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Abstract

A model independent theory of curvature perturbations from inflation allows a
fundamental understanding of the origins of structure formation and the Cos-
mic Microwave Background. In this thesis we focus on the necessities to achieve
this systematic and model independent way to derive a theory of curvature
perturbations. We derive such a theory by applying techniques from sponta-
neous symmetry breaking in field theory. We approach spontaneous symmetry
breaking systematically with the coset construction. We present the necessary
techniques and knowledge to apply the coset construction. Any theory that is
time-dependent, inflation for example, spontaneously breaks time translations.
With the coset construction we describe any theory with a spontaneous symme-
try breaking of time translations, i.e. all cosmology described by a single degree
of freedom. In particular the coset construction leads to a theory of curvature
perturbations from the early universe. We propose the steps for deriving this
in non-dynamical as well as dynamical gravity. As of yet the results do not
comply with the heuristic theory. The bulk of this thesis provides background
on the topics, providing an overview of the concepts that enable a researcher
to derive a theory of spontaneously broken time translations in dynamical and
non-dynamical gravity consistent with a heuristic theory.
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Chapter 1

Introduction

Nature and symmetry are tied in a close relationship. The objects that we would
associate with nature, like trees, animals or the night sky exhibit symmetry in
some way. Trees and animals are almost exactly mirror-symmetric and spinning
while looking up at the night sky does not change the impression it makes. A
symmetry is doing something to an object such that the object looks the same
as if we would have done nothing. Symmetries are of the utmost interest for
a physicist. A symmetry can reveal striking properties in the laws of nature.
The famous physicist Albert Einstein for example pondered on the symmetries
of the Maxwell laws of electromagnetism and discovered special relativity. A
symmetry is spontaneously broken when the symmetry of the equations of mo-
tion and of the Lagrangian is not a symmetry of the groundstate (or vacuum
configuration). An object like a chair exhibits spontaneous symmetry breaking
for example. The equations of motion of the atoms in the chair are rotationally
invariant. The collective solution of the equations, i.e. the configuration that
forms the chair, is not rotationally invariant. A side-note should be added for
quantum mechanical systems. The subtlety is that the groundstate is a su-
perposition of several groundstates, making the superposed groundstate unique
and leaving the symmetry unbroken. The example of the chair does not hold
for an isolated QM chair as in this case the quantum mechanical properties
would conserve rotational symmetry. On the other hand, an infinite number of
possible groundstates forming a continuous symmetry together ensures sponta-
neous symmetry breaking in quantum mechanics. The theories describing the
quantum behaviour of degrees of freedom that arise from spontaneous symme-
try breaking are effective for certain intervals of length or of energy. Many
(existing) physical theories are effective at a certain scale. The chemist would
for example not need to know about any substructures of atoms, like quarks
or strong and weak nuclear forces, to describe the structure of a salt crystal.
This scale effectiveness is usually the approach to modelling any physical struc-
tures, actions or predictions in science. This scale effectiveness is fundamental
to the theories that we describe here. This thesis is on the subject of spon-
taneous symmetry breaking by inflation. The questions that we set out to be



answered are: is there a general approach to describing curvature perturbations
from spontaneous symmetry breaking of time translations? If this approach
exists, can it be applied to a curved background? The thesis shows that a gen-
eral approach is possible using the coset construction in spontaneous symmetry
breaking. The research falls short on translating the construction to a curved
background. There are several reasons [I] why spontaneous symmetry breaking
(SSB) for a theory of curvature perturbations would be favourable:

e The theory is a systematic approach to the SSB of time translations,
thereby taking into account all theories of inflation (that are slow rolling,
i.e. vacuum expectation value of the field changes slowly).

e It is irrelevant what happens at microscopic scales. The scalar fluctuations
that are responsible for the Cosmic Microwave Background (CMB) are
the degrees of freedom that arise from this approach. Any fields like the
inflaton are not necessary.

e The spontaneously broken symmetries are realised in a non-linear way.
Non-linear symmetries provide non trivial relations among correlators
through Ward identities. An example of a Ward identity is the disappear-
ance of the longitudinal polarization of the photon, as it is non-physical.

e The Goldstone approach (Goldstones are the degrees of freedom in spon-
taneous symmetry breaking) is generally the most physical approach to
describe degrees of freedom from a SSB.

Before describing what spontaneous symmetry breaking is and mentioning
a couple of examples, we describe the inflating universe in part I. Inflation is a
rapid expansion of spacetime in the early universe. This resulted in the stretch-
ing of quantum fluctuations that were present before and during inflation, which
are responsible for the structure of the universe we see today. The rapid ex-
pansion during inflation takes place within a certain amount of time. This time
dependence spontaneously breaks time translations. At the end of part I we
describe a theory of the degrees of freedom in spontaneously broken time trans-
lations. This theory does not limit itself to inflation but generally describes all
theories that demonstrate spontaneously broken time translations, i.e. all theo-
ries of cosmology. In Part II we cover spontaneous internal symmetry breaking
in particle physics. An internal symmetry is a symmetry that does not trans-
form the coordinates of the field. This is done for transformations that commute
(Abelian) and for transformations that do not commute (non-Abelian). We de-
rive the theory for the Goldstones of spontanecously broken symmetries that do
not commute by using the coset construction. The coset construction is a sys-
tematic approach to a theory related to a symmetry breaking pattern. Instead
of guessing the invariant objects from the remaining symmetries as we do at
the end of the first part, we systematically compute them using the Goldstone
degrees of freedom. The transformations are also made coordinate dependent
(gauged) and the coset construction is used to describe spontaneous symmetry



breaking of gauged transformations. The famous Higgs mechanism is an exam-
ple of spontaneous internal gauged symmetry breaking. At high energies the
electroweak symmetries are mixed. Only below the energy scale of 246 GeV the
electroweak symmetry is spontaneously broken, giving the W-bosons and the
Z-bosons (weak interactions) mass and leaving the photons massless. Theories
that describe the quantum effects in spontaneously broken settings and that are
effective in a certain energy regime are called effective field theories. In part
II we describe the effective theory of spontaneous chiral symmetry breaking.
The chiral symmetry is a symmetry that rotates the quark flavours u,d and s.
These symmetries are spontaneously broken by the condensate and the eight
Goldstone bosons are scalar meson fields. In part III we describe spacetime
spontaneous symmetry breaking. The difference with internal SSB is that the
symmetries are only transformations on the coordinates. It is possible to have
degenerate degrees of freedom in spacetime spontaneous symmetry breaking.
These are accounted for by application of the inverse Higgs constraint. We then
compute the theory of scalar perturbations by spontaneous breaking of time
translation, by applying the coset construction. The result of the third part is
an approximation to the theory of spontaneously broken time translations in
flat spacetime that we set out to derive. We approach the same theory but in a
curved background by working with a membrane that spontaneously breaks the
symmetry. We also do this by introducing covariant derivatives that conserve
the diffeomorphism symmetries of gravity. A good extension would be to finish
this approach in a curved background and compare the results with the findings
we describe in part I. The prognosis is that not a lot of new physics would arise
by this model independent approach as the degrees of freedom in a SSB of time
translations have been extensively researched and measured.



Part 1

Cosmology and Inflation



Chapter 2

A Review of Inflation

Throughout the thesis we use
c=h=1. (2.1)

Before we cover the subject of inflation it is necessary to introduce the toolkit of
a cosmologist. To grasp the spacetime of our universe the best bet is to look at
the isometries underlying it [2]. The isometries are distance preserving transfor-
mations, and labeled homogeneity and isotropy. The former is invariance under
translations in space and the latter is invariance under rotations of space. With
these isometries in mind, Friedmann Lemaitre Robertson and Walker derived a
cosmological model with a time dependent scale factor a(t), which is 1 today.
This model is analogous to a raising bread in the oven, where the scale factor
determines the relative size of the bread. A scale factor smaller than 1 would
imply that the bread has shrunk. The metric of this theory is aptly named the
FLRW-metric,

dr?

m + TQ(dGQ + Sin2 ¢d¢2) 5 (22)

ds* = —dt* + a*(t)
where K denotes the curvature of spacetime. If K is zero, would boil down
to a flat spacetime metric with a scale factor. For a positive K it is positively
curved. For a negative K, the factor in front of the measure dr? decreases
when r increases and it is negatively curved. A coordinate transformation from
the radius r to the coordinate x can be applied to write the metric so that

the measure for the radial component is dx? for all K. The transformation is
defined by,

sinh? y K=-1,
r? = @p(x) § X2 K=0, (2:3)
sin? y K=1,
leading to,
ds® = —dt* + a*(t) [dx® + Pk (x)(d6 + sin® ¢de?)] . (2.4)



The scale factor is time dependent, therefore it is important to define a quantity,

a

H= . (2.5)
where a dot denotes the time derivative. H is the Hubble parameter, describing
the expansion rate of the universe. For a collapsing universe the sign of H is
negative and for an expanding universe it is positive. The inverse of the Hubble
parameter is a measure for the cosmological time of the universe H~! ~ ¢ and
the cosmological size of the universe H ! ~ d if expansion had been linear. Now
that we have the metric it is practical to define a conformal time 7, this is the
time coordinate scaled with the scale factor,

T:/ac(li). (2.6)

Conformal time enables us to write the metric as a spacetime with a conformal
time dependent scale factor for the whole invariant measure,

ds* = a*(7) [—dr* + dx?*] , (2.7)

where the angles ¢ and 6 have been fixed, made possible by the isotropy of the
universe. Null geodesics ds? = 0 are now defined in a scale factor independent
way. The null geodesic limits the maximal covered distance in a time ¢t — ¢; by
a particle p. This maximum is the horizon of a particle,

bt
Xp_T_Ti_/tia(t)’ (2.8)

this horizon in the comoving frame is x,. Multiply by the scale factor a(t) to
recover the physical distance d,, at time ¢,

dp(t) = a(t)xp - (2.9)

The particle horizon will turn out to play a pivoting role for the formulation of
the theory of inflation. Before diving into inflation, the dynamics of spacetime
are outlined in the following.

2.1 Gravitational Dynamics

The formula connecting the energy momentum of a physical system with the
curvature of spacetime was derived by Albert Einstein in 1915. This will form
the starting point of the section,

1
F%TMV = Aguy + G,LLV . (210)

The Einstein tensor is a relabeled combination of the metric, the Ricci scalar
and the Ricci tensor. They depend on the metric and its derivatives, G, =



R, — %Rg,w. The left hand side of is the content of the universe. This
is divided into three epochs, matter domination, radiation domination and a
cosmological constant. We describe these by a perfect fluid, with an energy
density p and a pressure p. The distinguishing property between epochs is the
parameter w, or the equation of state,

p

p

w. (2.11)

The equation of state parameter for the different epochs is,

0 in matter domination,
w={ % in radiation domination, (2.12)
-1 in cosmological constant domination.

The energy-momentum tensor of a perfect fluid is,

Ty = (p+ P)uptn + PYpuv - (2.13)

With (2.10) we derive the Friedmann equations, named after their discoverer
Friedmann,

K 1
H>+—==—_ 2.14
T2 T3 (2.14)

. 1
H+H?>=——_ 3p) . 2.15
+ 6M§1(0+ D) (2.15)

Taking the time derivative of (2.14)) and combining the equations, the continuity
equation reads,

1 p K 1
=—— (p+ 2.1
61 [lgl ' a2 21 [PQ’I (p p) s ( 6)

rewriting it and setting K = 0,

dlnp
dlna

=3(1 4+ w), (2.17)
where w is the equation of state parameter. Integrating it leads to,
poc a30FW) (2.18)

using (2.14) the scale factor reads,

alt) {tw w7 -1, (2.19)

ettt w=—1.
The composite energy density and pressure are,

p=2ipi, p=%ipi, (2.20)



the index i covers the different substances. The critical density is the value of
p in absence of spatial curvature and the cosmological constant set to zero,

pe = 3H?MPE,. (2.21)
The ratio between the energy density p and the critical energy density is
Pi
Q==—. (2.22)
Pe

Each i content has its own equation of state parameter w;. This finalizes the
introduction of some fundamental cosmological concepts. Looking at conse-
quences of these fundamentals will lead to difficult questions concerning initial
conditions of the universe. These are solveable by introducing the concept of
inflation.

2.2 Fine tuned initial Conditions, a Feeling or a
Fact?

Gravitational theory tells us that any inhomogeneities would attract and create
larger ones in a big bang cosmology, so any initial inhomogeneity would grow
exponentially and would dominate at this point. This is not what we observe
in the universe. It seems that at the start, 7 = 0, the conditions of the universe
were finely tuned, as there could have been causal contact between all observable
parts in a big bang cosmology. The absence of causal contact between nearly
homogeneous parts of the universe is also known as the horizon problem.

