πi(u− Λ2), can be straightforwardly read out

M+Λ2 =

(
1 0
−2 1

)
. (2.36)

2.4.3 M−Λ2 from the consistency condition

The solitonic object that becomes massless at the singularity u = −Λ2 can be shown to be
a dyon with −1 unit of electric charge and 1 unit of magnetic charge and we can use the
same technique to find the monodromy M−Λ2 around this singularity.

-Λ2 +Λ2

M∞

M-Λ2 M+Λ2

Figure 2.1: The relation M∞ = M+Λ2M−Λ2 .

But there is a simpler way to get M−Λ2 : To have a consistent theory, when we first loop
around +Λ2 and then −Λ2, the resulting loop can be deformed to be a circle around ∞
(see figure 2.1). Taking into account the orientations of the loops, the monodromies must
satisfy

M∞ = M+Λ2M−Λ2 . (2.37)

So we immediately get

M−Λ2 =

(
−1 2
−2 3

)
. (2.38)

As a side note, there are of course other ways to determine the monodromies. For
example, in the moduli space, there is also an unbroken u 7→ −u symmetry. Such a
symmetry corresponds to a 2π shift in the vacuum angle θ 7→ θ+2π. And the corresponding
transformation on the vector (aD(u), a(u)) is given by the matrix

T =

(
1 1
0 1

)
. (2.39)
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The symmetry u 7→ −u relates the monodromy around +Λ2 and −Λ2

M−Λ2 = TM+Λ2T−1. (2.40)

And we can use this relation as a check on the monodromies. Or with this relation we even
do not need to consider the β-function around +Λ2 and simply use M∞ and the constraint
(2.37) to solve the three monodromies.

Now we have transformed the physical problem of determining the low-energy effective
action to a mathematical problem which is to find multi-valued functions (aD(u), a(u))
defined on the Riemann sphere P1 with three singularities at ∞,±Λ2 that have the mon-
odromies M∞,M±Λ2 , respectively. Seiberg and Witten proposed a geometric approach
which is proven to be extremely enlightening in the sense that it can be easily generalised
in the string theory framework.

2.5 The “auxiliary” Seiberg-Witten elliptic curve

Seiberg and Witten realised the desired functions (aD, a) as periods of certain meromorphic
1-form on an “auxiliary” elliptic curve, which is an alias for a 2-dimensional torus (possibly
degenerate) in algebraic geometry. We have added the quotation marks to the adjective
“auxiliary” because in the SUSY field theory setting, the physical meaning of such an elliptic
curve is unclear. One can actually bypass all the geometries and merely use techniques from
differential equations to determine the functions with the desired monodromies. Hence one
may tempt to conclude that this curve is purely auxiliary. But we will see in future chapters
that the Seiberg-Witten elliptic curve naturally appears in the string theory setting and
hence it is really an object with physical significance.

The crucial insight is that any two of the three monodromy matricesM∞,M±Λ2 generate
the principal congruence subgroup

Γ(2) =

{(
a b
c d

)
∈ SL2(Z)

∣∣∣∣ a ≡ d ≡ ±1 mod 2, and b, c ≡ 0 mod 2

}
(2.41)

of the modular group SL2(Z). While the modular group parametrises all elliptic curves,
the subgroup Γ(2) parametrises a particular family of them, namely the Seiberg-Witten
curves. There are many physically equivalent forms of the equation of the Seiberg-Witten
curves. Here we use the form that appeared in the original paper

y2 = (x+ Λ2)(x− Λ2)(x− u), (2.42)

where (x, y) ∈ C2. After adding two points at the infinity to compactify the two C’s, we
get a compact 2-torus which is the Seiberg-Witten curve ΣSW. This curve is also called
the modular curve of the group Γ(2).
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 α

  β

Figure 2.2: The basis for H1(ΣSW,Z) with α · β = 1.

The Riemann surface ΣSW is of genus 1, hence its Dolbeault cohomology H1,0(ΣSW)
is of dimension 1 and one can pick an element ω to be the unique (up to normalisation)
holomorphic 1-form on ΣSW. Also, the first homology H1(ΣSW,Z) is of rank 2, and we pick
a basis (α, β) such that they intersect as α · β = 1 (see figure 2.2). Then from the theory
of Riemann surfaces, we can tell that the period vector (Π,ΠD) with

Π(u) =

∫
α

ω, (2.43)

ΠD(u) =

∫
β

ω (2.44)

enjoys also the desired monodromy properties given by M∞,M±Λ2 . Furthermore, Rie-
mann’s Bilinear Relations guarentee that the modulus of the curve ΣSW

τ(u) =
ΠD(u)

Π(u)
(2.45)

is automatically positive Imτ > 0. All these properties are resembling the physical data
that we want to compute in the SUSY field theory. Especially, note that the coupling
function

τ =
daD

da
=

daD

du

/
da

du
, (2.46)

so we should find a meromorphic 1-form λSW called the Seiberg-Witten 1-form such that

d

du
λSW = ω, (2.47)
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and then the physical data are nicely presented

a =

∫
α

λSW, (2.48)

aD =

∫
β

λSW, (2.49)

τ =
daD

du

/
da

du
. (2.50)

Indeed here the Seiberg-Witten 1-form λSW is given by

λSW(u) :=
1√
2π

(x− u) dx

y
=

1√
2π

√
x− u
x2 − Λ4

dx. (2.51)

And one can check that the holomorphic differential in this case is

ω(u) =
d

du
λSW = − 1

2
√

2π

dx

y
, (2.52)

containing the standard holomorphic differential dx
y

as expected.

Then the fields are

aD(u) =

√
2

π

∫ u

+Λ2

√
x− u
x2 − Λ4

dx, (2.53)

a(u) =

√
2

π

∫ +Λ2

−Λ2

√
x− u
x2 − Λ4

dx, (2.54)

and the coupling is simply τ(u) =
a′D(u)

a′(u)
.

This completes our discussion on the geometrical solution of Seiberg-Witten theory.

2.6 Computation of the prepotential via Picard-Fuchs

equations

Although the low energy effective coupling is expressed in terms of certain period integrals
on the Seiberg-Witten curve, it is still not practical to compute all the instanton corrected
terms directly from (2.53) and (2.54). If one is interested in finding the exact numbers com-
ing from the instanton correction, then one better opt for other techniques. Luckily, there
is a ubiquitous method to deal with such problems, namely the Picard-Fuchs differential
equations.
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Picard-Fuchs equations arise in the context of variation of complex structure of complex
manifolds. In terms of what we are discussing, we see that the family of Seiberg-Witten
curves are parametrised by a complex parameter u. Then the PF equations describe the
variation of the periods Π and ΠD with respect to a small change in the parameter u. We
will discuss this method later in more details. Now we merely list the PF operator for a
and aD:

L = (u2 − Λ4)
d2

du2
+

1

4
. (2.55)

The PF operators annihilate the fields a and aD:

La = 0, (2.56)

LaD = 0. (2.57)

Then we can find a basis of solutions for the PF equations by noticing its relation
with certain special functions, or obtain a series solution by Frobenius method. Then the
correct solution is a linear combination of the basis, whose coefficients are determined by
evaluating the period integrals (2.53) and (2.54) to the lowest order.

In our example one can express the fields in terms of the hypergeometric functions

aD(u) = i
u− Λ2

2Λ
2F1

(
1

2
,
1

2
; 2;

Λ2 − u
2Λ2

)
, (2.58)

a(u) =
√

2(u+ Λ2) 2F1

(
−1

2
,
1

2
; 1;

2Λ2

u+ Λ2

)
. (2.59)

We can use various identities of hypergeometric functions to bring the solutions to the
neighbourhood around other singularities.

To determine the instanton corrections one can invert the series of a(u) perturbatively,
then plug it into the expansion of aD(u) to obtain the expansion of aD(a). Finally one
integrate aD with respect to a to obtain the desired prepotential and read out the instanton
corrections. We do not compute the instanton corrections. For details we refer the reader
to [52]. We will come back to this at the end of chapter 4.

This completes our discussion on the Seiberg-Witten solution to SU(2), N = 2 SUSY
gauge theory without matter. Let us note again that we have seen all the characteristics
in the beginning of this chapter which will repeatedly appear in our discussion on mirror
symmetry.



Chapter 3

Calabi-Yau compactification

In this chapter we discuss the Calabi-Yau compactification of type IIA and IIB superstrings.
The first physical motivation for compactification is to resolve the apparent inconsistency
between our 4D world and the 10D requirement of superstring theories. Furthermore, the
compactification provides a valuable bridge connecting the fancy superstring physics and
the beautiful geometry of Calabi-Yau manifolds. In fact, after factoring (at least locally, in
the fibre bundle sense) the 10D vacuum X of superstring into a product X = M4×Y where
M4 is the Minkowski R4 and Y is a Calabi-Yau threefold, many important mathematical
properties of the Calabi-Yau manifold will be encoded in the resulting 4D effective theory.
This not only enables us to study the effective theory using theory of Calabi-Yau geometry
(just like what Einstein did in general relativity by introducing differential geometry into
the physics community) but also helps mathematicians to find their way in solving many
hard mathematical problems involving Calabi-Yau manifolds by introducing physical intu-
itions. One famous example is mirror symmetry and related mathematical physics, which
will be our main topic in the following chapters.

The goal of this chapter is to get familiar with the structure of the 4D effective action.
We will compute the effective action explicitly. Our focus is type IIB superstring and we
will merely list the effective action for type IIA superstring at the end of this chapter. In
addition, we will focus only on the bosonic sector and 4D vector multiplet since they are
most relevant for our purpose. The curious reader looking for broader discussions regarding
string compactification can refer to many existing good reviews, including [27], [38], [7] and
[39].

In this chapter, we adopt the “correct” signature of the metric (−,+, . . . ,+). All quan-
tities with a hat live in 10 dimensions, in contrast all quantities without a hat live in the
4 dimensions after compactification.
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3.1 The 10D type IIB supergravity action

Our starting point is the 10D type IIB supergravity action, which is already a low energy
effective action for type IIB superstring theory. Its bosonic fields are listed in Table 3.1,
where the various field strengths are defined by

Ĥ3 := dB̂2, (3.1)

F̂3 := dĈ2 − âĤ3, (3.2)

F̂5 := dÂ4 − Ĥ3 ∧ Ĉ2. (3.3)

NS-NS sector dilaton φ̂
metric ĝ

2-form B̂2

R-R sector axion â

2-form Ĉ2

4-form Â4

Table 3.1: Bosonic field contents for 10D type IIB supergravity, in addition the 4-form has
a self dual field strength F̂5 = ?F̂5.

The 10D type IIB supergravity action in the string frame is given by

S =

∫
e−2φ̂

(
−1

2
R̂ ? 1 + 2dφ̂ ∧ ?dφ̂− 1

4
Ĥ3 ∧ ?Ĥ3

)
−1

2

∫ (
dâ ∧ ?dâ+ F̂3 ∧ ?F̂3 +

1

2
F̂5 ∧ ?F̂5

)
−1

2

∫
Â4 ∧ Ĥ3 ∧ dĈ2, (3.4)

where the self-duality condition F̂5 = ?F̂5 is not implied from the action but imposed by
hand in the equation of motion.

3.2 The factorisation of the metric ĝMN

Consider the 10-dimensional spacetime X splitting into a 4-dimensional Minkowski space-
time M4 and a 6-dimensional compact internal space Y :

X = M4 × Y. (3.5)

In this chapter we choose Y to be a smooth Calabi-Yau threefold, i.e. a smooth Calabi-
Yau manifold of 3 complex dimensions. On a Calabi-Yau manifold, it is of course natural to
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use complex coordinate systems. Hence we work in mixed coordinate systems (xµ, yα, yᾱ),
for µ = 1, . . . , 4, α = 1, 2, 3 and yᾱ := ȳα is a shorthand for the conjugate coordinates.

Although there could be more general Ansatz for the factorisation of the 10D metric like
including cetrain “warp factors”, we do not consider these complicated cases and merely
decompose the metric as

ĝMN(x, y) =

(
gµν(x) 0

0 gαβ̄(x, y)

)
, (3.6)

where we write a function f(x, y) as a shorthand for f(x, y, ȳ). We can thus think of the
entire 10D spacetime X as a fibration of Calabi-Yau threefolds over the base spacetime
M4. Note also that the metric ĝMN and gµν are Lorentzian with signature (−,+, . . . ,+)
but the metric gαβ̄ on the Calabi-Yau threefold is Riemannian with metric (+, . . . ,+).

General features of Calabi-Yau threefolds are summarised in appendix A and the be-
ginning of chapter 5.

3.3 The field contents of the effective 4D theory

What are the field contents of the effective 4D theory and how do we represent them? One
should remember that in general relativity and of course superstring theory the spacetime
itself is dynamic, meaning that we should consider the variation of a solution around a
background. Calabi-Yau threefolds also come in family in the sense that given a Calabi-
Yau threefold, we can deform its complex and Kähler structures in controlled way such
that the manifold after deformation is again a Calabi-Yau threefold and hence also valid
for our use in compactification. Thus the field contents of our effective 4D theory not
only come from the fields in 10D (table 3.1), but also encodes possible deformations of the
background Calabi-Yau threefold. These fields coming from deformations of Calabi-Yau
threefolds are called moduli fields.

Just like the original Kaluza-Klein compactification of pure Einstein gravity from 5D
to 4D generates an infinite tower of massive and massless moduli, the compactification
of superstring on Calabi-Yau threefolds also generates an infinite tower of massive and
massless moduli fields with the lightest mass proportional to the inverse of the characteristic
length of Calabi-Yau threefold. When we compute the resulting low energy effective action,
we only keep the massless moduli. This will sometimes imply inconsistencies, but we will
not bother with this issue. Interested reader can consult, e.g. appendix C.3 in [39].

The mass of a moduli of Calabi-Yau threefolds is the eigenvalue of the Laplace operator
of the background Calabi-Yau manifold. So when we consider massless moduli, we only
need to worry about the harmonic differential forms. We choose a basis for the harmonic
forms on Y as in Table 3.2.
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H1,1 ωi i = 1, . . . , h1,1

H2,2 ω̃i i = 1, . . . , h1,1

H2,1 ηa a = 1, . . . , h2,1

H3 (αA, β
A) A = 0, . . . , h2,1

Table 3.2: Basis of harmonic forms on Y . The (αA, β
A) part intersects symplectically, see

the beginning of chapter 5.

Fix a background Calabi-Yau threefold and denote all background fields by adding a cir-
cle, e.g. g̊. As a Kähler manifold, the background metric g̊αβ̄ only has nonvanishing mixed
components. When we perturb the background metric, we have to discriminate perturba-
tions with mixed indices δgαβ̄ and pure indices δgαβ. The former represents deformations
for Kähler form and the latter actually labels deformations of complex structure of the
background Calabi-Yau threefold. When we expand the pure δgαβ in terms of harmonic
differential forms on the Calabi-Yau threefold, we need to further define a basis (0, 2)-form

(ba)ᾱβ̄ := − i

‖Ω‖2
(ηa)ᾱγδΩ

γδ

β̄
, (3.7)

and its complex conjugate b̄a, where Ω ∈ H3,0 is the (unique up to normalisation) holo-
morphic 3-form on Y and ηa ∈ H2,1 for a = 1, . . . , h2,1. This definition is understood to be
the isomorphism between H0,2(Y, TY ) and H2,1(Y ) under the assumption of the existence
of a holomorphic volume form in H3,0. The cohomology H0,2(Y, TY ) characterises the
deformation of complex structure mathematically.

Then we also perturb the other 10D fields and expand them in terms of the harmonic
forms on Y as in Table 3.3, where the relevant 4D fields are arranged in N = 2 supergravity
multiplets as in Table 3.4.

