N

> b = Universiteit Utrecht

i
AN

&
L

DEPARTMENT OF MATHEMATICS

MASTER THESIS

The Euler totient function
in short intervals

Author: Supervisor:
Tom VAN OVERBEEKE Prof. Dr. Gunther CORNELISSEN

Second Reader:
Dr. Damaris SCHINDLER

January, 2017



Abstract

It is known that the two rings Z and F,[T] have a lot of similar properties. Here Fy[T"] denotes
the polynomial ring over the finite field IF,; of ¢ elements. In 2014 Keating and Rudnick developed
a new technique for calculating the variance of functions in short intervals in F,[T]. In this thesis
we study this technique and apply it to the von Mangoldt function A, as Keating and Rudnick
did to prove a result analogous to a theorem in Z, due to Goldston and Montgomery. We then
apply this technique to the Euler totient function to arrive at some new results concerning its
variance in short intervals in F,[T]. Finally we turn our attention to the Euler totient function
in short intervals in Z. Surprisingly, it turns out that the analogue to the statement in F,[T]
does not hold.
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Notation

We start with an overview of the notations used in this thesis.
e For positive functions f,g: R — R, define:

x) =o(g(x)) if lim, o % —0;

f(x)

f(x) =0(g(x)) if 3C € Rxg,xo € R such that |f(z)| < Cg(z) for all z > x¢;

f(z) =0(g(x)) if Je,C € Rxg, 20 € R such that cg(x) < |f(z)| < Cg(z) for all z > x¢;
fl@) ~ g(x) if limg o0 52;)) =1.

e Define the functions m,1¢, M : R — R by:

m(x) = #{p <z | p prime} = Z 1;

p<z

W(x) = logp;

M(z) = 3 uln).

n<lx
e Define the von Mangoldt function A : N — C by:

| logp ifn=pm,
An) = { 0 otherwise.

e Define the Euler totient function ¢ : N — C by
o(n) = #(Z/nZ)*
e Define the Entier function [.] : R — Z by
[x] = max{m € Z|m < z}.
e Define the fractional part function {.} : R — R by
{2} =2 —[a].

e For any odd prime ¢ define F, to be the finite field of ¢ elements. Define F,[T] to be the
polynomial ring over this finite field F,.

e Working in F,[T], define the norm function |.| : F,[T] — Z by |f| = g38(¥).

6
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e Working in F,[T7], define the following sets of polynomials:

Pn ={f €Fy[T]: f has degree n};
P<n ={f €Fy[T]: f has degree less than or equal to n};
M, ={f € F,[T] : f is monic of degree n}.
e Given a polynomial A € P,, and 0 < h < n, define the interval I(A4;h) as

I(A;h) = {f € F[T]: |f — Al < ¢"} = A+ Pz,

Given a function « : Fy[T] — C, denote the average of o over monic polynomials of degree
n by

<a>n=qin S al).

Given a function « : Fy[T] — C, denote the sum of a over a short interval I(A; k), where

AeM,, 0<h<n-2, by
No(Ash) = > a(f).
fEI(Ash)

e Given a function « : F,[T] — C, denote the average of N, (A; h) over all monic polynomials
A of degree n by
1

AeM,,

e Given a function « : Fy[T] — C, denote the variance of N, (A; k) over all monic polynomials
A of degree n by
‘2

Var, N, (e;h) = qin Z INa(A;h) — (Na(e3h))

AeM,



Chapter 1

Introduction

1.1 Two important rings

This master thesis takes place in two rings with similar properties. The first is a ring everybody
knows: the ring of integers Z. The second is less known. Let ¢ be an odd prime and denote by
IF, the finite field of ¢ elements. The ring we are interested in is IF4[T'], the polynomial ring with
coefficients in F,. Both rings are principal ideal domains on which we can define a norm function
and it turns out that they have a lot more interesting properties in common. It is even possible
to define some sort of dictionary between the two rings. This dictionary would then make it
possible to translate theorems and conjectures from one ring to another. There are even cases of
conjectures we do not know how to prove in Z, but where we are able to prove their translation
to Fy[T)! Such a dictionary might look like this.

Z + F,[T]
An integer n € Z of norm ~ A polynomial f € Fy[T] of norm
In] = #(2/nZ) £l = #(F,T1/(f)) = giesD)
log || - log, | ] = deg(f)
A unit 1 € Z > A unit c€ Fr
A prime p € Z>g <> An irreducible monic polynomial P € F,[T]
Von Mangoldt function over Z Von Mangoldt function over F[T]
Alm) = { log(p) ifn = :.tpk . AGP) = { deg(P) if f = l?Pk
0 otherwise. 0 otherwise.
Euler totient function over Z  « Euler totient function over Fy[T]
p(n) = #(Z/nZ)* p(f) = #(F[T]/(f)*

For an example of a translation, you could look at the Prime Number Theorem (PNT for short),
stating that 7(z) ~ 77 as @ — co. Here m(z) is given by the number of primes smaller than
or equal to . The PNT was proven independently by Hadamard [I3] and de la Vallée Poussin
[6] in 1896. It is well known that the PNT is equivalent to the statement ) _ A(n) ~ z, with

A the von Mangoldt function, see for example [2]. Equivalently you might expect that in F,[T]
you would have that
> A~

f monic
deg(f)<n
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Note that you only look at the monic polynomials, as you take all polynomials up to a unit. This
is analogous to the statement in Z, where, by taking only the positive numbers, you also take all
numbers up to a unit. It turns out that we even have a stronger theorem in F,[T]. Define M,
to be the set of monic polynomials of degree n, then

> A =d"

feMn

We will prove this “Prime Polynomial Theorem” in chapter

1.2 Short intervals and the major theorems of this thesis

For X € Z, we can define an interval around X of size H. It does not really matter how you define
this interval. For example you can take the interval [X — £, X + £] but also just [X, X + H].
More important is the size of the interval H. If H = ©(X?) for some 0 < § < 1, we speak of
a short interval. The size of the interval tends to infinity as X — oo, but slower than X. It is
then possible to consider (the sum of) functions in short intervals. Define

U(X;H) = > A(n).

nelX—4 x4+ 4]

Not much is known about this function ¥(X; H). The Riemann Hypothesis implies that
U(X;H) ~ H as long as § > % + o(1). This is due to the fact that

WX H) = 9(X + ) (- ),

where ¢(z) = >, ., A(n) and the fact that Riemann hypothesis implies that ¢(z) = z +

O (x% (In x)Q), as is shown in [5]. The pair correlation conjecture, stated by Montgomery [22] in

1973, says that the corellation between the zeroes of the Riemann zeta function, normalized to
. 2
have unit avarage spacing, is given by 1 — (W) — 6(u). Assuming the Riemann Hypothesis

and the pair correlation conjecture, Goldston and Montgomery [12] showed, that for H = ©(X?)
for some 0 < § < 1, the following expression for the variance of W(X; H) holds:

1 X
Y/ | (z; H) — H|? dz ~ H(log X — log H). (1.1)
2

In Fy[T], the Riemann hypothesis is proven. Therefore it might be possible to prove stronger
statements than it is in the ring of integers. This is indeed the case. In this thesis we study a
technique introduced by Keating and Rudnick in [20] to prove some of these statements. Let
A € P, be a polynomial of degree n. For any 0 < h < n the interval around A is defined as

I(A;h) = {f € F[T]: |f — Al < ¢"}.

The size of this interval is given by ¢"*!. Hence for 0 < h < n — 2 we speak of a short interval,
because as ¢ — 00, |A| = ¢" and #I(A,h) = ¢"*! both tend to infinity, but the latter is again

slower. That is limg_, #Il(AAl’h) = 0. Note that we take the limit ¢ — oo, while we fix A and

h. As we want the size of the interval to tend to infinity, it would also be possible to let n and
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h tend to infinity, while we keep ¢ fixed. This is another subject entirely, which we will not
consider in this thesis. Now fix 0 < h < n — 2. Denote by M,, the set of monic polynomials of
degree n and for A € M,,, define

Na(Ash)y = >~ A(f).

fEI(Ash)

Define (NMa(e;h)), to be the average of Ny(A;h) as A runs over M, for some fixed n. Finally
define the variance of Ny to be
1
Var, Na(o;h) = — > [Na(A;h) — (Na(e;h), |2

Ve
Theorem 1.1 (Keating and Rudnick, [20], theorem 2.1). Fiz 0 <h <n—3. As ¢ — oo,
Var,Na(e;h) ~ ¢"(n—h—2).

Note that this is an exact analogue of relation . For this proof, Keating and Rudnick
developed a new technique, which they later used in [I8] and [I9] to calculate the variance of
the Mo6bius function and the divisor function in short intervals. They were able to transform the
short intervals into short arithmetic progressions. They could now apply Dirichlet characters to
pick out the progression. Taking the limit ¢ — oo and applying some major work by Katz in [15]
and [I6] to transform a sum over characters into a matrix integral, they could finally calculate
the variance. In chapter 6] we will prove theorem[I1] In chapter[7]we will prove a similar theorem
for the Euler totient function, (see the dictionary in the previous section for the definition of this
function ).

Theorem 1.2 (This thesis, theorem [7.16)). Fiz 0 <h <n—3. As ¢ — o0,

Var, N g (o; h) ~ g 3.

[f1

Finally in chapter [8] we study the Euler function in Z. Analogous to theorem you might
expect the variance to be inversely proportional to the size of the interval. It turns out this
is not the case. We cannot prove this definitively, but we can show that it follows from some
assumptions.

Theorem 1.3 (This thesis, theorem [8.25). Let H = ©(X?), 0 < § < 1. Assuming and

[8:27 we find

1 & o) H\ 1 1
X2 ( 2 <<2>> ) K@

rz<n<z+H

What these assumptions exactly are, we will see in chapter

In the four preceding chapters we give background information and an introduction in the
subjects needed for the proofs in chapters We specifically look at theorems and notions
needed in the later chapters. We also give references for a more thorough introduction and for
the theorems we cannot prove, due to a lack of space.



Chapter 2

Introduction to analytic number
theory

2.1 Introduction

In this chapter we give a brief introduction to analytic number theory. As with all of the four
introductory chapters of this master thesis, we will only focus on the theorems required for our
research in later chapters. In this chapter the notions we need later on are the definitions and
theorems in section together with theorem We will also prove some first properties of
the Euler totient function in section 2.6l

For some standard works about analytic number theory, one could look at [I] or [2]. We will
follow the same books for proving the theorems in this chapter.

2.2 Convolution product and Mobius inversion

In this section we give a quick introduction into arithmetic functions.
Definition 2.1. An arithmetic function f is a function f: N — C.

Definition 2.2. An arithmetic function f is called multiplicative if f(mn) = f(m)f(n) for any
coprime m,n € N,

As for any multiplicative function f we have f(plf1 cophn) = f(p’fl) ... f(pkr), the following
lemma follows trivially.

Lemma 2.3. Any multiplicative arithmetic function f is uniquely defined by its values f(p")
for every prime power p*. O

Definition 2.4. Given two arithmetic functions f,g, define their convolution product f * g :
N — C by

(frg)n) = D Fla)g®) =Y f(@g (%)
d|n

a-b=n

11
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Example 2.5. Two examples of arithmetic functions are the functions e, E : N — C defined by
e(l) =1, e(n) =0 forn #1 and E(n) =1 for alln € N. Now for any arithmetic function f,
we have that e x f(n) = f(n) and

=> @

d|n

Lemma 2.6. The convolution product makes the set of arithmetic functions f with f(1) # 0
into an Abelian group with identity e.

Proof. To prove this, we first show the commutativity and associativity of the convolution prod-
uct. Commutativity is clear, as for any two arithmetic functions f, g we have

(fxg)n)= > fla)gd)= > f(b)gla) = (g* f)(n).

a-b=n b-a=n

Associativity is slightly less obvious, but this follows from

(fxg)xh)(n)= D" hd) > fl@)gy)= > fla)gd)hic)

a-b=n Tr-y=a a-b-c=n

and

(fx(g=h)n)= Y fla) > g@hly)= > fla)g®)h(c).

a-b=n z-y=b a-b-c=n

for any arithmetic f, g, h. Now we already noted that we have an identity element e, so we only
need to prove the existence of an inverse f~! for any arithmetic function f. Fix f with f(1) # 0
and suppose that we are given an f*, such that (f x f*)(n) = e(n). Then

= > f@f )=
a-b=1
and hence f*(1) = f(1) We now prove that for any n > 2, f*(n) is uniquely defined by its values
f*(m) for all m < n. Suppose we know al these values, then

=Y r(G)r@=rmim+Yr(5)f
d|n

d|n
d<n

Hence
- % dzlj 7 (%) 5@

d<n

It follows that for any f there exists some f~! s.t. (f x f~1)(n) = e(n) and that this inverse is
unique. This proves the lemma. O

Lemma 2.7. The set of multiplicative arithmetic functions is a subgroup of the group described
in the previous lemma.

Proof. Not that if a function is multiplicative, then f(1) = 1, so the set of multiplicative functions
is indeed a subset of the set described in the previous lemma. Clearly the identity function is
multiplicative. We first prove that the convolution product preserves multiplicativity. Let f, g
denote two multiplicative arithmetic functions and let m,n be two coprime integers. Note that
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when a|mn for m,n coprime, then we can write a uniquely as the product a = be with bjm and
¢|n. Furthermore if bjm and ¢|n, then belmn if m,n are coprime. Hence

(/g (mm) = 3" Flayg ()

a|lmn

=> "> flbo)g (%)

blm c|n

=Y Yo (5)9(%)

blm c|n

Sy () | [ r@9 (%)

blm c|n
= (fxg)(m) - (f * g)(n).

This shows that the convolution product of two multiplicative functions is again multiplicative.
Finally we show that the inverse of a multiplicative function is again multiplicative. Suppose
that it is not. Then there exists a multiplicative function f, s.t. f~' is not multiplicative. Let
m,n € N be coprime integers such that mn denotes the smallest integer such that f=1(mn) #
f~Y(m)f~1(n). Note that m,n # 1, as multiplicativity implies that f(1) = 1 and hence f~1(1) =
1. Now

0= (f*f")(mn)

=Y f@i T (5F)

almn

= fOf M mn) + Y fla)f T (2E)

almn
a<mn
=/ )+ 3 Faf T (50)
i
=[N mn) + Y0 FOf(f (%) - <%)
blm,c|n
be<mn

=7t + [ S rer () ) (@ (5) | - rom)se)
cln

blm
= f(mn) = f(m)f(n) + (f * 1) (m) - (f * f7)(n)
= f(mn) — f(m)f(n).

We have found a contradiction and conclude that f~! is multiplicative. We conclude that the
lemma holds. 0

Definition 2.8. Define the Mobius function p: N — C by

(n) = 0 if n is not square free,
g = (=1)t disn=p1...p fort distinct primes.

Lemma 2.9. The Mdbius function p is the inverse of the arithmetic function E(n) = 1.
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Proof. If n =1, then

(E*p)(1) = p(l) =1=e(1).
Note that y is multiplicative. It is hence sufficient to show that (E * u)(p*) = 0 for all primes p
and integers k > 1, as F % u is multiplicative by lemma We see that

(Exp)(p") = p(d) = p(1) + p(p) + u@®) + -+ p(@*) =1-1=0,
dlp*
applying the definition of p. O

Corollary 2.10 (M&bius inversion). Let g be an arithmetic function and let f : N — C be
defined by f(n) =34, 9(d). Then g(n) =34, u(d)f (§)-

Proof. As f = E x g, we see that
g=exg=(uxE)xg=px(Exg)=px*f.
O

Example 2.11. Let o¢(n) = #{d € N such that din} denote the divisor function of n. Then
oo(n) =3 g, 1 = 2q, E(d). Applying Mdbius inversion, we see that

1= EB(n) =Y uld)oo ()
d|n
for any n.

Definition 2.12. Given an arithmetic function f, we define its L-series as a formal power series
by

Li(s) =Y f(nyn™".

n>1

Lemma 2.13. For any two arithmetic functions f,g, we have that
Ly -Ly= Ly

Proof. Let f,g be any two arithmetic functions, then

—s —5 —s n —s
Ly-Ly= | S fen= | [ 3 gtmym= | = 3~ f)g(m)(nm)~* = F@g (5)n
n>1 m>1 m,n>1 n>1d|n
By definition, the right hand side equals L .. O

Corollary 2.14. For the Mébius function u we have that L, (s) = .

Proof. Note that by definition

()= n~* = Lp(s).

n>1

Now E*p=eand Lo =3 -, e(n)n”® =17° = 1. Therefore
1= Le(s) = Lipu(s) = Le(s) - Lu(s) = ¢(s) - Lu(s),

from which we conclude that L,(s) = g(ls). O
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2.3 Another Mobius inversion

In this section we will look at another use of Mébius inversion. We are especially interested in
its corollaries and as we need them later on in the chapter.

Theorem 2.15. Suppose f,g:R>1 — R are real functions. If

f@ =3 9(3). (2.1)

n<lz

gl@) = > umf (%), (2.2)

n<lz
Conversely, if g(x) is defined by the lower equation, then f(x) is given by the upper equation.
Proof. First suppose that relation (2.1) holds. Then

it (5) = o) 3 0() = 3 o 75

n<z n<z m< & né:ﬁ
@SS uin)g (%) S kg (%) = g(x).
k<z n|k k<z

Here we substituted & = mn at (a) and at (b) we used that e = p * E, implying that e(k) =
an (). Next suppose that relation 1} holds. Then we use the same reasoning to see that

So(G) =2 > umf (=) = D umf (=)

n<lx n<xm<E nzaé
Y umf (5) €Y ewf (3) = F@).
k<z m|k k<z
O
Corollary 2.16.
Sunfz]-
n<zx
Proof. Apply theoremwith g(z) =1for all z. Then f(z) =3, ., 1= [z], so
g;;u(n) 2] = g@) =1
O

Corollary 2.17. For any x € R>; we have that

Z@ < 1.

n<lx
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Proof. Fix x € R>1. Define the fractional part of any real z as {z} = x — [z], (so 0 < {z} < 1).
Applying corollary we see that

o[5> 2005 2] =[5 (214 42)

n<z n<z n<z

IN
]
=
S
_|_
]
=
S
——
S
IN
—
_|_
—_
&
_|_
]

|8
——

AN
—
+
—~
8
—
+
5}
|
=
Il
8

2.4 The Prime Number Theorem in equivalent forms

In this section we will introduce the famous prime number theorem, (PNT for short). We will
not prove it, but every book on analytic number theory, such as [I] or [2], contains one or more
proofs of this theorem.

Definition 2.18. Define the functions w,9, M : R — R by:

m(x) =#{p <z | p prime} = Z 1;

d(x) =) logp;
M(x) = p(n).

Definition 2.19. Define the von Mangoldt function A : N — C by:

0 otherwise.

An) :_{ logp ifn=p™,

Note that with this function we have that ¢)(z) = > __A(n). Also note that

n<z

d(a)= Y logp=»_ [log,(z)]logp =) {mgﬂ logp

lo
pm <z p<z p<z &P

We can now state the PNT, which was proven independently by Hadamard [13] and de la Vallée
Poussin [6] in 1896.

Theorem 2.20 (Prime Number Theorem).

()

T

~ log x

The prime number theorem is of course a famous theorem in analytic number theory. It has a
lot of equivalent forms. One of these forms is given by the statement

Theorem 2.21.
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Usually a course on Analytic Number Theory will first prove the statement above and then
prove the two statements to be equivalent. We will not do this here. For a rigorous proof, see
[2 Chapter 2]. Theorem will be the form of the Prime number theorem that we will use in
this thesis. The following statement is also equivalent to the Prime number theorem.

Theorem 2.22.
M(z) = o(x).

Again we will not prove that the equivalence, but because this statement is important to us, we
will prove that the prime number theorem implies it. Hence we will prove that

Theorem 2.23. If {(z) — z = o(x), then M(z) = o(x).
Here we follow the proof of Apostol in [I]. We'll first need two lemmas.

Lemma 2.24 (Partial summation). Let a,, € C for every integer n > 1. Define A(t) := 3" _, an
and suppose g : [1,00) = C is a differentiable function. Finally let x € R. Then B

> angln) = A@)g(o) - | " A(t)g (Dt

n<x

Proof. Note that according to the definition A(0) = 0, so we find that

Y ang(n) =) (Aln) = A(n—1))g(n) = Y Aln)g(n) = Y _ A(n—1)g(n)

n<x n<x n<z n<z
=Y A(n)gn) =Y A(n)g(n+1) ) = > An)(g(n+1) — g(n)).
n<lz n<zr—1 n<zr—1

Now for fixed n it holds that
n+1 n+1
Aw)(g(n+1) - g(m)) = An) [ ()t = / A(t)g (t)dt,

as A(t) = A(n) for all n <t < n+ 1. Analogous A(x)g(z) — A([z] fm t)dt. This
implies that

3 agn -3 [T aogom=awew - [ aog o

n<x n<zx—1
O
Defining
H(z) = 3 u(n) logn
n<z
we have
Lemma 2.25.




