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Introduction

In this thesis, we want to find special values of the hypergeometric function, so we first define
the hypergeometric function. The Pochhammer symbol is defined as

n—1

(@)a=[[a+i)=ala+1)-(a+n-1), (1)

=0

for a € C and n € N>, we also define (a)g = 1. Now we define the Gauss hypergeometric
function by oFi(a,b;clz) = >7° (@n®u yn where a,b,c € C and ¢ ¢ {k € Z;k < 0}. The

n=0 nl(c)n
given power series has a radius of convergence equal to oo if a or b is a non-negative integer,
and radius of convergence equal to 1 otherwise. The function 3F}(a,b;c|z) is a solution of the

hypergeometric differential equation

<x(1—a:)(iv2+(c—(a+b+1)a:)iv—ab) f(z)=0. (2)

Note that equation is a linear differential equation of degree 2, so its solution space is a
2-dimensional C-vector space, but we do not consider the other solution of equation yet.

A theorem of Wolfart, see [II, chapter 5], states that for F(x) = 3 F} (a,b; c|x) there are three
cases with respect to the parameters a, b, c:

e the function F(z) is algebraic over C(z), so if x is algebraic, then F'(x) is algebraic;

e the monodromy group of F(x) is an arithmetic hyperbolic triangle group and 0 < a < ¢ < 1
and 0 <b<c<landl—c+|a—>bl+]|c—a—>bl <1; then there is a subset E of the
algebraic numbers, dense in C, such that F(z) is algebraic for z € E;

e otherwise, there are only finitely many algebraic numbers z with F(x) algebraic.

The most suprising statement in Wolfart’s theorem is that there exists a class of transcendental
functions, such that there exists a set F of algebraic numbers such that if © € E, then F(x)
is algebraic. Moreover, this set is not only infinite, but is dense in C. In the classification of
Wolfart’s theorem, we are only interested in the second case: the first case can be calculated and
the third case is beyond this stage of this thesis.

In chapter [1] we start with a theorem of Schwarzﬂ which states that the image of the upper
half plane H by a quotient of hypergeometric functions is equal to a curvilinear triangle; this
statement will be made precise in this chapter. The proof of Schwarz’ theorem is classical and
not the main part of this thesis; it is written out in appendix [A] The theorem of Schwarz gives a
relation between hypergeometric functions and triangle groups, where the triangle group follows

IHermann Amandus Schwarz, 1843-1921, son in law of Ernst Kummer



from the given curvilinear triangle. It turns out that, after some choices, this triangle group
is commensurable with the modular group SLy(Z), and this is where modular functions and
modular curves enter this thesis. In chapter [I] we do some preliminary calculations to be able
to calculate special values of the hypergeometric function later on: for a given finite list of
parameters, we calculate their triangle groups, this result is given in table It turns out that
the modular curves we consider in this thesis are all isomorphic to P*(C), and the function field
of a modular curve isomorphic to P1(C) is generated by a single element, called a Hauptmodul.
We also calculate these Hauptmoduln for the given list of parameters, which gives the tools we
need to actually calculate special values of the hypergeometric function, this result is given in
table .2l

In chapter [2| we calculate some special values of the hypergeometric function, using the
triangle groups and Hauptmoduln from chapter The key idea is that for the Hauptmoduln
in this thesis it is the case that a Hauptmodul is a biholomorphic function from a curvilinear
triangle to the upper half plane, and the quotient of hypergeometric functions is a biholomorphic
function from the upper half plane to a curvilinear triangle. The composition of these two
functions is a Mobius transformation of the triangle we started with, we also calculate this
transformation. From differentiating this relation follows a formula to calculate special values
of the hypergeometric function. The main interesting point of this formula is that it involves
the derivative of the Hauptmodul, and the derivative of a modular function is not a modular
function. To calculate the derivative of a modular function is an interesting problem, but it is
possible and we did this in our thesis. Using the formula we proved in this chapter, we succeeded
in giving two proofs, see theorem [2.15| and theorem [2.20] of the identity

327615 V5
which is given as a conjecture in [4]. Using the same method, we have found some other identities,
which are given in theorem
In chapter [3] we do some more calculations on special values of the hypergeometric function
without using the theorem of Schwarz. The method we use is a little bit technical; it uses the

analytic continuation of a hypergeometric function along a curve. Using this method we found
some other special values, one of which is

1 43 2
2F1 (84784’3

B s§/2975681180018235190280192 (3224592092541346723\/5 — 14673095170014395553)

84434123054702851182481

38241952 (5289411798647305 — 672452454064707@) )

1674802610123026678739408499666232174237347823394822911603359375

R <e’”’/ 6 \/ 2343 + 1287iV/3 4+ 1521iV/7 + 923@) , (4)

which is equation . This identity has an algebraic argument, and an algebraic value;
moreover the absolute value of its argument is less than 1, so this special value falls inside the
region of convergence of the function o F (1/84,13/84;2/3 |z ).

I would like to thank my supervisor Frits Beukers for advising me while I wrote my thesis.
Several times he pointed out possible simplifications in my proofs and calculations, and for this
clarity I am especially grateful. I would like to thank my second reader Gunther Cornelissen for
taking the time to read this thesis. Also I want to thank my fellow students who participated in
the master’s thesis seminar; I have learned a lot from their talks and they listened to my talks,
even when I did calculations on the blackboard.
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Chapter 1

Triangle groups and
Hauptmoduln

In this chapter we will study triangle groups and Hauptmoduln (these objects will be defined
later), which will give special values of the hypergeometric function in the next chapter, see chap-
ter [2] on page To see the connection between triangle groups and hypergeometric functions,
we start with Schwarz’ theorem. By definition, a curvilinear triangle has edges which are line
segments or circle segments. It can be shown that a curvilinear triangle with given angles is
unique up to a Mobius transformation.

Theorem 1.1 (Schwarz,[12], page 311],[6, page 207]). Let a,b,c € R and define A = |1 — ¢| and
pw=lc—a—>l and v =]a—0b|. Suppose that 0 < \,pu,v < 1. Let f,g be linearly independent
solutions of the hypergeometric differential equation with parameters a,b,c, then the function
D = f/g maps H one-to-one and conformal onto the interior of a curvilinear triangle T with
vertices A with angle Am and B with angle pw and C with angle vmw. Moreover, it holds that
D(0) = A and D(1) = B and D(o0) = C.

Note that choosing other linearly independent solutions of the hypergeometric differential
equation gives a Mobius transformation of the triangle T let o, 8,7,0 € C such that ad — By #
0, then from considering the functions af + 8g and ~vf + dg instead of f and g follows that

%iéﬂg = ig%‘;;i? From now on we will assume A = 1/k and p = 1/l and v = 1/m and

1/k+1/l+1/m < 1for k,I,m € N>q.

Definition 1.2 (Definition and conventions). Let T be a curvilinear triangle with angles 7 /k, 7 /I, 7 /m
and 1/k+1/l+1/m < 1. Let Ky, Lo, My be, respectively, the edges of T' opposite to the angles
w/k,m/l,m/m. Let K,L, M be, respectively, be the reflections of the hyperbolic plane in the
edges Ko, Lo, My. Define I'*(k,l,m) = (K, L, M) and I'(k,l,m) C I'*(k,l,m) as the index 2 sub-
group consisting of words of even length. Note that T'(k,I,m) is contained in SLy(C), because

the composition of two reflections is a Mdébius transformation. Because the matrix —I5 gives the
identity map, we identify T'(k,l,m) with T'(k,l,m) U —T'(k,l, m), which is its lift from PSLs(C)

to SLy(C). If no confusion arises, we write I" instead of I'(k, [, m).

From [5 page 34] we know that given three circles in C, there exists a unique circle C' which
intersects all three circles orthogonally, which is called the orthogonal circle or the radical circle.
Note that this orthogonal circle is invariant under I'; so for z € C' and « € T, it follows that
vz € C. Later on it will be the case that C' = R, from which follows that I C SLy(R) C SL2(C).
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Figure 1.1: Picture of the triangle T'(2, 3, 00) with its reflections; some triangles of the tesselation
of H are drawn. One reflection of T is drawn in stripes, which together with T is a fundamental
domain of T'(2, 3, co)\H.

Theorem 1.3 ([9, theorem 2.8]). Let K,L,M be the reflections in the edges of a hyperbolic
triangle T with angles w/k,m/l,7/m. The images of (the interior of) T under the action of
the distinct elements of the group T*(k,l,m) = (K, L, M) fill the hyperbolic plane without gaps
and overlappings. Moreover, T*(k,l,m) is defined by the relations K* = L?> = M? = (KL)™ =
(MK)' = (LM)* =e.

Proof. A partial proof of this theorem is given in [9, theorem 2.8]. For the parts omitted, a
reference to [2, paragraph 398-402] is given. O

Because the images of T with respect to the action of I' do not overlap, it follows that elements
of the interior of T have a trivial stabilizer. Moreover, let z be an element of the closure of T, not
equal to one of the vertices of T', then z has a trivial stabilizer in I': there are only two images
of T under I'* which are neighbours of the edge on which z lies, which are reflections of each
other. On the other hand, if z is a vertex of T', then z has a non-trivial stabilizer in I'. From
this follows that the union of 7" and one of its reflections (with edges identified) is equal to the
hyperbolic space modulo the action of I'. If we make the assumption that the orthogonal circle
of T is equal to R, we can identify the hyperbolic space with H.

For the function D in theorem m we have that D~! is a biholomorphic function from T
to H. Using the Schwarz reflection principle, see appendix it follows that D~! extends to
a modular function with respect to I'(k,l,m) C SL2(R). We want at least one of |1 — ¢| and
|c —a —b| and |a — b| to be equal to 0: with a Mobius transformation the vertex of T with
angle 0 can be sent to co such that the two edges from oo are parallel to the imaginary axis
{z € C|R(z) = 0}. From this follows that the function D is periodic, which is necessary if
we want D to be a modular function with respect to a congruence subgroup of PSLy(Z). The
requirement that at least one of the vertices of T'(k,l,m) has an angle equal to 0 means that
I'(k,l,m) is a non-cocompact Fuchsian triangle group. In [I4] theorem 3ii] all non-cocompact
arithmetic Fuchsian triangle groups are given, where {k,l,m} is equal to one of the following
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sets:

{27 3, OO}’ {27 4, OO}, {Qa 6, OO}, {2a 00, OO}, {37 3, 00}7 {3’ 0, OO}, {4a 4, OO}, {63 6, OO}, {OO, 00, OO}
(1.1)
For the list in equation , we calculate T'(k,,m), which we summarize in table In
the following calculations, we use that the triangle group of a triangle is generated by rotations
around vertices, where only two generators are necessary. Moreover, a rotation can be obtained
from two reflections. Note that not always holds that I'(k,l,m) C PSLy(Z), because elements
of PSLy(Z) with finite order have order at most 3, so a rotation with order at least 4 cannot be
written as an element of PSLy(Z). We choose the triangles T' such that the orthogonal circle of
T is equal to R, and the group I is straightforward to write down.

1.1 Triangle groups

Let {k,l,m} = {2,3,00} and define T'(2,3,00) = {z € H;0 < R(z) < 3,|2| > 1}. Reflection
along the line R(z) = 1, followed by reflection along the line () = 1 gives the map 7 : z — z+1.
Reflection along the line R(z) = 0, followed by reflection with respect to the circle |z| = 1 gives
the map o : 2 — =L, From this follows that I'(2,3,00) = (7,0). Because PSLy(Z) is generated
by z — z + 1, which is equal to 7, and z — =L, which is equal to o, it follows that

z ?

I(2,3,00) = PSLy(Z). (1.2)

Let {k,l,m} = {2,4,00} and define T'(2,4,00) = {z € H;0 < R(2) < %, 2| > ?} Reflection
along the line R(z) = 3, followed by reflection along the line () = 1 gives the map 7 : z — z+1.

Reflection along the line R(z) = 0, followed by reflection with respect to the circle |z| = g

gives the map o : z — ;—Zl From this follows that I'(2,4,00) = (r,«). Note that the map
o cannot be defined by a matrix in PSLy(Z), but ¢ = ara™! : z — = can be defined by
a matrix in PSLy(Z) and o? is the identity map. From this follows that a word in «,7 with
an even number of factors « in it can be defined by a matrix in PSLs(Z), so the subgroup
I'(2,4,00) N SLy(Z) has index 2 in I'(2,4, 00), with the identity and « as coset representatives.
Furthermore I'(2, 4, 00) N SL3(Z) is generated by o, 7. We know that I'g(2) = I'1(2) is generated
by z — z 4+ 1, which is equal to 7, and z — ;;11, which is equal to 7o. From this follows that
I'o(2) C T(2,4,00)NSLy(Z). By considering the image of I'(2, 4, 00) N SLy(Z) modulo 2 it follows
that T'(2,4,00) N SLy(Z) = T'y(2) and

1'(2,4,00) =T(2) U (g _01) T'o(2). (1.3)

Let {k,l,m} = {2,6,00} and define T'(2,6,00) = {z € H; 0 < R(2) < %, 2| > ?} Reflection
along the line R(z) = %, followed by reflection along the line $(z) = 1 gives the map 7 : z — z+1.

Reflection along the line $(z) = 0, followed by reflection with respect to the circle |z| = ?
gives the map o : z — 2. From this follows that I'(2,6,00) = (7,). Note that the map
a cannot be defined by a matrix in PSLy(Z), but 0 = ara™! : 2z 173, can be defined by
a matrix in PSLy(Z) and we have o? : z + z. From this follows that a word in a,7 with
an even number of factors « in it can be defined by a matrix in PSLs(Z), so the subgroup
I'(2,6,00) N SLy(Z) has index 2 in T'(2, 6, 00), with the identity and « as coset representatives.
Furthermore T'(2,6,00) N SL2(Z) is generated by o,7. We know that T'g(3) is generated by

z+ z+ 1, which is equal to 7, and z +— %, which is equal to o~ '7~!. From this follows that
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I'y(3) € T'(2,6,00)NSLa(Z). By considering the image of I'(2, 6, 00) N SLy(Z) modulo 3 it follows
that T'(2,6,00) N SLy(Z) = T'y(3) and

I'(2,6,00) = T5(3) U (g _01> T'o(3). (1.4)

Let {k,l,m} = {2,00,00} and define T'(2,00,00) = {2z € H;0 < R(z) < %,z — 3| > 3}
Reflection along the line R(z) = 1, followed by a reﬂection along the line R(z) = 1 gives the
map T : z »—> z+ 1 Reﬂection along the line §R( ) = =, followed by reflection with respect to the
circle |z — 3| = From thlb follows that F(2 00,00) = (1,0). We
know that Fo( ) is generated by z — z + 1 Wthh is equal to 7, and z — 5=—, which is equal to
o. From this follows that

I'(2,00,00) = [o(2). (1.5)

Let {k,l,m} = {3, 3 oo} and define 7'(3,3,00) = {z € H; —1 < ?R( ) < 1,12 > 1}. Reflection
along the line R(z) = 2, followed by reflection along the line (2 ) 3 gives the map T : 2z z+2.
Reflection along the hne R(z) = —3, followed by reflection with respect to the circle |z + 1| =1
gives the map o : z = =21, From this follows that I'(3,3,00) = (7,0). We know that I'(2)
is generated by z — z + 2, which is equal to 7, and z — gz:%, which is equal to 7o 1o 2.
From this follows that I'(2) C T'(3,3,00). Reduction of I'(3, 3, 00) modulo 2 gives an image of

(0) C PSLo(Z/2Z), from which follows that

M(3,3,00) = T(2) U (‘11 _01) T'(2)Uu (_01 _11> T(2). (1.6)

Let {k,l,m} = {3,00,00} and define T = {z € H;0 < R(z) < %,z — 1| > 3}. Reflection
along the line R(z) = %, followed by reflection along the line f(z) = 1 gives the map 7 : z — z+1.
Reflection along the line R(z) = , followed by reflection with respect to the circle |z — 2| = 1
gives the map o : z — 2= From thlb follows that T'(3, 00,00) = (1, 0). We know that T'o(3) is
generated by z — 2z + 1 Wthh is equal to 7, and z — *3ZJ;12, which is equal to o ~!. Reduction

of T'(3, 00, 00) modulo 3 gives an image (1) C PSLy(Z/3Z), from which follows that

M (3,00,00) =To(3). (1.7)

Let {k,l,m} = {4,4,00} and define T = {z € H;—3 < R(z) < %,[2| > g} In the
calculations of I'(2,4,00) we found that the rotation of 7T'(2,4,00) around oo is given by 7 :

z — z 4+ 1 and the rotatlon around fz is given by a : z — _—Zl From this follows that

2
the rotation around 5 + 35 is given by 7a 1 2z 22221. Because around the point 3 Ly i the
trlangles T(2,4,00) and T(4 4,00) are equal, it follows that the rotation of 7'(2,4 oo) around
1 + L is the same map as rotation of T(4,4,00) around % + £. Because T'(4,4 oo) consists
of T(2 4,00) and its reflection in the axis R(z) = 0, it follows that the rotation of T'(4,4, c0)
around oo is given by 72 : z + z + 2. From this follows that I'(4,4,00) = (7%, 7). We already
know that I'(2,4,00) = (1,a) = I'g(2) U g _01
the length of a word in (7, @) can be defined, from this follows that I'(4,4, c0) consists of the
words in I'(2,4,00) with even length: here we use that all words of even length in (7, «) can
be written as words in (72, 7a), because a~! = a and if a word w starts with 771, then 72w
starts with 7. From this follows that T'(4,4,00) N SLy(Z) = (72, (t)?, (ta)7?(ra) ™). Now
consider the reduction of I'g(2) modulo 4. Because the identity matrix modulo 4 is a word of
even length, it follows that I'(4) C T'o(2) consists of words of even length, from which follows

I'y(2). Because o and T have even order,
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that I'(4) C I'(4,4,00). Reduction modulo 4 of (1a)r2(ra)~! : 2 :izig gives the identity

matrix, so the image of (72, 7o, (ta)7%(Ta)™1) = (72, 7)) C SLa(Z/4Z) gives a group of order 8,
and because I'(4) has index 48 in SLy(Z), it follows that [SLo(Z) : T'(4,4,00) NSLy(Z)] = 28 =

g —
where (ra)72(ta)"! 1 z — Z=L. To sum up, it follows that

I'(4,4,00) = <ﬁ: <(1) f) .+ (g _01> ,r(4)>. (1.8)

Let {k,l,m} = {6,6,00} and define T = {z € H;—3 < R(z) < 1,[2| > ?} In the

calculations of T'(2,6,00) we found that the rotation of T'(2,6,00) around oo is given by 7 :

z — 2z + 1 and the rotation around @ is given by a : z + =%. From this follows that the

3z
rotation around 3 + ‘/65’ is given by 7o : 2 — 32-1. Because around the point § + \/gl the

triangles T'(2,6,00) and T'(6,6,00) are equal, it follows that the rotation of T'(2,6,00) around

14 @ is the same map as rotation of T'(6,6,00) around 3 + @. Because T'(6,6,00) consists
of T(2,6,00) and its reflection in the axis R(z) = 0, it follows that the rotation of T'(6, 6, c0)
around oo is given by 72 : z + z + 2. From this follows that I'(6,6,00) = (72, 7). We already
know that T'(2,6,00) = (r,a) = To(3) U (g o
the length of a word in (7, ) can be defined, from this follows that I'(6,6,00) consists of the
words in I'(2,6,00) with even length: here we use that all words of even length in (7, ) can
be written as words in (72, 7a), because a~! = a and if a word w starts with 771, then 72w
starts with 7. From this follows that T'(6,6,00) N SLa(Z) = (72, (t)?, (Ta)7?(Ta)™1). Now
consider the reduction of T'g(3) modulo 6. Because the identity matrix modulo 6 is a word of
even length, it follows that I'(6) C I'g(3) consists of words of even length, from which follows that
I'(6) C I'(6,6,00). Reduction modulo 6 of (ta)7?(ra)~t : 2 :gzig gives the identity matrix,
so the image of (72, 7o, (Ta)7?(Ta) ™) = (r2,7a) C SL2(Z/6Z) gives a group of order 18, and
because T'(6) has index 144 in SLy(Z), it follows that [SLa(Z) : T'(6,6,00) N SLy(Z)] = 14 =8,

18
where (Ta)7?(ta)™! : z +— 22=1. To sum up, it follows that

I'(6,6,00) = <ﬁ: <(1) f) L+ (g _01> ,F(6)>. (1.9)

Let {k,I,m} = {00,00,00} and define T(c0,00,00) = {z € H;0 < R(z) < 1,]z — 3| > 3}.
In the calculations of T'(2, 00, 00) we found that the rotation of T'(2, 00, 00) around oo is given
by 7 : 2z = 2z + 1 and the rotation around 1 is given by «a : z — gi:f Because around
the point 1 the triangles T'(2, 00, 00) and T (0o, 00, 00) are equal, it follows that the rotation of
T'(2, 00, 00) around 1 is the same map as rotation of T'(co, 0o, 00) around 1. Furthermore, because
T (00, 00,00) consists of T'(2, 00,00) and its reflection with respect to R(z) = 3, it follows that
the rotation around oo of T'(co,00,00) is given by 72 : z + 2 + 2. From this follows that
I'(00, 00,00) = (72, ). We know that I'(2) is generated by z — z + 2, which is equal to 72, and

Z > ;’zﬁ, which is equal to «. From this follows that

I'o(3). Because a and Ta have even order,

I'(0c0, 00, 00) = T'(2). (1.10)

As a check of the results in this section, we consider the volume of the triangle 7. The
volume of a curvilinear triangle with angles 7 /k, /I, 7/m is given by 7 — 7 /k — w/l — 7 /m. The
fundamental domain of SLy(Z)\H is given by {z € H; —1 < R(z) < 1, |z| > 1}, which has angles
0,7/3,7/3 and volume 7/3. From this follows that

T(k,1,m) : SLo(Z) NT(k,1,m)]’

Vol(T(k,1,m)) = % 7 (1.11)
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here we wrote /6, because the volume of half the fundamental domain of SLy(Z) is equal to
/6.

k,l,m Triangle T Left Vertex  Right Vertex T'(k,1,m) C SLy(R)
2,3, 00 R(z) € (0,3),]z] > 1 i 1/2 ++/3i/2 SL»(Z)

. . 0 —1
2,4,00  R(2) € (0,5),]2] > 5V2 i/V2 1/2+1/2 7l o )o@

: . 0 —1
2,6,00  R(z) €(0,1),]2[>1V3 i/V3 1/2+/3i/6 Ve 5 o ) To®
2,00,00  R(z) €(0,3),]z—3%[>1 0 1/2+i/2 To(2)
3,3, 00 R(z) € (=3, 1)zl >1 —1/2+3Bi/2 1/2+/3i/2 <(_11 _01>,F(2)>
3,00,00  R(2) € (0,5), |z — 3| >3 0 1/24/3i/6 To(3)

: . 1 2 2 -1

4,4,00 R(2) € (=3, )02l >Lv2  —1/2+i)2 1/2+4/2 o 1) ls o) TW
6.6.00 R(z)e (LAl >3vE —1/24vBi6 12486 ((p 7). = (5 ) .rE)
00,00,00  R(z) € (0,1),|z— 1| > 3 0 1 r'(2)

Table 1.1: Table of non-compact arithmetic Fuchsian triangle groups; two of the three vertices
of the triangles are given: the third vertex is equal to co. Here the left and right vertices are
such that the real part of the left vertex is smaller than the real part of the right vertex. Note
that all given groups contain the matrix —Is.