NS-NS sector φ̂(x, y) = φ(x)
δgαβ̄(x, y) = ivi(x) (ωi)αβ̄(y)
δgαβ(x, y) = z̄a(x) (b̄a)(y)

B̂2(x, y) = B2(x) + bi(x)ωi(y)
R-R sector â(x, y) = a(x)

Ĉ2(x, y) = C2(x) + ci(x)ωi(y)

Â4(x, y) = Di
2(x) ∧ ωi(y) + ρi(x) ∧ ω̃i(y)

+V A(x) ∧ αA(y)− UA(x) ∧ βA(y)

Table 3.3: Expansion of the 10D fields in harmonic forms
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gravity multiplet 1 (gµν , V
0)

vector multiplets h2,1 (V A, zA)
hypermultiplets h1,1 (vi, bi, ci, ρi)
tensor multiplet 1 (B2, C2, φ, a)

Table 3.4: 4D fields arranged in N = 2 supergravity multiplets

3.4 Reduction of the gravitational term

First we do the reduction for the general Einstein-Hilbert term

SEH =

∫
d10x

√
−ĝ R̂, (3.8)

where ĝ = det(ĝMN).

From our expansion in Table 3.3 the metric and its inverse on Y is now

gαβ = z̄a(b̄a)αβ, (3.9)

gαβ = −za(ba)ᾱβ̄ g̊αᾱ g̊ββ̄, (3.10)

gαᾱ = g̊αᾱ − ivi(ωi)αᾱ, (3.11)

gαᾱ = g̊αᾱ + ivi(ωi)ββ̄ g̊
αβ̄ g̊βᾱ, (3.12)

where the metric with a circle represents the ground state metric on Y . The fields za

parametrise the deformation of complex structure and vi parametrise the deformation of
Kähler structure.

Now we compute the Ricci scalar R̂ up to second order in the moduli fields. Expand
the summation in R̂:

R̂ = R +
[
gµνR α

µαν + gαβ̄(R µ

αµβ̄
+R γ

αγβ̄
+R γ̄

αγ̄β̄
)

+gαβR µ
αµβ + gαβ(R γ

αγβ +R γ̄
αγ̄β ) + c.c

]
, (3.13)

where R is the Ricci scalar in 4 dimensions.

For convenience we also define some shorthands following [38]:

(ωi)
β
α := (ωi)αγ̄ g̊

βγ̄, (3.14)

(ωi)
β̄β := (ωi)αᾱ g̊

αβ̄ g̊βᾱ, (3.15)

(ba)
γβ := (ba)β̄γ̄ g̊

ββ̄ g̊γγ̄, (3.16)

(ωig) := (ωi)αβ̄ g̊
αβ̄, (3.17)

(ωiωj) := (ωi)αᾱ(ωj)ββ̄ g̊
αβ̄ g̊βᾱ, (3.18)

(bab̄b) := (ba)ᾱβ̄(b̄b)αβ g̊
αβ̄ g̊βᾱ, (3.19)
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and we stick to these index contraction structures because ωi are (1, 1)-forms which are
antisymmetric in the two indices. This will bring in ambiguities just like in the 2-component
spinor formalism if one is not careful when writing down different index structures.

To compute the Riemann curvatures, we first list all nonvanishing Levi-Civita connec-
tions containing at least one index in Y :

Γβµα =
1

2
gβγ∂µgαγ +

1

2
gβγ̄∂µgαγ̄ (3.20)

= − i

2
(ωi)

β
α∂µv

i +
1

2
(ωi)

γ̄β(ωj)αγ̄v
i∂µv

j − 1

2
(ba)

γβ(b̄b)αγz
a∂µz̄

b, (3.21)

Γβ̄µα =
1

2
gβ̄γ∂µgαγ +

1

2
gβγ∂µgαγ̄ (3.22)

=
1

2
(ba)

β̄
α∂µz̄

a − i

2
(ωi)

γβ̄(b̄a)αγv
i∂µz̄

a +
i

2
(b̄a)

β̄γ̄(ωi)αγ̄ z̄
a∂µv

i, (3.23)

Γµαβ = −1

2
gµν∂νgαβ (3.24)

= −1

2
(b̄a)αβ∂

µz̄a, (3.25)

Γµ
αβ̄

= −1

2
gµν∂νgᾱβ (3.26)

=
i

2
(ωi)αβ̄∂

µvi. (3.27)

We now compute the Ricci scalar (3.13) term by term.

The second term is reduced to

gµνR α
µαν = gµν

(
∂µΓααν + ΓαµγΓ

γ
αν + Γαµγ̄Γ

γ̄
αν − ΓααλΓ

λ
µν

)
= − i

2
(ωig)∇µ∂

µvi +
1

2
(ωiωj)v

i∇µ∂
µvj − 1

2
(bab̄b)z

a∇µ∂
µz̄b

+
1

4
(ωiωj)∂µv

i∂µvj − 1

4
(bab̄b)∂µz

a∂µz̄
b. (3.28)

The terms containing 4D covariant derivative ∇µ can be transformed into terms with
only partial derivatives. This is a trick that we will use frequently in the dimension reduc-
tion of the Ricci scalar. It is important to note that

∇µ

√
−ĝ =

√
−g4∂µ

√
g6 (3.29)

=
1

2

√
−ĝ(gαβ∂µgαβ + gᾱβ̄∂µgᾱβ̄ + 2gαβ̄∂µgαβ̄). (3.30)
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As an example we perform a partial integration to the third term in (3.28):∫
d10x

√
−ĝ
{
−1

2
(bab̄b)z

a∇µ∂
µz̄b
}
∼

∫
d10x

{
1

2
(bab̄b)∇µ(

√
−ĝza)∂µz̄b

}
(3.31)

=

∫
d10x

√
−ĝ
{

1

2
(bab̄b)∂µz

a∂µz̄b
}
. (3.32)

And the entire contribution (3.28) becomes

gµνR α
µαν ∼

1

2

(
(ωig)(ωjg)− 1

2
(ωiωj)

)
∂µv

i∂µvj +
1

4
(bab̄b)∂µz

a∂µz̄b. (3.33)

The results for other terms in the Ricci scalar (3.13) are listed below

gαβ̄R µ

αµβ̄
= gαβ̄

(
−∂µΓµ

αβ̄
+ ΓµαγΓ

γ

µβ̄
+ Γµαγ̄Γ

γ̄

µβ̄
− ΓµµλΓ

λ
αβ̄

)
=

i

2
(ωig)∇µ∂

µvi +
1

2
(ωiωj)v

i∇µ∂
µvj

−1

4
(ωiωj)∂µv

i∂µvj − 1

4
(bab̄b)∂µz

a∂mz̄b

∼ 1

2

(
(ωig)(ωjg)− 1

2
(ωiωj)

)
∂µv

i∂µvj − 1

4
(bab̄b)∂µz

a∂µz̄b, (3.34)

gαβ̄R γ

αγβ̄
= gαβ̄

(
ΓγαµΓµ

γβ̄
− ΓγγµΓµ

αβ̄

)
=

1

4
((ωiωj)− (ωig)(ωjg)) ∂µv

i∂µvj, (3.35)

gαβ̄R γ̄

αγ̄β̄
= gαβ̄

(
Γγ̄αµΓµ

γ̄β̄
− Γγ̄γ̄µΓµ

αβ̄

)
= −1

4
(ωig)(ωjg)∂µv

i∂µvj − 1

4
(bab̄b)∂µz

a∂µz̄b, (3.36)

gαβR µ
αµβ = gαβ

(
−∂µΓµαβ − ΓµµνΓ

ν
αβ

)
= −1

2
(βab̄b)z

a∇µ∂
µz̄b

∼ 1

2
(bab̄b)∂µz

a∂µz̄b. (3.37)

And the last two terms actually do not contribute to the result in order lower than 3,

gαβ(R γ
αγβ +R γ̄

αγ̄β ) ∼ 0. (3.38)

Hence we have derived

SEH =

∫
d4x
√
−g4

(
KR + Pij∂µv

i∂µvj +Qab∂µz
a∂µz̄b

)
, (3.39)
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where

Pij :=

∫
Y

d6y
√
g6

{
(ωig)(ωjg)− 1

2
(ωiωj)

}
, (3.40)

Qab :=
1

2

∫
Y

d6y
√
g6 (bab̄b). (3.41)

3.5 Reduction of the remaining terms

In this section we do the reduction for other terms. Using our expansion, we first derive
the field strengths

Ĥ3 = H3 + dbi ∧ ωi, (3.42)

dĈ2 = dC2 + dci ∧ ωi, (3.43)

dÂ4 = dDi
2 ∧ ωi + dρi ∧ ω̃i + FA ∧ αA −GA ∧ βA, (3.44)

F̂3 = dC2 + dci ∧ ωi − a(H3 + dbi ∧ ωi), (3.45)

F̂5 = FA ∧ αA −GA ∧ βA

+(dDi
2 − dbi ∧ C2 − ciH3) ∧ ωi + dρi ∧ ω̃i − cidbj ∧ ωi ∧ ωj, (3.46)

where FA := dV A and GA := dUA.

A formula that will be repeatedly used in the following is, schematically,

?10(En ∧ Ip) = (−1)np(?4En) ∧ (?6Ip), (3.47)

for En ∈ Ωn(M4) and Ip ∈ Ωp(Y ).
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Then straightforwardly we have the following expansions:

2

∫
Y

dφ̂ ∧ ?dφ̂ = 2Kdφ ∧ ?dφ, (3.48)

−1

4

∫
Y

Ĥ3 ∧ ?Ĥ3 = −K
4
H3 ∧ ?H3 −Kgijdbi ∧ ?dbj, (3.49)

−1

2

∫
Y

dâ ∧ ?dâ = −K
2

da ∧ ?da, (3.50)

−1

2

∫
Y

F̂3 ∧ ?F̂3 = −K
2

(dC2 − aH3) ∧ ?(dC2 − aH3)

−2Kgij(dci − adbi) ∧ ?(dcj − adbj), (3.51)

−1

4

∫
Y

F̂5 ∧ ?F̂5 =
1

4
(ImM−1)AB

(
GA −MACF

C
)
∧ ?
(
GB −MBDF

D
)

−Kgij(dDi
2 − dbi ∧ C2 − cidB2) ∧ ?(dDj

2 − dbj ∧ C2 − cjdB2)

− 1

16K
gij(dρi −Kiklckdbl) ∧ ?(dρj −Kjmncmdbn), (3.52)

−1

2

∫
Y

Â4 ∧ Ĥ3 ∧ dĈ2 = −1

2
KijkDi

2 ∧ dbj ∧ dck − 1

2
ρi(dB2 ∧ dci + dbi ∧ dC2), (3.53)

where the definitions of the field couplings are in appendix A.

3.6 The 4D effective action for type IIB superstring

Note that the terms in the original action (3.4) are sightly different from what we have
done. We can remedy this by Weyl rescaling.

First we consider the following two terms in the action∫
X

e−2φ̂

(
−1

2
R̂ ? 1 + 2dφ̂ ∧ ?dφ̂

)
. (3.54)

We perform a Weyl scaling ĝMN 7→ Ω−2ĝMN with Ω = e−φ̂/4 to transform the above
terms to Einstein’s frame ∫

X

(
−1

2
R̂ ? 1− 1

4
dφ̂ ∧ ?dφ̂

)
. (3.55)

We can then plug in the equations (3.39) and (3.48):∫
M4

(
−1

2
KR ? 1− 1

4
Kdφ ∧ ?dφ− 1

2
Pijdv

i ∧ ?dvj − 1

2
Qabdz

a ∧ ?dz̄b
)
, (3.56)
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and perform another Weyl rescaling with Ω = K1/2 to obtain∫
M4

(
−1

2
R ? 1− 1

4
dφ ∧ ?dφ− 1

2K
Pijdv

i ∧ ?dvj − 1

2K
Qabdz

a ∧ ?dz̄b − 3

4
d lnK ∧ ?d lnK

)
.

(3.57)

We can further perform a field redefinition for vi to eliminate the last annoying term
and the whole Weyl+redefinition procedure can be applied to all the remaining terms.
But from now on we only focus on the vector multiplets hence those redefinitions are not
relevant. We collect the relevant terms:

S =

∫
M4

{
−1

2
R ? 1− gabdza ∧ ?dz̄b

}
+

∫
M4

1

4
(ImM−1)AB

(
GA −MACF

C
)
∧ ?
(
GB −MBDF

D
)

+ · · · , (3.58)

where gab := Qab/2K. Note that all the Hodge stars ? are now defined on the 4D spacetime
M4.

We still need to impose the self-duality condition F̂5 = ?F̂5. The implication on the
relevant fields of the self-duality condition reads

?GA = (ReM)AB ? F
B − (ImM)ABF

B. (3.59)

This equation means that we can only keep one of the two fields FA and GA as dynamical
field. This constraint can be derived as an equation of motion for the field GA once we
add a total derivative term

1

2
FA ∧GA (3.60)

in the action. We choose to keep FA and eliminate GA to obtain the action for the field
FA ∫

M4

{
1

2
(ImM)ABF

A ∧ ?FB +
1

2
(ReM)ABF

A ∧ FB

}
. (3.61)

Finally, we collect all relevant terms and present the 4D effective action for type IIB
superstring compactified on a smooth Calabi-Yau threefold Y :

SIIB/Y =

∫
M4

{
−1

2
R ? 1− gabdza ∧ ?dz̄b

+
1

2
(ImM)ABF

A ∧ ?FB +
1

2
(ReM)ABF

A ∧ FB + · · ·
}
. (3.62)

The above 4D effective action SIIB/Y looks quite familiar. Indeed it is an action for a 4D,
N = 2 ungauged supergravity theory. We can further compare (3.62) with the component
action in Seiberg-Witten theory (2.14) and see some of the similarities. The different signs
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on the gauge fields are merely a consequence of using differential form notations in this
chapter. Our 4D, N = 2 supergravity effective action is more general than the one in
Seiberg-Witten theory in the sense that it includes the coupling with gravity and now the
coupling between the scalars za are different from the couplings matrix between gauge
fields. One can roughly say that a supergravity theory to a supersymmetry theory is like
general relativity to special relativity in the sense that supergravity theories localise the
supersymmetry. For more general discussion on N = 2 supergravity theories, see [2].

3.7 The 4D effective action for type IIA superstring

Similarly, the moduli fields for type IIA strings are organised into N = 2 supergravity
multiplets as shown in Table 3.5.

gravity multiplet 1 (gµν , A
0)

vector multiplets h1,1 (Ai, vi, bi)

hypermultiplets h2,1 (za, ξA, ξ̃A)

tensor multiplet 1 (B2, φ, ξ
0, ξ̃0)

Table 3.5: 4D fields arranged in N = 2 supergravity multiplets

The resulting vector multiplet sector of 4D effective action for type IIA string is

SIIA/Y =

∫
M4

{
−1

2
R ? 1− gijdti ∧ ?dt̄j

+
1

2
(ImN )IJF

I ∧ ?F J +
1

2
(ReN )IJF

I ∧ F J + · · ·
}
, (3.63)

where F I := dAI and ti := bi + ivi is the complexified Kähler moduli.

One interesting thing to notice is that the role of the complex structure moduli za

in SIIB/Y and the Kähler moduli vi in SIIA/Y looks similar. This is a related to mirror
symmetry which physically is a valuable tool to compute all the nonperturbative couplings
in the effective 4D theory exactly. Mirror symmetry and its application will be our main
topic in the remaining chapters.
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Chapter 4

Geometric Engineering of Quantum
Field Theories

In this chapter, we will show that by properly choosing a local, i.e. non-compact, Calabi-
Yau threefold X and putting type IIA superstring theory on it, the gauge group of the
4D effective supergravity will be enhanced to the non-abelian SU(2) group (from of the
abelian U(1) group). Furthermore, by pushing the Planck mass MPl to infinity while
carefully rescaling other quantities, the gravity sector will decouple from the 4D theory
leaving a SUSY gauge field theory. This procedure is called the geometric engineering of
quantum field theories [46].

