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ABSTRACT

This master’s thesis, Global field isomorphisms: a class field theoretical approach, was writ-
ten by Harry Smit from October 2015 until June 2016. It is submitted to the Department
of Mathematics at Utrecht University. The research was conducted under supervision
of professor Gunther Cornelissen, and the second reader is professor Frits Beukers.

After an introduction into both local and global class field theory, we investigate two
objects that uniquely determine the isomorphism type of a global field K, following
an unpublished article of Cornelissen, Li, and Marcolli. Firstly, we use the maximal
abelian Galois group to create a topological space Xx and subsequently a dynamical
system by defining an action Ix C Xk of the integral ideals Ix on Xk. Secondly, we com-
bine the maximal abelian Galois group with the Dirichlet L-series. Both these objects
can be described using only objects from within K itself. The original contributions in
this thesis are the proof that Xk is a Hausdorff space and various improvements on
the proofs given by Cornelissen, Li, and Marcolli.
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1

The main objects of study in this thesis are global fields: finite algebraic extensions
of Q (which are known as number fields) or IF;(T) for some transcendental T and
prime power g (known as function fields). They find their use in solving Diophantine
equations: polynomial equations over Z or IF;[T] in one or more variables, where we
are interested in the solutions that are defined over Z or IF,[T] respectively. One of the
questions that arises from the study of global fields is the following:

INTRODUCTION

Given two global fields, can we determine whether or not they are isomorphic (as fields)?

It is important to note that we assume no information other than the global fields
themselves, hence we can only use information that we can obtain from objects within
the global fields themselves, such as the ring of integers, prime ideals or the Dedekind
zeta function.

The strategy we follow in this thesis is to determine objects associated to a global
field that determines the isomorphism type of the underlying field. However, they still
have the requirement that they can be described or at least approximated using objects
within the field itself, as only objects with such a description will aid in determining
whether two fields are isomorphic. We will therefore focus on partially answering the
following question:

What objects associated to a global field uniquely determine the underlying field,
yet can be described using only objects within the field?

Finding these objects has historically not been a simple task. For example, number
fields with identical Dedekind zeta function are not necessary isomorphic ([Gas26]),
even though this implies the existence of a norm-preserving bijection between the
primes of the number fields. An example of an object that does contain sufficient
information is the Galois group of a separable closure (this is known as the Neukirch-
Uchida theorem, see [Iva13]), but it has the drawback that it is difficult to describe.

Our approach is to consider the abelian extensions of a field. The study of these
extensions is called class field theory, whose main theorems allow us to describe the
abelian extensions using the prime ideals and embeddings of the field via the localisa-
tions of the global field. Unfortunately, the Galois groups of the abelian extensions do
not quite uniquely define the isomorphism type of the underlying field ([AS12]). We
can, however, combine the abelian extensions with other describable objects such that
the isomorphism type is uniquely determined, following a preprint by Cornelissen, Li,
and Marcolli ([CLM16]). One such combination we consider is the abelian extensions
with localisations to obtain a topological space on which the monoid of integral ideals
acts. This creates a dynamical system, which we will prove to contain enough infor-
mation. The second approach we take is combining the abelian extensions with the
Dirichlet L-series, which will also prove to be sufficient.
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This introductory chapter starts with basic definitions and theorems in topology on
Hausdorff and (locally) compact spaces. The second section deals with topological
groups, which play a central role in the extension of the fundamental theorem of
Galois theory to include infinite extensions (Theorem 3.2.6). In the final section we
consider a construction of a topological space known as the restricted product.

TOPOLOGY

2.1 HAUSDORFF AND COMPACT SPACES

We briefly state the definition of Hausdorff, compact, and locally compact spaces as
we will encounter these quite often. We also prove some basic theorems.

2.1.1 HAUSDORFFNESS

Definition 2.1.1 (HAUSDORFF). A topological space X is said to be Hausdorff if for
every distinct x,y € X there exist opens U > x and V > y such that UNV = @. <

From this definition it follows that subspaces of Hausdorff spaces and products of
Hausdorff spaces are Hausdorff themselves.

