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Abstract

The zeta function of an algebraic variety X over a finite field £ is an exponential
sum involving the number of points on the variety over all finite extensions of k.
One would like find explicit expressions for zeta functions in an efficient way. We
discuss a method for computing zeta functions of smooth projective hypersurfaces
called the deformation method. The deformation method involves embedding the
hypersurface X in a family of hypersurfaces, containing a hypersurface X for which
we know the action of Frobenius on rigid cohomology. We use that we can easily
compute the action of Frobenius on diagonal hypersurfaces. The action of Frobenius
satisfies a p-adic differential equation. Using a Lefschetz formula and the theory of
p-adic differential equations, we can compute the zeta function of the hypersurface
we started with.

In this thesis, we formulate the deformation method for families in many vari-
ables. We investigate if we can use the deformation method for the universal curve
of genus 3. There turns out to be an explicit condition for when the deforma-
tion method fails, and we try to understand this condition. The condition is very
unnatural in the sense that it depends on the choice of coordinates.
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Chapter 1

Introduction

The first three paragraphs of this chapter are based on [PT14, section 1].

One problem in algebraic geometry is counting the number of points on a variety
over some finite field, and its finite extensions. One way to capture this data is to
write down a generating function called the zeta function Z(X,T) of a variety X. As
we will see in section [2.1] there exists a naive way of determining Z(X,T). However,
this method is not very efficient, thus one would like to have better algorithms to
determine the zeta function.

The method we will look at uses p-adic cohomology. In [Ked01], Kedlaya in-
troduces a method to compute the zeta function of a hyperelliptic curve in odd
characteristic using Monsky-Washnitzer cohomology (which is a p-adic cohomology
theory). For this, Kedlaya computes the action of the Frobenius endomorphism on
cohomology, and uses a Lefschetz formula. This idea will be central in this thesis.
In [AKRIO], this method is generalised for smooth projective hypersurfaces.

Lauder ([Lau04al [Lau04b]) showed that in terms of time complexity there is an
even better way of computing zeta functions of smooth projective hypersurfaces.
Instead of directly computing the action of Frobenius on the cohomology group of
a smooth projective hypersurface X, one first embeds X into a family of smooth
projective hypersurfaces which contains a diagonal fibre (see section for the
definition and more details). It turns out that computing the action of Frobenius on
the diagonal hypersurface is easier, and the action of Frobenius satisfies some p-adic
differential equation. Hence, solving the differential equation gives us the action of
Frobenius on the p-adic cohomology of X. This is called the deformation method.
Lauder’s method uses Dwork cohomology. Gerkmann reformulated Lauder’s method
for rigid cohomology, which is somewhat easier to work with [Ger(7]. Gerkmann
also made improvements to precision bounds and the algorithm in general.

The original motivation of the deformation method was improving the time com-
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plexity for computing the zeta function of a single smooth projective hypersurface.
However, the method also gives us a way of computing the zeta function of every
fibre in a family X'/S that contains a diagonal ﬁbreﬂ This brings us to the question
whether this method could be used to effectively count all points in some family of
hypersurfaces. One example of this is counting the number of points on a universal
curve (for example the universal curve of genus g). Many moduli spaces can be
stratified in a natural way. In many cases, one can determine normal forms for the
objects belonging to a given stratum. In the case of a moduli space of curves, this
is a family of smooth projective curves such that each curve in a given stratum is
represented by at least one fibre. However, some fibres may be isomorphic and we
need to account for that. Counting all points on the universal curve then boils down
to counting all points on the normal form and compensating for the points that we
counted multiple times.

Our main reference for the deformation method is [PT14], which gives a descrip-
tion of the method for 1-parameter families of smooth projective hypersurfaces. In
this thesis we generalize the deformation method to families in multiple parameters.
Then we look into whether this method can be applied to compute the zeta function
of a universal curve. For computations, we use a very fast implementation of the
1-parameter version of the deformation method for smooth projective hypersurfaces
by Sebastian Pancratz [Panl4]. His method has been implemented for families in
many parameters using both Mathematica [Putl7a] and Sage [Putl7b] by the au-
thor.

We start in Chapter 2] by introducing our main object of study: the zeta function
of an algebraic variety. We give some theorems which we will use to compute zeta
functions. We then give an overview of the deformation method, which will motivate
the rest of the chapters.

After this, we discuss algebraic de Rham cohomology and rigid cohomology in
Chapter [B] We also introduce the Gauss-Manin connection on the algebraic de
Rham cohomology. The last two sections go into computation of the Gauss-Manin
connection.

The essential part of the deformation method is a collection of differential equa-
tions which we derive in Chapter 4] In the first part of the chapter we derive the
differential equations, and in the second part we solve the differential equations.

In Chapter |5} the last parts of the deformation method are presented. This in-
volves computing the action of Frobenius on the rigid cohomology of a diagonal fibre,
and recovering the zeta function from approximations of the action of Frobenius.

'Except for all s in some subvariety of S of codimension 1.
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As these last computations are not dependend on the dimension of the family, and
the 1-dimensional case is already discussed in [PT14], we do not give any proofs.
This completes our description of the deformation method.

In Chapter [6] we give examples of the deformation method for a 1-dimensional
family and a 2-dimensional family of quartic curves.

Finally, in Chapter [7| we discuss the main question of this thesis: Can we use the
deformation method to efficiently compute the zeta function of the universal curve
of genus 37 We do so by first going into the case of curves of degree 2 and 3. After
this, we discuss quartic curves (which are our main objects of study as “almost all
genus 3 curves are quartic curves”).

1.1 Setup and notation

In this thesis we use the following setup and notation. Let p be a prime and ¢ a
power of p. Let Q, denote the field of p-adic integers, and Q, denote the unique
unramified extension of Q, with residue field F,. Let Z, and Z, be the rings of
integers of Q, and Qy, respectively.

Given is a family of smooth projective hypersurfaces in P" over Fy, f: X — S,
where S is a Zariski open subset of IP’ISFq and n, s € N. We take a smooth lift X'/S of
X/S defined over Z,. Let U/S be the complement of X' /S in P%. Then the special
fibres of X, Y and S are X = X ®F,, U =U ® F; and § = S ® Fy, respectively.
The generic fibres are denoted by X =X @ Q,, U =U ® Q, and & =S ® Q.

Suppose that the family X' /S C P% of smooth hypersurfaces is given by a poly-
nomial P € Zg[t1,...,ts][xo, ..., 2y, homogeneous of degree d in zg,...,z,. We
assume that X'/S contains a smooth diagonal fibre, i.e. for some 79 € S the fibre
X, is defined by a polynomial equation of the form

apzy + a1z + - + apal =0,

with ag,...,an € qu. By applying a projective transformation, we may assume that
0 € § and that Aj is a smooth diagonal fibre.

We will also assume that X'/S admits a relative normal crossing compactification
(for the definition, see [Tuil(, Definition 3.3.1]). This is needed for the algebraic de
Rham cohomology and rigid cohomology of X/S to “behave well”.






Chapter 2

Zeta functions

In this chapter we introduce the zeta function of an algebraic variety and some
properties of zeta functions which we will use to compute them. We also give a brief

description of the deformation method.

2.1 Introduction to zeta functions

Suppose we want to count the number of points on an algebraic variety X/F, over
every finite extension of F,. We can capture this data using the following generating
function.

Definition 2.1. Let X be an algebraic variety over IF,. Then we define the zeta
function of X to be the formal power series

Z(X,T) = exp (Z |X(Fqi)|j;>. (2.1)
=1

Theorem 2.2 (Weil conjecturesED. Let X be a smooth projective variety over Fy of
dimension m. Then

Z(X,T) = pips .. -p2m717
Pop2 - - -P2m
with p; = [[;(1 — o jT) € Z[T] for all 0 < i < 2n. Furthermore, the map t — q™ /t
sends the oy j bijectively to the aom—; ) preserving multiplicities, and |oy j| = qi/2

for all embeddings Q — C.

!The statements of the theorem were originally conjectured by Weil. Although they are often
still refered to as the “Weil conjectures”, the conjectures were proven by Dwork, Artin, Grothendieck
and Deligne in the 1960s and 1970s.

13
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The rationality of Z(X,T) means that we can find it by only computing a finite
amount of data. There exist bounds on the degrees of the numerator and of the
denominator of Z(X,T) [BomT78]. This gives us a simple algorithm to determine
Z(X,T) by naively computing finitely many of the coefficients | X (F)|.

The running time of this algorithm is polynomial in g, which means that it is
exponential in its number of digits logq. The following method gives us a better
time complexity. For a smooth proper algebraic variety, we can compute the zeta
function using the Lefschetz formula.

Theorem 2.3 (Lefschetz formula [PT14, Theorem 2.3]). Let X be a smooth proper
algebraic variety over IFy of dimension m. Then

2m
Z(X,T) = [J det(1 — TF, | Hi (X)), (2.2)
i=0

where Fy is the q-Frobenius endomorphism on Hiig(X) and ’Hﬁig(X) is the i-th rigid

cohomology sheaf on X, which will be introduced in Section [3.3

If X is a smooth projective hypersurface, then we can directly compute almost
all terms of (2.2]). The following theorem is formulated for the case we are interested
in, which is a family of smooth projective hypersurfaces.

Theorem 2.4. Suppose that X/S is a family of smooth projective hypersurfaces in
Pg, and Fq/Fq is a finite field extension. For all T € S(Fq) we have

n

X(T)Y

Z(X7,T) = I-T)1—qT)-...-(1—q'T)’

with x(T) = det(1 — Tq ' Fy | Hyig(Ur)).

Proof. See [Ger07, Theorem 3.1]. [

Using a Lefschetz formula, Kedlaya ([Ked01]) gave an algorithm for computing
the zeta function of a hyperelliptic curve of genus g over F,x. For fixed p, this
algorithm runs in time complexity O(g*T¢k3+€) (where € is arbitrarily small), which
is much better than the naive approach since it is polynomial in k = logp(q).

2.2 The deformation method

We now briefly describe the deformation method. We will use the results that we
prove in chapters [3] ] and
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Let g = p® with ¢ | g and let 7 € S(Fy). We want to compute the zeta function of
the fibre X, of X/S. Using Theorem we can do this by computing the action of
q~ 1 F; on the rigid cohomology space H?ig(UT) where U; is the fibre at 7 of U/S. In
Section |3| we will introduce the algebraic de Rham cohomology spaces Hip (X/&),
and using Theorem we can relate H, (U/S) to Hgg(U/6). It will be more
convenient for us to work with de Rham cohomology instead of rigid cohomology.
The algebraic de Rham cohomology space also has an action of Frobenius and the
isomorphism from Theorem preserves the action of Frobenius. Hence, we shifted
the problem to computing the action of g~'Fy on H1 (Us) (where 7 is a lift of 7).

