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Abstract

In this thesis, we show a method to dynamically generate expansions of numbers in an
arbitrary base B > 1 using maps called the lazy and greedy maps. We introduce concepts
such as the Frobenius-Perron operator, which we then use to find the unique absolutely
continuous invariant measure for the greedy map in the case where the base is equal to
the golden mean. We provide some intuition about most concepts and results as they are
introduced. We introduce a two-dimensional random map K which simultaneously generates
two random f-expansions and show that it can be essentially identified with the left shift.
We then find an invariant measure of maximal entropy for K. We introduce a skew product
transformation based on K and prove that there exists an absolutely continuous invariant
measure. We prove some properties of digit sequences that give a simultaneous expansion
of two numbers x and y in bases 8; and . Finally, we introduce a random map G that
generates these sequences, after which we show that it can be essentially identified with the
left shift.
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Chapter 1
Introduction

In this thesis, we consider the theory of B-expansions and random maps. This thesis is
structured as follows: chapter 2 introduces the theory of expansions of numbers and gives
a method to dynamically generate two special 3-expansions called the greedy and lazy
expansions. These will be generated by the greedy and lazy maps, respectively. Chapter 3
introduces concepts from measure theory and ergodic theory such as absolutely continuous
invariant measures, the Frobenius-Perron operator, measurable isomorphisms and the Er-
godic Theorem. These concepts will be applied at the end of Chapter 3 to find the unique
absolutely continuous invariant measure for the greedy map in the case where the base is
equal to the golden mean. We then use this measure to find the frequency of the digit O
by applying the Ergodic Theorem. Chapter 4 is the main chapter of this thesis, in which
we return to the theory of B-expansions and show a method to dynamically generate all
B-expansions by using a random map based on the greedy and lazy maps. The main goal of
this thesis is to generalise this method to two dimensions for the case 1 < 8 < 2. We show
that the two-dimensional random map K which generates these random 3-expansions can be
essentially identified with the left shift and find an invariant measure of maximal entropy for
K. We then introduce a skew product transformation based on K and prove that there exists
an absolutely continuous invariant measure. We prove some properties of digit sequences
that give a simultaneous expansion of two numbers x and y in bases 3; and f3,. Finally, we
introduce a random map G that generates these sequences, after which we show that it can
be essentially identified with the left shift.

Much of this thesis is based on scientific publications. One of our aims is to lower the
barrier to entry of the theory of random maps and random B-expansions. To do this, we

follow the following principles:



Introduction

The text is mostly self-contained. assuming a prior knowledge of measure theory but
not ergodic theory. We do refer to proofs of theorems in articles if they are too long to
be included.

We give further details that were omitted from the scientific papers we used as refer-

ences.
We aim to provide some intuition about concepts and theorems as they are introduced.

We give an overview of equivalent definitions or representations that differ from one

paper to another.

We discuss a variety of methods found in the literature, for instance several methods of

finding so-called absolutely continuous invariant measures.



Chapter 2

p-expansions

2.1 Representations of numbers

The number e has multiple representations or definitions. For example, we can define e as
the unique number such that %ex = ¢" for all x € R. There are also several ways to define it
using limits:

1
e= lim(1+-)"
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| <N |

e=) —:=Ilim Z —
e U =
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In this thesis, we are particularly interested in limits of the last form. This representation of e

is usually written as
e=2.718281...

In other words, it is the decimal expansion of e. For some numbers, such a decimal expansion
is unique, while for others there are two. For instance, we can write the number 1 in two

ways:

0

10
9

104

1:1-10°+i
k=1

:o-10°+i
k=1
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In the usual notation, this is written as
1 = 1.0000000... = 0.9999999...

This means that there are two different ways to approach the number 1 arbitrarily closely

by a sum of the form }}_, ld—(;‘k, i.e. there are two ways to write the number 1 as a limit that

. S
has the special form Y7 oz
The number 10 here is not of particular interest!; we could take a different basis like the

number 2 instead. After choosing appropriate digits, we obtain the binary expansion.

Note that here we are considering the real numbers to be defined independently of any
representation. If we tried to define all real numbers in terms of expansions, we would
run into the following problem: suppose we have defined a number x by an expansion
X=Yr0 %. The digits and the basis are integers, which are themselves represented in some
basis. This only makes sense if the integers are already defined. To define these integers, one
might try to give a decimal or binary expansion, but to do this we again need the integers to
already be defined. Essentially, an expansion is a way of writing a number in terms of other
numbers. This means that as a starting point we need some numbers that are not defined by
an expansion. This is resolved by considering the real numbers as defined independently of
any representation, for instance using set theory and Dedekind cuts.

We will need the following definition:

Definition 2.1.1. The floor function is the function |-| : RT — N,
| x| =max{m e N:m <x}.

Note that if we can write x = dy.dd»d5..., then it is not necessarily the case that |x| = dp.
For example, in base 10,
11.9999999...| =2 # 1.

In this thesis, we will consider non-integer bases and focus on so-called B-expansions.

These are expansions of the form x = }° , %, where 3 > 1 is a non-integer and d; €

Ithe ubiquity of the decimal system is often attributed to the fact that humans have 10 fingers; the word
"digit’ is a synonym for ’finger’.
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{0,1,...,| B]}. Taking all digits as large as possible (i.e. equal to B ]), we find ¥, ]

§
%. Hence the largest number that can be represented in this way is |B]/(B —1). The

smallest number representable this way is 0, which is found by taking all digits equal to 0.

Note that in the integer case, [n| = n, but the largest digit allowed is n — 1. This differs
from the non-integer case, where the digit || < B is allowed. This difference is only
superficial: if we write the largest permissible digits as [n] — 1 and [B] — 1, the difference
disappears. In principle, many of the results in this thesis also work for integer bases, but
the results for integers are well-known and there is often an easier way to prove the results.
To emphasise that these results are mainly interesting for the non-integer case, we will
henceforth consider 8 to be a non-integer.

While a number can have at most two expansions in an integer base, in non-integer bases
there can be infinitely many. Out of the possibly infinitely many 3-expansions for a given
number x, two are particularly interesting: the greedy and the lazy expansions. As we will
see, these are respectively the lexicographically largest and smallest 3-expansions. We can
generate the greedy and lazy expansions using measurable maps respectively called the
greedy and the lazy maps. We shall see in Chapter 4 that any f3-expansion can be generated

by a random map based on these two maps.

2.2 The greedy and lazy expansions

This section is based on [3], [4] and [5].

In this section, we introduce the greedy and lazy maps. Furthermore, we show how they
each generate a 3-expansion, which we respectively call the greedy and lazy expansions.
Finally, we give an alternative way to obtain the greedy and lazy expansions which explains
their names.

Definition 2.2.1. Let B > 1 be a non-integer. The greedy map is the map Tg : [O, %} —
L8]
0.4
Bx (mod1) if 0<x<1
Tg(x) = )
Bx—B] if 1<x<|[B]/(B-1)
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Equivalently,
r—d if xeCd):=§, %), de {01, ... 1B -1}

Tp(x) P
B(x) =
Bx—|B] if xeC(|B]):= [%,%}

Consider the first definition of the greedy map. The map is piecewise linear, and the
second part of the map extends the final line piece of the first part. To see this, consider the
interval [%, 1). On this interval, Bx will have | B | subtracted from it by the mod function,
which is the same number subtracted on [1,[B]/(B —1)]. As the extension has the same
slope, we conclude that that Tp is differentiable at x = 1, and the final line piece is indeed
extended. In the second definition of the greedy map, instead of defining the final line piece

Bl 1]

in two parts, we immediately define it on the entire interval [T’ ﬁ] (see Figure 2.1).

18]
B—1

1 2 1 181
B B B—1

Fig. 2.1 Plot of the greedy map T with § = V241~ 2.41421. Source: [3].

Definition 2.2.2. Let § > 1 be a non-integer. The lazy map is the map Sg : [O, l%} —
18]
044
; o B
Bx if xeA(0):= [O,B&,jl)}
Sg(x) =

Bx—d if xeAd):= (glky+ G gy + 4] de (1.2, 18]}

(see Figure 2.2)
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T
)

ﬁ
=
(T

V)

1 2 9 161
BB(B-1) B B-1

Fig. 2.2 Plot of the lazy map Sg with § = V2 +1~2.41421. Source: [3].

We now show how to generate the greedy and lazy expansions using iterations of these
maps. The digits of the greedy expansion of x € [0, ﬁ] are defined as d;(x) = d if and only

if Té’l(x) € C(d). Equivalently, we set d;(x) = | B Téfl(x)J.

Similarly, the digits of the lazy expansion of x € [0, ﬁ] are defined as d/(x) = d’ if and
only if S5! € A(d).

We now show that the greedy digits indeed define a $-expansion of x. We can write
Tg(x) = Bx—di(x) and d, = d; (Tgfl(x)).

Rewriting the first equation, we obtain

di(x)  Tp(x)
X = +
B B
Applying this equation to 7 (x), we find
d(Tx) T30 dy(x) TE)

By the first equation,
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Repeating this argument, we obtain foralln > 1:

&) T
x_,zi ﬁi + B" .

As0 < Tél( x) < ﬁtﬂ and 8 > 1, the remainder term

CSdily) T e
i;Bi_Bn%Ofo — oo,

We conclude that x = Y5, d’éf) :

This proof also works for the lazy expansion, mutatis mutandis.

Example 2.2.3. Let x = % and B = 1.5. Then A(0) = 0. 55—1) = [0, 3] and A(1) =
[m,ﬁ] = (%,2]. Then
x=2/3 € A0)

Sg(x) =1 € A(0)
Sp(x) = 1.5 € A(1)
Sg(x) = 1.25 € A(0)
Sp(x) = 1.875 € A1)
Sp(x) =1.8125 € A(1)
S§(x) = 171875 € A(1)
Sp(x) = 1.57813 € A(1)
S (x) = 1.36719 € A(1)
S (x) = 1.05078 € A(0)
Sp (x) = 1.57617 € A(1).

Hence the lazy expansion of % in base 1.5 is 0.00101111101...

We now consider what the effect is on the digits when two numbers are mapped to the
same number by the greedy map. The i-th digit of the greedy expansion is determined by
the i — 1-th iteration of T, where Tl?x = x. If for some numbers x,y we have Tg(x) = T5(y)
and x # y, then x and y are in different intervals, i.e. x € C(d) # C(d") 3y, so the first digit
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assigned to x will differ from that assigned to y. Any digit assigned afterwards to x (by the
next iterations of 7p) will be equal to the digit assigned to y. Hence the greedy expansion of

x and y will only differ in the first digit. An analogous argument works for the lazy expansion.
There is an alternative way to obtain the greedy and lazy expansions, which makes it

more obvious in what sense their names are appropriate. The method is recursive: the digits
of the greedy expansion are given by

dy=de{0,1,...,|B] -1} < : +

and

For n = 1, the first term is the empty sum, which is defined to be zero. The process starts
with the first digit d;, which is then used to determine the second digit, and so on. In each
step, the largest possible digit is taken, i.e. if we took a larger digit then either };” , % would
be greater than x even if we took the subsequent digits as small as possible (i.e. equal to
0), or the digit would be larger than | B |. Neither of these cases would allow us to obtain a

B-expansion of x. In this sense, the greedy expansion is indeed greedy.