Proposition 2.1.2. A topological space X is Hausdorff precisely when Ax = {(x, x) €
X x X : x € X}, the diagonal of X, is closed. <

Proof. Suppose X is Hausdorff. For any pair of elements x,y € X with x # y there
exist open neighbourhoods U of x and V of y such that UNV = @. Thus U x V is an
open neighbourhood of (x,y) € X x X that has empty intersection with Ax, implying
that (X x X) — Ax is open.

On the other hand, if (X x X) — Ax is open, then for any (x,y) € (X x X) — Ax
there exists an open B C X x X in the basis of open sets, i.e. of the form U x V with
U and V open in X, containing (x,y), that does not intersect Ax. Hence U and V do
not intersect, while x € U and y € V, thus X is Hausdorff. m]

Proposition 2.1.3. Let f be a continuous function from a topological space X to a
Hausdorff space Y. Then the graph Gy := {(x, f(x)) € X xY | x € X} is closed in
X xY. <

Proof. Let(x,y) € (XxY)— Gy. As Y is Hausdorff, there exist open neighbourhoods
U >y, V > f(x) such that their intersection is empty. Let W = f~1(V), which is open
as f is continuous. We claim that the open neighbourhood W x U of (x,y) does not
intersect G¢, proving that (X x Y) — Gy is open and subsequently that G¢ is closed.
Suppose (z, f(z)) € W x U. Then, as z € W, we have f(z) € V, hence f(z) e UNV =
@, a contradiction. We conclude that (W x U) N Gy = @, and the result follows. o

Corollary 2.1.4. As a result of this this proposition, the graph map g7 : X — X x Y
is a closed map, as the image of g is closed and gy restricts to a homeomorphism
X — Gy (the inverse is given by projection to the first coordinate). <



TOPOLOGY

2.1.2 COMPACT SPACES

Compact spaces play a central role in topology throughout this thesis, mainly in Chap-
ter 4 on local fields. Especially the interaction between Hausdorffness and compact-
ness will be used extensively.

Definition 2.1.5 (compPACT). A topological space X is compact if for every open cover
of X there exists a finite open subcover, i. e. for any index set I and open sets U; for
i € I such that ;¢ U; = X, there exists a finite subset | of I such that U;c; U; = X. <

Proposition 2.1.6. Let X be a compact space and C C X a closed subset. Then C is
compact. <

Proof. Let {U; :i € I} be an open cover of C. As C is closed, X — C is open, hence
{U; : i € I}U{X — C} is an open cover of X. As X is compact, the cover can be
reduced to a finite open cover. Removing X — C from this cover gives a finite subcover
of {U;:ieI}of C o

Lemma 2.1.7 (TuBe LEMMA). Let X be a space and Y a compact space. For each x € X
and open U C X x Y such that {x} x Y C U, there exists an open V C X such that
xeVand V xY C U. <

Proof. Let x € X and U C X x Y open such that {x} xY C U. Forany y € Y
there is an open neighbourhood of (x,y) of the form A, x B, contained in U, as U is
open. Because Y = UJ,cy By is compact, there exist finitely many y, ..., y» such that
Y = Uiz By, Let V. = NiL; Ay, which is open as the intersection is finite. Moreover,
we have x € Ay, for all y;, hence x € V, and for any v € V and 1 <i < n we find that
v € Ay, hence {v} x B;, C U, hence {v} x UL, B;, = {v} x Y C U, and we conclude
that

{x} xYCVxYCU. o

Corollary 2.1.8. Let X be a space and Y a compact space. Then the projection map
m: X xY — Xis closed. <

