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1 Introduction to Anabelian Geometry

This thesis considers the question to what degree a scheme is determined by its étale fundamental
group. The study of this question is the field of Anabelian geometry. In general, abelian fundamental
groups are too simple to determine all of the scheme structure. The schemes in question therefore
have to possess étale fundamental groups that are not abelian; hence the epithet ‘anabelian’.

1.1 Fields

The cornerstone of Anabelian Geometry is the lauded Neukirch-Uchida theorem, stating that the
structure of a global field is encoded in its absolute Galois group, from now on called just its Galois

group.

Let k1, k2 be two global fields and fix two separable closures k1, k2. Let Isom(ky, k2) be the set of field
isomorphisms k; — ko and let Isom(k1 /k1, k2/k2) be the isomorphisms k1 — ko that send k; to k.
We consider the Galois groups G| = Gal(ky, k1), Go = Gal(ka, k2). The automorphism group G; acts
on Isom(k1/k1, k2 /k2) by the application a(¢) = ¢ o o' and we have an isomorphism

Isom(ky/k1, k2, ko)/ G1 = Isom(kq, k2)
An element ¢ € Isom(ki /k1, k2/ko) induces an isomorphism ¢* : Go = G1 given as
¢*(a2)(w1) = ¢~ (aa(p(x1))), 1 € ki, 09 € Ga.
An inner automorphism of a group G is an automorphism of the form ¢, : G — G
g+ hgh™, geG

for a fixed h € G. An outer morphism of groups G — H is an equivalence class of group homomor-

phisms f where the equivalence relation is induced by f — f o c,zl.

Theorem 1.1 (Neukirch-Uchida). Let ky, ko be global fields; fix algebraic closures ki, ko and let G, Go
denote their Galois groups. There is a natural bijection

Isom(ky /k1, k2 /ka) = Isom(Gy, Ga).
If we do not keep track of the basepoints we have a natural bijection
Isom(ky, ko) = Isomout(Grl7 Go)
where on the right we have outer isomorphisms.

Proof. See Theorem 12.2.1 [NSWOS]. O



The above theorem was proved by Neukirch for number fields that are Galois over @, conditional on
an earlier result of Gassmann on arithmetic equivalence. Uchida was the first to prove it for general
number fields and function fields. Apparently, Iwasawa also had a proof which was not written
down. In the statement of the Neukirch-Uchida theorem I kept explicit track of the basepoints. In the
following I will generally suppress mention of the basepoint.

Definition 1.2. A profinite group is a topological group II that is isomorphic to the projective limit of
finite groups endowed with the discrete topology.

Suppose that a suitable class of schemes V' is completely determined by their etale fundamental groups-
these are often called "anabelian” schemes. One might phrase this as stating that 7; : V' — ProGrp
fully faithfully embeds the class of schemes V' into the category of profinite groups ProGrp.

Following Neukirch-Uchida, can we now say that the scheme Spec(k) is completely determined by
G? Not exactly. Suppose I ‘gave’ you Gy, as a profinite group, could you ‘reconstruct’ k£ with just that
information? It isn’t very clear how this is possible.

A fundamental distinction is made between ‘fully-faithfullness” type results and ‘reconstruction
algorithms’. Sometimes they are called bi-anabelian, respectively mono-anabelian, results, see the
introduction of [Moc15]. A fully faithfullness result states that 7, is fully faithful for suitably chosen
V — ProGrp.

As of the time of writing, there is not yet an elegant formulation. In the case of 71, what is meant
is that one should describe the scheme inverse to a given profinite group in mathematical formulae
that only use the "language’ of profinite groups. Hence we might talk of various kinds of subgroups,
torsion elements, open immersions of groups et cetera.

Definition 1.3. A Species € is a collection of set-theoretic formulae {¢;}; such that interpreted in any
model 9 of set theory the {¢;}; determine a category C. The objects {c;} in the category C defined
by the formulae {¢;} are called specimen and the morphisms morphisms of specimens. Let €, D be two
species defined by formulae {¢;}, {1 }. A functorial algorithm or mutation is a collection of set-theoretic
formulae {74} such that interpreted in any given model 9t of set theory the {7} define a functor
A:C—D.

Other words that mean the same thing are: ‘mono-anabelian reconstruction; group-theoretic recipe.’

Example 1.4. The usual description of groups as "sets G with an operation satisfying etc...” together
with the description of group homomorphisms as ‘functions f : G — H such that f(a*b) = f(a)* f(b)
etc” furnishes a Species Gtoup. The specimen are descriptions of individual groups such as "the group
Z is the free group on a single generator etc.”.

Example 1.5. Let G be a fixed group [like Z/nZ] and consider its usual description in set theoretic
formulae. This yields a Specie €; with associated category the trivial category. Of course we may also
consider group homomorphisms G — G through the usual set theoretic formulae to obtain a different
Specie €; whose associated category has one object and morphisms equal to Aut(G).

We will see examples of functorial algorithms shortly.

Remark 1.6. Given the Galois group Gy, of a number field £ just as “abstract” profinite group [i.e. we
are not provided with the action G ~ k] can we reconstruct the number field? One very trivial answer
would be: ‘% is the field such that Gy, is its absolute Galois group’. This is clearly not the answer we
wanted.

Definition 1.7. An isomorph of an object X is simply any object Y such that Y is isomorphic to X. To
simplify notation I will use a dagger f to denote an isomorph of an object. For instance, if X is a scheme



and Il is its étale fundamental group—notice that we suppress the dependence on basepoints—then
HE( is a profinite group that is isomorphic to IIx. Alternatively, I will often use II, G for isomorphs of
a Gy, IIx where the schemes in question should be clear from the context.

Definition 1.8. Let & be a field. Suppose G is an isomorph of G. Let M be a set, a monoid, group,
field, ring, topological group, ind-topological group et cetera, together with an action G. Then we say
that G ~ M is a Galois pair.

In the case of function fields a simple rewriting of Uchida’s proof furnishes a functorial algorithm for
reconstructing the field from its absolute Galois group. The number field case requires more care but
was recently solved by Hoshi.

Let k be a number field and k an algebraic closure. Let G denote the category with objects profinite
groups isomorphic to G and morphisms to be isomorphisms of profinite groups. Let G — Pair denote
the category of ‘Galois pairs’ G ~ k, i.e. a pair of a profinite group G acting on an algebraically closed
field k, where morphisms are isomorphisms of pairs.

Theorem 1.9 (Hoshi). There is a functorial algorithm A
A:G — ~G — Pair
Gr— G k(Q))
that reconstructs the number field k together with its Galois action, functorial with respect to isomorphisms of
profinite groups.
Proof. See [Hos15]. O

Remark 1.10. The functorial reconstruction of a number field immediately implies Neukirch-Uchida.
Indeed, it is clear that any isomorphism of fields induces a unique morphism of Galois groups.

We have a mono-anabelian reconstruction algorithm for reconstituting a number field from its Galois
group. What about other fields? The case of finite fields is easy: the Galois groups of finite fields are
all isomorphic to Z so there is little to say about this case.

The Neukirch-Uchida theorem does not hold for p-adic fields (= finite extensions of Q). It is possible
for two p-adic fields to have the same absolute Galois groups. This was first discovered by Jarden and
Ritter and independently by Yamagawa. In the following fix



k | afinite extension of Q,

k | an algebraic closure of k

Gy, | the absolute Galois group of &

Oy, | the ring of integers of k
O; | the units of Oy,

i | the roots of unity of &

m | the maximal ideal of Oy,

I | a uniformizer of m

k | the residue field of

p | the residue characteristic of x

q | the size of the residue field x

e | the ramification degree

d | the absolute degree [k: Q)]

I | the inertia group Ker(Gy — G)

Py, | the wild inertia group

G, | the Galois group of the residue field «
Fr | the Frobenius element in G, or sometimes a lift in Gy,

Theorem 1.11 (Jarden-Ritter). Let p # 2. Let k1, ko be finite extensions of Q. Let (, be a p-th root of unity.
If ¢, € k1 then ky, ko have isomorphic absolute Galois groups if and only if

(i) The absolute degrees are equal: [k : Qp] = [k2 : Q]

(ii) The maximal abelian subextensions k2°, ki are isomorphic over Qp.

Proof. See Jarden and Ritter [JR79]. O

Example 1.12 (Exotic automorphisms). A related obstruction for us will be the existence of automor-
phisms of the Galois group Gy, that do not arise from automorphisms of fields. These are called exotic
automorphisms. It is not terribly important to understand how these automorphisms work in detail. I
try to give a sense of how they arise below, but feel free to skip it.

Assume p # 2, let the order p® of the group p,s of all p-power roots of unity in the maximal tamely
ramified extension.

We may describe the Galois group explicitly, see Theorem 7.5.10 in [NSWO08], as the profinite group

generated by d + 3 generators o, 7, zg, - - - , 74 such that the closed normal subgroup, topologically
generated by zo, - - - , x4 is a prop-p-group and we have the relation
oro ! = T4, 0'3?00’71 = Clxy, xo][x3, x4] -+ [Xg—1, Z4]

where C' is some monstrous expression in xg, 21, 7, p* and the parity of d defined in [NSWO08].

We now come to exotic automorphisms, first discovered by Jannsen and Wingberg, see Theorem 7.5.10
in [NSWO08] or [JW83]]. Define the map
v G — G

as Y (z) = x for all generators o, 7, xg, - - - ©4—1 and Y (zq) = z4_124. Since [x4_1, TgTq—1] = a:d,la:dxd,lxg_ll(xdafd,lj
[£4_1, %] this is an automorphism. It turns out that it cannot arise from a field automorphism, see the
remark following Theorem 7.5.10 in [NSWOS].



Nevertheless, we can recover a lot of data associated to a p-adic field k/Q,, by looking at its Galois
group Gy.

Theorem 1.13. We have the following commutative diagram

(i) There is a morphism of short exact sequences

1 Oy k> Z 1
1 I G Cp 1

and the vertical arrows are the inclusions of the groups into their profinite completions. Here Z— G, 27
is the inclusion given by sending a uniformizer to the Frobenius element.

(ii)) We have
OF 2 F) x Z/p"Z x T

where a > 0; this has to do with how many p-th roots of unity k has.
(iii) We have

(iv) We have a short exact sequence
1—>Ik/Pk—>Gk/Pk—>Gk/Ik—>1

where Gy, /1, = Gal(k"™/k) = GI™ = Gy, Iy /Py = Gal(k™ /E"™) where k"™, k' are the maximally
unramified extension, respectively maximally tamely ramified extension of k. Moreover, as a G.-module
I /P, = Gal(k'" /k"™) is given as H Zi(1).
I#p
Proof. The statement of (i) is Local Class Field Theory. A proof of assertion (i) can be found in [Neu99,

Chapter V]. For (ii) see Propostion 5.3 and 5.7 of [Neu99, Chapter II]. To prove (iii) we make use of (ii)
and (i); if we can prove that

1 in Gab Gy 1 (1.1)
splits we can conclude that
G2 Gy x I, 2 Z x OF 27 x Ff xZ//p\o“inE%ixF; X L/p"Z x L}

To prove that the short exact sequence in equation[I.1]splits we note that

1 — Of E* Z 1

splits [i.e. any element in a local field can be written as b-7f,, b € O} a € Z for some chosen uniformizer
7] and the short exact sequence [1.Tis obtained as the profinite completion, which preserves splittings.

Let us proceed with (iv). The short exact sequence is basic group theory, the identifications follow
from the definition of Ij, P;. To compute I}, /P, we argue as follows. This argument is the remark
preceding Proposition 7.5.1 in [NSWO08, Chapter VII].



Let .7") the group of roots of unity prime to p in k; 1. is a G,-module. Moreover, under the reduction

k k
map /i) corresponds to the multiplicative group =~ of the residue field of k. Let Val(—) denote the
value group. After normalization the value group Val(k) of & is Z; extending this valuation we have

1
try __ -
Val(k') = J -
pin
Next, we have an isomorphism
I;, /P, = Hom(Val(k') / Val(k), £%) = Hom((Q/Z)®), 7%)
see p. 174 in [Neu99, Chapter II].

In detail the argument runs as follows: we have a morphism I}, — Hom(Val(k™")/ Val(k), %) given as
follows. Let o € I, and send it to x,, acting on d mod Z € Val(k'")/Z as: pick an element € k" such
that the valuation equals val(z) = d and set

ar

Xo(d mod Z) = — mod ‘B
x

where P is the unique prime ideal of the local field k. One checks that this definition is independent
of the element z € k', that it is an homomorphisms of groups, see p.174 [Neu99, Chapter II] and

that P is the kernel. We prove the last property, let 7 € P, and consider x,. Remark that 7 acts as

77,1/ P an w,i/ " for some J, were (pn is a primitive p"-th root of unity which is send to one in the

residue field. This implies that x - is trivial. Given any o € I}, it also acts by multiplication by roots of
unity, but these are nontrivial in the residue field if o ¢ P} so I conclude P is the kernel.

~

The Frobenius automorphism Fr € G}" = G, acts trivially on the domain and as multiplication
by ¢ [in additive notation] on the codomain of Hom(Val(k'")/ Val(k),%*). I conclude that I}, / P}, =
BizpLp(1). O

Theorem 1.14. Let k be a finite extension of Q, and let Gy, the absolute Galois group. Let G be an isomorph
of Gi. We want to extract p and as much about k as possible purely from the datum of G. Define the
‘group-theoretic’ functorial algorithm

(i) Let p(G) be the unique prime p such that
log, ((#(G* /tor)/(p G /tor)) > 2.
where 1 is a prime distinct from p.