We can do something similar for the lazy expansion. The method is again recursive: the
digits of the lazy expansion are given by

IA

bl

+

ol
=

d =0 <= x
and

S R R A L S )

p j:n+1 B k=1 A S

Intuitively, we postpone taking a larger digit for as long as possible, i.e. if we did not
take a larger digit then } ", % would be less than x even if we took the largest possible digit
in all subsequent steps, which would not allow us to obtain a 3-expansion of x. In this sense,

the lazy expansion is indeed lazy. We will return to these expansions in chapter 3.
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One might wonder why we chose the particular form Y, % ,dn €10, ...,| B} to represent
numbers. In fact, it is possible to generalise this form and let the digits be in an arbitrary (but
fixed) finite set of real numbers. These can also be generated dynamically, see [7]. It is also
possible to use a so-called mixed radix system, where we do not use the same base for all
positions, but allow the base to vary from one position to another. However, these expansions

cannot in general be generated dynamically.

This still leaves open the question why we take the denominator to be a polynomial. We

can write -
e=1-2140-114+) —

i=
If we use a notation similar to the decimal expansion, we could write e =10.111111111111....
The difference here is that the denominator is a factorial instead of the power of a base.

It turns out that there is an alternative number system called the factorial number system,
which differs from the usual number system in that there is no base. Another difference
lies in what digits are allowed: the digit d,, corresponding to n! must be an integer less than
or equal to n. The integers are represented in the form },° | d,n!, and fractional values in
the form )~ , %. For example, the number 210 in the factorial number system is equal to
2-3!41-2!40-1!' = 14.

Note that we cannot use the same (finite) digit set to represent all numbers. Furthermore,
the set of permissible digits depends on the position, so it is not possible to generate the
digits dynamically as with B-expansions. An advantage of the factorial number system is
that it makes it easy to represent permutations. The conclusion here is that there are other
possibilities to represent numbers, which each have their pros and cons. The main advantage

of B-expansions is that they can be generated dynamically.



Chapter 3

Measure theory and ergodic theory

3.1 Useful technical definitions and results
This section is based on [6] and [9].

From now on, we will consider sets such as X = [0, %} to be part of a measure space
(X,.%,u). This will enable us to determine additional properties of -expansions, such as
the frequency of a certain digit. We will introduce concepts such as absolutely continuous

invariant measure (abbreviated as acim) and ergodicity, after which we introduce a useful

result called the Ergodic Theorem.

Definition 3.1.1. Let u and v be measures on a measurable space (X, F ). We say that v is
absolutely continuous w.r.t. W if for all A € F such that W(A) =0, we also have v(A) = 0. We
denote this by v < W. If W is the Lebesgue measure, we say that v is absolutely continuous.

Definition 3.1.2. Ler (X,.#,) be a probability space. We say that a measurable map
T : X — X is measure-preserving with respect to WL if U (T’I(A)) =U(A) forall A € F.

Equivalently, we say that U is T-invariant.

There are several reasons why we are interested in absolutely continuous invariant
measures. Firstly, they allow us to compute the measure of sets using Riemann integrals
because of the equality between proper Riemann integrals and Lebesgue integrals. Secondly,
the Lebesgue measure is the natural measure in the sense that it is used to calculate areas
and volumes. Thirdly, if an acim exists, then it is often the case that computer simulations
have histograms which approach the corresponding density, see [1]. Finally, acims are useful
because they allow us to apply results from ergodic theory, as we shall see at the end of this

chapter.
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The following theorem states that almost every point in a set of positive measure eventu-
ally returns to this set after sufficiently many iterations of a measure-preserving map. In fact,

the theorem implies that this happens infinitely often.

Theorem 3.1.3 (Poincaré Recurrence Theorem). Let T be a measure-preserving transforma-
tion on a probability space (X, F,l) and let A € F be such that L(A) > 0. Then for a.e.
x € A there exists a number k > 1 such that T*(x) € A.

Proof. See [6]. ]

Definition 3.1.4. Let (X,.%, 1) be a measure space. We say that | is G-finite if ¥ contains
an increasing sequence Ay C Ay C A3 C ... such that Ujeny Aj = X and /.L(Aj) <o forall j&
N.

Note that any probability measure is o-finite; we can simply take the constant sequence
Aj =X forall j.

Theorem 3.1.5 (Radon-Nikodym). Let 1 and v be measures on a measurable space (X,.F),
where |l is O-finite.
There exists an a.e. unique non-negative measurable function f such that
v(A):/fdu forallA € .7
A

if and only i
if y if v .

Proof. See [9]. ]

In other words, Vv has a density w.r.t. u if and only if v is absolutely continuous w.r.t (.

Lemma 3.1.6. Let (X,.7, 1) be a measure space and let f,g € L' (). If

| fan= | edu

for all measurable sets A, then [ = g a.e.

Proof. We prove this by contradiction. Assume to the contrary that u({f # g}) > 0. Let
A={f>gh B={f<gtandC,={f—g>1}. As f and g are measurable, these sets
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are measurable. As AUB = {f # g}, either u(A) > 0 or u(B) > 0. Assume without loss of
generality that 1(A) > 0. As A = U7, C,, there exists an m € N such that u(C,,) > 0. Hence

/fdu—/ gdu=/ f—gdu
m Cﬂ‘l Cm
1
> [ —au
C, m

1
- E“(Cm) > 0.

This is a contradiction. We conclude that f = g a.e. [

Definition 3.1.7. Ler (X,.#,U) be a probability space. We say that a measurable map
T : X — X is non-singular if for all A € F such that u(A) = 0 we have u(T~1(A)) = 0.

Note that any measure-preserving map is non-singular.

Definition 3.1.8. Ler (X,.%, 1) be a probability space. We say that a measure-preserving
map T : X — X is ergodic if for all A € .F such that T~'(A) = A we have p(A) € {0,1}.

We have the following generalisation of the Strong Law of Large Numbers:

Theorem 3.1.9 (Birkhoff’s Ergodic Theorem, theorem 2.1.1 in [6]). Let (X,.%,1) be a
probability space and let T : X — X be a measure-preserving map. Then for all f € L' (1),

. 1 o i *
fim Y AT0) =W
exists for almost every x € X, is T-invariant and [y fdu = [y f*du. If additionally T is
ergodic, then f* = [y fdu a.e. In particular, f* is constant a.e.

Proof. see [6]. ]

Definition 3.1.10. Let (X,.7, 1) be a probability space and let T be a measure-preserving
transformation. We say that (X,.% ,,T) is a dynamical system.

The following definition states that two dynamical systems are the same if there is a
map preserving both the measure structures on each space given by the o-algebras and
the probability measures, and the dynamical structures given by the measure-preserving

transformations.
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Definition 3.1.11 (based on definition 3.1.1 in [6]). The dynamical systems (X, % ,u,T) and
(Y,€,v,S) are called isomorphic there exists a map ¢ : X — Y satisfying the following:

(i) ¢ is bijective a.e., i.e. there exist measurable sets N C X and M CY with u(X \N) =
v(Y\M) =0, T(N) CN,S(M) C M such that the restriction ¢’ : N — M is a bijection.

(ii) @' is F (N /C N\ M-measurable and its inverse ¢~ is € "M /.F N N-measurable.

(iii) ¢' preserves the measures, i.e. v(C) = (¢~ (C)) for all C € € N M. In other words,
v=po¢p L

(iv) ¢ preserves the dynamics of T and S, i.e. ' oT = So ¢’.

We say that ¢ is a measurable isomorphism.

3.2 The Frobenius-Perron operator

This section is based on chapter 4 of [2].

In this section, we introduce a useful technical tool called the Frobenius-Perron op-
erator. It will allow us to find acims explicitly for some special cases. We first provide a

motivating argument leading up to its definition, after which we prove several of its properties.

Let I = [a,b] and consider the probability space (1, 4(I),A), where A is the normalised
Lebesgue measure. Let X be distributed according to the probability density function f, i.e.

for any measurable set A,

P(X € A) :/Afd/l.

Let 7 be a non-singular measurable map, so that 7'(X) is another random variable. One could

ask what the probability density function of 7'(X) is. We compute
P(T(X) € A) =P(X € T-'(A)) :/ fda.
T-1(4)

To obtain the probability density function of 7'(X), we need to write the previous integral in

/A odA

the form
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for some function ¢, which will then be the probability density function of 7'(X). We now

prove that this is always possible, i.e. that such a function ¢ exists. Define the measure

Let A be a measurable set such that A(A) = 0. As T is non-singular, A(T~!(A) = 0), so
W(A) = 0. Therefore, u < A. By the Radon-Nikodym theorem, 7'(X) has a probability
density function ¢ with respect to A, which is a.e. uniquely defined.

Starting with a probability density function f, we have obtained a new probability density
function Pr f := ¢, where Pr is an operator from the space of probability density functions
to itself. Concluding the previous discussion, we have the following definition:

Definition 3.2.1. Let T : I — I be a non-singular measurable map on the probability space
(1, %(I),A), where A is the normalised Lebesgue measure and I = [a,b]. The Frobenius-
Perron operator is defined as Pr : L' — £, Prf is the a.e. unique function in L' such

that for all measurable sets A,

/APdeA — /TI(A)fdl.

This is well-defined: as we have seen, the Radon-Nikodym Theorem implies existence
and a.e. uniqueness of Pr f. This definition can be extended to more general measure spaces.
Although we have defined the operator for all integrable functions, in practice we will only

use it for non-negative functions with integral 1, i.e. probability density functions.

For A = [a,x] C I, we have by the equality of proper Riemann integrals and Lebesgue

[ Pereay= [ T

Differentiating w.r.t. x gives the formula

integrals:

d
Prfo =+ S



16 Measure theory and ergodic theory

173

0 172 1

Fig. 3.1 Plot of T. Source: [2].

Example 3.2.2 (example 4.1.2 in [2]).