I'(2,3,00) = PSLy(Z)

I'(2,4,00)
/N / \

/ (3, 3 o) T'(2,6,00)

I'(4,4,00) I‘(2 00, 00) / \ / )
/ \
‘ / I'(3, 00, 00) (3) I'(6,6,00)

(00, 00,00) =T'(2)

Figure 1.2: Subgroup inclusions of the groups in table

1.2 Hauptmoduln

From now on we write X (I') for the Riemann surface T'\(H U Q U {o0}); in [10, chapter I.2]
it is explained how the quotient of H modulo a discrete subgroup of SLo(R) can be seen as a
Riemann surface. Note that only for congruence subgroups G C SLo(Z) it is guaranteed that
X (@) is compact. Because the groups I' from table all contain a congruence subgroup, it
follows that X (I'NSL2(Z)) is a compact Riemann surface, and after taking the quotient modulo
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T it follows that X (T') is compact, because the quotient space of a compact topological space is
compact. Now we know that X (T") is a Riemann surface, we can calculate its isomorphism class:

Lemma 1.4. Let T as in table . Then X (T') =2 PY(C) as Riemann surfaces.

Proof. First note that X (T') is a compact Riemann surface. Now we calculate the genus of X (T),
which follows from the triangulation of X (I'). Let T* be a reflection of the triangle T from
table and take the triangles T and T* as faces (for an example, see figure , and their
edges as edges of the triangulation, and the vertices of T" and T™* as vertices of the triangulation.
Taking equivalences modulo I' into account, it follows that there are 3 vertices and 3 edges and 2
faces, from which follows that the Euler characteristic of X (I") is equal to 3—3+2 =2 =2 —2g,
from which follows that X (T") has genus equal to 0. Because the only compact Riemann surface
of genus 0 is P(C), it follows that X (T) = P!(C). O

Recall that a meromorphic function f on a Riemann surface is a function with values in C
with a discrete set of poles. If the codomain of f is equal to P*(C) and f is not identically equal
to oo, then f is called holomorphic instead of meromorphic.

Lemma 1.5. Let X be a compact Riemann surface. Then a meromorphic function f : X —
PY(C) has a unique pole of order 1 if and only if f is an isomorphism.

Proof. Suppose that f : X — P(C) is an isomorphism. From this follows that f is injective,
so f has a unique pole of order 1; here we use that a function with a pole of order > 2 is not
injective.

Suppose that f : X — P1(C) has a unique pole of order 1. From this follows that f is
injective, because a meromorphic function has the same number of poles as it has zeroes, counting
multiplicities, see [I0, proposition 1.12a]. On the other hand, because f is continuous and X is
compact, it follows that f(X) C P!(C) is compact. Because P'(C) is Hausdorff, it follows that
f(X) is closed. Because X is open, and f is an open map, it follows that f(X) is open. Because
f has a unique pole of order 1, it follows that f is non-constant, so f(X) = P!(C). From this
follows that f is bijective, so f~! is holomorphic. From this follows that f is an isomorphism. O

Lemma 1.6. Let f : X — PY(C) be an isomorphism. Let C(X) be the field of meromorphic
functions on X, then it follows that C(X) = C(f(2)).

Proof. Suppose that f is an isomorphism. Let g be a meromorphic function on X, then it follows
that go f~! is a meromorphic function on P*(C). Because the field of meromorphic functions of
P!(C) is equal to C(z), it follows that (go f~!)(2) = R(z) for some rational function R € C(2).
From this follows that g(z) = R(f(z)), which proves that g € C(f(z)), so C(X) =C(f(2)). O

Corollary 1.7. Let f € C(X(T")) be a meromorphic function with a unique pole. Then f is a
Hauptmodul of X (T).

In the situation of lemma the function field C(X) is generated by one element, which is
called a Hauptmodul of X(I'). To find Hauptmoduln with respect to the groups in table
we use lemma to prove that the functions we find indeed are Hauptmoduln. Now we want
to define functions and their orders on X (I'). Let a € Z~( be minimal such that every element
of C(X(T")) is periodic with period a, note that a is the width of the cusp oo of I". Then for
f € C(X(I)) we can write f(z) = Y5, arg" with ¢ = €*™2/®. The order of f at z — oo is
equal to the minimal k € Z such that ay # 0. Note that if f(z) — 0 for z — oo, then f has a
positive order, and f has a negative order if f(z) — oo for z — oo. The order of a pole of f(z)
at z — oo is equal to minus the order of f(z) at z — oo.
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Let {k,l,m} = {2, 3,00}, then we know that the j-function is a Hauptmodul with respect to
the group PSLy(Z).
Let {k,l,m} = {2,4,00}. We know that A(z)/A(2z) is a modular function with respect

to T'o(2). We have A (—5-) /A (-25) = %ﬁgz) = 212A(22)/A(z), from which follows

that h(z) = A(2)/A(22) +22A(22) /A(2) is a modular function with respect to I, see table
Because h(z) is holomorphic on H and has a pole of order 1 for z — oo, it follows from corollary
that

A(z A(2z
A((2z)) 2" A((z)) '
Let {k,I,m} = {2,6,00}. We know that n'2(z)/n'?(32) is a modular function with respect
to Ig(3). We have n'? (—3%) /n'? (—=34%) = % = 3%1'2(32) /n'%(2), from which follows
that h(z) = n'2(2)/n*2(32) + 3°9'2(32)/n'2(2) is a modular function with respect to T, see
table Because h is holomorphic on H and has a pole of order 1 for z — oo, it follows from

corollary [I.7] that
M) | en?2)

n'?(3z) n'2(z)

Let {k,l,m} = {2,00,00}. We know that h(z) = A(z)/A(2z) is a modular function with
respect to I' = T'g(2), see table Note that h is holomorphic on H and has a pole of order 1
for z — co. From corollary [1.7] follows that

h(2,4,00)(z) = (1.12)

h(2,6,00)(z) = (1.13)

A(z)
A(2z)°

h(2,00,00)(z) = (1.14)

Let {k,l,m} = {3,3,00}. We already know that the j-function is a Hauptmodul in the case
{k,l,m} = {2,3,00}. The triangle T'(3, 3, 00) consists of T'(2, 3, 00) and its reflection with respect
to the line R(z) = 0. From Schwarz reflection follows that the image of the j-function on the
triangle T'(3, 3, 00), see table is equal to H U (1728, 00) U H, where H = {z € C;S(z) < 0}.
From this follows that 1728 — j(z) is a biholomorphic function from T to C\[0,00), which is
invariant under I'(3, 3, 00). We define the square root on C\[0, 00) such that /=1 = i. Note that
h(z) = 4/1728 — j(z) has a pole of order 1 for z — oo, so from corollary that

h(3,3,00)(z) = /1728 — j(2). (1.15)

Let {k,l,m} = {3,00,00}. We know that n'2(z)/n'?(3z) is a modular function with respect
to I' =T(3), see table From corollary follows that

n'*(z)
n'2(3z)

Let {k,l,m} = {4,4,00}. We already know that A(z)/A(2z) + 212A(22)/A(2) is a Haupt-
modul in the case {k,l,m} = {2,4,00}. The triangle T'(4,4,00) consists of T(2,4,00) and
its reflection with respect to the line ®(z) = 0. From Schwarz reflection follows that the im-
age of h(2,4,00) on the triangle T'(4,4,00), see table is equal to H U (128, 00) U H, where
H = {z € C;3(2) < 0}. From this follows that 128 — h(2,4,0)(z) is a biholomorphic function
from T to C\[0, 00), which is invariant under I'(4, 4, c0). We define the square root on C\[0, c0)
such that v/—1 = 4. Note that h(z) = /128 — A(2)/A(2z) — 212A(22)/A(2) has a pole of order
1 for z — o0, so from corollary that

h(3,00,00)(z) = (1.16)

h(4,4,00)(z) = \/128 - AA((;Z)) - 212AA((22’Z)>. (1.17)
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Let {k,I,m} = {6,6,00}. We already know that n'2(z2)/n'%(3z) + 35n12(32)/n'2(z) is a
Hauptmodul in the case {k,l,m} = {2,6,00}. The triangle T'(6,6,00) consists of T'(2,6,00)
and its reflection with respect to the line R(z) = 0. From Schwarz reflection follows that the
image of h(2,6,00) on the triangle T'(6,6, ), see table is equal to H U (54, 00) U H, where
H = {z € C;3(z) < 0}. From this follows that 54 — h(2,6,00)(z) is a biholomorphic function
from T to C\[0,00), which is invariant under I'(6, 6, 00). We define the square root on C\[0, c0)
such that v/—1 = i. Note that h(z) = /54 — n2(2)/n12(3z) — 3512(32) /n'2(z) has a pole of
order 1 for z — oo, so from corollary that

_ Con(2)  oen™(32)
h(6,6,00)(z) = \/54 3] 36 TR (1.18)

Let {k,I,m} = {00, 00,00}. The Hauptmodul of I'(2) is known as the modular A-function,
which is defined as A(z) = 16w7 which gives

n?1(2)
h(00, 00,00)(2) = A(2). (1.19)
k,l,m a b Rkt m oo h(l) h(r)
2,300 1/12 5/12 i(2) 0o 1728 0
2,4, 00 1/8 3/8 A(2)/A(22) + 212A(22) /A(z) oo 128 —128
2,6,00 1/6 1/3 n*2(2)/n'?(3z2) + 350'2(32) /' (2) >~ 54 —54
2,00,00 1/4 3/4 A(z)/A(22) 00 0 —64
3,3,00 1/6 1/2 1728 — j(z) 0o 24v3  —243
3,00,00 1/3  2/3 n2(2)/n'2(32) 00 0 —27
4400 1/4 1/2  J128—A(2)/A(22) —22A(22)/A(z) oo 16 —16
6,6,00 1/3  1/2 /B4 —n'2(2)/n12(32) — 35912(32)/n12(2) o~ 6V3 —6V3
00,00,00 1/2  1/2 16n8(2/2)n'(22) /n**(2) 0 1 00

Table 1.2: Table of Hauptmoduln, where the functions 7, j, A respectively denote the Dedekind
eta function, the modular j-function and the unique weight 12 normalized cusp form. The values
of h at the left and right vertices from table are written as h(l) and h(r).

1.3 Algebraic relations between Hauptmoduln

The Hauptmoduln of the groups from table [I.I] are given in table [[.2] Now we want to find
the equations which relate them to each other, using the subgroup inclusions from figure [1.2} if
I'y C Ty, it follows that C(X(I'z)) € C(X(I'1)). The results will be summarized in table
In the calculations in section we already found some algebraic relations, which gives the
first five rows of table Because figure gives nine subgroup inclusions, and we obtained
algebraic relations following from five subgroup inclusions, we want to calculate the algebraic
relations between Hauptmoduln which follow from the remaining four subgroup inclusions. Note
that in these four subgroup inclusions both groups are contained in SLy(Z). These results are
summarized in the last four rows of table It is possible to calculate these relations as in the
second proof of theorem by calculating g-expansions, but we will use a more theoretical
calculation, starting with a lemma.

Lemma 1.8. LetT'y C 'y C SLo(Z) with index n such that C(X(I'1)) = C(h1(2)) and C(X (T'2)) =
C(ha(z)). Write ha(z) = R(h1(z)) with R(z) € C(z). Then it follows that the degree of R is
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equal to n. Moreover, if zy is not equal to ho(wy) where wy € H is SLa(Z)-equivalent to i or
e™/3 it follows that #R~'(20) = n, counted without multiplicity.

Proof. Let zp € C, then there exists a wy € H such that ha(wg) = zo; otherwise the function
1/(h2(2) — 20) has no poles and therefore is constant, which is a contradiction. Let v € Ty,
then it follows that zp = ha(wo) = ha(ywo) = R(h1(ywo)), from which follows that {h;(ywo) €
H|y € T2} C R71(20). On the other hand, assume that R(hi(w1)) = ha(w1) = ha(wg) = 2o for
a wi € H, then it follows that there exists a v € I's such that ywy = ws: if there are wg,w; € H
which are not equivalent modulo T's such that ha(wg) = ha(wy) = z¢, the function 1/(h(z) — 2¢)
has two poles, which is a contradiction. From this follows that

R (20) = {h1(ywo) € H|y € o} (1.20)

For wg € H, the set {h1(ywo) € H|y € 'z} has at most n elements, because I'; has index n
in I'y. Now assume that #R~1(29) < n, note that there exists a wy € H such that ho(wg) = zo.
From this follows that there exist 77,72 € I'y which are not equivalent modulo I'; such that
hi(y1wg) = hi(y2wp). From this follows that there exists a v € T'; such that yy;we = yawp, s0
Y5 tyyiwo = wo. If 45 tyyr = +1s, it follows that 47y, = £7s, which contradicts the assumption
that 1,2 are not eqiuvalent modulo I'y. From this follows that wy has a non-trivial stabilisator
in SLy(Z), from which follows that 2o = ho(wg) where wp is SLy(Z)-equivalent to i or €27¥/3. [

The group I'(co, 00, 00) is an index 2 subgroup of I'(2, 0o, 00), so h(2, 00, 00)(z) € C(h(c0, 00, 30)(2)),
write h(2,00,00)(z) = h(z) and h(oo,00,00)(2) = A(z). The triangle T'(co, 00,00) consists of
T(2,00,00) and its reflection with respect to the line $(z) = 1/2. From Schwarz reflection fol-
lows that the image of the function h on the triangle T(oco, 00, 00), see table is equal to
H U (—o0, —64) UH, where H = {z € C;3(z) < 0}. From this follows that 64 + h(z) is a biholo-
morphic function from T to C\[0, c0). We define the square root on C\ [0, 00) such that v/—1 = i.
From this follows that /h(z) + 64 is a biholomorphic function from T'(c0, 00, 00) to H, which is a
Hauptmodul, see corollary [I.7] Because A also is a Hauptmodul of X (I'(2)), it must be a Mébius
transformation of \/h(z) + 64. We have lim,_,o \/h(2) + 64 = 8 and lim,_,1 \/h(z) + 64 = —8

and lim, o, 1/h(2) + 64 = oo and lim,_,g A(z) = 1 and lim, ;1 A(2) = o0 and lim,_,, A(z) =0,

from which follows that A\(z) = Wﬁ and
z
256 256
h(2 = —— — —. 1.21

The group I'(co, 00, 00) is an index 3 subgroup of I'(3, 3, 00), from which follows that /1728 — j(z) €
C(A(2)). Now we apply lemma 1.8 with I'y = I'(c0, 00, 00) and I'y =T'(3, 3, 00) and hy(2) = A(z)
and h(z) = ha(z) = /1728 — j(z), from which follows a R € C(z) such that h(z) = R(\(z)). We
have h(z+1) = —h(z) and A(z+1) = 1 — A(z), from which follows that R(1 —z) = —R(z). A set
of coset representatives of I'(0o, 00, 00)\I'(3,3,00) is given by {z +— 2,2 — —1—1/2,z —i}
and a set of coset representatives of I'(3, 3, 00)\ SL2(Z) is given by {z + z,z + 2+ 1}. We have
h(i) = h(i+1) = 0 and A(§) = 1/2 and A(—1—1/4) = —1 and (%1) — 2, from which follows that

R7Y(0) = {1/2,-1,2}. From h(p) = —24v/3 and A(p) = A(—1 = 1/p) = A(;3}) = p follows that

R™Y(—24V3) = {p, p,p}. From h(p+1) = 24v/3 and A\(p+1) = A (—1 — ﬁ) = )‘(p_T-lQ) =1-p

follows that R™'(24v/3) = {1 — p,1 — p,1 — p}. Moreover, we have lim, ,,, h(z) = oo and
—1

1) = 1. From this follows

lim, ,00 A(2) = 0 and lim, ,oo A(—1 —1/2) = co and lim,_,, )\(
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that the numerator of R is equal to (z — 1/2)(z + 1)(z — 2), and the denominator of R is equal
to a constant times z(z — 1). A calculation gives that

h(3,3, 00)(2) = i 22 +A1()£ﬁf()z;f)f;(z) +1) (1.22)

The group I'(2,00,00) = I'y(2) is an index 3 subgroup of I'(2,3,00). From this follows that
j(z) € C(h(z)), where j is the j-function and h(z) = h(2, 00, 0)(z) = A(z)/A(2z). Write j(z) =
R(h(z)). Now we apply lemma[L.8 with I'y = I'(2, 00, 00) and I's = SL3(Z) and h(z) = h(z) and
ha(z) = j(z). A set of coset representatives of I'g(2)\ SL2(Z) is given by {z + 2,2 — —1 2 —

— L.} We have j(i) = 1728 and h(i) = h(~1/i) = 512 and h (—Tll) = —64, from which follows

-1 _ SN _ _
that R~1(1728) = {512,512, —64}. Also we have j(p) = 0 and h(p) = h(—1/p) = h (p+1> -
—256 with p = e™/3 from which follows that R=1(0) = {—256, —256, —256}. Moreover, we have
lim, 00 j(2) = 00 and lim, o h(2) = o0 and lim, o h(—1/2) = lim, o h (;T-ll
this follows that the numerator of R is equal to (z + 256)2, and the denominator of R is equal
to a constant times z2. A calculation gives that

= 0. From

h(2,3,00)(2) = j(2) = W (1.23)

The group I'(3,00,00) = I'x(3) is an index 4 subgroup of I'(2,3,00). Frorn this follows
that j(z) € C(h(z)), Where j is the j-function and h(z) = h(3,00,00)(z) = n'2(2)/n'?(32).
Write j(z) = R(h(z)). Now we apply lemma with Ty = T'(3, 00, 00) and I'y = SLo(Z)
and hi(z) = h(z) and ha(z) = j(z). A set of coset representatives of T'g(3)\ SLy(Z) is given
by {z — 2,2 = -1,z — T —zi2}. We have j(i) = 1728 and h(i) = h(—1/i) =
243+ 162v3 and h (55) = b (55) = 243 - 162V/3, from which follows that R~(1728) =

{243 + 1621/3,243 + 162v/3,243 — 1621/3,243 — 162/3}. Also we have j(p) = 0 and h(p) =
h(~1/p) = h (p%) = —243 and h(p;;z) = —27 with p = ¢™/3, from which follows that
R™1(0) = {—243, —243, 243, —27}. Moreover, we have lim,_,, j(z) = oo and lim,_,, h(z) = o0
and lim, o, h(—1/2) = lim, o h (%) = lim, o0 h( +2> = 0. From this follows that the

numerator of R is equal to (z + 243)3(z + 27), and the denominator of R is equal to a constant
times z3. A calculation gives that

(h(2) + 243)°(h(2) + 27)

h(2,3,00)(z) = j(z) = h(z)3

(1.24)
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Inclusion Index Function
T'(3,3,00) C I(2,3,00) 2 1728 — 22
I'(2,00,00) C T'(2,4,00) 2 z+22/2
I'(4,4,00) C T'(2,4, 00) 2 128 — 22
I'(3,00,00) C I'(2,6, 00) 2 2+ 35/2
I'(6,6,00) C I'(2,6,00) 2 54 — 22

(00, 00,00) C T'(2, 00, 00) 2 256/2% — 256/
3
3
4

(00, 00,00) C T'(3,3,00) 82'%

I'(2,00,00) C T'(2,3,00) (2 + 256)3 /22

I'(3,00,00) C T'(2,3,00) (2 +243)3(2 + 27) /23

Table 1.3: Table of algebraic relations between Hauptmoduln. Here the given rational function
expresses the Hauptmodul of the second group in terms of the Hauptmodul of the subgroup, see
table [I.2] for the Hauptmoduln.



Chapter 2

Special values of the
hypergeometric function

2.1 The image of the function D of Schwarz’ theorem

In theorem it is given that f/g is a biholomorphic function from H to a curvilinear triangle;
here f,g are linearly indepedent solutions of the hypergeometric differential equation. We do
not know the image of f/g yet, we only know it is a Mobius transformation of the triangle in
table To calculate the image of f/g, we start with some calculations on the hypergeometric
function, but first define basis elements of the vector space of solutions of the hypergeometric
differential equation.

Definition 2.1. Let 0 < a,b < 1. Then we define the following basis of local solutions around
x = 0 of the hypergeometric differential equation:

Fo(z) :==oF1 (a,b; 1 |x) lz] <1
O (S~ 112 )

_ = (a )
Go(z) := log(x)Fy(x) +;W jgo o + b1 i1 x |z < 1. (2.1)

Define D(x) = Go(x)/Fo(x). Assume that a +b < 1. Then we define the following basis of local
solutions around x = 1 of the hypergeometric differential equation:

Fi(z) :==oF (a,b;a+b|1l —2) lz—1] <1
Gi(z) =1 —z)' " (1-b1-a;2—a—b|l —2) lr—1<1.  (22)

Assume that a +b = 1. Then we define the following basis of local solutions around z = 1 of the
hypergeometric differential equation:

Fi(z) :=oF (a,b;1|]1 —x) lzr—1] <1

G1(x)::10g(1—x)F1(x)+Z(a()g!()l;)n Z_;)a—ls—j+b41—j_j—2kl 1—z)" |z—1<1.

n=0

(2.3)

16
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The element oo is contained in all sets {k,I,m} in table so we can take ¢ = 1, from
which follows that lim,_,o D(x) = Go(z)/Fy(xz) = co. Note that later in this chapter we will
calculate o F (a,b;a + b|x) for some values of a,b,z, but we choose parameters a,b,1, and do
not choose a, b, a+ b: if we choose parameters a, b, 1, we do not have to consider different cases in
the definitions of Fy(x) and Go(z). Moreover, with parameters a, b, 1 we have lim,_,o D(z) = oo,
which is not always the case if we choose a basis of local solutions around x = 0 with parameters
a,b,a+b.

For 0 < z < 1 we have D(z) € R and lim,_,o D(x) = —c0. For —1 < z < 0 we have
D(z) € mi + R and lim,_,g D(z) = 7w — 0o, where the logarithm of a negative real number has
imaginary part m, this follows from analytic continuation along H. From this follows that the
edge of D(H) = {D(x)|x € H} between D(0) and D(1) is contained in R, and the edge of D(H)
between D(0) and D(c0) is contained in 7i + R. If we choose the parameters a,b such that the
angles and orientation of D(H) and T, see table are equal, then it follows that D(H) and T
are Mobius transformations of each other: here we use that a curvilinear triangle is unique up
to a Mobius transformation.

Because both T' and D(H) have one vertex at oo with angle 0, it follows that the M&bius
transformation from D(H) to T is a linear transformation: it sends oo to co. The triangle D(H)
has distance m between the parallel lines, which we call its width. Let v be the width of the
triangle in table then it follows that M(z) = 7z + w for some w € C. Now we will calculate
D(1) = lim, 1 D(x), from which we can calculate the number w, because we want that M sends
the left vertex of T' to D(1). The results will be summarized in table and an example is given
in figure on page In our calculations we will use the following lemma’s.

Lemma 2.2. Let o, € R\{r € Z;r < 0}. Then it follows that (a)n/(8)n = ?Egg a=B(1 +
O(1/n)), where for a function f : N — R we have that f = O(1/n) if the function n- f is bounded
forn — oo.