(ii) Let the anabelian degree be
d(G) = log, () (#(G** ftor)/(p(G) G** /tor)) — 1.
(iii) Let f(G) the anabelian residue degree
F(G) = logy(c) (1 + (#(G™)eor) ™)

where | is any prime coprime with p(G), where GP") denotes the prime-to-p quotient of G.

(iv) Define the anabelian ramification index e(G) = @

f(G)
(v) Construct the inertia group 1(G) as

[(G) = ﬂ{NZ < G | N; normal open, e(N;) = e(G)}
iel



(vi) Comstruct the wild inertia group P(G) as

o e(N) . .
P(G):= m{N < G | N normal open, (@) is prime to p}

(vii) Let Gi™(G) = G /1(G).

(viii) Define the anabelian Frobenius element Fr(G) as the unique element of G / 1 whose image under the
natural conjugation map
conj: G/I(G) —» Aut(I(G)/P(Q))

is multiplication by p(G)7(®),

Proof. Calculate G* /tor = Z x Zg. Recall that Z = HZZ and Z,/lZ, is equal Z/pZ if p = | and

zero otherwise. If | # p then (G /tor)/(1 G /tor) = Z/IZ ; if | = p then ((G* /tor) /(1 G® /tor)) =
(Z/pZ)*1, so (i) and (ii) follow. Since Z, is torsionfree G = Fy x Z/p*Z and (iii) follows. For
(iv) remark that k is a separable extension of @, and its valuation is discrete - in that case the stated
equality holds, see Chapter II, Proposition 6.8 in [Neu99]]. Assertions (v), (vi), (vii) follow immediately

from the definition. For (viii) we have the split short exact sequence
1-1(G)/P(G) - G/P(G) —-G/I(G) =1

which describes G /P(G) as a semi-direct product of the Galois modules I(G)/P(G) and G/ I(G) =
Gal(k"™" /k) = 7. Now lifting elements of G / I(G) to elements of G and letting them act on I(G)/P(G)
by conjugation furnishes a well-defined action. In Theorem [1.13(iv) we computed the structure of
1(G)/p(C) as G“" = G /1(G)-module. The Frobenius action then acts as multiplication by ¢ = p’ on
H Zy(1) as required. O
I#p

Remark 1.15. Mochizuki proved that an isomorphism between the Galois groups of two p-adic
tields that preserves the filtration by ramification groups induces an isomorphism between the fields
(IMoc97).

1.2 Curves

Let X be a connected scheme. Recall the following: the category of finite étale covers X, of X
form a Galois category. A choice of basepoint T : Spec(k) — X is equivalent to a fiber functor
Fz : Xpep — Sets obtained as taking the scheme theoretic fiber Yz over 7 for any finite etale cover
Y — X. The etale fundamental group is obtained as the group of automorphisms of the fiber functor
71 (X, T) == Aut(Fz). The theory of etale fundamental groups unifies Galois theory and the theory of

topological fundamental groups.

Lemma 1.16 (Homotopy sequence). Let X be a geometrically connected locally Noetherian scheme over a
field k with a chosen separable closure k. Let Il x be its étale fundamental group. We have the fundamental exact
sequernce

1> Ax -1y - G, — 1

where Ay = 71 (X7). The group Ax is called the geometric (etale) fundamental group, the Galois group Gy,
is sometimes called the arithmetic fundamental group.

Proof. See [Stal6, Tag OBTU]. O



Remark 1.17. The geometric connectivity is essential. If X7 is not connected, the étale fundamental
group is not well defined - it depends on a choice of connected component.

Example 1.18. From the sequence we obtain a natural Galois-module structure on Ax. Let g € G,
and lift g to g in IIx. We have a natural action by conjugation on A x.

More important than knowing the definitions may be understanding a number of examples.

Example 1.19. (i) The etale fundamental group of the spectrum of a field Spec(k) coincides with
the absolute Galois group Gy.

(ii) The etale fundamental group m(Spec(Z)) = 0 since any nontrivial finite extension of Z is
ramified by Minkowski’s theorem.

(iii) Similarly, ]P% is etale simply connected, essentially because of Riemann-Hurwitz.

(iv) Suppose the characteristic of k is zero. The etale fundamental group of an elliptic curve E/k
coincides with the Tate module T'(E) := ; lim E[I"]. The underlying abelian group is isomor-

phic to 7 x 7 with a natural Galois module structure induced by the action of Gy, on the torsion
points. This case will be examined in more detail later on. Remark that since we are implicitly
working with pointed schemes the associated covers are those of elliptic curves, not of genus
one curves.

(v) In general, for a smooth curve C/k the geometric etale fundamental group coincides with the
profinite completion of the topological fundamental group, see Lemma [2.2|below.

Definition 1.20. A curve (i.e. a smooth integral geometrically connected one dimensional scheme of
finite type over k) of genus g with  punctures is called hyperbolic if

2—-29g—7r<Q0
Equivalently, the Euler characteristic is smaller than zero.

Most curves are hyperbolic, the fundamental exceptions being elliptic curves and the projective line
minus zero, one or two points. The n punctures of the hyperbolic curve are also called the ‘cusps” and
are of great importance in the theory.

Let X — Spec(k) be a scheme, and suppose = € X (k) is a k-rational point, i.e. a section Spec(k) — X.
By functoriality of 71, a rational point € X (k) implies that the above exact sequence has a section (is
a split exact sequence). The section conjecture is the converse statement.

Conjecture 1. Let X be a proper hyperbolic curve over a field k of characteristic 0. Let s : G, — IIx
be a splitting of the fundamental exact sequence

1> Ax -1y > G — 1

then s arises from a rational point € X (k).

Remark 1.21. Why is the section conjecture interesting? It suggests a way to prove Mordell’s
conjecture/ Faltings theorem using ‘group-theoretic’ methods; i.e. it would be enough to show
that there are only finitely many sections of the homotopy sequence for hyperbolic curves. Despite
significant progress, this dream has not come to fruition. It should be mentioned on the other hand
that Minhyong Kim’s proof of Siegel’s theorem (see [Kim05]) is fundamentally based on thinking of
rational points as sections, though the details differ somewhat.

Remark 1.22. The section conjecture is false in some settings, e.g. over F), [see Theorem 224 in [Sti13]].



In general, the section conjecture has been checked only in the ‘trivial” case, i.e. there are examples
where one can prove that no sections exist, implying that there are also no rational points.

Definition 1.23. Let k a field. If £ is a subfield of a finitely generated extension of Q,, for some p then
we call k sub-p-adic. In particular number fields and finite extensions of Q, are sub-p-adic.

One direction is already known:

Theorem 1.24. Let X /k be a hyperbolic curve over a sub-p-adic field. Then the following map from rational
points to sections of the fundamental exact sequence is injective:

X(kj) — Sect(HX — Gk)/ ~

where the equivalence relation is induced by conjugacy by Ax = m1(X5).

Let V be a given class of schemes, and for all X € V, let Iy its étale fundamental group. The Anabelian
Grothendieck conjecture is the assertion that IIx determines the scheme X. There are a couple of basic
distinctions in the precise way we can ask what is meant by this assertion.

The first distinction is between the Hom-version and the Isom-version of the Grothendieck conjec-
ture. That means that we have functoriality with regard to all morphisms between schemes or just
isomorphisms.

The second distinction is that between relative and absolute anabelian geometry. In relative anabelian
geometry we start with the étale fundamental group HE( together with a projection HE{ — G}, and we
ask about morphisms over the field k. In absolute anabelian geometry, on the other hand, we start
with just the étale fundamental group HE( and ask about maps of schemes. The absolute conjecture
trivially implies the relative conjecture.

Historically, the first breakthrough was Tamagawa’s proof of the absolute Isom-conjecture for affine
curves. The base field may be either a number field or a finite field. This is very surprising since finite
fields themselves are not anabelian, seeing as the absolute Galois group of I, is independent of p!

Theorem 1.25 (see[Tam97]).
1. (Theorem 0.6 of [Tam97]) Let X; be smooth connected affine curves over finite fields F;,i = 1,2. Then

Isom(X1, X3) = Isom®“ (ITy, IT5)

2. (Theorem 0.4 of [Tam97]) Let X; be smooth connected affine hyperbolic curves over finitely generated
fields F;,i = 1,2 of characteristic 0. Then

Isom (X1, X2) = Isom®* (I3, II5)

Mochizuki soon proved a much stronger result using different methods:

Theorem 1.26 (Relative Anabelian Hom Conjecture, Theorem A of [Moc99]). Let X,Y be hyperbolic
curves over a sub-p-adic field k. Let Ilx — G}, respectively Iy — G, be their étale fundamental groups
together with their projection to Gy. We have a natural bijection

Hom{™(X,Y") = Hom@&" (Il x, Iy)

where Hom%™ (X, Y') denotes dominant morphisms over k and Hom@" (I, Ily ) denotes open outer homo-

morphisms over Gy,



Remark 1.27. Notwithstanding the fact that the theorem is stated in a completely bi-anabelian way,
the proof of the theorem actually furnishes a mono-anabelian algorithm that reconstructs X from
H} — Gy, functorial with respect to open outer continous homomorphisms of profinite groups over
Gy The proof of the theorem is a technical tour de force and will not be covered here.

In our terminology, this has the advantage of applying to the Hom version but the disadvantage of
being relative.

In Section 4.3 of [Moc03], Mochizuki generalized the main result of [Moc99] to the case that & is
generalized sub-p-adic, i.e. a subfield of a finitely generated field extension of the maximal unramified
extension of Q,,.

Although this will not be of further interest to us, the following was also proven in [Moc99]:

Theorem 1.28 (Birational Relative Anabelian Hom-conjecture, Theorem B of [Moc99]). Let M, L be
function fields of strictly positive transcendence degree over the sub-p-adic field k. We have a natural bijection

Homy,(Spec(M), Spec(L)) = Hom&" (G, Gr)

where the Hom-sets are as above. From the proof, there is a functorial algorithm that reconstructs Spec(M)
from its Galois group G .

It should be noted that F. Pop had already proven a version of this theorem in which £ is finitely
generated over its prime field.

Remark 1.29. The above theorems were proven in the 90’s, before the distinction between reconstruc-
tion and fully-faithfulness results was fully appreciated, hence are stated in a ‘bi-anabelian” way in the
original papers. Mochizuki claims that all known anabelian results can be stated as a mono-anabelian
reconstruction algorithm, except for Neukirch-Uchida (which is now solved by Hoshi). See p.7 of
[Moc15]. The paper [Moc15] is not the first to consider the importance of explicit anabelian reconstruc-
tion. The distinction was appreciated earlier, under different terminology, but as far as I know it was
never applied.

By forgetting the projection to Gy, the absolute results imply relative results. Can we go the other
way? The first result in this direction is the reconstruction of the geometric fundamental group.

Theorem 1.30 (Reconstruction of the geometric fundamental group, Lemma 1.1.4 of [Moc04]). Let I1x
be the étale fundamental group of a hyperbolic curve X over a number field or p-adic field k. Then there is a
functorial algorithm that reconstructs the geometric fundamental group as an open subgroup

M > (A% c 1)
functorially with respect to open immersions.
For number fields we then have:

Theorem 1.31 (Absolute Anabelian conjecture over number fields). Let X,Y be hyperbolic curves over a
number field k. Then
Isom® ™ (X, Y) = Isom® (Tl x, Iy )

Proof. From HE( we may reconstruct A}. Subsequently reconstruct G; as GL = HE( / A} hence the
homotopy sequence
1 t 1
1= Ay =1y -G, —1
by the mono-anabelian reconstruction algorithm furnished by the relative Hom-conjecture for hyper-
bolic curves we may reconstruct the curve X'. We get an isomorphism

Hom{™(X,Y) = Homg, (ITx, ITy)

10



as well as on the isomorphisms sets. Let 5 € Hom(IIx, IIy) not necessarily over G;. We obtain a
commutative diagram

0 Al I, Gl 0
0 Al I, Gl 0
by the Neukirch-Uchida the theorem follows. O

Remark 1.32. Can we also apply the above argument in the case of p-adic fields? No! The issue is
slightly subtle; suppose we have a open continuous outer morphism f: HE( — H; over a p-adic fields

k. Reconstructing the geometric fundamental groups AE( C Hk, AJ{/ - HJ{, yields a commutative
diagram

0 Al 1, Gl 0
I
0 Al I, Gl 0

In spite of the fact that it looks as if we obtained the desired functoriality, there is a subtle problem: we
don’t know whether « arises from a geometric morphism of fields. It might be an exotic isomorphism!

Remark 1.33. In [Moc12|, example 2.13, Mochizuki constructs two étale fundamental groups of
hyperbolic curves X; and a morphism ¢: H}l — H}Q such that (A1) ¢ Ag where A; are the
corresponding geometric fundamental groups. Since every geometric morphism f : X; — X3 must
induce a morphism f, such that f.(A;) C Ay we conclude that in general the absolute anabelian
Hom-conjecture for hyperbolic curves is false!

Remark 1.34. In spite of the fact that the "relative’ versus “absolute’ condition seems rather technical,
it is in fact of great importance in the theory. It is correspondingly difficult to obtain absolute
results in the p-adic fields due to the presence of exotic automorphisms. By a novel technique called
‘cuspidalization,” it has now been possible to obtain absolute results.

Recall the famous Belyi theorem

Theorem 1.35 (Belyi). A smooth projective curve X over C is defined over a number field, if and only if there
exists a non-constant morphism t : X — P¢ unramified outside 0, 1, co.

Proof. See e.g. [K9]. O

The theorem underlies the following definitions:

Definition 1.36. Let X; be hyperbolic curves, i = 1, 2. Then we shall say X, X, are isogenous if there
exists a hyperbolic curve X and finite etale maps X — X; fori =1, 2.