In Section we show that H[,(U/S) is equipped with a structure called
a connection V, which is similar to a derivative, and this connection induces a
connection on My, (U/S). The actions of V and p~'F, are given by matrices M (*)
with K =1,...,s and A,, respectively. One can show that the connection commutes
with the action of Frobenius and using this we derive p-adic differential equations

dA k -1 k F

W: + MW A, = pip~ A, (M®)"
for k=1,...,s, where F is the p-power Frobenius on Q, and sends ¢; — ¢! (Section
4.1). The trick of the deformation method is to compute M) for all + € S(Z,)
(so in terms of t,...,ts), and compute A, for one single fibre. It turns out that

it is convenient to choose a diagonal fibre as this single fibre for which we need to
compute the action of Frobenius. If we then solve these differential equations for
Ap, we find A, for all 7 € S(Z,). Write A, - for the action of p~'F, on HZ,(U;).

rig
We can then derive the action of ¢71Fy on Hgg(UT) (Section , which we denote
by Ag 7, via the formula

o o o.a—l
Agr = Apr Ap - Ap

Here 0: Q; — Qq is the p-Frobenius map. We can then compute Z(X,,T') using
Theorem [2.4] and Theorem [5.10l






Chapter 3

Cohomology theories

In this chapter, we first briefly discuss the algebraic de Rham cohomology and
the construction of the Gauss-Manin connection. After this, we introduce rigid
cohomology and give a comparison theorem. Lastly, we look at computations in the
de Rham cohomology and specifically at computing the Gauss-Manin connection.

3.1 Algebraic de Rham cohomology and the
Gauss-Manin connection

Let f: X — & be a smooth family of algebraic varieties over k. Let Q%{/G be the
sheaf of relative 1-forms of X over 6. We have a map dy/s: Ox — Q%e /& which
is an &-derivation of O in Q%E /6 and which is universal in the sense that any .S-
derivation of Ox in an Ox-module M factors through Q%e /6 [[196, §1, 1.2]. For all
1 € Z we define

| N Qe 1> 1
36/6: Ox if i =0;
0 if i < 0.

Then dy /g induces a family of maps that turns Q5 /6 into a complex.
Proposition 3.1. For all i > 0 there exist maps d;: Qé{/@ — Qg}le such that:

(i) d; is an f~1(Og)-linear map with d;(ab) = d;(a) Ab+ (—=1)7a A d;(b) for all
120,720 andaGQge/G;
(ii) diy10d; =0 for all i > 0;

(i4) do(a) = dx;s(a) for all a € Ox.

17
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Proof. See [I1196), §1, 1.7]. [

Hence, we get a complex

d d d ds:
d L Qb P Qg —2

0 x/6

Ox

which we denote by 5. /6" The algebraic de Rham cohomology is constructed using
this complex.

Definition 3.2. We define the relative de Rham cohomology sheaf as Hip (X/S) =
R! [ (Q% / g) where R'f, is the i-th hyperderived functor of f,.

Lemma 3.3. If X/& admits a relative normal crossing compactification, then Hip (X/S)
1s locally free for all i.

Proof. This is [Tuil0, Theorem 3.4.2]. |
This lemma has a nice corollary.

Corollary 3.4. If X/& admits a relative normal crossing compactification, then
‘r(X/6) is a vector bundle on & for all i.

Now that we have vector bundles, we define connections on vector bundles.

Definition 3.5. Let & be a vector bundle on &. A connection on € is a map of
vector bundles V: € — € ®og ng/k which satisfies the Leibniz rule, i.e.

V(we) =wV(e) + e ® dw,
for all local sections w of Og and e of €.

We will construct a connection on the vector bundle HéR(%/GS) for 7 > 0
called the Gauss-Manin connection. We can define a filtration F' = F'(Q%) =
1111((2567;C R0y f*Qig/k EAN Q;e/k), where the map g¢; is given by A®~* idoy , ® N
(f*Qe/k — Qx/k). This filtration gives rise to a spectral sequence (E7,d?) on &
as is described in [GHTS8| §3.5, p. 439]. If we use that Q&/k and Q%/k are locally
free, that f is smooth, and that the differentials in the complex Q;E/k R0y f*ng/k

are f~1(Og)-linear, a computation in [KO68, §2, p. 202] gives us
Ey = HIg (X/6) ®og Q’é/k.

We have maps d?’j : E?’j — El1 7 from the spectral sequence. Using the previous
calculation we can define the Gauss-Manin connection.
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Definition 3.6. The Gauss-Manin connection V: ’HZIR(Z{/(‘S) — HéR(%/G) ®0s
Ql@/k is defined as the map d” for all j > 0.

Another calculation in [KOGS8| §2, p. 203] gives us that V is indeed a connection.

3.2 Rigid cohomology

In this section we give the basic properties of rigid cohomology. We do not give any
details or proofs as our goal is only to relate it to the algebraic de Rham cohomology,
and use the Lefschetz formula.

One can define the rigid analytic spaces | X[ and |S|. We can think about a rigid
analytic space as the analogue of a complex analytic space over a non-Archimedean
field. The analogue of the structure sheaf and the sheaf of differentials of S are
the overconvergent structure sheaf (9:[9 and the overconvergent sheaf of differentials
Q}gT. As the analogue of the relative algebraic de Rham cohomology, we have the
relative rigid cohomology sheaf of a family X/S denoted by H%ig(X/S), which is a
sheaf on the rigid analytic space |S[. We now give some of the properties of rigid

cohomology.

Proposition 3.7. Let i > 0. Then Hiig(U/S) satisfies the following properties.

(i) The space Hﬁig(X/S) is a so called overconvergent F-isocrystal. This means
that ’Hiig(X/S) is eqquiped with a connection (which comes from the Gauss-
Manin connection V) and a Frobenius isomorphism

fﬁ F*Hli.ig

Furthermore, V and F commute [Tuil0, Definition 3.4.8 and Theorem 3.4.10].

(X/S) = HL (X/S).

rig

ii) The connection V: H:_(U/S) — HL (U/S) ® QLT 18 a linear action so there
rig rig S

exist matrices M*) ¢ Myp(Qq(t1, ... ts)) for k=1,...,s such that

s b
Vim) =3 MPm; @ dty, (3.1)

k=1 1=1

for all j = 1,...,b where {my,...,myp} forms a basis of global sections of

HO(1S[, 135 (U/S)).

rig
(iv) The sheainig(U/S) is a locally free sheaf of Qq(t1, ..., ts, 1/r) -modules. Here
Qqft1, ..., ts, 1/7">Jr is a ring of overconvergent functions [Tuil(), Definition

8.2.3] and r € Zyt1, ..., ts] is the common denominator of the matrices M®*)

of V.
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(iii) The action of Frobenius on ’Hfig(U/S) is defined as follows. Let I, denote the
p-th power Frobenius endomorphism I, — F,. We can lift this to o: Q; — Qq.
Let F: (@(1<751,...,255,1/7“>Jr — Qq<t1,...,t5,1/r>T be given by o on Q, and
F(t;) =t for i = 1,...,s. Then F induces an action F: ’Hﬁig(U/S) —
Proof. See [Tuil0), Section 3.4.2]. [ |

The last property that we will use is that we can relate the rigid cohomology of
the special fibre to the de Rham cohomology of the generic fibre.

Theorem 3.8. Suppose that X /S admits a relative normal crossing compactifica-
tion. Then there is a canonical isomorphism

ir(X/6) ® OL — Hi(X/9),

of locally free sheaves of (’)L—modules with connection, for all i > 0.

Proof. See [Tuil0, Theorem 3.4.12]. [ ]

As we will see later, we need to compute the action of V on Hyi,(U/S). By the
previous theorem, we can instead compute the action of V on H}j, (U/&). In the

next section, we find a basis of Hjj (U/&) so that we can do explicit computations.

3.3 Computations of the de Rham cohomology

The following proposition gives an explicit description of the algebraic de Rham
cohomology of the complement of a smooth projective hypersurface.

Proposition 3.9. Let Q) denote the n-form on /& defined by
Q=3 "(~1)'widwo A+ Aday A+ Aday.
i=0

Let C be the space of closed n-forms QQ/P* with k € N and Q € H*(&, Og)[xo, . . ., )
homogeneous of degree kd—(n+1). Let E be the subspace of exact n-forms generated

by
(GiR)Q _, RO:P)Q

Pk pk+1 7
with 0 < i < n, k € N and R € H°(&,0¢)[zo,...,r,] homogeneous of degree

(k—1)d—n. Here 0; denotes the partial derivative operator with respect to x;. Then
ar(U/6)=C/E

(3.2)
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Proof. See [PT14] Proposition 3.1]. [

We want to find an explicit basis for Hj, (U/S). Instead of working with /&,
we work over the generic fibre

uQQ(t17"'atS) = il/6 XG Qq(tla .. 7t5)-

This gives the advantage that Hl, (qu(tl,...,ts)) is a Qq(t1,...,ts)-vector space, so
we can apply linear algebra. Our approach is to reduce the poles of monomial
elements of H7p, (U/S) using (3.2). We then show that our reduced set forms a basis
of Hip(U/S).

First we define the following sets of monomials:

Definition 3.10. Let Ny = NU {0}. For k € N, we define
Frp={a"|uce Not and |u| = kd — (n + 1}

B ={2"€ Fy|u;<d—1foral 0<i<n};
Ry, = Fy — By,

with 2% = 2. ..-2% and |u| = 31 u; for u = (uo, . .., u,) € N, Furthermore,
for k € N we define
By = {QQ/P"| Q € By}.

Write B=B{U---UB,and B=B1U---UB,,.

We will show that if X'/S contains a diagonal fibre, then B forms a basis of
%HR(qu(tl,...,ts))- For this, we construct an algorithm for reducing an n-form
QQ/P* with Q € Fj, to an element of the Q(t1, .. .,ts)-span of B in cohomology.

Definition 3.11. For k£ € N, let
C,go) = {z"|ue N and |u| = (k — 1)d — n}.
For 1 < j < n we define inductively
C',ij) = {x“ € C,gj_l) ‘ x?j )(x“}
We then define C as the disjoint union C}go) U---u C,gn). We will denote an element
of Cy, by (j,9) where 0 < j <mnand g € Clij).
Lemma 3.12. For all k € N, the sets Ry and Cy, have the same cardinality.

Proof. See [PT14, Lemma 3.4]. [ ]
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Definition 3.13. For k € N, let V}, and W}, be the Qq(t1,...,ts)-vector space of
polynomials with bases Fj, and Ry, respectively. Furthermore, for 0 < j < n, let U, ]Ej )
be the Q4 (t1, ..., ts)-vector space with basis C,gj) and define Uy, = U}go) XX U,gn) (so
Cy is a basis of Uy). Let m: Vj, — Wy, be the projection which sends every element
of By to 0 and sends an element of R to itself. We define a map ¢i: Uy, — Wi by

o1(Qo, ..., Qn) = T(QodoP + - - - + QnO, P).

For k € N we also define the square matrix Ay with row and column index sets
Ry, and CY, as follows: for f € Ry and (j,g) € C) we define the corresponding entry
of Ay to be

the coefficient of f/g in 0;P if g | f;

(B)sj.9) = {0 (3.3)

otherwise.

Note that f and g are monomials, and if g | f, then

deg(f/g) = deg(f) — deg(g) = (kd — (n+1)) = (k= 1)d —n) = d — 1 = deg(9; P),

so it makes sense to talk about the coefficient of f/g in 0;P.

The matrix Ay corresponds to the linear map ¢r. Namely, for (j,9) € Ck, we
have ¢(0,...,0,9,0,...,0) = g0;P (where we put g in the j-th position) and so
the element on position (f, (j,g)) of the matrix of ¢ is as in .