Just like 4D SUSY gauge field theory, the 4D effective supergravity receives worldsheet
instanton corrections which is hard to compute directly. Fortunately, for the type II super-
strings, there is already a powerful technique called mirror symmetry that computes all the
worldsheet instanton contributions exactly. Thus we have another way to solve a 4D SUSY
quantum field theory: first putting type IIA on a suitable local Calabi-Yau threefold, then
compute the exact solution via mirror symmetry, and finally decouple the gravity from the
effective 4D supergravity to obtain the exact effective theory for the original 4D SUSY
field theory.

Interestingly, although at first no obvious, this procedure naturally generalises the
Seiberg-Witten solution to the 4D SUSY gauge theories in the sense that the previously
“auxiliary” Seiberg-Witten elliptic curve ΣSW is now actually part of the mirror of the local
Calabi-Yau threefold! Furthermore the instanton corrections to the 4D SUSY gauge the-
ory has nicer geometric significance as they are coming from string worldsheet wrapping
multiple times on certain 2-cycle in the local Calabi-Yau threefold.

We will do the computation explicitly for the SU(2) case. Some references on geometric
engineering and local mirror symmetry are [46], [14], [22], [55] and of course the big book
[41]. The first part of the paper [67] contains a nice review on toric geometry and its usage
in local mirror symmetry. The paper [47] is a generalisation of the original work [46]. For
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an overall picture of embedding SUSY field theories into string theory, [63] is a pleasure
to read. Lastly, if you read Japanese, the lecture notes by Konishi [56] are very nice and
explains all the basics for local mirror symmetry.

4.1 Singular Calabi-Yau threefolds and enhancement

of gauge symmetry

In the previous chapter, we learnt that after being compactified on a smooth Calabi-Yau
threefold, the resulting 4-dimensional effective field theory has an abelian U(1) gauge
symmetry. How should one realise non-abelian gauge symmetries? The answer is not
obvious and it crucially depends on the existing of extended solitonic objects in superstring
theories, namely the D-branes [74].

Consider putting a type IIA superstring on a K3 surface, i.e. a Calabi-Yau twofold. The
resulting theory will be 6-dimensional. Denote a basis of (1, 1)-forms on K3 by ωi as usual
and denote their Poincaré dual holomorphic 2-cycles by Ci

2. Just like what we have done
in the Calabi-Yau threefold compactification, the 6D theory has neutral vector bosons Ai

coming from the dimensional reduction of the type IIA Ramond-Ramond 3-from Ĉ3

Ĉ3 = Ai ∧ ωi. (4.1)

But now D2-branes bring us more vector bosons: When a D2-brane wraps around a
holomorphic 2-cycle Ci

2 (we assume Ci
2 to be a 2-sphere S2 for the moment) in the K3-

surface, a charged BPS particle state in 6 dimensions appears. (Note that the worldvolume
of a Dp-brane is of p + 1 spacetime dimensions) Moreover, a D2-brane can wrap around
such a holomorphic 2-cycle in two opposite orientations, which leads to a pair of oppositely
chargedW±

i vector bosons in 6 dimensions. The mass ofW±
i is proportional to the volume

of the 2-cycle
MW±i

MPl

∼ Vol(Ci
2). (4.2)

Now we see that, when the volume of such a 2-cycle Ci
2 approaches zero such that the

K3 surface develops a singularity, the mass of the W±
i bosons vanishes. Together with

the neutral vector boson Ai coming directly from the dimensional reduction, all SU(2)
gauge bosons are recovered! Of course one can show more rigorously in group-theoretical
arguments that indeed one gets a SU(2) gauge theory. One can find more details in [48].

In general, a singularity of a K3 surface can be more complicated than just being the
result of one shrinking S2. The possible singularities of K3 surfaces were classified by
Kodaira in terms of simple-laces ADE Lie groups. The ADE classification roughly states
that the blow-up of a singularity in a K3 surface, e.g. replacing a singularity by an S2 like
above, looks like a sequence of spheres S2 intersecting according to the Dynkin diagrams
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of simple-laced ADE Lie groups. Interestingly, if we wrap a D2-brane around a singularity,
the corresponding gauge group will be exactly the classification group of the singularity!
Indeed, above we have considered only one S2, which corresponds the A1 Lie group SU(2).

Note also from the mass formula (4.2) that when we push the Planck massMPl to infinity
to decouple gravity, D2-branes wrapping around non-singular 2-cycles will generate very
heavy vector bosons which will not affect our low energy effective theory at all. Hence
we can focus on a neighbourhood of a singularity. Such a neighbourhood is non-compact
and is called an ALE (asymptotically locally Euclidean) space and is an example of local
Calabi-Yau threefolds.

The above story is in 6 dimensions. To obtain a 4-dimensional theory, we should further
compactify on a 2-dimensional space. In other words we will fibre a non-compact ALE space
over a 2-dimensional base space. One can show that to reach an N = 2 theory in 4D, the
2 dimensional base should have non-vanishing curvature. Furthermore, the singularities
of the base space controls the matter fields in the the 4D, N = 2 theory. We consider
here the theory without any matter field. This means that the base geometry is simply a
2-sphere P1.

There is an important relation between the gauge coupling constant g6 in 6 dimensions
to g4 in 4 dimensions, namely

1

g2
6

Vol(Base) =
1

g2
4

. (4.3)

This relation will be used to rescale the volume of the base and the fibre such that gravity
is properly decouples as MPl →∞.

4.2 Local Mirror symmetry

In the last section, we understood why one only needs to consider local Calabi-Yau three-
folds in geometric engineering. Local mirror symmetry is the mirror symmetry tuned for
local Calabi-Yau threefolds. It considers less data than the full mirror symmetry of Calabi-
Yau threefolds hence is a good start for our next step in mirror symmetry in the following
chapters.

Before we list the local mirror data, let us note that local mirror symmetry, although
simpler than the full mirror symmetry, contains important issues regarding its basis. There
is no way to recover a full prepotential from the local mirror symmetry computation, see
[59], section 3. In particular, we expect that an ideal theory of local mirror symmetry
should start with merely a local Calabi-Yau space and then “derives everything” from it
without further assumptions. But what was actually done in [14] is that the authors embed
some of the local Calabi-Yau threefolds into some compact Calabi-Yau threefolds which
admits an elliptic fibration. Then the authors send the volume of the elliptic fibre to
infinity to “de-compactify” and create the original local Calabi-Yau threefold. The authors
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derived all the data and solutions from the full mirror symmetry with the large elliptic
fibre limit, and conjectured that for those local Calabi-Yau threefolds which cannot be
embed into an elliptically-fibred compact Calabi-Yau space, the data and solutions should
still work, see also [67], section 3. To the knowledge of the author, there is no solution to
this conjecture yet.

We now state the recipe proposed in [14] for the local mirror symmetry computation.

Starting with a 2-dimensional reflexive polyhedra ∆, its integral points are denoted by
ν(i) and the origin has always index i = 0. We embed ∆ into a 3-dimensional lattice by
setting ν̄(i) = (1, ν(i)) and denote the embedded polytope by ∆̄.

The polyhedron ∆ determines a 2D toric variety P∆. Then the local Calabi-Yau three-
fold on which we compactify the type IIA superstring will be the non-compact Calabi-Yau
threefold corresponding to ∆̄, which is the canonical bundle KP∆

. For each integral point
ν̄(i), we assign a complex coordinate Yi. These Yi satisfies the usual scaling property of
the toric variety and will be combined into the homogeneous coordinates of P∆, which is
denoted by (X0, X1, X2).

We also need the Newton polynomial

P∆ =

l(∆)−1∑
i=0

aiYi, (4.4)

where l(∆) denotes the number of integer points in the polyhedron ∆. The local mirror of
the local Calabi-Yau threefold KP∆

is then the locus of the Newton polynomial P∆ inside
P∆. Note that the local mirror is actually 1-dimensional. Instead of a full 3-dimensional
mirror geometry, this mirror curve contains all the information we need.

Let {l(i)} be a basis of the Mori cone of P∆, which satisfies

l(∆)−1∑
i=0

l
(j)
i ν̄(i) = 0. (4.5)

Then the coordinate of the complex structure moduli space of the mirror determined by
P∆ is defined by

zi =

l(∆)−1∏
j=1

a
l
(i)
j

j . (4.6)

In these coordinates, the point of large complex structure corresponds to zi = 0.

We also define a meromorphic 1-form Ω on the mirror by a residue construction

Ω =

∫
P∆=0

log(P∆)
dX1

X1

∧ dX2

X2

, (4.7)
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where we work in the patch where X0 = 1. Then the main object of local mirror symmetry
that we are computing are the period integrals of this meromorphic 1-form Ω. We denote
these by Πi(z), which clearly depends on the complex structure moduli zi. Just like what
we did at the end of the Seiberg-Witten theory, these periods are annihilated by Picard-
Fuchs operators. In terms of the coefficients ai, the Picard-Fuchs operator here is given by
the GKZ-hypergeometric operator

Lk =
∏
l
(k)
i >0

(
∂

∂ai

)l(k)
i

−
∏
l
(k)
i <0

(
∂

∂ai

)−l(k)
i

, (4.8)

which acts on the periods Π(z) in the z variables. And the periods can be solved using the
Frobenius method. The way to determine the particular solution are spelled out in chapter
5.

Instead of elaborating on this recipe, let us work out an example now.

4.3 Example: pure SU(2) field theory

We do the explicit calculation here for the pure SU(2) case and derive the perturbative
and 1-instanton contribution to the field theory gauge coupling function.

4.3.1 The local A-model

To obtain an SU(2) gauge group enhancement without matter field, we need an A1-
singularity ALE space as the fibre and a P1 base. In other words, we need to consider
a fibration of P1 over P1. These fibre bundles are called the Hirzebruch surfaces Fn where
n ∈ N. The toric surfaces F0, F1 and F2 come from reflexive polyhedra hence are suitable
for local mirror symmetry and they will all yield the same result in 4D. We choose the F2

surface as our example, and the local A-model geometry is the canonical bundle KF2 .

The local Calabi-Yau threefold KF2 is given by the following toric data (note that the
toric data of F2 is embedded in it):

l(1) l(2)

D0 1 0 0 −2 0
D1 1 1 0 1 0
D2 1 0 1 0 1
D3 1 −1 0 1 −2
D4 1 −2 −1 0 1
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The Mori generators l(1), l(2) satisfies

4∑
k=0

l
(i)
k ν̄

(k) = 0. (4.9)

And the Dk corresponding to the vertex ν̄(k) is the toric divisor Dk = {Yk = 0}.

The remaining discussions of this subsection are all about the surface F2.

From the toric data, we can determine the intersection numbers of the toric divisors in
the base surface F2. First we have the following two linear equivalence relations between
the divisors:

D1 = D3 + 2D4, (4.10)

D2 = D4, (4.11)

which are coming from the standard relation
∑2

i=1 ν
(k)
i Di = 0.

Then from the standard intersection products

D1 ·D2 = D2 ·D3 = D3 ·D4 = D4 ·D1 = 1, (4.12)

with other Di ·Dj = 0 for i 6= j, we derive the following self-intersection products in the
surface F2:

D1 ·D1 = 2, (4.13)

D3 ·D3 = −2, (4.14)

D2 ·D2 = D4 ·D4 = 0. (4.15)

By the formula for the total Chern class of a toric variety c =
∏

(1 + Di), we have the
first Chern class

c1(F2) = 2D1, (4.16)

where the Poincaré duality is automatically imposed.

The Mori cone vectors encode the intersections between the corresponding basis of
effective curves with the Kähler cone divisors. Hence we can choose D1 and D2 as a basis
for the Kähler cone of F2, since l

(i) ·Dj = δij for i, j = 1, 2. Let J1 be the Poincaré dual of

D1 and J2 be the Poincaré dual of D2. Then we have the following useful data

J1 · J1 = 2, (4.17)

J1 · J2 = 1, (4.18)

J2 · J2 = 0, (4.19)

c1(F2) · J1 = 4, (4.20)

c1(F2) · J2 = 2, (4.21)

where we define the notation Ji · Jj =
∫
F2
Ji ∧ Jj and c1 · Ji =

∫
F2
c1 ∧ Ji.
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4.3.2 The local B-model

The local mirror curve for the local A-model is given by the locus of the Newton polynomial
inside F2

P = a0Y0 + a1Y1 + a2Y2 + a3Y3 + a4Y4, (4.22)

where Yi is the variable corresponding to ν̄(i).

Furthermore, there are the following constraints between the coordinates

Y 2
0 = Y1Y3, (4.23)

Y2Y4 = Y 3
3 , (4.24)

such that the toric A-model geometry is embeded in a projective space. The general

constriant is
∏
Y
l
(k)
i
i = 1. These constraints can be solved by setting Y1 = x2, Y2 = ζ and

Y3 = s2, with the coordinates (x, ζ, s) projective. Then the curve can now be rewritten as
(in the patch s = 1)

a0x+ a1x
2 + a2ζ + a3 + a4

1

ζ
= 0. (4.25)

Since we can rescale the coordinates Yi in the toric variety KF2 , we can also rescale
the coefficients ai such that the defining equation P = 0 is invariant. Thus we define the
complex structure moduli

zf =
a1a3

a2
0

, (4.26)

zb =
a2a4

a2
3

. (4.27)

The GKZ-operators in the variable ai are simply

L̃1 = ∂a1∂a3 − ∂2
a0
, (4.28)

L̃2 = ∂a2∂a4 − ∂2
a3
. (4.29)

And these two operators annihilate two periods Π1,Π2 of the meromorphic 1-form Ω.

Due to the rescaling symmetry, the ai coefficients parametrise the complex deformation
of the B-model curve redundantly, and the good complex structure moduli are zf , zb. So we
now transform the above GKZ operators into the expression in zf , zb. It is always useful
to rewrite the derivatives in terms of logarithmic derivatives θai = ai∂ai , and similarly
θf = zf∂zf , θb = zb∂zb . We only show the computation for L̃1.
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There are some useful identities between the logarithmic derivatives

θ0 = −2θf , (4.30)

θ1 = θf , (4.31)

θ2 = θb, (4.32)

θ3 = θf − 2θb, (4.33)

θ4 = θb. (4.34)

These are understood to hold as identities between differential operators acting on the
periods Πi(zf , zb).

And with another obvious relation zθz = (θz − 1)z, we have

a1a3L̃1 = a1a3(∂a1∂a3 − ∂2
a0

)

= θa1θa3 − zfa0∂
2
a0

= θa1θa3zf(θa0 − 1)θa0

= θf(θf − 2θb) + 2zf(2θf + 1)θf . (4.35)

In the derivation we have freely multiplied a1a3 in front of the operator L̃1 because we are
only interested in the differential equations L̃iΠj = 0.

Hence the GKZ-hypergeometric operators are given by

L1 = 2zfθf(2θf + 1) + θf(2θb − θf), (4.36)

L2 = zb(2θb − θf + 1)(2θb − θf)− θ2
b. (4.37)

4.3.3 Solution to the GKZ system: mirror maps and worldsheet
instanton numbers

Observe that zf = zb = 0 is a regular singular point of the Picard-Fuchs differential equa-
tions. In fact, it corresponds to the so-called large complex structure point in the complex
structure moduli space in the coordinates zf , zb. Around this point the index of the Frobe-
nius Ansatz are maximally degenerate. Mirror symmetry then tells that the mirror map
which relates type IIB complex structure deformations with type IIA Kähler deformations
are exactly the single-logarithmic solutions around the large complex structure point. Fur-
thermore there is a double-logarithmic solution which encodes the information of gauge
coupling functions of the 4D theory.