2.2.1 The Horizon Problem

The particle horizon between a time 0 and time t is,

= /Otdlna (CfH) : (2.23)

(aH)™! is called the comoving Hubble radius. The comoving Hubble radius is
the radius of a sphere whose surface is luminally recessing. Solving the integral
with equation of state parameter w and using that (aH)~' = Hy taz(1+3w)
(from ) where Hj is the value of the Hubble parameter now, the comoving
horizon is proportional to,

7o q2(1H3w) (2.24)

This means that the comoving horizon and the comoving Hubble radius grow
with time in matter domination and in radiation domination,

(2.25)

a Radiation Domination,
T X 1 o
az Matter Domination.

Any comoving scale entering the horizon now is causally disconnected, yet ap-
proximately homogeneous by observation. This seems quite incongruous.

10



2.2.2 The flatness Problem
Consider the Friedmann equation (2.14)), rewritten in terms of = pﬁ

c

-K

1-Q= (H? (2.26)
The growth of the comoving Hubble radius in matter and radiation domination
implies that a small deviation from the value 2 = 1 blows up the curvature
K. Though observations show that the universe is approximately Euclidean flat
space. Again, fine tuned initial conditions are one way of solving this issue.
Although, these initial values are not necessary anymore with the introduction
of inflation.

2.3 Inflation

The problems arising with the fine tuned initial conditions are linked to a comov-
ing Hubble radius that is always increasing. An important distinction between
comoving horizon and comoving Hubble radius has to be made. The comoving
horizon describes the maximum distance that a massless particle has travelled.
The comoving Hubble radius is the region on which the massless particle is re-
ceding by the speed of light. Any particle separated a distance larger than the
comoving Hubble radius cannot communicate now. Postulating an era in which
the comoving Hubble radius is shrinking as time passes puts every part of the
universe inside the comoving Hubble radius at one point. Modes then left it as
it was decreasing and later reentered as the radius increased in a matter or ra-
diation dominated universe. The particle horizon is an integral of the comoving
Hubble radius . A large comoving Hubble radius in the far past therefore
implies a large comoving horizon now. The conditions for a decreasing comoving
Hubble radius are synonymous with an accelerated expansion of the universe

d
i>0 < %(aH)’l <0. (2.27)
We derive the right equivalence relation by taking the time derivative of the
comoving Hubble radius,

d .

i H)™ ' = —(aH) %a(H? + H). (2.28)
Inflation happens when w < f%. Now that we have the dynamics of an inflating
universe, it enables us to revisit the flatness and the horizon problems from a

new perspective.

2.3.1 Revisiting Horizon and flatness Problem

The comoving horizon is extended to large scales with a decreasing comoving
Hubble radius as time passes. So the comoving horizon now contains all dis-
tances between particles that enter the horizon after inflation. The flatness

11



problem revisited,
1

1 —Qa)| = (@l (2.29)
shows that the energy density parameter now reaches 1 in a stable way as
the comoving Hubble radius decreases. This way flatness of the universe is a
consequence of inflation. Another way to look at this, is that any curvature
that was there in the beginning drowned out when an exponential growth of the
universe occurred.

2.4 Dynamics of Inflation

Inflation has to stop at a certain time. This time is expressed in the number of
e-folds. An e-fold is the time in which the scale has grown by a factor e. Using
the Friedmann Equation (2.15)), we express the change in the Hubble parameter
H

)

_ a _ o
€=—13 g—H(l—e), (2.30)

in an accelerated expansion @ > 0 therefore € < 1. The measure of number of
e-folds is IV,

dN =dlna = Hdt, (2.31)
and we rewrite € as
_ din H (2.32)
€= N .

This parameter is the tool to describe the conditions for the end of inflation.
To model inflation we use a scalar field.

2.4.1 Scalar Field Inflation

A scalar field acts as an order parameter to make sense of the dynamics of
inflation in most theories of inflation. The scalar field is called the inflaton.
The simplest assumption is that the scalar field is minimally coupled to gravity.
The action is a combination of the Einstein-Hilbert action and a coupled scalar
field action Sy,

1 1
S=Spu+Ss= /d4m\/—g [QMI%IR — 59"”6M¢8u¢ -V(p)|, (2.33)

the potential V(¢) contains self-interactions. We model the inflaton as a perfect
fluid. The energy momentum tensor is

@) — 2 95

SNC T

Applying 6v/=g = —1/= g9 09" (with g, 09" = —g"" g, ) it is

(2.34)

12



T;Sf) - au¢au¢ — 9uv (;aa(lsaafﬁ + V(¢)> . (235)

Taking the field to be spatially homogeneous, i.e. independent of x, ¢(t, ) =
¢(t), filling in the FLRW metric and applying (2.13) the pressure and energy
density are,

py = %éz’ +V(9), (2.36)
po =58~ V(9). (237

To recap, accelerated expansion implies that the strong energy condition is
violated. The equation of state parameter for the scalar field is denoted by wy

and is L »
_Pe_ 3% —VI9) 2.38
T e T 1R V(e) (239

To have the scalar field drive accelerated expansion we need

Wy < —3 (2.39)
so V(¢) > %(b? Varying the action with respect to the field we get
0S4 1 av
— = —0,(v/—g0*¢p) — — =0, 2.40
and applying the same principles as before, the field equation is
. AT
3H — =0. 2.41
o+3HS+ oo (2.41)
The Friedmann equation (2.14]) with zero curvature is
w = (8 v() (2.42)
3M3Z, \2 ' '

It shows that the Hubble parameter H creates a significant friction to the dy-
namics of the scalar field. This friction makes sure that inflation takes some
time to stop. The measure for how long this is, is expressed in terms of e-folds.
The slow-roll conditions are used to define this measure.

2.4.2 Slow roll Inflation
We defined ¢ as,

(2.43)
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and call it the slow roll parameter. We can express it in terms of the equation
of state parameter by using the Friedmann equations,

¢ — 2(1 +wg), (2.44)
and by using the field equations,
1 ¢?
= - 2.45
Xy (2.45)
when € < 1 accelerated expansion occurs. This coincides with
1.
§¢2 < V(p). (2.46)

In the de Sitter limit exponential expansion a = ef* occurs. The following are

satisfied in this limit: py — —py and € — 0. The expansion of the universe
does not stop in de Sitter, as d) = 0. Inflation is quasi de Sitter as it fades
out after a certain amount of time. The requirement for this is that the second
time derivative of the scalar field is small relative to the two terms in the field
equations,

. .dV
3H|,|—]. 2.47
6 < 3H3|. | 55 (247)
We introduce another slow roll parameter n and express it in terms of €
(ig 1 de
=———=€— ——, 2.48
TS THe T 2edn (2.48)

the condition is stated as |n| < 1. This means that the change of € per e-fold N
is just a fraction of the parameter itself. Most literature also parametrizes slow

roll in terms of the potential and its derivatives with respect to ¢, V' = %,
M3 (V'\? v
_ s = 2.49
v 2 Vv nv vV ( )
where the requirements
€v, |77V| <1 ’ (250)
hold for slow-roll inflation. Inflation ends when,
€(Gena) = 1. (2.51)

The number of e-folds before inflation ends is,

Aend Pend Pend
N:/ Hdt:/ Hd¢> / d¢’ (2.52)

it exceeds around 60 e-folds. This concludes the introduction to inflation. The
topics covered were the horizon and flatness problem, the concept of inflation
and single-field inflation. The next chapter covers perturbations of spacetime
in general relativity and the role of inflation therein.

14



Chapter 3

Perturbations

The fundamentals of theoretical cosmology have been formulated in the preced-
ing chapter. We can also derive an explanation for observed fluctuations in the
large scale structures of the universe, the cosmic microwave background (CMB)
and other perturbations from theoretical principles. We do this by applying
perturbations to the background. The start of these inhomogeneities can be
traced back to the period of inflation. The empty vacuum at microscopic scales
is in actuality a fluctuating entity, due to the uncertainty principle. Spacetime
at these scales is filled with excitations and annihilations. We derive the gravita-
tional perturbations originating from inflation by applying these perturbations
to the inflaton field, called §¢. Any change in the inflaton field means a change
in the energy momentum tensor. This in turn backreacts on spacetime itself.
Therefore §¢ has to be studied in connection to the perturbation of spacetime
09,y BIH]. The field fluctuates with respect to a time dependent background,

¢($7t) = (E(t) + 5¢(a37t) ) (31)
as the unperturbed inflaton field is homogeneous ¢(x,t) = ¢(t). The bar de-
notes the background solution. The next sections will discuss perturbations and
diffeomorphisms. Diffeomorphisms are spacetime dependent transformations on
the coordinates and are gauge degrees of freedom in a gravitational theory.

3.1 Scalar, Vector and Tensor Decomposition

This section reviews the practice of describing the spacetime curvature of the
universe as a small perturbation with respect to a time dependent background,
the FLRW metric g, [5]. The labeling we use for the perturbation to the metric
is hyy ,

Juv = guu + h;w . (32)
The indices are raised and lowered by using the background metric. Keeping in
mind that §(MM 1) = 0 for a matrix M,

Y = g o (3.3)
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Weinberg [5] has an extensive description of the perturbations on the most
common tensors in General Relativity. They are not mentioned in this case, the
conclusions do follow. The metric is decomposable into scalar, vector and tensor
degrees of freedom due to spatial homogeneity and isotropy. The decomposition
is denoted by latin capital letters,

hoo = —F, (3.4)
hoi = a [aZF + Gl] s (35)
hij =a? [A(Sz] + 81,8JB + 810] + 8301 + DU] R (36)

the degrees of freedom have a few constraints, D;; = Dj; ,
&Ci = 8ZG1 = 0, aiDij = 0, Dii =0. (37)

The decomposition can be applied to the perturbation of the energy momentum
tensor as well. The background values are: for the pressure p, for the density
p and for the four momentum #,. The elements of the decomposition are de-
noted by dp, dp and du; which is decomposed into the gradient of the velocity
potential 9;6u and a divergenceless vector du)’, 9;0u) = 0. Other terms include
dissipative corrections: 81-8j7rs , ﬁiwy +9;m) and wg The equations that define
these quantities are,

57}7‘ :ﬁhm +a2 [57]6p+878]7rs +617T]V +8j7rzy +7Tij} 5 (38)
6Tio = phio — (p+ ) (0idu + o) | :
0Too = —phoo + dp. (3.10)

The constraints apply in the same manner,

1

61-71'2/ = aiéu}/ =0, aﬂr?j =0, Tl =0. (3.11)

With these equations we describe three classes of motion , a scalar mode, which
can be viewed as a compression of spacetime by a change in potential, a vector
mode, viewed as a vortex mode due to for example the dragging of the frame
by a spinning object and tensor modes, viewed as radiation.

3.2 Gauge Transformations

The Einstein equations for the perturbed quantities show that only combina-
tions of them present physical scalar and vector degrees of freedom, i.e. are
invariant under diffeomorphisms. This will also be denoted as gauge invariant.
To get a better understanding of the perturbed metric and the perturbed energy
momentum tensor, we look at their transformations under the diffeomorphism,

ot — 2 =2t + (), (3.12)

16



where € is as small as the perturbations to the metric and energy momentum
tensor. The metric transforms under a coordinate transformation z — z’ as a
two-tensor, N
z Ox”

o) = grn(a) o 9T (313)
Any change in the full metric g,,, («) is attributed to a change in the perturbation
metric hy,(z). The field equations are invariant for a change in the metric
perturbations under the diffeomorphisms e,

hyw () = By (x) + Ahyy (3.14)
This change is defined as,
Al (2) = g1 (%) = g () - (3.15)
Expanding the metric g:w (z) to first order in € and perturbations,
dz" Oz
Gy () = ger (2’ —€) D0 D (3.16)
= 9 (2) — Gy ()€ — G (2)Dpu€™ — Gun0y€™ (3.17)
and plugging in the result,
Ahyy(x) = —6@/”(1)6“ — i (2)0,€" — gw\&,e)‘ . (3.18)

Filling in the FLRW metric, then ¢; = a%¢’ and € = —¢y and the change in the
perturbations in spatial and temporal components is,

Oe; Ok .
Ahg; = o B + 2add;jeq , (3.19)
860 a
Ahio = —¢; — -+ 2—¢; 2
h7,0 €; Oz + aeza (3 0)
Ahgo = —2¢, . (3.21)

The field equations are invariant under the transformation of the energy mo-
mentum as well,

0T, (x) = 6T (x) + AT, () . (3.22)

In the same manner as the metric tensor, it is expressed linearly in € and pertur-
bations. A distinction has been made between § signifying the perturbation on
the background and A denoting the change of the perturbation under a gauge
transformation. Analogously to the metric,

AT, = =Ty, (2)0,€MNx) — Txy(x)aﬂe)‘(m) - 3,\TW(:1:)6)‘(90) , (3.23)
and similarly, filling in FRW,