18 CHAPTER 2. INTRODUCTION TO ANALYTIC NUMBER THEORY

Proof. Applying partial summation with g(t) = logt, a, = u(n), we see that

= Zp(n)logn: M(x)logz/lz MT(t)dt

n<zx

Hence
M xT 1 xT
0 Ho || 1M 1),
x zlogx zlogx /g t zlogx Jq t
1 * 1
<o [at— o
zlogx J; log
Here we used the obvious inequality [M(¢)| <3, -, [u(n)| <t. The lemma is proven. O

We’re now able to prove theorem [2.23

Proof of theorem [2.23. We first note that

logn = Z A(d)
d|n

for each n. This follows from the fact that if n = plfl ...pFm then

k1 kn k1 km,
YAD) =D AP 4+ D> AP, =D logpi+---+ Y logpn
d|n j=1 j=1 j=1 j=1

= kylogpi + -+ + ky, log py, = logn.

Applying M&bius inversion, we see that

n)=>_ u(d) log* logn »_ u(d) ZM ) log(d

d|n d|n

=e(n)log(n) — Z d)log(d Z,u ) log(d

dln d|n

The last equality follows from the fact that e(n) = 0, except when n = 1, in which case logn = 0.
Now we apply Mobius inversion again, to see that

n)logn = Z,u(d)A (g) .
din

It follows that

= plmlogn =37 DT pdA () = X ud) 30 Aw) =D u@ (7).

n<lx n<z d|n d<z d<z

Q.\*!

< €. By
assumption ¢(x) — x = o(x), so there exists an A € R s.t. > A implies that |[¢(z) — 2| < Sz

Fix € > 0. We will show that there exists some B € R s.t. > B implies that ‘ H (z)

xlog
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Suppose z > A and define y = [%] Now if n <y < %, then = > A. Hence

> ww (3)| = | Zw (540 (5) =5)

n<y

S WUCE

n<y
(a) €

x
< e =
Sty -
n<y
€ €
<m+§x(1+logy) <x+§
At (a) we used corollary Next suppose n is such that & < y+1 < n < z. Then

A
A> yzﬁ > 2,50 Y(A) > (%), as ¢ is increasing. Now

+ il
X —XT 102 T.
S log

> oumw (D)< X Intmle(4) < 2u(a).

We find that

\H(z)| = ;ﬂ(dw (g) <z+ %x + %xlogaz Fap(A) < 2+ ¥(A))z + %xlog 2.

Now choosing B such that x > B implies 2'}'0‘2(;4) < 5, we see that for z > A, x > B
x}ﬁgl : ToiiA) + % <6
We conclude that lim,_, o % = 0 and hence by lemma limg o0 Miw) =0. O
p(n)

2.5 The summation of —

In this section we will see another theorem and a very important corollary.

Definition 2.26. Let f : [a,b] — R be a real-valued function. The total variation of f on a
interval [a', V'] C [a, b] is given by

’I’Lp*l

V() =sup S |f(xie) — Flai)].

PeP T,
Here P denotes the set of all partitions P = {xq,...,xn,} of [/, b].

Definition 2.27. A real-valued function f is of bounded variation on an interval [a,b] if V2(f)
18 finite.

Example 2.28. If [a,b] is a finite interval, (that is a,b € R), and if a function f : [a,b] = R
18 an absolutely continuous function except on a finite number of points, then f is of bounded
variation.
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Theorem 2.29. Suppose B(z) : R>1 — R is a real function and a(z) an arithmetic function,
such that

1. B(z) = 0(1);
2. B(x) is of bounded variation in every finite interval;
3. Znﬁx a(n) = O(LE) f07' all x;

4o Don<q la(n)| = O(z) for all x.
Then

Proof. Let € > 0. We show that there exists an X, s.t. £ > X implies that

Z a(n)B (%)

n<x

< €x.

For some 0 < § < 1, we define
S) = Z a(n)B (%) and Sy = Z a(n)B (%) .
n<dx dx<n<z

Then by properties 1 and 4, we have that

$11< Y la)l|B (%) =0 (Z la(n |) =0

n<déx

We can choose ¢ small enough, such that |S;| < §z. Defining A(x) a(n), we see that

% M;@“(H)B <%) B 5m§<z(A(n) A= B (%> B
) X semve )
6x§7,:§x AwB (%) - 5x—1§§x—1A(n)B (nf— 1)
s () -t () - [;AU (3(2)-5 ().
It follows that
5l < 1aaDI |5 (5 )|+ 14 | (1) + [g awil| (8 (2) -5 (55))|
n=[dz]+1

Now by property 3 |A(z)| = o(x), and by property 2 ‘B (ﬁ) )

constant. Finally by property 2
n n+1

(ﬁ)‘ are bounded by some

[z]-1

>

n=[0z]+1
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is bounded by a function f depending on §, not on . Hence |S3| = o(z)f(d). Choosing z large
enough, we find that |Ss| < §2. Finally we find that

Y a(n)B (g) < |S1] + |Sa| < ex.

n<x

Corollary 2.30. The statement M (x) = o(x) implies that
(n)

n

=
3

n<x

as r — 0o0.

Proof. We prove that M(x) = o(x) implies that ) _ u(n)<
fractional part of any real z as {z} = = — [z], we see that

St = 5t (2] +{2)
= > um [£] +gu<n>{jj}.

n<x n<x

= o(x) as © — 00. Recalling the

By corollary the first sum is equal to 1. For the second sum we apply theorem [2.29 with
a(n) = p(n) and B(z) = {z}. Clearly > . |u(n)| = O(x) and by assumption Zn<w u(n) =
o(z). Furthermore B(z) = O(1), as B(z) < 1 for all z. Finally note that B(z) is absolutely
continuous, except at the integers. As in every finite interval, there are only finitely many
integers, B(x) is on every finite interval absolutely continuous, except at a finite number of
points Hence B(z) is of bounded variation in every finite interval. We can then apply theorem

and see that 3 u( n){£} = o(z). We conclude that > n<z i(n)% = o(x) and hence
anw @ = 0(1) O

By the theorem [2.23] and corollary [2.30] it hence follows that the PNT implies

Theorem 2.31.

ZM:

n<x

We will use this theorem a lot in chapter

2.6 The Euler totient function over 7

In this section we look at the first properties of the Euler totient function in Z, cf. [1]. In chapter
we will see that the Euler totient function in Fy[T] has similar properties.

Definition 2.32. Define

p:Z—7
n s #(Z/nZ)*
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Hence ¢(n) is given by the number of integers that are both smaller than n and coprime to n.
Lemma 2.33. For all n € N, the following statements hold:
1. n= Zd‘n o(d).

2. o =1y % u, where Iy is the arithmetic function given by I(n) = n.

3.
1
pn)=n H (1—)
p
pln
p prime
Proof.

1. Let d be a divisor of n. Denote
Vi={meZ|1<m<n, ged(m,n) =d}.

By dividing every element of V; by d, you see that #V; = ¢ (%) Now every m € {1,...,n}

occurs exactly in one Vg, so {1,...,n} = Ug,, V4. Hence
n
n=#{1,...,n} :Z#Vd:Zgo(E>.
d|n d|n

2. By 1. we know that I = ¢« E. Applying Md&bius inversion, we see that ¢ = Iy * p.

3. In the proof of lemma [2.7] we saw that the convolution product preserves multiplicativity.
Hence ¢ is a multiplicative function and it is sufficient to calculate p(p*) for all primes p.
Now

p(p*) = zk:u () I (P =pF —pF Tt =pP (1 - 1) .
=0 p

The statement then follows.

O
Corollary 2.34.
p(n) ¢ mld)
n i d
Proof. By lemma [2.33]2
n
p(n) =) u(d)
d|n
Dividing by n yields the required result. O
We see that o(n) = nl] pn (1—%). We are actually interested in the factor

p prime

I »n (1 - %) = @, as this gives the fluctuations in ¢(n). The following theorem tells
p prime
us what this factor is on average, for n — oco.



2.6. THE EULER TOTIENT FUNCTION OVER Z 23
Theorem 2.35. For all x > 1, we have
p(n 1 log
— =—+0 .
L o (%)
Proof. We will prove this by showing that

Z pln Z pln {*] = ﬁ + O(log ).

n<x n<x

For the first equality we apply corollary [2.34] to see that
SR =Yy R = ERE
n<z n<z din d<z
Here we used that for a given d, there are [%] integers n < x, such that d divides n. Now

S MR ey Eo (X2

n<x n<x n<x

3 2] <y {zn:wg

n<x n<x

We know that ﬁ = En>0 ng by corollary |2 Hence

pn) 1 )
n<z n? C(Q) n>x n?
Finally we bound Zn<1, cand Yo o n2) by

1 1
Z*Sl‘#/ ;dt:1+1ogt|gf:1+logz:0(log$)
n 1

n<z
and
w(n) 1 1 /°° 1 1 > 1 1 1
< — < —dt = - = == =0(—-].
= n? _gnQ — [x]? + . [z]2  t|, = + [2]? x

We conclude that

Z @ [%} =T 4 O(1) + O(logx) = + O(log z).

((2) <2

n<x
0

Proving this theorem, we took a very rough estimation for the sum of fractional parts
Y o< % {%} When we look at the variance of %n), we will need to take a far more precise
approach in estimating this term. This actually proves to be the main difficulty in calculating
the variance. As we’re interested in the Euler function in (short) intervals, we prove one final
theorem this chapter. As a reminder, we let H be the size of the interval, which should be ©(x?)
for some 0 < § < 1. If 0 < § < 1, then we say it is a short interval.
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Theorem 2.36. Let x > 1 and let H = @(w‘s) for some 0 < § < 1. Then

1 ap(n): 1 log(z + H)
72 <<z>+0< H )

Proof. The proof of this theorem is almost the same as that of theorem [2.35] including the same
rough estimate. We know that

n<z+H n<z
B pn) (z+H fz+H B pn) rz g
(2 ) sl e
p(n) p(n) pn) [z+H p(n) fx
7Hn<:vz+H ’ ' w<nSZw+H ’ (nﬁw-i-H " { " } dSZn {n})
_H (n) (n) (n) fe+H (n) gz
doon 3, 25 (2, (5 )
Now we again apply the estimates
£ -0}
and
pn) [rH HY 5~ pn) o) L
n<z+H { " } n<e {n} ¢ ngs-H Otlosler+11)

to prove the statement. O



Chapter 3

Introduction to random matrix
theory

3.1 Introduction

In this chapter we will see some definitions and basic proofs in random matrix theory. The main
result of this chapter will be the Weyl integration formula, which we need to prove theorem [3.7]
We need the matrix integral in this theorem in chapter [6]

In this chapter we introduce the basic notions as Miller, Takloo-Bighash did in [2I]. For the
proof of theorem we follow Gamburd in [I0] and Fulton and Harris in [9], as well as a se-
ries of lectures by Keating in [I7]. We follow the same series of lectures in the proof of theorem 3.7}

Random matrix theory is a relatively new theory, with applications in various fields of science.
Physicists first used it in nuclear physics and statistical mechanics to estimate the behaviour
of particles in a closed system, but it turned out that the same theory could be used by
mathematicians to estimate the behaviour of the prime numbers! Of course this last application
is what interests us most in this thesis.

Let us first make the definition of a matrix ensemble.

Definition 3.1. A matrix ensemble is a collection of matrices, together with a probability mea-
sure over these matrices.

We list a few ensembles to get a feeling of what a matrix ensemble might look like. For any
ensemble we let g denote an element in this ensemble.

Example 3.2.
1. Real Wigner ensemble. For a fized N, the set of real symmetric N X N -matrices with matriz

coefficients x;; together with some probability measure P;;(x;;)dx;; for each 1 <i,5 < N.
Note that x;; determines xj;. Hence if g = [x5]i j=1,....N, then

P(g)dg = H Pij(xij)daj.

1<i<G<N

25
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2. Complex Wigner ensemble. For a fired N, the set of complexr hermitian N x N-
matrices with matriz coefficients x;; + 1y;;, together with some probability measures

Py, (wij)dziz, Py,; (yi)dyi; -

8. Unitary invariant ensemble. For a fized N, the set of complex hermitian N x N-matrices
with some probability measure satisfying P(UTgU) = P(g) for any N x N unitary matriz
U.

4. Gaussian unitary ensemble (GUE). The unique unitary invariant ensemble of complex
Wigner random matrices.

5. The ensemble of unitary matrices, consisting of the set of unitary matrices U(N) for some
fixed N and a unitary invariant probability measure.

Given such an ensemble and a function depending on matrices in this ensemble, our goal is
to calculate the expectation value of this function in this ensemble. An example of a function
depending on matrices in the ensemble could be the distribution of the eigenvalues of a matrix
or the distribution of the differences of the eigenvalues of a matrix. You will see that eigenvalues
are very important in this theory.

3.2 Class functions

In this specific case, we're interested in the ensemble of unitary matrices U(N). In the whole
chapter N will be arbitrary, but fixed. This ensemble has a measure, which we will write as
du(g) = P(g)dg for each g € G, which is unitary invariant. This means that P(g) = P(UTgU) for
all unitary matrices U, g. Note that as U is unitary, we have that Ut = U~!, so this condition
is equivalent to P(g) = P(U~!gU) for all unitary matrices U, g. It is hence a Haar-measure, as
the unitary matrices we translate by are in fact part of our group U(N). For any unitary matrix
g, we know that its eigenvalues have norm 1. We can hence write them as €*1,..., e~ . This
enables us to define class functions.

Definition 3.3. Let f : U(N) — C be a function. f is called a class function if there exists
some function f : [0,27[N— C symmetric in its arguments such that for each matriz g € U(N)
with eigenvalues €91, . .. e’ we have f(g) = f(01,...,0N).

For the ease of notation we will write f = f, (so f(g) = f(61,...,0n)).

Example 3.4. The function h + Tr(h*) is a class function for each k € Z, as for each unitary
matriz h with eigenvalues €91, ..., e"N we have an unitary matriz g, s.t. h = gag™", where a is

the diagonal matriz consisting of its eigenvalues. Now
Tr(hk) = Tr((gag—l)k) — Tl“(gakg_l) - Tr(akg—lg) _ Tr(ak> _ Zeik9j7

using the fact that the trace function is invariant under cyclic permutations. Hence Tr(h¥) only
depends on the eigenvalues of h. Furthermore it is symmetric in arguments: interchanging the
order of the 0; does not change Tr(h¥).

For any integrable class function f on U(N), we can calculate its expectation value by

E[f(9)] = /U o Jto) = / F(9)P(g)dg.

geU(N) U(N)
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3.3 The Weyl integration formula

In this section we prove a very important formula to calculate the expectation value of a class
function. It is given by

Theorem 3.5 (Weyl integration formula).
For a class function f on U(N), we have

1 27 27 . . 2
E[f(g)}:7/ f(O1,...,0n) e — %7 40, ... db.
geU(N) (2m)NNT Jo 0 1§j1<_£§N | |

This is a special case of a general theorem in Lie groups, applied to the compact, connected
group U(N). This general theorem, the Weyl character formula, was proven by Weyl [27, 28] 29]
in 1926. We will prove it specifically for U(N), using as little Lie algebra theory as possible, but
it turns out we will need some of it.

Proof. Define A to be the subgroup of U(N) consisting of all unitary diagonal matrices. Since
a diagonal matrix has its eigenvalues on its diagonal, we know that A consists exactly of all
6i91
matrices of the form = diag(e®1,...,e") with 0y,...,0n5 € [0,27[. Hence
10N
A is isomorphic to (S1)Y, where S is the complex unit circle. As we know, every unitary matrix
is diagonalizable. Hence for every unitary matrix h € U(N), there exist some a € A, g € U(N),
such that h = gag~'. Now define the map

p: AxU(N)— U(N)
(a,9) = gag™*.
Note that this function is surjective. Moreover, as A is commutative, we know that p(a,g) =
pla, ga’) for every a,a’ € A and g € U(N), so we can factor out this group A to get a map

i Ax (U(N)/A) - U(N)
(a,9) — gag™".

This function is the key to the proof. It allows us to make a transformation of variables, whose
jacobian will give us the factor [] ‘ewi — eiakf. First we use this function p to lift the Haar
measure dy on U(N) to a (Haar-)measure dfi on A x (U(N)/A). This measure will be zero on
the set where p is singular. dj gives us a first glance at the transformation at hand. For a

function ¢ on A x (U(N)/A), we have:

/ o(a,9)di(a,g) = / S w(a.9) | dulo).
Ax(U(N)/A) U(N) (a,5)€p~1(9)

The question that now arises is how many pairs (a,g) there are s.t. (a,g) € p~1(g). That
is, given an h € U(N), how many pairs (a,g) are there such that p(a,g) = h? If h has N
distinct eigenvalues, the answer turns out to be N!. You can see this as follows: if we have a
unitary matrix A with IV distinct eigenvalues we can permute these values in N! different ways.
Once you’ve chosen such a permutation, (so you've fixed 61,...,0y), there is only one g, s.t.
h = gag~! with a = diag(e®1,... ™). If there exist g,g' € U(N) s.t. gag™' = h = ¢g'a(g’) 7},
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then (¢')~tga = a(g’)~1g. So a and g(¢g’)~! commute, implying that g(¢')~! € A. Here the need

for distinct eigenvalues arises. If h, (and hence a), does not have N distinct eigenvalues, there
exist elements g € U(N) \ A s.t. ¢ and a commute. We conclude that for each permutation
of eigenvalues, there is exactly one equivalence class g s.t. p(a,g) = h. Since there are N!
such permutations, we conclude that there are N! pairs (a,g) € p~'(h). If h doesn’t have N
distinct eigenvalues, then there infinitely many pairs (a,g) s.t. p(a,g) = h, but luckily for us
in that case p is singular so the measure will be zero. Now for f a class function on U(N), (so
f(a) = f(gag™') as this do not change the eigenvalues), we can take

v(a,9) = f(p(a,9)) = flgag™") = f(a) = f(br,...,0n).

From the above we then conclude that

E“@”LWJWMMmlmU S leg) | duto)

9euEn) (a.9)€r(9)
1 1 I
=i vla,9)da(e,9) = 15 f(a)di(a, g).
*JAX(U(N)/A) " JAX(U(N)/A)

The next step is to consider the measure dfi(a,g). As this measure is a lift from our Haar
measure on U(N), using p(a,j) = gag—', we know that a change in § does not result in a
change in dji(a, g), (as du(a) = du(gag™') in our original measure). Hence dji is a function only
depending on a. We can write dii(a, g) = dv(a)dg. Furthermore note that all of our groups are
smooth manifolds and all our functions are smooth maps, so dv is absolutely continuous. This
means that

dv(a) = v(a)da,

with v(a) still to be determined. We find that

1 1 _
gﬁ%w‘MAWWWWMMW‘MAﬂW@@me@

Now v(a) is actually given by the determinant of the Jacobian of our transformation, so the logical
next step is to calculate the Jacobian of the map p(a,g) = gag—'. This step actually requires
some Lie algebra, but we won’t get into it in too much detail. To calculate the Jacobian at point
(a0, Go) € AX(U(N)/A) we need to consider the tangent space at this point. As we’re working in a
product space, it is enough to consider the tangent space of ag € A and of goA = go € (U(N)/A).
These are Lie algebras. It turns out that age’® and gge'9 A are parametrizations of these tangent
spaces. Hence (agpe'®, goe'9 A) is a parametrization of the product space. Note that p maps the
point (age'®, goe9A) to goetage’®e gy . Now both da and dg are Haar measures on A and
U(N)/A respectively. This implies that a translation on the left by ag 1 9o ! and a translation on
the right by go do not change the measure. It is hence sufficient to calculate the Jacobian of the

map

Tao A % Tgo(U(N)/A) = U(N)

(ape'™, goe'9 A) aaletgaoeme_tg
at the point ¢ = 0 as this map has the same Jacobian of our map p at the point t = 0. Now

d
—1 tg
aao e’ape

ta ,—t —1 —1 —1 —1
“e ™ =ag gap + ay apa —ay apg =a — g+ ag gao.

t=0
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If we denote for h € U(N) the function Ady, : U(N) — U(N),g — h~lgh, (as is standard
notation in Lie groups), we conclude that the Jacobian of the transformation is given by

g (]IA 0 )
0 Adaglynya —Tuwy/a

Now to calculate the determinant |J|, some authors use what is standard knowledge about the
Ad-function. We take a different approach: we know that the space U(NN) has dimension N2
as a vector space over C. Hence the dimension of U(N)/A is N2 — N = N(N — 1). This is
also seen by looking at the Lie algebra u(N) associated to U(N). As we have seen the function
e!X parametrizes U(N) if X € u(N). Now unitary matrices are matrices M s.t. MTM = I.
Equivalently these are the matrices M s.t. (Mu, Mv) = (u,v) for all u,v € CN. Here (u,v)
denotes the standard inner product on CV, given by ufv. Next we want to find a defining
condition for X to be in the Lie algebra u(N), (the tangent space of U(N)). Then !X € U(N),
S0

(eXu, e v) = (u,v).