Now, we carefully derive a series representation of the solution to the Picard-Fuchs
system around zb = zf = 0 by Frobenius method. An introduction to this method can be
found in the book [81]. First we write down a power series Ansatz

f(zf , zb; ρ1, ρ2) =
∑
n,m≥0

an,m(ρ1, ρ2)zn+ρ1

f zm+ρ2

b , (4.38)
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and hit it with our Picard-Fuchs operators L1 and L2 to obtain the following recurrence
relations between the coefficients:
For n = 0,m ≥ 0,

ρ1(2ρ2 − ρ1 + 2m)a0,m = 0. (4.39)

For n ≥ 1,m ≥ 0,

(n+ ρ1)(2ρ2 − ρ1 + 2m− n)an,m + 2(ρ1 + n− 1)(2ρ1 + 2n− 1)an−1,m = 0. (4.40)

For n ≥ 0,m = 0,
ρ2

2an,0 = 0. (4.41)

For n ≥ 0,m ≥ 1,

(m+ ρ2)2an,m − (ρ1 − 2ρ2 + n− 2m+ 1)(ρ1 − 2ρ2 + n− 2m+ 2)an,m−1 = 0. (4.42)

Note that, in particular, for n = m = 0, we have the indicial equations

ρ1(2ρ2 − ρ1)a0,0 = 0, (4.43)

ρ2
2a0,0 = 0, (4.44)

meaning that the indices ρ1, ρ2 are indeed maximally degenerate around zb = zf = 0.

Leaving the initial a0,0 undetermined, we can solve these recurrence relations

an,m(ρ1, ρ2) =



∏2m−1
j=0 (2ρ2−ρ1+j)∏m

j=1(j+ρ2)2 a0,0(ρ1, ρ2) for n = 0,m ≥ 0,

(−1)n
∏2n−1

j=0 (2ρ1+j)
∏2m−n−1

j=0 (2ρ2−ρ1+j)∏n
j=1(ρ1+j)

∏m
j=1(ρ2+j)2 a0,0(ρ1, ρ2) for 0 < n < 2m,∏2n−1

j=0 (2ρ1+j)∏n
j=1(ρ1+j)

∏m
j=1(ρ2+j)2 a0,0(ρ1, ρ2) for n = 2m,∏2n−1

j=0 (2ρ1+j)∏n
j=1(ρ1+j)

∏m
j=1(ρ2+j)2

∏n−2m
j=1 (ρ1−2ρ2+j)

a0,0(ρ1, ρ2) for n > 2m.

(4.45)

If we act the Picard-Fuchs operators on our Ansatz f(zf , zb; ρ1, ρ2), provided that the
above recurrence relations are satisfied, then we have

L1f = ρ1(2ρ2 − ρ1) a0,0 z
ρ1

f z
ρ2

b , (4.46)

L2f = ρ2
2 a0,0 z

ρ1

f z
ρ2

b . (4.47)

These two equations imply that when we set ρ1 = ρ2 = 0, the function

f(zf , zb; 0, 0) = a0,0(0, 0) (4.48)

solves the Picard-Fuchs system. Furthermore, if we make linear combinations of the deriva-
tives of f with respect to ρ1 and ρ2 and set ρ1 = ρ2 = 0, then the Picard-Fuchs system
also has the following solutions
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constant = 1, (4.49)

−tf :=
∂

∂ρ1

f(zf , zb; 0, 0) = log zf + · · · , (4.50)

−tb :=
∂

∂ρ2

f(zf , zb; 0, 0) = log zb + · · · , (4.51)

Ω :=

(
∂

∂ρ1

∂

∂ρ1

+
∂

∂ρ1

∂

∂ρ2

)
f(zf , zb; 0, 0)

= (log zf)
2 + (log zf)(log zb) + · · · , (4.52)

where the two single-log solutions (4.50) and (4.51) are called the mirror maps and the
double-log solution (4.63) with the inverse series of (4.50) and (4.51) plugged in will be
used to determine the worldsheet instanton numbers of our model.

We can specify the condition on a0,0 now. The choice for the normalisation is

a0,0(0, 0) = 1, (4.53)

∂

∂ρ1

a0,0(0, 0) =
∂

∂ρ2

a0,0(0, 0) = 0, (4.54)

∂

∂ρ1

∂

∂ρ1

a0,0(0, 0) =
∂

∂ρ1

∂

∂ρ2

a0,0(0, 0) = 0, (4.55)

and the derivatives of an,m for (n,m) 6= (0, 0) are calculated to be

∂

∂ρ1

an,m(0, 0) =


0 for 0 < n < 2m,

− (2m−1)!
(m!)2 for n = 0,m ≥ 0,
2(2n−1)!

n!(m!)2(n−2m)!
for n ≥ 2m.

(4.56)

∂

∂ρ2

an,m(0, 0) =

{
0 for n > 0,
2(2m−1)!

(m!)2 for n = 0,m ≥ 0.
(4.57)

Now we can write down the mirror maps completely

−tf = log zf −
∞∑
m=1

(2m− 1)!

(m!)2
zmb +

∞∑
n=1

2(2n− 1)!

(n!)2
znf

+
∞∑
m=0

∞∑
n=2m

2(2n− 1)!

n!(m!)2(n− 2m)!
znf z

m
b (4.58)

= log zf + Σf(zf , zb), (4.59)

−tb = log zb +
∞∑
m=0

2(2m− 1)!

(m!)2
zmb (4.60)

= log zb + Σb(zf , zb), (4.61)
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where we have defined the regular parts Σf and Σb. The convention is that k! = 0 for all
negative k.

Furthermore, the double derivatives of an,m for (n,m) 6= (0, 0) can also be computed

(
∂2
ρ1

+ ∂ρ1∂ρ2

)
an,m(0, 0) =


0 for 0 < n < 2m,

−2(2m−1)!
(m!)2

(∑2m−1
k=m+1

1
k

)
for n = 0,m ≥ 1,

4(2n−1)!
n!(m!)2(n−2m)!

(∑2n−1
k=1

2
k
−
∑n

k=1
1
k
−
∑m

k=1
1
k

)
for n ≥ 2m.

(4.62)

Then the double logarithmic solution Ω is

Ω = (log zf)
2 + (log zf)(log zb) + (2Σf + Σb) log zf + Σf log zb

−
∞∑
m=2

2(2m− 1)!

(m!)2

(
2m−1∑
k=m+1

1

k

)
zmb

+
∞∑
m=0

∞∑
n=2m

4(2n− 1)!

n!(m!)2(n− 2m)!

(
2n−1∑
k=1

2

k
−

n∑
k=1

1

k
−

m∑
k=1

1

k

)
znf z

m
b . (4.63)

Denote the last two big sums by Σ2, and it can be written in terms of the mirror map

Ω = t2f + tftb + (Σ2 − Σ2
f − ΣfΣb), (4.64)

where the terms in the parenthesis contains the information of the worldsheet instanton
correction and the terms with quadratic tf , tb dependence are directly related to the inter-
section properties of the A-model geometry.

Now we are ready to compute the worldsheet instanton numbers. Define two variables:

qf := e−tf , (4.65)

qb := e−tb , (4.66)

and then invert the mirror maps perturbatively around zf = zb = 0, i.e., write down the
functions of zf and zb in terms of qf and qb. This can be done on a computer algebra
system. The inverse series up to order 4 are given by

zf = qf − 2q2
f + 3q3

f − 4q4
f + qfqb − 4q2

f qb + 3q3
f qb − 2q2

f q
2
b + · · · , (4.67)

zb = qb − 2q2
b + 3q3

b − 4q4
b + · · · . (4.68)

After plugging the inverse mirror maps (4.67) and (4.68) into the double-log solution
(4.63), we get, up to order 4,

Ω = t2f + tftb + 4qf + q2
f +

4

9
q3

f +
1

4
q4

f + (4qf + 16q2
f + 36q3

f )qb + q2
f q

2
b + · · · . (4.69)
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As a side note, it is interesting to observe that the coefficient of qmb in the inverse mirror
map for zb seems to be (−1)m−1m. This guess is actually true. Since the series of the
mirror map (4.60) actually converges to the function

−tb = −2 log(1 +
√

1− 4zb) + log(4zb). (4.70)

Then with the variable qb, the inverse mirror map can be computed

zb =
qb

(1 + qb)2
(4.71)

=
∞∑
m=1

(−1)m−1mqmb . (4.72)

This fact can be used to see a more detailed structure of the double-log solution and it will
allow a direct computation of perturbative 1-loop logarithmic correction to the Seiberg-
Witten prepotential and its 1-instanton correction.

According to the local mirror symmetry paper [14] and the standard result on the
integral basis on Calabi-Yau threefolds (see also chapter 5), the double-log solution has
the following generic form (or this can be read as a definition of the worldsheet instanton
numbers dn,m)

Ω =
1

2
J1 · J1 t

2
f + J1 · J2 tftb +

∑
n,m≥0

dn,m

(
2
∂

∂tf

)
Li3(qnf q

m
b ) (4.73)

= t2f + tftb − 2
∑
n,m≥0

∞∑
k=1

n dn,m
qknf qkmb

k2
, (4.74)

where Lis(z) =
∑∞

k=1
zk

ks
is the polylogarithm function.

Finally, compare (4.69) with (4.74) and we have computed the worldsheet instanton
numbers up to order 4:

dn,m m = 0 1 2 3
n = 1 −2 −2 0 0

2 0 −4 0
3 0 −6
4 0

Table 4.1: Worldsheet instanton number for local F2 model up to order 4.

It takes longer time to computer higher order corrections and they agree with the existing
results.
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It is important to notice the following two distribution pattern of the worldsheet instan-
ton numbers

dn,0 =

{
−2 for m = 1,

0 for m > 1,
(4.75)

dn,1 = −2n. (4.76)

This is a naive guess from the table of the worldsheet instanton numbers. I do not have
a good reason for these results but I believe that these can be checked from the A-model
localisation computations. These two group of instanton numbers for m = 0 and m = 1
will be crucial for our determination of the perturbative and 1-instanton part the field
theory coupling function.

4.3.4 The field theory limit

Our effective IIA theory in four dimensions is a supergravity theory, while the Seiberg-
Witten solution deals with a supersymmetric gauge theory. In order to recover the result
of Seiberg-Witten theory, we need to decouple gravity from our construction above. This
is done by taking the so-called rigid limit in which we send the Planck scaleMPl to infinity.
We will only show this limiting process in our example. For the general theory, see [37]
and [2].

Pushing the Planck scale to infinity is conceptually clear, but we also have to specify
clearly what it really does on the parameters tf , tb that describe the volume of the fibre
P1 and the base P1 in our local F2 model. In other words, how does the local A-model
geometry change under the decoupling limit MPl →∞?

According to the relation (4.3), the size tb of the base in our F2 surface corresponds to
the 4-dimensional gauge coupling 1/g2 at the string scale, which by asymptotic freedom
should be pushed to zero when we take MPl →∞. Hence we should send tb →∞.

According to the relation (4.2), the size tf of the fibre in our F2 surface corresponds to

the masses
MW±
MPl

of the charged W± gauge bosons, and we want to keep MW± finite in the

limit. Hence we should send tf → 0. Note that this exactly implies a singular fibre P1 that
enhances the gauge symmetry to SU(2).

Now apparently there is a problem: In the Seiberg-Witten field theory, there is only one
Kähler modulus. But now we have two Kähler moduli tf and tb. How should we resolve
this mismatch?

The answer lies in the renormalisation group behaviour for our SU(2) supersymmetric
gauge theory: Recall from chapter 2 that the running of the coupling g in the perturbative
region is dominated by the 1-loop NSVZ beta function

1

g2
∼ log

MW±

Λ
, (4.77)



44 4. Geometric Engineering of Quantum Field Theories

where we have tf ∼MW± ∼ a, the vev of the Higgs boson. So we should match

tb ∼ − log tf . (4.78)

While in gauge theories, an n-instanton background weights with e−n/g
2
. At the same time,

recall from equation (2.17) that an n-instanton background will contribute a
(

Λ
a

)4n
to the

effective coupling τ . Which means during the limit we have to keep e−tb/t4f fixed. Taking
all these into account, we assign

tf = −4Ra, (4.79)

qb = 4R4Λ4, (4.80)

where Λ is the Seiberg-Witten field scale and the numerical factors are chosen for later
convenience. The rigid limit is then R → 0 while keeping a and Λ fixed. The variable R
is actually the radius of the compactification circle of a 5D gauge theory, which will be
briefly discussed later.

4.3.5 Identification of the gauge coupling function

After taking the rigid limit, our type IIA prepotential will reduce to the Seiberg-Witten
prepotential. In the local mirror symmetry, the definition of a prepotential purely in terms
of the local A-model geometry is tricky, so instead of integrating once to obtain a local type
IIA prepotential-like object, we directly work with the double-log solution Ω. Recall that
the gauge coupling functions are twice derivative of the prepotential, hence we identify the
Seiberg-Witten coupling function with the derivative of our double-log solution. We will
recover the perturbative and 1-instanton correction directly, hence we need the terms in
the instanton summation of Ω up to order 2 in qb. With the general form (4.74) and the
worldsheet instanton numbers (4.75), (4.76), we have

Ω = t2f + tftb + 4
∞∑
n=1

qnf
n2

+ 4qb

∞∑
n=1

n2qnf + · · · . (4.81)

Then the gauge coupling function is identified with the first derivative of Ω with respect
to tf

τ =
i

2π

∂Ω

∂tf
(4.82)

=
i

2π

(
tf +

1

2
tb − 2

∞∑
n=1

qnf
n
− 2qb

∞∑
n=1

n3qnf + · · ·

)
, (4.83)

where the overall normalisation is chosen for convenience.
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Now we are ready to take the field theory limit. Insert the relations (4.79) and (4.80),
and taking the limit R→ 0, we have

τ =
i

π

[
8Ra−

(
1

2
log(2R4Λ4) + 2

∞∑
i=1

qnf
n

)
− 8R4Λ4

∞∑
n=1

n3qnf + · · ·

]
(4.84)

→ i

π

[
2 log

( a
Λ

)
− 3

16

(
Λ

a

)4

+ · · ·

]
. (4.85)

In the expression we have omitted higher order terms and constant terms.

The result agrees very well with the general form (2.17)! And we can read out the 1-
instanton contribution c1 = 1

16
, which agrees well with the field theory computation in [52].

It is important to note that one has to be careful with normalisations. Our normalisation
of the field theory prepotential (2.15) is different from the one in the paper [52]. After
properly rescaling the variable a by a factor of

√
2, we find the relation

ck = 22k−1Fk. (4.86)

This explains the difference of a factor of 2 between our stringy result and the field theo-
retical result in [52].

The higher instanton contributions are not easy to compute with our method here unless
one has a general formula for higher worldsheet instanton numbers dn,m. In the original
paper [46], the authors used another method which essentially compares the string theo-
retical result and the field theoretical result and derived a formula between all worldsheet
instanton numbers dn,m and field theoretical instanton corrections ck.

4.3.6 Identification with the Seiberg-Witten curve

One can not help to ask if string theory can really reproduce all the instanton corrections
in Seiberg-Witten theory. The answer is of course positive and the reason is that actually
under the field theory limit and a suitable coordinate transformation, the local B-model
curve (4.25) becomes the Seiberg-Witten elliptic curve! We repeat the B-model curve here
for convenience:

a0x+ a1x
2 + a2ζ + a3 + a4

1

ζ
= 0. (4.87)

We set a1 = a2 = 1, a4 = Λ4 by the scaling symmetry. Then redefine

t = x+
a0

4
, (4.88)

u =
1

2

(
a2

0

8
− a3

)
(4.89)
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and the curve becomes

ζ +
Λ4

ζ
+ 2(t2 − u) = 0, (4.90)

which is already the Seiberg-Witten curve in a physical equivalent form. This form of the
curve is often used when the gauge group is more complicated. To transform it into the
familiar form, we first substitute

y = ζ + (t2 − u) (4.91)

and get another physically equivalent Seiberg-Witten curve

y2 = (t2 − u)2 − Λ4. (4.92)

This form of the curve is often used when the matter contents are present. Finally, with a
subtler substitution (called an isogeny, see [71])

x̂ = u− t2, (4.93)

ŷ = ity, (4.94)

we finally get
ŷ2 = (x̂2 − Λ4)(x̂− u). (4.95)

4.3.7 Last remark: F0, F1 or F2?

The complex surfaces F0, F1 and F2 are all P1 fibrations over P1. In the geometric engi-
neering paper [46], the author showed that they will give the same Seiberg-Witten results
under the rigid limit. So it seems that we can choose these surfaces arbitrarily. But this
turns out to be not true.