- _ 661' 86]‘ 6 2 _
AT = —p ((’hj + Gxi) + a(a D)dij€0 5 (3.24)
ASTy = —péi + 520 1 9%, (3.25)
ot a
A(ST()O = 2560 + ﬁ€0 . (326)
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The change A under a gauge transformation is expressible for each scalar, vec-
tor and tensor component introduced in the previous section individually. To
manage that, a decomposition is necessary. € is written in terms of a scalar
degree €° and a divergenceless vector €,

95y v
€ =5 +e€ Oie;, =0. (3.27)
The change under a gauge transformation is now,
Ahgy = —2¢g, (3.28)
o 0 Oe a 0e° a
Ahjg = ————¢5 ¢V =20 1 927" 1 92V 2
hio ot 3:5’6 “ ozt + a 0zt 0 (3.29)
o 8 oV 0¥ o 9 deY
Ahjj=———eS -2~ Z S I 4 9ab€0. 3.30
J oxJ 89&16 oxJ oxt Ozt 0xd ¢ ox? + 2aadijco ( )

Equating the degrees of freedom of Ah,, with the change to the scalar, vector
and tensor degrees of freedom under a gauge transformation results in,

; 2
AA=2%,, AB=-=, (3.31)
a a
1
AC; = —*262/ , AD’L] =0, AFE = 2¢0, (332)
a
1 2 1 2
ar-t (—eo ey aeS) . AGi = (—e‘Y + ey ) S (333)
a a a a

The same process is applied to the energy momentum tensor,
Adp = peg , Adp = peg Adu = —¢g, (3.34)
the change in a gauge invariant quantity is zero,
Ar® = AnY = Arl = Adu) =0. (3.35)

There are two options now that we described the gauge transformations for
each scalar, vector and tensor degree separately. The first option is to work
exclusively with gauge invariant quantities and the second is to choose a gauge.
The gauge for the tensor part is not fixable, the quantities D;; and W;rj are
already gauge invariant. The vector degrees of freedom 7}, du), C; and G; can
be combined to form gauge invariant quantities, ), du) and G; = G; — aC;.
Fixing a gauge for the vector part is choosing an e for which either C; or G;
vanishes. For the scalar degrees of freedom there are several options to fix the
gauge.

3.3 Comoving Gauge

In this section we describe the relevant gauge fixing choice for the theory of
inflation [6] [I]. Once we choose a gauge, a covariant Lagrangian density is
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obtained with the objects that are covariant in this gauge. The following gauge
choice sets the fluctuations of the scalar field to zero,

0p(x) =0, (3.36)
this means that time diffeomorphisms are fixed,
eo(z) =0, (3.37)

for all x spacetime coordinates. There is a function #(z) that describes the
spacetime ’slicing’ for which the scalar perturbations are zero. Once the gauge
is fixed this function coincides with the coordinate time t. This gauge is called
the comoving gauge. In a way spacetime now moves to eliminate scalar pertur-
bations. In some literature it is also called unitary gauge. This is a term used
in spontaneous symmetry breaking of a gauge degree of freedom. Gauge sym-
metry breaking is similar to this gauge fixing, as in both cases certain degrees of
freedom which are non-linearly realized by the symmetry are fixed to manifest
the degree of freedom in other physical objects. In this case the perturbation
of the inflaton field is gauge fixed and the degree of freedom is expressed by the
metric. The spatial diffeomorphisms are not fixed,

rt =t €(x). (3.38)

More terms can be added to a theory whose symmetry has decreased. Added
terms only need to comply with the symmetries that are unbroken. The terms
that comply with these symmetries are listed below.

e The Riemann tensor R,,,, is invariant under all diffeomorphisms, so it
is the usual diffeomorphism symmetry term. To combine it into a scalar
it is contracted with covariant derivatives or with the completely anti-
symmetric tensor e*r7.

e Any function of £ becomes a function of the time ¢ in the comoving gauge.
Terms in the Lagrangian are therefore multiplied by generic functions f(t).

e The gradient of ¢ is a delta function, 9,f = 52. The contraction of any
vector or tensor with this object, will result in a free upper index 0. An
example of this is ¢g°°, therefore powers of g% are in the Lagrangian.

e The following unitary normal vector is perpendicular to the spatial hyper-

surface,
o,t
ny = + (3.39)
\/ —gHvOuto,t
We use it to write the spatial metric,
h;,Ll/ = Guv + nyny , (340)
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this projects objects onto the spatial hypersurfaces by contraction. The
extrinsic curvature is the covariant derivative of the normal vector pro-
jected onto the spatial hyperslices,

K, = hVon, (3.41)

the v index is not contracted with the metric h, as it is already on the
surface, n”Vyn, = %V(n”nu) = 0. The extrinsic curvature is part of the
Lagrangian. The Riemann tensor on the spatial hypersurfaces is equal
to a combination of the extrinsic curvature tensor and the full Riemann
term, projected on the surface. Therefore using one or the other in the
Lagrangian is sufficient. In this case the extrinsic curvature is part of the
Lagrangian.

In conclusion, the action consists of functions of the objects,

S = /d4x\/fg F(Rpuvpor 9°°, Ky, Vs t) . (3.42)
The linear terms in the action are functions of ¢,
1
Slin = /d4a:\/—g {2M123lR —A(t) —c(t)g"] . (3.43)

They are fixed by taking into account the equations of motion in an FLRW
background. The equations are produced by evaluating the energy-momentum

tensor,
2 0Sp.c

V=g o

and filling it into the Einstein equations for the FLRW metric,
1

T, = = —c(t)g" — A(t) + 2¢(t)525° (3.44)

u v

2 _

H? = g3 [e0) + A(), (3.45)
. 1
2 _ __ - _

H+ H* = SIEE, [2¢(t) — A(¢)] - (3.46)

The values of the linear terms are,
c(t) = —M%H, (3.47)
A(t) = M2,[3H? + H]. (3.48)

The higher order terms are powers of the objects subtracted by their background
value, denoted by a bar. This ensures that any higher order term is invariant
under spatial diffeomorphisms and is evaluated around the FLRW background.
The background values of the objects are

gOO = _17
K/w = a2HhW ,
Ryvpo = 2(H + k)hyuphop, + (H + H?)a?h,56900

+ permutations in indices,
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where for a generic tensor Uj,,)... = %(me —U,...). The higher order terms
are powers of: §¢g%° = ¢% +1, 0K, = K, — aQHh,“,, OR = Ryuvpo — R,ng.
Each power is multiplied by a function M;(t) which has a mass dimension com-
pensating for the dimension of the operator. The action is,

1 . .
S = [ d'ay=gl MR+ Mp g™ ~ MEGH? + 1)

1 1
+ §M2(t)4(900 +1)%+ §M3(t)4(900 +1)°

S o (3.53)
-—ﬁééﬁf@mﬁ+1wkx-Qégiwakﬁf

2
-—A[g” SKUGKY + -],

This theory does not only describe the case for perturbations to a scalar field,
but any theory of gravity with spontaneously broken time translations. Higher
order terms, for instance the dR,,,,» term, are not mentioned above.

3.3.1 Restoring Time Diffeomorphisms

When a symmetry is spontaneously broken, it is non-linearly realized by a Gold-
stone field. The concept of symmetry breaking and Goldstone fields is more
thoroughly explained in part II. The results of the Goldstone theorem applied
to time translations symmetry breaking are stated here. The main difference
here as opposed to the following chapters is that the Goldstone field is inserted
by hand, also known as the Stiickelberg trick. The method that we describe in
the rest of this thesis is based on the coset construction and is used to derive the
Goldstone field theory from the symmetry breaking pattern. The Stiickelberg
trick is done by replacing the time diffeomorphism parameter by a spacetime
dependent field 7(z). Under a time diffeomorphism €y(z) it has the following
transformation property, for

t—t+e(x), (3.54)
then
m(x) = w(x) —eox), (3.55)
such that the combination
w(x) +t, (3.56)

is time diffeomorphism invariant. The following example explains the applica-
tion of the Stiickelberg trick. We take the linear terms A(t) and B(t)g%. The
original action is,

/&mﬁgM@+Bmfﬂ. (3.57)
The 00 element of the metric transforms under broken time diffeomorphisms as,

.’IJ/O T x/O T
§0(w) = g (@) = 22OV (3.59)
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Applying the Stiickelberg trick ¢ — ¢’ = ¢ + 7 to the action,

Ot +m(x)) Ot + 7(x))
ozt ox¥ 9" (@)
(3.59)
The Stiickelberg trick applied to the action that we derived previously in
results in restored time diffeomorphisms,

/d4x\/jg [A(t +7(z)) + B(t + 7 (x))

1 . .
S = /d%«ﬁ—g[EM,%lR + M3 HO,(t+ )0, (t + 7)g"” — M3, (3H* + H)

+ %M2(t)4(6u(t + )8, (t + )" + 1)?
+ %M3(t)4(3u(t F ) (t+ )G + 1)+ ],
| (3.60)

This method is a model independent description of a theory of spontaneous time
diffeomorphism breaking [7]. The 7 field is related to perturbations of the scale
factor and in turn to comoving curvature perturbations by multiplication with

the Hubble parameter,

Hwoc(s—acxg. (3.61)
a

The comoving curvature perturbations ( describe the origin of cosmological
observables such as the CMB.

22



Part 11

Spontaneous Symmetry
breaking in QFT
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Chapter 4

Goldstone Theorem and a
complex Scalar Field

A spontaneous symmetry breaking of a physical system in a symmetric state
under a certain action, a rotation for example, is characterized by three traits
[8]:

(i) a parameter assuming a critical value breaks the symmetry, after that

(ii) the symmetric state is unstable and the system will reach an alternative
ground state, which

(iii) is part of a continuous family of ground states.

A symmetry of a quantum field theory is characterized by a symmetry trans-
formation on a field changes the Lagrangian by a total derivative [9]

5L = 0, F", (4.1)

where F), is some arbitrary function. For any transformation d¢ the Lagrangian
transforms as

oL oL
0L =00+ —F——=0,(00), 4.2
rewriting it
oL oL oL
L= |=—0p—0,| === ]| dp+ 0 (6), 4.3
55000 (a0.7) |+ (a0 43
where the equation of motion of the field is S = 0. Then using (4.1)) with (4.3,
oL
Oy | =———=dp—F" | =0, 4.4
() 44
we find for every symmetry transformation a current
oL
= ———d¢p — FH(9), 4.5
7= 5,59~ P (45)
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which is conserved
Oug" =0. (4.6)

The definition of the associated charge is
Q= [ duinfe). (47)

and this is conserved as well. This is proven by,

d di, . -
CT? — | &3 J(;SJT) _ —/dsxﬁijz(as) — —/dA-j(x) =0, (4.8)

as j — 0 when |#] — oo, where A denotes a surface at infinity. In quantum
mechanics the charge generates the transformation d¢ with a commutator, in
classical mechanics we use Poisson brackets. This is seen by,

Qo] = [ @2 [ ow)] = [#o|5oEss00w)] . @9
The conjugate momentum is defined as,
m(z) = a(aaf¢) : (4.10)
the commutation relation for the field ¢(y) and its conjugate momentum is
(6(2), 7(w)] = 8Oz — ). (111)

This enables us to complete equation (4.9)),

Q. 6(y)] = / d*z [w(x), p(y)] 66 = —i / dP26®) (x — y)d¢p = —idp. (4.12)

In the following we describe a group theory approach to symmetry transforma-
tions.