Differentiating this with respect to t gives us
0 = (XeXu, e v) + (e u, Xe'Xv) = uf (!X)T(X + XT)e!Xv

for all u,v € C". We conclude X 4+ X' = 0 and it turns out that this is sufficient as a defining
property of u(N). Hence X € u(N) if and only if X is skew-symmetric. Note that the dimension
of skew-symmetric N x N matrices is N2 as you have one degree of freedom for all N diagonal
entries and two degrees of freedom for all w upper triangle (complex) entries. This coincides
with the dimension of U(NV), as a tangent space has the same dimension as the group it is tangent
with. Now the Lie algebra a, or the tangent space of A, is given by all N x N diagonal matrices
with real entries, so this has dimension N. The orthogonal complement of this Lie algebra, a*,
or the tangent space of U(N)/A, is given by the skew-symmetric N x N matrices with zeroes on
the diagonal. Of course this has dimension N (NN —1). Hence we expect the determinant |.J| to be
a polynomial of at most degree N(NN —1). Next we ask ourself for which ag € A this determinant

is zero. This is exactly the case when ay Ygag = g for some ag € A and g € a*. Writing

0 gi12  g13
—g12 0 go3

Y i0 0N _ Y
ap = diag(e™,....e"V), g=| _gi5 —gos 0 ... |-
we see that o o
0 61927191g12 6@037291 g13
i01—i0 i03—i0
e 0 iy
ag gap = _6101—103913 _6102—193923 0

This is equal to g if 0; = 8, for some j < k and if g;;, is the only non-zero element of g. Note that
the dimension of the subset {g € a'| gjk is the only non-zero element of g} is two. Therefore
there is a zero of order two at each a with 6; = 0, for some j < k. It hence follows that

[T }eiai — et ’2 divides |J|. As there are w pairs j < k, the degree of this polynomial

is N(N —1), so there cannot be any more factors. We conclude that |J| = c][; 4 |eifs — ¢ifn 2
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for some constant ¢. Hence
27 27
i0; 0y |2
F(9)] '/f ) J|da = ,/ FOr,....0x) T €% — €| db;...do.
geU(N) "N N 1<j<k<N

Here we pulled the factor f(U(N)/A) dg into the constant ¢. The next and final step is to calculate
this factor c¢. For this we will fix f to be the constant function 1, giving

2 2w
|610 sz } d91
Nl / / 1<]1<Tk<N

To calculate ¢, we calculate this integral. We first prove the following lemma.

Lemma 3.6. For f a class function, we have

21 27
/ FOr,..0n) [ 1€ =€ Pdb; ...doy

1<j<k<N
1 e—iel e—2i91 e—(N—l)iel
o102 1 e~ 102 cer e (N—2)if;
27 2
2103 103 .. —(N=3)ib3
—N'/ f(6r,....00)| € e 1 e doy ...do.
e(N=1)ifn  o(N=2)ify  (N=3)ibn . 1
Proof. First recall the Van der Monde-determinant
1 1 1 e 1
T T2 3 T TN
2 2 2 2
H((I;] — xk) = Ty L T3 TN
1<j<k<N . :
-1 -1 —1 —1
Ty Lo T3 TN
This implies that
H |620 lek — H (eiej _ elek) (efiej _ efiek)
1<j<k<N 1<j<k<N
1 1 1 1 1 e 01 —2ib1 e~ (N—1)i6,
eiel €i92 ei93 .. eieN 1 e*iez 672i02 e (N 1)292
| e2it 2102 203 20y 1 e-ifs  o—2ibs e—(N—1)ib3
e(N=1)iby  ((N=1)if2  (N=1)ibs ... (N=Dibn| || o—in o=2i0n ... o—(N—1)ibn
N N g, N 240, N - —(N-1)i6,
Y=l =€ =€ R DA
N g, N N g N _(N-2)i6,
2121 e 2121 1 2121 e T 2121 €
= N 26 N 6 N N _(N-3)io
2121 s 2521 e 2121 1 Tt lel e b
(N—-1)i0; N (N-2)i0; N (N-3)io, .. N
Zg— 2121 € 2121 € Zl:l 1
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. . . . 2 2
For notational convenience, from now on, we will write [[df for [;” ... ;7 df;...dfy. Hence
we want to calculate
N N —if N —2i0 N —(N-1)i0
Dol D e D= € ! R AR ( by
N 0 N N - —if N —(N-2)i0
D= e pINER! D= e Mg )it

// f(61,---.0n) Zl]\il e Zl]il e’ Z;\;l 1 e Z{il e~ (N=3)it| df.

oy o, oy s Ly s .
lele(N 1)i6, lele(N 2)if, Zl=1€(N 3)i0 .. Sl

Since f is a class function, it is symmetric in arguments. That means that the contributions of
all 0; to the sums in the first row, when integrated, are all equal. Hence we can just replace these
sums by NN times the first term. The expression above then equals

N -1 Nefi(h N672i(7'1 . Nef(Nfl)wl
leil et le\;l 1 Z;\il e~ 01 .. Z;\il e—(N—2)i6;
// f(0r1, .. 0n) [N i SN it N1 o N (=i do.

. R o . RN
PRSI SR D B AR L TR AR

Now we can subtract the first row ejf,l times from the second row, ‘32;? " times from the third

row, etcetera, to see that this equals

N-1 Ne— 01 Ne—2i01 co. Ne—(N-1)i6

N e N N i N _(N—2%
PORYCLL Dol S, e i o TN =20
/ / f01,. ., 0n) | SON, it S, et PORI e N e (N30 .

. N o . N L . N L . . N
Zl:2 e(N 1)i6; 2122 e(N 2)i6, 2122 e(N 3)i0, ... Zl:21

The function integrated over is symmetric in the arguments 65, ...,0y, so we can replace the
sums in the second row by (N — 1) times the first term in the sum, which is given by { = 2. Then
we get

N-1 Ne~ i1 Ne—2i01 ... Ne—(N—1)ity
(N — 1)z (N—-1)-1 (N—1)eif2 ... (N—2)e--Dib

// f(O1,...,0n) Z{\;z e Zl]\;2 et Zl]iz 1 T Zz]i2 em(N=3i00 | g,

. s . e . s - N
Zl:2e(N 1)i6, 21226(1\7 2)ib Zl:Ze(N 3)io .. 21:21

We can then subtract the second row e;sl times from the third row, e?f " times from the fourth

row, etcetera. Repeat this process to see that this term equals

N-1 Ne— 01 Ne—2i Ne—(N=1)i6:
(N—1)eif2 (N—1)-1 (N—1)e 2 ... (N—1) e (N-2ib:
// P01, .., 0x) (N =2)e*% (N =2)es  (N=2)-1 .o (N=2)e” N9 |4y

e(N—.l)iaN e(N—.Q)iBN e(N—.S)iGN . 1
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Now take the factor N out of the first row, the factor (N — 1) out of the second row, etc. This
gives us a factor N! and we find exactly the statement we wanted to prove. O

Remember that we wanted to calculate [[ [];<; r<y |€' — €% |df. By the lemma above, this
is equal to o

1 671—01 6727;61 .. ef(Nfl)’L'el
eieg 1 ef’iez . 67(N72)1;92
N // 02103 103 1 c e (N=3)ibs €.
e(N*l)ieN e(N72)20N e(N*B)ZeN . 1

We can consider this determinant as the sum of all possible products of N coefficients of the
matrix, where each row and each column occurs exactly once, (times a sign). Now note that
fo% edh = 0, unless z is a multiple of 27, in which case this integral is equal to 27. Since we
are only working with integer powers of €’? in the expression above, we conclude that a term in
the summation only has non-zero contribution if the integer power of each e*?* is zero. Hence the
above integrals will simplify a lot, as the only term in the sum that has non-zero contribution is
the term where we choose only 1’s. We conclude that

1 e*iel 6*22'01 - ef(Nfl)iel
ei92 1 e,iez . 67(N72)i02
e(N*'l)ioN e(N7'2)i0N e(N*'3)i0N L. 1

Hence [ T],<;open €9 — € [?df = (2m)V N! and we find that

_ c N a7y
Therefore
1
‘T ey

3.4 Dyson’s Theorem

In this section we will apply the Weyl integration formula to actually calculate the expectation
value of a class function. It is very useful to have seen such a calculation. Moreover the theorem
we prove is actually necessary to the proof of theorem The theorem was first proven by
Dyson [7] in 1970.

Theorem 3.7 (Dyson’s Theorem).

) N? ifk=0
E [IT(e")’] =4 Il if [ <N and k£0
9eUN) N if|k| >N andk#0



3.4. DYSON’S THEOREM 33

N

Proof. As noted in the beginning of this section Tr(g¥) = 2 im1 (eieﬂ')k, where €% are the
eigenvalues of g. Hence
) N N
[Tr(g")]” = Tr(g")Tr(gh) = D _ ek D7 e7him = 3 ehilOn=tm),
n=1 m=1 n,m
Hence using theorem and lemma we see that Egep(n) [|Tr(gk)ﬂ is equal to
1 e—i91 €—2i91 . e—(N—l)i01
et02 1 e~ 102 cee e (N—2)ify
1 Ki(On—0m) | 2103 i3 1 ce. e (N=3)ifs
Un=fm de.
;ﬂ @n)¥ // ‘ . . . , .
(=Dl ((N-2)i0x  o(N-8)ibx .. 1

Again we consider this determinant as a sum of all possible products of N coefficients of the
matrix, where each row and column occurs exactly once, (times a sign). Now i fo% e0dh = 0,
unless x is a multiple of 27, in which case the integral is equal to 1. Since we’re only working
with integer powers of €%t in the expression above, we conclude that a term in the summation
only has non-zero contribution if the integer power of each e is zero. This is the same
argument we used earlier, but this time we need to consider different terms in the sum, due to
the factor e##(fn—0m)

First consider the case K = 0. Here we can make the same calculation as in the proof of
the Weyl Integration Formula, so we see that

1 677;(91 672i91 . e*(N*l)iel
X o102 1 e~ 102 . e_(N—2)i92
0-i(07—01m) 62i93 ei@g 1 L. e—(N—3)’i93 .
e do =1
o )] coo e
e(N—.l)iON e(N—é)ieN e(N_.?’)iGN . 1

for all n,m. Since we're summing over N? pairs (n,m) we conclude that

E [|T(x)"] = N2
XeU(N)

Next suppose k # 0 and consider the terms n = m. Then e*(?»—=%n) = 1, so again the only
contribution of the sum of the determinant will come from the products with only 1’s. Since we
have N pairs (n,m) with n = m, these terms sum up to N.

Next consider the terms with n # m. When |k| > N, then the factor e**(n=0m) = ¢kitn=kilm
cannot be cancelled by the factors in the determinant, as these have largest power N — 1. Hence

when |k| > N the contributions of the terms n # m are all zero and Egep(n) [”I‘r(gk)ﬂ = N.

Finally when |k| = N — j with 1 < j < N and n # m, it is possible for factors in the
determinant to cancel eFi(0n—0m) — ekifne—kifm  Hence the products that have non-zero
contribution are those that cancel e#re=*¥m and have further only 1’s in the product. This
can only happen when m —n = k. Suppose that m — n # k and that the discriminant
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has some product that cancels e**re=F¥m — Then this product contains the matrix elements

(k + n,n) and (m — k,m). We must have that (k + n,n) = (m,m — k), (i.e. that these
elements are each other transposed), as otherwise the rest of the product cannot consist of all
1’s, (remember that every row and column occur exactly once and there are only 1’s on the
diagonal). Now there are exactly j such pairs (n,m) and all have sign —1. We conclude that

Egeu(v) [|Tr(9k)|2} =N—j=Ikl| O

This concludes the introduction to random matrix theory. From the theorems in this chapter,
we are specifically interested in Dyson’s theorem [3.71 We use it in chapter[6] In the next chapter
we will see another matrix integral, but the means to calculate it will be entirely different.



Chapter 4

Introduction to the
representations of algebras

4.1 Introduction

In this chapter we will look at representation theory and more specifically the representations
of associative algebras. Note that it is also possible to study the representation of groups. This
is a matter of semantics. In the later sections we will study the representation of groups by
studying the representation of their group algebras.

Representation theory is a large and very useful topic in mathematics. We will only be able to
look at a few specific results, which we will need for this thesis. In particular we are interested
in two identities, given by corollary and corollary For further reading and a basic, more
general introduction, one could look at [§] or [25]. The same books were consulted in writing
this chapter.

Note that in this chapter we will assume to work over C. Although algebras and representations
are defined over a field k in general, in this thesis we only need to work over the field C.

Definition 4.1. An algebra is a vector space over C, having a multiplication a,b+— a - b, such
that for all z,y, € A, \,u € C:

o (x4y) z=x-24+y-z.
ez -(y+z)=z-y+az-z.
o Az py = (Au)(z - y).
It has aunit 1 € A, s.t. 1-a=a-1=a foralla € A.

Definition 4.2. Let A and B denote two algebras over C. p: A — B is called a homomorphism
of algebras if for all A\ € C, z,y € A:

e p(Az) = Ap(z).
e p(z+y)=px)+py).
e p(z-y) = p(x)-ply).

35
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Definition 4.3. Let A be an associative algebra. A representation of A is a pair (V, p), consisting
of a vector space V' over C and a homomorphism of algebras p : A — End(V).

In our particular case we're interested in the algebra End(CY) = Matxn(C), consisting of
linear maps CN — C¥, or equivalently of N x N-matrices with complex entries. In this case a
representation is given by a vector space V over C, together with a homomorphism End(CY) —
End(V). Let us list a few examples.

Example 4.4.
o The trivial representation. V. =CN, p: End(C") — End(CV), g+ g.

o The direct sum of two representations. Given two vector spaces Vi,V and two homo-
morphisms p1,p2, we can define a vector space V.= Vi @ Vo with a homomorphism

p:g—(pi(9),p2(9)).

e The tensor product of two representations. Given two vector spaces Vi, Vo and two ho-
momorphisms pi1, p2, we can define a vector space V.= Vi ® Vo with a homomorphism

p g pi(g) @ pa(g)-
e The n-th power tensor product. Take V = (CM)®" =CVN®...@CN. p: g (9®...®9).

This n-th power tensor is important to us, so we will calculate a specific example.

d

Now V = C? ® C? is the vector space spanned by the vectors {e1®e1,61 ®ea,ea®er, 69 ® ea}.
We calculate the effect of p(M) on each of these vectors.

Example 4.5. Take N = n = 2. Suppose that a matric M € End(C?) is given by (Z b>'

p(M)(e1®e1) = (M@ M)(eg ®e1) = M(e1) ® M(e1) = (aeq + cea) @ (aeq + cez)
=a%(e; ®e1) + acle; ® e) + acley @ e1) + *(ea @ e3).

Similarly, we find that

p(M)(e1 ® e2) = ab(er ® e1) + ad(e1 ® ez) + be(ea @ e1) + cd(es @ ea),
p(M)(ea ®e1) = ab(er ® e1) + be(er ® ea) + ad(ea ® e1) + cd(ea ® e3),
p(M)(ea ® eg) = b*(e; ® e1) + bd(e1 @ e) + bd(ea @ e1) + d*(ex ® es).

We conclude that p(M) € End(C? ® C?) is given by

a® ab ab b?

ac ad bec bd
p(M) = ac bc ad bd
A2 ed cd d?

4.2 The symmetric n-th power

Note the apparent symmetry in that last example concerning the vectors e; ®es and es ®e;. This
symmetry motivates us to consider the same n-th tensor power vector space with this symmetry
divided out. Let [N] denote the set {1,2,..., N}. Then a vector v € (CV)®" is written as

v = Z ajlej, ®...Qe€;j,).
j:(jlv“’jn)e[N]n
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Now let S,, be the permutation group of n elements. Given a permutation o € S,,, define

U(”) = Z aj(ej(r(l) ®...® e.ja(n))'
J=01,,Jn) E[N]™

Let W be the subspace of (CV)®", spanned by vectors v —o(v) with v € (CV)®" o € S,,. Define
Sym™(CN) = (CM)®" /W,

We call this vector space the symmetric n-th power. Since it is given by a representation modulo
some vector space, it is itself a representation. Let us write down a basis for this vector space.
Since the permutation group S, is generated by transpositions, we know that Sym"(CY) is
spanned by the vectors

{611®...®61W’|1§Z’1§’L‘2< SZnSN}

The easiest way to see this, is to look at an example.

Example 4.6. In the same setting as example[].5 the above is easily seen. We already know that
C%2 ® C? was spanned by the vectors {e1 @ e1,e1 ® €a,e2 @ e1,e3 R ex}t. Nowe; Reg —ea®e; =0
m Sme((CQ), s0 e1 ® ey = ea ® ey. Furthermore no permutation can give a relation between
e1®ep,e; ®es and eg ® ey, so we conclude that

Sym?C? = Span ({e1 ®e1,e1 Rea,ea ®eal).

As the symmetric n-th power is a representation, we can again calculate p(M) in the case M =
a b
(c d)' Now

p(M)(e1®e1) = (M@ M)(er ®e1) = M(e1) ® M(e1) = (ae1 + cea) ® (aey + ces)
=a*(e; ®e1) + 2ac(e; @ e3) + *(ea @ e3).

p(M)(e1 ® ea) = able; ® e1) + (ad + be)(e1 ® e2) + cd(ex ® e2),

p(M)(eg ® eg) = b*(e1 @ e1) + 2bd(e1 @ e2) + d*(ea @ ea).

Hence
a? ab b2
p(M) = |2ac ad+bc 2bd | € End(Sym?(C?)).
c? cd d?
For notational convenience we will denote this homomorphism p as Sym"™. This will not cause
any inconvenience. Hence Sym”(C¥) is the vector space spanned by {e;, ® ... ®¢;, |1 <i; <
io < ... <14, < N}, while Sym" M is a linear transformation on this vector space.

4.3 The trace of the symmetric n-th power

We are now interested in the trace of the matrix Sym™ M. This will give us one of the identities
we will use in chapter [7}

Theorem 4.7. Let M € End(CY) be a matriz with eigenvalues Ay, ..., A\n. Then

Tr Sym"M = Z )\]fl e )\f\,”.
kit+--+kn=n
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Proof. First note that it is sufficient to prove this for the case that M is an upper-triangular
matrix. Given a matrix M, there exist a matrix P, s.t. P"'MP = J is a matrix in Jordan
normal form, (so in particular it is upper-triangular). Now

Tr Sym™M = Tr Sym"PJP~! = Tr (Sym"P Sym".J Sym"P~!)
= Tr (Sym™J Sym™P~! Sym™P) = Tr (Sym™J Sym"P~!P) = Tr Sym"J,
using the fact that the trace function is invariant under cyclic permutations and that Sym” is a

homomorphism of algebras. Since M and J have the same eigenvalues, we conclude that if the
theorem holds for all upper-triangular matrices, then it holds for all matrices.

Now suppose that M = [:vij]i,jzl ,,,,, ~ is an upper triangular matrix, (hence z;; = 0 if ¢ < j).
Then M(e;) = >, wijej. Fix 1 <iyp <--- <i, < N and calculate Sym" M (e;, ® --- ®¢;,,). This
is given by

Y wiei | @@ | Y wie | = > Tiyjy - Tinj, (€, @@€5, )
j j

(J1s-50n ) EIN]™

Now we call two n-tuples (i1, ...4n), (j1,--.,Jn) € [IN]" equivalent if there exists a permutation
o € Sy, such that (i1,...,in) = (Jo1),--+Jo(n)). In this case we will write i ~ j. Given the
tuple (i1,...1y), fixed above, we see that the coefficient of e¢;, ® --- ® ¢;, in the expansion of
Sym"M(e;; ® -+ ®e;, ) is given by

Z xiljl...xinjn.

(jlw"?jn)'E[N]”
gri

Now if M is upper triangular, then for i ~ j,
Tiyiy ---Tq 4. Hi=7]
Tivgy - Tingn = { 01”1 tntn "y 7&“;
The first equality is trivial. For the second, note that if two tuples are equivalent, but not equal

to each other, there always exists a k s.t. iy < j3. Hence z;,;, = 0. Furthermore note that if M
is upper triangular, it has its eigenvalues on its diagonal. Hence

Tr Sym"M = Z Liyiq » o Lipi, = Z >‘i1 e )‘in = Z )\]fl N )\?VN
1<ig < <in <N 1<iy < <in <N ki+-+kn=n
O
Corollary 4.8. Let M € End(CV). Then
1
" (Tr Sym"M) "
det(Iy — M) D (Tr Sym™M) o

n>0
as formal power series.
Proof. Suppose that M has eigenvalues A1, ..., Any. Then

N N

1 1 non
det(Iy — Mx) :H I— vz H ZAkx

k=1 k=1 \n>0

:Z < Z )\]fl...)\]]“VN> x":Z(Tr Sym" M) z".

n>0 \ki+-+kn=n n>0



4.4. IRREDUCIBLE REPRESENTATIONS 39

4.4 Irreducible representations

Definition 4.9. Given an associative algebra A and a representation (V, p), a subrepresentation
of this representation V is a subspace W C V, invariant under p(a) for all a € A.

Definition 4.10. A representation (V, p) is called irreducible if there are no subrepresentations
other than 0 and V.

Definition 4.11. A representation (V,p) is called indecomposable if there exist no non-trivial
subrepresentations Vi, Vy s.t. V.=V, ® Vs.

Clearly an irreducible representation is indecomposable. The converse needs not necessarily
hold. However, if V' is a finite dimensional vector space, the converse does hold. We will not
prove this, as we do not need it. We will prove the following important property for irreducible
representations.

Lemma 4.12 (Schur’s lemma). Let A be an algebra and (V, p) be an irreducible representation
of A. If  : V = V is a linear operator commuting with p(a) for each a € A, then ¢ is a scalar.

Proof. Let A be some eigenvalue of ¢. Denote by E\ = {v € V|¢p(v) = Av} its eigenspace of ¢.
Then for each v € F), a € A, we have that

¢(p(a)(v)) = pla) (¢(v)) = p(a) (Av) = Ap(a)(v).