Instead of the compactification of 10D type IIA superstring theory on our local threefold
KFn , we can also compactify the 11D M-theory on the same local threefold KFn . This will
give a five-dimensional gauge theory on M4 × S1, where the radius R of the S1 is exactly
the variable in the field theory limit (4.79), (4.80). When we take the field theory limit
R → 0, we recover our 4D Seiberg-Witten gauge theory. But in the decompactification
limit R → ∞, we expect to recover the SU(2) gauge theory in 5 dimensions. Although
the model F0 and F1 can actually reproduce the 4-dimensional results, they fail to give the
correct 5-dimensional behaviour. Hence we have chosen the F2 model in our example. For
further information, see [22].



Chapter 5

Periods for Calabi-Yau spaces and
singularities

In this chapter, we deal with the mirror symmetry problem more systematically. In the
previous chapters, we have seen that the periods

Πi,j =

∫
Γj

Ωi (5.1)

of certain differential k-forms Ωi ∈ Hk (paired with k-cycles Γj ∈ Hk) satisfy the Picard-
Fuchs differential equations. Although it is straightforward to find a basis of the solution
space of the Picard-Fuchs system with Frobenius method, we still need to fix the proper
linear combinations of these basis solutions to really get the periods Πi,j. Fixing such a
linear combination is also called fixing an integral basis for the Hk since these integral
homology basis are of physically importance in superstring theory.

The focus of this chapter is fixing an integral basis for the middle cohomology for a
Calabi-Yau space. The techniques for Calabi-Yau threefolds and their holomorphic volume
form Ω ∈ H3 are well-known and will be our first thing to recall. The solution to the
renowned Fermat quintic threefold will shown as an example. The method for Calabi-
Yau fourfolds is less understood and it is discussed recently in a paper by [16]. We will
describe their method and show its application in the Fermat sextic fourfold and another
two-moduli example. We will not compute the worldsheet instanton numbers since they
are not the main topic here. These worldsheet instanton numbers can be derived with the
method discussed in the last chapter.

In the end we will discuss the Hodge-theoretic criteria determining whether a singular
locus in a Calabi-Yau manifold is of finite Weil-Petersson distance or not. This is done
by considering the monodromy properties of the period vector around the singular locus.
These monodromies are exactly coming from the logarithmic parts of the periods that we
fixed using the methods discussed in the first two sections of this chapter. As examples,
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we will check on three examples. Such criteria are of physical significance. For instance, it
can provide some insight to the swampland conjecture.

We give a summary of the basics of Hodge theory we need in appendix B. For more
details on mirror symmetry, there are reviews [40], [51] [42] and books [18], [41].

5.1 The middle cohomology H3 of a Calabi-Yau three-

fold Y3

5.1.1 Some geometrical facts of H3

First we recall the Hodge diamond for a Calabi-Yau threefold

1
0 0

0 h1,1 0
1 h2,1 h2,1 1

0 h1,1 0
0 0

1

(5.2)

The h1,1 parametrises deformations of the Kähler structure on Y3 and h2,1 parametrises
deformations of the complex structure on Y3.

The middle cohomology is H3(Y3,C). In the context of variation of Hodge structure,
one needs to consider the primitive subspace of H3(Y3,C). By definition the primitive
subspace of H3 is given by the kernel of the map

L : H3(Y3,C)→ H5(Y3,C), (5.3)

where L is the Lefschetz operator. From the Hodge diamond we see that the entire
H3(Y3,C) is already primitive so in the following we can freely work with H3(Y3,C).

The middle cohomology H3(Y3,C) has a Hodge structure

H3(Y3,C) = H3,0(Y3)⊕H2,1(Y3)⊕H1,2(Y3)⊕H0,3(Y3), (5.4)

with Hj,i(Y3) = H i,j(Y3). In terms of the decreasing Hodge filtration F 0 ⊃ F 1 ⊃ F 2 ⊃ F 3,
we have

F 0 = H3,0(Y3)⊕H2,1(Y3)⊕H1,2(Y3)⊕H0,3(Y3), (5.5)

F 1 = H3,0(Y3)⊕H2,1(Y3)⊕H1,2(Y3), (5.6)

F 2 = H3,0(Y3)⊕H2,1(Y3), (5.7)

F 3 = H3,0(Y3). (5.8)
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The natural bilinear pairing on H3(Y3,C) is given by

Q(α, β) =

∫
Y3

α ∧ β, (5.9)

for α, β ∈ H3(Y3,C). This bilinear form is skew-symmetric and obviously satisfies

Q(Hp,q, Hr,s) = 0, (5.10)

for p+ q = r + s = 3, unless p = s and q = r. Hence the real-valued symmetric positive R
is thus defined to be

R(α, α) = iQ(α, ᾱ), (5.11)

and it defines a polarisation of the Hodge structure on H3(Y3,C).

Since the pairing Q is skew-symmetric, we can choose a so-called symplectic basis αI , β
I

for H3(Y3,Z) and their Poincaré dual AI , BI for H3(Y3,Z) such that their intersection
products satisfy

AI ·BJ = δIJ , (5.12)

AI · AJ = 0, (5.13)

BI ·BJ = 0. (5.14)

And we expand the holomorphic volume form Ω ∈ H3,0(Y3) in such a symplectic basis

Ω = XIαI − FIβI , (5.15)

where the expansion coefficients XI , FI are the periods of Ω. As we always do in linear
algebra, we write these coefficients in a vector

Π =

(
XI

FJ

)
=

(∫
AI Ω∫
BJ

Ω

)
. (5.16)

Writing in terms of the periods, the Kähler potential for the Weil-Petersson metric on
the complex structure moduli space is given by

K = − logR(Ω,Ω) (5.17)

= − log(iΠ†ΣΠ), (5.18)

where

Σ =

(
0 1k×k

−1k×k 0

)
(5.19)

is the standard symplectic matrix and k = 1
2
(1 + h2,1).
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5.1.2 Integral basis from special geometry

The complex structure moduli space of a Calabi-Yau threefold is well-known to be a special
Kähler manifold. This fact fixes an integral basis completely.

From special geometry, we know that the periods XI are projective coordinates on the
complex structure moduli space and we define the local coordinates to be ti = XI

X0 . The
periods FI are then degree-1 homogeneous functions on XI . In terms of a holomorphic
prepotential F , which is degree-2 homogeneous on XI , we have FI = ∂F

∂XI . Note that
we denote the conplex structure deformations by t because in the string context, we are
working in the IIB side and the complex structure deformations will be mapped to the
Kähler deformations on the IIA side.

It is natural to redefine the prepotential F = (X0)2F , and then it was found that the
prepotential has the following form

F = −Kijk
3!

titjtk +
nij
2
titj + bit

i − iχζ(3)

16π3
+ FInst.(q), (5.20)

where Kijk is the classical intersection of the basis of the (1, 1)-forms, nij are not relevant
for physical quantities, bi = 1

24

∫
Y3
c2(Y2) ∧ ωi, χ is the Euler characteristic of Y3, and

FInst.(q) encodes the nonperturbative corrections.

With such a form of prepotential, one can write down the solution to the Picard-Fuchs
equations for a general Calabi-Yau hypersurface in toric ambient space. First we have the
Frobenius series Ansatz

f(z1, . . . , zh2,1 ; ρ1, . . . , ρh2,1) =
∑

n1,...,nh2,1

cn1,...,nh2,1 (ρ1, . . . , ρh2,1)zn1+ρ1

1 · · · znh2,1+ρh2,1

h2,1 , (5.21)

with the coefficients fixed to be

cn1,...,nh2,1 (ρ1, . . . , ρh2,1) =
Γ
(

1−
∑

k l
(k)
0 (nk + ρk)

)
∏

i>0 Γ
(

1 +
∑

k l
(k)
i (nk + ρk)

) . (5.22)

Then the logarithmic solutions are derived from repeatedly derivation with respect to
ρ. Define the operators

D
(1)
i =

1

2πi

∂

∂ρi
, (5.23)

D
(2)
i =

1

2

1

(2πi)2

∑
Kijk

∂

∂ρj

∂

∂ρk
, (5.24)

D(3) = − 1

3!

1

(2πi)3

∑
Kijk

∂

∂ri

∂

∂ρj

∂

∂ρk
, (5.25)
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and we have finally arrived at the correct solution

Π(z) =


f(z; 0)

D
(1)
i f(z; 0)

D
(2)
i f(z; 0)

D(3)f(z; 0)

 . (5.26)

Once we have identified the mirror map as the single-log solution

ti =
D

(1)
i f(z; 0)

f(z; 0)
=

1

2πi
(log zi + Σi) , (5.27)

where Σi encodes the regular part, we can rewrite z in terms of t and insert back to obtain
a period vector in terms of Kähler parameters t

Π(t) =


X0

X i

Fi
F0

 (5.28)

= X0


1
ti
∂F
∂ti

2F − ti ∂F
∂ti

 (5.29)

= X0


1
ti

−Kijk

2
titj + nijt

j + bi + ∂FInst.(q)
∂ti

Kijk

3!
titjtk + bit

i − iχζ(3)
8π3 + FInst.(q)

 . (5.30)

The general form of the solution is thus fixed. Note how each entry depends on the
prepotential F and mirror maps ti.

5.1.3 Example: The Fermat quintic X5 inside P4

Now we carry out the explicit computation for the famous quintic threefold.

The toric data for P4 is given by

l(1)

D0 1 0 0 0 0 −5
D1 1 1 0 0 0 1
D2 1 0 1 0 0 1
D3 1 0 0 1 0 1
D4 1 0 0 0 1 1
D5 1 −1 −1 −1 −1 1
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For convenience, an extra 1-dimensional cone D0 is added.

For X5 the locus of a generic degree-5 (hence the name “quintic”) polynomial inside P4.
The mirror geometry can be described as follows. For each cone Di we assign a homo-
geneous coordinate Yi. Due to the Mori vector l(1) = (−5; 1, 1, 1, 1, 1), these coordinates
satisfies the following relation

Y1Y2Y3Y4Y5 = Y 5
0 . (5.31)

And the mirror space is given by the locus of the following polynomial

P =
5∑
i=0

aiYi. (5.32)

The complex structure is parametrised by

z = −a1a2a3a4a5

a5
0

. (5.33)

Then the PF operator can be computed to be

L = θ4 − 55z
4∏

k=1

(θ +
k

5
). (5.34)

From L we conclude that the generalised hypergeometric function

X0(z) = 4F3

(
1

5
,
2

5
,
3

5
,
4

5
; 1, 1, 1; 55z

)
(5.35)

is a holomorphic solution to the PF equation. This kind of holomorphic solution is checked
explicitly for the sextic fourfold X6 below.

To use the general form of the integral basis, we evaluate the topological quantities. We
denote the hyperplane class of P4 by H = D1 = · · · = D5. Then inside P4 the hyperplane
class intersects with itself with H4 = 1.

The divisor class representing the Calabi-Yau X5 inside P4 is D0 = D1 + · · ·+D5 = 5H.
Hence the total Chern class of the quintic is given by

c(X5) =
(1 +H)5

1 + 5H
(5.36)

= 1 + 10H2 − 40H3, (5.37)

i.e. c2(X5) = 10H2, c3(X5) = −40H3. Note that c1(X5) = 0 simply means that the quintic
X5 is Calabi-Yau. The homology classes here are understood to be the restriction of H on
X5.
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The Euler characteristic of the quintic is given by the integration of its top Chern class,
which, by Poincaré duality, is the intersection between the class representing the quintic
and its top Chern class χ(X5) = c3(X5) ·D0 = −200.

And the intersection products inside the quintic X5 are simply

H3 = H3 ·D0 = 5 (5.38)

c2(X5) ·H = 50. (5.39)

The homology classes here are understood to be the restriction on X5.

Then from the general formula, we have the following leading terms in the period vector

Π = X0


1
t

−5
2
t2 + 11

2
t+ 25

12
+ · · ·

5
6
t3 + 25

12
t+ 25iζ(3)

π3 + · · ·

 . (5.40)

5.2 The middle cohomology H4 of a Calabi-Yau four-

fold Y4

5.2.1 Some geometrical facts of H4

The geometry of Calabi-Yau fourfolds is more complicated than Calabi-Yau threefolds as
expected. One can find the detailed information on fourfolds in [29], [53], [54], [35], [6] and
[16].

First we recall the Hodge diamond for a Calabi-Yau fourfold

1
0 0

0 h1,1 0
0 h2,1 h2,1 0

1 h3,1 h2,2 h3,1 1
0 h2,1 h2,1 0

0 h1,1 0
0 0

1

(5.41)

Analogous to the threefold, the h1,1 parametrises deformations of the Kähler structure on
Y4 and h3,1 parametrises deformations of the complex structure on Y4. Furthermore, there
is one more free deformation parameter that is parametrised by h2,1 whose physical and
mathematical properties are far from being fully understood. The reader can consult [30]
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and [31] for more details on this h2,1. In the following we assume h2,1 = 0. Finally the
remaining parameter h2,2 is not free, but is restricted by

h2,2 = 2(22 + 2h1,1 + 2h3,1 − h2,1). (5.42)

The middle cohomology H4(Y4,C) is more complicated than the middle cohomology of
a Calabi-Yau threefold. First it has the Hodge decomposition

H4(Y4,C) = H4,0(Y4)⊕H3,1(Y4)⊕H2,2(Y4)⊕H1,3(Y4)⊕H0,4(Y4), (5.43)

with Hj,i(Y4) = H i,j(Y4). In terms of the decreasing Hodge filtration F 0 ⊃ F 1 ⊃ F 2 ⊃
F 3 ⊃ F 4, we have

F 0 = H4,0(Y4)⊕H3,1(Y4)⊕H2,2(Y4)⊕H1,3(Y4)⊕H0,4(Y4), (5.44)

F 1 = H4,0(Y4)⊕H3,1(Y4)⊕H2,2(Y4)⊕H1,3(Y4), (5.45)

F 2 = H4,0(Y4)⊕H3,1(Y4)⊕H2,2(Y4), (5.46)

F 3 = H4,0(Y4)⊕H3,1(Y4), (5.47)

F 4 = H4,0(Y4). (5.48)

In contrast to the fact that the middle cohomology H3 is already primitive for a Calabi-
Yau threefold, the H4 of the fourfold is not. In particular, it is the H2,2(Y4) that makes
things more complicated. The primitive subspace of H2,2(Y4) is the kernel of the map

L : H2,2(Y4)→ H3,3(Y4). (5.49)

Now from the Hodge diamond we see that H3,3 is not trivial but has dimension h1,1. So
we define the primitive subspace

P 2,2(Y4) =
{
α ∈ H2,2(Y4)

∣∣J ∧ α = 0
}
, (5.50)

where J ∈ H1,1(Y4) is the Kähler form. Then by Lefschetz decomposition, we have

H2,2(Y4) = P 2,2(Y4)⊕ LP 1,1(Y4), (5.51)

where the primitive subspace P 1,1(Y4) is the kernel of the map

L3 : H1,1(Y4)→ H4,4(Y4), (5.52)

and the LP 1,1(Y4) part is called the primary vertical cohomology and denoted by H2,2
V (Y4)

in physical literature.