Definition 1.37. Let L/k be an extension of fields. Given a scheme X /L we say that X is defined over
k if there exists a scheme Y/k such that Y, = X.

Definition 1.38. A hyperbolic curve X is said to be of strictly Belyi type if it defined over a number
field and is isogenous to a hyperbolic curve of genus zero.

We will see that for curves of strictly Belyi type the absolute anabelian Hom-conjecture holds.

Remark 1.39. How strict is this condition? One way to formalize whether a condition on curves is
very strict or quite lenient is asking whether the set of points determined by this class of curves of type
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(g,r) is Zariski dense in M, .. As suggested by the terminology, for 2g — 2+ > 3 and g > 1 the set of
strictly Belyi curves is not Zariski dense in M, ,.. See Theorem B in [Moc98] and use Riemann-Hurwitz.
There are also notions of ‘Belyi curves” and ‘quasi-Belyi curves’; a similar theory can be set up for
them, but we won’t need them later on. At the time of writing it is not clear whether they are Zariski
dense in M, ... See remark 31 in [Moc07al.

The following is the main theorem of [Moc15]]. In the following sections we will go through the entire
proof.

Theorem 1.40 (Absolute Anabelian geometry of curves of strictly Belyi type, Theorem 1.9 of [Moc15]).
Let X be a hyperbolic curve of strictly Belyi type over a p-adic field or a number field k. Let k a separable
algebraic closure of k. There exists a functorial 'group-theoretic’ algorithm for reconstructing from HTX the
function field and the base field of X.

I — Gl A &

and
I, — Il ~ K(X)

where K (X) denotes the function field of X.

Proof sketch. The algorithm is reasonably involved consisting roughly of eight steps.

1. Geometric fundamental group Reconstruction of the geometric fundamental groups. This is
section 2.1.

2. The decomposition and inertia groups Reconstruct the inertia and decomposition groups I, D,
for z € X the compactification of X. See [Nak90], [Nak97], and [Sti12] for the number field case.
See Lemma 1.3.9 of [Moc04] for the p-adic case. See also [Moc07bl] and [Moc12]. This is section
2.2.

3. Belyi Cuspidalization Recover the family II;; — IIx corresponding to open subschemes U C X,
together with the collection of inertia decomposition groups of the cusps. Said differently, we
can reconstruct the topology on X group-theoretically. This is section 2.4.

4. Synchronization of Geometric Cyclotomes Find a canonical isomorphism I, — Mx = Z(1) for
all cuspidal decomposition groups I,. This Mx is called the “global cyclotome’. This is section
2.3

5. Cuspidal Principal Divisors Characterize the group of principal cuspidal divisors inside the
group of divisors on the subschemes U C X as a certain subset of the Galois cohomology group
H' (7, M ). This step and the following two steps are covered in section 2.5.

6. Kummer classes of rational functions The Kummer classes of constant and nonconstant rational
functions can be characterized as a certain subgroup of the cuspidal principal divisors from step
3. This is done using the important technique of 'Kummer evaluation’.

7. Reconstruction of the additive structure Using an old trick due to Uchida one reconstructs the
additive structure on the multiplicative group of rational functions described in Step 4. This
uses the elementary theory of divisors and Kummer evaluation.

8. Reconstruction of the full function field In the earlier steps we only recovered the 'NF-part’ of
the function field, This will not be covered in this thesis to save space, though it is not so difficult
[see Corollary 1.10 in [Moc15]].

O]
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Corollary 1.41 (Absolute Mono-anabelian reconstruction of strictly Belyi Curves). We may reconstruct
a strictly Belyi curve X over a p-adic field or number field from its étale fundamental group H}.

Proof. By the theorem above we reconstructed the function field of X. Since X is a smooth curve

we may reconstruct the smooth compactification X < X. By reconstruction of the cuspidal inertia
groups we know the cusps of X. O

13






2 Absolute Anabelian geometry and Belyi
Cuspidalization

2.1 Recovery of the Geometric Fundamental group

In the following we make the first step towards reducing a relative anabelian reconstruction result to
an absolute anabelian result.

Definition 2.1. A group Il is topologically finitely generated if it contains an open dense subgroup
that is finitely generated.

Lemma 2.2. Let X be a curve of genus g with r punctures over a field k of characteristic zero. The geometric
fundamental group A x is isomorphic to the profinite completion of

r

g
(ai,birc; | [lai b [T e = 1)
i—1

J=1

Proof. The proof follows essentially from a prototypical GAGA-result: the Riemann existence theorem
which states that category of finite etale covers of X is equivalent to the category of finite analytic
covers of the complex analytification X“". The above explicit description is of course the description
of the topological group of the Riemann surface X“". This is the case for k a subfield of the complex
numbers; for a general field % of characteristic zero we make use of an instance of the Lefshetz principle.
For an extension L/k where L, k are both algebraically closed we obtain a map X; — X which is
homeomorphism on the underlying topological spaces. It follows from Corollary 1.5.3 in [Maj] that the
resulting etale fundamental groups (in particular the geometric fundamental groups) are isomorphic.
For a complete proof see Exposé XII, Corollaire 5.2 in [Gro63]. O

We see from the explicit description that the geometric fundamental group of a curve is topologically
finitely generated.

The reconstruction of the geometric fundamental group is true in great generality, see sections 1
and 2 of [Moc12], but we will only consider the case of curves over p-adic fields and number fields.
Moreover, we will examine both cases separately.

2.1.1 The case of a number field

In the following k will be a number field.

Lemma 2.3 (Tamagawa). Let X be a variety over a number field k. Suppose Ax is topologically finitely
generated. Then we can characterize Ax as the unique maximal closed normal subgroup of Ilx that is
topologically finitely generated. That is

Ax =[)A
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where A; C Iy is any closed normal and topologically finitely generated subgroup.

Proof. From the homotopy exact sequence
1—)AX*>HX3>G]€*>1

we get Ax = ker(p). The kernel ker(p) is closed and normal and it is also topologically finitely
generated (since Ax is from the explicit description we saw earlier).

Let A be a closed normal topologically finitely generated subgroup of IIx. Because p is surjective
and open (since we have a projection) the image under p is also normal and closed. Since p is open the
image is topologically finitely generated. By the lemma below we conclude that the image is trivial,
i.e. lies in ker(p) = Ax. Hence Ax is the maximal closed normal and topologically finitely generated
subgroup. O

Lemma 2.4. Every topologically finitely generated subgroup of Gy, which is normal and closed is trivial.

For the proof we will use the theory of "Hilbertian” fields. A good reference is chapter 15 in [FJ86].
Beware that there are several editions out there, the oldest (1986) is the correct one.

Definition 2.5. A field k of characteristic is said to be Hilbertian if for every irreducible polynomial
P(T, X) the set of a € k such that P(a, X) is irreducible is Zariski dense. A set of such ‘a’s is called a
k-Hilbertian set.

Example 2.6.

e The rational numbers Q form a Hilbertian field. This is the content of Hilbert irreducibility
theorem.

¢ A finite extension of Hilbertian fields is Hilbertian.
e Abelian extensions of Hilbertian fields are Hilbertian. This result is due to Kuyk.

The algebraic closure  of a Hilbertian field k is not Hilbertian. Indeed X ? — T is irreducible for such &
but X* —a = (X — Va)(z + Va) foralla € k.

Theorem 2.7 (Weissauer). Let k be a Hilbertian field and L a—possibly infinite—Galois extension of k.
Suppose M is a nontrivial finite extension of L. Then M is Hilbertian.

Proof. See Corollary 12.15 in [FJ86]. O

A group G is said to be realizable over a field k if there exists a Galois extenstion L such that
Gal(L/k) = G. We will see that Hilbertian fields allow for ‘'many” independent finite extensions hence
may realize arbitrary product of finite abelian groups hence are not topologically finitely generated.

Proof of the lemma. The number field £ is a Hilbertian field. Let N be a nontrivial closed normal
subgroup of Gy; it corresponds to a Galois extension L of k. Suppose N is topologically finite
generated; i.e. it has a open finitely generated subgroup G,; corresponding to a nontrivial finite
extension M of L. From the lemma we know M is Hilbertian. We want to show G, is not finitely
generated since in this case we are done.

Remark that X2 — T is irreducible over M so there is a a3 € M such that X? — «; is irreducible. Set
My = M[X]/X? — a;. Butas X? — T is still irreducible over M; we can apply the same trick again to

obtain a ay € M such that X? — a5 is irreducible over M. By taking the compositum of My, --- , M,
we get an increasing sequence of Galois extensions of M with Galois group (Z/27Z)"; since these are
quotients of Gy we conclude G cannot be finitely generated. O
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2.1.2 The case of a p-adic field

Now we'll continue with the p-adic case. From now one assume k/Q, be finite, G = Gy, the absolute
Galois group. We have the following elementary lemma.

Lemma 2.8 (Arithmetic and Geometric factorization of Covers). Suppose X and Y are curves over k. Let
Y — X be a finite étale cover. Then this cover splits into a geometric and an arithmetic part.

Y

XL

-

X

where X1, — X is ‘arithmetic’, meaning it is simply induced by basechange of the base field k — L, and
Y — X, is geometric which means that the extension of the constant field of the function field is trivial. On the
group-theoretic side we have the following diagram

1 Ay HY GL 1
| Lo

1 Ax, Ty, G 1
| L

1 Ax IIx Gy 1

where we have the projection Iy — Gy, since Yy, = Y. In particular for any open subgroup Iy C Ilx we have
the equality of degrees [I1x : Ilp] = [Ax : Ag][Gg : Go).

Proof. Indeed ¥ — X corresponds to an open subgroup IIy C IIx. Set Ay = Ily ﬂA x and
Gr = Im(Ily — Gyj). We obtain the homotopy exact sequence

1—>Ay—>Hyﬂ>GL—>1
Now set Il x, = pil(GL) and Ay, = ker(Ilx, — Gr). The statement follows. O

The idea of the reconstruction of the geometric fundamental group of a hyperbolic curve over a p-adic
tield will be as follows. We want to consider only ‘geometric’ covers. That means covers corresponding
to an open subgroup IIy C IIx such that [II : IIx] = [Go : Gi] where Gy := Im(Ily) C Gg. The
geometric fundamental group A x will then be the intersection of the open subgroups Ily. Of course
on first glance the [Gy : G] is dependent on the Galois group G which is the object we are trying to
reconstruct; we will see it is possible to characterize the above degree without reference to G.

Our first step will be to recover the residue characteristic from II = IIx (as opposed to G, where we
saw that it is possible earlier).

Definition 2.9. Let H be a profinite group. Define

dimg, (H) := dimg, (Hab®in)
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Lemma 2.10. Let [ be a prime.

[k: Q]+1  I=p
1 l#p

where @ denotes the completed tensor product which is simply the completion of the usual tensor product. If
we are working with modules over Q; we even have the tensor norm.

dimg, (G* ®;Q;) = {

Proof. Letd = [k : Qp].
First I claim that
Q l=p

Zp®5Qu =
pZQl {0 l;ép

note that a®;b = p"a®;p~"'b; hence every element is arbitrarily small in the tensor norm induced
by the p-adic, respectively l-adic norms on Z,, Q;. We conclude the resulting group equals the zero

group.

We compute

dimg, (G* &;Q;) = dimg, (k*&;Q;)
= dimg, (OF x 7233 Q)
= dimg, (Tr(1+ 70k) x 72&;Q))
= dile((i X Zg)®i@l)
= dimg, (2@2@1) + dimg, (Z¢®5Q))
_ {[k: Ql+1  l=p
1 l#p
0

Remark 2.11. The profinite tensor product ®s, the topological tensor product over Z, is essential. The
regular tensor product over Z given as Z, ®z Zq is # 0.

Definition 2.12. A central extension of a group G is a short exact sequence of groups
12 A=-F—-G—=1

such that A is in Z(E) the center of the group E. It is a well-known fact that the set of isomorphism
classes of central extensions of G by A4 is in bijection with the cohomology group H*(G, A).

Lemma 2.13 (Recovery of residue characteristic from IIx, as opposed to G.). Let IIx — Gy, be the étale
fundamental group of a curve X /k together with the natural map to the Galois group of the base field. Let I1 be
an isomorph of Ilx, G an isomorph of Gy. Let 1y C IL. Then for prime numbers | # I’

[k: Qp] l=p

|dimg, (TTp) — dimg, (Il)| = {0 LI'#p

The residue characteristic p(k) can be characterized as the unique prime p such that the above expression is
nonzero for | = p and all primes I' # 1. Similarly, the absolute degree d = [k : Q,] may be characterized using
the above equation.
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Proof. We only consider II, the proof goes through just the same for IIy. Consider the short exact
sequence induced by the abelianisation of II

0— Im(A) - I — G® 0

in general it is not true that Im(A) = A%®. We do have a map A% — Im(A), as Im(A) C II* so
we obtain a morphism by the universal property of abelianisation. Let A® — Q be the maximal
torsion-free quotient on which G acts trivially. We have a natural surjection ) — Im(A)/tor. This is
because G acts on Im(A) through G? by conjugation so the action is trivial and Im(A) /tor is torsion
free and Q is the maximal such quotient of A", We have the following diagram

Aab Hab Hab /t or

QO

m(A)/tor

We want to prove that Q = Im(A)/tor. Below follows a proof that @ injects in TI°° /tor through
@ — Im(A)/tor hence @ — Im(A)/tor is injective. We conclude @) = Im(A)/tor.