Theorem 3.14 ([PT14, Theorem 3.6]). Suppose that X /S contains a diagonal fibre,
then ¢y, is an isomorphism of Qq(t1, ..., ts)-vector spaces for all k € N.

Proof. We already know that dim Uy = dim W) by Lemma We need to show
that det(Ag) # 0 (since Ay is the matrix representing ¢r). We do this by showing
that det(Ay) does not vanish on the diagonal fibre Xy of X' /S, which shows that Ay
cannot be identically zero.

Let (j,g) € Ckx. Then we have gx?_l

dj(apzd+ - +anal) = daja:;l_l, the entry of det(Ag)|t=o at row ga;;.l_l and column

€ Ry and since 0;P(xo,...,%pn)|i=0 =

is da; . ere is another non-zero element in the row g en it is in
j,9) is daj # 0. If there i th ] t in th ga ", then it is i

column (i, h) € Cy, for some i and h | gx?_l and gx?_l/h = :J:f_l SO g:):;l_1 = hxf‘l.
This means that a:;l_l | h and x?_l | g. If i < j then the first gives a contradiction

and if 7 < ¢ then the second gives a contradiction, by the definition of C. Hence,
d—1
J

is in column (j,g). Hence, every column and row contains precisely one non-zero

we get ¢ = j and this gives ¢ = h. Hence, the only non-zero element in row gx

element. Therefore, det(Ay)i—o # 0, which completes the proof. |
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Using the previous theorem, we can describe an algorithm to reduce n-forms in
cohomology to n-forms in the span of B.

Let Q € Qq(t1,...,ts)[x0o,...,zy] be homogeneous of degree kd — (n + 1) for
some k € N. If we apply 7 to @, we get an element of Wj. Theorem yields
(Qo,---,Qn) = qb,?l(w(Q)) € Uy. Hence, applying ¢y, gives

W(QO(?OP +---+ Qnanp) = W(Q)

This means that Q@ = Q0P + -+ + QnOn P + v, with v, in the Qq(t1,...,ts)-
span of By. Consider the element QQ/P* of Hir (Ll(@q(thm’ts)). Using the previous
computation and the relations of Proposition [3.9| we can write

QQ_(%%P+~wwhme+vm

V2 Pk PF
_ (B0Qo + -+ 0nQn)2 102
= (k- DPET 2

where = means equality in H}y (ut@q(th...,ts))‘ Suppose that dgQo + - - - + 9, Qn # 0.
Note that deg(doQo+- - -+ 0nQn) = (k—1)d— (n+1) since the @; that are non-zero
must be homogeneous of degree (k — 1)d — n (and one of the 0;Q; is non-zero).
Hence, we can repeat the reduction step for 9pQqo + - - - + 0,@Qy. If we repeat this
QL _ %N 720 | Q0
k= pE T T e T p
with Q" € Vi. Note that By = F since d — (n 4+ 1) < d — 1. This means that @’ is
in the Qq(t1,...,ts)-span of By and therefore we can take v, = @'. Furthermore, if

we can write

k > n, then By = () and so v = 0. Hence, we can write

QY 7
ﬂ: Pn ++ﬁ’

with v; in the Qq(t1,...,ts)-span of B; for 1 <i <mn.

Algorithm 3.15. The method above describes an algorithm to write an element
QQ/ Pk € Hip (il@q(thm’ts)) as a Qq(t1,...,ts)-linear combination of elements of B.

Theorem 3.16. Suppose that X /S contains a diagonal fibre. Then B is a basis of
the Qq(t1, ..., ts)-vector space Hig (qu(tl ’’’’’ ts))'

Proof. Using Algorithm we see that B spans Hjy (qu(tl,...,ts))~ Here we use
that ¢ is invertible by Theorem By [PT14, Proposition 3.7] and [PT14,
Proposition 3.8], the cardinality of B is equal to the dimension of H[y (qu(tl,...,ts))
as a Qq(t1,...,ts)-vector space. Hence, B forms a basis of H/j (Lqu(thm’ts)). |
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Definition 3.17. We define the polynomial R’ € Z,[t1,...,ts] by
R =[] det(Ag).
k=2

Furthermore, we define R = R’ - det(A,41).

Corollary 3.18. If S does not intersect the zero-locus of R’ in P%q, then B is a
basis for Hip (U/6).

Proof. By [Gri69, (4.11)], H}r(4/6) is given by all n-forms with poles of order at
most n (higher poles can always be reduced in cohomology). By applying Algorithm
we see that B spans H[j (4/6) since we may use the algorithm for k = 2,...,n
as det(Ay) does not vanish on & by assumption. The fact that B is linearly inde-
pendent over H%(&, Og) follows from the fact that it is linearly independent over

Qq(t1, ..., ts). |

3.4 Computing the Gauss-Manin connection

We want to find the matrix of the Gauss-Manin connection V on H}j, (4/8). Since
we have an explicit basis of H}j, (U/&), we can describe its action on the basis
elements. Let x%Q)/P* € B. Note that {/& is affine, and therefore we can use
[PT14, Remark 2.7]. This tells us that

%0 %0
V(m) - d(m)

where d is the absolute differential on 2%. Since 2 is an n-form, and there do not
exist (n + 1)-forms on X, all terms where we differentiate with respect to z; vanish
and we get

U9\ d [2UQ o —kat(dP/dty)
v(Pk>_;dtk<Pk>®dt’“_; PRAT ® dty,.

Hence, using Algorithm we obtain

70\ _ o~ (o 1
where 'y.(k) is an element of the Q4(t1,...,ts)-span of B; for all 1 < k < s and

)

1 < i < n and where = means equality in HJ(4/S) ® Q. Hence, we have
computed the matrices of V on H (4/6).
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Remark 3.19. In the previous computation, we used Algorithm [3.15] which is valid
if ¢y is invertible for all k£ that we apply it for. Note that deg,(—kx"(dP/dty)) =
kd—(n+1)+d=(k+1)d— (n+1). Since k < n, we need to apply the algorithm
for K =2,...,n+1. Hence, if we assume that S does not vanish on the zero-locus of
R = R'-det(A,41) in P%q (which means that det(As),. .., det(A,+1) do not vanish),
we may apply the algorithm.

Remark 3.20. There also is another criterion for applying the deformation method.
We can write M (* (k) /r(k) wwith ) € Z,[t1, ... ts]), H®) € Myey(Qqlts, - ts))
and b = |B|. Let 7 € S( ). I rE)(7) £ 0, then spe(nahzmg M®) at t = 7 gives
us the action of V on the fibre X;. Hence, if ¥} does not vanish at t = 7 for
k=1,...,s, we may apply the deformation method. By [PT14, Proposition 3.13],

we have that r(*) | Rfor all k =1,...,s. Hence, it is less restrictive to assume that
r(¥) does not vanish on S for k = 1,...,s, than to assume that R does not vanish
on S.

In practice, we want to know if the deformation method will work before we
compute M*) for k = 1,...,s. Therefore, we will work with the criterion in Remark
and we investigate the vanishing of R in Chapter [7]

Algorithm 3.21. The above computation, together with Remark (or Remark
} gives an algorithm to compute V on HJj; (U/&) and so all matrices M (k).

Remark 3.22. Suppose that P has coefficients in Z < Z,. Then we can compute
V over Q, so we get matrices M*) ¢ Myxp(Q(t1,...,ts)). In practice, this will
be our approach to the deformation method. Namely, we either have to determine
the M®*) over Q, or over Qg with some finite p-adic precision Njs. This p-adic
precision depends on a constant K, which can be determined from M®*) over Q
[PT14, Theorem 5.8]. Hence, we need to determine the M*) over Q in both cases.
Therefore, we first determine M over QQ, then determine K, and then consider M
as an element of Mpyp(Qq(t1,...,1s)).






Chapter 4

The differential equation

In this chapter, we first derive differential equations involving the Gauss-Manin
connection and the action of Frobenius on HJj; (U/&). We then show how to solve
these differential equations so we can compute the action of Frobenius.

Recall the following definitions:

e By F,: F, = F, or F},: F;, = F; we denote the p-Frobenius map.
e The map o: Q; — Qg is a lift of F,.

e The maps F': Qq(t1, ... ,ts,l/'r)1L —= Qq(t1, ... s, 1/7“>Jr and F': Qq(t1,...,ts) —
Qq(t1, ..., ts) are the natural maps equal to o on Q4 and which satisfy F'(t;) =
tfori=1,...,s.

4.1 Finding the differential equations

Write M = H(&, Hig (U/6)) and let {my1,...,m} be a basis of M (where b = |B]).
Note that dtq,...,dts forms a basis of (216 Since V: M - M ® (216 is a linear map,
we can describe its action by describing how it acts on the basis elements, i.e.

s b
Vim) =33 MPm; @ dty, (4.1)
k=1 i=1

with M®*) e Myp(Qq(t1, ... ts)) for k=1,...,s. We define r € Z[t1,...,ts] to be

a common denominator of all M®) for k=1, ..., s.
We define M = HO(]9], Hyi(U/S)), which is a free Qq(t1, ..., L, 1/r)"-module of
rank b with basis {m1,...,mp} (where the m; correspond to m; in the basis of M).

We also have the Gauss-Manin connection V: M — M ® Qy on M (Proposition

B.7).

27
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We have the isomorphism F: F*M — M induced by F' . Note that if we view
F as a map M — M then F is an F-semilinear map. This means that F is additive
and F(Az) = F(A)F(x) for all z € M and X € Q,. We are interested in the action
of p~'F. We can describe p~'F: F* M — M by its action on the basis elements,
SO

M@

P F(my) = (Ap)ijma. (4.2)

i=1
We can compute the matrices M*) ¢ Mpp(Qq(t1,...,ts)) for k =1,...,s and we
want to compute the matrix A, € Mpxp(Qq(t1, ..., s, 1/r>T). For this, we derive
differential equations involving M®*) and Ap.

Theorem 4.1. For k =1,...,s, the matrices M*) and Ay satisfy the differential

equation
dA,
dty,
Proof. By Proposition 3. ( ) we have that H}3, (U/S) is an overconvergent F-isocrystal
so the action of Frobenius commutes with the connection on Hﬁg(U /S). The iso-
morphism p~1F also commutes with the connection V (where we use that the Tate

— F
+M® A, =ptt A, (MW)"

twist of M is also an overconvergent F-isocrystal [Tuil0l, Definition 2.4.9]), so we
have a commutative diagram

MY Ml

pl]:l lp*#@dF
MY Mool

Using (4.1) and (4.2) we can derive the differential equations. Let m; be a basis
element of M. Using the fact that p~'F: M — M is F-semilinear we can write

(p~'F @ dF)(V(m;)) = (p"'F @ dF) (ZZM(k m2®dtk>

k=11=1

s b
=3y F(Mi(f)>p71.7:(mz‘) ® dF(ty)

k=1 i=1
N (! )Y (m;
=3 (pt " Ap (D)) (my) @ . (4.3)
k=1
Here we used that dF(t) = d(t%) = pt?~'dty. Using the linearity of V we can write
b

V(p_l]:(mj))zv<z ij> ZV )i i)

=1
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Since (Ap)ij € Qq(t1, ..., ts, 1/7)1 is a local section of Og, we can apply the Leibniz
rule for V to obtain

Vi F(my) =) ((Ap)iV(ma) +mi @ d(Ay)ij)

'M@

=1

o

b s

= UZZM& my @ diy + Z

k=11=1 i=1 k=1

A i
)jdt
k

S

:Z( ") 4,)( m]+z< >m3®dtk

k=1

°\[(dA

(‘(iﬁ” + M(k)Ap> (mj) ® diy. (4.4)
k

k=1

If we compare (4.3) and (4.4) and use that dty,...,dts are linearly independent, we

obtain
aA,

dty
forallk=1,...,s. |

_ F
M® A, = pt? lAp(M(k)) :

4.2 Solving the differential equations

In order to solve the differential equations from Theorem we show that we can
reduce to simpler differential equations.