Hence for each v € E, a € A, p(a)(v) € E,. By definition E) is a non-empty subrepresentation
of V,so E\ =V, as V is irreducible. Hence for every vector v € V, we have that ¢(v) = Av and
we conclude that ¢ is just multiplication by the scalar A. O

We also prove that the symmetric n-th power defined in section [4.2]is an irreducible representa-
tion. We need this for the important corollary which is one of the two identities we set out
to prove in this chapter.

Theorem 4.13. For any n > 0, Sym™(CY) is an irreducible representation of End(CY).

Proof. Let p1,...,pn denote the first N prime numbers and let A € End(CY) be the diago-
nal matrix with these prime numbers on its diagonal. Now Sym™A is also a diagonal matrix.
Furthermore each number on its diagonal is a combination of n prime numbers. By the funda-
mental theorem of arithmetic all these diagonal elements are different, so we conclude that the
eigenvalues A1,..., A, of Sym"A are all distinct. As A is diagonal with distinct eigenvalues,
the eigenvectors vy, ..., v, of Sym”™A are given by the basis of our vector space Sym™(CY). So
each eigenvector v; is given by e;, ® --- ® e;, for some tuple 1 < i3 < --- <4, < N. Now
suppose W C Sym"™(C¥) is a non-empty subspace of Sym"™(C¥), invariant under Sym”M for all
M € End(C¥). We show that there exists a non-empty subset S of eigenvectors of Sym™ A, such
that S is a basis of W. Since W is non-empty, and the the eigenvectors vy, ..., v, of Sym™A
form an orthogonal basis of Sym™(C¥), there exists some non zero

w=aiv; + -+ vy, € W
As W is invariant under Sym™M for all M € End(CY), we know that

Sym"A(w) = a1 \v1 + -+ - + A AU € W
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Hence
Sym"A(w) — Apyw = a1 (A1 — An)v1 + -+ @1 (Am—1 — Ap)Um—1 € W.

Continuing the process of eliminating eigenvectors, we find that all vectors
QLU e ey AUy, € WL

As w was non zero, we know that some of the o; are non zero, hence these v; € W. Repeating
this to determine which of vy, ..., v,, are in W, we conclude that there exists a non-empty subset
S of eigenvectors of Sym™A, such that S is a basis of W. Finally we show that S is given by
all eigenvectors v;, (hence W = Sym”(C%)). When S does not consist of all eigenvectors, there
exists two tuples 4,4’ € [N]", s.t. i = (i1,...,4n-1,k) and i’ = (i1,...,4p—1,1) with

6, ®- e, Qe €S

and
€, ® Qe Qe &S

Note that we don’t demand these sequences to be increasing. Define the N x N matrix Ey,
by having zeroes everywhere, except at position Ik, where it is one. Then Eye; = dx;e;. Now
consider (I + Ej;). Since W is invariant under Sym™M for all M € End(C"), we find that

Sym"(In + Exi)(ei, ® - ®@ei,_, @ex) = (€iy +0piy1) @~ @ (i, + Oki,_,€1) @ (e +e1) € W.
By eliminating the other vectors with the same procedure shown above, we see that
6, ® Qe Qe €8

and we have derived a contradiction. We conclude that S consists of all eigenvectors of Sym™A
and hence that W = Sym"(CY). Tt follows that Sym”(CY) is an irreducible representation of
End(CV). O

4.5 Topological groups and characters

A logical next step in any book on representation theory is the study of representations of finite
groups. Here, a representation of a group G is a representation of the algebra k[G]. It is obvious
that a homomorphism p : k[G] — End(V) is uniquely determined by p|g : G — Aut(V) and
vice versa. It will then introduce characters of a finite group and show a lot of nice properties
about these characters. Only in a later stage, it will consider compact topological groups, (such
as U(N)), for which much of the same results apply, although these groups are not finite. For
this thesis the study of finite group representations, although very interesting, is not necessary.
We will hence skip this part and focus immediately on compact topological groups. We will
furthermore only prove the results on characters necessary for this thesis.

Definition 4.14. A topological group G is a group, on which a topology is defined, such that
both the group operation and the inverse function are continuous. It is compact if it is so as a
topological space.

Definition 4.15. A representation of a topological group G is a pair (V, p) consisting of a finite
dimensional vector space V' over C, on which a topology is defined, and a continuous group
homomorphism p : G — Aut(V). Here the topology on Aut(V') is inherited from the product
topology on End(V).
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Definition 4.16. Given a representation (V, p) of a group G, the character x : G — C associated
to this representation, is given by x(g) = Try (p(g))-

We will now focus on the case that G = U(N). Although this is not (yet) necessary, it will
make notation and the proofs somewhat easier. Recall definition [3.3]of a class function on U(N),
stating that a function f : U(N) — C is a class function if f(g) only depends on the eigenvalues
of g. The character associated to a representation of U(N) is a class function, as

x(h~'gh) = Try (p(h~'gh)) = Try (p(h~")p(g)p(h)) = Try (p(g)p(h) " p(h)) = Trv(g) = x(9)

and as x(g) is symmetric in the eigenvalues of g. Now for two class functions ¢, on U(N), we
define an inner product

(6l = /U 1 00 TG0,

where du(g) is the normalised Haar measure. It turns out that the characters of the irreducible
representations of U(N) form an orthonormal basis of class functions on this group. (This holds
for any compact topological group G). We will prove only a tiny part of this statement.

Theorem 4.17. Let (V,p) be an irreducible representation of U(N). Let x be the character
associated to this representation. Then

x> = {xlx) = 1.
Proof. Suppose ¢ : V — V is a linear map. Define the linear map ¢q : V — V by
@ = [ (o) 00 (0 (0)dulg)
U(N)
Now ¢y commutes with p(h) for any h € U(N), as
p(h)ogoopt(h)(v) = / (p(h) 0 p(g) 0 o p~(g) o p~*(h))(v)dp(g)
U(N)

_ / (p(hg) 0 ¢ 0 p~ (hg)o)(v)dp(g)
U(N)

_ / (p(g) 0 b0 p™ (9))(v)dpi(g)
U(N)

= ¢o(v).

Since (V, p) is an irreducible representation, it follows by Schur’s lemma that ¢g is equal to
multiplication by a scalar A. Obviously taking the trace of ¢ yields

Try (¢o) = dim(V) - A.

However, we also know that

Try (d0) = / Trv (plg) o 60 p~(9))dulg)

U(N)

_ / Try (¢ o p~'(g) o p(g))du(g)
U(N)

— / Try (¢)du(g) = Tryv (¢),
U(N)
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again using the fact that the trace is invariant under cyclic permutations. Hence ¢q is equal to
multiplication by a scalar A = girr;/((\%' Let vq,..., v, be an orthonormal basis for V. Note that
V' is finite dimensional, so it is indeed possible to choose such a basis. Suppose u,w € V are
vectors. Write u = uyvy + - -+ + Uy, and w = wyvy + -+ - + Wy Uy,. Denote by

m
(u|lw) = Z Wi w;
i=1

the standard hermitian inner product on V. Using the bra-ket notation, we see that

(xIx) = /U(N) x(9) - x(9)du(g)

- / X(@) - x(9)du(g)
U(N)
- / X 1@ty

— Trv(p(g™")) - Trv (p(g))du(g)

m

vi|p(g V; (vilp(g)|v;)du
/U(N)Z| Yjer) 3 (oslo(0) ) du(s)

Jj=1

Z/ (o5~ )lox) o3l o) ().

Here |v;)(v;| is the linear function V' — V mapping a vector w onto the vector (v;|w)v;. By
the above the function p(g=1)|v;)(v;|p(g) is given by the scalar \;; = Tr‘éﬂs(i;) i — Trv(hr}riﬂ”-?").

Note that |v;)(v;| is the matrix with all zeroes, except at the position 45, where it is 1. Hence

Loif =,
A”_{ 0 ifi+j.

Substituting this in the expression above, we see that

m

1
X|X Z/ U7,|)\1J|’U] d/l( ) Z)\”<’UZ|UZ> /U( ¥ — a
i=1

3,j=1 =1

4.6 Weyl’s Unitary trick and a final identity

The last theorem that we need again uses a lot of Lie algebra theory. We will not prove it, but
just present the idea of the proof.

Definition 4.18. Let V' be a vector space over C and let (V,p) be a representation of a group
G. If we have a hermitian inner product on V, denoted { | ), then the representation is unitary
if for all v,w € V, g € G, we have that (v|w) = (p(g)(v)|p(g)(w)).
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Equivalently, (V, p) is unitary if the image of p belongs to
UWV)={M € Aut(V)| M is unitary w.r.t. the hermitian inner product { | )}.

For example the representation Sym”™ on U (V) is unitary: If M € U(N) is a unitary matrix with
eigenvalues Ay, ..., Ay and eigenvectors vy, ..., vy, then Sym™ M has eigenvectors v;, ® - - - ®@v;,,
forany 1 <43 <-.- <14, < N. Such an eigenvector has eigenvalue \;, ... \; , which has absolute
value one. Hence Sym” is a unitary matrix in the vector space Sym™(C¥). This also follows
from Weyl’s unitary trick.

Theorem 4.19 (Weyl’s unitary trick). Let G be a simple Lie group and K be its maximal compact
subgroup. Then for any complex representation (V, p) of G, there exists a hermitian inner product
on'V, s.t. (V,p|k) is a unitary representation of K. Conversely for any unitary representation
(V,p) of K, there exists a unique extension p of p, such that (V,p) is a representation of G.

Idea of proof for G = GLN(C), K =U(N). As V is a complex representation of G, we have a
standard hermitian inner product ( | ). Now define a new inner product on V' by

el = [ {plo)(@)lplo)(w))dus).
U(N)

Now for some h € K, v,w €V

@) = [ (o) loldph) o)
_ / (p(gh) () p(gh) (w))dpu(g)
U(N)
_ /U o OO0 w)in(o)

= (v|w)'.

The converse is more difficult to prove, but this follows from the fact that g = R G iR, where g is
the Lie algebra of G and 8 is the Lie algebra of K. (This holds for all G, K as in the statement of
the theorem). Now a representation of a group corresponds to a representation of its Lie algebra
and we can extend a representation of £ to g using the identity g = 8 ® iR. For the full proof,
see [24, § 6.5-6.7]. O

In our case GLx(C) is the simple Lie group G and U(N) is its maximal compact subgroup K.
It then follows that the restriction of Sym" to U(N) is unitary. It however also follows that
the restriction of Sym™ to U(N) is irreducible. If it was not irreducible, there would exist a
non-trivial subrepresentation of Sym"™ on U(N). We could then extend this subrepresentation to
the whole of GLy(C), from which it would follow that Sym™ on GLy(C) has some non-trivial
subrepresentation. It would then not be irreducible on GLx (C) or on End(C). This contradicts
theorem We find the following corollary.

Corollary 4.20. For any n, N > 0,

/ | Tr Sym™g|* dp(g) = 1.
U(N)
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Proof. By the above Sym"™ on U(N) is irreducible. Hence the associated character y = Tr Sym"
has absolute value one. That is

1= (x|x) = /U(N)x(g)x(g)du@) = /qu) ITr Sym™g|* du(g).



Chapter 5

Introduction to number theory in
Fq[T]

In this section we give all the notions in finite field theory we need for chapter [6]and [} Moreover,
we prove some additional lemmas, following Keating and Rudnick in [20]. For more theorems
and background information, we follow Rosen in [23].

5.1 Prime Polynomial Theorem

We start with the Prime Polynomial Theorem, as introduced in chapter It was first proven
by Gauss in his (posthomous) manuscript “Die Lehre von den Resten”, see [I1], p. 589-629).

Theorem 5.1 (Prime Polynomial Theorem (PPT)).

> A =q"

fEM’VL

Proof. We first define the zeta function of a finite field by

Gls) = 30 U= 3 g,

f monic f monic

Recall that M, consists of all monic polynomials of degree n. Note that #M,, = ¢". This
follows from the fact that we can write a function f € M,, as " 4+ a,,_12™ + - - - + ag. We then
have ¢ options for every a;. Now we can rewrite the zeta function to see that

Cq(s) — Z q—sdeg(f) — Z Z q—ns — anq—ns _ Z (ql—s)n _ 1%(]175

f monic n>0 feM,, n>0 n>0

As we have unique factorization in F,[T], we also have an Euler product for our zeta function.
This is given by
1
G(s) = H m

P monic
P irreducible

45
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Suppose that we have ag monic irreducible polynomials of degree d. The product

HP ﬁrg(lﬁlncifble 1_7|}.|,S then rewrites as Hd21 (]_ — q*ds)fad' ertlng u = qfs and Zq(u) _ Cq(s),
we find the equation

1
1—qu

=Z,(w) = (1 —u?)™™.

d>1

We take the logarithmic derivative on both sides. On the left hand side we find

d 1 d q
— 1 =——1Iog (1 - = .
du Og(l—qu) du og (1 = qu) 1—qu

On the right hand side we have

d —a d dagud=*

d>1 d>1 d>1
Multiplying both sides with u and expanding them as formal power series, we see that

Z "u" = 1 o _ Z fcﬁﬂz; = Z Z dagu®td = Z Zdadud" = Z Zdadu".

—qu
n>1 q d>1 d>1n>0 n>1d>1 n>1 dln

This implies that for n > 1

¢" = dag = 3 deg(P) = A(f).

d|n P irreducible monic feEM,,
deg(P)In

5.2 Dirichlet Characters over F, [T

This section assumes some basic knowledge about characters. Just like a Dirichlet character
modulo d in Z is the extension of a character x : (Z/dZ)* — C* to the whole Z, we can define a
Dirichlet character modulo some polynomial Q. In this way a Dirichlet character x : F,[T] — C
modulo @ is the extension of some character x : (F,[T]/(Q))* — C* to the whole F,[T]. Hence
X : Fy[T] — C is a Dirichlet character modulo @ if and only if:

L x(fg) = x(f)x(g) for all f,g € F,[T7;
2. x(1) =1
3. xX(f +9Q) = x(f) for all f,g € F[T];

4 x(f) = 0f ged(£,Q) # 1.

We will assume throughout this chapter that deg(Q) > 2. Let us denote by ¢(Q) =
#(F,[T]/(Q))* the Euler totient function of (). As there are exactly as many characters on
an Abelian group A as there are elements of A, we know that there exist ¢(Q) Dirichlet char-
acters modulo @, (since the Dirichlet characters are extensions of characters on (F,[T]/(Q))*).
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Also, again using the fact that we have extensions of characters on (F,[11/(Q))*

following orthogonality relations:

, we have the

f ng QXl(f)E(f) B { g@ ftffeln;sf (5.1)
X mz:Od QX(f)Y(g) = { g(Q) i)ftljierzwgiysglod Q and ged(f, Q) = 1. .

Here the last sum is taken over all Dirichlet characters mod ). We also have the following
analogous definitions to the number field setting.

Definition 5.2. Let Q' be a proper divisor of Q. A Dirichlet character x modulo ) is induced by
another Dirichlet character x' modulo Q" if x(f) = x'(f) for all f =1 mod Q" and ged(f,Q) = 1.
The Q' with the smallest degree, s.t. there exists some X' modulo Q' inducing x is called the
conductor of x. It is unique up to a unit. If x is not induced by any other Dirichlet character,
X 15 called primitive.

Definition 5.3. Let x be a character mod Q. Then x is even if x(c) =1 for allc € F}. If x is
not even, then x is odd.

The first definition is clear to be analogous to the number theory setting. For the second, note
that characters on Z are even when x(u) = 1 for all units u, (namely +1). Note that when ¢
generates F, then x is even precisely when x(c) = 1. Define the evaluation map

¥ (F[T]/(Q) — C*} = Fy
X = x(c).
This map has exactly the even characters as its kernel. Since #F; = q — 1, there are exactly

ey (Q) := % even characters and ¢,qq4(Q) := p(Q) (1 — q_%) odd characters modulo Q.

Lemma 5.4. Suppose x1, x2 are Dirichlet characters modulo @ = T™ with m > 2, s.t. X1x2 s

even. Then
Z X1(B)x2(B) = 5X1qum_1-

B mod T™
B(0)=1

Proof. We know that

Z X1(B)x2(B) = 0y, xo (™) = Oy xo (q — g™t
B mod T™

Here we used orthogonality relation and the fact that o(T™) = (¢ — 1)¢™~*. The latter
follows from the fact that if a polynomial ZZL:O a,T™ is coprime to T™, then you have g choices
for the a,, with 1 <n <m and (¢ — 1) choices for ag, (as ag # 0). Now X1(B)x2(B) = 0 if and
only if B and T™ are not coprime, so when B(0) = 0. For any B with B(0) # 0 there exists a
unit v and a polynomial B; s.t. B = uBj with B1(0) = 1. Since X1x2 is even, we find that

Z X1(B)x2(B) = Z X1(B)x2(B) = Z Z X1(uB1)x2(uBi)

B mod T™ B mod T™ By mod T™ u€l,
B(0)#0 B1(0)=1
= Z Z X1(Bi)x2(B1) = (¢ — 1) Z X1(B)x2(B).
By mod T™ u€l, B mod T™

B1(0)=1 B(0)=1
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> wBaB) = - Y X(Ba(B) =ty

B mod T™

O

Recall the convolution product and Mébius inversion from section In Fy[T] an exact analogue
holds as the proofs only relied on unique factorization. If we define the Mobius function

(f) = 0 if f is not square free,
)= (—=1)* is f =cPy ... P, for t distinct irrducible polynomials,

we see that we have the same sort of M6bius inversion. We apply this to estimate the number of
primitive characters and the number of even and odd primitive characters. This will help us later,
as we will want to estimate some sum over all characters. Using the estimations we derive now,
we will see that it is sufficient to consider only primitive even characters. Denote the number
of primitive (even) characters mod @ as pP'(Q), p55(Q) respectively. Since every character has
a conductor, for which this character is primitive, we know that (Q) =>_ DIQ ©P*(D). Mdébius

inversion gives oP"(Q) = >_p o 1(D)p (%) Hence

Q Q
(@) 1‘ <P(5) @) (5) ®) -~ 19 205
-1 =) D) < gy !
ECRIEWCIE KR Re W
D#1 D#1 D;ﬁl

Here (a) is due to the triangle inequality. (b) follows from the fact that ¢(Q) is at least ¢ times
as large as ¢ ( ) for any proper divisor D, as 5 has degree strictly smaller than the degree of

Q. Finally at (¢) we used that there are at most 29°8(Q) divisors of Q. This follows from the fact

that we can write @ = Hdeg (T — ;) with the o in the algebraic closure of Fy;. Any divisor is
of the form [[,(T — ;) with I C {1,2,...,deg(Q)}. Since there are 24°8(%) such subsets I, we
conclude that there are at most 245(Q) divisors of Q in F,[T).

The inequality above shows that
pr 1
[l ) (q)

»(Q)

for a fixed Q). Hence almost all Dirichlet characters are primitive as ¢ — oo. Furthermore we

know that
Q) = ¥ uDon (5) = q_lzu o(2)=212

1
DIQ q

5.3 L-functions

Definition 5.5. Given a Dirichlet charater x modulo Q, we can define the L-function corre-

sponding to x by )
_ x(f) _ x(P)\
L(s,x) = = 11 <1— |P|S> :

P monic

f monic
P drreducible
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Theorem 5.6. Given a non-trivial Dirichlet charater x modulo @, the L-function L(s,x) is a
polynomial in w = q—* of degree at most deg(Q) — 1.

Proof. Define A(n, x) = > ¢cpq, X(f)- Then

Lis,x) = X}{j Y T}{) =3 A0 ()"

f monic n>0 feM, n>0

We show that A(n, x) = 0 for all n > deg(Q). Suppose that we fix such an n. Then f is written
in a unique way as f = gQ + h with deg(g) = n — deg(Q), deg(h) < deg(Q). Note that g has
a fixed leading coefficient, given by the multiplicative inverse of the leading coefficient of @, (as
f is monic). If we let g run through all polynomials with degree n — deg(Q) with this leading
coefficient and we let h run through all polynomials of degree strictly smaller than deg(Q), then
we see that f runs exactly through all monic polynomials of degree n. Since there are ¢"—d¢&(Q)
such polynomials g, we conclude that

Anx) = D x(H =D x(gQ+h) =D x(h)=¢""9@ Y x(h)=0,
g h g h

feMy, h mod Q

by orthogonality relation (5.1)). O

We can hence write an L-function as a product

deg(Q)—1

Lis,) = I (=a00a7),

Jj=1

where the a;(x) are the inverse roots of the L-function and «;(x) = 0 for some j if the polynomial
has some degree strictly smaller than deg(Q) — 1. It turns out that if x is primitive, then the
polynomial has exactly degree deg(Q) — 1. As we’re more interested in the L-function as a
function of u = ¢~*, we now define

deg(Q)—1
Lux)=Lsx) = [[ (1-a)w).
j=1

Taking the logarithmic derivative of the equation

deg(Q)—1

-1
cwx= I (-xPu=®) = J[ (-a;00u)
P monic Jj=1
P irreducible

yields on the right hand side:

d deg(Q)—1 deg(Q)—1 deg(Q)—1 a;(x)

= , - _ J
e I G-esow | = >0 S-leg(-atow == 3 = o (0
Jj=1 Jj=1 Jj=1
deg(Q)—1 deg(Q)—1
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On the left hand side, you find

% log (H (1 _ X(P)udeg(P))1> _ Z % lOg (1 . X(P)udeg(P)>
P P
(

X(P) deg(P)udee(P)—1
1= x(P)udest?)