Let I = [0, 1] and define the piecewise linear map T : I — I,
2x ifo<x<3

T(x) = 4,5 ol 2

—§X—|—§ lfz <x< 1

(see Figure 3.1)

Then . |
T71([0,x]) = {O, Exl for x < 3

and 1 5 3 1
T ([0,x]) {O, zx} U {4 R 1] for x > 3
So for any probability density function f on [0, 1],

()% fdA if0<x<—%
~/T1 0,x f
([7})

Differentiating, we obtain

L .
2 fda +f%1_%xfd/l ifl<x<1

Tty if0<x<i
Prf(x) =

0+ -1 i} e
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Using an indicator function, we can write this more compactly:

1 1 3.5 3
PTf(x)ZEf(ixﬂ'zf(z—Zx)]l[%.,u(x)-

We will later generalise this result. We now prove several properties of the Frobenius-
Perron operator.

Proposition 3.2.3 (Linearity). Pr is a linear operator.

Proof. Let A be a measurable set, let o, B be constants and let f,g € L'. Then

| Prlar+Boar= [ | (af+Bg)ir
A T

(4)

= Oc/ fd/l—i—ﬁ/ gdA
T-1(4) T-1(4)
:a/Pde)»+ﬁ/Png7L
A A

= / oPrf+ BPrgdA
A
By Lemma 3.1.6, we conclude that Pr(o.f + Bg) = aPrf+ BPrg, i.e. Pr is linear. O

Proposition 3.2.4 (Non-negativity). Let f € L! be such that f > 0. Then Prf > 0.

Proof. Let A be a measurable set. Then

/Pde/l :/ FdA > 0.
A T-1(A)

Similarly to the proof of Lemma 3.1.6, we conclude that Prf > 0. [

Proposition 3.2.5 (Pr preserves integrals). Let I be an interval and let (I, 8(I), 1) be a

/IPchm :/Ifd)L

measure space. Then

Proof. AsT~\(I) =1,

/IPdez :/T_l(l)fa% :/Ifdit.
0

In particular, if f is a probability density function, then Pr f also has integral 1. Combining
this with with Proposition 3.2.4, we find that Pr f is also a probability density function.
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Proposition 3.2.6 (Composition property). Let S:1 — 1 and T : I — I be non-singular
measurable maps. Then Pso7 = Pso Pr.

Proof. We first show that Ps.7 exists. For this we only need to show that So T is non-
singular. Let N be a measurable set such that A(N) = 0. As S and T are non-singular,
A((SoT)™'(N)) =2 <T_1 (s~ (N))> = 0. Therefore, So T is non-singular and P, exists.
Now let f € L! and let A be a measurable set. Repeatedly applying the definition of the
Frobenius-Perron operator, we obtain

| Persda = fda
A (SoT)~1(A)
= dA
/Tl (s-1a)) /
_ / PrfdA
5-1(4)
= [ PstPrp)an
By Lemma 3.1.6, we conclude that Ps,r f = Ps(Prf) a.e. O

Note: if we take T = §, then it follows by induction that Ps» = P¢ for n > 1.

Finally, we have the following relationship between fixed points of Pr and invariant
measures:

Proposition 3.2.7 (Proposition 4.2.7 in [2]). Let T : I — I be a non-singular measurable map
and let f € L'. Then Prf = f a.e. if and only if the measure p defined by W(A) = [, fdA is
T-invariant.

Proof. » <= ”: assume W is T-invariant, i.e. u(T~'(A)) = u(A) for any measurable set A.
By definition of u, this means that

/TI(A)fdQL:/Afdl.

By definition of the Frobenius-Perron operator, this implies that

/APde)L - /Afd?L.

By Lemma 3.1.6, we conclude that Prf = f a.e.
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” = 7:assume Prf = f a.e. Then

ua) = [ sar
_ /A PrfdA
Fd

:/T1<A>
— u(T7'(4).

In other words, f is a fixed point of Pr if and only if (A) = [, fdA is an acim.

3.3 Representations of the Frobenius-Perron operator

This section is based on chapter 4.3 and 9 of [2].

In this section, we will assume conditions on 7" which allow us to obtain explicit expres-
sions for the Frobenius-Perron operator. We first consider piecewise monotonic transforma-
tions, after which we further specialise to piecewise linear Markov transformations. In the
latter case, the Frobenius-Perron operator reduces to a matrix. Finally, we apply these results

to find an acim for the greedy map in the case that 8 is equal to the golden mean.

Definition 3.3.1 (based on definition 4.3.1 in [2]). Let I = [a,Db]. The map T : I — I is called

piecewise monotonic if there exists a partition
P = {Ii}lr'lzl - {[610,611), [01,612), cey [anfzaanfl)v [al’l*han]}

of I, where a=ag < a; < ... < a, = b, such that for 1 <i <n,
o T|; is a C! function which can be extended to a C' function on T;.

 |T'(x)| > O for all x € I;, where the derivative on the endpoint(s) is a one-sided deriva-

tive.

If additionally |T'(x)| is positively bounded away from 1, we say that T is piecewise
monotonic and expanding. In other words, if T is piecewise monotonic and there exists a
constant o such that |T'(x)| > o« > 1 forall x € I.
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a=a, a, a, as a,~
Fig. 3.2 Plot of a piecewise monotonic transformation. Source: [2].

The name ’piecewise monotonic’ is appropriate because |7”(x)| > 0 on on each interval
I; implies that 7' is monotonic on /;. Note that we interpret monotonicity in a strict sense
here, i.e. T is either strictly increasing or strictly decreasing on each interval /;. In particular,
T is invertible on each of these intervals. Let 7; : [; — T'(1;),T; := T|;, and define its inverse
¢ T(L) — Ly ¢ =T .

We will now derive an explicit expression of Pr for piecewise monotonic maps 7. Let
A be a measurable set and let f € L'. We can write 7~ !(A) as a union of disjoint sets:
T-1(A)=U" ,¢:(ANT(L;)). Hence

| Prrar= [

= fdA
Z /¢l (ANT (1;))

= Z / £(0:)|9/|dA (by the change of variables formula)
i=1
- [y Zf<¢i>|¢,-’|ﬂm>dz
i=1
(Y
= ———=lpgdA
/A§ (@ T
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By Lemma 3.1.6, we obtain

More compactly, we can write

Prf(x)= Y

B T
These expressions are well-defined: the denominators are non-zero because of the assumption
that |7/| > 0.
Example 3.3.2 (example 4.3.1 in [2]).

Let T :[0,1] — [0,1],T(x) = rxe ®, where r = 5¢,b = 5 (see Figure 3.3). Define
I =10, %),Iz = [%, 1,T; = T|;,,T» = T|,. By the previous result, for f € L!,

s
= + ——=-1

|T1/(T1—l)| T(I) |T2/(Tl—l)| T(h)
ey

T(17 Y BT

Prf

IL[}’e*b,l}‘

Ie

0 1/b 1

Fig. 3.3 Plot of T. Source: [2].
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We now consider a special case of piecewise monotonic transformations: piecewise linear

Markov transformations.

Definition 3.3.3. Amap T : X — Y is called a homeomorphism if
» T is bijective (hence it has an inverse T, and
T and T~ are continuous.

Definition 3.3.4. Amap T : I — I is called a piecewise linear Markov transformation if there

exists a partition

P = {Ii}lr'lzl - {[a()aal)? [a17a2)7 ) [an72aan71)a [anfhan]}
of I, where a=ag < a; < ... < ay = b, such that for 1 <i<n,
* T\, is a homeomorphism from I; to a connected union of intervals in &

 |T'(x)| > O for all x € I;, where the derivative on the endpoint(s) is a one-sided deriva-

tive.
 T|;. is linear on I,.

If additionally there exists a constant o such that |T'(x)| > a > 1 for all x € I, we say that T

is an expanding piecewise linear Markov transformation.

We will use the result for piecewise monotonic transformations to derive a matrix rep-
resentation for Pr in the case that T is a piecewise linear Markov transformation. First we

introduce some useful concepts and notation.

Definition 3.3.5 (definition 9.1.1 in [2]). Let T : I — I be a piecewise monotonic transforma-
tion and let &7 = {I;}"_| be a partition of I. The incidence matrix A = (a;j)1<i j<n induced
by T and & is defined by its entries

1 ifI; C T(I)

ajj = }
0 otherwise

Definition 3.3.6. Let &7 = {I;} | be a partition of I. A function f : I — I is called piecewise
constant on & if it is constant on each I, i.e. if we can write [ =Y | fil, for some
constants fi,..., f,. We denote the column vector obtained from f by n/ = (f1seees Sn)Ts

where the superscript T denotes transposition.
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Theorem 3.3.7 (theorem 9.2.1 in [2]). Let T : I — I be a piecewise linear Markov transfor-
mation on a partition & = {I;}}_|. There exists an n x n matrix My such that Pr f = Mrr!
for all functions f that are piecewise constant on 2. The matrix My has entries

aji

mij = —1 1<i,j<n.

/
77|
where (ajj)1<i, j<n are the entries of the incidence matrix induced by T and 2.

Note that T is a piecewise linear Markov transformation, so each denominator |7}| is a
non-zero constant. Also note that the matrix is the same for all piecewise constant functions

f, and that Pr f is piecewise constant.

Proof. First assume that f = 1; for some 1 <k <n. Then

n T—l
Prf= Z L)HT( 1) (by the result for piecewise monotonic transformations)

L7, (the range of T, is I, so T, ' (x) ¢ I for i # k,Vx € I;)

e (T is piecewise linear, so the denominator |7} | is a constant)

Now let f =Y}, fi1j, be piecewise constant function. By Proposition 3.2.3, Pr is a
linear operator, so

Prf= Z |T’ Ly

For all k, T'(I;) is a union of sets in &2. By the formula above, Pr f is piecewise linear on .
Let (di, ...,dn)T be the column vector obtained from Pr f. We now show that we can write
Pr as a matrix. Let x € I}, so that Pr f(x) = d;. For 1 <k <n, the term |T,| L7(g,) is equal to
i
T
case if and only if the entire interval I; C T'(I;), i.e. if and only if a;; = 1. We conclude that

if and only if x € T(I). As T is a piecewise linear Markov transformation, this is the

kalT'! kam]k



24 Measure theory and ergodic theory

and
PTf = MTﬂ'f.

Example 3.3.8.

Consider the greedy transformation 7g for § = ”Tﬁ, so that 3 satisfies B(f —1) = 1.
We will show that in this case, Tj is a piecewise linear Markov transformation. The greedy
map is obviously piecewise linear with non-zero derivatives. Let
), h=]=,1)and 3 =1 ! ]

» =7, 3= (1, B_1"
Then
T,B(Il) =hLUDb, Tlg (12) =1, and TB(I3) =hLUL.