But the primitive subspace P 2,2(Y4) is still not what physicists are actually looking at
since they are not all accessible by studying period integrals. Let Ω(z) ∈ H4,0(Y4) be the
unique up to rescaling holomorphic volume form of the Calabi-Yau fourfold, where we have
explicitly labelled its dependence on the complex structure parameters z. Then the space
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of interest is the subspace of P 2,2(Y4) that is generated by repeated variation of Ω(z) with
respect to complex structure, i.e. the subspace of that is generated by ∂zi1 · · · ∂zik Ω(z). This
subspace is called the primitive horizontal subspace in physical literature and is denoted by
H2,2

H (Y4). For Calabi-Yau threefolds we do not have to worry about the horizontal subspace
because we have a better control over the variation of the holomorphic volume form Ω(z)
such that the entire middle cohomology is generated by repeated variations.

To summarise, the cohomology H2,2(Y4) has the following decomposition

H2,2(Y4) = P 2,2(Y4)⊕H2,2
V (Y4) (5.53)

=
(
H2,2

H (Y4)⊕H2,2
RM(Y4)

)
⊕H2,2

V (Y4), (5.54)

where the “remaining” part H2,2
RM(Y4) exists in some particularly constructed examples [10]

but they do bother us in the examples in the next sections. The primary horizontal
cohomology is then the sumation

H4
H(Y4,C) = H4,0(Y4)⊕H3,1(Y4)⊕H2,2

H (Y4)⊕H1,3(Y4)⊕H0,4(Y4) (5.55)

The natural bilinear pairing on H4(Y4,C) is given by

Q(α, β) =

∫
Y4

α ∧ β, (5.56)

for α, β ∈ H4(Y4,C). This bilinear form is symmetric and obviously satisfies

Q(Hp,q, Hr,s) = 0, (5.57)

for p+ q = r + s = 4, unless p = s and q = r. Hence the real-valued symmetric positive R
is thus defined to be

R(α, α) = Q(α, ᾱ), (5.58)

and it defines a polarisation of the Hodge structure on H4(Y4,C).

Similarly to the threefold, we can then choose a set of basis α(p) for H4
H(Y4,Z). Then

the holomorphic volume form Ω ∈ H4,0(Y4) has the following expansion

Ω = X0α(0) +X iα
(1)
i +Hpα

(2),p + Fiα
(3),i + F0α

(4), (5.59)

where the indices run over i = 1, . . . , h3,1, j = 1, . . . , h2,2
H . In terms of such a basis, we have

an analogy to the symplectic pairing Σ for the fourfold which can be chosen to be

η−1 =


∗ ∗ ∗ ∗ 1
∗ ∗ ∗ η(1) 0
∗ ∗ η(2) 0 0
∗ η(1) 0 0 0
1 0 0 0 0

 , (5.60)

where η(1) is a h3,1 × h3,1 real matrix, and η(2) is a h2,2
H × h

2,2
H real matrix. The name η

reminds us the Frobeinus algebra structure. We will not discuss about it in this thesis and
interested reader can consult [53].
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5.2.2 Integral basis from homological mirror symmetry

In the realm of Calabi-Yau fourfolds, we do not have nice geometrical structure like the
special Kähler geometry on the Kähler and complex structure moduli spaces. Instead there
is still Frobenius structures on the algebra of physical observables that could be used to fix
an integral basis. Such a method is used in [6] to fix integral basis for 1-modulus fourfolds
like the sextic inside P5. But in general it could be very hard to be carried out.

In the paper [16], the authors considered instead using the homological mirror symmetry
conjecture to fix an integral basis and it worked much better. We describe this method
and show it in two examples.

Homological mirror symmetry is a conjectured mathematical treatment of the mirror
symmetry phenomenon in physics proposed by Kontsevich [57]. Along with the SYZ-
mirror symmetry conjecture [75] (and its descendent, the Gross-Siebert programme [36]),
they are two mainstream mathematical theories that try to put the mathematics of the
mirror symmetry in a firmer grounding.

Homological mirror symmetry is useful when one wants to describe how D-branes be-
have under mirror symmetry and it works in the context of topological string theory. In
mathematical world, topological A-branes are described by the Fukaya category Fuk(Y4)
of a fourfold Y4 in the symplectic viewpoint, and topological B-branes are described by
the bounded derived category of coherent sheaves Db(Y4) of the fourfold Y4 in the algebro-
geometrical viewpoint. Homological mirror symmetry conjectures the existence of the
mirror Ŷ4 such that the two categories are equivalent (in the categorical sense)

Fuk(Y4) ' Db(Ŷ4). (5.61)

For our purpose, the idea is that via the homological mirror symmetry, the central
charges of topological A-branes and B-branes are identified.

On the A-side, a topological A-brane L can wrap around a special Lagrangian cycle Σ,
which is Poincaré dual to an element in H4

H(Y4,C) ∩H4(Y4,Z) and satisfies

Re(eiθΩ)|Σ = 0, (5.62)

J |Σ = 0, (5.63)

where Ω is the holomorphic volume form and J is the Kähler form on Y4. The central
charge of such an A-brane L is exactly given by

ZA(L) =

∫
Σ

Ω, (5.64)

which exactly constitutes the integral period vector that we want to determine!

While on the B-side, a B-brane represented by a complex E• in Db(Ŷ4). What E•
exactly looks like is not important for the moment, we need its central charge formula.
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More precisely, the asymptotic (i.e., near the large complex structure point) central charge
for E• is

Zasy
B (E•) =

∫
Ŷ4

eJ ΓC(Ŷ4)(chE•)∨, (5.65)

where ΓC(Ŷ4) is called the Γ-class (originally defined in [62], [45] and [49]), which for the
Calabi-Yau fourfold Ŷ4 is given by

ΓC(Ŷ4) = 1 +
1

24
c2 +

iζ(3)

8π3
c3 +

1

5760
(7c2

2 − 4c4). (5.66)

As a side note, we see the familiar term iζ(3)
8π3 c3 that appears in the threefold solution

(5.30). Gauss-Bonnet theorem tells us that
∫
Y3
c3 = χ, hence these two terms are actually

identical! This is not a coincidence, as the solution to the Picard-Fuchs equations are
encoded in the Γ-class. See the paper [62] for more information.

In the paper [16], the authors constructed a basis for the B-branes and then carried out
the asymptotic central charge formula explicitly to obtain an integral basis for the fourfold.
We list their results below.

Let ωi be a basis for the (1, 1)-forms, its Poincaré dual divisor Di, and the corresponding
Mori curves be Ci. We also choose a basis for the 4-cycles in Ŷ4 to be of the form Da ∩Db

and there are h2,2
H of them. Then the leading term (i.e., logarithmic term) in the integral

period near large volume point is given by

Πasy =


1
−ta

1
2
hijt

itj + hit
i + h

− 1
3!
C0
aijkt

itjtk − 1
4
C0
aaijt

itj −
(

1
6
C0
aaij + 1

24
cai
)
ti −

(
1
24
C0
aaaa + ca0

)
1
4!
C0
ijklt

itjtktl + 1
2
cijt

itj + cit
i + c0

 , (5.67)
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where a = 1, . . . , h1,1. The topological coefficients are given by

hij = Da ·Db ·Di ·Dj, (5.68)

hi =
1

2
Da ·Db · (Da +Db) ·Di, (5.69)

h =
1

12
Da ·Db · (2D2

a + 3Da ·Db + 2D2
b ) +

1

24
c2(Ŷ4) ·Da ·Db, (5.70)

C0
ijkl = Di ·Dj ·Dk ·Dl, (5.71)

cai = c2(Ŷ4) ·Da ·Di, (5.72)

ca0 =
1

48
c2(Ŷ4) ·D2

a +
iζ(3)

8π3
c3(Ŷ4) ·Da (5.73)

cij =
1

24
c2(Ŷ4) ·Di ·Dj, (5.74)

ci =
iζ(3)

8π3
c3(Ŷ4) ·Di, (5.75)

c0 =
1

5760

∫
Ŷ4

(7c2(Ŷ4)2 − 4c4(Ŷ4)). (5.76)

Thus, with all the topological data, one can easily determine the integral basis for a
considerable number of Calabi-Yau fourfold models. We have to point out a concern on
this method: In fact, one has to make sure that the basis for 4-cycles defined by Da ∩Db

really lead to an integral basis. In the paper [16], the authors used additional properties
of elliptic fibrations to ensure that one indeed get an integral basis for elliptically-fibred
Calabi-Yau fourfolds, e.g. for the example X24. But for a generic Calabi-Yau fourfold
which does not admit an elliptic fibration, how to choose a basis of the 4-cycles properly
is still unclear.

Finally, there is an extra piece of information, which is the pairing matrix η−1 on Y4

which is analogous to the symplectic Σ for the threefold. This is important when one wants
to compute superpotential, etc. In the paper [16], the authors argue that it is not given
by the classical intersection numbers on Y4 but by the open string index

χ(E•,F•) =

∫
Ŷ4

Td(Ŷ4)(chE•)∨chF•, (5.77)

where the Todd genus Td(Ŷ4) for the Calabi-Yau fourfold is given by

Td(Ŷ4) = 1 +
1

12
c2(Ŷ4) + 2Vol, (5.78)

where Vol is the volume form. With a basis v = (E•1 , . . . , E•n)for the topological B-branes,
define the matrix ηij = χ(vi, vj). Finally the intersection matrix between period vectors in
the A-model will be the inverse η−1. We will see it in the following two examples.
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5.2.3 Example: The Fermat sextic X6 inside P5

Now we carry out the explicit computation for the sextic threefold.

The toric data for P5 is given by

l(1)

D0 1 0 0 0 0 0 −6
D1 1 1 0 0 0 0 1
D2 1 0 1 0 0 0 1
D3 1 0 0 1 0 0 1
D4 1 0 0 0 1 0 1
D5 1 0 0 0 0 1 1
D6 1 −1 −1 −1 −1 −1 1

Similar to the quintic, we assign variables Y0, . . . , Y6 satisfying

Y1Y2Y3Y4Y5Y6 = Y 6
0 . (5.79)

Then the mirror of X6 is given by the equation

P =
6∑
i=0

aiYi, (5.80)

and the good variable for complex structure is

z =
a1a2a3a4a5a6

a6
0

. (5.81)

Then the Picard-Fuchs operator is

L = θ5 − 66z

5∏
k=1

(
θ +

k

6

)
. (5.82)

This time we derive the holomorphic solution more carefully. From the general form of
the generalised hypergeometric differential operator annihilating pFq(a;b; z)

θ

q∏
k=1

(θ + bk − 1)− z
p∏

k=1

(θ + ak), (5.83)

we conclude that the holomorphic function

5F4

(
1

6
,
2

6
,
3

6
,
4

6
,
5

6
; 1, 1, 1, 1; 66z

)
, (5.84)
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is a solution to the PF equation. As we check now, this is indeed the case. We can solve
the equation with Frobenius method. Plug in the following Ansatz

X0(z; ρ) =
∞∑
k=0

ck(ρ)zk+ρ, (5.85)

and then we have the following indicial equation

ρ5c0(ρ) = 0, (5.86)

and the recursive relations

ck(ρ) =
6[6(ρ+ k − 1) + 1] · · · [6(ρ+ k − 1) + 5]

(ρ+ k)5
ck−1(ρ), for k ≥ 1. (5.87)

After a bit of manipulation, mainly using the analytic continuation of continued product

(z)n := z(z + 1) · · · (z + n− 1) (5.88)

=
Γ(z + n)

Γ(z)
, (5.89)

we obtain the result

X0(z; ρ) =
∞∑
k=0

Γ(6(k + ρ) + 1)

Γ(k + ρ+ 1)6
zk+ρ. (5.90)

Note that ρ = 0 satisfies the indicial equation. And it is also maximally degenerate,
meaning that z = 0 corresponds to the large complex structure point. The holomorphic
solution (ρ = 0) is then given by the series which really describe the generalised hyperge-
ometric function

X0(z) =
∞∑
k=0

(6k)!

(k!)6
zk (5.91)

= 5F4

(
1

6
,
2

6
,
3

6
,
4

6
,
5

6
; 1, 1, 1, 1; 66z

)
. (5.92)

The topological data for the sextic can be computed similarly to the quintic. Denote
the hyperplane class of P5 by H which intersects with itself with H5 = 1. The X6 is then
represented by the class D0 = 6H inside P5. It follows the following intersection data
inside X6

H4 = 6, (5.93)

c2 = 15H2, (5.94)

c3 = −70H3, (5.95)

c4 = 435H4, (5.96)
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where the class H is understood to be its restriction on X6. The Euler characteristic is
given by χ = c4 ·D0 = 2610 (intersection product evaluated in P5).

Then we apply the formula in the new paper to get the integral period

Π = X0


1
−t

3t2 + 6t+ 29
4

+ · · ·
−t3 − 3

2
t2 − 19

4
t− 17

8
+ 105iζ(3)

2π3 + · · ·
1
4
t4 + 15

8
t2 − 105iζ(3)

2π3 − 11
64

+ · · ·

 . (5.97)

It is worth mentioning that in the paper [6], the authors claim to have first fixed
an integral basis for the sextic by solving the constraints of Griffiths transversality and
Frobenius structures. Although their period vector Π′ is not the same as Π above

Π′ = X0


1
t

−1
2
t2 + 1

2
t+ 5

8
+ · · ·

−t3 + 3
2
t2 − 3

4
t− 15

8
+ 105iζ(3)

2π3 + · · ·
1
4
t4 + 15

8
t2 − 105iζ(3)

2π3 t− 75
64

+ · · ·

 , (5.98)

they are related by an integral coordinate transformation Π = TΠ′ with

T =


1 0 0 0 0
0 −1 0 0 0
11 9 −6 0 0
−4 −7 6 1 0
1 0 0 0 1

 . (5.99)

In fact, as we have mentioned, it is not clear that our H ∩H can really induce an integral
basis Π. Meanwhile, Π′ can be shown to be an integral basis. We will nevertheless use Π
in the computation later, and its results regarding to the finiteness of singularities agree
with the results from Π′.

5.2.4 Example: The hypersurface X24 inside P1,1,1,1,8,12

This is the example in the paper [16]. Since the period vector around large complex
structure locus is not completely printed in the paper, we carry out the computation
explicitly here for further reference.

The fourfold X24 under consideration is an elliptic fibration. To obtain such a fibration
structure, its ambient space should also admit a fibration.
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The toric data for the polytope ∆∗ is given by

l(e) l(b)

KM x0 1 0 0 0 0 0 −6 0
D1 x 1 −1 0 0 0 0 2 0
D2 y 1 0 −1 0 0 0 3 0
E z 1 2 3 0 0 0 1 −4
L u1 1 2 3 1 1 1 0 1
L u2 1 2 3 −1 0 0 0 1
L u3 1 2 3 0 −1 0 0 1
L u4 1 2 3 0 0 −1 0 1

In the first column are the toric divisors and in the second column are the coordinates.