Z deg(P)X(P)n+1u(n+1) deg(P)—1
n>

I
wM =[] wM

deg(P) (PnJrl)udeg(P"'H)fl

Z dcg -1 Z Z 71.

n>1 feM,,
Now define
M(n,xA) = > x(HA(S)
feEMn
By the above it follows that
deg(Q)—1
MnoxA) == > (0"
j=1

We will use this function to prove theorem The Riemann hypothesis in finite fields was
proven in 1948 by Andre Weil. A year later he gives a complete proof in [26]. The theorem
tells us that for each (nonzero) inverse root a;(x) = 1 or |a;(x)| = /g. This implies that
M(n, xA) = O(ng™?). We conclude this section by deriving a relation between M(n,xA) and
the unitarized Frobenius matrix ©, of a primitive character , defined below. Before we do so,
we first need to look at the completed L-function of the primitive character.

Theorem 5.7. If x is an even character, then u =1 is a zero of L(u,x).

Proof. If x is even, then x(c) = 1 for all c € F. Now

deg(Q)—1 deg(Q)—1 deg(Q)—l
= X Amx= > X =g x0 Y > X
n=0 n=0 feM, ce]FX n=0 feM,
deg(Q)— 1
e DI -—1 > x@=0
CEIFX n=0  feM, g mod Q
again using orthogonality relation (5.1)). O

It turns out that the converse also holds. Odd characters don’t have a zero at u = 1. We won’t
specifically prove this, as we're only interested in even characters, but the idea of the proof is
the following. First it is possible to prove that [ .4 o L(s,X) doesn’t have a zero at s = 1.
As the trivial character xq is the only character where L(s, xo) has a pole at s = 1, it is not
possible that there are two characters modulo @ with L(s, x) having a zero at s = 1. Now if x is
odd, then L(s,x) cannot have a zero at s = 1, as otherwise you indeed have two such characters,
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namely x and . Hence for odd x L(s, x) does not have a zero at s = 1, [23] Thm. 4.5]. Now
we have the functional equation relating L(s, x) and L(1 — s,%), [23] Thm. 9.24A]. From this it
follows that if x is odd, then L(s,¥) does not have a zero at s = 0, so L(s,x) does not have a
zero at s = 0. Therefore L(u, x) does not have a zero at u = 1.

Definition 5.8. Let x be a primitive character modulo Q. Define

o — 1 if x is even,
X7 0 if x is odd.

Now define the completed L-function of x by
L (u, x) = (1= Aeu) ™ L{u, x).

By the above it follows that for primitive x the completed L-function is a polynomial of degree
N = deg(Q) — 1 — \. By the generalized Riemann hypothesis we can write

N
Lr(u,x) = [J(1 = a;(x)u)  with [a;(x)] = /2.
j=1

Now write .
a;(x) = v/qe'"
with each 6; some angle in [0, 27|

Definition 5.9. Given a primitive character x, define the unitarized Frobenius matrix ©, as

el 0 0
0 ef ... 0
0, = . . ) . e U(N).
0 0 ... eln

The conjugacy class of unitary matrices of ©, in U(N) is called the unitarized Frobenius class
of x-

With this definition, it holds that

L*(u, x) = det(I, — \/quOy). (5.3)
Moreover
deg(Q)—1
MnxA) == > a;(0)" =—q*Tr(0%) — Ay (5.4)
j=1

Both relations are important for our later work in calculating the variance of functions in short
intervals.

5.4 A theorem by Katz

In this section we introduce an important theorem, proven by Katz in [I6]. This theorem is
actually the link between the random matrix theory and the number theory in Fy[T] in the proof
of theorem [I.1] and We will not prove this theorem, as this is extremely difficult.
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Theorem 5.10. Fizn > 4. Working in F,[T| and given a primitive character x modulo T""!,
denote its unitarized Frobenius conjugacy class by ©y 4. In any sequence of finite fields T, [T,
not necessarily of the same characteristic, with q; increasing to co, the collection of conjugacy
classes

{@X,q}x even, primitive

becomes equidistributed in PU(n — 1).
For n = 3 the same result holds, as long as no Fy,[T] has characteristic 2 or 5.

‘Equidistributed’ means that the proportion of the collection of conjugacy classes lying in some
subset in PU(n— 1) is proportional to the measure of that subset. Hence what this theorem tells
us, is that if we have a function f: PU(n — 1) — C, then

lim E ] = E .
Fee S [/ (©x.q)] et [£(9)]
X even, primitive

Here PU(N) is the projective unitary group. It is given by the quotient of the unitary group
U(N) by right multiplication of it center. Since the elements of the center of U(N) are just
equal to e? Iy, we see that elements in PU(N) correspond to the equivalence classes of unitary
matrices modulo multiplication by some phase ¢, Now the Haar measure of PU(N) is the same
as the Haar measure on U(N), as PU(N) is defined as U(N), modulo the multiplication by some
rotation. If the function f does not change by this phase transition, then we know that

=00 mod TH [f( x,q)] geU(n—l)[f(g)]
X even, primitive

for which we can apply the Weyl Integration formula (if f is also a class function). For
example, the function f(g) = |(Tr(g)|> does not change by the phase transition, for if a matrix
g has eigenvalues A1,..., Ay, then

2 2
N N
|Tr ((ewg)k)|2 = Z(ew}\j)k = |eik‘9|2 Z)\f = |Tr(gk)|2.
Jj=1 j=1
Hence
Corollary 5.11. Let k> 1, n > 3. Then
. PRENT- I B
qhﬁn;O ) mO(IFTn“ [|(Tr(@x7q)| ] =min(n — 1, k).

X even, primitive

Proof. Applying theorem to f(g) = |Tr(g)|?, we see that

1 k 2 _ kN (2
Jm o B (lm@ = e [l
X even, primitive

Using that k > 1, we see by theorem that this equals min(n — 1, k). O



Chapter 6

The variance of functions in short
intervals in F|T

In the first two sections of this chapter we will follow the definitions and proofs of Keating and
Rudnick in [T9], where they set up a general theory in calculating the variance. The theorems we
prove here are also needed in chapter [7] where we study the variance of the Euler totient function
in Fy[T]. In the rest of this chapter we will apply these theorems to calculate the variance of the
Von Mangoldt function A, as Keating and Rudnick did in their (earlier) paper [20].

6.1 Two transformations of functions
Definition 6.1. Define the following transformation of functions

()" Fy[T] — Fy[T],

=1l <;) .

That is, if f(T) = > p_,axT" with a, # 0, so deg(f) = n, then f*(T) = Y}_,an—iT". Later
on in the proof we will work with Dirichlet characters modulo 7™ with m > 1. Note that

ged(f,T")=1 & ag#£0 & f* =/
Furthermore we have some useful statements concerning this transformation.
Lemma 6.2. If f,g € F,[T], then (fg)* = f*g*.
Proof. Write f =>"p_,aiT* with n = deg(f) and g = >_;—, b/T" with m = deg(g). Then

n+m

fg= Z Z arb/T?,

§=0 k+i=j

SO
n+m

(fg)* = Z Z akblTj.

7=0 k+l=m-+n—j

53
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Now f* =31 _gan_kT" and g* = Y )" b1, s0

n+m n+m
Fg=> > anibnaT' =) > ap by T
=0 ktl=j =0 k' +l'=n+m—j

O

Corollary 6.3. Suppose that f € F,[T] is a polynomial with f(0) # 0. Then f* is irreducible if
and only if f is irreducible.

Proof. Let f be a polynomial with f(0) # 0. Since f** = f, it is sufficient to prove only one
implication. We prove that irreducibility of f* implies irreducibility of f. Suppose that f* is
irreducible, while f is not. Then we can write f = gh with deg(g),deg(h) > 0. Since f(0) # 0,
also ¢g(0) # 0 and h(0) # 0, so deg(g*),deg(h*) > 0. Now f* = g*h* by lemma so f* is not
irreducible. We conclude that the corollary holds. O

We however need another transformation of functions. The fact that whether (.)* is an involution
or not depends on f(0), is not desirable.

Definition 6.4. For each n > 1, define a transformation of functions of degree less than or
equal to n, by:

an : Pgn — PSnv

0(f) = T"f (;)

So for any function f = a,T" +-- -+ a1T + ag € P<n, (where a, is allowed to be zero), we have
that 0,,(f) = agT™+- -+ an—1T + ay. Note that 6, is indeed an involution of functions for each
n, (that is 6,(0,(f)) = f). It is hence a bijection. The following lemma is one of the crucial
lemmas in our calculation of the variance, as it allows us to transform a short interval into an
arithmetic progression, (for which we can use characters). It is proven by Keating and Rudnick
n [19]. Recall that I(A;h) = {f € F,[T]: |f — A] < ¢"}.

Lemma 6.5. Let h<n—2 and B € P,_p_1. Then 6,, maps I(Th'HB; h) bijectively to the set
{9 € P<n:g=0p_pn_1(B) mod T""}. Purthermore the only functions in I1(T"*1B;h) that are
mapped to functions of degree n by 6, are the functions f with f(0) # 0.

Proof. The last statement of this lemma follows trivially from the definition of 6,. Now fix
h<n-—2andlet Be M,_j,_1. Write

B=by 1T " by TV "2 4o 4 by T + by.
Then we can write for each f € I(T"T1B:h):
F=bpp 1T+ by 2T b 4 T2 4 0T 4 a0 T + ap T+ -+ ay T+ ao.
By definition of 8,,, we know that
On(f) = agT™ + T + -+ ap, T 4 oo by "2 o by 0T + by

We see that 0,,(f) lies in the set {g € P<,, : g = 0,_p_1(B) mod T"~"}. Now I(T"*!B;h)
consists of ¢"*! elements, as we have g choices for each of the coefficients of T% for all 0 < i < h.
The set {g € P<y, : g = 0p—p—1(B) mod T"~"} also contains ¢"*! elements, as we have ¢ choices
for each of the coefficients of T for all n —h < i < n. Since 6, is a bijection on P<,,, we conclude
that it maps I(T"*1B;h) bijectively to the set {g € P<y, : g = 05,_p_1(B) mod T""}. O
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6.2 A general theorem on the variance in short intervals

We are now ready to look at short intervals. In this section we prove a general theorem for the
variance in short intervals for a function 3 ¢ (4. @(f), where o : Fy[T] — Cis function holding
some desired properties. Recall the following notation.

Notation 6.6.

o The average of a over monic polynomials of degree n:

(@ =— 3 alf).

q fEM,
e The sum of a over a short interval 1(A;h), where Ae M,,, 0 <h<n-—2:

No(Ash) = Y alf).

FEI(Ash)

e The average of No(A; h) over all monic polynomials A of degree n:

Walsi), = = 3= Naldih)

AeM,,

o The variance of No(A;h) over all monic polynomials A of degree n:

Var, No(ih) = — 37 [Na(Ash) — (N (1)),
q AeM,
Lemma 6.7.
(Na(o:h),, = "+ ()

Proof. Note that we have the partition M,, = Ugem,,_,_, [(T" 1B, h) for each 0 < h < n — 2.
This follows from the fact that for each f € M,,, there exists exactly one B € M,,_j_1, such
that |f —T" " B| < ¢", (namely the B s.t. the first n — h coefficients of T"*'B and f coincide).
Furthermore if B lies in I(A, h), then I(A,h) = I(B,h). Hence

Y OY a=n XYY e
)

EM,, fEI(Ah U BeMn_n_1 AcI(Th+1B,h) fFEI(Ash)

-y T > al)

q BeMy_n_1 AeI(Th+1Bh) feI(Th+1B,h)
qh—i-l

= > >oooal

qn
BEMy_p-1 fEI(Th+1B,h)

<Na(°§ h)>n =

1
a

h+1
=T 3 alf) =¢"Ha)..

n
q feEM,

Notation 6.8. We say that o has property (), if
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o « is even. This is the case when a(f) = alcf) for all c € B and f € Fy[T].

o « is multiplicative: for all coprime f,g € Fy[T], we have o(fg) = a(f)a(g).

o a(f) =a(f*) for all f with f(0) # 0.
Lemma 6.9. Let o : F,[T] — C be a function with property (). Then for all0 < h < n —2,
B e M,_,_1, we have

n

Na(T" ' Bsh) = (Na(o5h)),, + % S a@™) Y XOuona(B)M(msay),

Tn—h
@QV( m=0 x mod T™™"
X#Xo even

where

M(nzox) = Y alf)x(f).
feMy,

Proof. We can write each f € M, uniquely as f =T""™f1, with 0 <m <n and f; € M,, s.t.
f1(0) # 0. Now by construction 6,,(f) = 0.,(f1) = f;. Hence

No(T"'Bihy = Y alf)

fEI(Th+1B;h)

= E Oé(Tnimfl)
m=0 f1EMp,
f1(0)7#0
T " f1el (T B;h)

(a) n—m
= a(T"™) > a(f1).
m=0 fieEMm,
F1(0)#0
T~ ™ fLel(T" B;h)

At (a) we used the fact that « is multiplicative. Now if we fix m and let f; run over M,, s.t.
T f € I(T"*1B;h), then we know by 1emma that 6,,(f) = 0., (f1) runs exactly over all
polynomials g € P, s.t. g = 6,,_p,_1(B) mod T ". Since a(f1) = a(f{) = a(0m(f1)), we know
that

n

No(T"B;h) = > a(T™™) > a(g).
m=0 9JEPm
9=0,,_p—1(B) mod 7"

Now by orthogonality relation (5.1]), we know that
1 _
> alg) = ST ) Z X(On—n-1(B)) Z x(g)e(g).
9EPm ¥ x mod Tm—h 9GEPm
9=0pn_n—1(B) mod T""
This last sum is now given by

S x@alg) = 3 S xeNaeHZ S x(hath) Y xe)

9EPm feM, ce]F;< fEMm CEF;

| (¢g—1)M(m;ax) if x is even,
10 if x is odd.
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At (b) we used that « is even. As e, (T" ") = ‘0(%@, we find that

1 _
E a(g) = W E X(0n—n—1(B))M(m; ax).
9EPm Pev X mod T"F
g=0,,_p—1(B) mod Tn—h X even

Hence

No(T" 1 B; h) = 5 T” T ZaT" ) Z X(0p—p—1(B))M(m; ax).
eV m:0

x mod T"™ "
X even

Finally we calculate the contribution of the trivial character, which we will show to be

(Na(e;h)),,. Since o (%n_h) w(TZlh) q:: , the trivial character yo contributes:

1 n o

ooe (T 1) > T ™) Xo(bn-n-1(B)) Y a(f)xo(f)

Pev m—0 FEMom

n h+1 1min .
(T ma(f) =L 37 alh) “EE (o)),

m=0 feM,, q feM,

f(0)#£0

We conclude that

No(TM B3 h) = (No(e3h)),, + D] DoaT™) Y X(Onon1(B)M(m;ax).
<Pev m:O x mod T" ™"
X#Xo even

This gives rise to the following theorem:

Theorem 6.10. Let o : Fy[T] — C be a function with property (x). For 0 < h <mn —2, we have

1 R .
Var Nofoih) = i 30D (T el Ml a) Mg,

x mod T"~ hmi,me=0
X#Xo even

Proof. By the same reasoning as in the proof of lemma [6.7] we see that

Var, N (oih) = o 30 INa(AiR) = (Va(os ),
AeM,,
h+1 ™
=1 S ING(TMB; ) — (Na(es b))

n
q BeMp_p-1

Now we apply lemma [6.9] to see that this equals

1 n - - -
W Z Z (T ™)) a(Tn=m2) M(my; ax1) M (ma; axo)
ey X1,x2 mod T"~ " mi,mz2=0

X1,X27#X0 even
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1
T Z X1 (On—n-1(B))x2(0n—nr-1(B)).
4 BEMan-1

Now as B ranges over M,,_j,_1, 0,,_5_1(B) ranges over all polynomials {g € P<,_p—1 | g(0) = 1}.
Hence for this last factor, we see that

> XilnonaB)x2(bnon1(B) = > Xi(C)x2(C)

BeMy_h_1 CeEP<n—h—1
c(0)=1
- Y W)
C mod T "
c(0)=1
lemman 1
5)(1 x24 .
Substituting this in the expression above, we find the statement of the theorem. O

6.3 Calculating the variance of >  A(f)

In this section we look at the von Mangoldt function, as Keating and Rudnick do in [20]. Recall
that it is given by

A:TF,[T] — C,
A(S) = { deg(P) if f = cP*,

0 otherwise.

Lemma 6.11. Let f € F [T, coprime to T™. Then A(f) = A(f*).

Proof. First suppose that f = ¢cP* with ¢ € F* and P irreducible. Then P(0) # 0, as f(0) # 0, s
P* is irreducible by corollary As f* = ¢(P*)* by lemma we conclude that A(f) = (f
Furthermore if f = gh with g, h coprime and deg(g),deg(h) > 0, then g(0) # 0, h(0) # 0,

f* = g*h* with g*, h* coprime and deg(g*),deg(h*) > 0. In that case A(f*) =0 = A(f). D

If you want to calculate the variance of >« for « hoving property (x), such as the Mdbius
function g, the divisor function oy or the Euler totient function ¢, this is just a matter of
applying theorem and estimating M (m;ay). This last bit can be quite challenging, as you
can see in the next chapter. The von Mangoldt function A however does not have property (x).
It is even, but it is not multiplicative. We first need to work around this problem. Fortunately,
an even stronger property holds. If f, g are coprime, then A(fg) = 0. In the proof of lemma
we used the multiplicativity at two points. First to split the sum over f into a sum over
T™=™ and over a sum f1 with f1(0) # 0. Later we used multiplicativity to put this sum back
together. With the van Mangoldt function, we don’t need to split these sums, as f = T"" "™ f;
with f1(0) # 0, m < n, implies that A(f) = 0, except when f = T™. This case is however
negligible. Note that by theorem [5.1] and lemma [6.7] we have

(Na(e: 1)), = q" .

Now A(T™) = 1 has no influence on the variance, as ¢ — oco. It is easier for us to discard it right
away and consider
Ni(Ash)= > A(f

FEI(Ash)
f(0)#0
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This enables us to reason in exactly the same way as in lemma and theorem to see that

Ni@*Bihy = > Af)
fieM,
f1(0)#0
f1eI(T"T1B;h)

forany B € M,,_p_1,0<h <n—2. We also find

Var Ni(oih) = ———— S M AP

= Tn—h)2
(Pev( ) x mod T"™h

X#Xo even

We now see that it is useful to have some estimations on M(n;Ay). In general after applying
theorem for some «, you want some estimates on M(m;ay) for all 0 < m < n. You get
these estimations by expressing M(m; ax) as a function of the zeroes of L(u,x) and applying
the Riemann hypothesis for finite fields (from which it follows that the zeroes have absolute
value at most q%). In this case we have already done that, by deriving relation . There
are ¢"~"~1 even characters modulo 77", Of these ¢"~"~! even characters only O(q"~"~2) are
non-primitive (as ¢ — co). By the Riemann Hypothesis M(n;Ax) = O(ng"/?), so the non-
primitive terms only contribute a factor Wlh_l)O(q"_h_Q)O(n%") = 0O(n2%¢") to the equation
above. Furthermore for primitive, even characters we derived that M(n; Ax) = —¢* Tr(OF) — Ay
Hence for these characters

n

IM(n; AY)[? = ¢" | Te(©7)]* + O ((n — h)g#) .

It then follows that

1 2 n? n?> n—h
(. _ _h+1
Var, Ni(e;h) = q pre Y > ey +o (; e )|
x mod " q
X even, primitive
where the implied constant depends only on n.
Finally proving theorem [T.1]is now rather straight forward.

Theorem 6.12 (Restatement of theorem [1.1J).
Let 0 <h<n-—3. As ¢ — oo, we have that

Var, Ny (e;h) ~ ¢"(n—h—2).

Proof. There are ¢"~"~!(1— 1) even primitive characters modulo 7" ", so the expectation value

of |Tr(@§)|2 is given by
2] _ 1 o
I (G T R e v S DR L CH

q x mod T"™"

X even, primitive .
X even, primitive

By corollary we know that

E [‘Tr(@Z)ﬂ =min(n,n—h—-2)=n—h—2.
x mod T" ™"
X even, primitive
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We conclude that as ¢ — oo

. 1 ny |2 2 n? n-—h
Var, N (e h) = ¢"* e Y. Imey +o (1 t -t )
n—h q2 q q
x mod T
X even, primitive
1 n? n? n-—h
=" (1 - ) B [Imepf]+o ( Tt )
q x mod T~ " ] q2 q q

X even, primitive

~¢"* ' (n—h-2)
As the term f =TV in Zfel(A;h) A(f) was negligible, we also conclude that

Var, N (e;h) ~ ¢" 1 (n—h—2).