Proof. The Stirling approximation reads I'(z) = y/2% (£)” (1 + O(1/z)), from which follows for
a, B € R that

(@) T(AT(a+n) TR ()" 14 oa/m)
/

B)n  L(@)I(B+n) F(a)\/%(nw)"w 1+0(1/n)
m\/ﬁ P~ (n+ )" 1+ 0(1/n)

—

(
I(e)(n + a)ﬁ @ (n+p)mtA 1+ 0(1/n)
RGNS == s o a— B\ 14+ 001/n) nose T(B) o g
ram e (14 a5s)  Trom T a0t/
(2.4)
where we use that % =14+0(1/n) and (n+a)*? = n*P(1+0(1/n)) and (1 + f:+g) " =
exp(a — B)(1+ O(1/n)) and g% = 1+ O(1/n), note that (a),/(8), is defined, because
a,f ¢ {reZr <0} O

Lemma 2.3. Suppose that 0 < a,b<1 and 0<a+b<1 andlet D as in definition|2.1, Then

o0

lm D)=y —+ 4 L 2% (2.5)

z—1 j:117a+] 1-b4+5 j+1
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Proof. From comparing Riemann schemes follows that o F (a,b;c|z) = (1—2)°" %Y F) (c — a,c — b;c|z),
from which follows that (1 — ) *"Fz) = F (1 —a,1 —b;1|x).

- 1 1 2 = (a+b)j+a+b—2ab
S’mn = . T T = . ~7 . s 2.6
’ J;Ll—a+]+1—b+j Jj+1 ];L(l—a—kj)(l—b—kj)@—kl) (26)
then it follows that
(1-2)'"""Go(z) = log(z)oF1 (1 —a,1 = b; 1 |z)
0o n—1
(1—a)n(1—0b), 1 1 2 .
ﬂ;@ ()2 jgolfa+j+1—b+j vl
= log(z)2F1 (1 —a,1 = b;1|z)
' (1 —a)p(1—0),
—|— SO,OOQFl (1 —a, 1-— b, 1 |$) — ngo (n')Q Sn)oogj" (27)
and
 oVlash © (1=a)n(bug .n
D) = Sol@) _ (L=2) T Go(@) ooy yg o Znmo (" Hne (2.8)

Fo(z) (1—xz)t—2bFy(z) oFi (1—a,1-b;1|z)

For n — oo we have (1—%% = O(n=*") and S, . = O(1/n), because the summand in the

definition of S,, ., is in O(1/4?). Because —a—b < 0, it follows that lim,_,1 Y-, %Snmx"

(n)?
is finite. On the other hand, because W = O(n=27Y), it follows that lim, 1 o /1 (1 —a,1 —b;1|x)
is infinite. From this follows that

Zoo (1—a)n(1—b),,,S

n
n=0 (n!)2 n,00T

lim D(x) = li 1 00 — = 50,00 2.
a:1~>rnl (I) a:l—>Inl Og(l’) * SO’ 2F1 (1 — a, 1-— b; 1 |.T) SO’ ( 9)
which is what we wanted to prove. O

2.2 Calculations with given parameters

We will calculate the result in lemma [2.3] for the parameters which follow from table [I.I} we still
have to choose parameters a, b € R such that {0, |1 —a—b|,|a—b|} = {1/k,1/],1/m} for {k,l,m}

as in equation {D In our calculations we will use that 2?21 % = log(n) + v + O(1/n) where

~ is the Euler-Mascheroni constant. It can be shown that w';?;g;) =3 ez H%’ from which
follows for a € R that
= 1 1 - 1 1 1
> =Y = _peoslma) o)
j:Oa—i—] —a+j j:0a+j a=1-j “‘Zatj sin(7ma)
Define

S —i oL m-ot (2.11)
" +j J+1 ) '
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then it follows that

S - 1 m 1n m
- - = li mj k—1 _ m—1
m_jgo (; k+mj ermj) m o ;1’ <ZCE ma dz

1 m -
1— m(n-‘rl) _ m—1
=m lim E 2 —ma™ Tl de =m i @ e dz
n—oo Jo 17Im 1 0 1—zm
:L.mfl 1—™m 1
*m/ (l—x 1_$m>dxm{log(1_x>hmlog(m). (2.12)

Let {k,l,m} = {2,3,00}, 50 a = ﬁ and b— 15 and

1 2
lim D(z -
$L>1 le+] 1 ]_|_1

=0 12 12 +J
meos(Tr/12)  meos(11m/12) 1/2 1/2 1/2 2
~ 2sin(7r/12) | 2sin(117/12) Z s S
Sln( 77/ ) Sln 7T/ =0 2 +] 12 +J 12 +J 12 +J J+
= 27+ = (512 — S — Sy + Sg) = =27+ 10g(1728) (213)

Because the triangle T from table [1.1] has width 1, it follows that M (z) = 2miz + w for some
w € C. Because M (i) = —2m + log(1728) = —27 4 w, it follows that M (z) = 2miz + log(1728).
Let {k,l,m} = {2,4,00}, s0 a = § and b= 2 and

2
lim D(z -
z—1 jzog—i-] 8+j ]—i—l

o0

_ mcos(5m/8)  mcos(Tm/8) Z 1/2 1/2 1/2 /2 2
N 251n(577/8) 2sin(7m/8) 1+] S+ 544 L4 j+1

= \2r 4= (58 — 54) = —27 + log(256). (2.14)

Because the triangle T' from tablehas width 1, it follows that M (z) = 2miz+w for some w € C.
Because M (11/2i) = —v/2m +1log(256) = —v/27 + w, it follows that M (z) = 2rmiz + log(256).
Let {k,l,m} = {2,6,00}, s0o a = % and b = % and

2
lim D =
S P 25 PP B
j=0 6
meos(2n/3)  mwcos(5bT/6) = 1/2 1/2 2
:2'(2/3) 2 5/6 Zl ’+2/'+5/'_’ 1
sin(27/3) sin(57/ =T 3+] s+j §+J I+
or 1 o
(85— 8,) = =2 4 10g(108). 2.15
\@ 2(6 2) \/3 g( ) ( )

Because the triangle 7" from tablehas width £, it follows that M (z) = 2wiz+w for some w € C.
Because M (3v/3i) = —2m/v/3+1log(108) = —2/31 +w, it follows that M (z) = 2miz +log(108).
Let {k,l,m} = {2,00,00}, s0 a = % and b = % and

> 2
lim D(z — =5, — 55 =log(64). 2.16
i D) =Y =+ : - =SS = loa(64) (2.16)

»M»—A

Jj=0
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Because the triangle T from table [1.1| has width 1, it follows that M (z) = 2miz + w for some
w € C. Because M (0) = log(64) = w, 1t follows that M(z) = 2miz + log(64).
Let {k,I,m} = {3,3,00}, s0 a = % and b= 1 and

=1 1 2 mcos(5m/6) 1/2 2
lim D(x) = -+ - = - = -+ P
o1 () ;%4_] %+j j+1  2sin(57/6) ;% 2+] %"‘J J+1
3 1 3
— _9 + 3 (Sg — S5+ So) = —9 + log(48V/3). (2.17)

Because the triangle 7' from table has width 1, it follows that M(z) = miz + w for some
w € C. Because M(—1/2 +/3i/2) = —/37/2 + log(48+/3) = —7i/2 — /37w/2 + w, it follows
that M (z) = miz + log(48+/3) + mi/2.

Let {k,l,m} = {3,00,00}, s0o a = % and b = % and

= 2
lim D(x — = 53 = 3log(3). 2.18
] Z J 3 j 1 3 0g(3) ( )

C,v\»a

Jj=0 ¢

Because the triangle T from table [1.1| has width 1, it follows that M (z) = 2miz + w for some
w € C. Because M (0) = log(27) = w, it follows that M (z) = 2mwiz + log(27).
Let {k,l,m} = {4,4,00},s0a =1 and b= 1 and

=1 1 2 meos(3m/4) 1/2 2
lim D(z) = — + - — - = e
z—1 (z) ;%4—] %—&—j j+1  2sin(37/4) ;i +j i-Fj J+1
1
= 7% +5 (S4+ S2) = ,g + log(32). (2.19)

Because the triangle T' from table [I.1] has width 1, it follows that M(z) = miz + w for some
w € C. Because M (—1/2+1i/2) = —7/2 + 1og(32) = —mi/2 — w/2 + w, it follows that M (z) =
iz + log(32) + mi/2.

Let {k,l,m} = {6,6,00}, so a = % and b = % and

o0 oo
1 1 2 wcos(2n/3) 1/2 1 1/2 2
hmD(x):Z:2 S+ — - = Zl L N S
=l 5t gt j+1  2sin(27/3) 147 245 j+1
3r 1 3T
=t TSt S = —\[T + log(12V/3). (2.20)

Because the triangle 7' from table [I.1] has width 1, it follows that M(z) = miz + w for some
w € C. Because M(—1/2 +/3i/6) = —/37/6 + log(12f) = —7i/2 — \/371/6 + w, it follows
that M(z) = miz + log(12v/3) + mi/2.

Let {k,l,m} = {00,00,00}, 80 a = b = % and

2
lim D(x Z T -~ =28, = log(16). (2.21)

—1
* 302 2

Because the triangle T' from table [I.1] has width 1, it follows that M(z) = miz + w for some
w € C. Because M (0) = log(16) = w, it follows that M (z) = miz + log(16).
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k,l,m a b M(z)

2,3,00 1/12 5/12 2miz 4 log(1728)
2,4, 00 1/8  3/8 2miz + log(256)
26,00 1/6 1/3 9miz + log(108)
2,00,00 1/4  3/4 2miz + log(64)
3,3,00 1/6 1/2  miz + log(48V/3) 4 7i/2
3,00,00 1/3  2/3 2miz + log(27)

4,4, 00 1/4  1/2 miz + log(32) + mi/2
6,6,00 1/3 1/2 iz + log(12v/3) + 7i/2
00,00,00 1/2 1/2 miz + log(16)

Table 2.1: Table of Md&bius transformations M which send the triangle from table to the
image of the function D from definition [2.1

2.3 A formula to calculate special values of the hypergeo-
metric function

Now we want to calculate special values of the hypergeometric function, using the composition of
the functions h from table and D from definition However, because the function h does
not send the vertices of T' from table [L.1|to 0, 1, co, the function D(kh(z)), with h from table
does not send the vertices of T to the vertices of D(H). To send the vertices of T to the vertices of
D(H), define H(z) = m(h(z)) as a Mobius transformation of h such that H(co) = m(h(c0)) =0
and H(l) = m(h(l)) = 1 and H(r) = m(h(r)) = oo, where | and r are the left and right vertex
of the triangle T from table For an example, see figure on page

k,l,m a b h(z) H(z) =m(h(2))
2,3,00 1/12 5/12 j(z) 1728/z
2,4,00 1/8  3/8 A(2)/A(22) + 212A(22)/A(2) 256/(z + 128)
2,6,00 1/6 1/3 n'2(2)/n'?(3z) + 350'2(32) /n'?(2) 108/ (z + 54)
2,00,00 1/4  3/4 A(z)/A(22) 64/(z + 64)
3,300 1/6 1/2 1728 — j(2) 48v/3/(z + 24V/3)
3,00,00 1/3  2/3 n'2(2)/n*2(32) 27/(z + 27)
4,4, 00 1/4  1/2 V128 — A(2)/A(22) — 212A(22) /A(z) 32/(z + 16)
6,600 1/3 1/2 \/5I—700)/062) — )G 12v3/( + 6V3)
00, 00,00 1/2  1/2 16n8(2/2)n'(22) /n*(2) z

Table 2.2: Table of Hauptmoduln as in table the Mobius transformation m(z) is such that
H(oo) = m(h(o0)) = 0 and H(I) = m(h(l)) = 1 and H(r) = m(h(r)) = oo, where [ and r are
the left and right vertex of the triangle T from table

Lemma 2.4. Let D as in definition[2.1}, let H as in table[2.3, let M as in table[21} let T as in
table[1.dl Then it follows that D(H(z)) = M(z).

Proof. The function D is a biholomorphic function from H to D(H). We also have that H is a
biholomorphic function from T to H: using H(—%) = H(z) it can be shown that H sends the
edges of T to R. Because H sends the vertices of T" to 0, 1, co in counterclockwise order, it follows
that H sends T to H and the reflection of T to H = {2 € C|S(z) < 0}. From this follows that
D o H is a biholomorphic function from T to D(H). On the other hand, the function M is also
a biholomorphic function from T to D.
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—\/37/6 + log(12v/3) + mi

R R
0 1 —/37/6 + log(12v/3)

Figure 2.1: The function D from definition sends the upper half plane H biholomorphically
to the triangle in the right picture. Here the parameters are equal to a = 1/3 and b = 1/2 and
the inverse angles are equal to {6,6,c0}.

i T

A IR R R

(S

Figure 2.2: The function H from table sends the triangle T' from table biholomorphically
to the upper half plane H. Here the parameters are equal to a = 1/3 and b = 1/2 and the inverse
angles are equal to {6,6,00}. Later in this chapter we will show that H(—1/2 +5v/3i/6) = 1/5,
which we already indicate in this picture.

—V/371/6 + log(12/3) + mi

DoH
—_—

1,1 /7 1,1 /7
LB bt ivE R
>0 >0 R —/37/6 + log(12v/3)

Figure 2.3: The function Do H with D from definition[2.I]and H from table[2.2]sends the triangle
T from table biholomorphically to the triangle in the right picture. Here the parameters are
equal to a = 1/3 and b = 1/2 and the inverse angles are equal to {6,6,00}.
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The function D~! o M o H~! is biholomorphic function from H to H, so it is a Mobius
transformation. We have (D"'o Mo H~1)(0) =0 and (D"'oMoH')(1)=1and (D"'oMo
H~1)(c0) = o0, because H(oo) = 0 and H sends the vertices of T to 0,1, 00 and D(0) = co and
D sends 0, 1,00 to the vertices of D(H). From this follows that D= o M o H~? is the identity
function, so M(z) = D(H(z)). O

Now we know that M (z) = D(H(z)), we can differentiate this relation, from which a formula
follows. To find this formula, we start with calculating the derivative of D.

Lemma 2.5. Let Fy, Gy as in definition[2.1}, then it follows that

i Go(z)\ (1 —x)"ob
dz (Fo(x)> N Fy(z)? ' (2.22)
Proof. Define the Wronskian determinant

W (x) := det (gzgg ?2@) = Gy (x) Folx) — Fy(x)Go(x), (2.23)

then it follows that
W'(z) = Gi(x)Fo(z) — Fy/ (2)Go(x)

_ <_1 —lat bt DT —|—abG0(a:)> Folw) - (—1 —latbtl)

Fi(x) + abGo(a:)> Fy(x)

z(1—x) z(1—x)
_ l-(a+b+1l)z o) = 1 a+b .
O W (z) < —t lx) W (x). (2.24)

From this follows that W (z) is a multiple of 271(1 — 2)7%~%. Around = = 0 we have Go(x) ~
log(x) Fy(z), from which follows that G{(z) Fo(z)—Go(x) Fj(z) ~ 2~ Fy(z)? +log(z) F} (z) Fo(z) —
log(z) Fo(z) Fj(z) = Fo(x)?/x ~ 1/z, which is what we wanted to prove. O

Lemma 2.6. Let D and Fy as in definition[2.1], let H as in table[2-3, let M as in table[22], let
T as in table[1.d. Let z be an element of T or one of its reflections such that |H(z)| < 1, then
it follows that
H(z)"' - (1-H(2)) """ H'(z)
Fo(H(2))? = : 2.2

(H(2)) e (235)
Proof. We have D(H(z)) = M(z) for z € T, note that this relation does not always hold if z is
not an element of T, because D is a multivalued function. From differentiating D(H (z)) = M(z)
follows that M’(z) = D'(H(z)) - H'(z). Using lemma [2.5] gives the result.

Lemma 2.7. Let D, Fy, Gy as in definition [2.1}, let H as in table let M as in table
let T as in table (1.1 Let z be an element of T or one of its reflections. Let L(z) = :ziéﬁ be a
Moébius transformation, then it follows that

2 H(2)"1(1 = H(2))"*"H'(2)
M'(2) '

Proof. From M (z) = D(H(z)) follows that LM (z) = LD(H(z)) and

(VGo(H (2)) + 0Fo(H(2)))* = (YM(2) +6) (2.26)

L(01(:)- ') = S, — oy (e 1)

_ det(L)H(2) (1 - H(2)) *"H'(2)
(vGo(H(2)) + 0Fy(H(2)))?
(2.27)

from which the result follows. O
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Lemma 2.8. Let 0 < a,b,a +b < 1 and Fy, Gy, F1 as in definition |2.1. Then it follows for
z € C with |z|,|1 — x| < 1 that

o0

T'(a+0b) I'(a+b) 1 1 2

F; b; bjl—z)=F = ———— — F .
2P (0 b+ b1 =) = Fi(2) = = 5oy G+ R ;O oty Thrg g )o@

(2.28)

Proof. We have
(@)n(D)n Fla+b) 1 9
= - — 1 . 2.2
(a+b)p-n! T(@IT®) n +00/n7) (2:29)
From this follows that around z = 0 we have Fj(x) =~ —FF(EZ‘;JFFE?) log(x), which gives us the
C(a+b)

coefficient of G (z), here the approximation means that Fy(z)+ NONO] log(z) is finite for  — 0.

Now write Fi(z) + 7 Ela)'lfé’g Go(z) = AFy(x) for some A € C, then it follows that

Fi(z) | T(a+b) Golx)

A= . 2.30
R) " T 0) Fo(r) (230
We have Fi(1) = 1 and Fp(1) = %, from which follows that the limit # — 1 of
equation (2.30) is equal to
I1—a)l(1-b) T(a+b) [ 1 1 2
A= —
Tl—a—b) @ T(aT®) J§O1—a+j+1—b+j Jrl
_ T(a+b) [ wsin(ra+7b) 1 1 2
~ T(a)T'(b) | sin(ra)sin(mb +]§:1—a+]+1—b—|—j j+1
Ma+b) [ 2
= - 2.31
I'(a)T'(b) Jz: b +j j+1 (2:31)

Here we used lemma 2.3 and the identities I'(z)I'(1 — z) = 7/ sin(r2) and equation (2.10). O

Corollary 2.9. Let 0 < a,b,a+b < 1, let T as in table let M as in table[2.1) let H as in
table[2.3 let v be the left vertex from table[I1l Let z be an element of T or one of its reflections
such that |1 — H(z)| < 1, then it follows that

oF) (a,b;a+b|1 — H(2))? (2.32)
is equal to
(1-H(z))*" T(a+bd)’ - 1 >\ ’
H(z)-M'(z)  T(a)?T()? +ZO a+j “hes i) A

_(1_H(z)>_a_b_ I(a+b)? s — _Wcos(mz) _Wcos(wb) 2. '
T HG) M) T(@)?T0) (M SRURTC sm(ﬂm) Bz (233)

Proof. The proof follows from lemma and using a Mobius transformation with lower entries
equal to the numbers given in lemma To prove the last equality, note that M (z) = M’ - (2 —

0 1 1 2 7 / 3 : 3
v)+2 250 T=a7j T 1577 — 710 Where M is a constant, because M (z) is a linear function. O
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Remark 2.10. Another method to give a proof of corollary [2.9] starts with the observation that
G1(H(2))
F1(H(z2))

is a Mobius transformation of the triangle T, where G, F; are as in definition
Because a + b < 1, it follows that G1(H (v))/Fi1(H(v)) = G1(1)/F1(1) =0 and

lim G1(H(2))  lim G1(x) _ I'2—a-») / I'(a+b) I'2—a-b)I(a)'(b) .
zoo0 Fy(H(2)) 2—0 Fi(x) Fr1—a)1-0b)/ T(a)T'(b) T(A-a)'(1-0T(a +(l)2) ”
From this follows that -
G1(H(2)) F2—a-bI'(@l®) =z-v (2.35)
Fi(H(z) TA-al(1-0bT(a+b) z+C’ '
for some still unknown complex number C. It can be shown that
T .’I,‘_l — —a—b
from which follows that
A (GHE)Y o, HET O HE)
i 3 () = e o= 0 e
=(a+b—1)lim(1 - H(2)) " °H'(2). (2.37)
From lemma [2.6] we know that
Z_1~ _ > —a—b | "z _ Z_a_b- e
Zh_IB}FO(H(Z)f F0(1)2 — Zh_IB) H( ) (1 ]\522;) H( ) _ Zh_I}I}} (1 H( ]3}/(2) H( )’
(2.38)
from which follows that
A (GIHE)Y a1y gy D= a b
;lirt P <F1(H(z))> =(a+b—-1)M" - -Fy(1)*=(a+b-1)- M T = a)’T(1—b)2" (2.39)
On the other hand, we have

d

. I'2—a—bI'(a)l(b) zZ—v I'2—a—-0bI(a)'(b) 1
lm T (m T —bT(atb) =+ c) Tl—ar(-bTa+b) vec 0

From comparing equation (2.39) and equation (2.40) follows the value of C, which gives
Gi(H(z)) _ T(2—a—-bI'(a)'(b)

S (2.41)
Fi(H(z) T -l =0Ca+b) . _,_ = (2?582)) + iﬁf((ﬁ:))) : ,

From differentiating both sides of equation (2.41)) follows that

T cos(am cos(bm
( 1b 1) (1 — H(Z))iaib H’( ) F(2 —a— b)F(a)F(b) M (sin((a'rr; + sin((bw)))
a+b— z) = . ;
H(z) . Fl(H(Z))2 F(l — G)F(l — b)F(a + b) (Z oy T (cos(aﬂ') + cos(bTr)) 2
sin(am) sin(bm)
(2.42)

from which the result follows.
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2.4 First example

Theorem 2.11 ([I, chapter 5, theorem 3]). We have

1 5 1[1323\ 3,
o Fy (12,12,2 1331> = S VIL (2.43)

We will give two proofs of this result.