Proof. Let C be a closed subset of X x Y. Suppose x ¢ 71(C). We prove that there is
an open neighbourhood of x that does not intersect 77(C). Then 7~ '(x) = {x} x Y is
disjoint from C, hence contained in the open set (X x Y) — C. By application of the
Tube Lemma, there is an open V such that V x Y is disjoint from C, hence V is disjoint
from 77(C). Thus we have found an open neighbourhood of x that does not intersect

71(C), which completes the proof. o
Theorem 2.1.9 (TycHONOFF). Let {X; :i € I} be an indexed set of non-empty Haus-
dorff spaces. Then X = [] X; is compact if and only if each X; is compact. <
Proof. Theorem 5D of [Loo53]. o

Proposition 2.1.10. Suppose C is a compact subset of a Hausdorff space X. Then C
is closed. <

Proof. We prove that any element x € X — C has an open neighbourhood that does
not intersect C. For any ¢ € C, as X is Hausdorff, there exists an open neighbourhood
V(c) that does not contain x. Note that {V(c) N C : ¢ € C} forms an open cover of C,
and as C is compact, can be reduced to a finite subcover {V(¢;)NC,...,V(c,) NC}. For
each V(c;), as again X is Hausdorff, there exists a U;(x) such that U;(x) N V(¢;) = @.



2.2 TOPOLOGICAL GROUPS

Let U = NiL; Ui(x), then U is an open neighbourhood of x which does not intersect
any of the V(c;). However, as they formed a cover of C, we have U N C = @, which
concludes the proof. 0

Proposition 2.1.11. Let f : X — Y be a continuous map to a Hausdorff space Y. If
C C X is compact, then f(C) is compact. <

Proof. Suppose C C X is compact and let {V; : i € I} be an open cover of f(C).
Then {f~1(V;) : i € I} is an open cover of C as f is continuous (and C is mapped into
£(C)). As C is compact, there exists a finite subcover { f~1(V;),..., f1(V,)} of C. As C
is mapped surjectively to f(C), f(f~1(V;)) = Vi. Moreover, as {f 1(V3),..., f 1 (V) }
covers C, we find that {f(f 1 (V1)),..., f(f "1 (V))} = {V4,..., Vi } covers f(C), hence
f(C) is compact. o

Like many properties of topological spaces, there exists a local variant of compact-
ness, which is slightly weaker than compactness itself:

Definition 2.1.12 (LOCALLY COMPACT). A topological space X is called locally compact
if every point x € X has a compact neighbourhood (when equipped with the subspace

topology). <

2.2 TOPOLOGICAL GROUPS

The majority of spaces that we will be working with in later chapters are examples
of topological groups: groups equipped with a topology that respects the group opera-
tions. We define them here and prove some basic properties. The important result is
Corollary 2.2.7, which will be applied on a certain topological space in Chapter 9.

Definition 2.2.1 (TOPOLOGICAL GROUP). A group G equipped with a topology is called
a topological group if the multiplication and inversion maps

GxG —— G G— G

(g,h) — gh gr— gL
are continuous.
We say that two topological groups G, G’ are isomorphic as topological groups if there
existsamap f : G — G’ thatis both an isomorphism of groups and a homeomorphism.
<

Remark. The maps left and right multiplication with a certain element ¢ € G are
homeomorphisms, as they are continuous and the inverse is multiplication with o—!.
In particular, they are open and closed maps.

Remark. In Chapter 9 we will also use topological monoids: they are monoids equipped
with a topology such that the multiplication map is continuous.