The group K = ker(A — Q) is normal in II; consider the quotient P. We have a short exact sequence
0-Q—>P—->G—0

We have the following map of short exact sequences

0 G 0

J\ |

0 —— Im(A)/tor —— Hab/tor — G/tor —— 0

Since the action of G on Q is trivial [it acts through G by conjugation] the extension is central, and
consequently defines a class ¢ in H*(G, Q). Since X has a rational point over some finite extension,
there exists an open subgroup Gy of G such that Py = G( admits a section s, so that the restriction
of cin H?(Gyg, Q) is 0. But the composite Cor o Res : H?(G, Q) — H%(G, Q) of restriction followed by
corestriction is multiplication by n = [G : Gy]. Therefore we have nc = 0. We have the pushout along
multiplicationby n: Q — @

0 Q P G 0
ol
0 Q o) G 0

whose class is nc = 0 so that this sequence splits P; = @ x G. Therefore there is some retraction
Py — @, whose composition with the composite P — P; gives a morphism f: P — @ such that fhy is
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multiplication by n (which is injective since @ is torsionfree). We have the following diagram

0 Q P G 0
RGeS Y
| ! |

0 — Im(A)/tor —— II** /tor —— G/tor — 0

Since @ is abelian and torsion-free f factors through I12b /tor. Thatis f = fiha. Then fih = fh; is
injective and therefore h is injective.

To proceed we will make use of the following (difficult) fact.
Q is a finitely generated f reeZ-module. (2.1)

The proof will come later, see Lemma Assuming the above we compute

dimy, (II) — dimy (IT) = dim,(Im(A)) + dim,(G) — dim;(Im(A)) — dim;(G)
= dim, (Im(A)/tor) + dim,(G) — dim;(Im(A) /tor) — dim;(G)
= dim,(Q) + dim,(G) — dim;(Q) — dimy (G)
= dim,(G) — dimy (G)
= [k : Qp]
where the last equality follows from Lemma Remark that the finiteness of dim;(G) stems from
the fact that we describe local Galois groups explicitly. O

Remark 2.14. Recall that we recovered the residue characteristic and the absolute degree of k already
from the Galois group Gj. The above theorem shows that we can reconstruct them from II as well.

We can reconstruct the residue characteristic p = p(II) and the degree [k : Q,] = d(II).

Lemma 2.15 (Reconstruction of the geometric fundamental group). Let X be a curve over a p-adic field
k/Qp. The geometric fundamental group may be reconstructed in a mono-anabelian fashion from II = H& as

A = {II, C IT | IIy open, such that dlmp(n[(f_[) _Hdl]ml(HO) = [k : Qp] = d(I)}
: o

Proof. First remark that

dimp (Ho) — diml (Ho)

[T - T = [k:Q,) <= Ty =p '(Gp) with Gy C G open

Suppose 11y = pt (Go). Let L be the fixed field of Gy; it is a finite extension of k. Then Iy = IIx, by
the Arithmetic and Geometric factorization of covers. In detail we have [II : TIy] = [G : Gg] so

dimy, (ITp) — dimy(Ilo) _ [L:Qp] _ [L: K[k : Q)
[IT : IIo] G : Gy [L: k]

= [k: Qp]

Conversely, suppose Iy C II open with

lelp (Ho) — dlml (Ho)
(11 : o]

= [k: Qp]
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The subgroup Il corresponds to some cover Y — X. We have a factorization of covers

Y

N

X

e

X
for a finite extension L/Q,. Use [II : IIy] = [A : Ap][G : Go]. Now compute
dim (Ho) - dlml(Ho)
k- = P
Ik : Ql [II : o))
= [L: Qp[G : Go][A : Ag]

[L: Q)
[L: E|[A : Ag)

hence [A : Ag] = 1 and ITy = p~}(Gy). O

Proposition 2.16. Let A be an abelian variety over a field F'. For simplicity assume the characteristic of F' is
zero. Let F°°P be a separable closure of F'. Then the etale fundamental group 114 of A coincides with the Tate

module T(A) = HTl(A) where T} (A) = h(ﬁlA[l"].
l n

Proof sketch. For the whole argument see Corollary 10.37 and the surrounding theory in [GvdG]. The
etale fundamental group Il 4 is a profinite group. That means T4 = lim IT4 /H where H is a normal
H

subgroup. Such a normal subgroup corresponds to an etale covering f: B — A together with a
geometric point in the fibre over 0 4. By the Serre-Lang theorem we even know B is an abelian variety.
This implies that f: B — A is a separable isogeny, in particular a Galois covering with Galois group
isomorphic to Ker(f). The collection of isogenies [n]: B/ ker[n] — B is cofinal. Call this collection T'.
In conclusion

I = lim Ker(f) (k) = lim Afn](k)

feT

Remark 2.17. For any finite abelian group G
Homconts (HXa G)

the set of continuous homomorphisms equals the set of isomorphisms classes of Galois coverings with
Galois group G, see Example 11.3 of [Milb].

Proposition 2.18. Let X be a complete smooth curve over a field k, which for simplicity we assume to be
of characteristic zero. Then the abelianization of Ax coincides with the geometric fundamental group of the
Jacobian J.

AY = A

compatible with the outer Galois action Gy, ~ A%. It is the Tate module of the Jacobian!
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Proof sketch. For the whole argument see Proposition 9.1, Chapter III Jacobian Varieties and the
surrounding theory in [Mila]. We have the Jacobian map

X = J(X)

Let A — J(X) be a finite étale map. We know that A must be an abelian variety by the Serge-Lang
theorem and that the covering is abelian. Consider the base change Y := A x j(x) X along the Jacobian
map. Write J = J(X). This is a finite etale cover of X, by stability of finite etale maps under base
change, which is abelian. Abelian coverings are classified by

Hom(Ilx, G)
where we can assume for simplicity that G = Z/nZ. To conclude we need to show
Hom(Ilx,Z/nZ) = Hom(Il;, Z/nZ)

but the left hand side, respectively the right hand side, is isomorphic to Pic(X),, respectively Pic(.J),
(Corollary 9.2 Chapter III in [Mila]). These are isomorphic since the Jacobian of the Jacobian is the
Jacobian (Corollary 9.3, Remark 6.10 Chapter III in [Milal]). O

Definition 2.19. A semi-abelian variety A over a field F is a commutative group variety A which fits in
a short exact sequence
1-T—-+A—-B—1

of linear algebraic groups, where B is an abelian variety and 7 is a torus.

Definition 2.20 (Good reduction of Abelian Varieties). An Abelian scheme A over an integral base
scheme S is a proper smooth group scheme over S all fibres of which are geometrically connected; this
implies the fibers are abelian varieties. Let k be a finite extension of QQ,,. We say an abelian variety A/k
has good reduction if there exists an abelian scheme A over Oy, such that A; — A. A semi-abelian
variety J is said to be of good reduction if it is the extension of an abelian variety A of good reduction
along a torus 7.

Definition 2.21 (Néron Models). Suppose that R is a Dedekind domain with field of fractions &, and
suppose that A;, is a smooth separated scheme over k (such as an abelian variety). Then a Néron
model of Ay, is defined to be a smooth separated scheme Ar over R with fiber A, that is universal in
the following sense.

If X is a smooth separated scheme over R then any k-morphism from X}, to Aj; can be extended to a
unique R-morphism from X to Ar (Néron mapping property).

In particular, the canonical map Ar(R) — Ag(k) is an isomorphism. If a Néron model exists then it is
unique up to unique isomorphism.

Theorem 2.22 (Stable reduction of abelian varieties). Let B be an abelian variety over k, let Y be the Néron
model. After a finite extension of the base field, the Néron model Y of the abelian variety B over k has the
following property: The identity component Y, of the special fiber Y, is an extension of an abelian variety by a
split algebraic torus over k.

Proof. See Theorem 6.7.6 in [FvdP04]| O

After base change of the base field we can apply the following theorem

Theorem 2.23 (Rigid uniformization of abelian varieties). Suppose an abelian variety B over a p-adic field
k has a Néron model Y such that the connected component of the identity of the special fiber Y, is an extension
of an abelian variety C over k by a split algebraic torus over k. Then the following holds
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o There is an abelian scheme A over Oy and an extension B of A = Ay, by a split torus S over k.
o a Z-lattice A C B(k)

e The rigid space B™ /A is isomorphic to B. The abelian variety C is canonically isomorphic to A. In
addition, B, A are uniquely determined by B.

Proof. See Theorem 6.7.8 in [FvdP04] O

Remark 2.24. Roughly speaking, these two theorems tell us that after a change of basis any abelian
variety is uniformized by a semi-abelian variety B of good reduction.

Remark 2.25. Before we continue, it is perhaps helpful to recall what we were doing and why all the
preceding theory is needed. In the following, we will work with the Galois representation of the Tate
module of a semi-abelian variety J. The above two theorems will be used to reduce to the case of good
reduction. Recall that this semi-abelian variety J was obtained as the Jacobian J(X) of our original
hyperbolic curve X. The Tate module coincides with the etale fundamental group II; of this Jacobian
J = J(X) as well as the abelianization IT%°. Finally, this will be used to prove equation (2.1) which
was the final ingredient for recovering the geometric fundamental group A x over the p-adic field £.

The Tate module T'(Ay) naturally decomposes into [-adic modules and a p—adic module: T'(Aj) =
H Ti(Aj) x Tp(Ag). Let us examine the case [ # p first.
I#p

Definition 2.26. A Galois representation G ~ M is said to be unramified if the induced representation
is trivial on the inertia group 1(G).

Lemma 2.27 (Néron-Ogg-Shavarevich criterion). Let A be an abelian variety over a local field k with residue
characteristic p. Suppose l is a prime not equal to p. Then A has good reduction over k if and only if the l-adic
Tate module T;(A) of A is unramified.

Proof. See [ST68]. O

Suppose for simplicity that B is an abelian variety of good reduction. From the Néron-Ogg-Shafarevich
criterion we know that the associated l-adic Galois representation G, ~ T),(B) ® Q; is unramified.
Since the action is unramified it is completely determined by the Galois group of the maximal unrami-
fied extension G}, which is isomorphic to the Galois group G, where & is the residue field of k. The
action of G, is determined by the Frobenius element Fr € G,.. We have a handle on how Fr acts:

Theorem 2.28 (Riemann hypothesis for Abelian varieties over finite fields). Let B be an abelian variety
over a finite field F,. The characteristic polynomial of (a n-th iteration of) the Frobenius on Vi(B) = T}(B)®z,Q
is given by a polynomial P, (T)

29

Po(T) = [J(T — wi)

=1

with |w;| = ¢*/? for any Archimedean valuation.
Proof. See p.206 in [MumO8]. O

We are now ready for the proof of equation (2.1)), which will finish the proof of Lemma hence of
Lemma[2.15
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Lemma 2.29. Let T'(J) be the Tate module of .J, where we suppose J is any semi-abelian variety [such as the
generalized Jacobian of a smooth but possibly nonproper curve]. Then the maximal torsion-free quotient of the
Tate module T'(J) — Q on which Gy, acts trivially is a finitely generated free Z-module.

Proof. We will need to work with V;(J) = T;(J) ®z, Q; the associated [-adic representations of the l-adic
Tate modules. It too has a torsionfree Galois-trivial quotient which identifies as V' (J) = H Vi(J) -
l

Q® Q.

Remark that we may always reduce to the case of an abelian variety. Indeed, J is the extension of a
torus S and an abelian variety B
0=S5—=J—=B—0

Next, consider the Tate module 7'(.S). It splits after some finite extension of the base field (which
corresponds to restricting to an open subgroup of the Galois group Gj) into a sum of Tate twists
@Z(l) none of which have submodules that have nontrivial Gi-action [the action is by the cyclotomic
character] hence the issue is reduced to a careful study of the Tate module of B.

After applying Theorem and possibly restricting to an open subgroup of Gy, -to apply semi-stable
reduction- we are reduced to considering the short exact sequence

0 T(B) > T(B) > A®Z —0
where recall B is ‘a semi-abelian variety of good reduction’.

We will show that the surjection T'(B) — @ factors through T'(A) = A ® Z.1claim Z is Z-faithfully
flat. Indeed, Z is Z-flat since it is the direct product of Z, which are completions along the prime p
which implies flatness. It also faithfully flat by the criterion that a module M over a ring R is flat over
R if for all maximal ideals m C R we have mM # M (see Proposition 9.3 in [Mat]). Since Q is torsion
free we have the factorization. So we have to prove that T(B) — Q is the zero map.

As stated above, B is of ‘good reduction” meaning [cf Theorem [2.23]]

0—-T(S)—>T(B)—T(4) — 0

where A has good reduction over k and S is a torus. As we did earlier we can immediately reduce to
Ay, as above.

For [ # p the Neron-Ogg-Shavarevich criterion tells us that 7j(Ay) is unramified; in other words, it is
completely determined by the Galois module 7;(A,). We have the associated [-adic representation
Vi(Ax). By the Riemann Hypothesis for Abelian varieties over finite fields [Theorem we see
that every nonzero submodule of Vj(A,) is nontrivial. Hence, Vi(A,) — Q ®5 Q is zero; by faithfull
flatness this means that 7j(A, — Q is zero.

Next, we consider the case I = p. Consider the exact sequence
0— T];’(Ak) — Tp(Ag) = Tp(Ag) = 0

obtained by T),(Ay) — T,(Ax); the group T7(Ay) is simply the kernel. Consider the p-divisible
groups Ag[p™], Ax[p™], A[p>]. We have the Galois action of Gj on Ay [p™]; the main theorem of
[Tat67][Theorem 4.1] now states that this action lifts uniquely to A[p°°]. From the p-divisible groups
Ai[p™], Ax[p™], A[p™] we may obtain the p-adic Tate modules compatible with the Galois action.
Hence we have a corresponding map of p-divisible groups

0— K — Ag[p™] = Ag[p™] = 0
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where K is the kernel [corresponding to T),(A)°]. Given a map 7),(Ax) — @Q we have a corresponding
map on p-divisible group: consider the kernel ker(7},,(A;) — @) and mod out by p"; this yields a
submodule of the p"-torsion of T),(Ax)[p"] and form an inductive system, hence it is a p-divisible

group.