Proposition 4.2. Let M' € Myy,(Qq(t1,...,ts)) andlet C € beb<(@q<t1, RO 1/T>T)
be a solution of the differential equation

<dfk T M> c—o, C(0) = 1. (45)

Then A, = CAg (CF)_l is a solution of the differential equation

d _
<dt + M> Ay = pttAME, A, (0) = A. (4.6)
k
Proof. We first show two identities: for any invertible matrix C' we have
ac-' dc dCF L (deNT
= d Y -
a, - Y gd 0w di. k <dtk)

For the first identity, note that CC~' = I and % = 0. Applying the product rule
gives
CdC E o1 dl —0,
dty, dtk dtk
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which gives the first identity after multiplying by C~! on the left. For the second
identity, write ¢t = (¢1,...,ts) and note that the chain rule yields

dCF(t)  dCo(F(t)) < dC° d(t?)
= F(4)) .

dty, dt, ; dt; (F(t) dty ’
. 1 + .

where we interpret o as a map Qg(t1,...,ts,1/r)" = Qq(t1,...,ts,1/r)" by acting

dc(li) = 0 for ¢ # k, we find that

as o on Qg and o(t;) =t; foralli=1,...,s. Since

dcrt(t)  , 1dCe o fdC\ o fdoN"
=) = (5 ) e = (50 )

Here we used that applying ¢ commutes with taking derivatives.
Let C be a solution of (4.5) and let A, = C'Ag (C’Fp)fl. Using the product rule
and the two identities we find

a(car(cr)™)

dA, B -
Ttk—FMAp_ diy +MCA0<C p)
dcC 1 dA 1 d(cF) !
= g Ao ™)+ CW: (c) " + vo(dtk) + MCAg (CF?)
F,
= 2 ey - canem) g (49) (e s meas(en)
k k

Here we used that % = 0 since Ay is a constant matrix. By assumption we have
MC = —% so this gives

dA, ool o1 (dONTT 1
—2 4L MA,=—-CA il s F
a, T MA CAo(C™) “ptf) (dtk> (C™)
_ dc B
_ 41 -1
= —pt;, Ap(dtkc )

= ptiilApMFp.
Lastly, we have A,(0) = C(0)Ay (C’FP)_I(O) = Ap since C(0) = I. [
We see that instead of solving (4.6 we can solve the easier differential equation

(4.5). We now describe how we can solve the system of differential equations

(d+M(k)>C:0fork:1,...,s, C0)=1.
dty.

Recall that r € Z,t1,...,ts] is a common denominator for the matrices M *)
with k = 1,...,s. We can write M*) = G®) /r with G®) € My, (Qglt1, ..., L))
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Write GF) = 37

need to solve

jel, Gg.k)tj and r = ZjEJ 7t/ where Iy, J C L% are finite sets. We

dC
r%—i—G(k)C:Oforkzl,...,s, C(0) = 1. (4.7)
k
Write C' as a possibly infinite power series C' = Eiezg . Cit'. From C(0) = I we get
Co=1I. Let i = (i1,...,is) € Z%,. Applying the k-th equation of (4.7) and looking
at the coefficient of t* we find

Sl =Gk + 1)Citey + G Ciy =0,
JjEJ JEIy

where ey, is the k-th standard basis vector of Z° and C; = 0 for j € Z°\ Z%. We
have assumed that P|;—o defines a smooth hypersurface. Therefore, R(0) € Z; and
since r | R we get r(0) € Z; . This implies that ro = r(0) # 0. We obtain a recursion

Co =1I
-1 . . (k)
Cite, = ol 1) Z(lk —Jk + 1)rjCise,—j + Z G, Cizj |,
jeJ Jel;
J#0
fork=1,...,sand ¢ € Z%,. Using this recursion we can compute C; for all i € Z%,,.

Note that the answer should not depend on the ordering of Z<, as the elements of
our matrices are rational functions. Therefore the order of differentiation does not
matter.

We extend the p-adic valuation to matrices and power series.

Definition 4.3. If A is a matrix with entries A;; that have a p-adic valuation, then
ord,(A) = min; jord,(A;;). If f is a power series with coefficients a; that have a
p-adic valuation, then ord,(f) = min; ord,(a;).

Suppose we want to find C to p-adic precision N¢ and t-adic precision K. We
can write down an approximate recursion

CO = Ia

= —1 L ~ k) ~

Cite, = m Z(lk = Jk + D)1rjCiier—j + Z Gg‘ )Cifj + Eite,, (4.8)
]iJ JE€ly
20

where the E; are error terms satisfying ord,(E;) > N/, for all j € {0,..., K —1}*.
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Definition 4.4 ([PT14, Definition 3.18]). Define

n—1

§ = ordy((n— 1))+ _|log,(i)].
=1

Definition 4.5. For a matrix A of the form A = Ziez% Aitt we write 4 =
2 iefo,...k—1}s Ait".

The following proposition gives a value of N(, in terms of N¢ and K such that
ord,(C — C) > N¢.

Proposition 4.6. Let K, No € N, and let
NG = Ne + (2(26 + (n— 1)) 4+ 1) [log,, (K — 1)].
Then ord,,(C; — C;) > Ng for alli € {0,..., K —1}°.
Before we give the proof, we first need the following two lemmas.

Lemma 4.7. For all i > 0 we have
ord,(C;) > (ordy(4,) + ord, (A;l)) [log, ()]

Proof. The proof is a generalization of the proof of [Ked10l Lemma 18.3.2] to the
case of multiple variables. For i > 0, write I; = {0,...,i}*. Let ¢ > 0. We have
C = A,Ch P Ay L by Proposition This gives
. . Fp g—1
I]Iélgordp(Cj) = Ijléllrgordp«ApC P A )J)
—1 . F
= ordp(AO ) + gréllrll ordp<(ApC T’)J.)
_ . . F
> ord, (A" + min ordp<(Ap)j) + min ordp<(C P)J.).

Note that (C’FP)j =Cjpifp | 7 and (CFP)j = 0 otherwise. Furthermore, we have
minjey, ordp((Ap)j> > ord,(A,) and ord, (Aal) = ordp<(A_1)O) > OI‘dp(Agl). We

P
obtain
min ord,(C;) > ord,(4,) + ordp(AZjl) + min ordy,(Cj). (4.9)
Jeli J€li/p)

Applying inequality (4.9) [log, ()] times yields

ordy,(C;) > gréllrzl ordy(C;) > (ordy(Ap) + ordy (A, ")) [log,(i)] + ord,(Co).

Using Cy = I, we get the desired statement. |
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Lemma 4.8. We have
ord,(Ap) > —0 and ord,, (A;l) >—0—(n—1).

Proof. See [PT14, Theorem 3.17, Corollary 3.19]. The proofs are the same as we
specialise A, and A 1'to some 7 € S (E), and so the proof does not depend on the
dimension of S. |

Proof of Proposition [{.0. We modify the proof of [PT14, Proposition 5.5] to the case
of multiple variables. Write £ = Zie& . E;t'. Note that C satisfies the differential

equations

§+M< )G =Efork=1,...,s, C(0)=1.
k

Using the fact that ddt;l = —C_l%C_l, we obtain

14 -
a(C0) _de o,
dty dt dt

= ! <E —M® dCC 0)
dt

= ¢! (E —M® M<’f>oc—1é)

=C'E.
Hence, C~1C satisfies the differential equations
d(c—10)
dty,

For t = (to,...,ts) € Qp, we define a path v;: [0,1] — QF by v(A\) = At. Note that
we have

d(C'Cn) ,\, _ N~ dC'0) dMk) e
T(A) = ; Tk(%()\)) o ;(C YEy ) (A) -t

=C lEfork=1,...,s, (C710)(0) =

Hence, for fixed t we have

Ct)—C@t)=C@t)(C™IC - (/ CLE~v)(N) -t d>\>. (4.10)
0

k=1

We can write

/ Z(C lE'Yt tk d\ = Z/ 1E *yt )tk dA
0 k=1
_ tk —1
—géavmmwmw
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Here we used substitutions p = tx A in the second step. Note that it could happen
that ¢, = 0, so we cannot divide by t;. In this case, the k-th integral in the sum is
0, and we do not have to consider it. We will work out the case where ¢, = 0 for all
k=1,...,s
Similarly to [PT14, Theorem 5.1], we apply Lemma [4.7] and Lemma

conclude ord,(C;) = —(26 + (n — 1))[log,(i)] for all i > 0. Applying thls for
i=1,..., K —1 gives us ord,(C),ord,(C~1) > —(26 + (n —1))[log,(K —1)]. From
this, we obtain

Ordp< /0 k(C”E)(%(u/tk))du ) > N+ (26 + (n — 1))[log, (K — 1)1,

using ord,(E;) > N. From (&10) we conclude that ord,(C — C') > Ne¢. [

Suppose that we want to compute A, to p-adic precision N4, and ¢;-adic preci-
sions K. In the following theorem we give sufficient precisions for all other steps in
the algorithm.

Theorem 4.9. Let Na,, K € N. We define

Nay = Na, + (26 + (n— 1)) ([log, (K — 1)] + [log,([K/p] — 1)]);
Ne = Na, + (26 + (n—1))[log,([K/p] - 1)] +6;

Ng-1 = Na, +(20+ (n—1))[log, (K —1)] +6;
NL=Ne +(2(20+(n—1)+ 1)ﬂogp(K 1)];

Nioi = Ng-1+ (2026 + (n — 1)) + 1) [log, ([ K /p] — 1)].

We can compute Ay, with p-adic precision N, and t;-adic precisions K by computing
Ag, C and C~1 to p-adic precisions Na,, Nc and No-1, and to t;-adic precisions
K, K and [K/p], respectively. Furthermore, the computation of C and C~' using
has to be done with p-adic precisions N{. and No-1, respectively.

Proof. Tt is clear that we have to compute C and Ay with ¢;-adic precisions K, and
we have to compute o(C~!) with ¢;-adic precisions K, so C~! with ¢;-adic precisions
[K/p]. - B

By Lemma we have ord,(Ap) > —d and by Lemma we have ord,(C) >
(26 + (n — 1)) [log, (K —1)] and ordp(i(C—l)) > (20 + (n —1))[log,([K/p] — 1)].
We apply [PT14], Proposition 2.19] to A, = CAgo(C~1). We have

ordy(C — C) = Ne = Ny, + (26 + (n— 1)) [log, ([K/p] — 1)] +3
— Na, — (=(26 + (n — 1)) [log, ([K/p] — 1)]) — (0).
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Similarly, the choices of N, and No-1 meet the conditions of [PT14, Proposition
2.19]. Hence, we get

ordy(A, — A,) = ord,(CAgoC—1 — CAyo(C-1)) > Na,,

so N¢, Na, and Ng-1 are sufficiently large. Proposition [4.6] gives us the correct
precisions Ng and N/,_;. [

Remark 4.10. In [PT14], the integer Ny is defined, which is the sufficient p-adic
precision of M (or MO MO in our case). However, in order to determine K,
we need to compute M M, ...,M® over Q. Therefore, we already know the exact
value of the M®*) and there is no need to define N M-

Algorithm 4.11. Using Algorithm we can compute M®) for k =1,...,s and
sor and G® for k =1,...,s. Using the recursion (4.8) and the p-adic and t;-adic
precisions from Theorem [£.9) we can compute A, to p-adic precision Ny,,.