First proof. We use corollavvlth a=1/12and b=5/12 and H(z)=1728/j(z) and M (z) =

2miz 4 1og(1728), see table 2 1{and table 2 We have 3772 aﬂ + ﬁ % = —271 —log(1728).
From this follows that
9 1 _ Llr28 -1/ ,
(L5 1], 17128)7 ) ™ (i — 2m)? 1728
i 1271272 j(z) ) 2mi-1728/j(z) T(1/12)2T(5/12)2 i(2)
—1/2
2m%i (1 - 32;3) (iz—1)°
- §(2). 2.44
TP Ee (244
Let 2z = 2i, we have j(2i) = 663 = 287496, from which follows that
PYESEISAE ) i '(2) (2.45)
2"1\12°12°2 1331 )~ 159720(1/12)2T(5/12)2 * '

Now we want to calculate j'(z), note that for a Mobius transformation v(z) = Zfis € SLy(Z)
we have j(vz) = j(z), from which follows that

J'(va)y () = (cz + d) 25 (v2) = j'(2). (2.46)

Let A be the unique normalized cusp form of weight 12, then it follows that A(z) - j/(2) is a
modular form of weight 14, because lim,_, o, A(z)j'(z) = —2x4, this can be calulated using the
g-expansion of j'(z) and A(z). The space of modular forms of weight 14 with respect to SLa(Z)
is onedimensional, and spanned by E3(z)FEg(z), with

Ei( —17—Zak 1 . (2.47)

Because the constant coefficient of E?(2)Es(2) is equal to 1, it follows that
A(2)j'(2) = —2miE3(2) Eg(2). (2.48)

It is known that 7(2i) = 2= 1/87=3/4T(1/4), from which follows that A(2i) = 27337~ 15T'(1/4)*
We have

Ei(2)? = A(2)j(2) and  FZ(z) = Bqy(2)® — 1728A(2) = A(2)(j(2) — 1728).  (2.49)

From this follows that E4(2i) = 2-30.33.1137 18T (1/4)24 and Eg(2i)? = 2-30.36.72r~181'(1 /4)24
We know that E4(2¢) and Eg(2¢) are real and positive, so

Ey(20)? =2720.32 11227 20(1/4)1®  and  Eg(20) =271 .33 .77 (1/4)2  (2.50)
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and
g E4(20)?Eg(2i) 2735337 11277210 (1/4)%8 .205821T(1/4)*
"(26) = —2mi——L ") — 9 - = (251
7(20) = =2mi—1 5 m 9337~ 15(1/4)24 T o (2:51)
From this follows that
b (L5 113237 _ m2iy/ 1353 _,2058210(1/4)*
21\1271272(1331 ) 15972I'(1/12)2T(5/12)2 272
2058214/ 3553 T/t 9v33  T(1/4)*
2415972 T(1/12)21(5/12)2 8 TI'(1/12)2I'(5/12)%°
(2.52)

From HZZOI D(z + k/m) = (2m)m=D/2m1/2=m2T(mz) with 2 = 1/12 and m = 3 and
T(z)[(1 — z) = =~ with z = 1/4 follows that

sin(mz)
DO TOAPTEA)  TOMAPTEMA)  TWATEM) o 1)
L(1/12)T(5/12)  [(1/12)L(5/12)T(3/4)  2x+/30(1/4) 273 V23
wd 1 5 1[1323\* 933 1 9V/1l
2Fl<12’12;2‘1331> T8 23 16 (2:54)
The result follows, because o Fy (1/12,5/12;1/2]1323/1331) is real and positive. O

Second proof. We will evaluate equation (2.44)) in z = 2¢ and z = 4. Note that j(i) = 1728 and
§(2i) = 663 = 287496, from which follows that

2 —1/2
. 1728 728 . ;
15 1[1323\° 2f1 (Tlg’%’%‘l—j@i)) 18(1—}(2@) 5'(2i)
241 ; = = (2.55)

2 Fo(L 5.1|]_ 1728 2 3 s\ V2,
oI (1p 12 |1 — 50 11 (1—j(z)) 7' (2)

1271272 |1331
The function j(2z) is a modular function with respect to I'g(2), so the polynomial

Pes) = o) (03 (22) ) (-3 (227 ) ) = i amite/2) ai/241/2)

(2.56)
has coefficients which are modular with respect to SLo(Z). From this follows that the coefficients
of P(z,z) are in C(j(z)). Moreover, because j(2z) is holomorphic on H, it follows that the
coefficients of P(x,z) are in C[j(z)]. We will calculate the g-expansions of the coefficients of
P(z, z), where we omit all positive powers of ¢; here we use that a modular function with respect
to SLg(Z) which is holomorphic on H and goes to 0 for z — oo is the zero function. The
g-expansion of the coefficient of z2 is equal to

— (g2 4 744) — (q1/2 n 744) - (—q*W + 744) = g2 2232 = —j(2)? + 1488;(2) — 162000.
(2.57)
The coefficient of x is equal to

(q72 + 744) (q1/2 + 744) + (72 + 744) (—q*/ 24 744) n (ql/ 24 744) (—q*W + 744)
— 1488¢2 + 42087519¢" + 40492979352 = 1488 (2)? + 407733757 (=) + 8748000000. (2.58)
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The constant coefficient is equal to

— (¢72 +744) (ql/ 2 4 744) (—q*/? n 744) = 473 — 159768¢2 + 85091952604~ " — 151107596045760
= j(2)® — 1620005 ()2 + 87480000004 (z) — 157464000000000. (2.59)

From this follows that P(j(22),;(z)) is equal to the zero function with

P(x,y) = 2% + (—y* 4 1488y — 162000)x? + (1488y* + 40773375y + 8748000000)
+(y® — 162000y + 8748000000y — 157464000000000).  (2.60)

Differentiating with respect to z gives that 2P, (z)j'(2z) + P,(2)j'(2) = 2P, (x,vy)j' (22) +
Py(x,y)j'(z) = 0, where P, and P, denote the derivatives of P with respect to the variables
and y; we also write P,(z) instead of P,(j(22),7(z)) and Py(z) instead of Py(j(2z),j(z)). From
this follows that ,

J'(22) By(2)

i) T 2P(2) (260
and
15 1]1323\% 18 [ 1-1728/j(2) P,(2)
2 1(12’12;2 1331) s N\ 1 - 1728/5(22) 2P (2)
1728
=2%.312.73.112V/33 lim /) (2.62)

Z2—1 PI(Z) ’

where we calculated the nonzero limit terms in the quotient. Because in this limit both the
numerator and denominator go to 0, we use the rule of I’'Hopital, from which follows that

2 1 lr28) (%)
1 5 1/1323 _ . ( 1E) J
Fl= = -|=—=) =27%.32.72.11%2V/331 . 2.63
24 <12’ 122 ’1331) 2 2P (2)7/(22) + Poy(2)7'(2) (2.63)

Dividing by j'(z) and using equation (2.61]) gives that

—1/2
9 1 _ 1728 Py(2)
1 5 1]1323 I ( a(z)) @
oF [, 222222 ) = 2743973 112V/33 lim . (2.64
(12 122 1331) 251 —Py(2) Pag(2) + Po(2) Pay (2) (2:64)
The denominator in equation (2.64]) has a nonzero limit, from which follows that
2
1 5 11323 1 a9 53 11-2 sz Pe(2)
il = —=iz|—= =2 1.379.773.1172V/33 lim ——="2 . 2.65
2 1(12’12’2 1331) =[] 1128 (2.65)
3(2)
Multiplying equation (2.62)) and equation (2.65|) gives that
4 4
1 5 11323 311
— === = 2.
? 1(12’12’2 1331) 28 (2:66)

The result follows, because o Fy (1/12,5/12;1/2]1323/1331) is real and positive. O
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Remark 2.12. It is possible to finish the second proof of theorem [2.11]in another way, which
does not use the rule of I'Hopital. We know that j'(z) has a root of order 2 at z = e™/3
and a root of order 1 at z = 4, but not other roots. From this follows that we can write
§(22 4 2i) = 663 + az + O(2?) and j(z +i) = 1728 + B22 + O(23) with a € iR and 3 € R..
From this follows that lim,_,o £ (22 + 2i) = 2j/(22 + 2i) = o and lim,_,o j(22 + 2i) = a/2. We

also have y . o2 , ;
Jj'(z +128 — ?//;j +O(z 2) _ \/»53’-5- (2) =48/36+ O(2), (2.67)
1= 725 s TOGY) 505 T0()

where we have /3 € iRq; this follows from the fact that for z € iR~ we have /1 — 1728/j(z) €
R<g. From this follows that

7(2)

—1/2
1728 ; ;
b (15 1]1323 ? i 18(1—3-(21»)) (20 181331 a)2 (2:68)
—, == |57 | =lim = . . .
271\127 12" 2 |1331 = (1_1728)71/2.3.,(@ 113V/1323  48/38

Because the coefficient of 22 in P(663+az, 1728+ 322) is equal to 0, it follows that a/+/B = 22 869,
from which follows that

e (1 5_1‘1323)2 _18V1331 22869  18V1331 22869/2 9 g (2.60)
2 12127 2 1331 1131323 48y/3  113V1323 48v/3 16 '
Corollary 2.13. We have
1 /33T (1/4)2
Ly (L B[ 8 ) vesra/a? (2.70)
12712° |1331 4y/273/2

Note that this special value of the hypergeometric function is not algebraic, which falls outside
this thesis.

Proof. From lemma [2.6] follows that
1 5 [17287 1 1728\ ~/?
Fo(H(2)? =oF [ —, —:1 = 1-— i’ 2.71
e =n(piG) —wmm () e en

where M (2) = 2miz + log(1728) and H(z) = 1728/5(z). We have j(2i) = 662, and from the first

proof of theorem we know that j'(2¢) = fiw. Because o Fy (1/12,5/12;1 | o7 )
is real and positive, the result follows. O

In the first proof of theorem [2.11| we do not have to calculate a polynomial in two variables,
but is is a transcendental proof in the sense that the proof ends with some combination of I'-
function factors which happens to be algebraic. The second proof is algebraic, in the sense that
we calculate a limit of the square root of a rational function, which arguments have a rational
limit.

2.5 Transcendental method

In theorem we prove the identity which is conjectured in [4, equation 5.3], where we also
use theorem 2,14
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Theorem 2.14. [Chowla-Selberg formula, [3, Page 110, formula 2/]For a fundamental discrim-
inant d it follows that

w(d)/8

4] ()
n (W)‘ (27| d|)~R(D/4 H r <|d> , (2.72)

where H(d) is a complete set of non-equivalent primitive binary quadratic forms of discriminant
d, and h(d) is the class number of the discrimimant d. Moreover, w(—3) = 6 and w(—4) = 4
and w(d) = 2 for d < —4 and () is the Jacobi symbol.

Theorem 2.15. We have

a—1/4

la,b,c]e H(d)

1154 3
Az 2210) =2, 2.
A (355l ) - (2.73)
Proof. Let a=1/3 and b =1/2 and M(z) = iz + log(12v/3) + mi/2 and
12
H(z) = V3 (2.74)

6v/3 + /54 — 2L — 30270
see table 2.1l and table 221 From this follows that

115 2 (11— H(z)) /6 I'(5/6)2 ) . 2 _,
o F) (3 5igh- ()) =G BRI (mz+7r2/2—\/§7r/6) H'(2).
(2.75)

Let y = f% + %\/gz We know that j(y) is an algebraic integer, and using the theory
of complex multiplication we will calculate its value; in this situation we can calculate this
without difficulties, the general method is by searching for the Hilbert class polynomial of a
given discriminant. The lattice 3Z + Z3y is an ideal in the order O = Z + 5Z(3 + %\/gz) in the
ring of integers Ok of K = Q(\/T3) The class number of O is equal to

- BN (5)2) N (D)) e

pl5

where f is the conductor of the order O = Z + fOk. The ideal 3Z + 3yZ = 3Z + (—% + g\/gz) Z
is not a principal ideal in O, because 3 has norm 9 and 3y has norm 21, but O does not contain
elements of order 3. The square of this ideal is equal to Z + Z(3y + 2) = Z + 3yZ, which is a
principal ideal. Because the ideal classes in O are given by 3Z + 3yZ and Z + 3yZ, it follows that
the Galois conjugates of j(y) are given by j(y) and j(3y). The polynomial (x — j(y))(z — j(3y))
has integer coefficients because j(y) is an algebraic integer. A numerical calculation gives that

j(y) = 1728 - 512(—369830 + 165393+/5) = —1728 - 512 - v/5(2 — v/5)° (‘;f - ;) . (277

We know that AA((;;;)) is a modular function with respect to I'g(3). From this follows that the

polynomial
A(v2)
P = — 2.
wa= T (o593 (279)
Y€L0(3)\ SL2(Z)

is invariant under SLy(Z), so has coefficients in C(j(z)). Because the functions A(vz)/A(3vz)
are holomorphic on H, it follows that P(z,z) has coefficients in C[j(z)]. Calculating the ¢-
expansion of the coefficients of P(x,z) gives that P(x,z) has coefficients in Z[j(z)]. Because
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§ly) = 1728 - 512(—369830 + 165393+/5), it follows that P(z,y) has coefficients in Q(v/5). The
algebraic conjugate of j(y) is equal to j(3y), so P(z,y)P(z,3y) has integer coefficients, because
j(y) is an algebraic integer. A calculation in Mathematica gives that a factor of P(x,y)P(x,3y)
is equal to 531441 — 75584178« + x2, from which follows that

A(-3+3VE) _ A(L+2VE)
N3 5VE)  A(E+5vE)

From equation (2.79) we know that n'2(y)/n'?(3y) = —27(2 + v/5)*, where the sign follows
from the definition of the n function. From this follows that H(y) = 1/5 and

= 729(51841 + 23184/5) = 27230(V/5 + 1)%. (2.79)

11 5][4)\? r'(5/6)
F(= 2.212) = _9-5/3.3.511/6; H'(y). 2.80
2 1<37276’5> ZF(1/3)2 (y) ( )
We have
n'2(32)\ 2

H'(z) =

- 6
~12v3 143 (95) .(n%))/ (2.81)
12(, 12(3, 12 ’ :
(6‘[+\/ 5 = iy —36n12(32)> 2\/ 54— sy — 30 N (%)

from which follows that

By) = — (—360+1615) ( 12(2/))/

675 2(3y)
_ 19.— 1 ((y)/nBy))’
_675( 360+ 161v/5) - 12 ~27(2 + V) ) /n(30) (2.82)
and
115 1/3 2 . 1/32.'1—‘(5/6)2 ' () _ ' (3y)
n (53¢ ‘5) =20t s (Gt~ ) (2:83)

We know that Z]((;)) = ZLFy(z) with Ea(z) = 1 — 2437 o(n)q". Moreover, E(z) =

3 E5(3z) — 5 E»(2) is a modular form with constant coefficient 1, and of weight 2 with respect to
the group I'g(3). From this follows that

n'(z)  ,n'(32) i
— —E —E ——F 2.84
1 8 = Tka(e) ~ 33 Ea(3) = T EC) (2:84)
from which follows that
115[4\° __ I'(5/6)2
Fil=,==|=) =2728.3.5Y3. E(y). 2.

A calculation in SageMath gives that the space of modular forms of weight 8 with respect to the
group I'p(3) is 3- dimensional from which follows that E*, E? - E4, E - Eg, E? are linearly depen-
dent, with Ey(z) =1 — 255"  o04_1(n)g". A calculation gives —27E*(y) + 18E?(y)E4(y) +
8E(y)Es(y) + E3(y) = 0, from which after dividing by [7'%(y)| follows that

_ E(y) 4 E(y) \? Euly) E(y) Es(y) Ealy) 27
27<n4<y>|) “8<|n4<y>|) Ins(y)|+8|n4(y)|n12(y)+(|778(y)|> =0 (286)
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We know that E(y) and E4(y) and Eg(y) are real and positive, from which follows that

Ea(y) /7 (y) = 48V/5(—69 + 31V/5)

B (y)|
|7712((Z))| Viy) — 1728 = —233496+/3 4 104448V/15. (2.87)

From this follows that

—7(E(y) >4+864€f —69 + 31/5) (I?i )

In* ()]
+ 192v/3(—9729 + 4352V/5) g ((y)” 42304 - V/5- (69 — 31V5)2 = 0 (2.88)
and
— 45 <E(y))4 + 288(155 — 69v/5) (E(y)>2
VBlnt(y)| VBlnt ()|
E
T 64v/3(—9729 + 4352v/5) =W | 1536(4783 — 21391/5) = 0. (2.89)
Vsl (y)]
Solving this equation gives \TE‘(y) 2(3v/3 —+/15) and E(y) = 2¢/5(3v3 —V15)|n*(y)|. From
this follows that
115 I'(5/6)?
o) _9l/3.33/2 52/3(3 _ . 400 9.
o1 (G0 ‘5) #0253 = VB el ) (290)
From theorem 2.14] follows that
11 - 241 /40174 —1/41(1/3)%/4
1.4 _ mi/249—1/43-1/4_—1/4 ’ 2,91
7]<2+2\/§z) e 37 T(2/3)7 (2.91)
We know that A((;)) is a modular function with respect to T'g(5). From this follows that the
polynomial
Ayz)
P = — 2.92
wa= T (o5 (292)
~ETo(5)\ SL(Z)

is invariant under SLs(Z), so has coefficients in C(j(2)). Because A(yz)/A(57vz) is holomorphic
on H, it follows that P(x,z) has coefficients in C[j(z)], and from the g-expansions of the coef-
ficients of P(x,z) follows that P(z,z) has coefficients in Z[j(z)]. Because j(1/2 + /3i/2) = 0,
it follows that P(z, 3 + £1/3i) has integer coefficients. A calculation in Mathematica gives that
P(z, 1 + 1v/3i) = (95367431640625 — 3144531250z + 22)3, from which follows that

A(3+3V3i) AL+ 2v3i)

NG+ avE)  A(-3+3va)
From equation and equation follows that

_3 45 ; 145 ;

A(—1+5\/§z’)=A( + 5 f) 2 +1 V3 A §+§\/§Z,)

26 A(5+3V3i) A(=3+35V30)

= _2—185—1077—6Fgg;18 (V5 +1)" (2.94)

= 9765625(161 4+ 72v/5) = 27125105+ 1)12.  (2.93)
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and
1 5 . . L LA/3)°
4 _- 4= _ 9—3r—5/3 2 _—12\4/9)"
n ( 2+6\/§z)‘ 2735 75/3(VE 4+ 1) DI (2.95)
From this follows that
1154\ _,T(5/6)2T(1/3)
(= 2.2|2) =9ol/3.33/2 5123/ 2) "~ \ /9 2.96
2 1(3’2’6’5) r'(2/3)3 (2.96)
We have
I'(5/6)2I'(1/3) I'(5/6)°I'(1/3)>  22/3zI'(2/3) 22/37 _o-1/331/2 (2.07)
L(2/3)3  T(A/3)02/3)*  T(A/3)r(2/3)°  T(1/3)0(2/3) ’ '
from which follows that )
11514 9
Rz =202) =2 2.
A (p55ls) =3 (2.99)
Because oF} (1/3,1/2;5/6|4/5) is real and positive, the result follows. O

Using the method of theorem [2.15] we proved some other results: first we searched for imagi-
nary quadratic z € H such that j(z) is algebraic of degree at most 2. Then we selected the values
of z such that H(z) from table [2.1]is rational and |H(z) — 1| < 1, because the convergence radius
of a hypergeometric series is equal to 1. Moreover, the outcome should be algebraic, so we do
not include answers with the I'-function in it.

Theorem 2.16. We have

11527\  ./256 113[3\  .[64
(5555 ) = 1 o o (pyalt) = Va (299)
1151\ 8, 11380 9
F(z,22]5) =232 (=52 ) =2 2.1
21(3’2’6‘4) 9‘[ “(4’2’4’1) 5 (2.100)
111]25) 3 13 1]2400\ 2
F(z -2 )==< (=5 2]==)=2vT. 2.101
? 1(6’3’2‘27) i3 g 1(8’8’2 2401) 3‘ﬁ (2.101)

Proof. To prove the first equality in equation , let @ = 1/3 and b = 1/2 and M(z) +
o ﬁ + ﬁ — j% = miz 4+ mi — 23w let y = —1 + Z/3i. The lattice 3Z + Z3y is
an ideal in the order O = Z + TZ[% + 1/3i], which has class number 2. From this follows
that j(y) = 331776000(—52518123 + 114603941/21), and j(3y) is the algebraic conjugate of
j(y). We have n'%(y)/n'2(3y) = —27(6049 + 1320/21), from which follows that H(y) = 1/28,
see table Solving equation gives that E(y)/|n(y)[* = 6v3V7(v/21 —5). We also
have A(—3 + 1v/3i)/A(=1 + 2+/3i) = 13841287201(6049 + 1320v/21) and n(3 + 1v/3i) =

emi/249-1/43-1/4,—1/4 58;2;22, from which the result follows.

To prove the first equality in equation (2.100), let « = 1/3 and b = 1/2 and M(Z)+Z;i0 ﬁ
ﬁj - J% = miz + §mi — ¢V/3m. let y = —5 + $v/3i, so j(y) = 0. We have n'?(y)/n'?(3y) =
—243, from which follows that H(y) = 3/4, see table Solving equation (2.86) gives that

. . _ _ _ 3/4 .
E(y)/In(y)[* = 4/v3. We also have n(% + 11/3i) = em™/242-1/43=1/4p=1/4 ?g;g;d/w from which
the result follows.

To prove the first equality in equation (2.101)), let @ = 1/6 and b = 1/3 and M (z) +

Z?io ﬁ + ﬁj — J% = 2miz — %\/gw let y = %\/?:z The lattice 3Z + Z3y is an ideal
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in the order O = Z + 4Z[3 + /3], which has class number 2. From this follows that

j(y) = —40500(—35010 4 20213+/3), and j(3y) is the algebraic conjugate of j(y). We have
n*2(y)/n'?(3y) = 702 + 405+/3, from which follows that H(y) = 2/27, sce table Solving
equation (2.86) gives that E(y)/|n(y)|* = 3(3 — v/3)/V/2. We also have A(-1 4+ 3V3i) /A5 +

$V/3i) = and n($ + §V/3i) = /2271431 A1 /4 L0S 8 from which the result follows.

2/3)3/4?
To prove the second equality in equation (2.99), let a = 1/4 and b = 1/2 and M(z) +
Z;io ﬁ + ﬁj - j% = miz + gmi — im. let y = —F + 3i. The lattice 2Z + Z2y is an

ideal in the order O = Z + 3Z][i], which has class number 2. From this follows that j(y) =
76771008 — 44330496+/3, and j(2y) is the algebraic conjugate of j(y). We have A(y)/A(2y) =
—64(97 + 564/3), from which follows that H(y) = 1/4, see table In this case we consider
E(z) = 2E5(z) — E5(2) instead of the previously used definition. The space of modular forms
of weight 6 with respect to the group I'g(2) turns out to be twodimensional, from which follows
that

—4E(2)? + 3E(2)E4(2) + Es(2) =0 (2.102)

and E(y)/In(y)|* = 4v/2V/21v/3 — 36. We also have A(i)/A(3i) = 19683(7 4 4v/3) and n(i) =
1;(733/ /?, from which the result follows.

To prove the second equality in equation , let @ = 1/4 and b = 1/2 and M(z) +
Z;io ﬁ + ﬁj - j% = miz + 3mi — im. let y = —F + 2i. The lattice 2Z + Z2y is an
ideal in the order O = Z + 5Z[i], which has class number 2. From this follows that j(y) =
1728(12740595841 — 5697769392+/5), and j(2y) is the algebraic conjugate of j(y). We have
Ay)/A(2y) = —64(51841 + 231841/5), from which follows that H(y) = 1/81, see table
Solving equation gives and E(y)/|n(y)|* = 12v/5(v/5 — 3). We also have A(i)/A(5i) =
244140625(161 + 721/5) and n(i) = 1;;13//?, from which the result follows.