Chapter 7

The Euler totient function over
FylT]

7.1 The average of %

Now we will look at the Euler function over F,[T]. In the first section we will look at the avarage

of %. You would expect to find analogous results to those in section It turns out this

is indeed the case. In the second section of this chapter we calculate the variance of the Euler
totient function in short intervals, applying theorem to a = .
Definition 7.1. Define
¢ Fy[T] = Z,
f et T/ ()

That is, ¢(f) is the number of polynomials with degree strictly smaller than the degree of f,
coprime to f. We first note a few properties of ¢, which are actually the exact analogues of the
properties in lemma |2.33

Lemma 7.2. For all f € F,[T], f # 0, the following statements hold:
Lfl=2% g (9)

g monic

2. o = Iy x u, where I is the arithmetic function given by I, (f) = |f|.
3.

en=11 I (1-3)-

PIf
monic,
irreducible

Proof. The proof is exactly the same as that of lemma [2.33

1. Let g be a monic divisor of f. Denote
Vg ={h € Fo[T]| deg(h) < deg(f), ged(f,h) = g}.

61
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By dividing every element of V; by g, you see that #V, = ¢ (%) Now for every h in
(F4[T]/(f)), there is exactly one monic g, such that h € Vg, so (F,[T]/(f)) =U 45 Vi

g monic
(as sets). Hence

=4 EI = 3 #V,= 3 ¢<f>= )

glf glf g glf,

g monic g monic g monic
2. We know that I = ¢ * E, so using Mobius inversion for F,[T], we see that ¢ = I; * p.

3. By 2. ¢ is a multiplicative function, so it is sufficient to calculate ¢(P*) for all monic
irreducibles P. Now

Zu P 1 (PH) = [P = [P = el = = ] (1= ).

The statement follows.

O
Note that o(f) = |fIT] Py ( - %) PIf (1 — \TID|>’ if f has degree n. We are
monic, monic,
irreducible 1rreduc1ble

of course interested in the average of “0( . Analogous to theorem one might expect that
this average will be 47(2) in the large n- hrmt. It turns out an even stronger result holds.
q

Theorem 7.3. For allm > 1, we have

izso ),

feM,

Proof. We compute the generating function of ZfeMn o(f):

Do D e |ut= Y0 e(Huted

n>0 \ feM, f monic

(hemmaJEl2 Z Z g1 M( )udeg(f)

f monic g|f,
g monic

Z Z qdeg(g)u(h)udeg(ngeg(h)

g monic A monic

Z (qu)des®) < Z M(h)udeg(h)>

g monic h monic

_ Z4(qu) @ 1—qu n
- S L Y

n>0
o 2n n 2n+1, n+1
=2 =)

n>0 n>0

_1+Zq2"<1—>

n>1
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Here we applied that Z(u) = ﬁ, which we have seen in the proof of theorem We conclude
that for n > 1, we have

fGZM o ( _c11>:<q12>’

as (4(s) = 17«1%' O

Corollary 7.4. Letn > h > 1. Then

g
New (8:h)n = .
W (500 = )
Proof. This follows directly from theorem [7.3] and lemma [6.7} O

Note that this corollary is the direct analogue of theorem [2.36

7.2 The variance of Z T f| in short intervals

In this section we calculate the variance of > @‘(fj‘c in short intervals. First note that it is sufficient

to calculate the variance of J\/L(J in short intervals, as we have that

1
Var, Ny (1) = ]NM (A:h) — (N (1))
Fil q A, Fil Fil
2
- DD
aneAmlfeuAm) " pert, rermm 1
2
1
= 2| X o¢ DD M
AeM,, |feI(A;h) BeM,L fEI(B;h)

1
= TnVarn./\ﬂp(O; h)

We will hence calculate Var,N . (e;h) by calculating Var, N, (e;h). We do this by applying
Fi

theorem to o = . We first prove that ¢ has property (x).
Lemma 7.5. Let f € Fy[T], s.t. f(0)#0. Then o(f) = o(f*).

Proof. Fix f € F,[T] with f(0) # 0 and suppose that f factors into irreducible polynomials as
f=Pk . Pk By 1emmaﬂf* = (Py)*r .. (P*)*. Since f(0) # 0, we know that P;(0) # 0

for all 7. Hence by corollary [6.3] we know that the P are again irreducible. Furthermore we

know that deg(f) = deg(f*), as f(O) # 0. Applying lemma 3, we conclude that

=1t T (- ) - |f|H< 1) - |f|H< ) =,

Plf*
monic,
irreducible



64 CHAPTER 7. THE EULER TOTIENT FUNCTION OVER F,[T]

In the proof of lemma we saw that ¢ is multiplicative and from the definition it follows
that ¢ is even, so we conclude that ¢ has property (x). Applying theorem and using that
o(T™) = (¢ —1)g™*, we see that for 0 < h <n —2

1 S n—mi—mso— VTS
VarnNo(o:h) = —— iy > D (@=1)2¢" ™ M (ma; ox) M(mas ox).
Pev x mod 77 —h m1,me=0
X#X0 even

(7.1)

We need to find a relation between M(m;px) = >- e rq, @(f)x(f) and the zeroes of L(u, x),
before we can estimate the terms in the sum. Let x be an even character. We will first
assume that y is also primitive and later adapt this proof in the case that y is not prim-
itive. Recall from section B3] that we have defined the L-function associated to a charac-
ter x by L(u,X) = >_ monic X( fludeelf) . Furthermore we have seen that for even characters
L(u,x) = (1 —u)L*(u,x). Here L*(u,x) is the completed L-function of x. It is a finite poly-
nomial in u of degree at most N = deg@ —2 = n — h — 2. Moreover if x is primitive it
has exactly degree N. Hence we can write £*(u,x) = ijzl(l — a;(x)u). By the Riemann
Hypothesis, we know that |a;(x)| = /g for each j. Therefore we have the (final) expression
L*(u, x) = det(In — /quO,), where ©, € U(N) is the unitarized Frobenius matrix of y. We
have the following lemma.

Lemma 7.6. Let x be a primitive even character mod T M(m;x) is a polynomial in
q® of degree 3m if m < N. Ifm > N + 1, then M(m;x) is a polynomial in q% of degree
m+ 2N + 1.

Proof. We first compute the generating function of M (m;@x):

> Mmsex)u™ => | Y e(Hx(f) | um

m>0 m>0 \ fEM,,
= > e(h)x(futeEtd)
f monic

(lemmim% Z Z |g‘ M (;) X(g' g)udeg(f)

f monic g|f,
g monic

Yo > a" P u(h)x(g)x(hyul DT

g monic h monic

> X(9)(qu)*eE?) ( > x(h)u(h)udeg<h>> _ Llgu )

L(u, x)

g monic h monic

Denote by A;(M) the coefficient of 27 in the expression det(Iy —xzM). In particular \o(M) = 1,
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A (M) =~Tr M and Ay (M) = (=1)" det(M). We see that

N
Lqu,x) = (1 —qu)det(Iy — uq%@ (1—qu) Z A (©
7=0

I
.MZ

N
3j s 3i+
Aj(Oy)g? v — Z/\j(@x)q 2 u
§=0

=0
N N+1 "
=3 Ml =D N1(O)g T W
=0 =1
N+1 .
= ()‘j(@X) - )‘jfl(@X)q_§> qzu’,
=0

where we have defined A_1(0y) = 0 = Any11(0,). To express L( o e use corollary . 8, which
says that

- T
det(IN 2 M) =2 Tr Sym"M
k>0

Then

1 1
= - = 2Tr Sym"
L(u,x) (1 —wu)det(Iy —uqz0,) Z Zq Y

>0 k>0

‘We hence find that

N
> M(m;ex) > (Aj(@x) Aj-1(0x)q *%)Tf Sym*0,¢" 2" ulthH
m>0 1>0 j=0k>0
_1 3tk
=3 Y (MO0 - Aa(O)a7F) Tr Symte, g um,
m>0 j+k<m
0<j<N+1
k>0
Defining
A;k(x) = \;(©,)Tr Sym*e,,
we conclude that
3]+k 3j+k—1
Mmipx) = > Ap(g 2 —Ai_ik()e 2 (7.2)
J+k<m
0<j<N+1
k>0

To estimate this, we want to know the maximum g¢-dependency. That is, we want to know the
term with the largest exponent, such that the corresponding coefficient is non-zero. Looking
at the exponent 3]’; kit is clear that this is maximal when you first choose j maximal, and
then k maximal. When m < N, this means that j = m and k = 0. Note that in this case
Ajr(x) = Amo(X) = An(Oy). In general this is non-zero. When m > N + 1, this means
that j = N+ 1 and &k = m — (N 4+ 1). This however gives us a problem, as in this case
Ajr(x) = Angpim—(v+1)(X) = 0, as Any41(0,) = 0. The next possibility for a maximum ¢
dependency is given by the same choice of j and k, when we look at the other term in the sum,
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which is Aj_l,k(x)qSH‘ffl. For this term A;_1x(x) = ANm—(v+1)(x), which is not zero in
general. Now 3j +k—1=3(N+1)+m—(N+1)—1=m+2N + 1. We hence find that
M(m;ex) is a polynomial in ¢ of degree 3m if m < N. If m > N + 1, then M(m;px) is a
polynomial in q% of degree m + 2N + 1. O

We now want substitute this into relation (|7.1]), to estimate the maximum g¢-dependency of the
variance, but this is not as easy as it looks, as it turns out there is a lot of cancellation of terms.
Let us first consider M(m, ¢x). By lemma we know that we can write this as follows.

Definition 7.7. For m < N, define the coefficients x;(m) with 0 <1 < 3m, s.t.

3m—1 3m—1

M(m,ox) = Y m(m)g T =xo(m)g® +1(m)q
0<I1<3m

Form > N + 1, define the coefficients y;(m) with 0 <1 <m+2N +1, s.t.

mA+2NF1-1 m4+2N+1 m+2N

Mm,ex) = > wlm)g™ = =yo(m)g 7 +un(m)g" 2+ + Ymrani1(m)
0<i<m+2N+1

Furthermore we generalize our definition of A; ; (), for some notational convenience.
Definition 7.8. Define

2j(0,)Tr Sym*®, if0<j<N,0<k

0

otherwise

Ajr(x) = {

We will often abbreviate this to A; . Just remember that A;  still depends on x. From relation
(7.2) it follows that for m < N

omm)=" Y Ap— > Ajiak= >, Aj-— ) Ajr. (7.3)
3j+k=3m—1 3j+k—1=3m—I 3j+k=3m—1 3j+k=3m—1—2
j+k<m j+k<m j+k<m j+k<m—1
Using the same reasoning for m > N + 1, we also see that
yi(m) = > Ajk — > Ajike- (7.4)
3j+k=m+2N+1-1 3j+k=m+2N—-1-1
J+k<m J+k<m-—1

Notice that these are finite sums by our definition of Aj;, so we don’t need to worry about
convergence. We now prove some useful lemmas about the coefficients z; and y;.

Lemma 7.9. Fizm < N andl < 3m, and suppose L < min(m, ). Then
L
Yo=Y Ax- Y A
i=0 3j-+k=3m—1 3j+k=3m—1—2—2L
j+k<m j+k<m—1-L
Furthermore if L = min(l,m), then this last term is zero, so

L
Z ml,i(m — Z) = Z Aj,k:~
=0

3j+k=3m—1
j+k<m
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Proof. The first equality follows directly from (|7.3]).

L L
E xj—i(m—1) = E E Ajp — E Ajk
=0 =0 \ 3j+k=3m—1—23 3j+k=3m—1—-2—-24
j+k<m—i J+k<m—1—1t
L L
=> > Ajg = > Ajk
=0 3j+k=3m—1—21 =0 3j+k=3m—1—2—23
Gk<m—i jrk<m—1—i
L L+1
DD DR LD DD DR
i=0 3j+k=3m—1—2i i=1 3j+k=3m—1—2i
JHk<m—i Jt+k<m—i
= > A > Ajk-
3j+k=3m—1 3j+k=3m—1—2—2L
j+k<m jHk<m—1-L

Furthermore if L = min(m, ), then either m = L or [ = L. In the first case m—L—1 =

67

—1,s0if

j+k <m—L—1, then one of j, k is negative and A;, = 0. In the last case the last summation

becomes

S A

3j+k=3m—31—2
J+k<m—I—1

Now j+ k < m — 1 — 1 implies that j is at most m — [ — 1 or k would be negative. Now the
largest 3j + k can become for non-negative k and j is 3m — 3/ — 3. Hence this summation is also

Zero.

For y we prove almost the same cancellation.

Lemma 7.10. Fixm > N+1 andl <m+ 2N + 1, and suppose L < 1. Then

L
yi—i(m +i) = — Ajr + Aj-
( )
=0

3j+k=m+2N—1—1 3j+k=m+2N+1—1+2L
j+k<m—1 j+k<m+L

Furthermore if L =1, then this last term is zero, so

l
Zylfi(m‘i‘i) = - Z Aj,k:-
=0

3j+k=m+2N—1—1
j+k<m—1

O
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Proof. The proof is the same as in By (7.4), we have

L L
> yii(lm+i) =) > Ajr — > Ajk
=0 i=0 | 3j+k=m+2N+1-1423 3j+k=m+2N—-1-1+427
J+e<m+i JtHk<m+i—1
L L
=2 > A =2 > A
1=0 3j+k=m+2N+1—-1+27 1=0 3j+k=m+2N—-1—1427
JHk<m+i jHEk<m-4i—1
L+1 L
=> > A= > Ajk
i=1 3j+k=m-+2N—1—1+2; i=0 3j+k=m+2N—1—1+2i
J+k<m—+i—1 Jtk<m+i—1
= - > Aj + > Ajke:
3j+k=m+2N—-1-1 3j+k=m+2N+1—1+2L
J+k<m-—1 j+k<m+L

Furthermore if L = [, then the last summation becomes

> Ajp.

3j+k=m+2N+1+l
j+k<m-+l

Since j < N, (or else Aj = 0), the largest 3j + k occurs when j = N and k =m +[1— N. In
thiscase 3j+k=3N+m+1—-N=2N+m+1<m—+2N + 1+ (. Hence this summation is
Z€ro. U

Now we can start to estimate the terms in relation (7.1)).

Theorem 7.11. Fizn and 0 < h < n — 2. For any primitive even character x modulo T™"

N N
g Mmex) = > > Ak |4t
m=0 a=—2N |\ 3j+k=2N+a«

J+k<N

Proof. As we can use lemma we only need to rewrite the sums. Note that m ranges from 0
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If]
to N, so we know that
N N 3m .
Do Mmpx) = Y > wi(m)g
m=0 m=0 [=0
(@) N m
a a
=2 > wm-alm)e?
m=0 a=—-2m
®) N N —1 N
=2 2 wmalmat+ ) wm—alm)e?
a=0m=a a=—2Nm=—¢
© N N-—« -1 N+%
(& o
= Z 1‘N—o¢—z(ANv_Z)q2 + Z Z xN—a—z(N_Z)qz
a=0 =0 a=—2N =0
2 N —1
oSl oy e S| Y e ¥ ae
=0 \ 3j4k=2N+a a=—2N | 3j+k=2N+a 3j+k=—2
JHk<N JHk<N Jrk<g—1
N

a=—2N | 3j+k=2N+a
J+k<N

Here at (a) we used the transformation o = m — [. Next at (b) we interchanged the order of
summation and at (¢) we used the transformation i = N — m. Finally at (d) we applied lemma
mwith I=N-a,m=Nand L =N —a, L=N + § respectively. At (e), we used that the

sum »_ 3j4k——2 Aj is trivially zero. O
itk<g-1

Theorem 7.12. Fizn and 0 < h < n — 2. For any primitive even character x modulo T""

N 2N—n

Y g Mmex)=— > oo A |dt+ D] > A |a®.

m=N+1 a=—2N |\ 3j+k=2N+a« a=-2n \ 3j+k=2n+a«
JHE<N j+k<n
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Proof. This time we apply lemma so we know that

n n m+2N+1
—m A4 7m+21\7+171
> g moex)= > Y. wm 2
m=N+1 m=N+1 =0
n 2N+1—m
(a) a
= Z Z y2N+17m7a(m)q2
m=N+1 a=—2m
X N min(n,2N+1—a)
(:) Z Z y2N+17mfa(m)q%
a=—2nm=max(N+1,— %)
2N+1—«
= Z Z Y2N+1—m— a( )q%
a=2N+1—-n m=N-+1
2N—n
+ Z Z Yan1-m—a(m)q?
a=—2N-2m=N+1
—2N-3 n

+ Z ZyQN-i-l m—a(m)g?

a=-2nm=¢

Q Z i: Yn-a—i(N +1+1i)q?

a=2N+1—n =0
2N—-n n—(N+1)
+ Y > yv-asiN+1+10)g?
a=—2N—-2 =0
—2N-3n+35

+ Z Zy2N+1_%_i(_%_i)q%

a=—2n =0

(@ ZN 5
a
g —_ A_j,k q2
a=2N+1—n 3j+k=2N+«
J+k<N
2N—n
+ D - D At D Au|d?
a=—2N—-2 3j+k=2N+a 3j+k=2n+a
JHk<N J+k<n
—2N-3
3
- > At Y A d®
a=—2n 3j+k=—-2 3j+k=2n+a
J+k<—g1 j+k<n
N 2N—n
© A 3 A 3
== gk |47 + gk | 4%
a=—2N |\ 3j+k=2N+a« a=—2n |\ 3j+k=2n+a
j+k<N Jjt+k<n

Here at (a) we used the transformation @ = 2N + 1 —m — . Next at (b) we interchanged the
order of summation and at (¢) we used the transformation ¢ = m — (N + 1) at the first two sums
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and the transformation i = m + § at the last sum. Next at (d) we applied lemma three
times. On the first sum with [ = N —a, m=N+1and L = N — a. On the second sum with
l=N—-a,m=N+1land L =n—(N+1). On the third sum with l = 2N +1—- 9, m = —§ and

L =n+ . Finally at (e) we rearranged the terms and used that ) 3;4r——2 A & 18 trivially
j+k<—-%5-1

zero. Also at (e) we applied the fact that ) 3;4r=on+a A; is trivially zero for o« < —2N. O
JHR<N

Adding theorem [7.11] and theorem [7:12] together, we find that for primitive even characters x

n 2N—n
d g Mmex) = ) > Aj|a®.
m=0 a=-2n | 3j+k=2n+«

j+k<n

Looking at the term oo = 2N —n = n— 2h — 4, we see that this has coefficient Y 3;4k=n+on 4; k.
j+k<n
The only 0 < 5 < N, k > 0 that solve this are j = N,k =n — N = h + 2. Hence we conclude

that

Theorem 7.13. Fizn and 0 < h < n — 2. For any primitive even character x modulo T™"

- —m n—2h-4 n—2h—5
D@ M(m,ox) = Anaa(X)g 2 +O@ 2 )

Before we substitute this into relation (7.1]), we turn our attention to non-primitive characters.
We claim that

Theorem 7.14. Fiz n and let 0 < h < n — 2. Suppose x is a non-primitive even character
modulo T"~". Then

> T Mmex) = Ay a0 +0 (¢7F)

m=0
for some A’ (x), defined below.

Proof. Note that to show the cancellation that occurred for primitive characters, we didn’t
actually use the definition of A;j, except that it is zero when j,k < 0 or j > N. Now we will
show that for a non-primitive character y, we also have a formula like relation , but for
some different function A’ ik . Since this function A’ ik will also have the property that it is zero
when j,k < 0 or j > N, we can go through the exact same arguments, only with A’ . instead
of Ajj, to see that for non-primitive characters this theorem holds. For non- prlmltlve even
characters y modulo 7"~" we know that we can write £(u,x) = (1 —u) H;V:l(l —oj(x)u). Here
a;(x) are the inverse roots of x. By the Riemann hypothesis, we know that either «;(x) =0 or
la(x)] = q2. Now write a;(x) = B;(x)g 3 (hence Bi(x) =0 or |B;(x)| = 1). Define \’(x) to be
the coeflicients of the polynomial of degree at most N in u, given by H (1= B5(x ) ). Then
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Hj.vzl(l —Bi(x)u) = Zj _o N;(x)u?. The proof of M(m, px) = L((qu’X) still holds, so we find that

. ~ L(qu,x)  (1—qu) H;'V:1(1 - Bi(x)q
M) = Ty (1—w) [T;2, (1 = B5(0)g? w)

N
= (1 - qu) Z)\’ Zuko H

>

N
( ( > H@(x)ki)qzu’f
k>0 \ki+-+ky=ki=1

= > w( S Ilaw )m

ki+-+kn=ki=1

- > A;-1<x>< 3 Hﬁz )w

ki+-+kn=ki=1

Hence if we define

I () = { SQ(X) (Zk1+..,+k,v:k I, ﬁi(x)’“) if0<j<N,0<k,

Jik .
otherwise,

we see that for non-primitive y

3J+k 3j4k—1

Mmiox) = Y A0 2 — A 000 7 (7.5)
J+k<m
0<j<N+1
k>0

Comparing relation ) to , we see that they are the same up to the coefﬁcients Aj i and
A; .- One can now make exactly the same arguments we made to prove theorem to prove
theorem [7.141 O

Finally we substitute our results of theorems and into relation (|7.1). This relation
consists of a sum over characters, which we can split into a sum over primitive and a sum over

n—nh
non-primitive characters. By our work in section H, we know that there are O (%) =

O(q"~"=2) non-primitive characters modulo 7" ~". It follows that the sum over all non-primitive
characters is estimated by

1

WO(qn7h72)(q _ 1)2q2n720(qn72h74) — O(q2n7h74).