Every part is a continuous bijection with a continuous inverse. Therefore, 7 is a piecewise
linear Markov transformation. We now apply Theorem 3.3.7 to find its Frobenius-Perron
operator. The (i, j)-th entry of the Frobenius-Perron matrix is found by checking whether
I; C Tg(l;) and taking |Té’l.| = B. By the previous theorem, for any piecewise constant
function f = (f1, f2,f3)T on & we can write

2 2
1+2ﬁ 113 (2) fi

_ f_
PTﬁf—MTBTL' = Y 0 1+2ﬁ f2
0 0 Y f3

We now find the piecewise constant absolutely continuous invariant density of 7g by
solving the system of equations Pry f=1f,]f(x)dx =1 for f. Explicitly, we solve

( 2 2
1+2\6 115 (2) S fi
< 0 0 m f3 f3
| 3+ (0=1B)f+ (g - D=1



3.3 Representations of the Frobenius-Perron operator 25

and obtain the piecewise constant absolutely continuous invariant density

5+3v5 5+¢§O

(f1:/2.53) = (=5 o0

In different notation:

10 B
flx) =4 B ifxe[f1)
0 if x € [1,%}

The intuition for f3 being O is as follows: after iterating 7p, all points in /3 except
xX= ﬁ will eventually end up in /; U, and stay there for all subsequent iterations. Points

in I} U are never mapped to /3. Hence any 7pg-invariant measure must assign measure 0 to /3.

As |T, é| = B > 1, this map is also expanding. One can show that for expanding piecewise
linear Markov transformations, every invariant density is piecewise constant (see [2]). There-

fore, the density we found is the only invariant density.

To define the digits of the greedy expansion, we iterated the greedy map. This iterative
structure, combined with the acim we have found, allows us to apply the Ergodic Theorem
to find the frequency of the digit O in the greedy expansion with § = HT‘B By Proposition
3.2.7, the measure vg(A) := [, fdA is Tg-invariant. One can show that Tp is ergodic w.r.t.
vg. As in [3], the following holds for a.e. x:

1 1) .
im -#{1<i<n:di(x)=0}= lim — i
nh_r>r°10n#{1_z_n di(x) =0} r}g?oni_zol[o’l/ﬁ) (Tﬁ(x)>
1
B O [FS5+3V5 . 5+WVS

Note that the quantity on the left-hand side does not have anything to do with measure
theory or ergodic theory, but that introducing these concepts was useful to prove our result.
This example suggests the following general proof strategy:

* Given an object of interest defined on a set X, introduce a o-algebra .# and consider

the measurable space (X,.%).

* Write the object in the form lim,, % Z?:_Ol f (Ti(x)) for some measurable maps T
and f on X.
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¢ Find an invariant measure for 7.

* Use the Ergodic Theorem to find an expression for the object which holds a.e.

The acim in the case where f3 is equal to the golden mean was first found by Rényi. The
following theorem states that there is in fact a unique acim for the greedy map for all values

of B > 1. This measure is called the extended Parry measure.

Theorem 3.3.9. Let B > 1 be a non-integer. There exists a unique Tg-invariant measure
equivalent to the Lebesgue measure with density hg : [0, [B]/(B—1)] = R,

h/;(x)z{ ﬁzzozoﬁl[mgu))(@ Fo<x<lI
! if1<x<|B)/(B-1)

where F () is a normalising constant.

Proof. See [8]. ]



Chapter 4
Random maps and random [-expansions

In this chapter, we first prove some additional properties of the lazy and greedy expansions.
We then introduce the theory of random maps and random -expansions. We will show
how to obtain B-expansions other than the lazy and greedy expansions using a random
map based on the lazy and greedy maps. We extend these results to a two-dimensional
random map and find an invariant measure of maximal entropy for this map. We introduce
a variant of the two-dimensional random map called the skew product transformation, and
prove the existence of an acim. Finally, we prove some properties of digit sequences that
simultaneously give an expansion of two numbers x and y in bases 3; and 3, and introduce a

map which generates these sequences.

4.1 The lazy and greedy expansions revisited

We now return to the lazy and greedy expansions. For completeness, we mention the
following definition:

Definition 4.1.1. Let 0.dd;... and 0.eje;... be two B-expansions. We say that 0.d1d,... is

smaller than Q.eye;... in lexicographical order, written
0.d1dy... <iex 0.e1€3...
if there exists an integer n such that d; = e; for all i < n and d, < e,,.

Note that if we have two B-expansions such that x = 0.dd;... <jex 0.€1€3... =y, then it
is possible that y < x. This conflicts with the usual intuition for binary or decimal expansions
that for instance 0.01111111... < 0.1 (in base 10). This is a consequence of the fact that for
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1<B <2, ¥, l% > % For example, for = 1.5,

4 0 | )
3= 151 Z 15k =0.01111111... (in base 1.5)

while

1 = 0
5t ; ¢ = 0-10000000... (in base 1.5).
Furthermore, if we have a f3-expansion that is lexicographically between the lazy expan-
sion of a number x and the greedy expansion of that same number x, then it is not necessarily
a -expansion of x. For example, the lazy expansion of % in base 1.515 0.00101111101... , so

0.00101111101... <jex 0.01111111... <jex 0.10000000...

but
% =0.00101111101... =0.10000000... < 0.01111111... ==

However, greedy expansions do have the monotonicity property: if x < y, then the greedy

expansion of x is lexicographically smaller than the greedy expansion of y.

We now show that the lazy expansion is lexicographically smaller than the greedy expan-

sion (this inequality is not strict; they can be equal). The first interval in the definition of the

lazy map and the last interval of the greedy map have length ﬁ(%ﬁ J ok All other intervals of

both maps have length (see Figure 4.1). As |B| > B — 1, we have % > é
1 2 3 18] 18]
Greedy digits B B ﬁ ? ﬁ_l
Digit 0 Digit 1 Digit 2 Digit | B
< K 4 & > < ; 2
Digit 0 T Digit] ‘|’  Digit2 " Digic(p]
Lazy digits LBJ LBJ . L
B(B—1) p-1  |B]

Fig. 4.1 The intervals of the greedy and lazy maps with their assigned digits.

(In Figure 4.1, the first interval of the lazy map is shorter than the union of the first and

second intervals of the greedy map. This is only true for certain values of 3; the first interval
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of the lazy map can be longer.)

Therefore, the first interval of the lazy map is longer than the first interval of the greedy
map. As the subsequent lazy intervals are shorter than or of the same length as the subsequent
greedy intervals, the first lazy digit will be smaller than or equal to the first greedy digit.

LB] LB] LB]
B-1 B-1 B-1
0 E1 Ez ELﬁJ
0 B0 Bl 0SS Syl
B-1 B-1 B-1

Fig. 4.2 Plot of the greedy map (left) and the lazy map (centre) for B = &, and the two maps
superimposed (right). Source: [7], with slightly modified notation.

The larger T (x) is, the larger the second assigned digit will be (above certain thresholds).
In Figure 4.2 we see that it is possible that the lazy map maps x to a larger number than the
greedy map, so the second lazy digit may be larger than the second greedy digit. However,
this only happens if x is in one of the so-called switch regions, denoted by S;. The lazy digit
assigned to x in such a region is strictly smaller than the greedy digit (they differ by exactly
1). Hence, if the second lazy digit is larger than the second greedy digit, then the first greedy
digit must be larger than the first lazy digit. In general, assume that the n-th lazy digit is
larger than the n-th greedy digit, where n is the smallest number with this property. Then
Té‘_l (x) # SE_] (x), so there is a smallest number m < n — 1 such that Tg (x) # Sg (x), which
implies that Té”fl (x) = S’é’*l (x) is in a switch region. Consequently, the m-th greedy digit
is larger than the m-th lazy digit. By the choice of n we conclude that the lazy expansion is

lexicographically smaller than the greedy expansion.
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4.2 Random f3-expansions

This section is based on [4] and [5].

We now introduce a way to dynamically generate any f-expansion of a number x €
[0, ﬁ] In the previous section it was shown that the lazy expansion is lexicographically
smaller than the greedy expansion. These expansions were generated by repeatedly applying
the lazy map and the greedy map, respectively. If at each iteration we randomly choose
which of these maps to apply and choose the digit corresponding to the chosen map, we

obtain a random f-expansion of x. We shall now make this precise.

The greedy map is piecewise-defined on a partition of [0, ﬁ], and on each interval in
this partition a certain digit is assigned. The same is true for the lazy map. If we superimpose
the greedy and lazy maps, we obtain a finer partition (see the right-hand side in Figure
4.2). This partition is made up of two categories of intervals. Firstly, there are the equality
regions Ej, where the greedy and lazy maps assign the same digit k. Secondly, there are the
switch regions Sy, where the greedy map assigns digit k£ and the lazy map assigns digit k — 1.

Explicitly, [ 1)
Ey=10,~ ),
B
B 1B k—1 k+1 B B
= (g g g) Al lst
/1Bl _1BI-1 1B
2= (g5 5]
and

(k1B k-1
S"‘[ﬁ’ﬁ(ﬁ—l) B

Let Q = {0,1}Y, representing the set of possible outcomes of infinitely many coin tosses,
andleto: Q — Q, o(w;, W, ...) = (@, ®3,...) be the left shift. Define the map

(w,Bx—k) if x € Eg, k=0,1,....|B]
Kg(w,x) =1 (o(w),Bx—k) if xeSgandwy =1, k=1,...,[fB]
(o(®),Bx—k+1) if xeSpandw, =0, k=1,..,|B]
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We assign the first digit as follows:

ko if xeEy, k=0,1,....|B]
dy =d(w,x) = or x€ S, w =1, k=12,..,|B]
k—1 if xS0 =0, k=1,2,...|B]

and the n-th digit as
B

Every time the orbit of x under K hits a switch region, we flip a coin to determine which

dy = dy(®,%) = d <K”_](w,x)) .

map is applied, and hence which digit is chosen. A 1 ("heads’) means that the greedy map
will be applied, and a O (’tails’) means that the lazy map will be applied. On the equality
regions, the greedy and the lazy map are the same, so the choice does not matter and we do

not flip a coin.

Let mp : Q % [0, Li_” — [0, Li_” be the projection onto the second coordinate.

We can write 7, (Kg(@,x)) = Bx—d;(®,x), so
7 (K3 (0.2)) = B2 — Bdi (0,%) — di (Kp (0,))

= ﬁzx—ﬁdl(a),x) —dr(w,x)
= B*x—Bdy —d>

and in general,
7r2 ( g(w,x)) —B"x—Y B id;

which we can rewrite as

d L d, ™ <Kg(a)7x)>
X=—df o —— 7
B B p"
As m (Kg((o,x)> is bounded, we find that for all ® € Q and x € [O, %] ,

=

I
ok
= &

I
ok
=

1 1

~.