4.1 Group Theory

The groups that are covered are continuous symmetry groups, these are also
called Lie groups. Groups are a set of elements with an action between them.
A few prerequisites are needed to form a group, there has to be an identity
operator, for every element an inverse, it has to be associative and any product
of elements has to be in the group. The number of elements can be infinite, like
in Lie groups. The group is Abelian when actions commute and non-Abelian
when transformations of the group do not commute. The linearization of the
action of a Lie group gives the Lie algebra. An exponential map connects the
group with its related algebra in the case that the group is a matrix group. The
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transformation matrix ¢ € G and the matrices T, as elements of the Lie algebra

are connected by, )
gEem T“:l—FiaaTa-i-"'- (4.13)

A finite dimensional and unitary matrix representation of the Lie group exists
if and only if the group is a matrix Lie group. Only matrix Lie groups are
handled in the cases studied. The elements of the Lie algebra are commonly
called generators of the group. In the examples real fields are transformed into
real fields, so the transformations g are real and unitary. The generators T, are
finite and hermitian, because the transformations are real and unitary. They
are defined by hand to satisfy,

TI"[TaTb] = (Sab . (414)

In this case up and down indices are indistinguishable. Closure of the group
means for g; (= e*Te) € G, go(= e Tt) € G that g1go € G and in terms of the
generators is (by applying (4.13))

ToTy — Ty, = icapala, (4.15)

where cgpq is the form factor, a constant and antisymmetric under exchange of
two indices. In spontaneous symmetry breaking we start with a full symmetry
group G. The vacuum configuration then spontaneously breaks the symmetry
to a subgroup H, denoting the group of preserved symmetries. A subgroup is
a subset of elements of the full group that form a closed group by themselves,
therefore it has its distinct generators. SSB then makes a division of the gener-
ators of GG possible. Generators are divided into unbroken generators t¢;, which
are part of the Lie algebra of H and broken generators X, part of the Lie al-
gebra of G/H. G/H is the quotient group or left coset of H in G and is defined
by

G/H ={gH : g € G}. (4.16)

The coset consists of the spontaneously broken symmetries. Note the indices
that are used:

e a,b,c... for generators that are part of the full Lie algebra,
e 4,7, k... for unbroken and
e «,f3,... for broken generators,

The generators of the full group are separated into the generators of the sub-
group and of the coset,

t; brok t
T =)t unbroken generators, (4.17)
Xa broken generators .
H is a subgroup, so its algebra is closed under multiplication,
tit]‘ - tjti = Cijktk . (418)
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The commutator between broken and unbroken generators is proportional to
the broken generators,
tiXa - Xati = iCia/ng . (419)

These properties are applied in the rest of this thesis.

4.2 Goldstone Theorem

Before formulating the Goldstone Theorem and its proof, we show that The
charge @ is the generator of the symmetry. Let g act by definition on the field

¢ as,
g b=+ adp+---. (4.20)

Where « is an infinitesimal parameter. The symmetry transformation is repre-
sented by a unitary operator, for a finite and Hermitian generator X

Q, = e ¥, (4.21)
which acts on the field by conjugation,
(9-¢(x)) = Q' d(2)Qy = e "N p(2)e"** = ¢(x) — alX, ()] +--- . (4.22)

The commutation relation,

(X, ¢(z)] = —idp(x), (4.23)

holds for the generator X = ). For non abelian symmetries this holds as well
(for which the label a is added to denote multiple generators),

Q=" (4.24)

This represents the symmetry transformation. A vacuum configuration of the
field |0) and a transformation € are used to describe spontaneous symmetry
breaking of a physical system. A symmetry that leaves the vacuum invariant
acts like,

Q10) =|0) . (4.25)

The charge annihilates the vacuum,
Q*0y=0. (4.26)

This vacuum is a non-degenerate vacuum with respect to the symmetry. The
symmetry is spontaneously broken, when there exists an infinite number of
groundstates connected by the symmetry transformation are possible configu-
rations. The transformation does not change the action (they are groundstates,
i.e. produce the same minimum value of the action) but does change the vacuum
state. Bringing the groundstate to a different groundstate means that,

Q[0 = |0)' # |0) . (4.27)
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The charge does not annihilate the vacuum,
Q*0y #0. (4.28)
The action is invariant under the transformation
05 =0. (4.29)

Goldstone bosons are associated with the theory when a symmetry is sponta-
neously broken, as stated by the Goldstone Theorem.

Goldstone Theorem Take a field ¢,(x), where a denotes the a’th vector ele-
ment of the vector field. Let the field transform under non-Abelian symmetries.
Its expectation value is non-vanishing around the vacuum,

(0] () [0) £ 0, (4.30)

and it is not a singlet, i.e. it is not invariant under the transformation Q =
eiQaaa7

[Qa, Pp(x)] = —idd(x) = —icapcd®(x) . (4.31)
If the charge Q® of the transformation does not annihilate the vacuum,
Q*10) #0, (4.32)

then massless particles exist in the particle states of the theory. The number of
massless particles is dependent on the conservation of symmetries G — H where
G is the group of transformations under which the vacuum is invariant before
spontaneous symmetry breaking and H is the group that still leaves the vacuum
state invariant after spontaneous symmetry breaking. The number of massless
particles is the dimension of the quotient group when Lorentz invariance is

manifest,
dim{G/H} = dim {G} —dim {H} . (4.33)

Proof The vacuum expectation value is non-zero (0| ¢, (z)|0) # 0, the state
¢p(z) is not a singlet [Qq, Pp(x)] = —icape¢p®(x) and the charge does not annihi-
late the vacuum,

(01[Qa, d(2)]10) = (0] Qap(x) — dp(2)Qa 0) # 0. (4.34)

Writing the charge as an integral and inserting intermediate states ) |n) (n|,

Z/dSyKOIJ’Z’(y) ) (n] ¢y () [0) — (0] @y () [n) (] 45 (y) 10)][s0—yo # 0.

(4.35)
It is evaluated at y” = 2° as the operators ¢, (z) and jg (y) act at the same time.
Using translational invariance, j(y) = e~"¥52(0)e’??, inserting this into ([4.35))
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and integrating,

Z/d?’y [(0]72(0) [n2) (n] ¢u(2) [0) €¥ — (0] g () ) (1] jo(y) [0) €™ P"¥] [ po—yo

:" (2m)* >~ 8% (p,)) [(0172(0) [n) (] () [0) €P¥> — (0] dp() [n) (m] i (y) 0) €~ Preve]
= (2ﬂ)32::53(pn) [(0] 7 (0) [n) (nl gy () [0) eM¥0 — (0] dp () n) {n] j(y) |0) e~ o]

#0,
(4.36)

where M,, is the mass for the intermediate state n. To prove that M, = 0 we
have to show that (4.36) is independent of yo. Taking the derivative of (4.34))
with respect to yg,

(9 a o a 3 -0
3y Q" Au(@)]0) = Tm/d y (0l [7a (), &s(2)]|0) . (4.37)

The conservation of the current, 8,5 = 932 (y) + 9iji(y) = 0, integrated over
space is

2 / d39(0) = — / P05t (y) . (4.38)

Yo
Inserting this into (4.37)) gives

8% / dy (0] [12(y), 6 ()] [0)
__ / d%y (0] [0:2 (1), ¢ ()] |0) (4.39)
. / dA - (0] [7u (), 6u(x)] 0) -

The spatial part of the current fa(y) is evaluated at the spatial boundary where
the light cones of the fields ¢p(x) cannot overlap with it. This surface integral
therefore vanishes by causality. In conclusion, the masses of the intermediate
states are zero. The number of these states is equal to the number of charges
that do not annihilate the vacuum after spontaneous symmetry breaking, i.e. is
equal to dim{G/H}.

Gaplessness and decoupling Before mentioning examples of spontaneous
symmetry breaking we describe two special properties of Goldstone bosons in
this paragraph. Firstly, in the low energy limit a Goldstone mode decouples
from all interactions, because the state at zero momentum is indistinguishable
from the vacuum. Secondly, the energy of a Goldstone mode vanishes at zero
momentum, i.e. it is gapless. Gapless means that there is no energy to gap
before the field is perturbed. The energy is

E(p) = \/m? + p?, (4.40)
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m = 0 for the Goldstone mode to ensure gaplessness. Gaplessness means that

lim E(p) =0, (4.41)
p—0
with spatial momentum p, is ensured. The Goldstone theorem is applied in the
next sections.

4.3 Abelian global internal Symmetries

We describe a toy UV complete model in this section as an example of spon-
taneous symmetry breaking. The internal U(1) symmetry of the theory gets
spontaneously broken. The field is then expanded around the nonzero vacuum
expectation value to write the Goldstone boson part of the Lagrangian [I0]. The
UV theory is,

L= 0.6 0"~ V(6,6"), (4.42)
V= Agre— y (4.43)
T4 A ’

and is invariant under the U(1) symmetry group. The transformation of the
field is, _
o —e%. (4.44)

The symmetry is called a global symmetry, because « is a constant. To calculate
the current, apply Noether’s theorem (4.5)) with d¢ = i¢. The current is

ju = Z(¢* u¢ - ¢8M¢*) . (4-45)

The vacuum expectation values are the minima of the potential V' (¢*¢), denoted
by ¢¢. The potential has

{”)\2 <0 one groundstate (Il = 0), (4.46)

2 . .
>0 infinitely many groundstates (lpo| = %) .

In the last case, the groundstates can reach one another by a phase transforma-
tion

do — € o . (4.47)

When this regime is reached the U(1) symmetry is spontaneously broken, i.e.
each vacuum expectation value is distinct from the other modulo U(1). This
example is also commonly described as a Mexican hat potential. The vacuum

expectation value is defined as v = |¢g| = % The Goldstone mode becomes

explicit in the Lagrangian as the field is written in terms of a radial component
and a phase component,

b(z) = x(2)e”®) (1.48)
Applying this to the Lagrangian (4.42)),
L= —0,x0"x — x*0,00"0 — V(x*). (4.49)
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At low energies the field is evaluated at ¢o(x) = ve?®@)  this decouples the
Goldstone field 8 from other fields. Besides that, the Goldstone terms in the
Lagrangian only depend on derivatives of the field, this implies gaplessness. Next
we describe a Lagrangian that is produced by only looking at the spontaneous
symmetry breaking pattern and that does not require knowledge of a full UV
theory.

4.3.1 Phenomenological Lagrangian

In this subsection we derive a Lagrangian that is invariant under a non-linear
symmetry transformation using only the transformation itself. This technique
makes an underlying UV complete theory superfluous. It is also called con-
structing a phenomenological Lagrangian, as from the phenomenon, in this case
an inhomogeneous symmetry transformation, the theory is constructed. Via this
method one derives the quantum behaviour of the Goldstone field, i.e. the effec-
tive field theory. For example, the Goldstone field in the previous UV complete
model transforms nonlinearly,

O(z) = 0(x) + (4.50)

with constant a. A Lagrangian that only depends on the derivatives of the field
is covariant under this transformation. Written down to second order,

1
Legr = —§f128H98“9 — %8M8V98“8”9 + %0%98“98,,96”9 +---,  (4.51)
where f1 is a dimension one quantity, as the angle 6 is dimensionless. We
apply Noether’s Theorem (4.5) on the Lagrangian and derive the current. The

non-linear transformation implies, 0 = —1 and the current is,
G = fROM0 + f20,(0"0"0) + f3(9700,0)0"0 + --- . (4.52)

To recap, this section started with a toy UV complete model and spontaneously
broke the Abelian symmetry. The Goldstone mode is then written explicitly in
the Lagrangian. After that, we describe how a phenomenological Lagrangian is
obtained solely from the non-linear symmetry transformation. The next chapter
is along the same lines, but for the case of non-Abelian spontaneous symmetry
breaking.
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Chapter 5

Non-Abelian spontaneous
Symmetry breaking

The sections in this chapter cover a few examples and their phenomenological
Lagrangian by making use of the group theory principles from the preceding
chapter.

5.1 Spontaneous breaking of non-Abelian Sym-
metry

This section starts with a UV complete theory as in the Abelian case. A UV
complete example model of the Lagrangian for N fields ¢ = ¢; fori =1,2,3..., N
is,

L=-0,4"0"¢ V(). (5.1)

The T denotes the transpose. The symmetry of the theory is the group of
spacetime independent orthonormal rotations O(IN) between the fields (07O =
1 and 0,0 =0),

d(x) = 0. (5.2)
and the potential is invariant under the transformation O,
V(0¢) =V(¢). (5.3)

Spontaneous symmetry breaking occurs when the vacuum expectation value v
is non-zero,

() =v#0, (5.4)
and conserves only the elements of the subgroup H < O(N) where h € H,
hv=wv. (5.5)

The Goldstone bosons are the field components of ¢(z) that are aligned with
the directions of the generators of the coset O(N)/H.

32



UV model non-Abelian spontaneous symmetry breaking The fields
are ¢(z) = {¢;}. Then writing the fields as,

6(z) = Q6())p() = ¢ DX p(a). (5.6)

The transformation Q(w), for some constant w can be seen as a symmetry

transformation in the direction of the generators that are broken by the vacuum

configuration. The component p is perpendicular to these directions. To recap,

X, are the broken generators, part of the algebra of the coset G/H and t; are

the unbroken generators part of the algebra of H. The transformation g € G is
decomposed in these [IT],

g=e"Te = exp [iviti] exp [iw* X4] , (5.7)

where w® and v are real parameters and the element of the subgroup h € H is

h=e'ti, (5.8)

We require that the potential V has the property

V(Q(8(x))p(x)) = V(p(z)) .- (5.9)

In the Abelian case this is synonymous to the potential being independent of
the phase. The Goldstone fields are only expressed in the kinetic part of the
Lagrangian. They are therefore gapless, i.e. there is no Goldstone field when
0,0%(x) = 0. The transformations 0% (x) — 6'*(z) and p(x) — p’(z) are defined

by ¢(z) = ¢'(z) = go(x),

99(0(x))p(x) = Q' () (z) , (5.10)
let Q(6’) = Q. Then (not noting the spacetime dependence anymore),
@) g =, (5.11)

the matrix v = (Q')"1gQ is the matrix that transforms p,
=" (5.12)

It is proveable that «y is in the subgroup H. Two cases of the symmetry trans-
formation g are taken, g = h to prove that v € H and when g € G/H. In each
case we derive the transformation of the Goldstone field 6.