For any n € N the etale part of the n-torsion A[n]* is a locally constant sheaf on A — Oy. The only
possible p-torsion is a group scheme H|[n] obtained as a successive group extension of Z/pZ’s [since
L is not etale in characteristic p, hence not etale over O]. This means that H[n] is a constant group
scheme hence H|[n|(k) = H|[n](k). After modding out by H[n] we may assume that A[n] is a locally
constant sheaf with torsion at any stalk prime to p. Since A — Oy, is smooth and proper we may apply
the proper smooth basechange theorem in etale cohomology [Milb][Theorem 20.4] to conclude that

An]* (k) = Hgy(Ag, Aln]*) = Hy (A, A[n]") = A[n] (x)

is an isomorphism. I conclude that on the etale part A{'[p™°] — A% [p>] is an isomorphism. This means
that K is connected.

The abelian variety A, is of good reduction hence the Galois representation given by the p-adic Tate
module T},(Ay,) is crystalline [this is the Neron-Ogg-Shavarevich criterion is characteristic p, see [CI99]].
Quotient of crystalline representation are crystalline hence () is crystalline and we can talk about its
Dieudonne module.

Apply the Dieudonne functor to the short exact sequence of p-divisible groups to obtain the short
exact sequence
0 — D(K) — D(Ag[p™]) — D(Ax[p™]) = 0

It follows from Theorem 4 of [Wei] that since K is a connected p-divisible group its Dieudonne
module D(K) has the property that the Frobenius is topologically nilpotent; meaning that Fr"(z) — 0.
Therefore under p : D(T,(Ax)) — D(Q) we have p(z) = Fr" p(z) = p(Fr" z) = p(0) = 0. By the
equivalence of categories between p-divisible groups and Dieudonne modules this implies that the
corresponding map for p-divisible groups, hence also on the p-adic Tate module 7},(A)° — @ is zero.

The argument above now implies that the map 7;,(Ax) — @ factors through 7,,(A,). Next, suppose by
contradiction that V,,(A,) = @ ®z, Q; is nontrivial; then it has an eigenvalue 1. So the characteristic
polynomial of the Frobenius has a root equal to 1, but by the Honda-Tate theorem the only eigenvalues

that can occur have absolute value \/pf where ¢ = pf, see [Tat71].
O

2.2 Reconstruction of the Cuspidal Inertia groups

In this section and all other sections X is a hyperbolic curve over a p-adic field or number field %
unless stated otherwise.

Definition 2.30. Let k be an arbitrary field, [ an invertible prime. Let X/k be a smooth projective
variety. The l-adic etale cohomology

H" (X5, Qu)

is a finite dimensional Q;-vector space with a continuous action of Gy. This follows from the functo-
riality of etale cohomology; let o € G act on X3 = X x; k as id x o; by the functoriality we have a
morphism (id x ¢)*: H"(X7, Q) — H" (X3, Q).

Next consider the case that k = IF,,.
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Definition 2.31. Let U be a variety over F,. Consider the absolute Frobenius map Fry : U — U. For
each closed point € U we can consider the Frobenius morphism Fr, by looking at the action of Frs
on the residue field k(z). A finite dimensional Q-vector space V with a continuous action of Il is
said to have weight n [which may be a fraction] if for all closed points x € U each eigenvalue of

Fr,: V>V

is an algebraic number all of whose conjugates have absolute value ¢" ).

Example 2.32. The Galois module Q;(1) has weight 1. The Galois module Q;(n) = ®"Q;(1),n € Z has
weight n.

Caution 2.33. Be warned that there is a different convention for weights where Q;(1) has weight -2,
which is more natural from a certain perspective.

To aid computation of the etale fundamental group we will make use of the following lemma.

Lemma 2.34. Let X be a connected and locally noetherian scheme, let x be a geometric point of X. Consider
the projective system {X;}; where we have morphisms X; — X;,i < j where X; are the Galois covers of
X [i.e. finite etale covers X; — X such that # Autx (X;) = deg(X;/X)]. Then we may compute the etale
fundamental group as the projective limit

m(X,z) = @AutX(Xi)

Proof. This is discussed in section 4, p. 99 of [Gro63, Expose V] and relies on proposition 3.1 on the
prorepresentability of functors proved in [Gro95]. Said proposition requires the functor F to preserve
finite products, finite fiber products [both easy] and finally to satisfy condition A below. every pair
(F(X),(),¢ € F(X) is dominated by a minimal pair. A pair (F'(X),(),¢ € F(X) is minimal if for
all strict monomorphisms v : X’ — X and ¢’ € F(X’) such hat ¢ = F(u)({’) it follows that u is
an isomorphism. Condition A then requires that every pair (F(X),(),( € F(X) is dominated by a
minimal pair. Strict monomorphism for (affine) schemes are closed immersions, it follows from the
definition of the fiber functor F, that every pair is minimal hence we have prorepresentability. ]

Definition 2.35. A projective system {X;}; [such as the projective system of Galois covers] that is
cofinal in the category of finite etale covers Y — X is also said to be a choice of etale universal cover,
unique up to choice of basepoint.

In this section we will want to reconstruct the cusps and the closed points of a hyperbolic curve X.
Let X be the étale universal cover of X, given by Galois covers Y — X. Let x be a cusp of X in the
compactification X. Lift z to 7 € X. Once again we have the fundamental exact sequence

1> Ax -1y > G, — 1

The fundamental group IIx naturally acts on X, through its action as the Galois groups of the Galois
covers Y — X.

Definition 2.36. The decomposition group D, is defined to be the stabilizer of = in I x. The inertia group
is defined as
I, =D,NAx

Remark 2.37. As suggested by the notation the definition is independent of the lift  of z up to
conjugacy. Indeed, suppose we have another lift . Then for every Galois cover Y — X we have lifts
y,y of x. The group Aut(Y/X) also works on Y — X. The Galois group Aut(Y/X) works on the
fiber Y, of z transitively by Galois theory. Hence there is a y € Aut(Y/X) such that v(y) = ¢/'. Taking
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the projective limit over these v I obtain 7 € Iy, noting that the limit over nonempty finie sets is
nonempty. It follows that ¥1z/,7 = I5(3) /. = I3/, as required.

Example 2.38. Suppose z € X is a cusp in an hyperbolic curve X. I claim I, = Z(1). The inertia
group can be computed as follows. Let Y; — X be a cofinal system of finite etale covers, such that
IIx = lim Aut(Y;/X). Then the decomposition group is obtained as the projective limit over this

7
system of the stabilizer Staby;(z;) of x; € z. Since we are computing the stabilizer it suffices to
compute it on a cofinal system of finite etale cover Y; — X as above. In fact this also gives a cofinal
system of etale neighborhoods of x in X; in other words we are computing the etale fundamental group
of the etale stalk. We know that this equals m; (Spec(Oﬁf@,)) =m (Spec(O%‘,z)), the strict henselization
of the Zariski stalk.

It is known that if = is a nonsingular point of X, thereisamap ¢ : U — A% where d = dim(X) = 1,U
an etale neighborhood of = such that ¢ is etale at z, see prop 4.9 in [Milb]. Moreover, given an etale
morphism ¢ : Y — X, there is an isomorphism on etale stalks: Ogé oly) = O?y, see prop 4.8. [Milb]],
which equals the strict Henselization of the Zariski stalks. Furthermore, we can pass to the completion,
by [Stal6, Tag 039M]. Compute 7y (O;?z) = 771((’)3]}’ L) =T1 ((91@17 ). To compute the inertia group we
need only compute the geometric part, hence we may assume that k¥ = k. By the Cohen structure
theorem [Stal6| Tag 0323] or direct computation

(041 ,) = Gr(ry) = Z(1)

where Gy, acts through the G,, which in turns acts through the cyclotomic character as TV/™ s ¢, T*/"
where ¢, is a primitive n-th root of unity. The wedge denotes the completion.

Definition 2.39. Let [ a prime. A profinite group G is said to be a pro-l group if for any open normal
subgroup N C G the quotient G /N is a [-group [i.e. each element has order a power of []. Given a
profinite group G we may consider its maximal pro-I quotient G' defined as the maximal G — G!
quotient such that G! is a pro-I group.

Example 2.40. The prototypical example of a profinite group is 7. Its pro-1 quotient is

2—»2;

Given a group G and a subgroup H C G we might hope that H is a normal subgroup of G, but
in general this is too much to hope for. In fact, inertia subgroups are not normal in the geometric
fundamental group but they are ’ close to being normal’.

Definition 2.41. Let the commensurator be defined as
Ca(H):={ge G|[H:gHg (| H] < o0}
we say H C G is commensurably terminal if H = Cq(H).

To proceed we need one other ingredient, a classical technique for describing branched covers of
Riemann surfaces. It is as follows. Let X be a projective curve, of genus g. Let S C X be a finite
collection of points of cardinality . We want to produce finite etale covers of U := X — S that are
branched at S. Moreover, we want and will be able to control the ramification behaviour of these
coverings. Recall Lemma 2.2|to the effect that the geometric fundamental group Ay is isomorphic to

the profinite completion of
.

g
< ai,bi,cj | H[az,bl] HCj =1>

i=1 j=1
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The c; should be thought of as "loops around the cusps’. Let us be given a map
gb: AU = 7T1(UE) — Sn

where S, is the symmetric group on n generators. Let G denote the image of ¢, with g; the images of
¢;. Then by passing to the kernel we obtain a cover Y — X which is finite etale on U and moreover
has branch type g; at the cusp corresponding to c;.

Example 2.42 (See also [Vis]). Let U C X a curve of genus g > 1 and cusps ¢, ¢2, g3. Let
¢ :m(U) — Sp

be the map given by sending ¢; + (1-2---n — 1 n) [the n-cycle in the symmetric group] and
o~ (1-2--n—1- n)~'and a;,b;, i = 1,--- , g to the identity. This forces the last ” cuspidal loop

element’ c3 to be equal to
9

c3 = (H[ai,bi]clcg)_l =1

i=1
In short we have found a cover that is totally ramified at ¢, ¢» and unramified everywhere else,
including ¢3. Moreover since g > 1 we know the resulting curve is hyperbolic.

Lemma 2.43. Let X be a compactification of X. Consider the corresponding short exact sequence
1+ K—=Ax - Ax — 1.

where K is defined to be the kernel. Then, the subgroup K is generated by conjugacy classes of the cuspidal
inertia groups I, C Ax.

Proof. Since we are only interested in the geometric part of the etale fundamental groups we reduce
to the case of algebraically closed fields: X /k. For ease of exposition, assume X has just one cusp,
X = X Uz. Consider the covering

XU Spec(@%m) - X

I claim it is a fpqc-covering. That it is quasi-compact is clear. X < X is an open immersion hence flat,
as is the inclusion of the spectrum of the stalk Spec(Oﬁéx) — X, [Stal6| Tag 0250]. As the covering is
flat and surjective it is faithfully flat hence fpqc.

Let Z = Spec((’)ﬁgx) and let n — Spec(OﬁgI) be the spectrum of the generic point. We have the etale
Seifert-Van Kampen theorem from flat descent, see Theoreme 5.1 [Gro63][Chap IX, Theorem 5.1] and
also Corollaire 5.4. For a lucid exposition on descent see Chapter 6, section 1 of [BLR90]. We have a

pushout diagram
Hx /\
II

HX XHn HZ > HY

n\nzi/

where the dashed arrow is an isomorphism. So the conjugacy class of the image of A, is exactly the
kernel of Ay x Az — Ax. We saw earlier that A, = I,. Finally, remark that T = II;,,) = G = {0}.
Actually, this is really the same as the above quoted Corollaire 5.4 in [Gro63][Chap IX]. O
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Lemma 2.44. The cuspidal inertia group I, C Ay, as well as its pro-I counterpart IV Ag? is commensu-

rably terminal.

Proof. We prove the case for I, C Ax; the pro-l case is similar. Let us suppose the proposition is false.
Let o € Cay (I3/,) such that

[Ig/x : If/x N O’Ig/xd_l] =n <o

but o ¢ I5/,. This implies that we have a finite etale covering

unramified over x with a cusp y of Y mapping to z such that o(y) # y. By taking a smaller open
subgroup we may suppose there is another cusp y’ such that y, o(y), 3 are all distinct.

Next, take an open subgroup Az C Ay such that Az N I/, = Az N alg/ya_l. We obtain finite etale
coverings
Z =Y = Xg

together with cusps z,0(z), 2’ lying over y, o (y), y'. By passing to the normalization we may assume
the cover is Galois. We have 0/5,,0 ! = Is

In Az we have the inertia groups Iz, = I3/, N Az and the cusp z associated with I3/, maps to z. Next,
Iyiz)) = O'Ig/zd'_l = I, in Ay. The associated cusps, z, o(z) have conjugate inertia subgroups, but are
not equal.

The following step is to construct an abelian or pro-1 cover that is totally ramified at 2/, z but not at o (z).
This was done in Example This contradicts the fact that z, o(z) have conjugate inertia groups.
This is because of the following fact: open subgroups of Az that intersect with proper subgroups of
I, corresponds etale cover of Z ramified at z; but if two inertia groups are conjugate these proper
subgroups have to correspond as well. ]

Theorem 2.45 (Nakamura). Let X, I1x be as above over field k assumed to be a finite extension of Q, or a
number field. Then for every cusp x of X the cuspidal decomposition group I, may be reconstructed from I x.