So far we have only used the coin tosses as a motivating argument, but have not actually
needed any probability measure. For all @ € Q we have derived an algorithm which produces
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a B-expansion. The following theorem states that all B-expansions of x can be generated this

way:

Theorem 4.2.1. Let x € [0, %] and suppose we can write x =Y | %, a; €{0,1,....1 B8]}
Then there exists an ® € Q such that a; = d;j(®,x) for all i > 1.

Proof. See [4]. O

Theorem 4.2.2 (theorem 1 in [4]). Let @, ®’ € Q be such that ® <iex @®'. Then
0.d(0,x)dz(®,x)... <jex 0.d} ((Dl,x)dz((l)/,x)...

Proof. Let i be the first index such that @; # ®/. As ® <jex @', we must have @; = 0
and @/ = 1. Let 0 < r; < oo be the time of the i-th visit to the switch region Q x (U;S;)
of the orbit of (®,x) under Kg. Then ﬂz(Ké(w,x)) = ﬂz(K[é(a)’,x)) forall 0 < j<r, so
dj(w,x) =d;(0,x) forall 1 < j <r; (if r; = 0 then the previous statement is vacuous).

If r; = oo, then by the above, d;(®,x) =d;(®',x) for all j.

If r; < o, then Kg(w,x),Kg(a)',x) € Qx (U;S;). As @ =0 and o/ = 1, we have

dy1(0',x) =dy+1(0,x) + 1 so that
0.d1(0,x)d2(@,x)... <tex 0.d1 (@0, x)d>r (@, x)...
We conclude that in either case,
0.d1(0,x)d2(@,x)... <jex 0.d1 (@0, x)d>r (@', x)...

]

Theorem 4.2.2 is a consequence of the fact that we did not apply the left shift to @ for x in
the equality regions. If we applied the left shift in every iteration (even on equality regions),
the statement in this theorem would no longer be true. This is because if i is the first index
such that @; # @, then this difference does not affect any digit if the second coordinate of

K ;3_1 (w,x) is in an equality region.

Note that the lazy map corresponds to the lexicographically smallest member of Q,
namely @ = (0,0,0,...), and the greedy map corresponds to the lexicographically largest
member of Q, namely @ = (1,1, 1,...). Hence the combination of Theorem 4.2.1 and 4.2.2
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provides another proof that the lazy expansion is lexicographically smaller than or equal to

the greedy expansion.

By Theorem 4.2.1 and 4.2.2, all B-expansions of x can be generated by this process, and
they are all lexicographically between the lazy and greedy expansions of x. As we have seen,
at least for 1 < 8 < 2, not all B-expansions lexicographically between the lazy and greedy
expansions of x are necessarily also B-expansions of x. Therefore, the orbit of every such x
must eventually hit an equality region for all @ € Q. To ensure that the resulting expansion is
an expansion of x, the algorithm imposes two restrictions. We are only free to choose a digit
in the switch regions, and if we choose the greedy digit, we must then also apply the greedy
map. The combination of these two requirements is restrictive enough to limit the resulting
B-expansion to expansions of x, as intended. The restrictions are as mild as possible in the
sense that the algorithm generates all B-expansions of x.

These results do not say anything about how many B-expansions there are of x. As the
choice of @ only matters in the switch regions, how many expansions there are depends
on how often the orbit of x hits a switch region. In [4] it was shown that there is a unique
B-expansion if and only if the orbit of x under the greedy map Tp always stays in the equality
regions, in which case the lazy and greedy expansions coincide. A result in the opposite direc-
tion was shown in [10], namely that almost every number has a continuum of f3-expansions,
i.e. the cardinality of the set of B-expansions is the same as the cardinality of R. In particular,

almost every x has infinitely many 3-expansions.

The intuition for a number having infinitely many -expansions follows from the fact
that there are two different f3-expansions, namely the lazy and greedy expansions. For
almost every x, there are infinitely many expansions lexicographically in between these
two expansions, so it is intuitively plausible that at least some of these expansions are also

expansions of x.

This is in contrast to expansions in integer bases: if there are two different expansions
in an integer base, then there are no expansions lexicographically strictly in between them,
and hence there can be at most two expansions. For instance, there are no expansions
lexicographically strictly between 0.9999999... and 1.0000000... As these are respectively
the lazy and greedy expansions of 1 in base 10, there are no other expansions of 1 in base 10.
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4.3 A two-dimensional random map

In this section, we define a two-dimensional random map in a manner analogous to the
one-dimensional map from the previous section. We define this map by applying the one-
dimensional random map to both coordinates individually. We then show that K can be
essentially identified with the left shift on D = {(0,0),(0,1),(1,0),(1,1)}" and find an

invariant measure of maximal entropy.

Let 1 < B; < 2 be non-integers, i = 1,2, and consider the random map from the previous

section. In this case, any digit will be in {0, 1} and the equality regions reduce to

, 1
Eg =10, E) , where digit O is assigned by both the greedy and lazy maps, and
1

Bi(Bi—1) B 'B—-1 “B(Bi—1)Bi—1

Efi =( ] , where digit 1 is assigned by both maps.

Similarly, the switch regions reduce to

1 1
SPi = [—,—>———], where digit 1 is assigned by the greedy map, and digit O by the lazy map.

B’ Bi(Bi—1)

As before, on the switch regions we randomise the choice of map, and so the choice of
digit. We flip two coins, the first coin deciding the digit with respect to base f;, and the
second coin deciding the digit w.r.t. base ;. A 1 ("heads’) on the first coin means that the
greedy map will be applied to the x coordinate, and a 0 (’tails’) means that the lazy map
will be applied to the x coordinate. Similarly, the second coin toss determines what map
is applied to the y coordinate. We shall see that this process simultaneously generates two
expansions, respectively in base | and 3,. We now make this precise.

Let o be the left shift. We define the random map

1 1
O’ﬁl—l]x[o’ﬁz—l

%[0, -] 5 QxQx]

K:QxQx]|
B—1

1
0 ——
,Bl_l ]7
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K(w,0' x,y)=

(o(w),0

(w,0

((D, C()/,ﬁlx, BZy
(0‘)7 (!)/,,le— 17ﬁ2y

(w7wl7B1x7ﬁ2y_1
(a),a)’,ﬁlx— 1,[32y—1

o(w), o, Bix— o, By

(
(0,0(0"), Bix, By — o]
(o

"), Bix— @1, By —

(0(w), @, Bix— o, Boy—1
(

w/)aﬁl-x— 17132)’_ wi

where we denote the four equality regions:

and the five switch regions:

Eow=EP xEP
Eig=EP' x EP?
Ep=EP' x EP:

Ey=EP' x EP:

Seo=SP1 x EP2
Soe=EP' x sP2
See = SP1 5 SP2
Se1 = SP1 x EFZ

Sie=EP' x 5P

)
)
)
)
)
)
)
)
)
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The notation denotes what digits are dependent on the outcome of the coin tosses, and
what digits are fixed. On the switch regions Se0,S0e,Se1 and Sie, only one coin toss de-
termines where (x,y) is mapped under K. For instance, in Sei, the digit chosen in the x
coordinate (the B digit) depends on @y, while the digit chosen in the y coordinate (the 3,
digit) is always 1 and does not depend on ®;. The regions are shown in Figure 4.3, along

with the possible digits that can be assigned by K.

1
52_1
Eo1 Se1 Enx
(0,1) (0,1) (1,1) (1,1)
1
B,B,-1)
(0,0) (0,0) (1,0) (1,0)
So See S1
(0,1) (0,1) (1,1) (1,1)
1
B,
(0,0) (0,0) (1,0) (1,0)
Eoo Se0 E1o
0 1 1 1
Bl /31( /3171) /31*1

Fig. 4.3 The regions with their possible digits assigned by K.

We can use a similar method as in the previous section to simultaneously obtain a

Pi-expansion of x and a f3,-expansion of y. We assign the first digits of x and y as follows:

(k7l) if (xay) € Ey, k,l S {0, 1}
ES. 9 :k7 k,l E 071
d] :d](waa)lax,y) = or (x7y) ! 2 ) { }
Or (X,y) € See, 0 =k, 0] =1, k,l €{0,1}
or (x,y) € Ske, 0] =1, k,l€{0,1}

and the n-th digit as
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We can write 7 3 (K(®,®’,x,y)) = Kg, (@,x), where Kg, is the one-dimensional ran-
dom map defined in the previous section. Similarly, 7, 4 (K(®, @',x,y)) = Kp, (@',y). We
now prove by induction that m; 3 (K" (@, ®’,x,y)) = Kgl(a),x) and m 4 (K"(0,0,x,y)) =

K”2 (a)’ ,y) for all n > 1. The base case has already been shown, so assume that the statement

p

18 true for n — 1; we now show that it is true for n. Then

3 (Kn(a)v w/7x7y)) =73 (anl OK((D’ (D/,X,y))
= Kgl_l (7r173(K(a),a)',x,y))
=Kj (w,x)
1

By the principle of induction we conclude that 7; 3 (K" (@, @', x,y)) = K (w,x) for
n > 1. Similarly, m 4 (K" (@, @, x,y)) = KE2(w’,y).

Furthermore, d; (@, ®',x,y) = (d\ (11 3(®, ®',x,y)) ,d| (M4(®, 0 ,x,y)) ), where d; is
the first digit of the ;-expansion of x corresponding to @ defined in the previous section,
and d{ is the first digit of the B,-expansion of y corresponding to ’. Therefore, every time

we iterate K, we obtain the pair of digits

dy(0,0',x,y) =d; (K" (0,0 ,x,y))
= (i (m3 (K" (0,0,x,y))) di (ma (K" (0,0,x,y))))
= (o (Kp " (@.0)) i (K (@)
= (dn(@,x),d,(",y)).

Applying Theorem 4.2.1 to both coordinates, we find that all B;-expansions of x and all
Br-expansions of y can be obtained by this algorithm. If we take 8 := fB; = f3», we can also
interpret this as an algorithm to generate f3-expansions of z =x+iy € [0, ﬁ]z cC.

Let Kg be the one-dimensional random map on € x [0, %] defined earlier in this chap-
ter. In [4] it was shown that Kﬁ can be essentially identified with the left shift 6 on D =
{0,...,| B]}N. More precisely, it was shown that the map ¢ (@,x) = (d;(®,x),d>(®,x),...)
is a measurable isomorphism from (Q x [0, [%],gf X B, vg,Kg) — (D, 2,P,6), where o/
and & are the product o-algebra on Q and D, respectively, & is the Borel c-algebra on
[0, %], [P 1s the uniform product measure on D and vy is the unique Kg-invariant measure
of maximal entropy on o/ x 9. For a definition of entropy and a discussion of its properties,

we refer to chapter 4 in [6].
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To see why this is intuitively plausible, let f > 1 and suppose we can write x =) >~ B—‘ =
0.ayazas... for some a € D. By Theorem 4.2.1, there exists an @ € Q such that a = d(®, x).
We can write 7 (Kg(®,x)) = Bx — di(®,x). Then

m(Kp(@,x)) = i di(l(;);X) di(,x)
=d)(w,x) + i di;;i’lx) di (o, x)
=2
o - di—l—l(wax)
= l; —Bi
=0.apa3ay4...