Case g = h In the case that ¢ = h (w = 0 in (5.7)), because the commu-

tator between broken and unbroken generators is proportional to the broken
generators we have

hr=Qh, (5.13)

eivi’tieiﬁ(m)aXO‘ — eia'(z)aXaeivi’ti ) (514)

This makes,

Q' =hQrt, (5.15)
(by writing this infinitesimally) we see that 6 transforms linearly
0'*(2) Xo = hO*(2) Xoh ™', (5.16)
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Case g € G/H To find out how the 6 field transforms under a g € G/H we
use infinitesimal notation. The transformation g is now (5.7) with v = 0,

g=14+w"Xgq+---, (5.17)

The linear change in the transformation of Q(#) is expressed as A,

Q') = Q01+ iAa(0,w) Xa+--]. (5.18)

Then using ([5.11)) to define the transformation of the Goldstone fields,
(@) 1gQ =17, (5.19)
92 =Q. (5.20)

Where v € H. Using (5.18) we get
9 =Q[L +iAX*+ -]y (5.21)

taking it to first order (leaving out the matrix gamma for the transformation of

0),

e OX (1 piw- X 4 )X =1 +iAXy + -+ (5.22)

Isolating the A, 4 )
e—zO-X(w ) X)e’e'X = A“X,,, (5.23)
Ap = Tr[Xge*waX“ (w- X)eim)ﬁ] ) (5.24)

Where we’ve used that Tr[X, Xg] = dop and the cyclicity property of the trace.
We write the term within the trace infinitesimally to find the transformation of
0,
Xge 0" X (- X)Xy = Xp(1-i0 X+ ) (w-X)(1+i07 X, +---), (5.25)
writing out the right hand side,
XgXawa + Z'(,d(sefy)(g(ng)fﬁY - XVX(;) + -, (5.26)

using the commutation relation XX, — X, X5 = ici54t; +icasyXo and that the
Tr[X,ti] = 0 we find,
Ag =~ Tr[XgXawa + iw(;mXﬁ(X(;Xv — XA/X5) + - } , (5.27)
Ay = wo — Capywpl? + O(0%). (5.28)
To show that,

50% = (0")* — 0% oc A%, (5.29)
is engaging and not part of this thesis. Nevertheless, we can see from this that
0 transforms as,

800 = Wa — Capywpd? + O(67). (5.30)
This implies that the Goldstone fields transforms inhomogeneously. Just as

in the Abelian case. The field transformation of the Goldstone field is field
dependent. This point is taken into account when constructing the Lagrangian.
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5.2 Model independent Lagrangian

The field dependence of the transformation has to be taken into account in
developing the kinetic part of the Goldstone field in the Lagrangian. Starting
with the coset element and writing it down in the following combination,

0719,0. (5.31)

This is called the Maurer-Cartan form. We find the transformation of Q’lauﬂ
by using

O =g0nt, (5.32)
so that
Q719,09 —(Q) 719, = (gQr~ )19, (¢h ) 53
= hQ 19, Qh™ " + hdh Tt
We apply 9,,(hh™") = (9.h)h~" + hd,h~! =0,
Q19,9 — Y 19,Qh 7t —9,hh7 . (5.34)

We seperate the Maurer-Cartan form, by defining it in terms of the generators
t; and X, and fields AL and efj. This enables us to handle the transformation

per generator, 4
0710,Q = —iAlt; +iet X, . (5.35)

The 0,h~'h only depends on t;, as it is in the subgroup H. The fields AL(H)
and e} () transform as,

— AL (0)t; — —i A}, (0')t; = h[—iAL,(0)t;]h ™" — D,hh ™, (5.36)

ie(0)Xo — i€ (0')Xo = hlie(0)Xalh ™" (5.37)

The field aligned with the broken generators transforms as a covariant quan-
tity. Contractions of these fields with other covariant quantities are still covari-
ant, the trace of these over the generators are in the Lagrangian. The fields
aligned with the unbroken symmetries transform as gauge potentials. They are
part of the covariant derivative. Both of these cases are shown below. For the
rest of the derivations of the Lagrangian the reader is referred to the paper by
C.P. Burgess. The main results are stated here. First we extract d,0 from the
fields,

e, = e%‘@uﬁﬁ, (5.38)

AL (0) = AL (0)9,6°. (5.39)
The seperated fields are expanded and depend on 6 in the following way,

Al () ~ %cmﬁeﬂ +0(6?), (5.40)
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1
e§(0) = das — SCapy0? + 0% . (5.41)

Terms in the Lagrangian are G-invariant and Lorentz invariant. The covariant
derivative is constructed with Aj,

(Dyen)™ = Ouel + ci3 Al el (5.42)

pEvo

and transforms covariantly. The Lagrangian is made up of combinations of the
terms,

L(eu,Dy,...), (5.43)
so that the first term is
1
Lo = f§foé577“”elojef + (higher-derivate terms) . (5.44)

There are terms of dimension 4 and 5 in this first term
egaﬁﬁeg@“m ~ 0,0%0"0 — capy070,0%0"05

(5.45)
+ O(higher-dimension) ,

where the dimension four term is the kinetic term. We now derived the La-
grangian for Goldstone bosons arising in non-Abelian spontaneous symmetry
breaking by using the coset construction. Remark that there is a significant
difference between the terms generated from the group invariant ingredients for
Abelian and for non-Abelian symmetry breaking. This difference is in the di-
mensions of the terms. For the Abelian symmetry breaking, the terms depend
on 0,0 and J,. The leading order term is a dimension four operator, the next
to leading order is a dimension six operator. For the non-Abelian symmetry
breaking the next to leading order term is of the form

Capy0°(0,0°0"07), (5.46)

which is of dimension 5. Terms of dimension 6, 7 and so forth arise at higher
order. Dimensional analysis [12] tells us why this difference is important. A
Lagrangian made up from operators O;, where the i-th operator has dimension
d;, has a scaling, for a process at scale E,

/ dPz0O; ~ E%~ D (5.47)

For §; > D then at low energies the term becomes less pronounced, this is called
an irrelevant operator. If §; = D, the term is called marginal, this means that
it is independent of the energy scale and contributes the same in every regime.
Lastly, if 6; < D the term is dubbed relevant and its contribution grows as
the energy scale drops. Applying this to the Lagrangians derived above, we
find that in both cases the leading term is a marginal term. The difference is
in the next to leading order term, here the non-Abelian case has a dimension
five term significantly contributing at lower energies than for the Abelian case.
Before proceeding with spacetime spontaneous symmetry breaking, we describe
a famous example of spontaneous symmetry breaking.
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5.2.1 Phenomenological Lagrangian for Abelian SSB by
coset construction

Here we show how the coset construction is used in Abelian SSB. The sponta-
neous symmetry breaking pattern is U(1) — 1. The coset element is

Q=¢f@, (5.48)
The Maurer Cartan one form is
07'9,0=iD,0, (5.49)

where the covariant derivative reduces to the partial derivative without any
conserved symmetries. Calculating the left hand side

Q710,02 =1i0,0(z). (5.50)
The building blocks in the Lagrangian in this case are
L£(0,0,0,) . (5.51)

We combine these in a Lorentz invariant way and add the dimension one quantity
f to arrive at

f _ B
1 1

This is the same Lagrangian as in (4.51). It is the same symmetry breaking
pattern, from which a single gapless excitation emerges.

1
L= —§f128u98“6 — ==0,0,00"0"9 0,00"00,00"6 + - - - . (5.52)

5.3 Chiral Lagrangian

This is an instructive derivation of the Chiral Lagrangian. Three fields in QCD
the u,d and s quarks are fairly light quarks. They approximately transform
under the chiral SU(3)r x SU(3)g. The symmetry would be exact if the fields
were massless. The generators of SU(3)r x SU(3)g are,

1
)

— %(1 —Y5)A”. (5.53)

AL=S(L+3)A", AR
Aq are the generators of SU(3). The generators are normalized, Tr[A \p] = dqp.
A= A7 + 2% (5.54)

The generators of SU(3) x SU(3) can be written as
Aas V(= AL = AR). (5.55)

These generators are used in the SSB. The masses are negligible with respect to
the energy scale that exceeds the binding energy between quarks. At this scale
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hadrons appear as these are QCD condensates. The hadrons are vacuum config-
urations of the quarks which spontaneously break the symmetry. The symmetry
is spontaneously broken to a single SU(3) by the formation of hadrons. The
symmetry transformation for the three vector is

u u
d | = expli(vera +wara¥s)] | d ] - (5.56)
s s

The broken and unbroken generators are

{)\a unbroken SU(3), (5.57)

AaV5 broken SU(3).

The distinction between broken and unbroken generators is made by the 75
matrix, so the indices a, b, ... are used in both the broken and unbroken cases.
The v, and w, are real numbers, 75 is the product of the four anticommuting 4 X
4 Dirac- matrices. The generators of SU(3) are stated explicitly in Weinberg’s
book [I3]. Next, the SU(3) x SU(3) transformations are written as a product
of the broken and unbroken transformations, with fields ,(z) and weight wu,
respectively,

exp [—1Y50qAa] €XD [fuaAa] - (5.58)

The transformation of the Goldstone fields 6, (z) is,

exp [i(VaAa + WaraVs)] exp [—iv50aAa]

5.59
= exp [—i750,\a] €xP [iugAg] (5.59)

In this case a different approach can be used to derive the transformation rule for
the Goldstone fields. By splitting the transformation (5.59)) in two independent
parts. The (1 + v5) (denoted by L) and the (1 —v5) (R) part,

oL = v, +w,, OB =w, —w,, (5.60)
(5.59) squared is
exp[ 1—|—’y5)—|-tpa>\ (1—s) )]x
exp [(1 + ¥5) (—i0aAa) + (1 = 75) (0aAa)] (5.61)
=exp [(1475) (=i, 0a) + (1 —75) (i0,0a)] X
exp [2iugA\g] -
Splitting this transformation into the L,
exp [z(cpaLf\a)] exp [-—iﬁa)\a} (5.62)
= exp [0, A ] exp [1ug\a]
and R parts,
exp [i(gaf)\a)} exp [10,A\q] (5.63)

= exp [0, \a] €xp [iug\a] -
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We derive the transformation of,

Q(0) = exp [2i0, (7)) \o] (5.64)
by multiplying (5.63)) with the inverse of (5.62)),
Q'(0) = exp [ipFNa] QO)exp [—ipEAa] . (5.65)

Now that we have the transformation rule for the Goldstone fields we can
write an invariant Lagrangian. The elements of Q(6) are subject to constraints:
QO =1 and det©) = 1. The first term in the Lagrangian is (Maurer Cartan
one form contracted with itself and in the trace),

1
[’Zderivatives = _T6F2Tr {8u08'uQT} ) (566)

where the cyclicity of the trace ensures invariance under the transformation
, F is an undetermined constant. To find the explicit behaviour of the
meson fields we write 0,(x))\, as a matrix (the matrices A, are generators of
SU(3), in a way this is writing fields along the generators),

72+ 75 m Kt
- 1 1
Oo(x) g = & _ﬁﬂ-o + %770 K° , (5.67)
K- KO —\/2°
and write ((5.66) out,
1
Liinetic = — ia/tﬂ'oaﬂﬂ'o — 81L7T+(9H7T7

(5.68)
f&m*WK*f@K%HWf%@WWW.

This is the chiral Lagrangian describing the effective theory.
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Chapter 6

Gauge Symmetries

In this chapter we will discuss the gauging of symmetries, i.e. making them
local. This is done by adding spacetime dependence to the transformation
parameter and introducing a new gauge field to the derivative such that it
becomes a covariant derivative. Demanding that the covariant derivative on
the field transforms linearly under the spacetime dependent transformation, we
get the transformation rule for the gauge field. We will start with a section on
Abelian gauge symmetries. The most famous example of a U(1) gauge theory is
the theory of quantum electrodynamics. Following that up is a section outlining
non-Abelian gauge symmetries.