This toric ambient space P∆∗ is a blown-up weighted projective space P1,1,1,1,8,12. It
describes a fibration of P1,2,3 over the base P3, where the fibre provides the ambient space
for the elliptic fibre of X24. We can also work out its polar polytope ∆, which has the
following toric data

Polyhedron ∆ :

1 0 0 0 0 0
1 −2 1 0 0 0
1 1 −1 0 0 0
1 1 1 0 0 0
1 1 1 6 6 6
1 1 1 6 6 −18
1 1 1 6 −18 6
1 1 1 −18 6 6

We have only listed the vertices. Then the mirror X̂24 is given by locus of P∆∗ = 0 inside
P∆ where

P∆∗ = x0

(
α0u1u2u3u4xyz + z6(α1u

24
1 + α2u

24
2 α3u

24
3 + α4u

24) (5.100)

+α5(u1u2u3u4z)6 + α6x
3 + α7y

2
)
, (5.101)

and the corresponding complex structure variables are defined as

ze =
α5α

2
6α

3
7

α6
0

, (5.102)

zb =
α1α2α3α4

α4
5

. (5.103)

So that the Picard-Fuchs operators are given by

L1 = θe(θe − 4θb)− 12ze(6θe + 5)(6θe + 1), (5.104)

L2 = θ4
b − zb(4θb − θe)(4θb − θe + 1)(4θb − θe + 2)(4θb − θe + 3). (5.105)
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Now we use the result of [16]. First we have to identify a basis for the Kähler cone of
X24. From the Mori vector we can choose them to be

Db = L, (5.106)

De = 4L+ E. (5.107)

This time the dimension is too high so we use the Sage code provided by the author of [16]
to compute the intersections on X24. They are

D4
e = 64, (5.108)

D3
e ·Db = 16, (5.109)

D2
e ·D2

b = 4, (5.110)

De ·D3
b = 1, (5.111)

D4
b = 0. (5.112)

We also have the following topological data for X24

c2 = 11D2
e + 4DbDe − 10D2

b, (5.113)

c4 = 24D2
b ·D2

e + 82D3
b ·De − 93312D4

b, (5.114)

hence

c2 ·D2
e = 728, (5.115)

c2 ·Db ·De = 182, (5.116)

c2 ·D2
b = 48, (5.117)

c3 ·De = −3860, (5.118)

c3 ·Db = −960, (5.119)

χ = 23328. (5.120)

With these data we can use the formula for the integral basis. The 4-cycle basis are
give by

Hb = D2
b, (5.121)

Hb = E ·Db = De ·Db − 4D2
b. (5.122)

Then corresponding to the basis

(OM ,OE,OD̃b
,OHb ,OHb

, C̃b, C̃e,Opt.), (5.123)
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the integral period vector is given by

Π = X0



1
−τ
−t

2τ 2 + τt+ τ + 2 + · · ·
1
2
t2 − 3

2
t+ 17

12
+ · · ·

−8
3
τ 3 − 2τ 2t− 1

2
τt2 − τ 2 − 1

2
τt− 31

4
τ − 2t− 1 + 120iζ(3)

π3 + · · ·
−1

6
t3 + t2 − 9

4
t+ 5iζ(3)

2π3 + 11
6

+ · · ·
8
3
τ 4 + 8

3
τ 3t+ τ 2t2 + 1

6
τt3 + 91

6
τ 2 + 91

12
τt+ t2 − 965iζ(3)

2π3 τ − 120iζ(3)
π3 t− 37

6
+ · · ·


,

(5.124)
where the holomorphic solution is now [54]

X0(ze, zb) =
∞∑
ke=0

∞∑
kb=0

(6ke)!(4kb)!

(2ke)!(3ke)!ke!(kb!)4
zke

e z
kb
b . (5.125)

And the intersection matrix η−1 is given by

η−1 =



2 1 −2 1 4 1 0 1
1 2 −3 −2 3 4 −1 0
−2 −3 −4 −2 0 −1 0 0
1 −2 −2 −4 1 0 0 0
4 3 0 1 0 0 0 0
1 4 −1 0 0 0 0 0
0 −1 0 0 0 0 0 0
1 0 0 0 0 0 0 0


(5.126)

5.3 Criteria of finite distance

Recall in Seiberg-Witten theory, the moduli space of the N = 2 SUSY field theory contains
several singularity points (e.g., u = ±Λ2,∞) such that at these points, the effective action
behaves “singularly”. This is generally true for Calabi-Yau compactifications. For example,
the quintic threefold X5 moduli space contains three special points, namely the large
complex structure point z = 0, the conifold point z = 1/55, and the Z5-orbifold point
z = ∞. At the singular points, something physically important happens. In some cases,
one is interested in the following question: For a singularity z0 and any non-singular point z
inside the complex structure moduli space, is the Weil-Petersson distance (i.e., the distance
coming from the Kähler potential − log

∫ [
Ω ∧ Ω̄

]
) between z0 and z finite or infinite? This

is not an easy problem. Näively one needs an explicit form of the Weil-Petersson metric and
then try to find a geodesic between z0 and all regular points inside the complex structure
moduli space.
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Fortunately, in the paper [78], the author derived a equivalence condition for the finite-
ness of a singular point in a Calabi-Yau manifold of 1-moduli and conjectured its correctness
for Calabi-Yau manifolds that has higher-dimensional complex structure moduli space. The
conjecture for Calabi-Yau threefolds with 2-moduli is proved in [60]. We will discuss about
the condition and apply it to the quintic threefold and sextic fourfold.

5.3.1 Condition for finiteness of a singularity

The condition relies on the asymptotic behaviour of the period vector Π near a singular-
ity point. The first piece we need is the nilpotent orbit theorem of Schmid. We work in
a neighbourhood of a singularity in the complex structure moduli space. Such a neigh-
bourhood is represented as a punctured disk ∆× = {0 < |z| < 1}, where the removed 0
corresponds to the singularity in this coordinate patch.

Let Π(z) be the period vector for the holomorphic volume form Ω. When we loop around
the singularity 0, the period vector acquires a monodromy Π 7→MΠ. Such a monodromy
is known to be quasi-unipotent, i.e., there are some integers r, s such that

(M s − 1)r = 0. (5.127)

After redefinition M s 7→ M we can assume that the monodromy is unipotent. As an
example, the large complex structure point is characterised by its maximal unipotent mon-
odromy, which simply means that for a Calabi-Yau n-fold, the monodromyM around large
complex structure satisfies (M − 1)n+1 = 0.

A unipotent matrix M has a logarithm. It is defined by

N = logM (5.128)

=
∞∑
k=1

(−1)k+1

k
(M − 1)k. (5.129)

Note that the sum is finite since M is unipotent.

Let t = 1
2πi

log z. Then the nilpotent orbit theorem states that near z = 0, the period
vector has the following expansion

Π = exp(tN)(a0 + a1z + a2z
2 + · · · ), (5.130)

with a0 nonzero.

It is important to notice that we are also using the symbol t to denote the full single-
log solution in the period. This is not problematic since we will be only care about a0,
and when working in the limit z → 0, the infinite sum part of the single-log solution is
suppressed.
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Now we are able to describe the finiteness criteria. The scenario we are considering is
the complex structure moduli space of a Calabi-Yau space. Around one singularity, the
neighbourhood is of the form

S = (∆×)r ×∆m, (5.131)

where 0 ∈ S̄ = ∆r+m is the singularity. The form of S simply means that there are
r singular complex structure variables among all r + m complex structure moduli. The
singular divisors are assumed to be resolved to normal crossings S̄ − S = D1 ∪ · · · ∪ Dr.
Denote the nilpotent part in the Jordan decomposition of monodromy around Dj by Mj

and the corresponding logarithm by Nj = logMj.

Then it is conjectured by Wang [79] that the singularity 0 is of finite Weil-Petersson
distance if and only if

Nja0 = 0 (5.132)

for all j = 1, . . . , r. This conjecture is proven for Calabi-Yau space with arbitrary dimension
with r = 1,m = 0 by Wang [78], and for Calabi-Yau threefolds with r = 2 by Lee [60].

Our discussion above is admittedly vague and we are going to show two r = 1,m = 0
examples below. For mathematical precise statements and proof, we refer the reader to
the talk [79].

5.3.2 Example: The quintic mirror X̂5

The large complex structure point

Around the large complex structure point z = 0, we have already solved the period. We
reproduce the asymptotic parts below for convenience

Π0 = X0


1
t

−5
2
t2 + 11

2
t+ 25

12
+ · · ·

5
6
t3 + 25

12
t+ 25iζ(3)

π3 + · · ·

 . (5.133)

It is straightforward to compute the monodromy M0 induced by the loop t 7→ t+ 1

M0 =


1 0 0 0
1 1 0 0
3 −5 1 0
5 8 −1 0

 . (5.134)

This monodromy is unipotent (M0 − 1)4 = 0. And from its Jordan decomposition we
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know that its semisimple part is 1. Its logarithm is

N0 = logM0 (5.135)

= (M0 − 1)− 1

2
(M0 − 1)2 +

1

3
(M0 − 1)3 (5.136)

=


0 0 0 0
1 0 0 0
11
2
−5 0 0

25
6

11
2
−1 0

 , (5.137)

and the operator in nilpotent orbit theorem is

exp(tN0) =


1 0 0 0
t 1 0 0

−5
2
t2 + 11

2
t −5t 1 0

5
6
t3 + 25

6
t 5

2
t2 + 11

2
t −t 1

 . (5.138)

We can read out a0 from the period Π0

a0 =


1
0
25
12

25iζ(3)
π3

 . (5.139)

As a check, we can compute to see that

exp(tN0)a0 = Π0 (5.140)

for the asymptotic part.

Then the quantity of interest

N0a0 =


0
1
11
2
25
12

 (5.141)

is nonzero. This implies that the large complex structure point z = 0 is of infinite Weil-
Petersson distance.

The conifold point

There is another interesting singularity of the quintic at z = 1/55 which is called the
conifold point. This point is argued physically to be of finite Weil-Petersson distance. Let
us now use the criteria to check the claim.
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We have to instead solve the period around z = 1/55. Redefine ∆ = 1−55z and change
the variable to ∆. The Picard-Fuchs operator becomes

Lc = θ̃4
∆ − (1−∆)

4∏
k=1

(
θ̃∆ +

k

5

)
, (5.142)

where the differential operator is defined as θ̃∆ := (∆− 1)∂∆.

We plug in the Ansatz ∆ρ
∑
ck∆

k and find that the indicial equation is

ρ4 − 4ρ3 + 5ρ2 − 2ρ = 0, (5.143)

whose solutions are
ρ = 0, 1, 1, 2. (5.144)

Note that the indices are not maximally degenerate around the conifold point.

By Frobenius method, we conclude that the leading terms around ∆ = 0 in periods are

Πc =


1 + · · ·

∆ + · · · =: ω1(∆)
ω1(∆)t∆ + ∆ + · · ·

∆2 + · · ·

 , (5.145)

where we have rescaled the single-log solution by 1
2πi

and defined t∆ = 1
2πi

log ∆.

The monodromy induced by t∆ 7→ t∆ + 1 is now

Mc =


1 0 0 0
0 1 0 0
0 1 1 0
0 0 0 1

 . (5.146)

This form of the monodromy which contains the block(
1 0
1 1

)
(5.147)

is typical at the conifold points in any Calabi-Yau threefold.

Note that the matrix Mc is already in its Jordan normal form. This matrix is of infinite
order and unipotent (Mc − 1)2 = 0. The logarithm is

Nc = logMc (5.148)

= Mc − 1 (5.149)

=


0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0

 . (5.150)
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For the nilpotent orbit theorem, we can compute the operator

exp(t∆Nc) =


1 0 0 0
0 1 0 0
0 t 1 0
0 0 0 1

 , (5.151)

and check the agreement in the asymptotic part.

The a0 part of the period vector around ∆ = 0 is

a0 =


1
0
0
0

 , (5.152)

and now we can compute
Nca0 = 0, (5.153)

which implies that the conifold point in the moduli space is of finite Weil-Petersson distance.
This agrees with the physical expectation.

There is a remaining orbifold point at z =∞ but the monodromy around it is already
of finite order, which implies that the logarithm of the monodromy is zero. This implies
that the oribifold point is of finite distance.

5.3.3 Example: The sextic mirror X̂6

The large complex structure point

The z = 0 corresponds to the large complex structure point of the sextic. We reproduce
its period here for convenience

Π = X0


1
−t

3t2 + 6t+ 29
4

+ · · ·
−t3 − 3

2
t2 − 19

4
t− 17

8
+ 105iζ(3)

2π3 + · · ·
1
4
t4 + 15

8
t2 − 105iζ(3)

2π3 − 11
64

+ · · ·

 . (5.154)

The monodromy M0 induced by t 7→ t+ 1 is given by

M0 =


1 0 0 0 0
−1 1 0 0 0
9 −6 1 0 0
0 0 −1 1 0
0 0 0 −1 1

 , (5.155)
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and it is maximally unipotent (M0 − 1)5 = 0.

Its logarithm is

N0 = logM0 (5.156)

= (M0 − 1)− 1

2
(M0 − 1)2 +

1

3
(M0 − 1)3 − 1

4
(M0 − 1)4 (5.157)

=


0 0 0 0 0
−1 0 0 0 0
6 −6 0 0 0
5
2
−3 −1 0 0

9
2
−2 −1

2
−1 0

 . (5.158)

From the period Π0 we read out

a0 =


1
0
29
4

−17
8

+ 105iζ(3)
2π3

−105iζ(3)
2π3 − 11

64

 . (5.159)

And compute

N0a0 =


0
−1
6
−19

4

3− 105iζ(3)
2π3

 , (5.160)

which is nonzero. This confirms the expectation that the large complex structure point for
the sextic is of infinite Weil-Petersson distance.

The conifold point

Analogous to the threefolds, a Calabi-Yau fourfold also have a special singularity called the
conifold point. But the behaviour is different from threefolds. In the sextic, the conifold
is at z = 1/66.

First we solve the PF equation around the sextic conifold. After changing the variable
to ∆ = 1− 66z, the PF operator becomes

Lc = θ̃5
∆ − (1−∆)

5∏
k=1

(
θ̃∆ +

k

6

)
, (5.161)

where the differential operator is defined as θ̃∆ := (∆− 1)∂∆.
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Plug in the Ansatz ∆ρ
∑
ck∆

k, and we get the indicial equation

−ρ5 +
15

2
ρ4 − 20ρ3 +

45

2
ρ2 − 9ρ = 0, (5.162)

whose solutions are

ρ = 0, 1, 2, 3,
3

2
. (5.163)

The indices are not maximally degenerate as expected. Moreover the indices do not
even contain repeated values. The last index ρ = 3

2
looks very interesting and this solution

has a branch cut. We can further compute this solution with a brunch cut. Assuming
c1 = 1, and we have

ν = ∆
3
2 +

17

18
∆

5
2 + · · · , (5.164)

which agrees with the result in [35]. This observation that the periods around the fourfold
conifold point has no log-solution but instead have a solution with a non-integer power was
firstly made in the paper [35].

Then schematically, the period vector around the conifold has the following form

Πc =


1 + · · ·
∆ + · · ·
∆2 + · · ·
∆3 + · · ·

∆
3
2 (1 + · · · )

 , (5.165)

so that the monodromy Mc induced by ∆ 7→ e2πi∆ is clearly of order 2

Mc =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 −1

 . (5.166)

According to the criteria, the matrix Nc = 0 implies that the sextic conifold is of finite
Weil-Petersson distence.

5.3.4 Example: two parameter mirror X̂24

With the solution to the fourfold X24 and assuming the conjecture for r = 2,m = 0 is
true for Calabi-Yau fourfolds, we can deduce the finiteness for the mirror of two parameter
example X24. We will only do the computation for the large complex structure point
ze = zb = 0.
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We reproduce the period vector for convenience

Π = X0



1
−τ
−t

2τ 2 + τt+ τ + 2 + · · ·
1
2
t2 − 3

2
t+ 17

12
+ · · ·

−8
3
τ 3 − 2τ 2t− 1

2
τt2 − τ 2 − 1

2
τt− 31

4
τ − 2t− 1 + 120iζ(3)

π3 + · · ·
−1

6
t3 + t2 − 9

4
t+ 5iζ(3)

2π3 + 11
6

+ · · ·
8
3
τ 4 + 8

3
τ 3t+ τ 2t2 + 1

6
τt3 + 91

6
τ 2 + 91

12
τt+ t2 − 965iζ(3)

2π3 τ − 120iζ(3)
π3 t− 37

6
+ · · ·


.

(5.167)
We denote the locus of ze = 0 inside the complex structure moduli space by LR1, and the
locus of zb = 0 by LR2.

LR₁LR2

MLR1
MLR2

Figure 5.1: The monodromies around LR1 and LR2. The intersection LR1 ∩ LR2 is the
large structure point under consideration.