To prove the second equality in equation (2.101)), let @ = 1/8 and b = 3/8 and M(z) +

Z;io ﬁ + ﬁj — ]% = 2miz— /27, let y = % 2i. The lattice 2Z + Z2y is an ideal in the order
O = 7 + 3Z[v/2i], which has class number 2. From this follows that j(y) = 8000(23604673 —

96365361/6), and j(2y) is the algebraic conjugate of j(y). We have A(y)/A(2y) = 64(4801 +

1960+/6), from which follows that H(y) = 1/2401, see table Solving equation (2.102) gives

that and E(y)f n%u)‘* = 14v/2+/5 — 2¢/6. We have A(v/2i)/A(3v/2i) = 531441(49 + 201/6) and
2.14

from theorem follows that |n*(v/2i)| = %, from which the answer follows. [

2.6 Remarks on the transcendental method

It is possible to generalize theorem from which follows that there exists a subset F of the
algebraic numbers, dense in C such that if x € E, then oF (1/3,1/2;5/6 |x) is also algebraic.
Note that here we use that H is a continuous surjective function from H to C, so the image of a
dense subset of H under H is a dense subset of C.

Theorem 2.17. Leta =1/3 and b= 1/2, let H(z) be defined as in table let z € Q(v/3i)NH
such that |1 — H(z)| < 1. Then oF (3,3; 2|1 — H(z)) is algebraic.

Proof. From a = 1/3 and b = 1/2 follows that

— 1 1 2 1
M - =——7(=31 3 —6iz). 2.103
(z)+;a+j+b+j 1= T+ VB 6iz) (2.103)



CHAPTER 2. SPECIAL VALUES OF THE HYPERGEOMETRIC FUNCTION 35

From table we know that H(z) is an algebraic function of n'2(2)/n'%(3z), write H(z) =
F(n*2(2)/n*%(32)). Then it follows from corollary [2.9) that

115 P (- HE)T TG/6? N\
o Fy (3, sigli- h(z)) = e B TR (—3z +V3— 622) CH'(2). (2.104)
From equation (2.78)) follows that 7'?(z)/n'?(3z2) is algebraic, because j(z) is algebraic. From
this follows that f'(n'?(z)/n'?(32)) is algebraic, so o Fy (3, 3; 2 [1 — H(z)) is algebraic if and only
if
2 (12 12 /
D(5/6)° ('2(2)/n'(32) 105
I(1/3)% n'2(2)/n"*(32)

is algebraic. We have

L(5/6)* (n**(2)/n**(32))" _ 72mF(5/6‘)2E(z)

['(1/3)> n'?(2)/n**(32) I(1/3)?
_ 5 L6/6)°  E(z) n*(2)] (2L 1
= TR ) i (=1 + 330 | ( 2+2¢§)’

(2.106)

where E(z) = $F5(3z) — 1 E»(2) and Ea(z) = 1—24) 7", o(n)q". From equation (2.86) follows
that % is algebraic, and because z € Q(v/3i), it follows that |n*(2)|/[n* (=3 + 5v/3i)] is
algebraic. We have |n* (=1 + $v/3i)| = 91'(7/6)375/2, s0 o Fy (%, 3; 2 |1 — H(z)) is algebraic if
and only if

I'(5/6)21(7/6)> T(5/6)21(1/6)> /7[(1/6)'(2/3) V/3L(1/6)['(2/3)  /322/3

"T(1/3)2 752 T(1/3)2216m3/2  54T(1/3)20(2/3)  108v@D(1/3) 108
(2.107)
is algebraic, which is the case: here we used that T'(1/6)['(2/3) = 22/3/zT(1/3). From this
follows that if z € Q(v/31), then o F1 (3, 4; 2 |1 — H(2)) is algebraic. O

The proof of theorem ends with a combination of I'-function factors which happens to
be algebraic, like the first proof of theorem Although the proof of theorem [2.15] gives us an
algebraic special value of the hypergeometric function, it is not an elegant proof, also because its
beginning does not indicate that it will actually produce an algebraic number. We want to find a
more elegant proof, like the second proof of theorem [2.11] so we want an algebraic proof instead
of a transcendental proof which at the very end happens to produce an algebraic number.

The method in theorem [2.16] relies on the cancellation of some I'-function factors, so for
given values of the parameters a, b it follows from theorem that there are very few quadratic
imaginary fields in which the number y can be chosen, and the expression in theorem [2.14
gets more complicated with higher absolute value of the discriminant. In theorem [2.15| we only
considered rational arguments, but for non-rational arguments the method also works: without
proof we state

2F1<1 1-5‘23 10 2z’>—16(z‘+\/§) (—2i+v3)

23627 21 1
111 9 (2677 + 2284/2 — 3497/4 2
2F1 LYoo - ( ) =-11 + \3/1)
6732 15625 3
3
) Z g\/4+6\/§, (2.108)

1 31
Az22h
21(87872

32 (325v/2 — 457
2401
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where we respectively used y = 21/\/3 and y = v/3i and y = v/2i.

Until here we only could produce a special value if |1 — H(z)| < 1, but for |1 — H(z)| > 1
there is also a method: we will calculate A, B € C such that 27 %F; (a,a;a+1-0b|1/z) =
AFy(x) + BGo(x), because %2 Fy (a,a;a+ 1 —b|1/x) is a solution of around x = oo of the hy-
pergeometric differential equation with parameters a, b, 1. Note that =% F; (a,a;a +1—b|1/z)
and Fy(z), Go(z) have a disjoint domain, so this equality means that their analytic continuations
to |z — 1| < 1 are equal.

Lemma 2.18. Let0 < a,b,a+b < 1, let Fy, Gg as in definition[2.1} Let Foo(z) = 27%F; (a,a;a + 1 —b|1/z)
be a solution of the hypergeometric differential equation with parameters a,b,1 around x = oo.
Then it follows that

Tl—-al(a—b+1) (. —27ia - 1 1 2
Foo('r)* 27TF(1—b) t (1 € ) jgol—a+j+1—b+j j+1 +27T FO(x)
I'l—a)l(a—b+1) i+ (1 - e~27%) Go(a). (2.109)

27'(1 —b)

Proof. Write Foo(z) = AFy(z) + BGo(z) for some A, B € C. We have Fy(1) = % and
Foo(1) = %W. From lemma follows that

oo

 T(l—a—b) 1 1 2
GO(I)’FQ—a)r(l—b) ;*a+j*b+j+j+1 ’ (2:110)

from which a linear relation follows. Now consider the analytic continuation of Fi, (x) = AFy(z)+
BGy(x), starting and ending at = 1, with one counterclockwise loop around = = 0. Because
analytic contination along a curve is invariant with respect to homotopy, for the function Fi,(z)
a path in |z| > 1 can be followed, and for AFy(x) + BGo(x) a path in |z| < 1 can be followed.
From this follows that €™ F (z) = AFy(z) + B(Go(z) + 2miFy(x)), from which another linear
relation follows. From this follows that

00 I'(l—a—b)I'(a+1-b)
I(1—a—b) <1 Yicosar T T ) <A) _ ( o raor )

) o0 1 2 —2mia —a— at+l—
(2.111)
from which the result follows. O
Proposition 2.19 ([I, chapter 5, theorem 3]). It holds that
1 7 264000 26
Pl = =iz |——= | = V253 2.112
? 1(12’12’3 64009) 3 (2.112)

Proof. Let a = 1/12 and b = 5/12, then it follows from table that H(z) = 1728/j(z), and
from table [2.1| follows that M (z) = 2miz +log(1728). Let y = 1/2 + 31/3i/2, then it follows that
j(z) = —12288000 and H(y) = —9/64000. From lemma [2.7] follows that

Foo(z) = W ((z - e’”'/i‘) (2 — log(1728)) + 27r) Fo(z)
I(11/12)0(2/3)

orT(7/12) (1= ™) Gofo). (2.113)
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Note that ZJ —0 m + 7/12+j j% = 27 — log(1728), then from lemma it follows that
1 2
~1/6
H(y) oy (12 I3 3 o) ) (2.114)
is equal to
_H(y)'(1-H(y)“"H'(y) (T(1/12)0(2/3))”
2mi 27T (7/12)
‘ , 2
: ((z - 6”1/3) (2miy + log(1728)) + (z - em/i") (27 — log(1728)) + 27r) (2.115)
and

7' (w)- (2.116)

(1 1.2 ‘ —64000)2 _37/3%1(2/3)°1(11/6)°
127123 9 © 161920000 - /472
We have j'(z) = —27miE4(2)?Es(2)/A(z) and

Ey(2) = ¥/A(2)j(z)  and = VA(z) —1728), (2.117)

from which follows that j’(z) = —2mi - A(2)'/6 ~j(z)1/3\/j(z) — 1728, so we first calculate A(y).
Note that F4(y) € R and Eg(y) € Rsg and A(y) € Rog, so we have j'(y) € iRsq. We have

EE V- NN A(-3+5v3) T/
A( 2+2\/§>A< + = f) (7§+%\m)f FrramE S (2.118)

from which follows that

_ o T(1/3)3 2/3 310886 4004+/31'(7/6)3
/ . . —
J'(y) = 2mig e s o7 (23 12288 000%/3 - /12289 728 7 (2.119)

7 ( 1 1 2 ‘—64000)2 37/32'I‘(2/3)2I‘(11/6)2 310886 400i+/3I'(7/6)? 92 . 3-5/3
2f1 | ==, 755 5 = - ) =4 :
3

12’12’ 9 161920000 - /472 m3/2
(2.120)
We have
(1—2)%F (a,a;a+1—blz) =2F <a,1—b;a+1—b’Ix 1) ) (2.121)

from which follows that

1 7 2640007 64009\ /¢ 4
r _ 92 . g-5/3 (04009 — 2953 2.122
2 1(12 12'3 64009) ? ( 9 ) 9m (2.122)

The result follows, because o (1/12,7/12;2/3]64000/64009 ) is real and positive. O

2.7 Algebraic method

The proof of theorem ended with a combination of I'-factors which happens to be algebraic.
Now we want to produce an alternative proof of theorem which looks like the second
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proof of theorem To find this proof, we first want to find a polynomial P(z,y) such that
P(j(z),H(z)) = 0, with H as in table from the subgroup inclusions from figure [1.2| we know
that we can find such a polynomial. Because I'(3,00,00) is contained in both I'(2,3,00) and
I'(2,6,00), we can express h(2,3,00) and h(2,6,00) as a rational function in h(3,00,00), see

table [[L3

Let
Py (z,y) = 803894544 + 24690528y + 221400y2 + 792y + y* + 509762 + 1916xy — 362y% — x> + 22,
(2.123)
then it follows that 5 .
24 2
Pi(z)= P (<Z+ DA 7),z+3) — 0, (2.124)
z z

so Pj(z) is the zero function; note that the arguments of P;(x,y) come from table It is also
possible to give a nonconstructive proof of the existence of the polynomial P;: let k,! € Z>( and
consider the set S = {(a,b) € (Z>0)?|3a +b < k;a +b < l}. Then it follows that the function
((z+243)3(2 +27)/2%)* (= + 36/z)b with (a,b) € S has, seen as a Laurent series around z = 0,
only terms z™ with —k < m < [. The elements {z™| — k < m <} span a k + [ + 1-dimensional
C-vector space, so if #5 > k + [+ 1, it follows that there must be a linear relation between the
elements ((z +243)3(z + 27)/23)a (z+ 36/z)b with (a,b) € S, which gives the polynomial P;.
In this case, if K = 8 and [ = 6, it follows that #S5 = 16 > k + [ + 1, which proves the existence
of a linear relation.

Now we insert h(3, 00, 00)(z) from table into equation (2.124)), from which follows that
Pl(](z)vh(236aoo)(z) =0, (2125)
From h(2,6,00)(2) = 54 — h(6,6,00)(2)? follows that P;(j(z),54 — h(6,6,00)(2)?) = 0, so
Ps(j(2), he.6,00(2)) = 0, where Ps(z,y) = Pi(z,54 — y?) and

Py(x,y) = 2916000000—108000z+2% —56160000y> 4107202y +367200y* — 198zy* —1008y5 +xy5+4/5.
(2.126)

From tablewe know that H (6,6, 00)(z) = W\({S%\@’ from which follows that he 6 00 (2) =
v 108%. From this follows that P» (j(z), V108 7’;5{%“) =0,s0 P(j(z),H(6,6,00)(2)) =

0 with P(x,y) = 8P, (x7 vV 1083’3/;2) and

P(z,y) = 34828517376 — 139314069504y + 162533081088y? + 80621568xy>
— 241864704xy> — 83846430720y* + 265379328xy* + 5159780352y° — 127650816xy°
+ 17581473792y% + 247864322y° + 3057647616y" — 1271808y " + x2y®. (2.127)
Using this fact we can produce a second proof of theorem [2.15]
Theorem 2.20 (Same statement as theorem . We have

115|4 3
Bl == ) =—. 2.128
’ 1<3 2 6’5> NG (2.128)
Proof. We use corollarywith a=1/3and b=1/2 and M(2) + 3720 ot + 15 — 797 =

7/6 - (6iz + 3i —+/3) and M'(z) = 7i and H(2) as in table From this follows that

2B (b3 - HG2)" (= HE2) /() 6i52) +3 =V HG2)
2By (3 L3 1— H(z)) (1— H(2)=5/6 - H(52) - (6iz + 3i —\/3)" - H'(2)
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Note that we consider 1 — H(z) on the line segment {z € H; R(z) = —1/2,3(z) > v/3i/6} where
it is real and positive, so we can define its fractional powers. Let y = —% + %\/gi, then we have
H(y) = 1 and H(5y) = 1/5. The function M(z) is only defined on the triangle from table
so instead of by = f% + %\/gz we consider f% + %\/gi, from which follows that

5

- (1 1 5’4)2 o (5,521 - H(52))® o (L= H(52)) "%/ - H'(52)
2141

—, == = lim = = .
37276 = LR (L, 131 — H(z))? 2oy (1= H(2))%/5- H'(2)

Let P(z,y) as in equation (2.127). Differentiating P(z) := P(j(z), H(z)) = 0 gives th(a%cll?)O)
Pa(i(2), H2) - J'(2) + Py(i(2), H()) - H(2) = Palz) - '(2) + Py(2) - H'(2) =0 (2.131)
and differentiating P(5z) = P(j(5z), H(5z)) = 0 gives
P,(j(52), H(5z2))-j'(52)+P,(j(52), H(5z2))-H'(52) = P,(52)-j'(52)+ Py (5z)-H'(5z) = 0, (2.132)
where P, and P, denote the partial derivatives of P(z,y). From this follows that

H'(5z) _ Pu(52) - j'(52) - Py(2)

H'(z)  Pu(2)j(2)- P,(52) (2.133)
and
154N _ o (L= HE2) ™ Pu(52)-'(52) - Py(2)
21 (37 276 '5) o 45;%3/ (1 — H(z))—S/ﬁ Pw(z) ]/(Z) Py(5z) . (2.134)

We already knew that H(y) = 1 and H(5y) = 1/5, we also have j(y) = 0 because —1/y =
3 +V/3i/2, and we have j(5y) = 1728 - 512(—369830 + 1653931/5). Extracting nonzero limit
terms gives

R (1 15 ’4)2 _ A5Py(y) - Po(By) (L= H(2))° j'(52) (2.135)

3°2°6|5) ~ @/5)5/5P,(5y) oy Pulz)  J(2)

To calculate the limit in equation ([2.135)), we first want to find an expression for j'(5z)/5'(2).
A set of coset representatives of I'g(5)\H is given by z — z,z — —1/z, 2z — —ﬁ, z —Z—iz, Z

—ﬁ, Z > —ﬁ. From this follows that the polynomial

)= i) (o -3 (2)) (-3 (557))
AN ()

has coefficients in the ring C[j(z)] C C(j(z)): here we use that j(z) is holomorphic on H, so the
coefficients of f(xz) are polynomials in j(z). A calculation gives a polynomial Q(z,y) such that
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Q(j(52),4(z)) is the zero function, with

Q(z,y) =141359947154721358697753474691071362751004672000 + 53274330803424425450420160273356509151232000
+ 66925000426279977084871494150150684672002 + 2802447778284395278043215652978688002>
4 1284733132841424456253440x* + 1963211489280x° + 2° 4 53274330803424425450420160273356509151232000y
— 2640734570766205962597157902479787829493762y + 3655473658394962929570647233265664000022y
— 1924579346189282996551082311680003y + 1285417989068288163840002y — 2466834109505y
+ 6692500042627997708487149415015068467200y2 + 365547365839496292957064723326566400002>
+ 51109417775524180831107651993600002:%y% + 26898488858380731577417728000y2
+ 383083609779811215375zy? + 20285512002°y> + 280244777828439527804321565297868800y>
— 192457934618928299655108231168000zy°> + 2689848885838073157741772800022y>
— 4412069655129148352461002%y + 107878928185336800x4y> — 455094053 + 1284733132841424456253440y*
+ 1285417989068288163840002y* + 38308360977981121537522y* + 1078789281853368002°y*
+1665999364600x*y* + 3720x°y* 4+ 1963211489280y — 24668341095027° + 2028551200235
— 4550940235 4 372021y — x5y + o/S. (2.137)

Differentiating Q(z) := Q(4(5z),4(z)) = 0 gives
5Q2(j(52),4(2)) - 5'(52) + Qy(i(52),5(2)) - §'(2) = 5Qa(2) - j'(52) + Qy(2) - j'(2) =0, (2.138)

where @), and @, denote the partial derivatives of ) with respect to z and y. From equa-

tion (2.138]) follows that

CYEES ‘4> 9P Pelsy) @yy) (1= H()Y°
21\3°2°6 (4/5)5/5 P, (5y) 2P () Qule)

5

It is possible to evaluate the limit in equation using the rule of ’'Hopital, but there is
a more simple method. From the fact that that 7'(6,6,00) has angle 7/6 at y, it follows that
H(z)—1 has a root of order 6 at z = y, so (1 —H(z))*/% has a root of order 5 at z = y. If we know
the root orders of P,(z) and Q,(z) at z =y, we can factor the limit in equation (2.139), which
gives a limit with roots of lower order in numerator and denominator. From the valence formula
follows that j(2) has a third order root at p = /3. On the other hand, we have y = 1/(—p—2),
so j(z) also has a third order root at y. The function j'(z) is a modular function of weight 2,
which has a pole of order 1 at z = oo, and a root of order 2 at z = p, and a root of order 1 at
z = 1. To calculate the order of Q. (z), we have Q(2) = 5Quz(2) - 7' (52) + Quy(2) - j'(2), where
the second term has a root of order 2. To calculate the order of Q.. (2) at z = y, we have

(
sz(z)’ = 5Qzz2(2) ~j/(5z) + me(z) ~j'(z), (2.140)
(

which has a nonzero limit, because j'(y) = 0 and Q.. (y) # 0 and j'(5y) # 0. From this follows
that @, (z) has a second order root at z = y.

Because both sides of equation are nonzero and finite, it follows that P.(z) has a
third order root at z = y. From this follows that we can factor the limit in equation in
two nonzero limits, which have lower order roots in numerator and denominator, which hopefully
gives a shorter calculation:

JFy (1 1.5 ‘4>2 _9P,(y) - Pa(5y) - Qy(w)

3265

(2.139)

i LT HE)V? (= H(2)?
(4/5)5/6 P, (5y) zl—>y P, (2) ;_w 0.(2) . (2.141)
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In both these limits in equation ([2.141f) the denominator and numerator go to 0, so we use the
rule of ’Hépital, from which follows that the first limit from equation (2.141]) is equal to

g 2 HE)T2 L 5(L= H() TV Pa(z)
Y Pr(2) - D 4 Poy(2) 0 Paa(2) - Py(2) = Pay (2) - Pul)

1 . P.(2)
= lim ,
12230590464 =—y (1 — H(z))1/2

(2.142)

where in the first equality we used equation and in the second equality we calculated the
nonzero limit in the denominator. Because the limit in the last step is the inverse of the limit
we started with, it follows that lim,_,, (11’;’7 = 1/1/12230590464 = 483

The second limit from equation is equal to

2/3  H'(2) _
o SUTHETE GG 31 H(2) 7 Pa(z) - Qul2)
SV5Qu(e) B 1 Quy(x) v @m0 Q)R
here we used that Q,.(z) has a root of order 1, see equation (2.140)), and j'(z) has a root of
order 2 at z = y, and Q4y(2) has a finite limit at z = y. Evaluating nonzero limits gives that
the second limit from equation (2.141)) is equal to

(2.143)

1 lim P.(2) - Qu(2) _ 483 lim Q.(2)
3Qy(y) - Py(y) ==v (1= H(2))*/3 - Qua(2)  3Qy(y) - Py(y) z=v (1 - H(2))V/6 - Q”(f). )
2.144
Multiplying the second limit from equation (2.141)) by the square of equation (2.144)) gives that
_ 1/3\ 3 3 2
(1 g (Y iy 0, (2.145)
=y Qa(2) 3Qy(y) - Py(y) ) 2=y Qual(2)
from which follows that
115[4\° 9P, P:(5y) - ¥/Qu(v)
oFi{ .52 ) = . (2.146)
327615 48 - 32/3 (4/5)5/6 P, (5y) ZHy QM
To calculate the limit in equation ([2.146), we use the rule of I'Hopital, which gives
e Qe 5Qua(2) 5(52) + Quy(2) 5'(2) R
=Y Qwr( ) 2=y 10sz(2) : Qmmm(z) 'j/(5z) + 2ch(z) : way(z) : ]/(2) e 2Qmmw((z)’ )
2.147

here we used that Q. (2) - j'(2) and Quz(2) - Quee(2) - j'(2) both have a root of order 1 at z =y,
but the terms with j'(z) have higher order roots. From this follows that

115[4\* 9V B (y) - Pe(5y) - /@y (v) _9
= (3’2’6‘5) T 482323 (4/5)5/P,(5y) - /Quanly) 5 (2449

Because o Fy (1/3,1/2;5/6]4/5)% is real and positive, the result follows. O



Chapter 3

Belyi functions

In this chapter we construct another method to calculate special values of the hypergeometric
function. Because in this chapter we do not use modular functions, we use the symbol z to
denote a complex variable. We start with a result on Fuchsian differential equations, which we
define first.

Definition 3.1. Let zq,...,z; € C be distinct points. Let p,q be meromorphic functions such
that: p only can have poles of order at most 1 at the points z1,..., 2, and no other poles; ¢
only can have poles of order at most 2 at the points z1, ..., zx and no other poles. Moreover, for

z — oo it should be the case that p(z) = O(1/2) and q(z) = O(1/2?). A Fuchsian differential
equation (of degree 2) is a linear differential equation y”(z) + p(z) - ¥'(2) + ¢(z) - y(z) = 0, such
that p, ¢ have the properties mentioned before. The points z1, ..., zx, 00 are called the singular
points of this equation. In this chapter, we only consider Fuchsian differential equations of degree
2. It is possible to define conditions on p and ¢ such that co is a regular point, but we always
see oo as a singular point.

Proposition 3.2. Let f be a solution of a Fuchsian differential equation with singular points
21, ..., 2k, 00 of degree 2. Let Q be a rational function which only ramifies above the singularities
of the equation of f. Then F(z) := f(Q(z)) satisfies a Fuchsian differential equation with singular
points Q7 ({z1,...,2k,00}). Moreover, let y € Q= ({z1,...,2k,00}) with Q(y) = z; such that
Q(z) — Q(y) has a root of degree d at z =y. Let a,b be the local exponents of z;, then y has local
exponents da,db. Let y € Q~*(oo) such that Q(z) has a pole of order d at z =1vy. Let a,b be the
local exponents of oo, then y has local exponents da, db.