Here we have also used that e, (T"") = ¢"~"~1. We then find
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If]
1 n—m m
Varp N (e;h) = (T )2 Z Z (¢ — 1)*g*" ™72 72 M(ma; ox) M (ma; o)
Pev x mod T"™ hmi,me=0
X#Xo even
1 n—2h— n—2h—2 n—h—
= (T e > (|AN,h+2(X)|2q3 #1t0 (q3 2 2)) +O0(g* ")
ev

x mod "
XF#Xo even, primitive

2
Z x mod T" ™" |AN,h+2(X)|

X#Xo_even, primitive 2n—h—3 2n—h—71 2n—h—4
= +0( ) +0
o= (1-1) ! ! )
q
2 —h— _h_I
= E . [Avsef] o (07 F).
x mod T h

X even, primitive

Now let us consider |An pi2(x 2 By definition it is given by
it
2 2
An (0 = An(© ‘Tr Sym"*+20, ‘ (—1)N det(0y)]” ‘Tr Sym’H‘QGX‘ _ ]ﬁ Symh+2@x‘ .
By theorem [5.10] as ¢ — oo,

2
‘Tr Symh”U’ du.

2 2
Tr Symh+2®x‘ } :/ ’Tr Symh+2U‘ dU :/
PU(N)

e |
x mod T~ " U(N)

X even, primitive
Finally by corollary this last integral is equal to 1. We conclude that

Theorem 7.15. Fit0 < h<n—3. As qg— o0,
Var, N, (e; h) ~ g3,
Furthermore we conclude

Theorem 7.16 (Restatement of theorem [1.2)).
Fir0O<h<n—3. As q — oo,
Var, Ny (0;h) ~ ¢ "3



Chapter 8

The variance of the Euler totient
function over 7

8.1 Introduction

In this chapter we will revisit the Euler totient function over Z and look more closely at the
variance in short intervals. One might expect, in analogue of theorem that the averaged
variance of Zf;fﬂ @ would be inversely proportional with the size of the interval H. It
turns out this is not the case. Numerical simulations suggest that the averaged variance is not

inversely proportional, but constant. See for example figure [8.1] which takes H = x. That is

; X o) H\'| (.
Y; ( > n—§(2)> Xooe (8.1)

r<n<z+H

for some constant C. Note that, even though it is not inversely proportional, relation (8.1) is still

quite a strong result. We know by theorem that Zfb:ﬂ_l @ gets infinitely large, roughly
of size % Furthermore the error term we got was very bad, as it also becomes infinitely large,

(just slower than %) Result 1) would suggest that this error term is actually finite, so that

% would be an almost perfect approximation of Ziii_l @. Unfortunately, we cannot prove

relation 1D We can get very close and even make the prediction that C' = %(2) - W, but
we can only give a definitive proof under certain assumptions.

In section [8.4] we prove this for H = z. In section we also look at short intervals, even
though this is much more difficult. We can however make another assumption to make it easier
to calculate the variance. It turns out that in this case the variance in this case also converges

. 1 1
to the constant 63 ~ 6C(@2-

Theorem 8.1 (Restatement of theorem [1.3).
Let H=0(X?%),0<6<1. Assuming|8.21 and|8.24} we find

1 & o) HY .1 1
X2 ( 2 n‘«z)> S G P

r=1 z<n<z+H

Later in this chapter we see what assumptions we actually need.

74
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2
Figure 8.1: 4 Y200, (202,14 20 - ) for 2.5-10° < X < 107,

8.2 A new function G(y)

Recall the fractional part function, defined in the proof of corollary by {z} = z — [z]. Define
G:R>y — R by

Gly) = i @ {%} . (8.2)

Note that this infinite sum converges for every y € R>1. This follows from the fact that n >y
implies {%} = £. Hence for some fixed y the sequence (ZN wn) {%}) is a Cauchy sequence,

n=1 n

as for n > y the terms become %(2") We prove two statements about G(y).

Lemma 8.2. Let m be a positive integer and let 0 < € < 1. Then

G(m+e€)—G(m) = —.

Proof. Fix m € N and 0 < € < 1. For each n, we have that [%] = [mje], as otherwise there
would be an integer between 7 and mT'“, implying that there would be a multiple of n between
m and m + €. Hence

e R R e e R R I
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It follows that

n=1 n=1
_yo ) {mﬂ} _ {m})
— n n n
o p(n) e
=€ = —,
2 @
applying corollary O

Theorem 8.3. Let x, H € R>y. Then

) ‘f’fj)_éfg)za(x)—a(xuf).

Proof. Fix n,m € Z>1. Note that

(et} ) -t [ - e - 5]

Now [%] = [m“] except when there is an integer k, such that & < k < mjl. This happens
when m < kn < (m+1), which is exactly the case when n|m+1. In thls last case [%] = [mT'H] —1.
We see that

I I
[ 10]e
= =

G(m+1)—G(m)

2= £
(=2

- 3 e

3
I
—

3
I
=

I
NE
i%

n=1 n|lm-+1
I p(m+1)
¢(2) m+1

For the last equation we applied corollary and corollary Now for , H € R>;, we see
that

[x+H]—-1
Glz+H)—-G(x)=Gxz+ H)—-G([z+ H]) + Z (Gm+1) —G(m)) — (G(z) — G([z]))
m=|[z]
GemmaED) {z + HY (le+H —[] o)\ {fo}
- ( P) ; n | @
_q e(n)
oL,
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8.3 The expected value of G(y)?

As we are interested in the variance of 37 _ . TH @, by the previous theorem we are interested

in (G(z + H) — G(z))*. More specifically we are interested in

. (iw{ﬂﬂ}_imm{x})g,
w€lsy |\ 1M n —~ n In

where we introduced the symbol Esez., for limyx o % Zle. (This is definitely an abuse of
notation, as we don’t have a probability measure on Zx>;. It however does make our intentions
clear.) We are interested in the expectation value, when we take x uniformly from {1,..., X} and
X — oo. This expectation value turns out to be very difficult to calculate. What we can however
calculate is the same expression with the sum and expectation value interchanged. For example,

we might be interested in E.ez.., [Zﬁnzl pm)p(n) {z} {%}}, which is one of the terms if you

mn

expand the square. We cannot calculate this, but we can calculate

> er]%m H%} {%H - 6((12)2 + 12;(2)' R

m,n=1

The question is whether these two values are the same. Numerical simulations suggest that the
expectation value we are interested in indeed coincides with this value, as you can see in figure
Whether we are allowed to interchange the sum and expectation value is a question we will
come back to in section Let us first show how to prove relation .

Lemma 8.4. Let m,n be positive integers. Fix x € Z>1. Then

§2(24) {2201 i) a1

m n [~ 4 12

k=1

Proof. Note that if x = r,,, mod m and z = r, mod n with 0 < r,,, < m, 0 < r, < n, then

{mh{%}y = S5 Tt follows that {=Fhe} {efhn} = {TF {2} We say that {T} {7} is
periodic with period mn. It is hence sufficient to prove that

%{Z} {z} _ (m— 11(71— D, gcd(mi;)2 1

k=1

If m and n are coprime, then when k runs from 1 to mn, the pair (kK mod m, k mod n) runs over
all pairs (r,,,7,) exactly once. Hence for coprime m,n the lemma is trivial as

SEHE-(E2)(£2)- (55

Tm =0 =0

Let us turn our attention to the general case. Write d = ged(m,n). First note that {%} {%} is
not only periodic with period mn, but also with period lem(m,n) = ™. Hence

mn

L EHH -G
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0.1128 T T T T T T T T T T T T T T T

— L oy
n n
1 + 1 =
120(2) ed{2y

01125 4

01124 4

0.1123

01122

0.1121

0.1120 L - 1 - -
a 5000 10000 15000 20000 25000 20000

Figure 8.2: + Zm L ( 50000 ‘P(”) {z }) for 102 < X < 3-10%

The next question is which pairs (kK mod m, k mod n) are attained when k runs over the integers
from 1 to ™, as it clearly cannot reach all pairs. We claim that k reaches exactly all pairs (74, 7y,)
such that rm = r, mod d. Suppose that for some k we find that (k mod m, k mod n) = (ry,, ).
Then k = ry, + l,ym = ry, + lyn, implying that r,, —r, = l,n — l,,m, so d has to divide r,,, — ry,.

Furthermore there are m pairs (ry,,r,) with 0 <7, <m, 0 <r, <ns.t. r, =r, mod d: if
you fix r,, then there are = ™ choices for r,, = r,, mod d. If there is a pair that (k mod m, k mod n)
does not attain, then by the pigeon hole principle there exists a pair that (kK mod m, k mod n)
attains twice, (when k runs from 1 to 5*). Hence there exist 0 < k < k' < ™ s.t. k = k' mod m
and k = k/ mod n. By the first statement the difference between k and &’ is a multiple of m,
by the second it is a multiple of n. Hence the difference between k and k' is a multiple of
lem(m,n) = ™. This is not possible. We conclude that the claim is true. Now we use the

fact that (kK mod m,k mod n) attains exactly the pairs (r,,,r,) with r,, = r, mod d in our
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calculation:
mn k k d k
m n m
k=1 k=1

d—1
d(Z;’: Z%”

0<r,;,<m 0<r,<n
rm=l mod d rn=Il mod d

S (i a,
=dy (> — >

1=0 \tm=0 tn=0
d—1
(a) i m—d E n—d
_dlz_%(cﬁ 2d )(d+ 2d>
d—1
1 s m+n—2d, (m—d)(n—d)
=37 2 (Z + 5 I+ 1
(ab) (d—1)2d—1) (m+n—-2d)(d—1) (m—d)(n—d)
e + +
6 4 4
(m—-1)(n—-1) d*—1
B 4 TR

Here at (a) we used the general identity Y ,_, k = w, while at (b) we used that Y ;_, k% =

n(n+1)6(2n+1) ) 0

Corollary 8.5. Let m,n be positive integers. Then

o z m—1)(n — cd(m,n)? —
2 HEHE) - (et sty

Proof. By applying lemmato the first mn [%] integers and using 0 < {%} {%} < 1 for the
remaining mn {%} integers, it follows that

¥ = g [ (e )

x=1
and
X
1 1 [X —1(n-1 d(m,n)? -1 X
72{3}{§}§77 (m-1)(n-1)  ged(m,n) L mn .
X = lm n X |mn 4 12 X |mn
Now take the limit X — oo to see that the required statement holds. O

Lemma 8.6.

= ) 1
Z m2n? ged(m, n) - C(2)

m,n=1
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Proof. This proof requires a couple of variable transformations. Start by writing d = ged(m, n)
and m = dm’, n = dn’. Then we see that

‘We now claim that

p(dm’)u(dn') = p(d)p(dm'n’)

for coprime m/, n’. Note if d and m’ or d and n’ are not coprime or if one of the d,m’, n’ contains
a square, then both sides are zero. If d, m’ and n/ are the product of respectively t4, t,,, and ¢,
distinct primes, then

p(dm (') = (~1)%bm (< 1)ttt = (C1ytmtte = (C1)t(<L)lt et = p(d)(dm'n).

We see that
p(dm’)p = > p(d)p(dm’n’) p(d)p(dm'n")
Z mgfl W ; m’; (dT ;m’; 1 dm,n/ .
gcd(m n/)=1 ged(m’ ,n')=1

In the last equality we dropped the condition in the sum that m’,n’ are coprime. If they are
not, then p(dm'n’) = 0. Now write k = m/n’ and change the sum over m/,n’ into a sum over k
and a sum over n/|k. Then

>y Mludn) 5y s Hdue

d=1m',n'=1 d=1k=1n'|k

iu (k)7

k=1

M

i
I\

where oy denotes the divisor function. Finally we write [ = dk and transform the sum over d
and k into a sum over [ and k|l. Then

ig#(d) ZM %l: M<]l€>

In example we have seen that E = og * . Applying corollary for the last equality, we
see that

Z M(mgzg gcdm’n :;Mlzo—o ( > Z'u :Z,ul(z Ci)

mn=1 k|l =t
O
Theorem 8.7.
> () = e e
Proof.

n m2n2 4 12

m,n=1

i p(m)p(n) H:c} {m}] (corollary ) Z fu(m)p(n) <(m D —1) , ged(m,n)? -

)
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Z i m2n2 Z plm mnz Z plm Z pm)i(n) % Z Lzyégn) -ged(m, n)?.

m,n TYL n m n m,n

Now we can split each of the first four sums into a product of a Sum over m and a sum over m.

We then use theorem and corollary stating that > oo & ) =0and ) ;- k2 ﬁ

to see that the first sum equals 2 —== and the other three sums are zero. For the last sum we
apply lemma [8:6] We conclude that the theorem holds. O

8.4 The variance of Z@ in the interval [z, 2z]

Recall that we are interested in (G(xz + H) — G(x))?. Unfortunately the technique described
in the previous section does not help us when H = 2, because knowing z mod n, you do not
have a clue about [2°] mod n. It can quite literally be every value between 0 and n. Hence the
combinatorial arguments in the proof of lemma cannot be replicated, while these arguments
were actually the key to dropping the difficult fractional part function. In section we make
an additional assumption to be able to replicate some of the arguments. This assumption is
however not necessary when we look at the interval [z, 2z]. Knowing x mod n, we clearly know
2z mod n. We hence turn our attention here to calculate the sum

> e (e a2 (G - e (B S - 2 [

This calculation will turn out to be more tedious as we need to consider the parity of m and n.
We hence need some additional lemmas before we can prove theorem stating that the sum
above equals

Lemma 8.8. Let m,n be positive integers and suppose that m is odd. Firx x € Z>1. Then

I:"Z:’;{Q(xn—;k)}{x:k} _ (m—ll(n—l) +gcd(méz)2—1.

Proof. As in the proof of lemma it is sufficient to consider the case x = 0, as { } { } is
periodic with period mn. Since m is odd, this period is the same as that of {m} {n} Defining
d = ged(m,n) we can argue analogously as in lemma to see that when k runs over the

integers 1 to ™, the pair (2k mod m, k mod n) runs over the pairs (ry,,r,) with 0 < r,, < m,
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0<r, <n,and r, = 2r, mod d. Note that d is odd, because m is odd. We find that

mn

SEHE-E

d—1
Tm Tn
= d _ —_
> >
=0 0<r,, <m 0<r,<n
rm =2l mod d rn=l mod d
[t a it
m n
=d> | > — X
=0 \tm=0 tn=0
d—1 T2 -
20 4 dt,, L+ dt,
+d > X = X
=4t \tm=—1 tn=0
S 2t at [ +dt
m n
=d) o > —
1=0 \tm=0 t, =0

d—1 n_q

2 /24+m—d — [l +dt,
d -
s () (5

t,=0
?izl I+ dt,
tn,=0 n

At (S (i
SB[ £ ) () (2

1=0 \tm=—1 tn=0 1=0 \tn=0
d—1 =2 Z—1
2lm d Iln d
=d —_—— 4 — t -+ — t
m d m Z m nd + n "
1=0 tm=—1 tn=0
= 41
Iln d
+d ——+=>Nt
Z (n d + n ")
1=0 tn=0

d—1 iz
(a) 2l m — 3d i n—d £ n—d
= (d+ 2d )<d+ 2d >+d§(d+ 2d>
d—1
o m+2n—5d, (m—3d)(n—d) > n—d
<2z + st : +; I+ =
(ap) (d—1)2d—1) (m+2n—->5d)(d—1) (m—3d)(n—d)
= + +
3 4 4
d—1)(d+1 d+1)(n—d
MmN | @ Ded
(m—-1)(n-1) d*>-1
+ o1
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Again at (a) we used > _, k = w, while at (b) we used that Y_,_, k* = w. O

Corollary 8.9. Let m,n be positive integers. Then

22 (x L (m—221(n—1) + G ) if m is even,
: [(21e)-
TE€L>y H m } n } o (m_lzl("_l) + ng(W;’f)z_l) if m is odd.

mn

Proof. If m is even, we can define m’ = . Applying corollary [8.5] we see that

2 EHH - 2 [5G

1 (D) | ged(min)? 1
( * )

m'n 4 12
L2 (B-Dm-D | eed(3n? -1
 mn 4 12

1 ((m—Q)(n—l) gcd(?,n)2—1>

mn 4 6

If m is odd, the statement follows directly from lemma [8.8] in exactly the same way as corollary
R follows from lemma 8.4l O

Lemma 8.10. Let m,n be positive integers. Then

m—2)(n—2 cd(m,n 24
1 (( 21( ) 4 ged(mn)

15 if m is even, n is even,

H 21:} {2:5 H L (mfzzl(nil) + ng(ﬂi’;)kl if m is even, n is odd,
E h— —_— =
z€Zs1 LM n ﬁ (m_li(n_z) + ng(”;’;)z_l if m is odd, n is even,
ﬁ (m—131(n—1) + ng(ml’;)z_l if m is odd, n is odd.
Proof. If both m and n are even, then we define m’ = %, n’ = % and apply corollary [8.5 to see
that
2z 2z T z
E e tng) =L )
TE€EZL>1 m n T€L>1 m n
1 (m' —1)(n' = 1) N ged(m/,n')? — 1
m'n/ 4 12
A (DG eed 2ot
mn 4 12
1 ((m—=2)(n—-2) ged(m,n)?—4
=— + .
mn 4 12

At the final step we used that ged(%, %) = w. Next if m is odd, n is even, we define
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n = 2n’ and apply corollary

EN LG RNt it

1 ((m 11( (1), ged(m.n')? - 1)

mn’ 24
2 ((m-1)(5-1)  ged(m, §)*—1
" mn ( 4 + 24 )
1 ((m—1)(n—2)  ged(m,n)*—1
" mn ( 4 * 12 ) '

Here we applied at the final step the fact that ged(m, §) = ged(m, n), which follows from the
fact that m is odd. The proof for m even and n odd is of course analogous, as the expression is
symmetric in m and n. Finally if both m and n are odd, then (22 mod m, 2z mod n) runs over
the same pairs as (z mod m,z mod n) as x runs from 1 to %, only in a different order.
Hence

ENE SR RIENE)

_ <(m (n—1)  ged(m,n)? — 1) |

mn 4 + 12

O

Finally we need two more lemmas, stating the values of some infinite sums over even or odd
integers.

Lemma 8.11.

Proof. We know that

3 pn) _ 3 (#(2n) (@ p(2n) ®)

n even

At (a) we used the fact that if n is even, then 2n is not square free, so u(2n) = 0. At (b) we used
the fact that if n is odd, then u(2n) = —p(n). Now apply corollary to see that

1 = uln n n 3 n
This immediately implies both statements from the lemma. O
Lemma 8.12.
1.

p(m)u(n) , 4
m%ﬁwg“(m’ ")’ = 2y
n odd
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2.
p(m)p(n) 2 _ p(m)p(n) 21
m;n o ged(m,n)® = z;d o ged(m,n)” = 30)
n odd, T’r? (i,)ven7
3.

Proof. Using the same reasoning as in the proof of lemma and using that ged(2m,2n) =
2ged(m,n), we see that

p(m)p(n u 1 p(m)p(n
> M sn, o = T O w20 = 3 P o
m even, m odd, m odd,
n even n odd n odd
and
p(m)p(n) u 2 1 pw(m)p(n) 2
Z Wgcd m,n)? Z 2 gcd(Zm n)° = ~1 Z Wgcd(m,n) .
m even, m odd, m odd,
n odd n odd n odd

This last statement also holds for the sum with m odd and n even. Now by lemma [8.6| we know
that

1 o~ p(m)pu(n) u(m)p(n) >
@ Z W ng m, TL mzogd ng(m n)
n odd
All the statements from the lemma immediately follow. O

Finally we apply all these lemmas to derive the following theorem.

Theorem 8.13.

>, detd (e [(HEN- e [{EHEY -2 [EH{E]

m,n=1
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Proof. Applying corollary corollary [8.9] and lemma we see that
- mu(n) VLA LAVERT ) f2
m;l mn a:e%zl |:{’I7,} {mH zelgzl n {m} zelgzl {TL} m
H D)
+ B ({0
TEL>1 n m

S p(m (gcd(ml;l) 1)

m odd,
n odd
. p(m)u(n) (5(ged(m,n)> —1) ged(%,n)® —1
ez, m2n? 24 6
n odd7
Ly H) (Slaedlmn? ~1) gedln, 5 -1
m?2n? 24 6
m odd,
d 2 cd(2,n)? cd(m,2)?2 1
Jrz.u gc(mn) _ g (2 )7g ( 2) 1
m2n2 6 6 6 6
m odd,
n odd
Z pu(m ged(m,n)? Z u(m ged(m,n)? — 1
T m2n2 12 meven, m?n2 24
TL gdd n odd
Z wim ged(m,n)? Z wim ged(m,n)? + 2
m2n2 24 m2n2 12 '
m odd, m odd,
n even n odd

At (a) we applied that ged(,n) = ged(m,n) is m is even and n is odd, and ged(m, §) =

ged(m,n) is m is odd and n is even. We also used that ged(%, n) = ged(m, 5) = M if
both m and n are even and square free. We now apply lemma [8.12] for the odd/even sums with
a factor ged(m,n). We split the sums with constant factor into odd /even sums over m or n and
apply lemma We see that the expression above equals

1 4 1 16 1 1 1 4 1 1 4 1 1 2 1

1
12°3C(2) 12 9C(2)2 24 3C(2) 24 9C(2)2 24 3C(2) 24 9C(22 12 3C(2) 12 9((2)2

LAV RS SR ) S - N T
72072 72 ¢(2) 216 216 216 ' 216 ) ((2)2

O

Again the question is whether interchanging the sum and the expectation value is allowed. That
is, the question is if

X 2% 2 X oo oo 2
s | (S ) |y | (S - )

n=1
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coincides with the value we found above. In the introduction we have seen figure where this
value is shown for X upto 107. It clearly looks to coincide, but this is of course not a proof. In
the next section we research the interchanging of sum and expectation value.