Note that LR1 and LR2 are codimension-1 loci inside the complex structure moduli
space. The monodromies are depicted in figure 5.1. Then around LR1 the monodromy
induced by τ 7→ τ + 1 is given by

MLR1 =



1 0 0 0 0 0 0 0
−1 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
3 −4 −1 1 0 0 0 0
0 0 0 0 1 0 0 0
−2 6 4 −4 −1 1 0 0
0 0 0 0 0 0 1 0
−2 −4 −6 6 4 −4 −1 1


. (5.168)
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And the monodromy around LR2 induced by t 7→ t+ 1 is given by

MLR2 =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
−1 0 1 0 0 0 0 0
0 −1 0 1 0 0 0 0
−1 0 −1 0 1 0 0 0
0 0 0 −1 0 1 0 0
0 0 0 0 −1 0 1 0
0 0 0 0 0 −1 0 1


. (5.169)

A curious point here is that the monodromy around LR1 is maximally unipotent (MLR1−
1)5 = 0, while the monodromy around LR2 is not (MLR2−1)4 = 0. This behaviour appears
also in certain two parameter threefolds which admit elliptic fibration. And such behaviours
indeed come from elliptic fibrations, since the base manifold cannot intersect with itself
multiple times.

We can compute the logarithms, which are

NLR1 =



0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 −4 −1 0 0 0 0 0
0 0 0 0 0 0 0 0
5
3
−2 2 −4 −1 0 0 0

0 0 0 0 0 0 0 0
−1 −4

3
−1

3
−2 2 −4 −1 0


, (5.170)

NLR2 =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
−3

2
0 −1 0 0 0 0 0

0 −1
2

0 −1 0 0 0 0
−5

6
0 −1

2
0 −1 0 0 0

0 −1
3

0 −1
2

0 −1 0 0


. (5.171)

And the a0 is

a0 =



1
0
0
2
17
12

−1 + 120iζ(3)
π3

5iζ(3)
2π3 + 11

6

−37
6


. (5.172)
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Compute

NLR1a0 =



0
−1
0
1
0
−31

4

0

−965iζ(3)
2π3


, (5.173)

NLR2a0 =



0
0
−1
0
−3

2

−2
−9

4

−120iζ(3)
π3


. (5.174)

We see that none of them is zero, which implies that the complex structure point LR1∩LR2

is of infinite Weil-Petersson distence in the complex structure moduli space of X∗24.



Chapter 6

Summary and outlook

In this thesis, we have gone through several solutions of N = 2 theories. We first computed
the low-energy effective action for an N = 2 Yang-Mills theory with gauge group SU(2)
via Seiberg-Witten theory. Then the Calabi-Yau compactification of type II superstring is
performed. It can be checked that the resulting 4-dimensional theory is indeed an N = 2
supergravity. After the compactification, we then embedded the N = 2 Yang-Mills theory
with gauge group SU(2) into type IIA superstring by suitably choosing a non-compact
Calabi-Yau threefold and pushing the Planck scale MPl to infinity to decouple gravity.
The low-energy effective action can thus be solved via local mirror symmetry. We then
worked on a technical aspect of mirror symmetry computation, which is the fixing of an
integral basis for Calabi-Yau threefolds and Calabi-Yau fourfolds. Finally we used the
solution of the periods and Hodge theory to determine the finite-distance property of a
singularity in the complex structure moduli space of Calabi-Yau spaces.

There are of course many more to be done in this subject. Especially, Calabi-Yau
fourfolds are still not well-understood as Calabi-Yau threefolds. One can discuss more on
the method of fixing an integral basis via homological mirror symmetry, since a good choice
of a basis of 4-cycles seems to be crucial for the method to work on an arbitrary Calabi-Yau
fourfold. One can also study theH2,1 cohomology of a Calabi-Yau fourfold to understand its
physical significance and derive its properties, hopefully in a manner similar to the Kähler
deformation H1,1 and the complex structure deformation H3,1. Systematically applying
the finite-distance criteria to models with various Calabi-Yau spaces remains to be done.
Finally, the finite-distance criteria is still a conjecture for general Calabi-Yau spaces, and
it deserve a proof or disproof.
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Appendix A

Calabi-Yau threefolds and special
geometry

In this appendix we recall some properties of Calabi-Yau threefolds and the special ge-
ometry that governs its moduli space. We will also define the quantities that are used in
chapter 3. This appendix is mainly to support the material in chapter 3. The Hodge-
theoretic properties are reviewed in chapter 5.

A.1 Basics of Calabi-Yau threefold

A Calabi-Yau threefold Y is a compact three (complex) dimensional Kähler manifold with
trivial canonical bundle. This definition extends to noncompact and singular Calabi-Yau
spaces. In the compact case, there are of course various equivalent definitions of Calabi-
Yau threefold and they are of different usage. For example a compact Calabi-Yau threefold
is also characterised by its SU(3) holonomy group. This characterisation is useful when
one wants to the discuss supersymmetry breaking during compactification and is one of
the key properties that let people consider compactification using Calabi-Yau threefolds.

As a Kähler manifold, Y has compatible Riemannian g, complex I and symplectic
structures J . Locally, these compatibility conditions are expressed as:

• Written in real coordinates, the Kähler form J is related to the complex structure I
by “lowering one index using the Riemannian metric g”

J =
1

2
Iki gkjdy

i ∧ dyj. (A.1)

• Written in complex coordinates (of course this set of coordinates depend on the
complex structure I), the Kähler form J is “the same as the Riemannian metric g”

J = igµν̄dy
µ ∧ dyν̄ , (A.2)
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where yν̄ is an alias for ȳν and we are sorry about the abuse of the same symbol y
for both real and complex coordinates on Y .

And Yau’s famous theorem tells that given a Kähler manifold (Y, J) with vanishing first
Chern class, there is a unique Ricci-flat Riemannian metric on Y such that its associated
Kähler form J ′ is in the same cohomology class of the original J . This guarantees the
existence of Calabi-Yau manifolds.

The Hodge diamond of a Calabi-Yau threefold is

1
0 0

0 h1,1 0
1 h2,1 h2,1 1

0 h1,1 0
0 0

1

(A.3)

where h1,1 parametrises Kähler structure deformations and h2,1 parametrises complex struc-
ture deformations.

We will now discuss the moduli space of Calabi-Yau threefolds. An original and good
reference is [12]. We mainly follow [38]. For more details the reader can also consult [51]
and [7]. One important property of Calabi-Yau threefold moduli spaceM is that it splits
into a direct product of Kähler moduli spaceMKähler and complex structure moduli space
MComplex

M =MKähler ×MComplex, (A.4)

so that we can describe each of them separately. This splitting also enables the computation
of nonperturbative coupling functions via mirror symmetry.

Another important property of the moduli spaces is that they are special Kähler man-
ifolds, which allows one to study them via the periods of the holomorphic volume form
Ω in chapter 5. Basically, all properties of the Kähler and complex moduli spaces can be
derived form their own prepotentials.

The cohomology basis is chosen as in table 3.2.

A.2 The Kähler structure moduli space

Let J ∈ H1,1(Y ) be the Kähler form and we expand it in the harmonic basis

J = viωi, (A.5)

where the sum is over i = 1, . . . , h1,1.
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In string geometry one always consider instead the complexified Kähler class B2 + iJ .
Just like in the effective action SIIA/Y (3.63), the complexified Kähler parameter is ti :=
bi + ivi.

Then we define the quantities

K :=
1

3!

∫
Y

J ∧ J ∧ J, (A.6)

Ki :=

∫
Y

ωi ∧ J ∧ J, (A.7)

Kij :=

∫
Y

ωi ∧ ωj ∧ J, (A.8)

Kijk :=

∫
Y

ωi ∧ ωj ∧ ωk. (A.9)

Obviously the triple intersection Kijk is more “fundamental” since the other three quan-
tities can be rewritten in terms of Kijk:

K =
1

3!
Kijkvivjvk, (A.10)

Ki = Kijkvjvk, (A.11)

Kij = Kijkvk. (A.12)

The metric on the complexified Kähler cone is defined as

gij :=
1

4K

∫
Y

ωi ∧ ?ωj, (A.13)

and it can be rewritten as

gij = − 1

4K

(
Kij −

1

4K
KiKj

)
, (A.14)

using (see [73])

?ωi = −J ∧ ωi +
Ki
4K
KiKj. (A.15)

The Kähler moduli space itself is again a Kähler manifold with Kähler potential K given
by

K = − log 8K. (A.16)

Furthermore the Kähler moduli space is a special Kähler manifold : there is a prepoten-
tial

F = − 1

3!

KijkX iXjXk

X0
, (A.17)
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where XI = (1, ti) is the special projective coordinate, such that the Kähler potential can
be written in terms of the prepotential F as

K = − log i(X
IFI −XIF I), (A.18)

where FI := ∂
∂XIF .

The gauge coupling matrix NIJ is defined as

NIJ := F IJ +
2i

(ImF)PQXPXQ
(ImF)IK(ImF)JLX

KXL, (A.19)

where FIJ := ∂
∂XI

∂
∂XJF . Write in components,

ReN00 = −1

3
Kijkbibjbk, (A.20)

ImN00 = −K +

(
Kij −

1

4

KiKj
K

)
bibj, (A.21)

ReNi0 =
1

2
Kijkbjbk, (A.22)

ImNi0 = −
(
Kij −

1

4

KiKj
K

)
bj, (A.23)

ReNij = −Kijkbk, (A.24)

ImNij =

(
Kij −

1

4

KiKj
K

)
. (A.25)

A.3 The complex structure moduli space

The Weil-Petersson metric on the complex structure moduli space is given by

gab̄ := − i

K‖Ω‖2

∫
Y

ηa ∧ η̄b (A.26)

= −
∫
Y
ηa ∧ η̄b∫

Y
Ω ∧ Ω̄

, (A.27)

where we have used the relation

i

∫
Y

Ω ∧ Ω = K‖Ω‖2. (A.28)

Be careful with the extra i appearing in front of the integral. This is due to a change
complex coordinate system to real coordinate system. It can also be understand by noticing
that the LHS without the i is purely imaginary while the RHS is a real quantity hence we
need an extra i factor. In general, the Ω ∈ H3,0 is called a holomorphic volume form which
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is a characteristic of Calabi-Yau manifolds due to its triviality of the canonical bundle. It
is a volume form in the sense that Ω ∧ Ω provides a nowhere vanishing top form on the
underlying real manifold. But when the complex dimension of the manifold is odd, e.g.
for Calabi-Yau threefolds, one should be careful about an extra i factor. Other numerical
factors can be determined by a careful computation in local coordinates.

The complex structure moduli space is also a Kähler manifold with Kähler potential

K = − log

(
i

∫
Y

Ω ∧ Ω

)
. (A.29)

Furthermore, the complex structure moduli space is again a special Kähler manifold
with a prepotential F . Written in terms of the prepotential, the Kähler potential is again
of the form

K = − log i(z̄AFA − zAF̄A), (A.30)

with FA = ∂
∂zA
F .

The gauge coupling matrixMAB is then similarly defined as

MAB := FAB +
2i

(ImF)PQZPZQ
(ImF)AC(ImF)BDZ

CZD. (A.31)
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Appendix B

Summery of Hodge theory

In this appendix we recall some basics on the Hodge theory of Kähler manifolds. For
details, we refer the reader to the review article [24], and the books [32], [77], [3] and [33].

For a compact Kähler manifold X of dimension m, its n-th de Rham cohomology with
complex coefficients Hn(X,C) admits a Hodge decomposition

Hn(X,C) =
⊕
p+q=n

Hp,q(X), (B.1)

with Hq,p(X) = Hp,q(X). This decomposition equips the integral cohomology Hn(X,Z)
(with the torsion modded out) with a pure Hodge structure of weight n. The hodge number
hp,q is defined to be

hp,q = dimCH
p,q(X), (B.2)

and it obviously satisfies hq,p = hp,q.

It is important to point out that the LHS of the Hodge decomposition (B.1) is the
complex de Rham cohomology, which is a topological invariant of X not depending on the
complex structure on X, while the RHS decomposition really changes with the variation of
complex structure on X. One can think about the situation for R2. Fix a nonzero vector
v ∈ R2 and we have R2 = vR ⊕ v⊥R. It is obvious that the RHS decomposition is not
canonically defined and the decomposition varies with the choice of v.

Besides the Hodge decomposition, there is another important decomposition on a com-
plex Kähler manifold, namely the Lefschetz decomposition. Let X be a compact Kähler
manifold of dimension m with Kähler form J ∈ H2(X,R). Then wedging with J gives the
Lefschetz map

L : Hn(X,R)→ Hn+2(X,R). (B.3)
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Consider the following maps

L0 : Hn(X,R) → Hn(X,R), (B.4)

L1 : Hn(X,R) → Hn+2(X,R), (B.5)
...

Lm−n−1 : Hn(X,R) → H2m−n−2(X,R), (B.6)

Lm−n : Hn(X,R) → H2m−n(X,R). (B.7)

The hard Lefschetz theorem tells us that all these maps are injective, i.e., Ker(Lm−j) = 0
for j = n, n + 1, . . . ,m. Furthermore, in addition to L0 = id, the last map is actually an
isomorphism. The next power Lm−n+1 is in general not injective, and one defines its kernel
inside Hn(X,R) to be the primitive cohomology

P n(X,R) := Ker(Lm−n+1 : Hn(X,R)→ H2m−n+2(X,R)). (B.8)

Then one has the Lefschetz decomposition

Hn(X,R) =
⊕
2r≤n

LrP n−2r(X,R). (B.9)

Furthermore the Lefschetz decomposition is compatible with the Hodge decomposition.
Define P n(X,C) = P n(X,R)⊗C, and P p,q(X) = P n(X,C)∩Hp,q(X) for p+ q = n. Then
one has

P n(X,C) =
⊕
p+q=n

P p,q(X), (B.10)

for p = 0, . . . , n.

It is often convenient to represent the Hodge structure on Hn(X,C) by a decreasing
Hodge filtration Hn(X,C) = F 0 ⊃ F 1 ⊃ · · · ⊃ F n = 0 such that Hn(X,C) ' F p⊕F n−p+1.
This can be done by defining

F p = Hn,0 ⊕Hn−1,1 ⊕ · · · ⊕Hp,n−p. (B.11)

And the space Hp,q in Hodge decomposition can be rewritten as

Hp,q = F p ∩ F q. (B.12)

Let X be a compact Kähler manifold of dimensionm with Kähler form J . In the context
of variation of complex structure, one also needs a polarisation. On Hn(X,C), this means
that we have a nondegenerate bilinear pairing Q : Hn(X,C)×Hn(X,C)→ C, defined by

Q(α, β) =

∫
X

α ∧ β ∧ Jm−n. (B.13)
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It is obvious that this pairing is symmetric when n is even and is skew-symmetric when n
is odd. Furthermore, it satisfies the following two Hodge-Riemann bilinear relations

Q(Hp,q, Hr,s) = 0, (B.14)

for p+ q = r + s = n, unless p = s, q = r.

(−1)n(n−1)/2ip−qQ(α, ᾱ) > 0, (B.15)

for α ∈ Hp,q nonzero with p + q = n. This allows us define a positive-definite metric on
Hn(X,C).

The Hodge-Riemann bilinear relations can be rewritten in terms of the Hodge filtration
{Fp}. First we define the Weil operator

C : Hn(X,C)→ Hn(X,C) (B.16)

by C|Hp,q = ip−q. Then the two relations are

Q(F p, F n−p+1) = 0, (B.17)

(−1)n(n−1)/2Q(Cα, ᾱ) > 0, (B.18)

for all nonzero α ∈ Hn(X,C).

In mirror symmetry, we often consider the middle cohomology n = m. The realisation
of these identities are examplified in chapter 5.
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