Proof. By assumption we know that f is a solution of the equation " (2)+p(2)-y'(2)+q(z)-y(z) =
0, from which follows that

Q'(2)” f"(Q(2) + Q'(2)* - p(Q(2)) - f(Q(2)) + Q' (2)* - a(Q(2)) - F(Q(2)) = 0. (3.1)

We have F'(z2) = f(Q(2)) - Q'(2) and F"(z) = f"(Q(2)) - Q'(2)® + f'(Q(2)) - Q"(z). From this

follows that

- Q"(»)
Q'(z)

F'(z) + (p(Q(Z)) -Q'(2) ) F(2) + (a(Q(2)) - Q'(2)?) - F(2) = 0. (3-2)

We want to prove that the function p(Q(z)) - Q'(z) — g,/((j)) only has poles of order at most
1 in the points Q= *({z1,...,2x,00}), and no other poles. The function g,/((zz)) only has a pole at

42
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z=yif Q' (y) =0 or Q"(y) = oo, and then this pole has order 1. If Q’(y) = 0, then the function
Q(z) — Q(y) has a multiple root at z = y, which implies that Q(y) is one of the singularities of
;i Q" (y) = oo, it follows that Q(y) = co. For z — oo, from writing Q(z) as a Laurent series
around z = oo, it follows that Q" (z)/Q’(z) = O(1/z).

The function p(Q(2)) - Q'(2) only has a pole at z = y if p has a pole at Q(y) or if Q(y) = oo,
from which follows that y € Q= 1({21, ..., zx,o0}). First assume that @ has a pole of order d at
z =y, then p(Q(z)) has a root of order at least d at z = y, and Q’(z) has a pole of order d + 1
at z =y, so p(Q(z)) - Q'(z) has a pole of order at most 1 at z = y. Now assume that Q(y) is
finite. If Q(z) — Q(y) has a root of degree d at z = y, it follows that the p(Q(z)) has a pole of
order at most d. On the other hand, the function Q’(z) has a root of order d — 1 at z = y, so
the function p(Q(2)) - Q’(z) has a pole of order at most 1 at z = y.

Now we want to prove that p(Q(z)) - Q'(z) = O(1/z), first assume that Q goes to oo with
order d, then p(Q(z)) has a root of order at least d, and Q’(z) has a pole of order d—1 at z = co.
If Q(o0) is finite and Q(z) — Q(y) has order d, it follows that p(Q(z)) has a pole of order at most
d for z — oo, but Q’'(z) has a root of order d — 1 for z — co. From this follows that the function
p(Q(2))-Q'(2) — g,/((zz)) only has poles of order at most 1 in the points Q~'({z1, ..., zx,0}), and
no other poles. Moreover, for z — oo we have p(Q(z)) - Q'(z) — g,/((zz)) =0(1/2).

The function ¢(Q(z)) - Q'(2)? only has a pole at z = y if ¢ has a pole at Q(y) or if Q(y) = oo,
from which follows that y € Q= '({21, ..., zx,o0}). First assume that @ has a pole of order d at
z =y, then ¢(Q(z)) has a root of order at least 2d at z = y, and Q’(2)? has a pole of order 2d + 2
at z =y, so ¢(Q(2)) - Q'(2)? has a pole of order at most 2 at z = y. Now assume that Q(y) is
finite. If Q(z) — Q(y) has a root of degree d at z = y, it follows that the pole of ¢(Q(z)) has a
pole of order at most 2d. On the other hand, the function Q’(z)? has a root of order 2d — 2 at
z =y, so the function ¢(Q(2)) - @'(z) has a pole of order at most 2 at z = y.

Now we want to prove that ¢(Q(z)) - Q'(2)? = O(1/2?), first assume that Q goes to co with
order d, then ¢(Q(z)) has a root of order at least 2d, and Q’(z) has a pole of order 2d — 2 at
z = o0. If Q(o0) is finite and Q(z) — Q(y) has order d, it follows that ¢(Q(z)) has a pole of order
at most 2d for z — oo, but Q’(2)? has a root of order 2d — 2 for z — co. From this follows that
the function ¢(Q(z))-Q’(z)? only has poles of order at most 2 in the points Q= ({z1, ..., 2zx,00}),
and no other poles. Moreover, for z — oo we have ¢(Q(2)) - Q'(2)? = O(1/22).

The statement about local exponents follows from the composition foQ, we omit the complete
proof. O

3.1 First example

In this section we will give a third proof of theorem Our first goal is to prove the iden-
tity in equation . Consider the function P(z) = (z + 256)3/2%2. We have P~1(0) =
{—256, —256, —256} and P~1(1728) = {—64,512,512} and P~!(0c0) = {0,0, 00}, counting mul-
tiplicities. From this follows that P only ramifies above the points 0, 1728, co, this can be proven
using the Riemann—Hurwitz formula: let S’, S be Riemann surfaces and let an analytic map
S’ — S of degree N be given. Then it follows that

29(S") = 2=N-(29(5) =2) + Y_(ep — 1), (3-3)

peS’

where ep is the ramification index of P. We can apply this formula with P : P}(C) — P!(C),
which is a map of degree 3. Because g(P'(C)) = 0, it follows that 2per(c)lep — 1) =4, but
we already found the points —256, 512, 0 with ep respectively equal to 2,1,1. From this follows
that P only ramifies above {P(—256), P(512), P(0)} = {0,1728, cc0}.
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First recall that a Fuchsian differential equation with 3 singular points is determined uniquely
by its local exponents. Consider

1728

Q(z)zl—m,

(3.4)

then it then follows that @ ~1(0) = {0,9,9} and Q~1(1) = {1,1,00} and Q~!(c0) = {-3, -3, —3}.
Consider

15 1 0 9 1 oo -3
o (12, 135 |Q(z)) , which has Riemann scheme 0 0 0 0 1/4. (3.5)
1/2 1 0 0 5/4
From this follows that
15 1 0 9 1 oo -3
(z+3)" V4R (12, 13°3 |Q(z)) has Riemann scheme 0 0 0 1/4 0 . (3.6)
12 1 0 1/4 1

Because in equation ([3.6)) the points z = —3 and z = 9 have local exponents 0,1, these points
are regular points of this function, which leaves z = 0, 1, 0o as singular points. From this follows

that 1/4 1 51 111
5 _
G+1) " en (5 ile ) =ah (3551 (3.7
as an equation of power series around z = 0, because both functions have the same Riemann

scheme, and evaluate to 1 for 2 = 0, and are holomorphic at z = 0. From inserting %3 into
equation (3.7)) follows that

—1/4
2 1 51 z 111
_c 41 = =Z.2 —.F (= ==
(3(2—1)+> 21(12’12’2’62(2—1)) 21(4’4’2

Comparing Riemann schemes gives that

_ 111 z 111
(1_3) 1/42F1 <474§2’21) =oI (4,4§2|2)a (3.9)

from which follows that

4\ "Y4 1 5 1 2 2 ~1/4 1 5 1
(1 — 32) o (12712;2 ‘Q (z— 1)) = (§ +1) 2 (12712;2 |Q(2)> (3.10)

and
(L5 1]282-92) _(3-4\"t 1 51
1271272 (42-33 ) 243 Z\1271272
Now we know the identity in equation (3.11)), we can plug in z = 9/8, which gives
1 5 1 2 [ 4\Y! 1 5 11323
Fl— —>0)=1=(-—— B =, — === 3.12
2 1(12’12’2| ) ( 11) ? 1(12’12’2 1331)’ (312)

which is not true, because we know that o Fy (1/12,5/12;1/2]1323/1331) is real and positive, and
also is not equal to ¢/11/4. The reason that the possible equality in equation 1' is not true,

: ) . (38)

z—1

2(z —9)?
((z—|—3))3> (3.11)
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is that equation (3.11]) is an equality of power series around z = 0. If we want to plug in z = 9/8,
we should construct a curve v : [0,1] — C which starts at z = 0 and ends at z = 9/8, because

zéf;:;;f evaluates to 0. But along the curve %

the functions in equation (3.11)) change because the hypergeometric function is multivalued, and
changes under monodromy.
Consider the path

for both these values of z the function

9 9 _.
t)= — + —e™=D 3.13
1) = 15+ 16¢ ; (3.13)
we want to calculate the analytic continuation of equation (3.11) along ~. Substituting ~(t)

2
into 2(518::39))3 gives a loop which starts and ends at z = 0, and is homotopic to a clockwise loop

around z = 1, for a picture see figure Inserting (t) into % gives a path, starting at
z =0 and ending at z = 1323/1331, which is homotopic to one clockwise loop around z = 1, see
figure for a picture; formally we should extend the path we found with a line segment from
z = 1323/1331 to z = 0, but along this line segment the functions F; and GGy are invariant under
analytic continuation. From this follows that if we want to calculate the analytic continuation of
equation (3.11)), we have to know the function o Fy (1/12,5/12;1/2 |z ) after one clockwise loop
around z = 1. Unfortunately, we do not know the monodromy of this function, but in chapter
we calculated the monodromy of some other functions, so we want to use these results.

0.7
0.6
0.5
0.4
0.3
0.2

0.1

0.2 0.4 0.6 0.8 1.0 1.2

Z((fzz:gg)): with z = 7(t); this loop starts at z = 0, goes

clockwise around z = 1, and ends at z = 0. Right: picture of the loop Z((Zz_g)); with 2 = ~(¢); this

loop starts at z = 0, goes clockwise around z = 1, and ends at z = 1323/1331. Here v : [0,1] = C

is given by t — % + %eﬂi(lft)'

Figure 3.1: Left: picture of the loop

In chapter 2| we already found some formulas, which we can use to calculate the monodromy
of o F1(1/12,5/12;1/2 |z ). In definition we defined the following bases of local solutions of
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the hypergeometric differential equation with parameters 1/12,5/12, 1:

Fy(x) :=oF (112 152 1|z ) |z] < 1
Golw) = log(z i e n'()5/12) nZ: 1/121+j " 5/121+j - j—|2-1 " 2l <1
= e
Fi(z) :==oF (112,152,;|1x> e — 1] <1
Gr(x) = (1 — )2, Fy (172 = zl—x) o —1] < 1.
(3.14)

Note that in this definition we have o Fy (1/12,5/12;1/2|z) = F1(1 — ), so in our calculations
we sometimes have to insert 1 — x instead of x. We follow these definitions to be consistent with
chapter [2] so we can use the results in this chapter. In lemma [2.8 we found that

1 5 1 B _ T V7 (27 + log(1728))
2f1 (12 it x) = 1) = —ramrean W TTaanrea) ol (619

We also want to express G in terms of Fjy and Gg; we first state and prove this formula as
a lemma;:

Lemma 3.3. Let 0 < a,b,a+b < 1 and Fy, Gy, G1 as in definition (2.1, Then it follows for
x € C with |z|,|1 — x| <1 that

~ T(@2-a-b) I'(2—a-1b) > 1 1 2
Gl(m)__F(l—b)I‘(l—a)GO($>+F(1—b)F(1—a) X::Olfa+j+lfb+j_j+1 Fo(@).

(3.16)

Proof. The unbounded part of G;(x) around = = 0 is equal to — (1;(2,))7;(11’)&) log(x), which gives

us the coefficient of Go(z). Write Gy (z) = — - C~2Y Gy () + AFy(x) for some A € C, then

T(1—a)D(1-b)
it follows that
Gi(x) I'2—a—-5b) Golx)

A= . 3.17

Folw) | T —a)T(1- ) Folx) (3.17)

We have lim,_; G1(z) = 0 and lim,_,; o ((z)) = 2?0:0 ﬁ + ﬁﬂ, - J+1’ from which the

result follows. O

From lemma 3.3 follows that
VT V(=27 + log(1728))
= _ F 1
¢1@) = —srmmyrai “W Y araarai ew) (3.18)

where we use that I'(3/2) = /m/2. The vector space of solutions of the hypergeometric dif-
ferential equation is two-dimensional, and has bases By = {Fy,Go} and By = {F1,G1}, see

definition From equation (3.18)) and equation (3.15|) we know that the transformation ma-
trix from B; to By is given by

T(1/12)T(5/12) 20 (7/12)T'(11/12)
- F(1/12)17:(5/12) - 21‘(7/12);(11/12)

Vm(2m+log(1728) V7 (—27+log(1728)
M ( ) , (3.19)
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this means that (F1,G1) = (Fo,Go) - M. The monodromy matrix of one counterclockwise loop
around = = 0 is given by My = ({ ?7%) with respect to the basis By.

Now we know the transformation formulas and monodromy matrices, we can calculate the
function o Fy (1/12,5/12;1/2|z) after one clockwise loop around = = 1: using the matrix M from
equation we write the function o F} (1/12,5/12;1/2 |x) as a linear combination of Fy(1—x)
and Go(1 — ), then we calculate the monodromy of this function, and then we transform back
to a linear combination of Fi(1 — z) and G1(1 — z). We have

1 5 1 B B e V(21 + log(1728))
A (513 17) = P00 =m0
(3.20)

If = starts at 0 and goes one clockwise loop around 1, it follows that 1 — x starts at 1 and goes
one clockwise loop around 0. From this follows that equation ([3.20)), after one clockwise loop of
x around 1, is equal to

. NT
T(1/12)1(5/12)

V(27 + log(1728))
r'(1/12)1'(5/12)

(Go(l — 2) — 2miFy(1 — 7)) + Fo(1—z).  (3.21)
Now we transform equation (3.21) to the basis By using the matrix M from equation (3.19)),
from which follows that the analytic continuation of o Fy (1/12,5/12;1/2|x) after one clockwise
loop around 1 is equal to

(1 —2mi I 1+i/2 - ( z> T(7/12)T(11/12)

M (0 1 ) M (0) (—ZW) L+ 3 ) B=0)=i 56 iy 1) C10 )
(3.22)

where we identified Fy(1 — z) with (1,0), and G1(1 — x) with (0,1)*. The calculation in equa-
tion means that we started with the function Fy (1 —z), which is identified with the vector
(1,0)*. Then the function F;(1 — z) is sent to a linear combination of Fy(1 — z) and Go(1 — z),
which is identified with the vector M - (0,1)%. Because 1 — x goes one clockwise loop around
0, the monodromy matrix ((1) ’21”) is used, because M - (1,0) is written with respect to the
basis By: this gives a new linear combination of Fy(1 — 2) and Go(1 — ). After calculating the
monodromy, the linear combination of Fy(1 — ) and Go(1 — z) is sent back to the basis By,
which gives a linear combination of Fy(1 — z) and G1(1 — x).

From this follows that the left-hand side of equation , after analytic continuation along

v, is equal to . )
(1 + ;) Fi(1-0)— irr((71//1122))rr((151//1122)) Gi(1-0)=1+ % (3.23)

because F;(1) =1 and G1(1) = 0. The right-hand side of equation (3.11)), after analytic contin-
uation along +, is equal to

s i 1323\ .../ 4 D(7/12)0(11/12) 1323 i
7\'1/4 . 1 _ F 1_7 _ Trl/4 _ 1_7 :1 _
“ V1 ( + 2) ! ( 1331) e 1 Ta2)re 1) O 1331 o
(3.24)

_ 1/4
where the factor e=™/4(4/11)'/* comes from the analytic continuation of (3214;) along z =

~(t). Here we use that in equation an equality of power series is mentioned, and the
analytic continuation of the left-hand side of equation (3.11)) is equal to the analytic continuation
of the right-hand side of equation . From equat we have one linear equation in
F1(8/1331) and G1(8/1331), and if we can produce another linear equation, we can calculate
F1(8/1331) and G1(8/1331).
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Because F;(8/1331) and G1(8/1331) are real, we can take the complex conjugate of equa-
tion (3.24)), which gives another linear equation between F;(8/1331) and G1(8/1331). From this
follows that

. -7t emi T'(7/12)'(11/12)
(1+Z/2> - M ) e e <F1(8/1331)> (3.25)

1—14/2 emi/4 af i e—mi/4 a) 4 D(7/12)0(11/12 G1(8/1331
Z/ /g 4 (1 5) - iy 41 F((l//12)) ((5//12)) 1( / )

which is a system of two linear equations in two unknowns, and we can solve this: we have

8 1 5 1]1323 3.,
Fil—)=2F|—= —-|— | =-VI11 2
1<1331> 2 1(12’12’2 1331) 4 (3:26)
and
1331 8 7 11 31323 1774 T(1/12)T'(5/12)
1323 1331 1271272 |1331 1683 I'(7/12)I'(11/12)

3.2 Theoretical motivation

In section [3.1] the function P(z) = (z+256)3 /22 is used, from which follows a special value of the
hypergeometric function. Now we will give the theoretical motivation why we used the function
P(z) and the parameters 1/12,5/12. Later we want to find new special values of the hyperge-
ometric function using this method, but with other parameters and another rational function.
Looking at the example in section we formulate some conditions which are necessary to find
a new special value of the hypergeometric function.

The function j is an isomorphism from X (SLz2(Z)) to P}(C). On the other hand, we have
that h(z) = A(z)/A(22) is an isomorphism from X (T'(2)) to P*(C). From these isomorphisms
follows that the inclusion map ¢ : T'o(2)\H — SL2(Z)\H extends to a holomorphic function
P :PY(C) — P(C), but we already found this function in table Moreover, from lemma
follows that P is a Belyi function, because in the notation of lemma we have I'y = SLy(Z)
and ha(z) = j(z), from which follows that 0 and 1728 are the only values of ho(wg), if wg is
SLs(Z)-equivalent to i or e™/3. The map z — —5- is an involution on I'g(2)\H, and we have
h(—5) = 2'2/h(z). From the isomorphism h : X (I'¢(2)) — P'(C) follows an involution on
P!(C) with z — 2'2/2. For a picture of all mentioned maps, see figure

1 12
Z— 5= z2—2°% /2

(1 (1

Lo(\H —5— P1(C)

| I

SLy(Z)\H —— P!(C)

Figure 3.2: Picture of maps between I'g(2)\H and SLy(Z)\H.

The functions P;(2) := P(z) and Py(z) := P(2'2/2) are two different functions from P*(C)
to itself. The hypergeometric differential equation with parameters 1/12,5/12,1/2 has local
exponents 0,1/2 at z =0, and 0,0 at z =1, and 1/12,5/12 at z = co. We have

P7H0) = {—256, —256, —256} P (1728) = {—64,512,512} Py *(00) = {0,0,00}
P;1(0) = {-16,—16, 16} Py 1(1728) = {—64,8,8} Py (o0) = {00,00,0}, (3.28)
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counting multiplicities. Consider the functions Q(z) = 1 — 1728/ P;(64z — 64) and Q2(z) =

1 —1728/P5(64z — 64), then it follows that Q2(z) = Q1 (;1) and
Ql_l(o) ={0,9,9} Ql_l(l) ={1,1,00} Ql_l(oo) ={-3,-3,-3}
1) =10.2.2 ;' (1) = 1 Toe)= 4233 3.29
a'o-{033}  Gw-tex  @ea-{133) e

where 0, 1, co are the only singular points: the extra singular points become regular, because their
local exponents are equal to 0, 1, which follows from the choice of parameters. The points 0,1, co
in equation come from the points 0, —64, co in equation , and the set {0, —64,00}
is invariant under the involution z + 2'2/z: the point z = —64 is invariant, and the points
z = 0,00 get interchanged. In general the set of singular points is not invariant under the
involution, from which follows that in some situations an extra Mobius transformation should be
applied. Note that because we have only three singular points with given local exponents, the
differential equation following from this Riemann scheme is unique.

Because the inverse images in equation give the same Riemann scheme, and the
functions P; and P, are different, this gives an algebraic relation, see equation . Us-
ing the algebraic relation equation , a special value of the hypergeometric function can
be calculated, because in this situation we have Q1(0) = @Q2(0) = 0 and @2(9/8) = 0 and
Q1(9/8) = 1323/1331 # 0. Note that in equation the points 0, co have different multiplici-
ties, but because the local exponents are equal to 0, 0, the local exponents at z = 0 and z — oo are
in both cases equal to 0, 0, which gives the same Riemann schemes for o F7 (1/12,5/12;1/2|Q1(2))
and o Fy (1/12,5/12;1/2|Q2(2)).

Now we want to give a motivation why we chose the function P arising from the group
inclusion I'g(2) C SLa(Z), because in principle we can choose every function in C(z). The first
property of P we used was that P is a Belyi function, because then we can use proposition [3.2

Definition 3.4. A Belyi function is a holomorphic map from a compact Riemann surface to
P!(C) which ramifies only over three points.

The fact that P is a Belyi function follows from lemma[L.8] because we know that X (I'o(2)) =
P1(C), and we also know the Hauptmodul of X (I'g(2)). A list of congruence subgroups of SLy(Z)
which modular curves have genus 0 is given in [13].

Another property we used in the situation in section [3.1] is that in the Riemann scheme of
oFy (1/12,5/12;1/2 |P (%)) there are two points with the same exponent difference. If all three
points in a Riemann scheme have a pairwise different exponent difference, it is not possible to
produce an involution which gives the same Riemann scheme.

3.3 First calculation

We want to find a new special value of the hypergeometric function, using the method from
section but in this case we consider the congruence subgroup I'g(7) C SLg(Z), which has
index 8. Our first goal is to prove the identity in equation . Note that in this calculation
we first choose the group I'g(7), and later in this section we will choose the parameters of the

hypergeometric function. A Hauptmodul for X (T¢(7)) is given by h(z) = 7;114((722),

and a set of
coset representatives of T'g(7)\ SLy(Z) is given by
—1 —1 —1 -1 —1 }

JZ JZ JEEY —— Z
z+2 z+3 z+4 z+5 z+6
(3.30)

{z»—>z,zn—>—1/z,zn—> —
z+1

4
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From the inclusion map I'o(7)\H — SL(Z)\H follows a map P : P1(C) — P*(C) with

PH0) = {h(ve™/3)|y € To(7)\SL2(Z)} = {z € C|(2* + 132 + 49)(z* + 245z + 2401)® = 0}
P~1(1728) = {h(vi)|y € To(7)\ SL2(Z)} ={z € C|(2* — 490z® — 216092> — 235298z — 823543)> = 0}
P_l (OO) = {h(’}/OO)h/ S F0(7)\ SL2 (Z)} :{07 07 Oa 07 07 07 07 00}7 (331)

counting multiplicities. If we choose parameters a,b, ¢ such that 1 —¢=1/3and c—a—b=1/2
and b — a = 1/7, the points in P~1(0) with multiplicity 3 and the points in P~1(1728) have
local exponents 0, 1, and are therefore regular points. The point 0 € P~!(oc0) has local exponent
difference 1, and therefore can be made a regular point. From this follows that there are only three
singular points, and then we can use that a Fuchsian differential equation with three singular
points is unique, given its local exponents. Note that with these parameters the corresponding
triangle group is compact, contrary to the non-compact triangle groups we used until here.

Remark 3.5. In this calculation we know the Hauptmodul of X (I'¢(7)), from which we could
calculate the inverse images of 0, 1728, co. If the Hauptmodul is not known, we can still consider
the formulas in equation , but then we only know the multiplicities of the inverse images
of 0,1728, c0. Here we use that for zg, z; € H we have h(zg) = h(z1) if and only if there exists a
~v € T'g(7) such that zg = v2z;. The question whether there exists a v € To(7) such that zg = vz
can be answered using only the group I'g(7), without knowing its Hauptmodul.