The subgroups of topological groups that are open or closed often play a central
role. We have the following lemma:

Lemma 2.2.2. Let G be a topological group. Any open subgroup of G is closed. More-
over, any closed subgroup of finite index is open. <
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Proof. Any subgroup H of G induces cosets cH, ¢ € G. We have

H=G- |J v¢H.
o:.cH#H

If H is open, cH is open for any ¢ € G, hence H is closed. If H is closed, then all
oH are closed. If H is then additionally of finite index, there exist only finitely many

different cosets, hence |J ¢H is closed, thus H is open. o
o:cH#H

2.2.1 CONTINUOUS GROUP ACTIONS

As the name suggests, continuous group actions are a certain type of group action,
which we will define first:

Definition 2.2.3 (GROUP ACTION). A group action of a group G on a set X is a map
¢ : Gx X — X such that ¢(e,x) = x and ¢(g,¢(h,x)) = ¢(gh,x) for all g,h € G,
x e X. <

Note that there is no topology involved in group actions, neither on G, nor on X.
Topologies play a role if we require the group action to be continuous:

Definition 2.2.4 (CONTINUOUS GROUP ACTION). Let G be a topological group and X a
topological space. A continuous group action of G on X is a group action of G on the
set X such that

GxX—=X

(&x)>g-x
is continuous. <

Proposition 2.2.5. Let G act continuously on a topological space X. Then X/G is
Hausdorff if and only if the image of the action map « : G x X — X x X given
by (g, x) — (x,gx) is closed. <

Proof. We know that a topological space Y is Hausdorff precisely when the diagonal
Ay isclosedinY x Y.

Let A = Ax/.. The projection map 7 : X — X/G is continuous, surjective, and open,
hence the same holds for T = 7 x 77 : X x X — X/G x X/G. Consider

U:= (X/c x X/c) — A,

which is open in X/c x X/G iff A is closed. Because T is surjective, T(t~1(U)) = U,
and as T is open and continuous, we find that U = 7(t~!(U)) is open precisely when
7-1(U) is open. However,

1 U) = {(x,y) € X x X | B g € G such that gx = y} = (X x X) —im(a),
hence we conclude that X/G is Hausdorff if and only if « has closed image. o

Proposition 2.2.6. If G is a compact group acting continuously on a Hausdorff space
X, then the action map « is a closed map. <
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Proof. We split the action map into two parts:

GXX — GxXxX — XxX

(& x) —— (g,x,8x) —— (x,gx).

The first map is the graph of the continuous map f : (g,x) — gx, hence its image
Gy is closed as X is Hausdorff, see Proposition 2.1.3. Moreover, the graph map of
f is continuous and, by restricting its codomain to the image Gy, has a continuous
inverse Gy — G x X (projection onto the first two coordinates), thus the graph map is
a homeomorphism onto its image. As the image Gy is closed, it follows that the graph
map is a closed map. As the second map is a a projection map and G is compact, it is
closed by Corollary 2.1.8. Hence the composition a is closed as well. 0

Corollary 2.2.7. If G is a compact group acting continuously on a Hausdorff space
X, then X/G is Hausdorff. <

Proof. The result follows from combining Proposition 2.2.5 and Proposition 2.2.6. O

2.3 RESTRICTED PRODUCTS

In this final section of the chapter we introduce a construction of a topological space
known as a restricted product, which is necessary for the definition of adeles and ideles
in Chapter 7.

Definition 2.3.1 (RESTRICTED PRODUCT). Given an index set I and topological spaces
X; with open subsets Y; C X; for all i € I, the restricted product, denoted [Tjc;(X;, Y;), is
a topological space that consists of all elements x = (x;);es in [T;c; X; such that x; € Y;
for all but finitely many i € I.

A basis of the open sets of the topology on [Tic;(X;, Y;) is given by sets of the form
[Ler Ui, where U; is open in X; and U; = Y; for almost all i € 1. <

This is a topology different than the topology on [T (X;, Y;) as a subset of [T X;. The
open set [Y; in the restricted product does not contain an open set in the standard
basis of the direct product.