Chapter 5

The deformation method

In this chapter we will describe the deformation method, and discuss some remain-
ing problems. First, we give a formula for the action of Frobenius on a diagonal
hypersurface. Then we give the final steps of the deformation method after we have
solved the differential equation.

5.1 Frobenius on diagonal hypersurfaces

Since computing the action of Frobenius on the diagonal fibre for a family in multiple
parameters is the same as doing it in the 1-parameter case, we will cite results from
[PT14, Section 4], without giving details or proofs.

Suppose that the diagonal fibre X of X/S is given by

Py :aoxg+a1x‘1i+~-+anmﬁ =0
with ag,...,a, € Z;. We define the following two integers:

Definition 5.1. For [ € Q and r € Z>(, we define the rising factorial (1), by

r—1

0 =[] +).

=0

Definition 5.2. Let u € B. We define k(u) € N to be the integer such that
kwd—(n+1)=> u.
i=0

We can write down a direct formula for the action of p~'F}, on Hyie (Vo).

37
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Theorem 5.3 ([PT14, Theorem 4.3]). Let u € Nyt and let wy € B be the unique
element corresponding to u. Let v € Ng“ be the unique tuple satisfying p(u; +1) =
v;+1 (mod d) for all 0 < i < n and let wy € B be the unique element corresponding
tov. Then

P Fp(wr) = (—1)FW) m,@n_k(“)al,i ‘W,

with

n T —1Npr—g
T (i) — (i 1) /d ui + 1 (pay— )"/
ver =1l Z( d ); (m — i)

=0 m,r
where we sum the i-th factor of the product over all integers m,r > 0 that satisfy

p(ui +1) — (v; + 1) = d(m — pr).

The only problem with the above theorem is that we need to evaluate an infinite
sum. However, we only need finite p-adic precision and it turns out we therefore
only need to compute a finite number of terms.

Proposition 5.4 ([PT14] Proposition 4.10]). Define

2
M = {pp_l(N—Hogp(N—i-B)—i-ll)—‘ -1, R = |M/p|.
In order to compute v, to p-adic precision N, it suffices to restrict the sums in
Theorem to pairs m,r > 0 such that m < M or equivalently r < R.

Proposition 5.5 ([PT14, Corollary 4.8]). In order to compute Ay to p-adic preci-
ston N4, , it is sufficient to compute the o, to p-adic precision

Ny, + (n—1) +ordy((n — 1)!) + 20.
We now can compute Ay with p-adic precision Ny, .

Algorithm 5.6. Using Theorem Proposition and Proposition we can
compute the action of Frobenius on the diagonal fibre Ay with p-adic precision Ng4,,.

5.2 Computing the zeta function

In this section, we evaluate the solution of the differential equations at a fibre, and
use this to compute the zeta function of a fibre in our family.

Let A, denote the action of p~1F, on HyUr for 7 € S(Fy). We want to
compute Ay, up to p-adic precision Na,. For this we want to find a power r™ of r

NAP,

such that ™A, has no poles if we reduce all coefficients modulo p In the case
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that s = 1, we can in practice take m to be about pNa, using [PT14, Remark 6.2],
and we can take K = m(deg(r) + 1) by [PT14, Theorem 6.6]. By experiments with
the author’s Mathematica implementation of the deformation method [Putl7a], we
conjecture that we can take the same m and K in the higher dimensional case.

Conjecture 5.7. Let Ny, € N. There exists a m € N such that S = r™ €
Zylty, ... ts] satisfies SA, = A, (mod p™4») with A, € Myxy(Qylt1, ..., ts]) such
that all elements of A, have degree < K = m(deg(r) +1) int; fori=1,...,s.

In practice, we can take m as in [PT14, Remark 6.2].

Remark 5.8. We would want to generalise [PT14, Theorem 6.4] (and [PT14, The-
orem 6.1]) in order to show Conjecture In the proof of [PT14] Theorem 6.4],
orders of poles at points in a residue disk are considered. Here a residue disk of a
point z € S(F,) is defined as all points on S(Q,) that reduce modulo p to 2.

If we want to generalise this theorem, we probably need to consider orders along
hypersurfaces in P* or (P')* instead of orders in points. It is also not clear what the
right notion of a residue disk is when s > 1 and we want to consider hypersurfaces
instead of points.

Let us suppose that we can find such S and K as in the previous conjecture. We
can compute the matrix A, to p-adic precision N4, and ¢;-adic precisions K. Let
7 € S(Fy) and let 7 € S(Zy) be a Teichmiiller lift of 7 computed to p-adic precision
Na, + 9. Then we compute

Apr = 8(7)71(S4, (mod t%))|i= (mod par).

Here we write SA, (mod t¥) for SA, modulo ¥ for all i = 1,...,s. We have
ordy(s(7)) = 0 (by the definition of r), ord,(7) > 0 and ord,(A4,) > —J by Lemma
By [PT14, Proposition 2.19] and using that 7 has p-adic precision Ny, + 6, we
find that A, ; is computed to p-adic precision Nga,.

Algorithm 5.9. The discussion above gives us a method of computing A, to
p-adic precision Ng,.

Now that we have specialised our matrix to 7, our situation does not differ from
the case where s = 1. Hence, we can use all theory in [PT14, Section 6.2].

n
rig
(Ur). Recall that a = log,q. Since A, - is o-semilinear and

We can compute the action of p~'F, on H" (U,), and we want to know the

action of g~ F; on Hiig
Fy = F; we have

AW =4, A7 AT (5.1)
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is the matrix of the action of q~1Fy on Hyig(Ur). Namely, write A = Ap - and let
x € H,(Ur). Then

rig
b b b b
A(Q) (1‘) = A(A(J})) =A Z Z A,;jxjei = Z Z Z U(A,;j)Aki.%'jek
i=1 j=1 i=1 j=1 k=1
b b
=D (A A7) mjep = (A A%)(x).
k=1 j=1

By induction on a, we obtain formula (5.1).

We want to find
X(T) = det(l - TA;?;),

from Theorem[2.4] Since x(T') € Z[T'], we can compute it exactly by only computing
Ap - up to finite precision.

Theorem 5.10 ([PTT4, Theorem 6.12]). Write x(T) =1+ S0_, xiT". In order to
recover the polynomial x(T) € Z[T), it suffices to compute x; to p-adic precision

. i(n—1)/2
Ny, = |log, (2(b/ipp™" ") | +1,
fori=1,...,0b.
Theorem 5.11 ([PT14, Theorem 6.14]). We can take

Ny = N,. 0.
The proof of Theorem tells us how we can compute the exact value of
Xi from the approximation x;. First of all, we can write (essentially by the Weil

conjectures)
b

X(T) =[] - i),
i=1
with o; € C and |a;| = g™~ Y/2 for 1 < i < b. We denote s; = 22:1 ag for1 <j<hb.
Then we have
|s;] < bg/(=1)/2, (5.2)
for 1 < j <b. By the Newton-Girard identities we have

Jj—1

i+ iXi ==Y 8j-iXis (5.3)
i—1
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for 1 <7 <b. It turns out that given x1,...,x;j-1 € Z, and x; up to p-adic precision
Ny, the expressions (5.2) and (5.3) determine x; € Z uniquely. In chapter |§| we
show how we can use this in practice. This completes the deformation method.

5.3 Summary of the deformation method

The deformation method can be summarised as follows:

1. We compute the action of V on Hj, (U/&) using Algorithm which is also

its action on Hy}, (U/S).

2. We solve the differential equations from Theorem up to sufficient p-adic
and t;-adic precisions using Algorithm

3. We compute the action of Frobenius on the diagonal fibre at 0. This is done
using Theorem [5.3

4. We evaluate our solution at a Teichmiiller lift 7 € S(Zq) of 7. This gives the

n

action of p~'F, on Hp}, (U;), the matrix of which we denote by A, ..

5. We compute AI(,? = AprAY ... Agf;_l, which gives the action of q~!'F; on
HEL(Ur).

rig(
6. We compute x(7') = det(1 — TA;?.Z) and

X(T)=D"

A = =) - Ty

using Theorem [5.10






Chapter 6

Examples

In this chapter we show how to apply the deformation method using two examples.
We first show the deformation method for a 1-dimensional family of curves, and
then discuss it for a 2-dimensional family of curves.

6.1 A 1-dimensional family

Suppose we are interested in the zeta function of the smooth quartic Q = 23y +
yz+232=0in P12F5' Let X' /S be the family of smooth quartics in ]P’%5 given by the
polynomial (1 —¢)(z* + y* + 2%) + t(23y + y32 + 232) in Zs[t][z,y, 2] (so we take a
lift and embed {@ = 0} in a family containing a diagonal fibre). We are interested
in the zeta function of the fibre at t = 1.

In Remark[3.19 we noted that if R does not vanish on S, then we can compute the
Gauss-Manin connection using our reduction algorithm. In particular, this means
that det(Ag) does not vanish. However, we can show that det(As) vanishes at t = 1:
We have 22 € R3. Note that 2% is the only monomial of degree 6 that divides x°.
Hence, the only non-zero entry of d3 in the row indexed by z° can be in the columns
(4,2%) € C3. Since x4~ = 23 | 25, we have (0,2%) € C3 but (1,25),(2,25) ¢ Cs.
Since P = (1 — t)4a3 + t(3z%y + 23) does not contain the term 23 for t = 1, we
see that the row z” contains only zeroes, so det(Agz)|=1 = 0.

Remark 6.1. Suppose we have some smooth quartic given by Q € Z,[z,y, 2], and
X /S is defined by (1 —t)(z* + y* + 2%) +tQ = 0. Then we saw that det(A3) always

3. so if Q does not contain the

vanishes for ¢t = 1 if 9y) does not contain the term z
term z*. However, it turns out that we can use the deformation method for many of
these curves, since r (the denominator of the matrix of V) does not vanish. Hence, R

not vanishing on S is too strong of a criterion for applying the deformation method.

43
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Also, note that this problem cannot be solved by choosing a different diagonal fibre
(so considering the family (1 —t)(az* + by* + cz*) 4 tQ for some a,b,c € Z)).

In practice, we ideally do want R to be non-vanishing, because this criterion
is easier to verify than the non-vanishing of r. In order to determine R we only
have to determine Ay and Ag, but in order to determine r, we have to compute the
Gauss-Manin connection M for the generic fibre.