6.1 Abelian Gauge Symmetry

We introduce local Abelian gauge invariance to a theory as a prerequisite for
the theory to be phase independent at each spacetime point [I4]. In terms of a
phase 6 of a Dirac field ¥ we write it as

¥y (global), ¢ = ¢y (local). (6.1)

To ensure that the theory is independent of its phase at each spacetime point
we need to introduce a field which communicates the information regarding the
phase differences, this is the gauge field. As an illustrating example we start
with a free massive Dirac Lagrangian,

£ =3y — miyp. (6.2)

This is invariant under global phase transformations. Making the transforma-
tion local we see that the derivative transforms differently,

Opp(x) = 9, (e p(x)) = "™ (9,1 (x) + iq0,0(x)()) (6.3)

where ¢ is introduced as a measure of the strength of the phase transformation.
Now a modified derivative that transforms linearly is introduced,

Dyip(x) = (Dup(x)) = '@ (D, (x)) (6.4)

40



this D,, is the covariant derivative. It must contain a field which compensates
for the generation of the extra term in (6.3]), we call this field A, . If we define,

Dy(x) = (0 — iqAu(x))v(x), (6.5)
we have the transformation,
Dyip(x) = (0, — gy, () (e (a))
— ia0(2) (O +iq0u0 — iqAl,)1b(x) (6.6)
= eiq@(a:)(aﬂ - ’iun)z/J(I) .

Evaluating this, we distill the transformation rule of the gauge field to compen-
sate for the extra term. This rule is

Ay — Al = A, +0,0(x). (6.7)

Now we that we have a new derivative which abides local gauge invariance we
can write the Lagrangian as,

this Lagrangian is not interaction free anymore, as the fermion field now has an
interaction term inside of the I). Repeated application of covariant derivatives
yields new covariant quantities. An example of this is the commutator,

[D,, D) = —iq(0, Ay — 0, ALY, (6.9)

and since ¢ transforms covariantly and [D,,, D, ]9 is covariant, the commutator
itself is covariant. The commutator is called the field strength tensor,

Fy = 0,A, — 0,4, (6.10)

which can be used to write a propagation term (non-interacting) for the gauge
field in the Lagrangian. Combining it with the Lagrangian of the massive
fermion,

1 _ _ . _
L=—1F0, = 000 — mpy +igAu "y, (6.11)

bringing about a current for the gauge field, which is
T = iqyu. (6.12)

In the next section we will derive the theories for non-Abelian gauge symmetries
is along the same lines.

6.2 Non-Abelian Gauge Symmetry

Consider a field which transforms under a Lie group G. For every group element
we have a corresponding matrix g = U. The transformation rotates the field as,

P(x) = P (2) = Uy(z). (6.13)
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We use T, to denote the generators of the Lie algebra. To extend the group
to local gauge transformations we make U spacetime dependent, U(z). The
derivative on the field transforms as,

Outh(x) = U(z)0up(z) + (0,U (2))0(x) , (6.14)

and in the same way as in the preceding section we introduce a gauge field which
compensates for the extra term on the right,

Dup(a) = 9 — Ay, A, = AT, (6.15)
by transforming under gauge transformations as,
Ay — A, =UA U+ (0,U) U (6.16)
Taking the commutator of two covariant derivatives we get
Dy DY = (0, Ay — 0 Ay — (A A = ~Gutp, (6.17)

where G, is the field strength tensor for the non-Abelian gauge symmetry. In
terms of the field Af, (G, = G}, To) it is

G, = 0, A% — 9, A% — ¢ AV AT (6.18)

where,
[To, Tp) = 5T - (6.19)

The field strength tensor transforms according to,

G — G, =UG, U, (6.20)
using this we construct the gauge Lagrangian. We replace derivatives with co-
variant derivatives to make the existing part of the Lagrangian gauge invariant.

To incorporate a stand alone field strength term in the Lagrangian we use the
trace operator for its cyclic property,

1
£gaugc field = ETT[G;LVGMV] ; (621)
and the Lagrangian plus a fermion field becomes,
1 _ _
L= ZTr[GWG/W} — YD — mapy, (6.22)

with a current, -
i = YT (6.23)
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6.3 Gauge Symmetries and the Coset Construc-
tion

Applying the knowledge from the two preceding sections to the coset construc-
tion enables us to gauge any symmetry and work with it in its spontaneously
broken state. If a group G with generators T, is gauged, i.e. the measure of the
parametrization is spacetime dependent, we replace the partial derivative by a
covariant derivative in the Maurer-Cartan form,

Q70,0 Q7 'D,Q= Q7 (0, +iALT,)R. (6.24)
This is invariant under the local transformations,
Q= g(@)Q Ay = g(@) A (2) +i(Fug(x)g " (2). (6.25)

When broken symmetries are gauged we can fix the gauge by setting the Gold-
stone fields from the broken generators to zero, this is called the unitary gauge.
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Chapter 7

Formalisms

Before starting with the spontaneous breaking of spacetime symmetries, a few
formalisms are explained in this chapter. Mainly the tetrad formalism and the
Poincaré algebra are worked out.

7.1 Tetrad Formalism and Fermions in Gravity

We can replace all Lorentz tensors with objects which transform as tensors under
general coordinate transformations, i.e. diffeomorphisms for most theories that
we would like to gauge to incorporate gravity,[15] [16]. We then replace all
derivatives by covariant derivatives and replace the 7,;, minkowski metric by
the general metric g,,. This method however is only applicable to objects
which behave like tensors under local Lorentz transformations. Spinors are
objects which do not behave as tensors under these transformations and need
a different approach. First we outline the tetrad formalism and after that we
describe the spinor in gravity. Using the principle of equivalence we define at
every point X a coordinate set that is local at this point, call it £%. Note that
it is only possible to cover the whole spacetime with a single coordinate system
like this when it is a flat spacetime. The invariant quantity is given by,

ds* = napdy®dy” (7.1)

and to make this quantity invariant under general coordinate transformations
(GCT), we introduce fields ef (). Then,

dy® = e, (z)dz" (7.2)
where ote. ()
% (x
et (x) = (X> , (7.3)
H oxh ).
with this, we can rewrite the invariant quantity as,
ds? = eZ(a:)elb,(a:)nabdx“dx“ = gdatdx” (7.4)
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where dxz* transforms as a vector under GCT. From this we derive the trans-

formation rule for the ef,(z),

el (x) = (Sﬂ) (). (7.5)

This shows that the ef(x) describes a set of four vectors; this set is called
the tetrad or vierbein. Using this formalism we derive an invariant measure,
dV = d*y,

dy
Ox

and from the determinant of the metric we find the determinant of the vierbein,

d*y = d*z

‘ = d*z det € s (7.6)

g =det g, = det(eZel;nab) = —(det 6Z)2. (7.7
Matching it up, the invariant volume element becomes
dry = /—gd*z. (7.8)

This is the familiar integration measure for an action in a curved spacetime. By
formulating the vierbein we now have a tool to promote any object with Lorentz
indices (denoted by a,b,c,...) to one with world indices (denoted by u,v,o,...)
by contracting it with the vierbein. This enables us to generalize the spinors
from flat spacetime to a general spacetime. Starting with a Dirac theory with
Lorentz indices,

L =178 —m)p, (7.9)
the Dirac field transforms as,
— ’Lq ab
¢—>S¢:exp{—2a Jab}¢- (7.10)
The J, are the generators of the Lorentz group in spinorial representation,
Oq . Ya>y
Jup = 222 = 0 2%] . (7.11)

To add gravity the Lorentz transformations are gauged by making a® a function
of spacetime and introducing a gauge field A,,, such that the covariant derivative
on the dirac field is,

Dyt = (9 — ig A = (9 — i3 T ALY (7.12)

To derive the transformation of the gauge field we demand that the covariant
derivative on the field transforms linearly,

(Dptp) (x) = S(x) (Dptp) (2) (7.13)

46



this implies, .
_ 7 _

Al =SA,87" - §(8MS)S Y (7.14)
this gauge field A, is called the spin connection. We can now write the Dirac La-
grangian in a general spacetime by adding the vierbein and the spin connection
to (7.9), .

L =Yyt (x)D, —m)y. (7.15)

By making the known steps, adding a field strength tensor and the invariant
volume element to the integration, we get the theory for a fermion field coupled
to gravity.

7.2 Poincaré Group

The Poincaré algebra and the corresponding group express the symmetries of
Minkowski spacetime. We derive the algebra in this chapter from first princi-
ples. From Einstein’s principle of equivalence we know that for any two inertial
reference frames denoted by coordinates z# and z'#, the invariant lengths have
to be equal [17],

Nuwdatdz” = n,de'"dz’™ (7.16)

oz [0z
v ( oxP > (8xa = Tlpo - (7'17)
The coordinate transformations T'(A, a) consist of two parts, the Lorentz trans-
formations A# and the constant translations a*,

rewriting,

T(A,a):z— 2™ = Ala” +a*, (7.18)
applying the equivalence principle ([7.17]),
anAlpLAZ = Tpo » (719)

puts a constraint on the Lorentz transformation A. In the following is argued
that the transformations T'(A,a) form a group. Firstly, the transformations
T(A, a) satisfy a composition rule. Starting with,

T(Aa): a'" — 2", ' = At +at (7.20)
and combining this with the transformation x# — x'#,
' = J_X’V‘AZa:p + Ara” + a* (7.21)
is equivalent to applying the transformation,

T(AA,Aa+a) = T(A,a)T (A, a). (7.22)
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To make the argument that these transformations constitute a group complete,
we have to show that the Lorentz transformations have an inverse. The deter-

minant of (7.19)),

(detA)? =1, (7.23)
shows that (A=) exists. The inverse is determined by the same equation,
(AN = AL = AL (7.24)

The transformations with ¢ = 0 form a subgroup,
T(A,0)T(A,0) = T(AA,0), (7.25)
called the homogeneous Lorentz group. The full group of transformations

T(A,a) is the inhomogeneous Lorentz group.

Poincaré algebra Transformations T'(A,a) induce linear transformations on
vectors in physical Hilbert space ¥ € H. Denoted by U(A,a),

T(Aya): ¥ - U(A, )T, (7.26)

satisfying the composition rule ([7.22)
U(A,a)U(A,a) = U(AA, Aa + a) . (7.27)
We derive its corresponding algebra to apply it to our coset construction of
spontaneous spacetime symmetry breaking. To derive the algebra of a Lie group
we look at infinitesimal transformations around the identity A% = 6% and a* =

0,
A =68 +wh | at = ¢, (7.28)

the Lorentz constraint ((7.19) puts a constraint on w |
M (8 + @) (05 + wg) = 7o » (7.29)

rewritten,
npo' + wpo’ + oJo'p + O(Wz) = npg- 3 (730)

the constraint implies that w,, is anti-symmetric,

Wpy = —Wyy - (7.31)
An anti-symmetric 4 dimensional two tensor has 2%3 = 6 independent com-
ponents, with the 4 components of € this makes a total of 10 independent
components for an inhomogeneous Lorentz transformation. The linear transfor-
mation on a vector in physical Hilbert space is

Ul +w,a)=1+ %MWJW e, PPt (7.32)
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here J*” and P* are w and € independent. The sign for P* is a convention, as
the theory does not distinguish between ¢, P* and —¢,P*. P* are the compo-
nents of the energy-momentum operator and J*¥ are the components of Lorentz
operators, these are spatial rotations and boosts. The transformation U (14w, a)
is unitary, so J#¥ and P* are Hermitian and as w,, is anti-symmetric, J*¥ is as
well. To derive the transformation properties we apply a transformation U (A, a)
and its inverse to the infinitesimal transformation,

UA,a)U(1+w,a)U (A, a), (7.33)
which to linear order is,
)

U(A,a) W — i€, P" U (A, a). (7.34)

The inverse of the transformation is obtained by using the transitive property

of the transformation ,
UYAa)=UA, —Aa), (7.35)
so that,
U(A,a)U H(Aya) = UAN A A a— A ta) = U(1,0). (7.36)
We can use this inverse in the equation ,

UN,a)U(1l+w,a)U A a)=UA1+w),Ae+a)UAL, A" a)
UA14+w) A Ae+a— A1 +w)A ta)
=U(A1+w)A™!, Ae — AwA™ta)

(7.37)

to analyze the transformation property of J#” and P* we compare this to linear
order with the equation (|7.34)),

U(A,a) %WWJW —ie,P?| U"Y(A, q)

. (7.38)
- %(AWA*I),L,JW —i(Ae — AwA'a), PP,
To first order in € and w, the transformation rules for J** and P* are
U(A,a)J?U~ (A a) = ALAS(JH — aPY 4 a” P*) (7.39)
U(A,a)PPU (A, a) = AL P* (7.40)

These rules clarify that J* transforms as a tensor under Lorentz transforma-
tions (when a = 0) and P*" as a vector. The operator P* is invariant under
purely translations, but J#” is not. This can be viewed as a consequence of
changing the origin with respect to the calculation of the angular momentum.
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We derive the commutation relations between the operators in the last part of
this chapter. The transformation of any operator X is,

1
Ul+w,a)XU (1 +w,a) =X +i g@m " =P X | e (7.41)

Firstly, to first order in w and € ([7.39) is,

ALAZ(JH — a'PY + a”P")
= (0 + W) (67 — W) (T — e P¥ + & PH) (7.42)
= wuynVPJ#U — wwjnMUJPV — PP L PP O(we) ,

and ([7.40) is,
AL PH = (08 4 wuun?)P* = PP +n"Pw,,, P". (7.43)

Replacing X with J*¥ and with P* gives,
1
i §w,wJ”” — €, P, J””] = WP I — w7 I — P P7 + PP, (T.44)

and,

1
i {ZwWJ‘“’ — €, P, P?| = wun"? P* (7.45)

splitting the equations in their w and e parts and taking into account the anti-
symmetry of w, the commutation rules are,

i [J#l,7 Jpo'] — J/Lanup _ Jl/anpp _ qunﬂ'u + Jpltnau , (746)
i[P*, JP7] = Poyte — PPy (7.47)
[P*, PPl =0. (7.48)

Which makes up the Lie algebra of the Poincaré group. The exponential maps
for finite translations are represented by,

U(1,a) = e~taP" | (7.49)
and for Lorentz transformations by,
U(Ag,0) = 387" (7.50)
combining them we get,
U(Ae,a) = el e3éu " (7.51)

These are used in the coset construction of spacetime spontaneous symmetry
breaking.
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Chapter 8

Spacetime spontaneous
Symmetry breaking and the
Coset Construction

To recap, when a symmetry group is spontaneously broken the Goldstone fields
are realized by the coset element and in effect by the Maurer-Cartan one form.
The Maurer Cartan one form is created from the generators of the broken sym-
metries, i.e. non linearly realized symmetries. Translations are, regardless of
the symmetry breaking pattern, non linearly realized symmetries. Therefore the
generators of translations, P, are included into the Maurer Cartan one form [I8§].