The Atkin-Lehner involution on I'g(7) is given by z — —= and we have h (—=) = 49/h(2).
The set of points in equation does not contain a subset of three elements which is invariant
under z — 49/z, so we cannot use the method from section here we use that an involution
on a set with an odd number of elements has a fixpoint, but the points &7 are not mentioned in

equation (3.31]). Define
(49 + 132 + 22)(2401 + 2452 + 22)3

P(z) = o (3.32)
and consider the following function and its Riemann scheme:
13 3i 13 _ 3i
112 1 13 2|P(2) —ytaV3 Sy -9V3
1/3 1/3 5/21

here we chose the function P and parameters 1/84,13/84,2/3 and the factor 27112 because then

equation ({3.33)) only has three singular points. However, the singular points of equation (3.33)) are

not equal to 0, 1, 00, so we will make a substitution: insert 3i/3z — 1—23 — ?”T\/g into equation (3.31));
define
o) P(3iv32 = 2 = 353) 50 1), (“omin? 4 (—696E + 274) = + 348V + 844i)°
zZ) = = s
1728 (6v32 — 3v/3 + 13i)

(3.34)
from which follow the following function and Riemann scheme:

e\ /12 0 1 o
1 1 13 2
<3z'fz— ?3 - 3z;/§> P (&1,8?1;3|Q(z)>; 0 0 2/21. (3.35)
1/3 1/3 5/21
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The function in equation (3.35|) has singular points 0, 1, 0o and has the same Riemann scheme
as o Fy (2/21,5/21;2/3|2), so after dividing by —13/2 — 3iv/3/2 it follows that

27 + 39v/3i e 1 13 2 2 5 2
+ 7
(1_ 98 z) 2b1 (84 51390 )> 21 (21 513 ) (8:36)

as an equality of power series around z = 0; here we use that both sides of equation have
the same Riemann scheme, evaluate to 1 at z = 0 and are holomorphic at z = 0. Because z =0, 1
have the same local exponents, it follows for equation that inserting 1 — 2 instead of z
gives the same Riemann scheme. From this follows that

—1/12 —1/12
1_27+39\/§iz / (L 13 2|Q() _ 1_27—39\/51'2 ! . ig.ng(l_Z)
98 84’843 - 98 8484’3 ’

(3.37)
because both sides of this equality are holomorphic at z = 0, and evaluate to 1 at z = 0. From
this follows that

1 13 2 98 — 272 — 39/3i e 1 13 2
— Z — 1z
= == = = = 2|01- . 3.38

Now we know the identity in equation (3 , we want to construct a curve 7 : [0,1] — C
such that Q(v(0)) = Q(y(1)) = 0, because then we can use that oFy (1/84,13/84,; 2/3\0) =
1, and we can find a linearly independent solution Go(x) for |z| < 1 of the hypergeometric
differential equation with Go(0) = 0; the function G will be defined in equation . If we
have Q(1 — (1)) # 0, we can find a special value of the hypergeometric function. Now we
calculate the analytic continuation of equation from z =0 to

1
z=1y:=
Y 31\[

note that Q(y) = 0. Let 7 : [0,1] — C be a halfcircle going clockwise from z = 0 to z = y, then
Q) =y Iyo 170_ 1y written from right to left, where 7o is a counterclockwise loop around
z = 0, and 7, is a counterclockwise loop around z = 1. We also have Q(1 — v(¢¥)) = v1707170,
followed by a path from 0 to

(49< 5_ﬁ)++zf> 1 116[ +49f —|—4392 (3.39)

21307687138103583 — 4649976434760203+/21
Q1 —y) = —38241952 33275593513886484375 ~ 1.3%8, (3.40)
through the lower half plane. In section we could use the same formula in equation
and equation , because the two loops were homotopic. However, in this calculation the two
loops are not homotopic, so we should calculate two different analytic continuation along two
different loops.

Now we want to calculate the monodromy of the functions in equation , along the
curves Q(~(t)) and Q(1 — ~(¢)). To do this, we first define local bases of the hypergeometric
differential equation with parameters a = 1/84 and b = 13/84 and ¢ = 2/3 around z = 0 and
r = 1. If we know these functions and the transformation matrix between these two bases, we
can calculate the monodromy of the functions in equation , where every time we calculate
the monodromy of one loop around z = 0 or z = 1, we transform to the local basis around that




CHAPTER 3. BELYI FUNCTIONS 52

point. Define

Fo(x) :=oF (a,b;clx) lz] <1
Go(z) 2 9F (a+1—c,b+1—¢2—clx) x| <1
Fi(z) :==9F (a,b;a+b+1—c|l —x) [ —1] <1
Gi(z) =1 -2 " %F (c—bc—ac—a—b+1]1—x) |z —1] < 1. (3.41)

With @ = 1/84 and b = 13/84 and ¢ = 2/3, it follows that the monodromy matrix of the loop 7o
is given by My = (0 2,91/3 ), with respect to the basis {Fy, Go}. The monodromy matrix of the

loop 1 is given by (§ % ). Without proof we state that

E(C)F(Cl:a_z) F%‘QIC)F(I‘C_Ia;b) I 43@5(5/5:? 84 I 71@5(1%/833) 84
M = ( Tfesomen (T—a)r(0-—5) | _ ( T3/EO0(G5/80)  T(71/34)I(83/80) (3.42)

I'{a+b—c r(2—c)I'(atb—c) . 2/aT(2/3) _ 2/xr(4/3)
T(a)T(b) T(a—ct D (b—ct1) T(1/84)T'(13/84) T(20/84)T'(41/84)

is the transformation matrix from the basis {Fy, Go} to {F1,G1}, this means that (Fy, Go) =
(F1,G1)- M
The analytic continuation of the left-hand slide of equation (3.38) is equal to

My "M M MM M M M (é) = (“) : (3.43)

where 2705 — 54a° + 36a* — 360 + 4202 — 2la+7 = 0 and a ~ 1.123 + 0.071i. In this
calculation, we started with the vector (1,0), which we identify with Fy(z), then we calculate
the monodromy of the loop Q(v(t)) = vy 71 'vg 'y !, transforming to the appropriate basis By
or By, depending on whether the loop is around = 0 or = 1. Because G(0) = 0, it follows
that the analytic continuation of equation along ~(¢) is equal to «, so we omit the second
component of equation .

To calculate the analytic continuation of the right-hand side of equation (3.38)), we use that

gz:;gg;gggggg is a function from [0, 1] to C\(—o0, 0), so its square root can be defined. From

this follows that right-hand side of equation (3.38) is equal to

B (98 — 927y — 39v/3iy
= 0

98 — 27y + 39+/3iy

1/12
(98 — 2Ty — 39V/3iy V7T'(2/3)

98 — 27y + 39+/3iy (csc(m/84) csc(137/84) — sec(mw/84) sec(137r/84))2

( csc? (m/84) csc® (137 /84) +(1—2iv/3) sec? (7 /84) sec? (137 /84)+16(1—i/3) csc(m/42) sec(4n/21) >

1/12
) M MoM = M, MMM~ M, M <1>

T(43/84)(55/84)
2( 142i1/3) csc? (m/84) csc? (137 /84) —sec? (1 /84) sec? (137 /84)+16(i/3—1) csc(m/42) sec(4m/21)
T(1/84)(13/34)

(3.44)

written with respect to the basis {F1,G1} where we identified (1,0)* with Fi(z) and (0,1)" with
G1(x). Here we choose to write equation with respect to the basis {F}, G1}, and not with
respect to the basis {Fy, Go}, later this will be convenient to write down equation . In this
calculation we also started with the function Fy(z), and calculate the monodromy of the loop
Q(1 —~(t)) = v1v7170, transforming to the appropriate basis By or Bj, depending on whether
the loop is around z =0 or x = 1.
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Now we know the analytic continuation of the left-hand side and the right-hand side ofequa-
tion , it follows that equation and equation are equal to each other, where we
in equation have to insert = 0 and in equation (3.44) we have to insert = = Q(1 — y).
From this follows that

a=Ay- Fi(Q(1—y))+ A2 - G1(Q(1 — ), (3.45)

where « is as in equation and A is defined as in equation . This gives one linear
equation in F1(Q(1 —y)) and G1(Q(1 — y)), but we want another linear equation. In section
we found one equation, but we also could take the complex conjugate of that equation, from
which followed a new linear equation. Because we cannot say something about the complex
argument of Fy(Q(1 — y)) and Go(Q(1 — y)), we have written equation with respect to
the basis By = {F1,G1}. We have F1(Q(1 —y)) € R and G1(Q(1 — y)) € R, from which follows
that F1(Q(1 —vy)) = F1(Q(1 — y)) and G1(Q(1 —y)) = —G1(Q(1 — y)). From this follows the
equation @ = (F1(Q(1 —v)), —G1(Q(1 —y))) - A, from which follows that

), —
(B EED Q) = @ D@0
Solving the right-hand equation in equation for Fy(Q(1 — y)) and Go(Q(1 — y))(z'iizi

that

205 )1/12 B, — B,

1546 — 286+/21 V3/7B;
(3.47)

Fo(Q(1 — y)) = (csc(m/84) csc(13m/84) — sec(m/84) sec(137/84))? (

with

By =(V3 + 3i)a 1{/2343 + 1287iv/3 — 152107 — 923v/21
x (esc?(m/84) csc® (137 /84) + sec?(m/84) sec? (137/84) + 16 csc(/42) sec(4m/21)) (3.48)

and

By =3i 1§/ 2343 — 1287iv/3 + 1521iv/7 — 923v/21 (csc? (7 /84) csc? (137 /84) — sec?(mr/84) sec? (137 /84)) @
(3.49)

and

By = csc*(m/84) csct(137/84) + sec? (m/84) sec* (137 /84) + 1024 csc?(nr/42) sec? (47 /21)
+ 2 csc?(m/84) esc? (137/84) (7 sec?(m/84) sec® (13w /84) + 64 csc(m /42) sec(4n/21))
+ 128 csc(m/42) sec? (mr/84) sec? (137 /84) sec (4 /21). (3.50)

From this follows that Fy(Q(1 — y)) is algebraic, but it is a very complicated expression. Note
that we have |Q(1 — y)| > 1, so this argument does not lie in the convergence region of Fp.
3.4 Second calculation

In equation (3.39)) we defined a value of y, for another calculation we choose another value:

1 /49 13 3 1 116 49
— _ 21 45 =z - — A= 1 51
y 31\/§<2(5+\/ )+2+2z\/§> ot V- Vi 2+077z (3.51)
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we have Q(y) = 0. We use the same method as in section in particular we use the same
definitions of Fy, Go, F1,G1. Define v(¢) : [0,1] — C as the half-circle from z = 0 to x = y
through the upper half plane, then it follows that Q(y(t)) = 7, and Q(1 — ~(t)) is homotopic
to a clockwise loop around x = 1, followed by a path through the lower half plane from x = 0 to

QL —y) = 38241952 (—21307687138103583 — 4649976434760203+/21)
v 33275593513886484375

see figure [3.3] for a picture.

~ —48977.05, (3.52)

50000 100000

Figure 3.3: Left: picture of the loop Q(v(t)); this loop starts at « = 0, goes clockwise around
x =1, goes clockwise around & = 0, and ends at x = 0. Right: picture of the loop Q(1 — v(t));
this loop starts at = 0, goes clockwise around = = 1, and goes through the lower half plane to
the number in equation (3.52). Here v : [0,1] — C is a clockwise half-circle from z = 0 to the
number in equation @ .

From this follows that the analytic continuation of the left-hand side of equation (3.38)) along
~(t) is equal to

2 cos(m/7)
—1as—1 1\ N
M M(())_( 20 (29/42)1'(41/42)-x /T (7/6) " (3.53)
sec(m/84) sec(13m/84)—csc(m/84) csc(137/84)

with respect to the basis {Fy, Go}; here we can ignore the second component, because Gy(0) = 0.
The analytic continuation of the right-hand side of equation (3.38) is equal to

1 7 1
.12 L . —1 —1
A= oo (781 + 923\/; 39i (11\/§+ 13[7)) MMM (0)

L1 7 ) 2 cos(m/7)/V/3
= @ <781 + 923\/; — 392 (11\/§+ 13\/?)) < 2F(29/42)F(41/42)'7T_1/21—‘(7/6)_1 s

sec(m/84) sec(13m/84)—csc(mw/84) csc(137/84)
(3.54)

&

with respect to the basis By = {Fy, Gp}. Note that it is no coincidence that the vectors apparing

in equation (3.53) and equation (3.54]) are the same, because the loops Q(v(t)) and Q(1 — (1))
both are homotopic to one clockwise loop around =z = 1.
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Now we know how the right-hand side of equation behaves under monodromy, we want
to insert © = Q(1 — y). However, the functions Fy, Gy are not defined in Q(1 — y), but their
analytic continuation is defined, if we specify the root in the definition of Gy. From this follows
that equation (3.53) and equation are equal to each other, when = = 0 is inserted in
equation and z = Q(1 —y) is inserted in equation ; here we use that equation
and equation are both analytic continuations of equation along the same curve ~.
This gives one linear equation in Fy(Q(1 — y)) and Go(Q(1 — y)):

2cos(m/7
2eol/T) _ v R(@Q -~ 9) + A2 Gol(@(L - ) (3.55)
V3
Now we want to find another linear equation, using complex conjugates. The Euler integral reads
I'(c) ! b—1 —b—1 -
Fy (a,b;clz) = 7/ (1 —¢)° (1—zt)"dt (3.56)
o I'(a)T'() Jo

for 0 < R(b) < R(c), what in particular proves that o F} (a,b;c|z) is real for z € R.y. From this
follows that Fp(Q(1 —y)) € R and Go(Q(1 — y)) € e~ ™/3R+, where we use that the path from
2 = 0 to the number in equation (3.52)) goes through the lower half plane. From this follows that

A A\ (BQO—y) _ (2cos(n/T)/V3
(Al e—2m/3,42> (GO(Q(l —y))> = (2 cos(n/n/\/ﬁ)' (3.57)
Solving this equation gives that

1132
847847 3

Fo(Q(1 —y)) = oF
(@1 —y)) =2 1( 33275593513886484375

38241952 (—21307687138103583 — 4649976434760203\/21) )

12/512(773 — 143v/21)
N 358817445

R (e—”% '\/2343 + 1287iv/3 + 152107 + 923@) ,
(3.58)

however because |Q(1—1y)| > 1, see equation , this result is on the analytic continuation of
oF (1/84,13/84;2/3 |z ), and not about its region of convergence. Fortunately, using an identity
we can find a special value which has an argument inside the region of convergence of Fy, which
we will show now.

From the identity

oF1 (a,b;c|z) = (1 —2)7%F <a,c —bc

: 1) (3.59)

follows that
1 43 2
F .z
. <84’84’3

54/ 2975681180018235190280192 (3224592092541346723\/21 - 14673095170014395553)
N 1674802610123026678739408499666232174237347823394822911603359375

84434123054702851182481

38241952 (5289411798647305 — 672452454064707\/5) )

R (e“/ 6 \/ 2343 + 1287iv/3 + 1521iV/7 + 923\/ﬁ> , (3.60)

which is a special value of the hypergeometric function inside its region of convergence: we have

38241952 (5289411798647305 — 672452454064707\/21)
84434123054702851182481

~ 0.99997958. (3.61)



Appendix A

Details about Schwarz’ theorem

In this appendix, we give a proof of theorem

A.1 Definition of the hypergeometric function

Recall from the introduction that the hypergeometric differential equation is given by

2
(z(l—z)(fzz—|—(c—(a+b+1)z)§z—ab) f(z) =0, (A1)
written with z as variable.

If z9 # 0,1,00, the hypergeometric differential equation has a holomorphic local solution
around zg. If zg = 0, 1, 0o, the solution of the hypergeometric differential equation is not always
holomorphic. To see which power series can satisfy the hypergeometric equation, we use the
Ansatz f = 2P + .-+ around z = 0, where the dots indicate higher powers of z. Calculating
the coefficient of z#~1 gives p(p — 1) + ¢p = 0, from which follows that p = 0 and p = 1 — ¢
are the only possibilities of the starting power of the solution of the hypergeometric differential
equation around z = 0, which we call local exponents. Around z = 1 we calculate the coefficient
of (z—=1)P"tin f = (2 —1)P~1 + ... which gives —p(p — 1) + p(c —a — b — 1) = 0, from which
follows that p = 0 or p = ¢ —a —b. To calculate the local exponents around z = oo, we consider
functions of 1/z around z = 0, so we first rewrite the hypergeometric differential equation in the
variable 1/z instead of z.

9 _91/z 9 _ 1 8
We have 0z — 9z 91/z —  2201/z and

@ _0(19N__0(1y 0 1o(0y 20 1 2
022 0z \2201/z)  02\22) 01z 2202\01/z) 2301/z 240(1/2)2 V'~

From this follows that the hypergeometric differential equation is given by

2 Of 1 o°f L of _
Now we use the Ansatz f = (1/2)? 4+ ---, and calculate the coefficient of (1/z)? which gives

—2p—plp—1)+pla+b+1)—ab= —(p—a)(p—b) =0, which gives p = a and p = b as
local exponents around z = co. Now we define a Riemann scheme as a table in which the local
exponents are written down, see table

56



APPENDIX A. DETAILS ABOUT SCHWARZ’ THEOREM o7

0 1 00
0 0 a
l1—-¢c ¢—a—-b b

Table A.1: Riemann scheme of the hypergeometric differential equation with parameters a, b, ¢

In general, consider the equation
v +p(2)y +q(z)y=0 (A.4)

where p,q are meromorphic functions. A point z € C is called singular if not both p,q are
holomorphic at z, and z is called regular singular if p has at most a pole of order 1 at z and
g has at most a pole of order 2 at z. The point co is regular (and maybe singular) if p has a
root, of at least order 1 at co and ¢ has a root of order at least 2 at co. It can be shown that
if there are at most three singular points, then the singular points and their local exponents
determine equation (A.4) uniquely. Suppose that y(z) satisfies equation (A.4). Then we have
(2%)" = az® "ty + 2% and (2%)" = a(a — 1)22 "2y + 2a2% "1y’ + 2%y”. From this follows that
(29)" +p(2)(2°y) + a(2)2"y = ala — 1)2° "2y + 2az°" 1y + 2" + ap(2)2" "y + p(2)2%y +q(2)2"y
-1 2
— a(a’ 5 )Zay + 70’ ((Zay)/ _ gzay) + ap(z) Zay7 (A5)
z z z z
from which follows that

o'+ (- 2 ) ooy o+ (st - L 20 P ey o a)

22 z

which is again a Fuchsian equation, but the local exponents at z = 0 are increased by a, and
the local exponents at z = oo are decreased by a. Analogously it can be shown that if y is the
solution of a Fuchsian equation, then (z — 1)%y is the solution of a Fuchsian equation, but the
local exponents at z = 1 are increased by a, and the local exponents at z = co are decreased by
a.

A.2 Schwarzian derivative

Definition A.1. The Schwarzian derivative of a meromorphic function w is defined as

w" / 1 /w" 2 w'" 3 /w” 2
SW>@M)2<w) w/QQu)' (A7)

One important property of the Schwarzian derivative is that the Schwarzian derivative of a
Mobius transformation is equal to the zero function, which we will prove in corollary It is
also true that every function with a Schwarzian derivative equal to the zero function is a Mobius
transformation, this will be proven in corollary [A77]

Proposition A.2. Let A, B,C,D € C such that AD — BC # 0 and let w be a meromorphic

function. Let v = é:ﬁig, then it follows that S(v) = S(w).

Proof. Suppose that v = % with A,B,C,D € C and AD — BC # 0. Without loss of
generality we can assume that AD — BC' = 1. We have that

(Aw—l—B)/_Aw’(Cw+D)—C’w’(Aw+B) w’

Cw+D (Cw + D)2 " (Cw + D)2 (A.8)
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and
Aw+ BY\" _ w’(Cw+ D)? B 2(Cw+ D)Cw'? w” B 2Cw'? (A.9)
Cw+D)  (Cw+ D) (Cw+ D)4  (Cw+ D)2 (Cw+ D)3 '
and
Aw+ B\" Aw + BY' ~ (Cw+D)? w” B 2Cw" _w” 20w
Cw+d Cw+d) w’ (Cw+ D)2 (Cw+D)3) w Cw+D’
(A.10)
From this follows that A B
w +
— ] - A1l
( Cuw+ d) Sw) (A1)

is equal to
(I;JJ/’I _2CwaiD>l_ % (’L’thj)/// _2CC’wuiD>2 a (Z:)l+; (1111})/’/)2
- (n) 5 (5 ein) 5 (5)
() () et () ) 3 (5)

W' / w" w' 2
C<0w+D> 20, p ¢ <Cw+D> 0 (A-12)

where the last equality follows from working out the quotient derivative. From this follows that

S(v) = S(w). O

Corollary A.3. Let v be a Mébius transformation, then S(v) is the zero function.

Proof. By proposition we have that S(v)(z) = S(z)(2), because w(z) = giILB) for some

A, B,C,D € C with AD — BC # 0. Furthermore we have 27,/, = ]91, where the prime denotes
differentation with respect to z. From this follows that S(z) = 0" — 50% = 0. O
Proposition A.4. Let v,w be nonconstant meromorphic functions and assume that the image
of w is contained in the domain of v. Then it follows that S(vow)(z) = S(w)(z)+w'(2)%-(S(v)o

Proof. In this proposition we prove an equality of functions. To avoid confusion with composition

of functions, we evaluate these functions in some arbitrary z in the domain of w. First note that
(vow)'(2) = v'(w(2)) - w'(2) and (vow)” =v"(w(z)) - w'(2)? +v'(w(z)) - w”(z) and

(vow)'(z)  v'(w(2))-w'(2)? ;— /Sw(z)) w"(z) U//(wl(z)) w'(z) | w'(z) (A.13)

(wouw)(z) v (w(z)) -

We have that
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is equal to
o (w(2) W (2)? 4 0" (w(2) - w'(z) o w()w () o wE)w'(z) | (w(2)Y
o' (w(2)) v (w(2))? - (w’(z) )
e () ) we) (e ()Y
= ety T (@) =) (ww(z))) *(w%z)) (A.15)
and
() w(2) | w2\ L () w(2)) v w() w2 w(z) 1w
2( v (w(2)) +w/<z>> ( o (w(2)) ) vw@) W) 2(w/<z
e (V)N ) () 1 (w(e)
= v (ww(z))) V' (w() 2(w/<z>
(A.16)
From this follows that
a2, PTG B () (W)Y 1 ()Y
Sloow)(z) = v ) — 2@ (v’(w(z))) +(w’(z)) 2<w'<z>) ’
(A.17)
which is equal to w’(2)? - (S(v) o w)(2) + S(w)(z), which finishes the proof. O

Proposition A.5 ([11l chapter 8, exercise 19]). Let w be a nonconstant meromorphic function
such that S(w) = 0. Then w(z) = éjig for some A,B,C,D € C and AD — BC # 0, so w is a
Mébius transformation.