Example. Let {A;:i € I}, be a family of abelian groups equipped with the discrete

topology. Then
H (A, {1}) =P A..

iel i€l

Proposition 2.3.2. Let S be a finite subset of I, and

X :HXi XHY1

ics i¢s

Then Xs is open in X and the topology on Xg as a subset of X is the same as the
topology on X as the direct product of the X; and Y;. <

Proof. Xjs is part of the aforementioned basis of opens, hence open. A basis of open

subsets of Xs are the sets that are a product of the Y; for almost all i € I (as S is finite),

which is exactly a basis of open subsets of the product topology of the X; and ¥;. O

9
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Proposition 2.3.3. Let X be a restricted product [T/c;(X;, Y;). Suppose all X; are lo-
cally compact and the Y; are compact. Then X is locally compact. <

Proof. Note that the product of infinitely many locally compact spaces is in general
not locally compact.

Let S C I be any finite set. The product [];¢s Y; is compact by Theorem 2.1.9 and
[Ties Xi is locally compact as the product is finite. Hence the set X is locally compact.
As we have X = [Js X5, and the Xg are open in X, any open in Xg is open in X,
thus any neighbourhood of a point in X is also a neighbourhood of that point in X.
Because the X are locally compact, so is X. o



GALOIS THEORY

In Chapter 6 and 7 on class field theory, we will be working extensively with infinite
Galois extensions. This chapter is an introduction to infinite Galois theory. We start by
extending the fundamental theorem of Galois theory to infinite extensions with the
use of topology, after which we investigate the structure of Galois groups of infinite
extensions.

3.1 FINITE GALOIS THEORY

This section will be very short: the results of the theory of finite Galois extensions is
summarised nicely in the fundamental theorem of Galois theory.

Theorem 3.1.1 (FUNDAMENTAL THEOREM OF GALOIS THEORY). Let L/K a finite Galois
extension. There exists a bijection

{finite extensions of K} <— {subgroups of Gal(L/K)}
that restricts to a bijection
{finite Galois extensions of K} <— {normal subgroups of Gal(L/K)}.

The bijections are given by E +— Gal(L/E) and H s L. <

We will not provide a proof here, as Theorem 3.2.6 is an extended version of this
theorem, for which we will provide a proof.
Moreover, we will sometimes require the primitive element theorem:

Theorem 3.1.2 (PRIMITIVE ELEMENT THEOREM). For every finite separable extension
of fields L/K there exists an « € L such that L = K(«). <

Proof. See [Gre11]. o

3.2 INFINITE GALOIS THEORY

The fundamental theorem of Galois theory in its current form does not hold for infinite
extensions, of which we will see an example below. However, only a slight adaptation
has to be made, which can be described beautifully with the help of a topology. Using
this topology, we prove an extended version of the fundamental theorem of Galois
theory, Theorem 3.2.6. This section follows a structure similar to that of Neukirch’s
Class Field Theory, [Neu86].

3.21 THE FUNDAMENTAL THEOREM
Aside from extensions of finite degree, many fields K has infinite algebraic extensions

as well. One such extension is a separable algebraic closure K°, containing all algebraic
separable extensions of K. If K is a perfect field, then K® is equal to the algebraic closure.

11
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GALOIS THEORY

The extension K* /K is Galois and the Galois group Gal(K®/K) is known as the absolute
Galois group of K. It is an interesting object of study as it describes all finite Galois
extensions of K. A separable algebraic closure is unique up to isomorphism, which
is why we will now fix a separable closure en refer to it as the separable closure and
denote it by K®. It is obtained by taking the composite of all finite algebraic separable
extensions.

A slightly smaller, but still often an infinite extension of K, is the maximal abelian
extension K% of K, contained in our separable closure. It contains all finite abelian
extensions, i.e. finite Galois extensions with abelian Galois group. Not unlike the sep-
arable algebraic closure, it is constructed by taking the composite of all finite abelian
extensions. The maximal abelian Galois group Gal(K?® /K) will be the main object of
study in Chapters 6 and 7.