Hence 712(1(5 (w,0.a1a2a3...)) = 0.aza3ay... In other words, a is left-shifted after apply-
ing K for an appropriate choice of @. Furthermore, I’ assigns the same probability to all
digits, which is intuitively the *'most random’ measure, and indeed entropy is maximised by
IP. As isomorphic systems have the same (maximal) entropy, the measure vg corresponding

to IP should also be of maximal entropy.

We will show that a similar result is true for K. Let

D= {(070)7(0= 1>7<170)7(17 1)}N

and let 0 : D — D, o((a1,d}),(a2,d),(a3,d}),...) = ((a2,d}), (a3,d}),(as,d})...) be the
left shift on D. We will show that K can be essentially identified with o by giving an explicit
measurable isomorphism, after which we find a K-invariant measure of maximal entropy.
The proof will be analogous to the proof in [4]. Let 1 < f8; < 2,i = 1,2. Define the function
P:QxQx [O,ﬁ] X [O,ﬁ] —D,

¢((l), wlvxay) = (d]((l), w/7-xay)7d2(a)7 w/,XJ)y ) .

We will show that ¢ is a measurable isomorphism from (Q x Q x [0, [31]—1] x [0, [321_1 |, x
B, v,K)— (D,2,P xP,0), where o/ and Z are the product o-algebra on Q x Q and D,
respectively, 4 is the Borel o-algebra on [0, [ﬁ] x [0, 5 ] P x IP is the uniform product

measure on D and v is a K-invariant measure of maximal entropy on &7 x 4.

We first show that ¢ is surjective. Leta = ((a1,d}), (a2,d}), (a3,a3) ..) €D. Then ais

a Bi-expansion of x and d’ is a f,-expansion of y, where x = Y37 | 4 B’ candy =Y [3" As
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we have seen, Theorem 4.2.1 implies that there exist @, @’ such that (a;,a}) = d;(@, @', x,y)
for all i. Hence ¢ (w,®’,x,y) = a. We conclude that ¢ is surjective. We will see that if we
restrict ¢ to an appropriate K-invariant subset Z, then the restriction ¢’ is invertible

Let

Zi = {(0,0',x.y) € @xQx [0, 4] x [0, 5] :
K'(0,0',x,y) € Qx QxS x| %1] for infinitely many n},

Z, = {(0,0',x.y) € @x Qx [0, 4] ¥ [0, 5] :

K'"(o,0'x,y) € Qx Qx|0, [ﬁ] x SP2 for infinitely many n}

/1 = {((aha/l) (aZaGZ

Z +l L e $P for infinitely many n}

D; = {((al,all) (ar,d5),...) €D Z ”+’ L ¢ $P for infinitely many n}
i=1

LetZ=7ZNZyand letD' =D ND)}. Then ¢(Z) =D, K (Z)=Z and 6~ (D) =D'.
Let ¢’ be the restriction of ¢ to Z. We will show that ¢’ : Z — D' is bijective
Let ((a1,a}),(az,d}),...) € D' and recursively define

rlzmin{nZI:Z%eSﬁl},
i=1

1

rk:min{n>rk_lzz n; ! GSﬁl}
=1 P1

sp=min{n>1: Z "+’1 esht
5 B

Sg=min{ n > s;_q : Z i —ntizl o b
5 B
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)

For k > 1 let (ax, ®;) = (ay,,dj,). Define

~~

;)

1

0! ((al ,d)), (az,dy), ) = (a), o, i

i=1

o>}

m|§
2|8

1

Then ¢ and ¢ ~! are measurable, and ¢ ! is the inverse of ¢'.

Lemma4.3.1. PxP (D) =1.

Proof. We first show that P x PP (D)) = 1. For a = ((a1,d}), (a2,d}),...) € D and m > 1,
define
1 > a;

- B 1 ﬁm—i—l
i=

Xim
Then
1 N 1 > 1 1 - 1
— <x, < — _ .
B~ " l3 =t B B —1)

Asl < fBy<2and 1+
for all m > N,

W J 1 as m — oo, there exists an integer N > 0 such that

1o, o1
B~ " T Bi(Bi—1)

So x,, € SPt for all m > N. Note that N does not depend on a.

Let

DY ={((a1,d}),(az,d5),...) €D : ananii...ansn—1 =1 00..0 for infinitely many n}.

N — 1 times

By the above, D} C D]. The second Borel-Cantelli lemma implies that P x P (D'{) =1,
soPxP (D’l) = 1. Similarly, P x P (D’z) = 1. As the intersection of sets of measure 1 also
has measure 1, we conclude that P x P (D) = 1. ]

Define the measure v on & x Bby Vv(A) =P xP(¢(ZNA)). Then

V(Z)=PxP(¢(Z))=PxP(D') =1.
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So far we have seen that conditions (i) and (ii) of Definition 3.1.11 is satisfied. We now
show that condition (iii) is satisfied. For all D € 2 "D/,

PxP(D) =P xP(¢' (¢~ (D)))
=v(9~'(D)),

where we used that ¢’ is surjective in the first step, and that ¢ ~!(D) C Z in the first and
second step. Therefore, condition (iii) is satisfied.

We now verify condition (iv). We have

d) OK(CO,(D/,)C,y) = (dl (K((D,a)/,x,y)) ,d2 (K(O),(D/,x,y)> 7)
= (d(0,0',x,y),d3(0, 0 x,y),...)
=0o¢(0, 0 x,y).

Hence condition (iv) is satisfied.

Lemma 4.3.2. Let B € (o7 X B)NZ. Then

Proof. By condition (iv), ¢’ oK = 6 o ¢’. Hence
(0'0K) ' (B)=K'op ' (B)=9¢ 'oo ' (B) = (c0¢') " (B).
As ¢’ is bijective, the above implies that
K 'B)=¢"'oc o9 (B).

We conclude that

]

It remains to show that (Q x Q x [0, B11—1] x [0, ﬁzl_l],ﬂ x A,v,K) and (D, 2,PxP,0)
are dynamical systems. Clearly, P x P is o-invariant. Let B € (&7 x %) NZ. Then
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v(K'(B))=PxP(¢' (K" (B))) (as K 1(Z)=17)
(by Lemma 4.3.2)

I

=

X

=
—~

Q

|
—_
~— S
—~

=

SN—
~—
~—

=PxP(¢'(B
= Vv(B).

(as P x P is o-invariant)

By the previous discussion, we have the following theorem:

Theorem 4.3.3 (cf. theorem 4 in [4]). Let 1 < B; < 2,i = 1,2 be non-integers. The map
o :(QxQx|0, ﬁ] x [0, [ﬁ],,@f X B,v,K)— (D, 2,PxP,0) is a measurable isomor-
phism.

The uniform product measure P x P on 4 symbols is the unique measure of maximal
entropy on D, with entropy equal to log(4). We conclude that v is the unique measure of

maximal entropy that has support Z, with entropy equal to log(4).

4.4 Skew products

In this section, we consider a variant of the map K from the previous sections. We apply the

left shift in every iteration, even on the equality regions.

We define the random map

R:QxQx [O,ﬁl;_] X [O,ﬁ] — QxQx [O’ﬁll—l] X [0’[521—1]’
' (0(®), (), Brx,Bay) if (x,y) € Eoo
(o(w),o(0),Bix—1,By) if (x,y) € Eqo
(o(w),0(0"),Bix,Boy—1) if (x,y) € Epy
(o(w),o0(a),Bix—1,By—1) if (x,y) € Epy
R(w, @ x,y) = (0(w),0(0),Bix—or,By) if (x,y) € Seo
(0(w),0(0),Pix,Boy— @) if (x,y) € Soe
(o(w),0(0"), Bix— o1, By — o) if (x,y) € Ses
o(w),0(0),fix—owy,fy—1) if (x,y) € Se

) if (x,y)

e =

/)7ﬁlx_ lvﬁzy_w{
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We call R the skew product transformation. Note that the proof of Theorem 4.3.3 does not
work for this map, because ¢ is no longer injective even if SP! and $P2 are each hit infinitely

often. Furthermore, the statement in Theorem 4.2.2 no longer holds.

The projection of R onto the x and y coordinates has four possible realisations, which
we denote by Rgg, R10,Ro1 and R;;. Here the subscript corresponds to the outcomes of the
two coin flips, i.e. m340R(®,®',-,-) = R;j(-,-) if and only if @w; =i and w; = j. These

realisations only differ on the switch regions. For instance, there is the realisation

(Bix, Bay) if (x,y) € Ego

(Bix—1,B2y) if (x,y) € Eqo

(Bix,Boy—1) if (x,y) € Eo;
(Bix—1,By—1) if (x,y) € E;

Rio(x,y) = (Bix—1,B2y) if (x,y) € Seo
(Bix,B2y)  if (x,y) € Soe

(Bix—1,B2y)  if (x,y) € Ses
(Bix—1,By—1) if (x,y) € Se1
(Bix—1,B2y) if (x,y) € Sie

Let p; =P(w; = 1) and p, = P(@w] = 1) denote the probabilities of heads. The realisa-

tions occur with the following probabilities:

P ) =1=p1)(1-p2)
P( ) =pi(l—p2)
P(TL’34OR RQ]) (l—pl)pz
P(ﬂ'34OR Ry) =

m34°R = Ry

These probabilities are the same for all (x,y); in other words, the probabilities are not

position-dependent.
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For 0 < p < 1, let m, be the Bernoulli measure on Q = {0, I}N, ie.

mp ({(1)1 = kl; ey Wy = kn}) = pZ?:lkj(l _p)n_Z?Zij'

Lemma 4.4.1. Let 1 be a probability measure on |0, Bll—l] x [0, ﬁzl—l]' Then

0 :=my, X my, X W is R-invariant if and only if
= (1—p1)(1=p2)-poRyy +pi1(1—p2)-woRy +(1—p1)p2-HoRy! +pip2-poRy.
Proof. LetA=Cx B € o x % and define C; j = {0 =i,0] = j}No~!(C) . Then
R(A) = Co x Ryy (B)UCy 9 x Ry (B)UCo 1 x Ry, (B)UCy 1 x Ry} (B).
So

6 (R™'(4)) = (1= p1)(1 = pa2)-mp, x mp,(C) - Lo Ry, (B)
+pi(1—p2)-mp, mez(c>‘N°Rl_ol(B)
+(1=p1)p2-mp, xmy,(C) - o Ry (B)
+pipa-mp, Xmp, (C)-woR, | (B),

4.1)

where we used that m,, x m,, is o-invariant.