8.1 Inverse Higgs Constraint

Breaking spacetime symmetries is different from breaking internal symmetries,
because of the possibility of a degenerate number of degrees of freedom in the
theory. In other words, the number of Goldstones is not equal to the dimension
of the coset. To accurately predict the number of degrees of freedom we have
to impose the Inverse Higgs constraint. The scheme for such a constraint is the
following [6]. In general the commutator between a translation generator P,
and a broken generator X7, contains a broken generator X, and an unbroken
generator t1,

[P, Xl] ~ Xo+1t1. (81)

A commutator containing a broken symmetry generator X # 0, different from
the broken symmetry generator in the commutator Xo # X7 implies that the
inverse Higgs has to be applied. The inverse Higgs is a constraint that removes
the redundant degrees of freedom. The component of the Maurer Cartan one
form that is aligned with the broken generator X5 is set to zero,

[Q719,9]x, =0. (8.2)
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In most cases this corresponds to setting the covariant derivative of the Gold-
stone field of X5 (denoted by #’) in the direction of P to zero,

Dpr' =0, (8.3)

(this is the component of the Maurer Cartan form aligned with the generator
Xs2). Thereby expressing the Goldstone field of X; (denoted by =) in terms
of derivatives on the Goldstone of Xs5. A way of understanding the constraint
and why it is necessary, is found in the low energy limit of the theory. The
commutator being non-zero implies that from the covariant derivative on
the field 7’ a linear term of the Goldstone field 7 arises in the Lagrangian. This
is synonymous to a mass term of the Goldstone 7. This mass term creates a gap
for low energy theories. By integrating out this gap we obtain an effective action.
This is done by applying the equations of motion. The constraint is therefore
a different approach to the same result by applying the equation of motion of
7. The equation of motion would generally not be exactly the constraint (3.3)),
but some combination of these terms, which becomes a complicated term. This
term describes the substition of the field 7 with derivatives of /. We show the
IH constraint for a toy UV example [19]. The theory is

1
£=3(0u0). (84)
The theory is invariant under
d—= ¢ =+ a+ Buat. (8.5)

The o is removed by the derivative in the action and the 3, in the action can
be written as a total derivative,

008" + 352 = 0,(05" + 50%"). (36)

The groundstate ¢¢ spontaneously breaks the symmetry. This implies that two
excitations exist, one for the transformation o and one for 5. The excitations
are the spacetime dependent realizations of these symmetries. In this case we
have that any 5, (x)z" can be written as a(x) = S, («)z". This means that the
shifts are not independent and we have to apply inverse Higgs constraint.

8.2 SSB of Time Translations in non-dynamical
Gravity

We derive a theory that describes scalar perturbations by SSB of time trans-
lations by defining the symmetry breaking pattern and the Maurer Cartan one
form. We do this in non-dynamical gravity. The theory of spontaneously bro-
ken gauged time translation is the main goal. But a specific case where gravity
is non-dynamical is done to see if the method is applied correctly. There are
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condensed matter systems that spontaneously break time translations without
gravity. These theories with a single degree of freedom are described by the
effective theory derived here. The symmetries are the elements of the Poincaré
group. Boosts and time translations are related. When time translations are
broken, Lorentz boosts are automatically broken. This is because boosts relate
spacetime translations with each other. The broken generators are Py and Kj;.
Any non-linearly realized symmetry is in the Maurer Cartan one form.
The coset is 1SO(3,1)/SO(3) x R® with an element:

0= eiz"Piei'n'(ac)Pgeini(m)Ki ) (87)
The Maurer Cartan form is defined as [20]
0710, = ie), Py + i€, P; +iel, D' K; + el A Jij . (8.8)
Evaluating it by using ({8.7) turns out
Q19,0 = (3 AY + 8, mAE) P, + e Ki, e K (8.9)
Using equivalences described in formalisms of the Poincaré algebra we get

Q7 1'9,0= z'(5LA?+8HWA8)P0+Z'(5ZA§—|—8M77A6)Pi+iKi(A‘18HA)O"+%JU(A‘lauA)ij :
(8.10)
Inverse Higgs Constraint The degree of freedom n'(x) is degenerate. To

apply the Inverse Higgs constraint the degree of freedom is expressed in terms
of the velocity vector that describes the boost, 3* defined as

Bl = n—tanhn, (8.11)
n

with n = 1/72. We have
B'B;

A =7, AY =B, Ay =B, Aé = 5; +(y-1 5 (8.12)
where v = \/117? The inverse Higgs is based on
[P, K] C 0Py (8.13)

The field aligned with the generator Py is set to zero to remove the degenerate

degree of freedom
ed =0. (8.14)

3

Writing this out leads to

AY +9;mA) =0
vBi + 0imy =0, (8.15)
Bi = —0;m.
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We interpret this statement as that any boost can be expressed by a spacetime
dependent time translation. The building blocks of the Lagrangian are the
invariant objects which arise from the Maurer-Cartan one-form. They are

L(eY,Dy), (8.16)

o

where the field in the covariant derivative is the field aligned with the unbroken
symmetries J;;
(Dpey)™ = 0yey, —l—zcljﬁA” el (8.17)

The form factor ¢f}; is defined by
[Pg, Jij| = ic;5Pa . (8.18)

For the values of the form factors we refer to the Poincaré algebra. At lowest
order the Lagrangian is

1
Lefr= —ifpgr]’“’epe + higher order, (8.19)

Positivity of kinetic energy implies that f,, has to be positive definite. Writing
the Lagrangian out,

Lepr = — fooeded — fij eoeo + fkln”e + higher order. (8.20)

In terms of the gapless excitations the elements are

ey = (T +1)v, (8.21)
e = A+ 0oy =B (1 + 7)) = —0'n(1 + 7)), (8.22)
e} = A + 0wy = 8} + (v - )5625, + Oy = 6] + (v - 1)5258; +0imd

(8.23)

This leads to the following theory in terms of the degree of freedom 7(z)
Loy = —fool +1)°7 = fiyy*0'nd m(1 + 1)

g il o S
+ i (09 42(y— 1)% + (294 (v =12 +29(y = 1) rd T 472 7 7 (V) ?)

+ higher order. (8.24)
To find out if this is the correct Lagrangian, or that some combinations of
parameters is necessary, we look at the transformations of the degrees of freedom

7(x) and n’(x). This is done by comparing it to a Heuristic Lagrangian of time
translations SSB in flat spacetime.
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8.2.1 Heuristic Lagrangian

The heuristic Lagrangian is a function of ¢ + 7w and its derivatives (similar to
the Stiickelberg trick). The heuristic theory of SSB of time translations in flat
spacetime is made up of functions of ¢t + 7 and derivatives of this term. This is
similar to the Stiickelberg trick, but without gravity,

L = At+7)+ AL (t4+7)0, (t+7)0" (t4+7) + Az (t+7) ((9(t+7))?)2 + higher order.

(8.25)
It contains powers of
(—1 — 27 + O, md"7). (8.26)
This Lagrangian is covariant under the transformation:
m(x) = 7'(2'(z)) = 7' (t + ¢, ") = w(x) — c. (8.27)
And Lorentz transformations
m(x) — Af(Q)m(x) — Af(a); . (8.28)

These are used to check the results of the coset constructed theory as they
should transform in a similar fashion.

8.3 Transformation of Goldstone Fields

Transformation properties of the Goldstone fields follows from the action of an
element g € G on the element of the coset G/H. In the case of spontaneously
broken time translations and boosts the action of g € I1S0O(3,1) on the coset
element is

gQ(m,n) = Q=" ;0" )h(r,m,g), (8.29)
where h € SO(3) x IR®. We write the element % infinitesimally

h=1+if"(m,n)P;+ip? (m,n)Jij + -+, (8.30)

where f? and p” denote the change in the parameters aligned respectively with
the unbroken generators FP; and J;;. The transformation is written infinitesi-
mally

Q') = Qm,n)(1 +iATPy + iAn'K; +---), (8.31)

where Am =~ 7 — 7' and An’ ~ n' —n’*. We show the starting points of the
transformation rules and work them out in seperate paragraphs. In the case
that g € G/H is a time translation with parameter «

(1+iaPy+--- )em(m)P"emiP"eigi(m)Ki =
i (@) Po gix' Pi jig" (x) K; (1+iATPy + iAD K + - - ) (8.32)
X (1 + Z'fi(ﬂﬂ% a)Pz + Z.pij(ﬂ-’ nva)‘]ij +o ) :
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By arguing that the commutator of Py with any other generator of the Poincaré
Algebra produces P; and the generator itself we get

AmPy + szZ _ e—iﬁi(w)Kie—imiPie—iﬂ'(I)Po (apo)eiﬂ(x)Po eimiP,- eigi(x)Ki ) (833)
In the case that g € G/H is a Lorentz boost
(1+iddK; + - - )etm (@) Po giat P it (2) K
eiﬂ(x)PoeiwiPieiEi(x)Ki(1 +iATPy + iAT]iKZ‘ 4. ) (8.34)
X (1 + ifi(ﬂﬂ% Oé)R + ipij(ﬂ-7 777a)Jij + - ) .

Arguing that the commutator of K; with other generators in the Poincaré group
produces J;;, P; and the generator itself we get that

AN K +if Pidip” Ji; = o€ (@) K; ,—ia’ Py j—im(z) P (ajKj)em(x)Poemip,-eigi(w)m

(8.35)
We work these cases out in the following paragraphs and add the transformation
under the unbroken spatial translations.

Transformations under Time Translations The transformation of the
Goldstone fields under time translations is

APy + f1P; = ¢7 ' @)Kigmia' P p=im(@)Po (o Py eim (@) Po i Bi gin' (1)K (g 36)
The generators of translations commute, so we get

A’/TPO + sz - eiini(w)Ki (Oépo)eini(w)Ki

, (8.37)
= aAng + oAy P .
Under a time translation t =t + «
Ar=ahy,  fl=al}. (8.38)
where Am ~ 7 — 7’. Guess from Heuristic Lagrangian:
w(t,z') = n(t+ a,2') = 7(t,2") — . (8.39)

These are alike when v ~ 1.

Transformations under Spatial Translations Commutator of spatial trans-
lations with boosts contains generators for time translations and spatial trans-
lations.

AT('PO + JMPz _ 67@'7717(93)1{1- (aipi)eini(z)Ki

_ ) (8.40)
= a'A)Py + o/ AL P
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Under infinitesimal spatial translations z* — z* + o’ the transformations are
Am = a'AY, fi= ajAé. . (8.41)
In the heuristic Lagrangian the argument of the 7 field changes
n(x) = w(t,x' + a') = 7(z) + ' + - - - . (8.42)

These result correspond well with the transformation of the effective Lagrangian
when the inverse Higgs is applied

and v =~ 1.