One way to solve this problem is to apply the action of PGL(3) on Q. For
example, we can apply the transformation

O = O
S O =

1
vy=1|0
1

This transformation maps v(x) = = + z, v(y) = y and y(z) = z. If we apply ~v
to @, then R does not vanish for P’ = (1 — t)(z* + y* + 2%) + t(vQ). The curve
given by 7@ = 0 is isomorphic to X; : @ = 0 over F5 because + is invertible over
F5. This means that they have the same zeta function. Hence, we could work with
P’ instead. However, as we pointed out earlier, the criterion of Remark is a
sufficient but not necessary condition for using the deformation method. It turns
out that det(Ag) does not vanish for all ¢ € Fy, and B forms a basis of Hy (Ll/S).
Furthermore, we can compute V on the generic fibre, and its matrix has denomin-
ator r € Zgy[t] with deg(r) = 24. We have r(1) # 0 (mod 5), so we can also apply
the deformation method to P.

First we compute the Gauss-Manin connection M over QQ using Algorithm [3.21
It has denominator r € Z[t] with deg(r) = 24. We compute some of the necessary
constants. We have § = ords(2!) =0, Ny, = Ny, = Ny, =Ny, =3, Ny, =Ny, =4
so Ny, = 4 and by Conjecture we can take K = 550. We get Ny, = 11 and
using Algorithm we can compute that the matrix of Frobenius at t = 0 is given
by

AO = dia‘g(a7a7a7/87/875)'

Here o and 8 are computed up to 5-adic precision Ay = 11 and they are given by
a=3-5+4-5242-53+54+0(°)and B =2+2-5+2-53+3-5* 4+ O(5°) up to
5-adic precision 5.

We solve the differential equation to 5-adic precision Ny, and t-adic precision
K. Using Conjecture we can choose S = r/"1PNapl and compute S(1)7Y(s4,

(mod t%))|,—1 (mod p™4r) gives us that the action of Frobenius on Hyig(Un) is given
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by

O O SO OO
ST e R N R e e
O o O O o O
o0 o o2 O
SO O O O O

o o2 o o

)

with v = 2+3-524+ O(5%) and § = 2-5+2-5%+ 4.5+ O(5%). Note that
we have computed A1 only to 5-adic precision Na, = 4. We compute x(T') =
det(l — T®q) =1 — 3637 (mod 5*). Write

6 6
X(T) =14 T =] - T,
i=1 i=1
with x; € Z and «; € C. We also define s; = Z?:l ag for j =1,...,6. Using
and we know that we have xy; = s; =0 for ¢ = 1,...,5. For example, we have
51 = —X1, X1 = 0 (mod 5™) and |s1]| < 6 - 51/2 < 5Ma = 53 50 51 = 0. Similarly
we have so = s3 = s4 = s5 = 0. Using we find

sg + 6x6 = 0.

We have x5 = —730% = —(77 + O(5%))3(560 + O(5%))? = 125 + O(5*). Now (5.2)
gives us
| — 6x6| = |s6| < 6-5° =750,

so |x6| < 125. Using the fact that xyg = 125 (mod 5%), this gives us that yg = 125.
Hence, x(T) = 1 + 12575, By Theorem we get

1 —1257°
(1-T)(1—-5T)"

Z(X,,T) =

6.2 A 2-dimensional family

Consider the 2-parameter family of smooth quartics X'/S over Zs given by P =
xt + yt + 24 + ta?y? + sxy2? = 0.

We first compute the matrices M) and M® over Q using Algorithm
They have common denominator r = 16(—2 + 9s% — )(2 + 952 — t)(=2 + t)(2 + 1).
In particular, deg,(r) = 6. We have 6 = 0, Ny, = Ny, = Ny; = Ny, = 3,
Ny; = Ny, =4 and so Ny, = 4 and by Conjecture we get K = 154. This gives
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us Ny, = 11 by Theorem M Since the diagonal fibre is #* +y* 4 2% = 0 (the same
as in Example 1), the action of Frobenius at ¢ = 0 is given by

AO - diag(a7a7a757/875)7

where a and 3 are the same as in the first example.

Again we can solve the differential equation to p-adic precision N4, and s-adic
precision and t-adic precision K. We can take S = pI1PNap 1 and compute B = SA,
(mod t*) (mod s¥). We will show that we can compute the zeta function for differ-
ent fibres in our 2-dimensional family.

Suppose T = (s, tg) = (1,0). We evaluate A, » using Algorithm

465 0 0 0 0 162
0 215 0 595 O 0
0 0 215 0 5895 O
0 110 0 412 O 0
0 0 110 0 412 O

195 0 0 0 0 158

Apr=5(1,0)""Bl(s =10 (mod p™4r) =

We define x1,...,xs and si,...,S¢ in the same way as in the first example. We
evaluate det(1 — T'Ap ;) and find that

X1 =123+ 0(5%); x2=1140(%); x3=613+0(5%);
x4 ="55+0(5%); x5=575+0(); xs =125+ 0(5%).

We will use (5.2]) and (5.3) multiple times to compute the exact values of x1, ..., X6-
We have s; + x1 = 0. This gives

| = xal = |s1] < 6V5.

Since x1 = —2 (mod 125) we get x1 = —2 and s1 = 2. We have so+2x2 = —s1x1 =
4. Hence, we have
| —2x1 + 4| = |s2| < 30.

Since x2 = 11 (mod 125) this gives that y3 = 11 and sy = 4 — 22 = —18. We have
53+ 3x3 = —s1x2 — s2x1 = —58. So then

| — 3x3 — 58| = |s3] < 30v/5 < 68.

Since x3 = —12 (mod 125) we see that x3 = —12 and s3 = —22. The steps for x4,
x5 and yg are similar. We find that x4 = 55, x5 = —50 and xg = 125. Hence, we

get
1—2T + 117% — 1273 + 55T* — 507" + 12576
Z(Xa,0,T) = ,
(1—-T)(1 —5T)
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by Theorem [2.4]
We can also do the exact same for other fibres in our family, as long as r(sg, tg) #
0 (mod 5). For example, we can compute that
1 —6T +15T% — 28T7° + 75T — 1507° + 1257T°

Z(Xo).T) = (1 —T)(1—57) ’

and

— 2 3 4 5 6
Z(Xq,-1),T) = 1 — 6T + 2777 — 681" + 1357" — 1507 + 1257
| (1-T)(1—5T)






Chapter 7

Application to curves of genus 3

In this chapter the main question we want to answer is on how to compute the zeta
function of the universal curve of genus 3 over a finite field. Our approach will be to
use the deformation method, and preferably to exploit the fact that we can compute
the zeta function of multple fibres “at once”.

As is stated in Remark in order to apply the deformation method to a fibre
of a family, we need the polynomial R not to vanish at this fibre. Unfortunately, this
condition turns out to be dependent on the choice of coordinates. In this chapter we
investigate whether we can choose coordinates such that R does not vanish. Curves
of genus 3 are either hyperelliptic or quartic curves. We are interested in the latter.
Before looking at quartic curves, we first look at conics and cubic curves. However,

we first need some theory about discriminants.

7.1 Discriminants

Let k be a field and let f € k[x]| be a polynomial. A discriminant A(f) of f has the
property that it is zero if and only if f has a double root in some field extension of
k. Note that this is equivalent with saying that f has a common root to %.

One can also define the discriminant of a multivariate polynomial. For this we

will look at the more general notion of a resultant.

Proposition 7.1 ([Kal]). Let k be a field and let 1, . .., z, denote formal variables.

Fiz degrees dy,...,d, € N. Consider the homogeneous polynomials
E = Z ui,a$a>
aeN"
lor|=d;

49
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for 1 <i < n, where the u; o are formal variables and x* denotes x7* ---x3". Then
there exists a polynomial Res(F, ..., F,) € Z[{u;o}], which is called the resultant
of Fi,..., F,, such that

(i) If we specialize all u; o to values in k, then the polynomials Fy, ..., F, have a
non-trivial common zero in some field extension of k if and only if

Res(Fy, ..., F,) =0;

(ii) The resultant Res(F1,..., Fy) is irreducible over k;

(iii) The resultant Res(F1, ..., Fy) is a polynomial in the u; o of degree dy -- - d,,/d;
if we fix some 1 < i <mn;

(iv) We have Res(z®, ... z) = 1.

n

One construction of such a resultant is due to Macaulay [Mac].

Remark 7.2. We have defined the resultant of n homogeneous polynomials in n
variables only when the coefficients of these polynomials are formal variables (in
which case the resultant is a polynomial in the coefficients). However, we will say
that the resultant of n polynomials Fi, ..., F,, € k[z1,...,z,] of degrees dy,...,d, is
the resultant of n general polynomials of degree dy,...,d,, specialised to the values
of the coefficients of Fi, ..., F,. We will also denote it by Res(Fy, ..., F,) € k.

Definition 7.3. Let f € k[x1,...,z,] be a homogeneous polynomial. We define
the discriminant of f to be

disc(f) = Res( of of )

P O

We know from Proposition that disc(f) = 0 if and only if 597{1’ e % have
a non-trivial common zero in some field extension of k. By Euler’s homogeneous
function theorem, this implies that f also vanishes at this point. Hence, this point
is a singular point of V(f). We conclude that disc(f) = 0 if and only if V(f) c P}~
is singular.

Proposition 7.4. Let f € k[x1,...,z,] be a homogeneous polynomial and let ~ €
PGL, (k) be a projective transformation. Then we have

disc(f) =0 <= disc(yf)=0.

Here we write vf for f(y(x1,...,2,)).
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Proof. We know that if disc(f) = 0, then partial derivatives of f have a non-trivial
common zero by Proposition Let y = (y1,...,yn) be such a non-trivial common
zero, then 7~ !(y) is a non-trivial common zero of vf. Hence, disc(yf) = 0. We use
the same reasoning where we substitute vf for f and y~! for v, to get the other
implication. |

7.2 Conics in P?

We want to understand the deformation method for quartic curves. We want to
understand when r (or R) vanishes on S. As this is hard for curves of degree 4, we
first look at the case of degree 2 curves, in following section.
Let ¢ = p* is a prime power with p # 2 and let Z be a smooth conic in IP’%Q given
by
Q= a1x2 + a2xy + azxrz + a4y2 + asyz + a622 =0,

with a1,...,a6 € Fy. We embed Z in a family X/S with S C IP’]qu given by the zero
set of the polynomial
P=(1-t)(z*+ 9>+ 2*) + tQ.

Here we take S C IP)%FQ to be all points with a smooth fibre (here we mean smooth
over the algebraic closure of F).
We want to inspect for which values of a4, ..., ag, the polynomial

R= det(Ag) . det(Ag)

vanishes. We can compute

2(1 — t) + 2aqt ast ast
Ay = ast 2(1 — t) + 2a4t ast
ast ast 2(1 — t) + 2a¢t

Furthermore, we have
det(Az) = —8(1 — t + a1t)3(4(art + agt — t + 1)(1 — t) + 4ajaqst® — a3t?)? - det(Ay).

Hence, if det(A3) does not vanish, then R does not vanish. We know that det(Ag) =
23 - disc(P) and so det(Ag) vanishes for ¢t = 1 if and only if X is singular. Since
X1 = Z is smooth, we know that det(Ag) does not vanish at ¢t = 1.

We want that a3 — 4ajas # 0. Note that this is the discriminant of Q(z,y,0)
so we want that Q(z,y,0) does not have a double root. This means that the line
z = 0 is not tangent to Z. By the Pliicker formulas, the dual curve Z* is a smooth
conic, and therefore it has ¢ + 1 Fj-points. Hence, there is always a line in IP’IZFq not,
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tangent to Z. By a projective transformation, we may move the line z = 0 to a line
not tangent to Z. We replace Z by this isomorphic conic, which has the same zeta
function.