"= ": assume that 6 is R-invariant. Let B € %. By (4.1), for C=Q x Q,

H(B) = (2 x @ x B) = (1 - p1)(1— p2) - ioRy) (B) + pi(1— pa) - ko Ry (B)
+(1—p1)p2-poRy (B) + pip2-oRy (B).

<—": assume that

= (1=p1)(1=p2)-pwoRy) +pi1(1—p2)-woRyy +(1—pi)p2- oRy + pipr- poRy!.

We now show that & = 0 o R~!. It suffices to verify that the measures coincide on sets of the
form A =C x B € o/ x 2, as these sets form a generating 7-system. By (4.1),

0 (R1(A)) = myp, xmp,(C)- (1= p1)(1—=p2)-oRyy (B)+pi(1—p2)- oR;y (B)
+(1—p1)p2-ptoRy (B)+ pipa-oR; ! (B))
=mp, X mp,(C)- u(B)
—9(a).
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Hence 0 is R-invariant. O]

Note that 713 4 0 K = 73 4 o R. The following lemma states that a product measure of the

form m,, X mp,, X W is K-invariant if and only if it is R-invariant.

Lemma 4.4.2 (cf. lemma 1 in [5]). Let u be a probability measure on |0, Bll—l] x [0, [)’21—1]'
Then
Mp, X Mp, X ,uoK_1 =My, X Mp, X ‘uoR_l =Mp, X Mp, XV,

where
=(1=p1)(1=p2)-toRyy +pi1(1—p2)-toRyy +(1—p1)pa-poRy +pip2-toRyy.

Proof. Let C = {®, = k, ] = 1}. It suffices to verify that the measures coincide on sets of
the form A = C x B € &7 x 2, as these sets form a generating m-system. Then

k') = ({a)1 — i, = j,om =k, @, =} (R;jl(B) N E)
¥

1

U{a)l—za)l—],wm+1—kw —l} X (R N SegUSe1

N— ———

( (B)
U{or =i, 01 = j,on =k 0, =1} X(RIB N SoeUSie
(r;'(8)

N Se)).

U{wl:ivwi:j7wm+l +1—l}>< R
If m,n > 1, it immediately follows that

Mp, X mp, X oK~ (A) =my,, x my, (C)- ((1 —p1)(1=p2)-pwoRy (B)+ (1= p1)p2-moRy; (B)
+p1(1=p2)- o Ry (B)+ pip2- Ry, (B))
=My, X Mmp, X V(A).
Now assume that m =n = 1. Then

K 'A)={o =k o =1} x (R, (B) N E)U
1
U {0 = i,a){ =1, 0,41 =k} X (Rl?l(B) N S.()US.]) U
i=0

1
Utor =k of = .o}, =1} < (R (B) N SoaUS1a) U
—0

Hor =i,0) = j,0n1 =k, 0, =1} X ( LB) n S..)).
i,j
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On the equality regions, the realisations of 713 4 o R coincide, so can write
ENRy, (B)=ENR, (B)=ENR,'(B)=ENR(B).
Hence

1 (ENRG'(B)) = (1—p1)(1—p2)- 1 (ENRy, (B)) +p1(1—p2) -1 (ENRy, (B))
+(1=p1)p2-u (ENRy (B)) + pip2- 1 (ENR, (B)).

Similarly,
Se0 MRy, (B) = Seo N Ry, (B),
Se1 MRy (B) = Se1 MRy, (B),
Soe NRyy (B) = Soe MR, (B),
Ste MR}y (B) = S1e MRy, (B),
Se0 R}y (B) = Seo MRy (B),
Se1 MR (B) = Se1 MRy, (B),
Soe MRy, (B) = Soe MR (B),
S1e MRy (B) = S1. Ry, (B),
SO

U(R; ' (B) N SeUSer) = (1—p2)-u(Rig" (B) N SeoUSe1)+p2- (R;;' (B) N SegUSar),
LR (B) N SoeUS1e) = (1—p1)-w(Ry; (B) N SoaUS1a)+pi-i(R}(B) N SoeUSia).
Therefore,
My, X mp, X oK~ (A) = mp, x mp, (C)- ((1 —p1)(1=p2)-proRy) (B)+ (1= pi)pa-oRy) (B)
+p1(1=p2) woRS (B)+ pip2- oy (B))
=mp, X Mp, X V(A).

The cases m = 1,n > 1 and m > 1,n = 1 are analogous. Hence

-1 _
My, XMp, X WOK ™" =mp, Xmp, X V.
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By (4.1),

-1 _
My, X Mp, X WOR™ =mp, Xmp, X V.
We conclude that
-1 _ -1 _
Mp, X Mp, X WOK ™ =mp Xmp, X UOR ™ =mp, Xmp, X V.
]

Theorem 4.4.3. There exists an absolutely continuous R-invariant measure of the form

Mp, X Mp, X .

Proof. Let
Rﬁ1(w7x) = (G(a)>’Tﬁ1 (x)) %f o =1
(0().8p,(x)) ifa@r=0
and
Rp,(@',y) = (0(0),Tp,(y)) ifof=1

(o('),Sp,(y)) ifo]=0
where Tg and Sg are the greedy and lazy maps w.r.t. base 3, respectively. Up to a permutation,
R(®,0',x,y) = R, (0,x) X Rg, (@', y).

We can write

Roo(x,y) = (Sp, (%), S5, ()
Rio(x,y) = (Tp, (x),S8,()) ,
Roi1(x,y) = (S, (x), 75, (v)) ,
Ri1(x,y) = (Tp, (x), I5, (¥)) -

In [5] it was shown that there exists an Rﬁ1 -invariant measure m,, x Mg, and an Rﬁz'
invariant measure m;,, X Ug,, where ug and g, are absolutely continuous. Hence U is
absolutely continuous. Furthermore,

—1 -1
Hp, = P1- Hp, OTB1 +(1=p1) - Hp, 05131 )

‘uBZ =p2- ‘uBZ ¢} TBZI + (1 —pz) . 'u'BZ OSE;.
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We now show that m), X m,, X Ug X Ug, is R-invariant. Let 4 = pg, X Ug, and let

I} x I, € . Then
w(h x b) = pg, (I) - up, (1)
— (1, o T3, 1)+ (1= 1) 115 05 1)
' (Pz-;,% OTﬁzl () + (1= p2) - 1p, oslgz1 (12)>

= (1—=p1)(1—p2)-ug, 05511(11) - Ug, 05521(12)
+p1(1—p2)-ug, o T[;_ll(ll) - Ug, OS[}; (L)
+(1=p1)p2-pp, 0S5 () - g, o Ty ' ()
+pip2-fp o Ty (1) - g, o Ty ' (1)

= (1= p1)(1=p2)-woRyy (I x )+ pi(1 = pa2) - woRyy (I X I)
+(1=p1)p2- o Ry (I X ) + p1p2- o Ry (I X ).
As these sets form a generating 7-system,
= (1=p1)(1=p2)-poRy) +pi(1—p2)-woRyy +(1—pi1)p2-oRy + pipr- oRy.

By Lemma 4.4.1, we conclude that m,, X m,, X lg X Ug, is R-Iinvariant. [

By Lemma 4.4.2, u is also K-invariant.
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4.5 Simultaneous expansions

In this section, we prove some properties of digit sequences that give a simultaneous expan-
sion of two numbers x and y in bases f3; and 3. We then introduce a random map G which
generates these sequences, after which we show that G can be essentially identified with the
left shift and find an acim for G.

For1 < B <2andx € [O,ﬁ],let

Df:{dE{O,I}N:i%:x}
i=

be the set of -expansions of x.

Proposition 4.5.1. Let 1 < B < 2 be fixed. The sets DE form a partition of {0, 1}V, i.e.

U DE :{Oal}N7

xe [O,ﬁ]
where the left-hand side is a disjoint union.

Proof. ” C 7 letd € U, o ]ch3 . By the definition of set unions there exists an x € [0, B%l]
BT
such that d € D?. The set D? is defined as a subset of {0,13N, so d € {0,1}. We conclude

that Uxe[07ﬁ]D§ c {0, 1}".

”? D7 letd € {0, I}N and let x = Y77 | % By definition of DE we have d € Df. As

x:Z‘;":l% [O,ﬁ], we have d € Uxe[o,ﬁ}DE' We conclude that Uxe[o,ﬁ]Df D {0,111\,
Hence
U Df={o,1}".
xe[O,ﬁ]

It remains to show that this is a disjoint union. Assume to the contrary that there exists a
de Df ﬁDé3 ,where x #y. Thenx=Y7, % =y, which is a contradiction. Therefore, the

union is disjoint. O

Let 1 < B <2,i=1,2andletx € [0, 5], y € [0, zL7]. Consider D{' N Df?, which is

the set of sequences that simultaneously give an expansion of x and y, but in different bases.
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So
Bi ~ B N o di o di
DxlﬁDyzz <d17d27"‘)€{071} :x:Z_iay: i (-
i=1 ﬁl i=1 ﬁz

Let d € {0, 1}". By Proposition 4.5.1 there exist unique x € [0, _ﬁll—l]’y € [0, —le_l] such

thatd € DP' and d € sz, namely x =) ", %, Y=Y, % The same digits are permissible
1 2

for B and f3, because |B;]| = |B2] = 1. Hence d is simultaneously a 3;-expansion of x and

a B-expansion of y. We have the following corollary:

Corollary 4.5.2. Let 1 < fB; < 2,i = 1,2 be fixed. The sets ph ﬂDé32 form a partition of
{0,11N, ie.
U DP nDP = {0, 1}",
(x)€[0, 5 571x[0, 5]

where the left-hand side is a disjoint union.

As we have seen, almost all x have a continuum of 3-expansions. Hence if x =y and
B1 = B, then for almost all x, DE ! ﬂsz = Df ! has the same cardinality as R. There is a set
of measure 0 of numbers x for which Df ' may have a smaller cardinality than R (it cannot
have a greater cardinality because {0, 1} has the same cardinality as R). The cardinality of
these sets is a matter of active research. If x =y # 0 and f; # f3,, then Df ! ﬁDg2 is empty
as Yo g—’l;- #Y7 g_; If x=y =0, then DE' ﬁDg2 has 1 element, namely d = (0,0, ...). If

x #yand B; = B, then ph ﬁDé32 is again empty by Proposition 4.5.1.
The remaining case is x # y, B1 # B>. We have the following proposition:

Proposition 4.5.3. Let x € [0, ﬁ],y €0, lﬁ]’ letd = (dy,ds,...) be the greedy expansion
of x in base By and let d’' = (d|,d,...) be the lazy expansion of y in base B,. If

0.d1dy... <iex 0.d}db...

then DP' N Dgz is empty.