Transformations under Boosts The commutator of the boost generator
with the time translation generator is

[JOi,Po] D) Pi7P0. (844)

The boost generator commutes in the same manner with the spatial translation
generators. The full expression for the transformation under boosts is

ATPy + A K + f'Pi+ p Ty =
e~ (@) Kig—iw' Py g —im(2) Po (ajKj) (8.45)
« i (@) Po gia' P yin' (2)K;
The terms evaluated seperately are
e @R (I K e ™ @R = oI (K, 4+ 7P)) . (8.46)
We use that spatial translations commute with themselves
eia" P (ozjKj)eiIiPi =d (K;+2,;P). (8.47)
Taking all parts and using that U(A) = J,,U(A) = AflA‘chd
AnPy + An'K; + f'P; + pY J;; = e_i"i(z)JO‘ozj(Joj +7P; + ijo)ei"i(z)JOi
= ajAgA;-’JW + oﬂﬁrA?PM +alz;ALP, .

(8.48)
The transformations under z# — A(«a)Hz” are
Am =a’/TA) + o’z AQ (8.49)
Ant = oszgA;. - oszéA? , (8.50)
fi= Oéjﬂ'A; +adz; Al (8.51)
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and finally,
p* = ol AGAK (8.52)

Guess from Heuristic Lagrangian:
7(x) = A ()m(Ax) — Ala)ix’. (8.53)

These do not seem to show a similar behaviour as in the other cases, even for
an approximation.

8.3.1 Spatially homogeneous limit

By a spatially homogeneous approximation we may see if the theories coincide.
The following approximations are made to the theories

=1,
Bi =0, (8.54)
aiﬂ' ~0.
In compliance with these approximations, the effective theory is
Legi. approx. = fij (m + )67 — foo(m + t)(1 + #)* + higher order.  (8.55)
The functions denoted by f are functions of w4t as this is invariant under time
translations. The same methodology applied to the Heuristic Lagrangian leads
to
Leur. approx = AT +1) — Ay (t + ) (1 + 7) + Ag(t + 7)(1 + 7)* + higher order.

(8.56)
We can subtract a total derivative from this Lagrangian to cancel the term with

A;. This is
t+m
Oy {/ A(x)dx] =

(a(tiw) /tﬂr A(a:)dx) w_

Leur. approx = AT+ 1) + A2 (t + ) (1 + #)? + higher order . (8.58)

(8.57)

The theory is

These results show that the theories have the same dynamics of the scalar
degree in the spatially homogeneous limit. This concludes the dissertation on
the theory of SSB of time translations in non-dynamical gravity. The present
theory does not coincide perfectly with a heuristically derived theory. Further
research is necessary to make a model independent theory that does have this

property.
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Chapter 9

Curvature perturbations in
an FLRW Background

9.1 Spatial Hyperslices as Membranes in 341
Dimensions

The following approach is similar to SSB by membranes in [18]. It is mainly an
exercise that does not yield significant results. The hyperslices in the paper [18]
are (d — 1)-dimensional where the (d — 1) dimensions include the time dimen-
sion. This is a correct approach to membranes in d-dimensions spontaneously
breaking the d — 1 spatial direction. But it does not correspond to a breaking
of the time direction as the d’th dimension, as we would like it to do. This is
because the derived action is defined only on the hypersurface. It is therefore an
irrelevant approach to the effective theory that is our goal, as is defined over all
spacetime. Nevertheless this part shows the approach up to the preliminaries of
an effective theory. To use spatial hyperslices for deriving an effective theory in
a curved background we distinguish four different coordinate indices, the indices
are

e Greek indices p, v, p,o,--- for (curved) general spacetime,

e Latin indices a, b, ¢,d, - -- for (locally flat) Lorentz spacetime,

e Latin capital indices A, B,C, D, --- for (curved) general spatial indices,
e Latin indices ¢, 7, k, 1, -- for (locally flat) Lorentz spatial indices.

As before spatial rotations and translations are unbroken and time translations
and boosts are broken

P; spatial translations, (9.1)

Unbroken = . ]
Ji; spatial rotations.
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and
Py time translations,

(9.2)
Joi = K; boosts.

Broken = {

The coset representative, which includes all translations as they are nonlinearly
realized, is
0= eiﬂ'(m)PgeiY'i(m)Pi einj (z)K; — eiYa(f)Pa eini(m)Ki ) (93)

The middle expression is used to make the degrees of freedom explicit, but we
will use the right expression with Y (x) = (7 (z), Y(x)) to calculate the Maurer-
Cartan one-form. The Maurer-Cartan one-form is evaluated on the general
spatial hyperslices Q71D 4. This object can be seen as a projection of the
Maurer Cartan in d-dimensions onto the d — 1-dimensional spatial hypersurface,

Q7'DAQ = 04Y*Q7'D,Q (9.4)

We use the covariant derivative for the gauged 1SO(3,1) group in a curved
background. The one form is

0AY" Q7D Q=0 <aﬂ +ELP, + ;wngab> Q. (9.5)

The coset representative (9.3]) is made up of two parts, one for the transla-
tions and one for the boosts. A good approach would be to work through the
translations part first. This part is

e (au + &P+ ;w,‘i”Jab> V@ Fa (9-6)
We rewrite it as
e (@%Ya(:c) + )P + ;w{t”Jab> e (9.7)
Using the commutation relations of the Poincaré group

(10, Y *(x) + &%) e @ Pe p e @Fe — (39, Y(x) + &%) P, (9.8)

we write the part with the generator of Lorentz transformations as

%@ff@ — Y 2)Py 4 ) pe(1 + Y ()P4 -+ ). (9.9)

Using the relations
[Paa ch} = _i(anac - Pcnab) s Wab = _wba 5 (910)
we have firstly,

; 1
_ iwabJab-i-*waYa(anac_Pcnab)""' -

5”26(1—2Y“(33)Pa+'")ch(1+lya(3«")Pa+"'> ~ 3% 9%
9.11)
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and secondly keeping only the linear terms

i€ Pa + 505" Jap (9.12)
where we redefined the vierbein
e =&+ 0,Y" +wiY,. (9.13)

Plugging this into the full Maurer-Cartan one-form
DAYHQTID, 0 = §Y e (@)K (a,t + et P, + ;wngab> e @K (9.14)

Using as before that U(A) = e @i {7(A)"1P,U(A) = AL P, and U(A) "L J,U(A) =
ASALT.q we get

AYHQ7ID,Q = i0sY el AF Py + %8AY“(A‘1)3(77“8M + WA Tay . (9.15)

We express the result as a linear combination of all the generators, in terms of
Goldstone fields and the coset vierbein this is

. ) 1 ..
OAYH QD Q =By (P, + VimPy + Vi K;) + 5,4;{ Jij . (9.16)

From this equation we can read off the fields, by equating the evaluation of the
Maurer-Cartan to its definition

EY = 3AY“6ZAZ = (Oamed +e%)AL ( )

Vir = Ef0aY el N) = E{ (Oame] + €%)AY (9.18)
Vi = ELOAY (A0, M) + w;dAgAg‘l] ; (9.19)
AT = 94V F[(AT19, M) + wlALA], (9.20)

(9.21)

“w

The field aligned with the spatial rotations transforms as a connection. For this
reason we incorporate this field into the covariant derivative that is used in the
Lagrangian.

IH constraining The commutator of unbroken spatial translations and boosts
contains broken time translations
[P, Joj] = i Pomij - (9.22)

We inverse Higgs constrain the covariant derivative along the generators of spa-
tial translations on the field 7
V,m=0. (9.23)

We write the constraint as
EM0amed +e4)A =0. (9.24)

We see that A is orthogonal to the spatial hyperslices.
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Effective Action The effective action is built up from several possible dif-
feomorphism invariant terms and their Lorentz invariant combinations. The
building blocks are taken from the Maurer-Cartan form. The measure of inte-
gration is an invariant volume element defined by

d*zy/—g = d*zdetE. (9.25)
The spatial part of the metric is defined as
hap = €4eina0aY " OpY" = efelna, + efelnadardpm . (9.26)

This concludes the exercise of deriving an effective field theory by modelling the
SSB of time translations as broken by spatial hyperslices. The derived action
exists on the spatial hypersurface and does not yield a theory defined over all
spacetime.

9.2 Preliminaries of a Coset Construction of SSB
time translations in dynamical Gravity
To gauge the Poincaré transformations we introduce the gauge fields for space-

time translations éz and Lorentz transformations wfjb to the covariant derivative
D,,. The element of the gauged 1S0(3,1)/50(3,1) coset is

Q= W (@Pagin' Ki (9.27)

We use a as the index of locally inertial coordinates y®(x) at some point within
the patch that is described by the (curved) coordinates = and with y* = (m, y").
We compute the translations in The Maurer-Cartan one form seperately

e WP (0 + 0P, + %wngab)eiy“Pa = ief Py + %wngab, (9.28)

with
a p—

Cu

0+ Oy + wilyy . (9.29)

The full one-form is

_ - bra i - a cd pa
QD0 = i A Po + 5 Jap (A0, 0)" + Wit AZAG]

' 1 - (9.30)
= iEz(Pa + Vun'K; + §JijAZJ) .
We read off the covariant parts
EY =l Ay, (9.31)
Van' = ef AL[(AT10,A)% + wiPAIA]] . (9.32)

The inverse Higgs constraint is applied in a similar fashion as for the other
spacetime SSB’s.
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Inverse Higgs constraint The commutator is

This implies that we set E? to zero to enforce the constraint and remove degen-
erate degrees of freedom. We make the m dependence explicit in the constraint,
E)=0,
e?AY = (62 + 9 + Wiy )A) =0, (9.34)
(82 + 0,7 + wiye)AD + (ég + 097 + wgC)A? =0.
These preliminaries may lead to an effective theory in dynamical gravity. But
as the theory in non-dynamical gravity falls short we had to discontinue the

research on this topic to first fix these issues before venturing into a more general
case of the non-dynamical theory.
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Chapter 10

Conclusion and Outlook

We recap the goal and method of the research in this chapter. Subsequently we
describe the main conclusions and we formulate an outlook for further research.

10.1 Summary

Our main goal was to derive a model independent theory that describes curva-
ture perturbations from a spontaneous symmetry breaking of time translations.
We divided this goal into three parts: inflation, SSB in field theory and SSB of
spacetime symmetries. In the first part we introduced the inflaton and worked
out the requirements on the field and on the potential for extended inflation to
occur. From this model we were able to observe that structure formation arises
from the single degree of freedom in the early universe. These are the curvature
perturbations described by the scalar degree of freedom in the metric. This en-
ticed us to discover if there was a way to derive a theory of these perturbations
without an underlying model. We approach such a model independent theory
by looking at the spontaneous symmetry breaking pattern. We first derived
the theory by manually introducing the degree of freedom. This top down ap-
proach is the Stiickelberg trick. The coset construction introduces the degrees
of freedom by looking at the invariant objects. We used the coset construction
in field theory for Abelian and non-Abelian symmetries. As the main goal was
the case of curvature perturbations in dynamical gravity we also looked at SSB
of gauge symmetries. As dynamical gravity is the gauged version of spacetime
symmetries. Finally we looked at the formalisms of spacetime SSB, and tried
to derive an effective theory.

10.2 Conclusions
The main factor of this research was to build a complete understanding of

spontaneous symmetry breaking and of the coset construction. We described
these in the field theory part of the thesis. The coset construction of the Abelian
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SSB is derived and coincides well with a model dependent version. The Chiral
Lagrangian as an example was derived to test if the method was understood
and that we were able to apply it. We applied the coset construction to the
SSB of time translations in non dynamical gravity. This theory appeared to be
incomplete. We tested this by looking at the transformations of the scalar degree
of freedom, and comparing them to a phenomenological theory. The theories
coincided for spatial translations after applying the inverse Higgs constraint.
The boosts did not show this behaviour. This pointed to a misapprehension
or a caveat in our approach. We specified the theory by taking the spatially
independent limit to see if the theories coincide in that limit. They showed
similar behaviour at this point. We had derived a more general case of SSB
with dynamical gravity up to the inverse Higgs constraint but had to cease, as
the approach does not in essence differ with respect to the non dynamical case.
We can say with some certainty that this more general case would show similar
issues and would not approach the EFT of inflation derived by the Stiickelberg
trick.

10.3 Outlook

The research in the field is ongoing. The coset construction is a relatively
new technique, but has already been applied to a number of different cases. To
understand and apply the coset construction in a systematic way without errors,
so also for spacetime symmmetry breaking would be the first goal of research
continuation. the second goal would be to use the coset construction for the
SSB of time translation symmetry, in a consistent manner, thereby deriving a
theory coinciding with the Heuristic theory. Applying the coset construction to
dynamical gravity would subsequently be the main task. These results would
then be compared to the theory that we derived using the Stiickelberg trick.
Furthermore, a better understanding of spacetime symmetry breaking and in
particular the SSB by inflation would be possible. These results would thereby
provide a fundamental conceptualization of curvature perturbations and in turn
of the origins of structure formation in the universe.
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