Lastly, we need that a; # 0, which says that Z does not contain the point
(1:0:0). If this is the case then we are finished. Suppose that Z does contain the
point (1 :0:0). Then it is one of the intersection points of Z with the line z = 0.
We then apply a projective transformation which moves (1 : 0 : 0) to a different
point on the line z = 0, and leaves the other point of intersection fixed. Now Z does
not contain (1:0:0) and z = 0 still is not tangent to Z.

Hence, after applying a projective transformation to Z, we know that R does
not vanish at ¢ = 1 and so we may apply our algorithm to the fibre at ¢t = 1.

7.3 Cubic curves in P?

As we now understand the case of degree 2 curve, we will investigate the case of
degree 3 curves.
A general smooth cubic curve in IP’IQFq (where ¢ = p® and p # 2, 3) is given by

Q= a1x3+a2$2y+a3x2z+a4xy2—I—a5:):yz+a6mz2+a7y3+a8y22+a9y22+a1023 =0,
for some specialisations of aq,...,a19. Again we can embed Z in a family X/S via
P=(1-t)@*+y*+2% +tQ=0.

The polynomial det(Ag) is irreducible, has 441 terms and has degree 9in aq, ..., aip.
It is clear that it is hard to give a geometric criterion for the vanishing of det(As).
However, we know that M ; has dimension 1 and therefore we can set a lot of the
a; to 0. We first look at a special family and then try to work out the general case
using Weierstrass forms.

A special family

Suppose that p # 2,3. We consider the family X /S of cubic curves over F, given by
P=a%4+y® 4+ 22 +t(xy? +y2?) = 0.

Here S C P! is the subset of all ¢y such that Xy, is smooth. First of all, the
discriminant of P is equal to

(27 + 4t3) (729 + 324t + 16t9),
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up to a constant factor. We can compute
R = 3'0(27 4 4t3)°(729 + 3243 + 16t9).

Hence, we have that rad(R) | disc(P) and so R|¢=¢, = 0 implies that disc(P)|i=¢, = 0,
which implies that X, is singular. Hence, R does not vanish on S.

We now want to show that X /S has dimension 1 in M ;. The j-invarians of Xy
and X over Q are j(Xo) = 0 and j(X;) = 110592/33139 = 212.33.3171 . 1069~*.
Hence, if p # 2, 3,31,1069 we know that Xy and Xy are not isomorphic over HTq (if
p =31 or p = 1069, then X, is singular and if p = 2 or p = 3, then X; = Xj). Since
X/S has degree 1 in ¢, we know that X/S must be a 1-dimensional subscheme of
M 1. Since M ; has dimension 1, we get that the image of X/S in M is open
and dense.

If p =31 or p = 1069, we consider Xy and Xs instead and get the same res-
ult since j(X5) = 221.3%.571.1171.5971. 7971 does not contain factors 31 and 1069.

The general case

The previous method gave us the zeta function of all cubic curves, except for a finite
number of isomorphism classes. However, we did not know which curves we were
missing. We now give a method which works for all isomorphism classes, except for
the cubic curves with j-invariant 1728.

We know that if char(F,;) # 2,3, every cubic curve in IP’IQFq with an F,-point is
isomorphic to a curve in short Weierstrass form:

3 _axz? — b2 =0,

P=y’z—x
with a,b € ;. We would like to apply the deformation method to this family, so
first compute the action of Frobenius on some fibre, and then solve the differential
equations. However, it turns out that R = 0 for all a,b € IF;, and so we cannot
apply the deformation method. To see that det(Ay) = 0, note that Ry = Fy\ {zyz},
(1,) e Cy and x- 01 P = 2xyz € <{xyz}>Qq, so (0,x,0) € ker(¢2) (in fact, ker(¢pq) =
<(07 T, 0)>Qq)'

We will perfom an invertible projective transformation to V(P). Consider the
projective transformation

=2
Il
W = O
|
N[
es}
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sov:x = —z, vy — 5 —%andy: z+— 3z + 3y. We have det(y) = —3 # 0 since
char(F,) # 3. Then V(P) is send to

3 3
(4 — 27b> (z° + %) + <—4 — 81b> (z%y + 2y?) + 9az(z +y)> +2° =0. (7.1)
We will denote this equation by vP = 0. We can compute for vP that
det(Ag) = —2-3'2 . (16a® — b+ 108b?),

and
det(Asz) =275 3% . p2(36b — 1)°(108b — 1)(4a® + 2707).

We know that disc(P) = 4a3 + 27b?, and disc(P) = 0 if and only if disc(yP) = 0 by
Proposition Hence, if 4a3 + 27b?> = 0 then the fibre is singular. Also, we have
that (a,b) = (0,—1/108) is a diagonal fibre of yP = 0. Hence, we may apply the
deformation method to all non-singular fibres for which b # 0, b # 1/36, b # 1/108
and 16a® — b + 108b? # 0.

We will show that every element of the moduli space M ; has a representative
in short Weierstrass form with b # 0,1/36,1/108 and 16a® — b + 108b? # 0, except
when its j-invariant is 1728. Suppose that b # 0. If b = 1/36 or b = 1/108 then
applying the transformation

¥ =dx; Y =8y; =z,
sends a to a/16 and b to b/64, so if b = 1/36 or b = 1/108, then this is not the
case after applying the transformation. Since the transformation is invertible, the
resulting elliptic curve is isomorphic to the original, and it is in short Weierstrass
form. If 16a® — b + 108b? = 0, we apply the more general transformation

o =d%x Y =ddy; A=z, (7.2)

with u € FY. This sends a to a/u® and b to b/u’. We want that (1?—4)3 — u—bG +

108(-4 ) = €=bu 1080 4 ) 50 that a3 — bub + 108b2 # 0. Since a® — b+ 1082 = 0
we have

a® — bub + 1080 = a® — bu® + 108b? — (a® — b+ 108b?) = (1 — u®)b.

We assumed that b # 0 so we need u® # 1. If ¢ = 7 then u% = 1 for all u € Fx.
If ¢ # 7 (and 2,3 { ¢ by assumption) then u5 # 1 has a solution in Fy, and we are
finished. If ¢ = 7 then one can check that a® — b + 108b?> = 0 has no solutions in

(Fq)?.
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If b = 0, then the corresponding elliptic curve has j-invariant 1728, and the
equation is invariant under transformations of the form . Hence, every element
of My, with j-invariant not equal to 1728 has a representant in short Weierstrass
form with b # 0, b # 1/36, b # 1/108 and 16a>® — b + 108b? # 0. After bringing this
representant in the form we can apply the deformation method.

7.4 Quartic curves in P?

In this section, we want to investigate the vanishing of R for families of quartic
curves. If we can understand R in this case, we may be able to apply the deformation
method to the stratum of smooth quartic curves in Ms.
A smooth quartic curve Z in IP’IQFq (where ¢ = p® and p # 2, 3) is given by
Q= a1x4 + aza:gy + a3x3z + a4x2y2 + a5a:2yz + a6x222 + a7a:y3 + agmsz
+ agxyz2 + aloxz3 + a11y4 + a12y3z + a13y222 + a14yz3 + a15z4,
for some specialisations of aq,...,a15. We embed Z in a family X/S via
P=(01-t)(z*+y*+2Y) +tQ =0.

Again, det(Aq) and det(Ag) are very large expressions which we cannot work with
directly. We first do some smaller examples. We then discuss the possibilities for
applying the deformation method to the universal quartic curve.

Special families

We first compute R for some special families. We do this to get a better understand-
ing of R. What makes these families special is that they appear in the classification
of quartic curves with a non-trivial automorphism group (a complete list can be find
in [Ver83, Theorem 5.5]). We picked four families which have a dimension > 2 in
the moduli space M3, from the list in [Ver83, Theorem 5.5].

e Consider the family over [, given by
Q=+t + 2t + ax?y® + ba?2? + 2 = 0.

This family has dimension 3 in the moduli space M3 over C ([Ver83, Theorem
5.5]). Therefore, it has dimension 3 over Q and it also has dimension 3 over
[F, for all but finitely many primes p (where ¢ = p®). We can compute

R=2"%(-2)%a+2)"0b—-2)"(b+2)*(c—2)3(c+2)*(a® + b* 4 — abc — 4).

It turns out that rad(R) | disc(Q) and so R vanishes only on the singular locus
of Q = 0. This is the ideal situation.
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e Consider the family over [, given by

Q=2+ y* + 2 + axy? + bay? = 0.

This family has dimension 2 in the moduli space M3 over C ([Ver83, Theorem
5.5]) and therefore over F, for almost all p (where ¢ = p*). We have that

R =2%(a —2)°(a+2)°(4a — b* — 8)*(4a — b* + 8)*.
Again we have that rad(R) | disc(Q) so R vanishes only on the singular locus
of @ =0.
Consider the family over I, given by

Q =2y + lz —y)(x — ay)(x — by) = 0.

This family has dimension 2 in moduli space M3 over C ([Ver83, Theorem
5.5]) and therefore over F, for almost all p (where ¢ = p*). In this case we
have R = 0. This is because det(Az) = 0. Let A4 denote the set of monomials
in x, y and z of degree d. Recall the definitions of C}, F} and Ry (Definition

and Definition [3.11]). We have

Co=Ag 1 Ay Ll Ay and Ry = F5 \ {x2y22, zy2?, ny,zQ}.
We have x2%—g = 32%yz? and xy%—g = 3zy?z%. Since 3z%yz? and 3xy?z?
lie in the Qg-span of F» \ Ry we get that (0,0,2?%) and (0,0,2y) are non-
trivial elements of ker(¢2). It turns out that ker(¢2) = ((0,0,22), (0,0, zy)).

However, it is not clear what the geometric interpretation is of the vanishing
of R.

Consider the family over I, given by
Q = 23y + 32 + 2% + axy2? + b2t

This family has dimension 2 in the moduli space M3 over C ([Ver83| Theorem
5.5]) and therefore over F, for almost all p (where ¢ = p*). We have

det(Ag) = 2% - 3% - b(a® 4 12b)3.
We have b | disc(Q) but a? + 12b { disc(Q). If b = _1—%2 then we have

2 2
axz Yy° ayz T
ker(¢p2) = <(6 T 90 2,$y>,
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The images of these vectors under (Qo, Q1,Q2) — Qodo@ + Q10:1Q + Q20.Q
are (3a — 3)2%y%z, (3a — 3)2%y2? and (§a — 3)zy?z?, respectively.

We see that often R contains factors of the discriminant, which is fine as the
discriminant vanishes if and only if the fibre is singular. However, R can also contains
factors which do depend on the choice of coordinates, and we cannot find a geometric
interpretation for these terms.

One possible solution to this problem is making a change of coordinates. Since
R does depend on the choice of coordinates, it is possible that we can transform our
family such that R does not vanish on a particular fibre. We will work out such an
example in the next section.

Another family

We now consider another family of quartic curves.