8.5 On convergence and interchanging the average and the
infinite sum

The question we address in this section is whether we are allowed to interchange the two limits
in the expression

M N X
li li 4
i, 252 Jm 53 fwmn) &4)

for different f, without changing its value. Of course for us the most interesting case is the case
where f is given by

stamen) = B (CHE - CHE - DT HTHED)

as this case would give us a result for the variance of @. The short answer is that we do
not know if we are allowed to interchange the two limits. There are not many theorems on
interchanging an infinite sum and an ‘infinite average’. The only result the author could find
was applying Lebesgue’s dominated convergence theorem for summations, see for example [4].
This gives us the following theorem.

Theorem 8.14. Suppose we have a function f : (Z>1)> — R and a function g : (Z>1)? — R,
such that
|f(z,m,n)| < g(m,n) for all x € Z>1.

If M N
Mljifrgocmzzlnglg(m7n) < 0,
then
X 1 X

These requirements are however far stronger than we have. The only thing we do know is that
for the interesting f, stated above, we have

23 3 e

m=1n=1 =1

< 00 (8.5)

This is of course a much weaker statement than the requirement in theorem As weak as
relation ({8.5) may seem, it turns out that it is not even true for

f(x,m,n):M{i}{z}'

mn n m
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This is the case we studied in section [8:3] Even though figure [8:2] seems to imply that the two
values studied in this section do comc1de, we have no Justlﬁcatlon of this, as the expression
(8.4) does not converge absolutely. Even though we cannot prove it, we are convinced that

the calculated value coincides with the variance of @ in short intervals, due to the numerical
simulations. We hence make the following assumption.

Assumption 8.15. Changing the two limits in the expression
li lim —
M,&HANZ innoo Zf & mn)
m=1n=1

does not change its value, for

_ mmp(n) ey ey [l gxy gey f20] ) 2] f2o
fl@m,n) = mn {n}{m} n {m} {n} m + n m/f)
Corollary 8.16 (Corollary of theorem . Assuming we find that

2x

o o) x \|_ 1
ﬂ&x?( n c(2)> 6(2)  6¢(2)*

n=x

We conclude this section by proving and disproving relation (8.5) for the different f mentioned
above.

Lemma 8.17. The expressions
M N
| p(m)p(n)
1 LAY PATE)
N[,J{/Igoo lel m2n?2
and
o~ A(m)u(n) 2

converge absolutely.

Proof. The first is clear as

2 W < 2 (mln)2 - (Z %) (Z le> =<2)°

m=1

For the second expression, we reason as in lemma and see that

o |u(m)p(n)| - |[p(dm/)pu(dn’)|
I ged(m, n)? —_—
PN D
gcd(rr;' n')=1
S bt
(dmn)?
d=1m',n'=1
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Corollary 8.18. For

f<mvmvn>:““2‘;(’””’({Z}{Zi}-{25}{2}—{2}{25}%25}{?})’

we have

m=1n=1

Proof. Following the exact reasoning as in the proof of theorem [8.13] we see by applying corollary
corollary [8.9 and lemma that

X
li lim —
MN S o0 Z Z X e X Z:lf(x,m,n)
S [u(m)p(n)| (ged(m,n)* — 1Y\ T [u(m)p(n)| (ged(m,n)® —1
m2n?2 12 m2n? 24
m odd, m even,
n odd n odd
3 [u(m)pu(n)] (ged(m,n)? —1 s [u(m)pu(n)| (ged(m,n)® +2
m2n2 24 m?2n?2 12 ’
m odd, m odd,
n even n odd
Now the respective summations converge absolutely by lemma [8.17} O
Lemma 8.19. The expression
N
lim
N—o0

does not converge absolutely.

Proof. Note that

al 1
Z >
el bi
where the last sum is taken over all primes smaller or equal to N. This inequality follows from

the fact that for every prime p;, |u(p;)| = 1. It is well known that the latter series diverges as
N — oo. We give the proof as is written in [I]. If the series does converge, then there exist a M

S.t.
> s
pi>M Pi 2

Define Q = H < pi- 1f a prime p divides the integer 1 + n() for some n, then by definition of
Q it follows that p > M. Hence

However
_ log(1+2Q) " _ log(1+NQ)
1 + nQ 1+ xQ Q et Q '

This diverges as N — 00, so we have derived a contracdiction. O
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Corollary 8.20. For

the expression

M N
lim E E
M,N—oco

m=1n=1

X —o0

1 X
lim Y;f(x,m,n)

does not converge.

Proof. Following the proof of theorem we see that

M N | X
o 35 3o o A e
_ i pm)pm)| ((m=1mr-1)  ged(m,n)® —1
= m2n? 4 12
© um)u(m)] (mn_ ged(m,n)’
> PP e o AT )
- Z m?n? 4 + 12
m,n=1
1 o |um)pu(n)| 2, 1o [um)u(n)|
=32 g sedlmn? 3> U
Now the last sum does not converge by lemma [8.19] O

8.6 The variance of Z@ in short intervals

The last section of this chapter is maybe even less definitive than the other sections. We
calculate the variance of > @ in the interval [z,z + H] where H = ©(2?). Again we look at
Ezczs, [{ x';H} {%}], but in this section we see this as an entirely stochastic process, instead
of a deterministic sum. (So we calculate the chance that {#} {%} is some value and then
use this to calculate the ‘expectation value’). This enables us to actually calculate it, which we

would not be able to do otherwise.

As noted at the start of section we do not know anything about [2°] mod m if we know
2 mod n for some m,n. This is easily seen. For example if § = %, then y = [2°] implies
y? <z < (y+1)2. Since the gaps between 32 and (y + 1)? get larger and larger, at some point
the gaps will be much bigger than n. Hence if we fix some large y € Z and let « € Z range in
between y? and (y + 1)2, we will find every possible value for 2 mod n and with about the same
probability, (because the gap is so large). This qualitative argument persuades us to make the
following assumption.

Assumption 8.21. Fiz m,n € Z>y. For any 0 < 0 < 1, there exists no correlation between
x mod n and [2°] mod m.

We will need this assumption in this entire section. It will enable us to make predictions about
the variance of % in the interval [z, z+ H] for H = ©(2%). We will apply the same techniques
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as in section so again we will only be ably to calculate
e (g (22N 8 [P HE)
= mn w€Zs Lin) Im TE€L> n m
{ Y [+ H r+H) (z+H
- E { — } + E
T€lsy L\ T m ©€Lsy n m

2
and show that the numerical simulations suggest % Zle (Ziiiﬂl eln) _ ﬁ) to converge to

n
the same value. We first start by taking H zﬁs] and show that our assumption predicts the
8

same value %(2) — C% as derived in section [8.4] for the variance in the interval [z,2x]. Note
that by assumption the specific value of 6 does not matter.

Lemma 8.22. Assuming we have for any m,n

2w ()

Proof. By assumption there is no correlation between 2 mod m and [2°] mod n. Hence any
pair (x mod m,z + [x°] mod n) is attained with equal probability. Since there are mn different
such pairs, we conclude that

- (E5) (E5) -m (=)

=0

Theorem 8.23. Assummg we have
P R mem
-5 [k

1 1

T 6C(2)  6C(2)
Proof. Note that by assumption and corollary

e [{x+n[a:6] } {a: +Tr£z5] H -k H%} {%H _ % ((m - li(n -, gcd(mi;)z _ 1) |

Substituting this, together with lemma [8.22] we see that

e (s e [




92 CHAPTER 8. THE VARIANCE OF THE EULER TOTIENT FUNCTION OVER Z
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Figure 8.3: % Zle (Eac+2[a:5] e(n) ﬁ) , where X ranges from 0 to 2.5-107 and 6 = %, %;

n=x n

together with the predicted value for the variance.

Here we applied lemma [8.6] and corollary O
Again we make another assumption to make this into a final theorem.
Assumption 8.24. Changing the two limits in the expression
M N 1 X
33 i 3

does not change its value, for f(x,m,n) equal to

wm)p(n) ((zy [« x + [29] x ) [z + [29] z + [29] x + [29)
Theorem 8.25 (Restatement of theorem [1.3).
Let H=0(2%),0<46<1. Assuming@_ and |8.24), we find

1 & on) H\ .1 1
X2 ( 2 T‘@) ) w@e

z<n<z+H

In ﬁgureyou see the numerical simulations for different 0 < § < 1 for X up to 2.5-107. Clearly
the convergence is much slower than in the [z, 2x]-case. Even more, for 6 = %l, (not shown in
the figure), it is not even clear whether we have convergence at all, although the variance does

seem to oscillate around the right value. A reason could be that x < X must be very large,
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ranges from 0 to 2.5- 10 and § = %

1l 5.
42767
variance.

before # mod n and [z°] mod m become uncorrelated. Another reason might be that it turns
out the parity of H strongly influences the variance. This is seen when you take H = 2[z°] or
H = 2[x%] + 1, as in figure For the even H the variance is much lower then for the odd H.
It turns out that our model predicts the same results!

Lemma 8.26. Assuming[8-21] we have for any m,n

1 (m—1)(n—1)

E {{x}{x—kQ[x‘s}}] ey ﬁ""%) if m is even, n is even

w€Lxy [\ n L %) otherwise.

mn

Proof. If n is odd, then the statement is clear by the same arguments as in the proof of lemma
Suppose that m is odd and n is even. Then if z mod m is known, there are a % possible
values for £ mod n, where d = ged(m,n). Exactly half of these values are odd, and half of
these values are even. Since by assumption there is no correlation between x mod m and
[°] mod n, we only know that 2[z°] mod n is even and every even value is equally probable.
From this we conclude that if we know = mod m, then every value of 2 + 2[z°] mod n is equally
probable. The statement of the lemma follows in the same way as in the proof of lemma |8.22
Finally if both m and n are even, then x mod m and x mod n have the same parity. Hence
2 mod m and x + 2[z°] mod n have the same parity. There are -2 pairs (r,,, mod m, 7, mod n)
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with the same parity and each of these pairs is equally probable. We conclude that

e, {{m}{w
2,

=0 O<7‘,n<m 0<7‘,L<n
rm=l mod 2 rn=l mod 2
RN =T QZ L2 ng+2tm 3211+2tn
- mn m mn m n
tm=0 tp,=0 tm=0 tn=0
2 [2 il 2 i1 2 (1 2 il 1 2%
= - tm - tn = - tm = - tn
mn mZ nz ern 2erZ 2+nz
tm=0 tn=0 tm=0 tn=0
@ 2 ((m—2)(n—2) 1 m-=2 1 n-2
- mn ( 16 ety SR
1 1+m—|—n—4+(m—2)(n—2)
~ mn \2 4 4
1 f(m=1)(n—-1) 1
 mn 4 4
Again at (a) we applied the identity > _ k = "(”;1) O

Lemma 8.27. Assuming we have for any m,n

1 (m—1)(n—1) 1

x x4+ 2[2°] +1 preyes f—z) if m is even, n is even
N e (R

x€Zs, [ LM n W) otherwise.

n

Proof. If either m or n is odd, we could use the same arguments as in the proof of lemma [8.26
to show the statement. If both m and n are odd, then x mod m and z + 2[x°] + 1 mod n have
different parity, so we conclude that

2 G

1

>N DY D D
mn m n
=0 0<r,;<m 0<rp<n
rm=l mod 2 rnZl mod 2
m—1 n—1 1
A D IO SE A DO D SIS | D S
mn m m n
m=0 =0 1=0 0<r;m<m 0<rp<n
rm=l mod 2 rnZl mod 2

1 ((m—li(n—l) i)

applying the previous lemma. O
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Theorem 8.28. Assuming[8.21, we have
— 5
3 (g [N - ) [ )]

-& (G s )

1 2

6(2)  9¢(2)?
Proof. Applying lemma [8.26] we see that the value we want to calculate equals
i p(m)p(n) (ged(m,n)® —1Y 1 > pm)p(n) 12
m,n=1 m2n? 6 2 m even m?n? 64(2) 9((2)2 .

n even

At the last equality we applied corollary lemma [8.6] and lemma O
Theorem 8.29. Assuming[8.21, we have

S ) (p [(2y(a)] - g [{rrAfler) ey

~& e [ )

1 1

6(2)  9¢(2)?
Proof. Applying lemma [8.27] we see that the value we want to calculate equals
i p(mp(n) (ged(m,n)? ~1Y 1 > pmpn) 11
S~ m2n?2 6 2~ m?2n? 6¢(2)  9¢(2)%

n even

Again we applied corollary [2.14] lemma and lemma [8.12 O




Chapter 9

Concluding remarks

9.1 The relation between theorems 1.2 and [1.3

In this thesis we have seen a couple of examples of analogous statements in Z and F,[T], such
as the prime number theorem [2.20| and the prime polynomial theorem We have also seen
relation in the introduction of this thesis and its analogue in F,[T7, theorem It might be
surprising that the results about the variance of the Euler totient function, in particular theorem
and the theorem [1.3] are not analogous. This is due to the high amount of cancellation in
F,[T]. Recall lemma stating that M (m;¢x) is a finite polynomial in ¢2 of degree 3m if
m < N, and of degree m + 2N + 1 if m > N + 1. In chapter [7] the next step was to focus on the
cancellation of the coefficients, before we went on to calculate the variance of . If one ignores
the cancellation and you would immediately calculate the variance, you would find that

1
Varn./\/.wf) (.; h) ~ =,

K q

In this case you would find an analogue of theorem (up to a constant), as

— —+5 =1 _ 1 We conclude that the analogue of this theorem does not hold in

1
G(2) (2 T g ¢
F,[T] due to the high amount of cancellation.

Note that this is not new. We give one easy example of a similar phenomenon. Recall that the
statement ) __ u(n) = o(x) is equivalent to the prime number theorem. In number theory we

also have a conjecture stating that ) __u(n) =0 (x%“) for any € > 0. It turns out that this

statement is equivalent to the Riemann hypothesis, see for example [14]. Now in F,[T] it turns
out that a much stronger statement is true, due to the high amount of cancellation in this ring.
It turns out that for any n > 2

> u(f)=o.

feMmy

A proof of this is for example given in [3].

96



Bibliography

1]

T. M. Apostol. Introduction to analytic number theory. Springer-Verlag, New York-
Heidelberg, 1976. Undergraduate Texts in Mathematics.

R. Ayoub. An introduction to the analytic theory of numbers. Mathematical Surveys, No.
10. American Mathematical Society, Providence, R.I., 1963.

S. Bae, B. Cha, and H. Jung. Mobius function in short intervals for function fields. Finite
Fields Appl., 34:235-249, 2015.

A. Browder. Mathematical analysis. Undergraduate Texts in Mathematics. Springer-Verlag,
New York, 1996. An introduction.

H. Davenport. Multiplicative number theory, volume 74 of Graduate Texts in Mathematics.
Springer-Verlag, New York-Berlin, second edition, 1980. Revised by Hugh L. Montgomery.

C. J. de La Vallée Poussin. Recherches analytiques sur la théorie des nombres; Premiere
partie: La fonction ((s) de Riemann et les nombres premiers en général. Analles de la Soc.
scientifique de Bruzelles, 202:183-256, 1896.

F. J. Dyson. Correlations between eigenvalues of a random matrix. Comm. Math. Phys.,
19:235-250, 1970.

P. Etingof, O. Golberg, S. Hensel, T. Liu, A. Schwendner, D. Vaintrob, and E. Yudovina.
Introduction to representation theory, volume 59 of Student Mathematical Library. American
Mathematical Society, Providence, RI, 2011.

W. Fulton and J. Harris. Representation theory, volume 129 of Graduate Texts in Mathe-
matics. Springer-Verlag, New York, 1991. A first course, Readings in Mathematics.

A. Gamburd. Some applications of symmetric functions theory in random matrix theory.
In Ranks of elliptic curves and random matriz theory, volume 341 of London Math. Soc.
Lecture Note Ser., pages 143-169. Cambridge Univ. Press, Cambridge, 2007.

C. F. Gauss. Untersuchungen tber hohere Arithmetik. Deutsch herausgegeben von H. Maser.
Chelsea Publishing Co., New York, 1965.

D. A. Goldston and H. L. Montgomery. Pair correlation of zeros and primes in short intervals.
In Analytic number theory and Diophantine problems (Stillwater, OK, 1984), volume 70 of
Progr. Math., pages 183-203. Birkh&user Boston, Boston, MA, 1987.

J. Hadamard. Sur la distribution des zéros de la fonction ((s) et ses conséquences
arithmétiques. Bull. Soc. Math. France, 24:199-220, 1896.

97



98

[14]

[15]

[16]

[17]

[18]

[19]

[21]

22]
23]

[24]

[25]

BIBLIOGRAPHY
H. Iwaniec and E. Kowalski. Analytic number theory, volume 53 of American Mathematical
Society Colloguium Publications. American Mathematical Society, Providence, RI, 2004.

N. M. Katz. On a question of Keating and Rudnick about primitive Dirichlet characters
with squarefree conductor. Int. Math. Res. Not. IMRN, (14):3221-3249, 2013.

N. M. Katz. Witt vectors and a question of Keating and Rudnick. Int. Math. Res. Not.
IMRN, (16):3613-3638, 2013.

J. Keating. L-functions and random matrix theory. International Conference
in Number Theory and Physics, 2015. http://video.impa.br/index.php?page=
international-conference-in-number-theory-and-physics!

J. Keating, B. Rodgers, E. Roditty-Gershon, and Z. Rudnick. Sums of divisor functions in
F,[t] and matrix integrals. https://arxiv.org/abs/1504.07804.

J. Keating and Z. Rudnick. Squarefree polynomials and Mobius values in short intervals
and arithmetic progressions. Algebra Number Theory, 10(2):375-420, 2016.

J. P. Keating and Z. Rudnick. The variance of the number of prime polynomials in short
intervals and in residue classes. Int. Math. Res. Not. IMRN, (1):259-288, 2014.

S. J. Miller and R. Takloo-Bighash. An invitation to modern number theory. Princeton
University Press, Princeton, NJ, 2006.

H. L. Montgomery. The pair correlation of zeros of the zeta function. pages 181-193, 1973.

M. Rosen. Number theory in function fields, volume 210 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 2002.

W. Rossmann. Lie groups, volume 5 of Ozford Graduate Texts in Mathematics. Oxford
University Press, Oxford, 2002. An introduction through linear groups.

C. Teleman. Representation theory. |https://math.berkeley.edu/~teleman/math/
RepThry.pdf, 2005.

A. Weil. Numbers of solutions of equations in finite fields. Bull. Amer. Math. Soc., 55:497—
508, 1949.

H. Weyl. Theorie der Darstellung kontinuierlicher halb-einfacher Gruppen durch lineare
Transformationen. I. Math. Z., 23(1):271-309, 1925.

H. Weyl. Theorie der Darstellung kontinuierlicher halb-einfacher Gruppen durch lineare
Transformationen. II. Math. Z., 24(1):328-376, 1926.

H. Weyl. Theorie der Darstellung kontinuierlicher halb-einfacher Gruppen durch lineare
Transformationen. III. Math. Z., 24(1):377-395, 1926.


http://video.impa.br/index.php?page=international-conference-in-number-theory-and-physics
http://video.impa.br/index.php?page=international-conference-in-number-theory-and-physics
https://arxiv.org/abs/1504.07804
https://math.berkeley.edu/~teleman/math/RepThry.pdf
https://math.berkeley.edu/~teleman/math/RepThry.pdf

	Introduction
	Two important rings
	Short intervals and the major theorems of this thesis

	Introduction to analytic number theory
	Introduction
	Convolution product and Möbius inversion
	Another Möbius inversion
	The Prime Number Theorem in equivalent forms
	The summation of (n)n
	The Euler totient function over Z

	Introduction to random matrix theory
	Introduction
	Class functions
	The Weyl integration formula
	Dyson's Theorem

	Introduction to the representations of algebras
	Introduction
	The symmetric n-th power
	The trace of the symmetric n-th power
	Irreducible representations
	Topological groups and characters
	Weyl's Unitary trick and a final identity

	Introduction to number theory in Fq[T]
	Prime Polynomial Theorem
	Dirichlet Characters over Fq[T]
	L-functions
	A theorem by Katz

	The variance of functions in short intervals in Fq[T]
	Two transformations of functions
	A general theorem on the variance in short intervals
	Calculating the variance of (f)

	The Euler totient function over Fq[T]
	The average of (f)|f|
	The variance of (f)|f| in short intervals

	The variance of the Euler totient function over Z
	Introduction
	A new function G(y)
	The expected value of G(y)2
	The variance of (n)n in the interval [x,2x]
	On convergence and interchanging the average and the infinite sum
	The variance of (n)n in short intervals

	Concluding remarks
	The relation between theorems 1.2 and 1.3

	Bibliography