Proof. Assume to the contrary that there exists a d € DE N Dgz. All B,-expansions of y are

lexicographically greater than or equal to the lazy expansion in the same basis, so

0.d\d... <iex 0.d1d>...
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By assumption, 0.dds... <jex 0.d{d}..., s0
0.d1ds... <jex 0.d1d>...

This is a contradiction, because all B;-expansions of x are lexicographically smaller than

or equal to the greedy expansion in the same basis. We conclude that Df? ! ﬁDé32 isempty. [

Example 4.5.4. The greedy expansion of x = % in base B = 1.25 is 0.000100000010... and
the lazy expansion of y = % in base B, = 1.5is 0.00101111101... By Proposition 4.5.3, any

expansion of % in base 1.25 is not an expansion of % in base 1.5, and vice versa.

We now consider when the situation of Proposition 4.5.3 occurs in the algorithm from sec-
tion 4.3. Note that on Egg UE|| USpe USe1, the greedy f-digit and the lazy [3,-digit are equal
(here @ = (1,1,1,...) and @ = (0,0,0,...)). The region Ey; is the only region where the lazy
B,-digit is greater than the greedy ;-digit. In the remaining regions See U SeoUS1e U E1g, the
lazy f3,-digit is smaller than the greedy B;-digit. Hence this situation occurs in the algorithm
if we take w = (1,1,...),0" = (0,0,...) and (x,y) such that the orbit under K hits Ey; before

1t hits See U SegUS1e UE]0.

To generate elements of Dfl OD§2 using K, we should choose appropriate values of
o and ®'. If K" (0,0 x,y) € EggUE)1, then the assigned n-th digits will be equal. If
K" Y @,0,x,y) € SeoUSpe USe1 US|, then we are forced to choose @ or @’ so that the
digits match. If K"~ (@, @', x,y) € Ses, We can either choose ® and @’ such that the n-th
digits are both 0 or both 1. If at any iteration the orbit of (x,y) under K enters Eg; UEo, we
are forced to choose differing n-th digits and the resulting expansion will not be an element
of DP' D2,

Note that the only freedom of choice we have is on Sees. Here we are forced to choose the
digits to be equal, so a single coin flip is sufficient. We now introduce a new random map

which generates all elements of fold ﬂDgz.

We define the random map

1 1 1 1
G.Qx[O,p]x[O,m]%Qx[o,ﬁ]x[O,mL
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(@,Bix, Baoy) if (x,y) € Eoo

(w,Bix—1,B2y) if (x,y) € Ejo

(w,Bix,Boy—1) if (x,y) € Eo

(0,B1x—1,By—1) if (x,y) € Ey3

G(w,x,y) = (@, Brx, Boy)  if (x,y) € Seo
(o, Bi1x,Bry) if (x,y) € Soe

(o(w),Bix— @1, Boy— @) if (x,y) € See
(w,Bix—1,By—1) if (x,y) € Se1

(o,Bix—1,By—1) if (x,y) € Sie

\

We assign the first digit as follows:

0 if (x,y) € Epg U Se0 U Spe U Epi
dy =di(@,x,y) =3 k if (x,y) € See, ® =k, ke {0,1}
1 if (x,y) cE1USqUS1e UET

and the n-th digit as

d, = d,(®,x,y) = dj (G"*I(a),x,y)) n>1.
(see Figure 4.4)

The digit we assign on Ejo and E(; ensures that the resulting expansion is always a
Bi-expansion of x. However, the resulting expansion is not always a f3;-expansion of y. This
is because on Ej( and Ej;, all B-expansions of y must be assigned digit O and 1, respectively.
We now show that the resulting expansion is a simultaneous expansion of x and y if and only
if the orbit never hits E1o U Ep;.

Theorem 4.5.5. The set DY ﬁDé32 is generated by

Q=0Q(x,y) = {a) €Q:m30G"(w,x,y) ¢ EgUEy Vn> O},

ie.

Db NDP = {(d)(®,x,y),d>(®,x,),...): @ € Q}.
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1
/3271 O
Eo1 Se1 E11
1 1
1
B,(B,-1)
0 0
SO. S-- Sl-
1 1
1
B,
0 0
Ego Se0 E1o
1
0 1 1 1
3 By B-1) B-1

Fig. 4.4 The regions with the digits assigned by G.

Proof. ” C”: leta= (ay,as,...) € DE ! ﬂDgz. The map K from earlier in this chapter gener-
ates all expansions of x and y, so there exist (0, @") € Q x Q such that ((ay,a1), (a2,a2),...) =
d(w, o’ x,y), where d,(@,®',x,y) = (d,(®,x),d,(®,y)). As dy(0,x) =d,(¢,y) = ay,
for all n > 1, the orbit under K never hits E19 U Ep;, and on the switch regions the dig-
its are chosen to be equal. For i > 1 let r; > 0 be the time index of the i-th time the
orbit under K hits the switch region See and define @; = 7y 0 K" (@, ®',x,y) (if See is
hit only finitely many times, @; can be chosen arbitrarily from a certain point on). As
mM30G"(®,x,y) = M3 40 K" (@, ,x,y), we have d(®,x,y) = d(®,x) = d'(@',y). Hence
d(®,x,y) = a. Finally, m30G"(®,x,y) = M3 40 K"(®, @', x,y) ¢ EjoUEg for all n > 0.
Therefore,
D NDP2 C {(di(@,x,y),d2(®,x,y),...) : ® € D).

Fori > 1, let r; > 0 be time index of the i-th time the orbit under G hits S := Se0USe1 USee
and let k; = #{j < ri : M3 0G/(@,x,y) € Ses} be the number of times S, is hit before
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time r;. Let @ = 0 if m 30 G"i(@,x,y) € Se0, let w; =1 if m 30 G (@,x,y) € Se1 and let
0; = @4, if 130G (@,x,y) € See. Similarly, let s; > 0 be time index of the i-th time the
orbit under K hits S := Sge US1e USes and let [; = #{j < s; : T30 G/(®@,x,y) € Ses}. Let
o! =0if M 30G* (@,x,y) € Spe, let @ = 1if M 30G%(@,x,y) € Sie and let @/ = @, if
M 30G% (@,x,y) € See. If S or §, is hit only finitely many times, @; or o! can be chosen
arbitrarily from a certain point on. Then by the choice of @, @',

di (0,0, x,y) = (dl(d),x,y),dl(d),x,y)) for all (x,y) ¢ EjoUEq;

and

M 30G" (@,x,y) = M40 K" (0,0 x,y) for all n > 0.

As G"(@,x,y) ¢ Ej9UEy; for all n > 0, we have
d, (0,0 x,y) = (cin(d),x,y),cin(d),x,y)) foralln > 1.

Therefore,
d(w,o’,x,y) = ((ar,a1),(a2,a3),...).

All sequences generated by K are expansions of x and y, so a is a B;-expansion of x and
a fp-expansion of y. Hence a € pPrnDP, so

DR DB D {(di(@,x,y),do(®,x,y),...) : @ € Q.
We conclude that
DP ﬂD52 = {(di(®,x,y),dr(®,x,y),...) : @ € Q}.

[l
We now show that G can be essentially identified with the left shift ¢ on D = {0, 1}

By [4], this implies that G can also be essentially identified with K and K, .

Let </ and & be the product c-algebra on Q and D, respectively, let & be the Borel
o-algebra on [0, ﬁ] x [0, [ﬁ] and let P be the uniform product measure on D.

Let ¢ : Q% [0, g15] X [0, gl = D,

$(w,x,y) = (di(@,x,y),d2(®,x,y),...)
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and let

1

]X[O’ﬁz—l

7= {(w,x,y) ceQx|0 |:G"(w,x,y) € QX S, for infinitely many n},

1
7B1_1

- 1
7= {(w,x,y) cQxo, 1% [0, =] : G"(@,x,y) ¢ Qx (EjoUEq;) forall n 20},

1
pr—1 Bo—1
Z:ZlﬂZZ,

D = {(m,az, ..)ED: <Z§°:1 G”E’} Ly fnti 1) € S, for infinitely many n}
1

Then ¢(Z)=D',G(Z) CZand 6 ' (D) =D'.

We will need the following lemma:

Lemma4.5.6.{(al,az,...)eD:(Z‘;la"g’; LXE >¢E10UE01 fora11n>1} D.
1

Proof. "C": this inclusion is obvious.

"D" letd = (dy,dy,...) € D. Thend is a B-expansion of x =Y and a f3;-expansion

= 1Bt
of y=Y%7, g_l; By Theorem 4.5.5, there exists an @ € Q such that m 30 G"(w,x,y) ¢

EjgUEy foralln > 0. As m30 G”*l(a),x,y) = (Z‘i"‘:] “"*’l Dy i 1), we conclude

that <Z;°:1 G"E} I,Zl la"+’ 1) ¢ EjgUEyp; foralln > 1. So

— dnti—1 = Qnti—
{(al,az,...) eD: (Z nE} I,Z n;ﬁ 1) ¢ Ej90UEp; fOralanl} oD.

i=1 i=1
[

The remainder of the proof is analogous to the proof in [4] and section 4.3. Let ¢’ be the
restriction of ¢ to Z:

¢ :Z—-D,
¢(0,x,y) = (di(0,x,y),d2(0,x,y),...)
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We will show that ¢ is bijective. Let (a1 ,an, ) € D' and recursively define

. = Antic1 = Ani—1
rr=minqn>1: Z "J”i , ”J”l. € See [,
= B &8 B

— dnti—1 = Anti—
Fp=min< n>re_q: Z n+ll. I,Z n+ll. ! € See | -
i=1 ﬁl i=1 ﬁZ

For k > 1 let @y = a,,. Define

Then ¢’ and ¢ ! are measurable. By Lemma 4.5.6, (w{d 1B LY Bl ) € Z. Furthermore,

¢’ 0d~!(a) = a. As ¢ is injective, we conclude that ¢ ! is the inverse of ¢’

SIE

Then ¢’ oG = 60 ¢’. By the second Borel-Cantelli lemma, P(D’) = 1. Define the
measure V on &/ x by V(A) =P (¢(ZNA)). Then ¥(Z) =P ($(Z)) =

We have the following theorem:

Theorem 4.5.7. The map ¢ (®,x,y) = (Jl(co,x,y),cfz(co,x,y), ) is a measurable isomor-
phism from (Q x [0, ﬁ] X [0,#],&/ x #B,V,G) — (D, 2,P,0).

The uniform product measure P on 2 symbols is the unique measure of maximal entropy
on D, with entropy equal to log(2). We conclude that V is the unique measure of maximal
entropy that has support Z, with entropy equal to log(2).
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