Consider the case where a3 = a5 = ag = a7 = ag = ag = a9 = a12 = a13 =
a14 = 0, so Q is given by

Q= a1zt + 4a2x3y + 6a4:1:2y2 + 4a7xy3 + a11y4 + a2t

We consider this example to show the computations involved with the vanishing of
R. By itself, this family is not very interesting as it has dimension 1 in M3 (while
the base space has dimension 5). We may assume that a5 # 0 as otherwise the
fibre is singular. Hence, we may take a;5 = 1 and we get z* = f4(x,) where f; is
homogeneous in x and y of degree 4. The polynomial fj is determined by 4 distinct
points in P! (if two of them are equal then the fibre is singular), and by a projective
transformation we may take the first three points to be 0, 1 and oo. Hence, our
family has dimension at most 1. The family also has dimension at least 1, as the
fibres z* + 2* + y* = 0 and 2* + 2* + zy>® + y* = 0 are not isomorphic. We can see
this by comparing the number of flex points of the two fibres, which are 12 and 24
respectively.

We can compute

det(Az) = f1- fa- f3;
fi =22 aby - disc(Q(x,y,0));
f2 = aj11 — a20ar7;

f3= a%l + 9a11a%a4 — 9a11ai — 2aq1a9a7 — Sa%a% + 9a4a%.
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First note that a15 # 0 because otherwise Z would be singular. It turns out that
240 a2 - dise(Q(x,y,0)) = dise(Q(x,y, 2)). Hence, disc(Q(z,y,0)) = 0 if and only
if disc(Q(z,y, z)) = 0 if and only if Z is singular. Hence, f; # 0.

Suppose that det(Ag) = 0 so fo = 0 or f3 = 0. We may apply an affine
transformation of the form ~.: z — = + ey with e € F,. The polynomial f; is
invariant under ~.. After applying the transformation, we obtain

det(Az) = f1- g2 g3;
g2 = (a11 — asar) + (—3asay + 3az7)e + (—3a3 + 3ay)e?;
g3 = (a%l + 9a11a%a4 — 9a11ai — 2a11a0a7 — 8a%a$ + 9a4a$)
+ (18a11a§ — 24a11a9a4 + 6ai1a7 — 12a§a4a7 + 18aia7 — 6a2a$)e

+ (3a11a22 — 3aj1a4 — 18&%(1421 + 27ai + 24a%a7 — 42aqa4a7 + 9a$)62.

Suppose that for every e € F, we have det(Ag) = 0 after applying .. Then for all
e € [Fy, either go = 0 or g3 = 0. However, the equations go = 0 and g3 = 0 both
have at most 2 solutions for e, unless one of them is identically zero. If go and g3
are both not identically 0, then since |F,| > 4 (we assumed p # 2, 3) there must be
an e € Fy such that ga(e) # 0 and g3(e) # 0. Hence, g2 or g3 is identically zero. We
will show that this leads to a contradiction, by making case distinctions.

Suppose that go is identically zero, so a1 = asar, a7 = asay and aq4 = a%. Then
it follows that a7 = a3 and aj; = a3 so that Q = (x + a2y)* + a152*. In this case
(—ag :1:0) is a singular point of Z, which gives a contradiction.

Suppose that g3 is identically zero. Write g3 = f3 + ge + he?. We make a case
distinction for whether 3a§ — 4aqay + a7 is zero.

(1) Suppose that 3a3 — 4azas + a7 # 0. Since g = 0 we have

2a2a4a7 — 3a2a7 + aga?
a 2 4 7
11 = .

7.3
3a§’ — dasay + a7 (7.3)

Substituting this expression for ai; in f3 gives

9(2a3 — 3agay + a7)(—3a3a? + 4a3 + 4adar — 6asasar + a%)

f3= =0.

3a% —4dasay + a7

‘We make two case distinctions.

i) Suppose that 2a3 — 3agas + a7 = 0 so a7 = as(3as — 2a3). Substituting
2 2
a7 in (7.3) gives a11 = (3a4 — 2a3)%. Hence, we can write
Q = (2% + 2asxy + (3a4 — 2a3)y%)? + ar52*.

This means that (—ag ++v/31/a% — a4 : 1: 0) is a singular point of Z over

Fy, so we get a contradiction.



7.4. QUARTIC CURVES IN P? 59

(ii) Suppose that —3a3a? + 4a3 + 4a3ar — 6azasar + a% = 0. Using ([7.3)), we
can compute that

Q(a7 — azas,2(a3 — a4),0)
(—3a22a4? + 4a43 + 4a23a7 — 6a2a4aT + aT?) - F
Ba% — 4dasay + a7

)

with F' € Zlag, ay,az]. Hence, Q(a7 — asay, 2(a3 — ay),0) = 0. Similarly,
%—g(m—agm, 2(a%—ay4),0) and %—2(@7—@&4, 2(a%—ay),0) are divisible by
—3a3a? +4a} +4a3ar — 6asasar + a2, and %—2(@7 —agay, 2(a3 —ay),0) = 0.
Hence, the point (a7 — agay : 2(a3 — ay) : 0) of Z is a singular, if it is
well-defined.

If it is not defined, then a4 = a% and a7 = agay = a%. However, then

3(1% — 4aga4 + a7 = 0 which gives a contradiction.

(2) Suppose that 3a3 — 4azas + a7 = 0. Then ay = ag(4ay — 3a3) and substituting
in g gives
g = —18(12(3&% — 4a4)(a% — a4)2 =0.
We make three case distinctions.

(i) Suppose that az = 0. This means that a; = 0. Evaluating f3 and h gives

f3 = ai1(a1; — 9a3) = 0;
h = —3ay4(ai; — 9a3) = 0.

We can make two case distinctions.
(a) Suppose that a1 — 9ai = 0. Then because as = a7y = 0, we can write
Q = (v + 3a4y)? + a152* so (—3ay : 1:0) is a singular point of Z.
(b) Suppose that ay = a;; = 0. Then Q = z* + a;52* which has a
singular point (0:1:0).
ii) Suppose that 3a3 — 4a4 = 0. Then 3a3 — 4asas + a7 = 0 gives us that
2 2
a7 = 0. Evaluating f3 and h gives
1
fg = Eall(lﬁan + 27&3) = O;

3
h= 6—4@%(1&111 + 27a3) = 0.

Again, we make two case distinctions.

(a) Suppose that 16a11 + 27a3 = 0. Then we can write Q@ = & (2z —
a2y)(2z + 3azy)3 + a152* and so (—3az : 2 : 0) is a singular point of
Z.
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(b) Suppose that az = a;; = 0. Then also a4 = 0 since 3a3 = 4a4 and so
Q = z* + a152* which has a singular point (0: 1 : 0).

(iii) Suppose that a% —aq = 0. Then 3ag —4dagags+a7 = 0 gives a7 = ag. Then
fz=(ann — (1‘21)2 =0s0ay = aé. We can write Q = (z + a2y)?* + a52*

so (—ag : 1:0) is a singular point of Z.

We conclude that, as gs or g3 is identically zero, Z must be singular. This gives
a contradiction. Hence, there exists an e € F, such that det(Ay) does not vanish
after applying the transformation . — = + ey to Z.

It turns out that det(As) = —2722. f7 - fo - f3. Therefore, det(As) # 0 implies
det(As) # 0 so we can get R to be non-zero by applying a projective transformation.

Normal form for the stratum of quartics

The moduli space of genus 3 curve M3 has dimension 6 over C. The stratum of
quartic curves is also 6-dimensional, so any normal form has dimension at least
6. We know that the a smooth quartic curve has at most 28 bitangents ([Ver83,
Theorem 2.2]), i.e. lines that are tangent in two points on the curve. Together with
the fact that the general smooth quartic curve has no hyperflexes ([Ver83, pg. 81]),
we conclude that the general smooth quartic curve has 28 bitangents.

As there are 15 monomials in x, y and z of degree 4, the space of smooth quartic
curves has dimension 14. We may demand that a general smooth quartic goes
through the 4 points (1 :0:0), (0:1:0), (0:0:1)and (1:1:1), by acting
with PGL(3). This gives 4 restrictions on our curve. We may also demand that
one bitangent goes through (0 : 0 : 1) and (1 : 1 : 1), and another goes through
(1:0:0)and (0:1:0). Hence, we assume that x = y and z = 0 are bitangents
of the general smooth quartic curve. This also gives 4 restrictions, since we add
one tangent condition in every one of the 4 points. This makes for a total of 8
restrictions. Since these are generic conditions, the space B of curves with these
conditions has dimension 14 — 8 = 6. Since the stratum of smooth quartic curves
has dimension 6, this means that B is dense in the stratum of smooth quartic curves.

We can explicitely compute what the element of B are. A general smooth quartic
curve C' is given by

0 = a1zt + avxy + azzdz + auz®y? + asaxyz + agx®2? + arxy® + agzy’z

+ agryz® + arorz® + any® + a1y’ + a13y?2® + a1ay2® 4 ars2?t,
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with a; € F, for 1 <4 < 15. The conditions that (1:0:0), (0:1:0), (0:0:1) and
(1:1:1) lie on C give that

15
a]; — 0; all = 0; a1y — 0; E a; — 0.
i=1

The condition that z = 0 is a tangent of C'in (1:0:0) and (0:1:0) yields
ag=0; ay=0.
Lastly, the condition that = =y is a tangent of C'in (0:0:1) and (1:1:1) gives
a4y = ayo; 4ai + 3az + 3as + 2a4 + 2a5 + 2a¢ + a7 + ag + ag + a9 = 0.

Eliminating variables using these conditions gives that C is the space of smooth
quartic curves of the form

0=asx’z + a4(a:2y2 + a:z3) + a5m2yz + agr’2? + agzz:gfz + a12y3z + a13y222

+ (—3as — 3aq — 2a5 — 2a¢ — ag)xyZQ + (2a3 + a4 + a5 + ag — a1z — alg)yz?’,

with a3, a4, as, ag, ag, a12,a13 € Fy. Unfortunately, any curve in this space does not

contain a term z?

in its equation. Hence, R = 0 for every fibre, so we cannot
use the deformation method. We can possibly fix this by performing a change of
coordinates.

Since we want det(As) to be non-zero, we need the equations of our curves

to contain a term z*

. This means that the curve may not go through the point
(1:0:0). By applying a change of coordinates, for example z + x + z, we may
move the point (1: 0 : 0) to another point of P? such that (0:1:0), (0:0:1) and
(1:1:1) do not get send to (1:0:0). However, it turns out to be computationally
very hard to compute det(As) as Ag is a 55x55-matrix with too many non-zero
elements. Even if we could compute det(As), then it would be a too large of an
expression. We compute:

det(Ay) = 256azasaly f,

where f is an irreducible polynomial of degee 14 in as, a4, as, ag, as, ajo and ais,
consisting of 17593 terms.

Conclusion

In the previous sections we saw that the vanishing of R is not very well-understood
for quartic curves. For families with more than 1 parameter, the polynomial R

may contain too many terms to allow for practical use. For our original problem
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involving curves of genus 3 we would need to consider normal forms with at least
7 parameters. Using our current knowledge, it is seems undoable to control R for
these normal forms.

In addition, the deformation method becomes very slow when the number of
parameters grows. Namely, when solving the differential equation, one has to cal-
culate K® terms. As this expression is exponential in s, the algorithm becomes slow
very quickly as s gets larger.

We conclude that in practice, it would be very hard to use the deformation
method on normal forms for the stratum of quartic curves. However, if one can find
normal forms on which R behaves well (or we know its behaviour well), and ¢ is
small, then it may be possible to apply the deformation method.
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