Proof. In the case that k is a number field we may reduce to the p-adic case as follows. From the
reconstruction of the geometric fundamental group we have the fundamental exact sequence

1> Ax -1y -G — 1

hence we may reconstruct Gy. Using the fact that the decomposition groups can be group-theoretically
characterized, see section 1 of [NSW08, Chapter 12], pick a decomposition group D, of a nonar-
chimedean prime; we have D), = Gy, . Finally, pullback the above sequence along the induced map
Gy, = Gy to obtain

1 Ax Hka ka 1
1 AX IIx Gk 1

We follow a proof due to Mochizuki, see Lemma 1.3.9 of [Moc04]. The curve X is a hyperbolic curve;
i.e. a projective curve of genus g punctured at r points. We may recover whether » = 0 or not by
looking at the geometric fundamental group - which we may recover as we have seen earlier- and
seeing whether it is a free group or not.
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The natural representation G, ~ A x obtained from the homotopy sequence is rather complicated so
let us restrict to understanding how the Frobenius element works, i.e. the lift Fr € G, of g = Fr € G,.

We may moreover take the abelianization of Ay, Ax; after that tensor with ®2Ql to get A%’ ®s5

Qy, A“Yb ®z Qq. This Galois representation is much better understood. In fact, it is equal to the l-adic
Tate module of the Jacobian of X [as we used earlier in our discussion of the recovery of the geometric
fundamental group].

We have strong control over how the Frobenius element acts. We know that these weights are restricted

1
to lie in {0, 3 1}. This follows from an argument that is similar to what we saw earlier. In the Galois

representation 7;(.JJ(X)) we can reduce to the case where J(X) has good reduction. To wit, by rigid
uniformization of abelian varieties [Theorem | we may write the Jacobian J = J(X)as J = J/L
such that J is a semi-abelian variety fitting into a short exact sequence

05S—J—>A50 2.2)
where A has good reduction, and S is a torus. The Tate module 7;(J) fits into
0— Ti(J) = Ti(J) = L&Z; — 0

where L@zZl is pure of weight zero and the above equation [2.2) implies that Ty(J) is the sum of
modules of weight 1 [the Tate module of the torus 7;(.S)]and 1/2 [the Tate module of an abelian variety
of good reduction, by the Neron-Ogg-Shavarevich criterion and the Riemann hypothesis for abelian
varieties over finite fields, Theorem [2.2§].

It follows from the Grothendieck monodromy theorem, Theorem 17 of [vB], that this type of Galois
representation is quasi-unipotent which means that after possibly restricting to an open subgroup of
Gy, the action of the inertia group of Gy, is unipotent. This implies in turn that the eigenvalues of the

Frobenius Fr is independent of the lift. Indeed let Ft' be another lift and consider their difference
which is unipotent hence has eigenvalue 1, since Fr, Fr' commute their eigenvalues must be equal.

Remark that the Frobenius may be group-theoretically reconstructed hence we may talk of weights.

Set I = Ker(AY ®5 Q) — A% @5 Q). Compute

The left hand side of the equation is a priori not ‘group-theoretic” but the right hand side is. The first
equality follows from the explicit forms of the abelianized geometric fundamental groups. The second
and fifth equalities follow from that fact that the Frobenius acts on / with eigenvalue ¢, i.e. weight 1.
The third equality follows by definition. For the fourth equality we need

Theorem 2.46 (Tate duality). Let k be a local field, M a finitely generated l-adic representation of Gy. The
cup product furnishes a perfect pairing

H" (G, M) x H> 7" (G, M*(1))* — H2(Gp, Q(1)) = Q
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where the star denotes the dual, M™ := Hom(M, Qy).
Proof. See theorem 1.4.1 of [Rub00] or corollary 12.3 of [Mil06]]. O

Remark that (A%b’l)* = Hom(AaYb’l, Q1)) = Aayb’o so the fourth equality follows from Tate duality for
r=1,M = A%b’l.

So the above computation is also group-theoretic. Since
dimg, (AY) =29 — 14
we can reconstruct both the genus g and the number of punctures r group-theoretically.

The surjection p : Ax — A is group-theoretically characterized as follows: open subgroups H C Ax
are in the kernel of p if and only if (Xy) = [A — X : H|r(X) where X is the corresponding etale
cover. All this can be similarly done for the pro-1 group quotient AW for any I # p.

Next, characterize the inertia subgroups of A%) as follows: a closed subgroup 4 c A% isomorphic to

Zy is contained in an inertia subgroup if for any open subgroup Agf) the composite

Anal cal) - Al - (Ao

is zero. Let me prove that this works. The “only if” claim is immediate since inertia subgroups are

killed in Ay-. For the “if” claim we argue as follows. Given any finite etale cover Y — X we want to

split of the part that is totally ramified of degree [ at a cusp. Set A(ZZ) = AA%D C Agp. The surjection

AY — AP /AY = 4/An AP

factors through
AD - (aD /8Pyt = a/an Ay

since A/AN A@ is isomorphic to Z/I"Z for some n € N. Since AN A(Zl) — A(Zl)/Agf) = A/AN Aﬁ) —
(A(Yl) )% vanishes the Im(A N A@ — (Agp)“b) is contained in the subgroup generated by the inertia
subgroups in Ag). Consequently, the image Im(A N Ag) — (Agp)“b — (A(Zl))“b — A/(AN Agp) =
Z/1"Z) is contained in the image in A/(A N Aﬁ)) generated by the inertia subgroups in Agf).

The composite A C A(Zl) —» A(Zl) / Agp =A/(AN Ag)) = 7./1"Z is surjective and maps to a cyclic group;
this implies that there exists an inertia subgroups I, such that 7, — A(Zl) — (A(Zl))ab — A/(AN A% is
surjective. This finally implies that the corresponding subcovering Y — 7 is totally ramified at z and
we are done.

Using the above construction we may recover the set of cusps of X as the set of Ag?-orbits of the

inertia subgroups in Ag?, this gives the right answer because of commensurable terminality of inertia

subgroups. We may apply this procedure to any cover Y — X and thereby construct the cusps of the
universal pro-cover X — X. The inertia subgroups I, C Ax are the reconstructed as those subgroups
that fix some cusp z of X.

0

We can also recover the decomposition groups.
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Lemma 2.47. Let x be a cusp of X. Then D, C Ilx, the decomposition group of x, is the normalizer
Dz = NHX (Iac)
ﬁile.

Proof. Since Ax is normal in IIy, we have that I, is normal in D,. This is a basic fact from group
theory and can be seen from the diagram

0 Ax IIx Gy 0
] ]
0 I, D, Gizy — 0

where Gy,(;) == Im(D; — Gy) so automatically the kernel equals I, = D, N Ax.
Consequently, D, C N(I). It suffices to show that for the projection map
p :IIXf—%-(}k

the images of D, and N (I,;) coincide. Suppose by contradiction that g € p(N (1)), g € p(Dz). Then g
is nontrivial on the residue field k(z), which implies that gz # «.

Next, let = be a closed point of YE \ X7, define S, as the set of lifts over z. Let

T, = J I,

YyESz
For 2’ # x we have T, N T,, = {0}. We have
T, NgTeg ' =T, N Ty, = {0}

which contradicts the fact that, after possibly restricting to an open subgroup, there exists a lift g of
g such that gI,g~' = I, [this is Commensurably Terminality of cuspidal inertia groups, Theorem
044 O

2.3 Synchronization of Geometric Cyclotomes

Let X be a proper curve over a field k of characteristic zero. If U C X is a nonempty open subscheme,
then we have the natural exact sequence of profinite groups

1Ay -1y — G — 1

Remark that all the cuspidal inertial groups I, are naturally isomorphic to 2(1) But this identification
is 'scheme theoretic’. What we want is a canonical identification of a "local” cyclotome I, with a some
global cyclotome which we will denote by Mx.

Proposition 2.48. There is a group-theoretic algorithm that outputs a natural isomorphism
I, - Mx

from the datum IL
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Remark 2.49. The cuspidal inertia group I, is not normal in Ay, as we would like. This can be
remedied, for let A7, " denote the maximal cuspidally central quotient of Ay, — Q which is defined to
be the maximal intermediate quotient () such that ker(QQ — Ax) lies in the center of ). So we have a
sequence of surjections

AUI — AE;cn — Ax

Proof. We have a short exact sequence
1—>Iz—>ACU;C”—>AX—>1

Indeed this follows from the fact for any intermediate quotient Ay, - @ — Ax such that Ker(Q) —
Ax) lies in the center of ), the kernel Ker(Q — Ay, ) is generated by I, [we got rid of the conjugation
ambiguity].

From the short exact sequence, we have a natural action of Ax by conjugation on I,. Recall the
inflation restriction sequence

0 — HY(G/N, AN) = HY(G, A) — HY(N, A)9/N — H2(G/N, AN) = HX(G, A) — - -
andtake N =I,,A=1,,G = Afj;c” so G/N = Ax. We obtain a map
HY (I, I,)™* — H*(Ax, Il)
On the one hand,

HY(I,,I,)?* = H(I,, I,)
= Hom(/l,, I,;)

on the other hand,

H?(Ax, I) = P(Ax, 1)
~ HX(Ax,Z) @, I,
= HOIH(HOH](HQ(AXa Z)a Z)? 1)

where we used that I/* is canonically isomorphic to I, since I, = Z(l) So 1 € Z = Hom(I,, I,,) yields
an element of Hom(Mx, I,,) where we write

Mx = Hom(H?(Ax,Z),7Z)

Which yields a “group theoretic” isomorphism My = I,. O
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2.4 Cuspidalization

Let X be acurveand U C X a nonempty open subscheme. Let Il x, II;; denote their etale fundamental
groups. Counter to naive intuition, Il is in some sense bigger than Il x, thatis U — X induces a
surjection

Iy — Ilx

We reconstruct surjections II;; — Ilx for every open subscheme U. In effect one reconstructs the
topology on X group-theoretically. Since all subschemes U are isomorphic to X minus a finite number
of cusps, one might also phrase this as characterizing the cusps, hence the name cuspidalization.

Remark 2.50. As one might guess cuspidalization is not easy. It’s not clear at all how given a profinite
group II that is “secretely isomorphic to IIx” we can find a group extension II' — II such that IT" = IT;;.
But for a certain class of curves, the so called elliptically admissable hyperbolic curves and the
hyperbolic curves of strictly Belyi type, it is possible. This will utilize the structure of isogenies of
elliptic curves and Belyi theorem, respectively. In this thesis we will only consider curves of strictly
Belyi type.

Remark 2.51. Two curves can be related by one being an open subset of the other. Another natural
way for two curves to be related is by one to be a cover of the other. A sequences of curves related
by these operations have corresponding operations on the level of étale fundamental groups; both
sequences of operations will be called Type Chains. The final group-theoretic functorial algorithm will
characterize the surjection II;; — Il x as the final map of type chain which starts and end at IIx. Let
us formalize this idea.

Definition 2.52. Let X be a hyperbolic curve over a field k£ and let X beits pro-étale cover.

A X-chain is a sequence of hyperbolic curves X = Xy e~ X; «v X, over Speck; where k C k; is
a finite extension of k. Moreover each X is equipped with rigidifying” morphism p; : X — X;
compatible with the structure maps. Each X; «~ X corresponds to one of the following "operations’

A A finite étale covering X1 — X; (open immersion II; 1 < II;)
Y A finite étale quotient X; — X1 (open immersion II;; <= II;)

e (de-Cuspidalization): An open immersion X; — X of hyperbolic curves, the complement of
whose image is a finite collection of k;i-points of X ;1. (surjection I « II;).

Definition 2.53. Type chains form a category. Let Chain(Y/X) have as objects chains X = X, ~
X; ~» X,. A morphism between Xy ~ X; ~» X, and X = Xy ~ X; ~ X}, is simply a morphism
Xn — X k-

Completely analogously we define II-chains and their corresponding categories.

Definition 2.54. An II-chain is a sequence of profinite groups II = Iy ~ II; ~» II,, with each II;
equipped with a morphism II — II; such that each satisfying the following properties:

A Open immersion II; {1 < II; (Finite étale covering X, 1 — Xj)
Y Open immersion II; < II; (Finite étale quotient X; — X, 1)

e (de-Cuspidalization): Surjection Il « II;. (An open immersion X; — X1 of hyperbolic
curves, the complement of whose image is a finite collection of k;1-points of X;1.)

Definition 2.55. Type chains form a category. Let Chain(X /X) have as objects chains X = X; ~
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X; ~» X,,. A morphism between Xy ~ X; ~ X, and X = Xy ~ X; ~» X}, is simply a morphism
Xn — Xk.

Definition 2.56. A profinite group II is slim if every open subgroup is centerfree.

Lemma 2.57. The étale fundamental groups of hyperbolic curves are slim.

Proof. See proposition 2.3 in [Moc12] O

Remark 2.58. Why is it interesting to be centerfree? Given a profinite group II we have an exact
sequence
IT — Aut(IT) — Out(II) — 1

If IT is centerfree than II — Aut(II) is injective, hence we have a complete short exact sequence:
1 —II — Aut(Il) — Out(Il) — 1

If we have a map H — Out(II) then we can pull back the above short exact sequence to obtain
1= = Xoum H — H—1

For instance if we have an action of a finite group H on X we have a map H to Out(Il). The fibre
product is naturally isomorphic to 71 (X//H) "the stack theoretic quotient” of X by H. As mentioned
before, this thesis does not cover the theory of stacks, but just to give a bit of intuition: if one has
a finite Galois cover Y — X, and we take the stack-theoretic quotient of Y by the natural action of
Gal(Y/X) we get, unsurprisingly, the scheme X.