Proof. First note that if w” is the zero function, then w is a linear function, so w is a Mobius
transformation. Now assume that w” is not the zero function and define f = w” /w’. Because

1" ! 1" 2
S(w) = (W) 1 (W) =0, it follows that 2/’ = f? and (1/f) = —f"/f? = —1. From this

w 2 \w
"
w’(z) _

follows that 1/f(z) = —(z + a)/2 for some a € C. From this follows that (logw’(z)) = W) =

flz) = —z_%a. From this follows that logw’(z) = —2log(z + a) + b and w'(z) = ﬁ for some

other b € C. From this follows that w(z) = — Zia +c= %‘Zf{’ for some ¢ € C, so w is a Mobius

transformation. Furthermore, if AD — BC = 0, it follows that w is a constant function. O

Proposition A.6 ([8, section II.1]). Let v,w be nonconstant meromorphic functions with the
same domain U C C such that S(v)(z) = S(w)(z) and v is not a constant function. Then it

follows that v = ézig for some A, B,C, D € C with AD — BC # 0.

Proof. First note that v' and w’ cannot be both the zero function, because then v and w would
be constant functions. Without loss of generality assume that there exists a point zg € U such
that w'(z9) # 0. From this follows that w is locally invertible around zg. From this follows that

Swow™)(z) = S(w™)(2) +w V' (2)* - (S(w) ow ™ ")(2)
= S(w™H(z)+ ufl/(z)2 (S(w)ow™ ) (2) = S(wow ) (2) = 0. (A.18)

In the second equality we used that S(v) = S(w), and in the last equality we used that the

Schwarzian derivative of the identity function wow™! is the zero function, because (Zz—///) = % =0.

Because locally around zo holds that (v o w™1)(z) = 4252, it follows locally that v(z) =

% from which follows that v(z) = % globally on U. Furthermore, if AD — BC

=0,
it follows that v is a constant function. O
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Corollary A.7. Let v be a meromorphic function such that S(v) is the zero function. Then it

follows that v = égig for some A, B,C, D € C with AD — BC # 0.

Proof. We use proposition with w(z) = z, then it follows that S(w) is the zero function.
Because S(v) is also the zero function, there exist A, B,C, D € C with AD — BC # 0 such that

v(z) = éjfrg. O

If we want to solve the equation S(f) = @Q for some given meromorphic function @, then
proposition [A-6] and corollary [A77] give a sort of uniqueness statement: if we find one solution for
f, we have all solutions. Now we want to find one solution of S(f) = @, which will be done in

corollary

Proposition A.8. Consider the differential equation y"” +p(2)y +q(2)y = 0 with p, ¢ meromor-
phic functions and yi,ys linearly independent local solutions. Then it follows that S(y1/y2) =

2q —p' —p*/2.

Proof. We have (y1/y2) = yiy"’y;zylyé and
Y2

(yl>" _ Wy s 20wy — vigh)

Yo Y3 ys
_ (=py1 —ay1)y2 —yi(—pys —ay2)  2y5(y1y2 — y15)
- 2 3
Ya Y
—ylye +yiyh  2uh Yiye — yivh 205\ (1)
. | _ Y2 e (-2 () (A.19)
Y2 Y2 Y3 Y2 Y2

From this follows that

" / ,
<y1> / <yl> = —p-222. (A.20)
Y2 Y2 Y2
From this follows that

! I\ 2 " 2 ’ 2
Y 1 Y Yo Y2 — Y 1 Y Y
S(y1/y2) = (—p - 22) -5 (—p— 22) =P 22 - (P AT
2 y2 y 2 y2

2 Y2
1 / / /
+ 1 1
—p 2l gy PR TR S 9 9g 2
Y2 2 Y2 Y2 2 Y2 2
(A.21)
which finishes the proof. O

Corollary A.9. Let p,q be meromorphic functions and define Q = 2q — p' — p?/2. If Q is not
the zero function, then the solutions of the differential equation S(w) = @ are given by y1/yo
where y1,yo are linearly independent solutions of y" + py' + qy = 0.

Proof. Let yi,ya be two linearly independent solutions of y”" +py’+qy = 0. From proposition [A-g]
we know that S(y; iyg) = @. Let v be a meromorphic function such that S(v) = @, then it follows

from proposition [A.6{that v = % for some A, B,C, D € C. If AD—BC = 0, it follows that

v is constant and S(v) is the zero function. Furthermore we have v = %, which shows the

connection between Mobius transformations and linear maps. Because AD — BC' # 0, it follows
that Ay; + Bys and Cy; + Dys are linearly independent: if A(Ay; + Bys) + u(Cy1 + Dys) = 0,

it follows that AA + Cpu = 0 and BA + DA, so (A B> <A> = <O> from which follows that

C D) \u 0
A=pu=0.
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Using corollarywe now can solve the equation S(f) = @ for a given meromorphic function
@, which we will need to prove theorem[A-24] We end this section about the Schwarzian derivative
by a calculation we will need later.

Proposition A.10. Let w(z) = (z — 20)%u(2) with u(z) holomorphic and u(zg) # 0 for some

z0 € C. If a = —1,0,1, then S(w) is holomorphic at zy. If a # —1,0,1, it follows that
S(w)(z) = ﬁ + .-+, so S(w) has a pole of order 2.

Proof. If a = 0, we consider the function w — w(zp) instead of the function w, note that S(w) =
S(w — w(zp)). We have

w'(2) = alz — 20)" tu(2) + (2 — 20)*u/(2) (A.22)

and
w’(2) = ala — 1)(z — 20)* 2u(2) + 2a(z — 20)* ' (2) + (2 — 20)"u" (2) (A.23)
and
w"”(2) = a(a—1)(a—2)(z—20)* Pu(2)+3a(a—1)(z—20) "2/ (2)+3a(z—20)* " (2)+(2—20) “u" (2).
(A.24)
From this follows that
w’(2) _ ala —1)(z — z0) " tu(z) + 2au'(2) + (z — z0)u"(2)
w'(z) au(z) + (z — zo0)u/(2)

(A.25)

and

w”(z)  ala—1)(a—2)(z — 20) 2u(2) + 3a(a — 1)(z — z0) "2/ (2) + 3au”(2) + (z — 20)u"(2)

w'(z) au(z) + (z — zo)u/(2)

9

(A.26)
where we multiplied numerator and denominator with (z — z)! .
If a = 1, we have
w’(2) _ 2u'(2) + (2 — z0)u”’(2) and w”(z)  3u"(2) + (2 — zo)u"'(z). (A.27)

w'(z u(z) + (z — z0)u'(2) w'(z)  u(z) + (2 — 20)u'(2)

)
Because u(zg) # 0, it follows that 1/(u(z)+(z—z0)u'(2)) is holomorphic around zg, so w” (z)/w’(2)
and w”'(z)/w'(z) are both holomorphic around zp, so S(w) is holomorphic around z.

If a = —1, we have

w'(z) 2z z) ) - () ko (x) 2 )

w'(z) —u(2) + (2 — z0)u'(2) oz-—2 2 u(zo) +0( 0) (A.28)
and

w”(z)  —6(z — 20) " 2u(2) + 6(2 — 20) T (2) — 3u”(2) + (2 — 20)u"(2)
w'(z) —u(z) + (2 — 20)u'(2)
B 6 ~ 6u'(20)
R e Ry oo oy +0(1) (A.29)

" 2 /
_3<w <2)> 6 6k L (A.30)

(z —20)%2  u(20)(z — 20)

and
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where in the Laurent expansions O(z — zg) denotes a holomorphic function around zy which is
equal to 0 at zg, and O(1) denotes a function which is holomorphic around zy. From this follows

P " 2
that < ((Z)) -3 (’:, ((;))) =0+ O(1), from which follows that S(w) is holomorphic around z.

If a # —1,0,1, we have that

lim (= — 20)” (“’"(2))2 “@-1?  and im0

z—z0 w'(z)

SO 11mz~>zo (Z - 20)25(11))(2) = (a’ - 1)(0’ - 2) g( 1)2 = % % %

N

To sum up, for a # 0, it follows that S(w)(z) = =% + - -, where the dots indicate z~! and
higher powers of z. From this follows S(w)(1/z) = (1 —a ) 2/2 + -+, where the dots indiate z
and lower powers of z. O

A.3 Riemann mapping theorem and curvilinear triangles

Theorem A.11 (Riemann mapping theorem, [7 paragraph X.1]). Let U C C be a simply
connected open subset of C, not equal to C. Then there exists a biholomorphic function f from
G toD = {z € C;|z| < 1}. Moreover, let zyg € U, from the requirements f(zo) = 0 and
f'(20) € Rsg follows that f is uniquely determined.

Definition A.12. We call v = f([a,b]) C C an analytic arc if there exists a function f : [a,b] —
C where [a,b] is a real interval, such that for every to € [a,b] there exists a convergent power
series such that f(t) = Y.o—,an(t — to)™ on some open interval around #,. Furthermore we
require f to be injective and f’(t) # 0 for all ¢ € [a, b].

Lemma A.13 ([7, lemma IX.2.4]). Let f : U — V be an analytic function such that for every
compact subset K C V the set f~Y(K) is compact. If {z,} is a sequence in U approaching the
boundary of U, then {f(z,)} approaches the boundary of V.

Theorem A.14 ([7, theorem IX.2.5]). Let f : U — D be a biholomorphic function. Let -y be
an analytic arc contained in the boundary of U. Suppose that U lies on one side of -y, then f
extends to a function on U U7y, holomorphic on U and continuous on U U .

Definition A.15. A curvilinear triangle is a connected open subset of CU {oo} = P!(C), which
has a boundary consisting of three points, and three open line segments or open segments of a
circle. It can be shown that a curvilinear triangle with given angles is unique, up to a Mobius
transformation.

Lemma A.16. Let T C C be a curvilinear triangle with angles Aw, pm, vr in counterclockwise
order and 0 < \,p,v < 1. Let f be the function from theorem [A.11: a biholomorphic function
fromD toT. Then it follows that f can be extended to a contmuous bzyectwe function from DUS?!
to T U T, where S* and OT are the boundaries of D and T. Moreover, we have f(S') = OT.

Proof. We cannot use theoremto give a continuous extension of f to DUS!, with St = {2 €
C;|z| = 1}, because S is not an analytic arc: there does not exist a continuous bijection from
some closed interval in R to S'; removing the two endpoints of a closed interval gives a connected
set, but removing two distinct points from S! gives a disconnected set. To produce a continuous
extension of f to DUS?, define S} = {z € 5';S(z) > 0} and St = {z € S*;3(z) < 0}, then there
exist continuous extensions of f to DU S and to DU Si which agree on S N Si ={-1,1},
because the continuous extension of f is continuous on D U S'. Furthermore, because f is
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continuous, it follows that the continuous extension of f to DU S! takes values in T: if {2,}
is a sequence in I which converges to z € D U S, it follows that f(z) = lim, o f(2n), and
the sequence {f(z,)} in T converges to a point in T. Analogously f~! can be continued to a
function on T, using the three circle segments as analytic arcs, and the analytic continuation of
f~! to T takes values in DU S,

Now we want to prove that the continuous extensions of f and f~! are each others inverses.
From lemma we know that f(S') C 9T and f~1(0T) C S!, here we use that f and
f~! are both holomorphic, so in particular continuous, so the inverse image by f or f=! of
a compact set is a compact set. To prove that f is surjective, let z € 9T, and let {z,} be
a sequence in T converging to z. Because f~! is continuous, the sequence {f~!(z,)} in D
converges to a point y € S*, where we used lemma Because f is continous, it follows that
fy) = lim, oo f(f1(2n)) = lim,, 00 2, = 2, which proves that the analytic continuation of f
is surjective. Analogously it follows that f~! as a function from 9T to S! is surjective.

Now we want to prove that the continuous extension of f is injective. Suppose that there
exists * # y € S! such that f(z) = f(y) = z € 9T, from this follows that there exists two
sequences {z,} and {y,} in D which converge to a different limit in S*, but the sequences
{f(zn)} and {f(yn)} in T converge to the same limit in OT. To see this, we use some methods
from analysis: we already know that the function f~! can be analytically continued to T, which
is a compact set. From this follows that the analytic continuation of f~! is uniformly continuous
on T, because a continuous function on a compact set is uniformly continuous. Furthermore
uniform continuity implies Cauchy continuity, so for two Cauchy sequences {a,} and {b,} in T
with lim,, o0 |an — by| — 0, it follows that lim, .o [f " (an) — f~1(b,)] — 0. Note that f~1
is uniformly continuous on T, because f~! is uniformly continuous on 7. From the definition
of Cauchy continuity applied to the sequences {f(x,)} and {f(y,) follows that lim, . x, =
lim,, , Y., so there do not exist x # y € S! such that f(x) = f(y) = z € 9T, so the continuous
extension of f is injective. Analogously it follows that f~! as a function from 0T to S! is
injective.

Now we want to prove that the continuous extensions of f and f~! are each others inverse. Let
x € S' and {z,,} a sequence in I which converges to z, then f=(f(x)) = lim,, 0o f~1(f(z0)) =
lim,, o0 ,, = . Let x € T and {x,} a sequence in T which converges to x, then f(f~!(z)) =
limy, o0 f(f~(zp)) = lim,, 00 ¥, = 2. This proves that the continuous extensions of f and f~!
are each others inverse. O

Lemma A.17. Let a curvilinear triangle T C C be given with angles Aw, um,vw in counterclock-
wise order. Then there exists a continuous bijection f : HURU{oo} — T, where T is the closure
of T. Moreover, f is biholomorphic on H and f(H) = T, and f(RU {oo}) = 0T, where 9T is
the boundary of T, and f(0) is equal to the vertex of T with angle Aw and f(1) is equal to the
vertex of T with angle pum and f(o0) is equal to the vertex of T with angle v.

Proof. Consider the function g : HUR U {oo} — D with z — Z_i We have that g is a
biholomorphic function H — D, because —1 — ¢ and 0 — —1 and 1 — —i, and h is continuous
on HUR U {co}, and bijective as function R U {oo} — S*. From this follows that the function
g o f is a homeomorphism from HUR U {oo} to T which is also a biholomorphic function from
Hto T.

Let h be a Mobius transformation which sends 0, 1, oo to the images of (go f)~! of the vertices
of T with angles Aw, um, v, Because of the conservation of orientation, it follows that h sends H
to itself, so h is a homeomorphism from HUR U {co} to itself and also a biholomorphic function
from H to itself. From this follows that h o g o f is a homeomorphism from HU R U {oo} to
T, is a biholomorpic function from H to T and sends 0, 1,00 to the vertices of T with angles
AT, T, VT O
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A.4 Schwarz reflection principle and Schwarz triangle map

Theorem A.18 ([7, theorem 1X.1.1(ii)]). Let U C H be open such that the boundary of U
contains an interval I C R. Let f be a function on U U I, analytic on U and continous on I.
If f is realvalued on I, then f has a unique analytic continuation to U U I U U which satisfies
f(Z) = f(z), where the set U is the complex conjugate of the set U.

Corollary A.19 (Schwarz reflection principle). Let U C H be open such that the boundary of U
contains an interval I C R. Let f be a function on UUI, analytic on U and continuous on I. If
f(I) lies on a line L = {zg+Az1|A € R} with zg € C and 0 # 21 € C, then f has a unique analytic
continuation to U U T UU which satisfies f(Z) = 5(f(2)) with 6(z) = z1/Z1 - 2 + 20 — 21/71 * %o
If f(I) lies on a circle C with midpoint zog € C and radius 7o € Rxq, then [ has a unique

analytic continuation to U U T UU which satisfies f(Z) = 5(f(z)) with 6(z) = Z0zt7h_lzol”

zZ—Zz0

Proof. Suppose that f(I) lies on a line zp + Az; and let v(z) = (2 — z0)/#1, then 7 sends the line
L to the real line. From this follows that v o f sends the real interval I to the real line. From
theorem - follows that there exists a unique analytic continuation of y o f with (yo f)(z) =
(yo f)(2). From this follows that v~ (yo f)(2) = f(2) = v '(yo f)(2) = (v o7 0 f)(2),
which gives an analytic continuation of f. Note that y~!(z) = 29 + 212, from which follows that
(v oM(f(2)) = 20+ 21(f(2) — %0) /71 = z1/Z1 - f(2) + 20 — 21 /71 - T

Suppose that f(I) lies on a circle C' with midpoint 2o and radius ro. Let y(z) = iZ

:2—(z0—"0)

—(20+70)”
then v sends the circle C' to the real line, because v(zg — r9) = 0 and (29 + 79) = 0o and and
(20 +irg) = z% = z”l = 1. From this follows that o f sends the real interval I to the real

line. From theorem [A.T§] follows that there exists a unique analytic continuation of «y o f with
(ve f)(Z) = (vo f)(z )~ From this follows that v~ '(yo f)(2) = f(2) =7 '(vo f)(2) = (y 1070

£)(2), which gives an analytic continuation of f. Note that vy~ 1(2) = W% because
v 10) = 29 — 1o and Yy 1(00) = 29 + 79 and y~1(1) = MH&# = 20 + T = 2o + irg.

Furthermore we have

(oo ) @) = (e ) ()

(220 2|z0|* — 2§
_ ( > s (A.32)

and we define the Mobius transformation ¢ using the matrix (we multiply all elements in the
matrix with —1/2) in the previous equation. From this follows for the analytic continuation of

[ that f(2) = 6(f(2)). 0

Remark A.20. To give a concrete description of the function § from corollary [A-T9] note that
for r,0 € R with » > 0 we have

- W0 2,2 0 2 2 2
5(0 T e = zo(z0 + re )‘Jrro 20> _ zore '+ 0o 0 p 00 (A 33)
1(z0 + re??) — zg ret reit T

so §(%) lies on the line segment between zg and z, and |§(Z) — 2o - |z — 20| = r3. This geometric
construction is called the Schwarz reflection principle.

Lemma A.21. Let f be the function from lemma . Then S(f) is holomorphic and one-valed
on C\{0,1}.
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Proof. We will construct an analytic continuation of f, along a curve which goes from z € H,
through the interval (1, 00) to the lower half plane, and through the interval (0,1) to the upper
half plane, back to z. From corollarywith I = (1, 00) follows for z € —H that f(z) = v(f(2))
for some Mobius transformation y. Now we again use the Schwarz reflection principle, but with
the analytic continuation of f which is defined on —H, and the interval (0,1). From this follows

that we should define f on H as f(z) = 0(y(f(2))) = (67)(f(z)) for some Mobius transformation
0. These two analytic continuations give that the analytic continuation of f along a curve around
the point 1 is equal to a Md&bius transformation of f. From proposition follows that S(f)
is invariant under analytic continuation along the curve around 1. Analogously it follows that
S(f) is invariant under analytic contination around the point 0. From this follows that S(f)
can be defined globally on C\{0,1}. Furthermore we have that S(f) is holomorphic on C\{0,1}
because f is holomorphic at H, see proposition From this follows that S(f) is a holomorphic
function on C\{0, 1} which is one-valued. O

Lemma A.22. Let f be the function from lemma , Then f = y1/y2, where y1,ya are
linearly independent solutions of ¥y’ + Q(z)y = 0, where Q(z) has double poles at z = 0,1 and
has a double root at z — oco.

Proof. Because f sends 0 € HUR with angle 7 to f(0) with angle A, it follows that f(z) = 2z u(z)
for some holomorphic function u around z = 0, so S(f)(z) = % A + ... Analogously it
follows that f(z — 1) = (2 — 1)#u(z) for some other holomorphic function u around z = 1, so

S(filz—1) = % + ---. Furthermore we have f(1/z) = 1/2"u(1/z) for z = oo, from which
follows that S(f)(1/2z) = (1 —v?)22/2+---. From this follows that S(w) = 2Q for some rational
function @ with double poles in z = 0 and z = 1 and a double root at z — oo. Applying
corollary gives that f = y;/y» with 31,2 linearly independent solutions of the equation
y'+Qy=0. O

Lemma A.23. The functions yi,y2 from lemmalA.23 satisfy a Fuchsian second order differential
equation with local exponents 1/2 £ A/2 at z =0 and 1/2 + p/2 at z =1 and —1/2 v /2 at
z = 00.

Proof. The equation y” + Q(z)y = 0 is a Fuchsian equation, with 0,1,00 as regular singular
points: this follows from the orders of poles and roots at z = 0, 1, 00, see lemma Because
the rigidity of Fuchsian equations with three regular singular points, the differential equation
¥y’ + Q(2)y = 0 follows from the local exponents at z = 0,1,00. To find the local exponents of
yi1,y2 at z = 0, we plug in y = 2° 4+ --- in y” + Qy = 0 and consider the coefficient of 2°~2,
which gives p(p — 1) + 1*4—)‘2
z = 0 we have S(f)(z) = 2Q(z) = 12;’;2. Analogously it follows that around z = 1 we have
p=%=+L4. Around z = oo have to rewrite y”" + Qy = 0 in the variable 1/z instead of z, which we
did in equation . From this follows that y” /2% 4+ 2y'/2® + Qy = 0, where the prime denotes
differentiation with respect to 1/z. Now we plug in y = (1/2)? + - - - and consider the coefficient

of (1/z)P*? which gives p(p — 1) +2p+ (1 —v?)/4 = 0, from which follows that p = -3 £ %. O

= 0, from which follows that p = % + %: here we use that around

Theorem A.24 (Schwarz). Leta,b,c € R and define A = |[1—c| and p = |c—a—b| and v = |a—1|.
Suppose that 0 < A\, u,v < 1, then the function f = y1/y2 maps H one-to-one and conformal
onto the interior of a curvilinear triangle, where yi,ys are linearly independent solutions of the
hypergeometric differential equation equation with parameters a,b,c. The vertices of the
triangle correspond to the points f(0), f(1), f(c0) with corresponding angles Am, um, v.
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Proof. From lemma [A:23we know that y;,y2 satisfy a second order Fuchsian equation with local
exponents expressed in A, u,v. We also want to express these local exponents variables a, b, ¢,
but in the statement of this theorem absolute signs are used, so A, u, v are known up to sign.
Because the statement of lemma[A:23]is invariant under choice of sign of A, p1, v, this gives in all
cases the same Riemann scheme, see table

0 1 00 0 1 00
1+2 s+E 14t = 1—-¢/2 (1—a—-b+c)/2 (—1+a—b)/2 .
i3 3-5 -3-% ¢/2  (I+a+b—0¢)/2 (-1-a+b)/2

Table A.2: Riemann scheme of the differential equation 3" + Qy =0

The function z—¢/2 (z—l)_1/2_a/2_b/2+c/2f has local exponents 0, 1—cat z =0, and 0,c—a—b
at z =1, and a,b at z = 0o, and therefore must be a solution of the hypergeometric differential
equation with parameters a, b, c. From this follows that the quotient of two linearly independent
solutions of " +Qy = 0 is equal to the quotient of two linearly independent solutions of the hyper-
geometric differential equation, see equation , because the factors z—¢/ 2(z— 1)’1/ 2-a/2-b/2+c/2
in the denominator and numerator cancel each other. To sum up, in lemma we started
with a biholomorphic fuction from H to a curvilinear triangle with angles Aw, um, v, and then
proved after some steps that this function is the quotient of two linearly independent solutions

of the hypergeometric differential equation with parameters a,b,c. Note that every choice of
Ayi1+Bys _ Ayi/y2+B
Cy1+Dy2 — Cyi/y2+D
transformation of y /yo. O

Y1, Y2 gives a curvilinear triangle with given angles, because is a Mobius
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