We have an etale covering X — X//H, even a Galois cover with Galois group H. In fact we have the
short exact sequence
1— 7T1(X) — 7T1(X//H) —H —1

So we have an action of a finite group H on X over a field k, for instance we have an etale quotient
X — Y. This corresponds to a map H — Out(II) over II/A which means that given a commutative
diagram

IT—1II

II/A - 1I/A
then the maps on II/A must be inner. So we cannot have exotic automorphism.

Suppose we have an open immersion X — Y. Can we give a group-theoretic description of Iy —
Iy given IIx? Yes, the kernel is exactly the group generated by conjugacy classes of cuspidal
decomposition groups, and we can recover the cuspidal decomposition groups.

2.4.1 Belyi Cuspidalization

Definition 2.59. Let L/k be an extension of fields. Given a scheme X /L we say that X is defined over
k if there exists a scheme Y/k such that Y7 & X.

Definition 2.60. We say an hyperbolic curve X is of stricly Belyi type when X is defined over a
number field and is isogenous to a hyperbolic curve of genus 0.
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We assume now X is a hyperbolic curve of strictly Belyi type over a sub-p-adic field k. We have the
following diagram

v

7N

X Q —— P\ {0,1,00}

where () is a hyperbolic curve of genus zero and V is a hyperbolic curve defined over a number field;
the cusps of V' defined over a finite extension L/k. By considering the normal closure we may assume
that V' — X is Galois. Assume now that we have an open subscheme Uy — X defined over a number
field. Set U := Ux x x V. Now U is also defined over a number field. By Belyi’s theorem we obtain
an open subset W C U and a map W — P!\ {0, 1, c0}. Remark that we need to restrict to an open
W C U because although U is defined over a number field the corresponding map to P* \ {0, 1,00}
might not be finite etale. We therefor have the following diagram

w

|

-

UX(H

Q P\ {0, 1,00}

We have the type chain
XSV Q5PN{0,1,00} S WS UV 5 X
Definition 2.61. Let X be a hyperbolic curve of strictly Belyi type, Il x its étale fundamental group.

Theorem 2.62 (Belyi Cuspidalization). Let X be an hyperbolic curve of strictly Belyi type over a sub-p-adic
field k, and fix the data as above. Let ONT (Tl x) denote the set of surjections Iy, — Iy where Ux is an open
subscheme defined over a number field. Then there are functorial algorithms

(i) To reconstruct the set of surjections ON* (Tx)

Iy — ONF(T1y).

(ii) To reconstruct the cuspidal inertia and decompositions groups I, C Ay

Proof. (i) Step 1: From IIx we may reconstruct the fundamental exact sequence
1 Ax - 1Ix -G, — 1

This implies that any point we may restrict to an open subgroup G C Gj, and corresponding open
subgroup IIx, C IIx so that in the following the cusps and points are always defined over the base
field. Step 2: The category Chain(II) may be reconstructed in a purely group-theoretic matter. This
follows from the group-theoretic characterizations we have given of finite etale covers, finite etale
quotients and decuspidalization together with the Relative-Anabelian Hom-conjecture[which ensures
the morphisms match up].

For every nonempty open subscheme Ux C X defined over a number field, the natural surjection
II;; — II may be constructed via ‘group-theoretic” operations as follows: For some normal open
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subgroup Il C II, corresponding to a finite covering V' — X of hyperbolic curves, there exists a [not
necessarily unique] II-chain
A? Y?'? )\7.7 .’ Y

that admits a terminal isomorphism with the trivial II-chain of length 0, such that moreover in the
second step we obtain a curve of genus zero, and in the third step a hyperbolic curve with exactly
three cusps. These last conditions can be read off from the geometric fundamental group using the

characterization of g, r. Call the map obtained in the second to last step p : HL —» H;r/. As stated, this
II-chain is not unique; be warned that the map above corresponds to i, : II;; — Iy, by the relative
GC-conjecture for hyperbolic curve, but that there is an ambiguity in reconstruction i : U — V since
we do not have access to the absolute conjecture.

Step 3 Next choose the II-chain
A? Y7.7 A"? .7 Y

such that the natural morphism IIx/ H{/ — Out(HL) has a unique lift Iy / lﬂ/ — Out(HI]) [This
corresponds to U C V invariant under Gal(V/X)]. We obtain the surjection HLX — IIx using the

group-theoretic charaterization of finite étale quotients with respect to the unique lifting I1x / H;r/ —
Out(I1})).

(ii) The cuspidal decomposition groups of the cusps of Ux C X are obtained as the images of Iy, — 11
of the cuspidal decomposition groups of IIj;, . O

2.5 Kummer theory

In this section, let X be a proper hyperbolic curve, U C X a nonempty open subscheme. Our next
step in the reconstruction of the base field will be to encode rational functions in certain cohomology
groups of II;;. This will be done via the Kummer map to which we now turn. Consider the Kummer
sequence

1—>un—>Gml>Gm—>1

where ()" : G,, — G, is exponentiation to the n-th power. Apply to the scheme U and look at the
long exact sequence

L= (U, pn(O)) = T(U, Of) = T(U, 0) = HY(U, pn(OFf)) = -+
Take the limit over all n € N. We obtain a map
ko 2 DU, Of) = HY(U, lim pin (Of5))

the epynomous Kummer map. We will need a more hands-on approach to the Kummer map. .

Suppose k contains n distinct n-th roots of unity. There is an isomorphism

k> /(k*)" =2 Hom(Gal(L/k), pn)

N O.(al/n)
a g +— al/n

given by

where « is any n-th root of a in L.
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Definition 2.63. Let k be a field of characteristic zero, k an algebraic closure of k. Then £ is said to
be Kummer-faithful if, for every finite extension k C k¥ C k, where H C Gy, a normal subgroup, and
every semi-abelian variety J/k we have

Nn>1N - J(k7)={0}, VNEN

where N - (—) denotes multiplication by N € N.

Lemma 2.64. A finite extension k/Qy, is Kummer-faithful, and so is a number field.

Proof. Given a number field k consider the inclusion k£ — k), into the completion of k at a nonar-
chimedean place p. The statement follows immediately from the corresponding statement for k,.

Assume from now on that & is a p-adic field. Because k is a p-adic field so is £”’. For a semi-abelian
variety J we have a short exact sequence

0=-T—J—=A4A—=0

where T'is a torus, A is an abelian variety. Evaluating at k™, i.e. applying the Galois cohomology of I
on the Galois modules T'(k), J(k), A(k) furnishes

0 — H°(H,T(k)) — H°(H, J(k)) - H(H, A(k)) - H'(H,T(k)) —
Next, use T'(k) = ®G,,(k), so H'(H, T(k)) = &k ) = ®(k")* and Hilbert 90 to the effect that
H'(H, (k™)) = {0}, we obtain
0— @k = Jk) = AE") =0

So to check the condition for Kummer-faithfullness reduces to show that the torsion group of A(k) is
finite. This follows from the lemma below. O
Lemma 2.65. The torsion subgroup of A(k™) is finite.

Proof. The semi-abelian variety A is a proper group scheme over a p-adic field k”. There is a notion
of p-adic analytification which furnishes the structure of a p-adic Lie group on A" (k*?). Similar to
the situation for real and complex Lie groups, p-adic Lie groups have tangent spaces which are free

Z,-modules of free rank and so have finite torsions subgroups. The p-adic Lie group A**(k*') also has
an exponential map, see Chapter V section 7 of [Ser06].

The exponential map for the p-adic Lie group determines an isomorphism of an open neighborhood of
the identity of A% (k) with a free Z, module of finite rank. Since A is proper, A(k*’) is compact hence
may be covered with a finite set of suitably small neighborhoods; the finiteness of A(k?) follows from
this fact and the fact that these opens can be taken to be suitable translates of opens around 0. O

Lemma 2.66. Let X be a curve not isomorphic to P'. Let T € X be a geometric point. For a locally constant
sheaf L we have a canonical isomorphism

HZ(Xa L) = HZ(WI(X7§)> LY)
Proof. See [Ach]. O
In particular since py, z = Z/nZ [y, is locally constant in the etale topology] we know

HY(U, lim 1) = H' (T, Z(1)) = H (I, Mx).
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Remark 2.67. One of the most important techniques of Anabelian Geometry is Kummer Evaluation.
It is the process of evaluating Kummer classes of functions at points; it thus furnishes a method of
evaluating functions in a group-theoretic manner.

Let x = Speck — X be a point. Then from the functoriality of the Kummer map we obtain the
commutative diagram

0% ——— H'(IIx, Z(1))

J |

O, — H'(Uspeck, Z(1))

and Hl(Hspeck,Z(l)) = Hl(Gk,z(l)) ~ kX. The induced map

H'(ITy, 2(1)) — HY(Gy, 2(1)) corresponds with evaluation of the Kummer class at the point z, we
call this Kummer evaluation.

moreover, we have k = Osxpeck

We can therefor ‘read off’ the value of a function (in its instance as a Kummer class) from the etale
fundamental group. In fact we can do more. Given an open subscheme U — X andacuspz € X —U
we can ask what the valuation of an entire function on U is at z. It turns out that indeed we can recover
the valuation by restricting the relevant Kummer class to the Inertia group of the cusp.

Indeed, consider the object Z,, := Spec (’)_‘?& — {z}, the etale zoomed-in neighborhood of the cusp x.

Here the Oigm denotes the strict henselisation. We saw earlier that 7 (Z,) = I,. Again we consider
restriction to obtain the commutative diagram

0% —— H'(Ilx, Z(1))

! !

0} —— H'(I,, Z(1))

Moreover, we have

Lemma 2.68. In the diagram restriction to I, sends the Kummer class r to the valuation of f at the cusp x.

Proof. We note that Z, = Spec k((T'))*" and an element of the etale fundamental group (¢, ), € I, =
Z(1) act as V"™ CnTl/ ". Suppose we have a function f = T" - g where g is invertible at the cusp, so
r is the valuation. Compute

Cfl/n CnTr/ngl/n ; R
17 = = (kf)" =r e Z(1)

Kf:Gn —

Lemma 2.69. The Kummer map ry : T'(U, Of) — H* (I, Mx) is injective.

Proof. Suppose x7(f) = 0. For every closed point z € X we have amap H'(IIy7, My) — H'(Gy, My) =
(k*)" whose image is the evaluation of the function f at the point z. By assumption is the image zero.
This implies that for some N € N then for all n > N we have v,(f) € (k*)". The field £ Kummer
faithful, which implies

()" = {0}

neN
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We have Vz €¢ X

eve(f) =0
Since all valuations of f are zero this implies f is nilpotent. But all the our scheme is smooth hence
reduced so f = 0 and the Kummer map is injective. O

Lemma 2.70. The Galois cohomology group H°(Gy, A%) vanishes.

Proof. We have
HY(Gy, AY) = HY(Gy, T(Jx))

Elements = € T(Jx )% are compatible systems of torsion points z = {z,, }nen With z,, € Jx[n](k)
invariant under Gy, that is z,, € Jx[n](k).

It suffices to show the torsion subgroup of Jx (k) is finite. This follows from Lemma O

Theorem 2.71 (Grothendieck Spectral Sequence). Let A, B be abelian categories and suppose B has enough
injectives. Let F' : A — B,G : B — C be additive and left exact functors such that F' takes F-acyclic objects to
G-acyclic objects. For each object A € A there is a spectral sequence that admits an F-acyclic resolution

EP = (RPG o RIF)(A) = RPT(G o F)(A).

Proof. See Theorem 5.8.3. in [Wei%4]. O

Remark 2.72. As is well-known the Grothendieck spectral sequence should be thought of as the
chain rule for derived functors. When applied to the case of pushforward of a morphism between
topological space on the abelian category of abelian sheaves we obtain the Leray Spectral sequence.
We will want to apply it in the case of group cohomology.

Recall that the group cohomology of a G-module M is defined as

the right derived functor of Homy)(Z, M) = M ¢, the invariants of M under the action of G.

Proposition 2.73. We have an isomorphism
H'(TTx, Mx) = H' (G, Mx)

Proof. We want to apply the Grothendieck Spectral Sequence. Let A = IIx-Mod, B = Gj-Mod the
abelian categories of G, and Il x-modules. The surjection Iy — Gy, induces a functor F' : Il x-Mod —
Gr-Mod given as

F:(lIx ~ M)~ (G ~ MAX)
where Gj, ~ M2 is defined by g(m) = gm, m € M>X where § € Ilx is a lift of g € Gj. We check

thatif ¢ = gh,h € Ax = ker(Ilx — Gy) is another lift, then §'(m) = (gh)(m) = g(m)h(m) = g(m)
since m € M2X, so the action is well-defined.

Let C = Ab the abelian category of abelian groups and consider H°(Gy, ) : Gi-Mod — Ab,H(IIx, ) :
IIx-Mod — Ab. It follows from Tensor-Hom adjunction that HU(G i, +) is left exact. In the same vein,
the functor F' : IIx-Mod — Gy-Mod is left exact since it is right adjoint to £ : Gx-Mod — I1x-Mod
given by (IIx ~ M) — (Ilx — G ~ M). It is well-known that B = G;-Mod has enough injectives.
Next, F' sends HO(H X, -)-acyclic objects to HO(G%7 -)-acyclic objects. Since ITx acts on My through the
surjection IIx — Gy we have a factorization

HOH]Z(HX)<Z, Mx) =Fo HomZ(Gk)(Z, MX)
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hence we may apply Theorem The spectral sequence immediately implies that it remains to
prove H(Gy, H' (Ax, Mx)) = 0. Compute

HO(Gy,, H' (Ax, Mx)) = H(Gy,, H' (A j(x), Mx)) = HY(Gy, AR)

which vanishes by Lemma[2.70] O

We want to encode the rational functions as Kummer classes, meaning we want to group theoretically
characterize the image of the Kummer map.

Remark 2.74. Let J; denote the Picard scheme parametrizing degree d line bundles. We have a natural
morphism X — J; that sends a point of X to the line bundle of degree 1 associated to the this point.
This morphism induces a surjection

IIx —1II J1

on the etale fundamental groups.

We have seen earlier that the etale fundamental group of the associated Picard (or Jacobian variety)
scheme of a scheme X is the abelianization of A x. Hence the kernel of the above map is the commuta-
tor subgroup of A x. In some sense passing to the Jacobian variety “abelianizes” everything. I should
make a small technical note here, the theorems that we proved before strictly speaking only apply
to proper smooth curves whose Jacobian is then an Abelian variety. In our case the curves are not
necessarily proper hence we the Jacobian will in general be semi-abelian varieties; yet this is no matter.
Let X — X be the compactification. To reduce clutter write J(k) = Jy(k). We have

0 — Ker(p) = m(X) & m(X) — 0.
Abelianization is right exact so we obtain a short exact sequence
(Ker(p))™) — m{*(X) & 7{*(X) = 0.

The map X — J(X) [really X — Pic’(X)] induces a map

(Ker(p))*) ——— n{"(X) —— 7{"(X) —— 0

l | l

Ker(q) — 7{(J(X)) —— 7{*(J(X)) —— 0

We know J(X) is a semi-abelian variety, Ker(q) coincides with the Tate module of the toric part, which
is exactly a sum of Tate twists Z(1) (one for each cusp), and so coincides with Ker(p)® = Ker(p) =
BeuspZ(1). T conclude 71 (X)® = 78 (J (X)) = T(J(X)).

For each = € X (k) we have a section s, : G, — IIx well defined up to conjugation by A x. Compose
this with the surjection IIx — II;, to obtain maps ¢, : G — 1l ;,. For any divisor D we similarly have
amap tp : Gy — II;,, where d = deg(D).

The origin O of J(X) furnishes a section tp : Gy — II;,. If D is of degree 0, then the difference of
sections tp — to: Gy — I, [in additive notation] defines a 1-cocycle G, — A ; hence a cohomology
class np € H (G, AD).

Proposition 2.75. 1. A principal divisor will coincide with the section associated to the identity element of
J (k).
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2. By restricting the cohomology classes of Iy in H' (17, Mx) to the I, for x a cusp, yields a natural exact
sequernce

1= (kx)/\ = Hl(HX’ MX) - HI(HUv MX) — EBQCECtdspsz (23)

where we use synchronization of geometric cyclotomes to identify Homy/(I,, Mx ) with Z; (k*)" denotes
the profinite completion of k*. Moreover, the image of T'(U, O};) under ry in H' (I, Mx)/(k*)" is
equal to the inverse image in HY (I, M x)/(K*)" of the submodule of @zecuspsZ determined by the
principal divisors with support in the cusps.

Proof. There is a natural isomorphism
H Gy, A) — J ()

sending 7p to the element of J(k) corresponding to D. Statement 1. then boils down to the fact that
the identity element of J(k) [principal divisors] correspond to the identity section G, — J(k). Let us
prove the above isomorphism. Consider the short exact sequence

1 — J(k)[n] — J(k) — J(k) =1

given by multiplication by n and apply the functor H* (G}, —) to this short exact sequence to obtain
the long exact sequence

0 ——— HY(Gy, J(k)[n]) —— HO(Gy, J(k))

L HO(Gy,, J (k) —— HY(Gy, J(k)[n]) —— H'(Gy, J(k)) j

take the limit over all n € N to get

0O ——— yLnJ(k:)[n} — J(k)

n

__J

L J(k) ——— HY(Gj, A®) —— Hom(Gy, J(k)) j

L Hom(Gy, J(k)) —— HQ(Gk,A%’) - ...

I claim Hom(Gyg,J(k)) — Hom(Gy, J(k)) is an isomorphism. If this is true then H'(G}, AY) =
lim J (k) /nJ (k) = J (k)" as required.

The injectivity of Hom(Gy, J(k)) = Hom(Gy, J(k)) follows from the injectivity of J(k) — J(k) which
in turn, notice that we are talking about a projective limit of n-th power maps, corresponds to the
"Kummer-faithfullness” of the field :

(7 (k)] = {0}

We know that H*(Gy, J(k)[n]) = H*(Gy, A%). The surjectivity would follow from the vanishing of
H?(Cy, AY). From Tate duality again we obtain H?(Gy, AY) = H(G, AL(1)" = 0 by Lemmah
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above. Hence we have an isomorphism for the limit over all n € N of the cokernel of J(k) — J(k),
which is exactly J(k)", with H' (G, A%).

Let us now continue with the proof of (2). This follows from the inflation restriction sequence. We just
need to prove that H! (Ilx, Mx) = H! (Gg, Mx), which is exactly the content of Proposition

Finally the rest of the statement is a restatement of Kummer evaluation: a function f € O is encoded
by its divisor of zeroes and poles at the cusps. O

Definition 2.76. Let k be a sub-p-adic field. Let the ‘number field closure’ knr C k be the algebraic

closure of Q in k. A curve X/k is a NF curve if X7, := X X, k is defined over V", We shall call k-points
and rational functions on X7 that descend [take values in] to knF NF-points and NF-rational functions.

We may reconstruct the Galois cohomology group H* (7, My ); to recover the function field we want
to recover the image of the kummer map (using that it is injective). Consider the diagram

1 k> oy ©sZ
1 X Py DsZ 2.4)
1 X HY (I, Mx) —— ®sZ

where the bottom line is the sequence from the proposition above, Py the pullback. The function
field k™ is obtained from pulling back from the second sequence. The validity of this construction
follows from Proposition EI As Py is simply the pullback from H'(IIy;, Mx) and ®s7 it can be
group-theoretically reconstructed. As seen from the graph above elements of Py are principal divisors
times the profinite completion of elements in k™. We will need to distinguish the cohomology classes
n € Py that come from “genuine rational functions” from those that represent ‘fake profinite rational
functions’.

Proposition 2.77. Suppose X is a NF-curve. Let n € Py C H'(Ily, Mx). We may group-theoretically
characterise those Kummer cohomology classes ks arising from NF rational functions f € k.

(i) A cohomology class ) € Py is a nonconstant NF rational function if there exists a positive multiple ' of
n, finite extensions k,, /k and NF-points z; € U (ky,) for i = 1,2 such that
(1) = s3,(n) =1
and
(@) = sg,(n) # 1

where s, denote the maps
sy, H'(Ily, Mx) — HY(Gy, , Mx)

induced from the sections s, : kai — Iy associated with the points.

(ii) A cohomology class n € Py ﬂ H' (G, Mx) = ic% [see the above short exact sequence is a constant

NF rational function if there exists a nonconstant rational function f € Py and a point x € U (k,), such
that

spf = f(x) = n(z)
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Proof. A general element 7 € Py is a product of a rational function f in the linear system associated to

the divisor that is the image of n under Py — @SZ and an element \ € kX n = A - f. This follows
from the diagram 2.4 above. To distinguish the ‘genuine rational functions’ from the ’ fake profinite
rational functions” we need to find those n = X - f such that A € £*; the idea is to evaluate at a point
and force its value to lie in £*. It is difficult to pick out, that is to characterize, individual elements of
k. The only exceptionis 1 € k™.

Proof of (i) Given X or U we may consider the basechange X along the algebraic closure k of
k; under our assumption that X [or U] is a NF curve this descends to Xinp A rational function
fe E]XV r(X) gives a morphism Xz~ — ]P%NF ; if the rational function is nonconstant the induced map
Xinr (knp) — ]P%NF (knr) is surjective. This follows from the Zariski topology since the map is finite
hence closed and the image is infinite.

This means that the fiber of 1 € }P%NF (knr) in Xi (knr) is nonempty; it may happen however,
that while the fiber of 1 is nonempty it does not have any elements in U. The solution is to consider
positive powers of 7; if one of these have value 1 at an NF-point 2 € U (k, this means that 7 has value
¢n = s,(n). This means exactly

or
A=Cof(x)™!
hence )\ € k*.

To distinguish the nonconstant functions we simply pick those rational functions that have two differ-
ent values at two different points. Proof of (ii) Forcing the twin conditions n € Py ﬂ HY(Gy, Mx) =

k% and 1, € k* implies 7 € k* as required. O

Finally we come to reconstructing the function field of X. From the previous steps we obtained the
multiplicative group k™. I claim we can reconstruct the additive structure. Let me also remark that we
have access to the valuation of the function f € k™ by the discussion in Remark

The reconstruction of the additive structure will follow by an old argument due to Uchida using the
linear systems associated with divisors. Because we have reconstructed the decomposition groups of
closed points, cf Belyi Cuspidalisation, it makes sense to talk about divisors.

Definition 2.78. Suppose X is proper and k is algebraically closed. Set Div(f) to be the divisor of
f € kx, If Dis adivisor on X write

L(D) = {f € kx | Div(f)+ D > 0}

Proposition 2.79. Let X be proper [so that the divisor of a rational function is of degree zero] over a field k
that is algebraically closed. Given

(i) The abstract group K §

(ii) the set of surjective homomorphisms

Vx = {ordy: k% — Z}aexr)

(iii) for each homomorphisms v, = ord, € Vx, the subgroup U, C ky given by the f € k% such that
fla)=1.
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Proof. We will reconstruct the additive structures in several steps.
Our first observation is that k™ can be characterized inside K™ as

kX = ﬂ Ker(v)

vEVY

Remark that if we can recover the additive structure on k£ we automatically obtain the additive
structure on K . We have group-theoretic access to the points and valuations so it makes sense to talk
about divisors. To add two elements a, b in £ we will find a divisor D, points z, y1, y2 and functions
f1, f2 € L(D) such that fi(x) + fa(x) = a+0.

Start with any divisor D such that /(D) > 2. By subtracting a well chosen effective divisor we can
reduce to the case that /(D) = 2. Take z € X (k) — Supp(D) to be a point such that L(D) has a section
that doesn’t vanish at z, i.e. (D — z) = 1. Then take y; similarly, i.e. such that /(D —x — y;) = 0.

Finally pick y2 € X (k) — Supp(D) U{x, y1} such that {(D —x — y2) = 1(D —y1 — y2) = 0.

With this setup it follows that there exists f1, fo € L(D),a,b € k™ such that fi(y1) # 0, fi(y2) =
0, fi(z) = aand fa(y2) # 0, f2(y1) = 0, fo(x) = 0.

Now we can add a and b as follows. Suppose 4 # —1 [otherwise a + b = 0, —1 is the unique
element of order 2] and let f; + f5 be the unique element in L(D) such that (f; + f2)(y1) = fi(y1) and
(f1+ f2)(y2) = fa(y2)- Thena + b= (f1 + f2)(2).

O

We can now prove Theorem and hence Corollary

Theorem 2.80. Let X be a hyperbolic curove of strictly Belyi type over a p-adic field or a number field k. Let k a
separable algebraic closure of k. There exists a functorial 'group-theoretic” algorithm for reconstructing from

H} the function field and the base field of X.
il -1l - Gl A&

and
I, — Il ~ K(X)

where K (X) denotes the function field of X.

Proof. We apply all the results we have seen before, in the following steps

Step 1: Recover the geometric fundamental group [Lemma Lemma[2.3] and the homotopy sequence

1> Ax -1y > G, — 1

Step 2: Recover the [conjugacy classes of] inertia subgroups I, = I/, C Ay as in Theorem[2.45]
Step 3: Using Step 2 apply Belyi Cuspidalization [Theorem [2.62]] to obtain the surjections

Iy —» Iy C IIx

where Y — X is any hyperbolic NF-curve that arises as a finite etale cover of X, and U C Y isan
open obtained from Y by removing a finite collection of NF-points. Additionally, using Step 2 and
the fact that the normalizers Ny, (1) of cuspidal inertia groups are the cuspidal decomposition
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Step 4:

Step 5:

Step 6

Step 7:

Step 8:
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groups D, [where the cusps are NF-points!], reconstruct the decomposition groups of closed NF
points of X as the images of the cuspidal decomposition groups D, C II;y — IIx. Remark that
we can characterize hyperbolic NF-curves Y — X [that is, the corresponding open subgroups of
IIx]: hyperbolicity is easy and is a simple genus and punctures count while the NF-ness of a
curve can be checked by applying Belyi’s theorem.

Apply synchronization of cyclotomes to obtain natural isomorphisms
I = p2(Ily) = My

where U C Y — X isasin Step 3, Y is of genus > 2 [this can be easily detected as in the proof of
Theorem [2.45], and Y < Y is the canonical compactification of Y.

For U C Y C Y asin Step 4, construct the subgroup

Py € H' Iy, p2(1y))

of cuspidal principal divisors [Proposition [2.75].
Next, construct
knp C Ky = h%HI(HV»N%(HU»

using the characterization of NF-functions [Proposition [2.77]. Here V ranges over the open
subschemes obtained by removing a finite number of NF-points from Y x k’, where &’ is a finite
extension of k. This can obviously be detected using the recovery of decompostion groups.

Reconstruct the additive structure on %y U {0} and using Proposition [2.79| Step 2,3,5

KX

Y ,NF
and the fact that Kummer evaluation yields a group-theoretic way to recover the order of a
function at a cusp. Be aware that Proposition requires an algebraically closed field, so may

only be applied to the algebraically closed k.. But if we know the addition on the constant

field & y - we immediately recover the addition on the function field K; NP

From Step 6 one easily reduces to the [NF-part of the] function field Kxr x of X. One finally

applies the result of Corollary 1.10 of [Moc15], which has not been covered in this thesis because
of space constraints.
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