Theorem 3.2.1. The composite of two Galois extensions is again Galois. <
Proof. Proposition 1.1 of [Smio4]. o

Theorem 3.2.2. Let L/K and M/K be finite abelian extensions. Then the composite
L - M is again an abelian extension of K. <

Proof. By the primitive element theorem, Theorem 3.1.2, L = K(a) and M = K(f),
hence L- M = K(a, B). Thus, any Galois element of L - M is determined uniquely by
the image of « and f, so we obtain an homomorphism

Gal(L- M/K) — Gal(L/K) x Gal(M/K)

o (o

L’U‘M)’

which is injective because when ¢/ . = ¢, then o(a) = a and when ol u=607(B) =8
hence any ¢ in the kernel acts trivially on K(«, 8) = L - M.

Thus Gal(L - M/K) is a subgroup of the abelian group Gal(L/K) x Gal(M/K), and
therefore abelian itself. o

An question is whether Theorem 3.1.1 still holds for infinite extensions. For this we
consider the case where K is a finite field, e.g. IF, for some prime p.

Example. The field IF, is perfect (as it is finite), hence IF;, is the algebraic closure E,.
All finite extensions of IF,, are of the form IF,», n € IN. While we currently do not know
the exact structure of Gal(IF,/IF,), it certainly contains the Frobenius automorphism ¢
defined by ¢(x) = x* for all x € F,,. Consider the subgroup of Gal(IF,/F,) generated
by ¢, i.e. the subgroup ® = {¢" : n € Z}. As ¢ only leaves the base field IF fixed, the
fixed field of ® is IF,. Hence, if the infinite equivalent of Theorem 3.1.1 were to hold,
we should have ® = Gal(FF,/F,).

To show that it does not, we construct an element of Gal(IF,/IF,) that does not lie
in ®. Let (a,)nen be a sequence of integers such that a, = a,, (mod m) whenever
m | n, but there exists no integer a such that a = a, (mod n) for all n € IN. An
example of such a sequence can be created by letting a, = 1 for all primes p, then
Apn = Apn1 + p"~! for all n € N, and finally all other a, are now fixed by the Chinese
Remainder Theorem. Suppose there exists an 2 € Z such that 2 = a, (mod n). As
a, =1 (mod p) for all primes p, we find that a must equal 1. However, a; = 3, which
gives a contradiction. Hence no a such that a = a,» (mod p") for all n € IN exists.

Now let ¢, = ¢* € Gal(IF,/F,). A subfield of Fpu is of the form IF,» where

m | n. As a result,

Fpn

— AHa
]Fpm - ¢ "

Pn |1Fpm = ¢an

Fpm Pm,
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as a, = a,, mod m and the order of cp‘]Fpm is m.

As F, = nL:J1 F,», the 1, together form an automorphism ¥ of FF, (that leaves FF,

fixed). However, ¢ ¢ ®, because ¢ = ¢” for some a € Z would imply that ¢*

|]Fpn
‘P‘H: = P ‘]F for all n € IN, hence a = a, (mod n) for all n € IN, which contradicts
pn le

the construction of (a,),eN-

With this example we see that Theorem 3.1.1 does not hold for infinite extensions.
However, not all hope is lost. In the upcoming we will derive a theorem that is highly
similar to the theorem in the finite case, but requires some extra work. This effort will
be put in via the use of a topology, which helps to mark all groups that still have a
sense of Galois correspondence.

Definition 3.2.3 (KRULL TOPOLOGY). Let L/K be a (possibly infinite) Galois exten-
sion. We equip Gal(L/K) with a topology, known as the Krull topology. For any o €
Gal(L/K) we take the cosets cGal(L/E) as a basis of neighbourhoods of o, where E/K
runs through all finite Galois extensions of K contained in L. <

Proposition 3.2.4. Gal(L/K) is a topological group when equipped with the Krull
topology. <

Proof. For the extent of this proof, denote by m the multiplication map and i the
inverse map. To prove that these are continuous it suffices to check this on the given
basis of open neighbourhoods.

First we prove that for any finite Galois extension E/K, the group Gal(L/E) is a
normal subgroup of Gal(L/K). As E/K is a finite Galois extension, it is the splitting
field of a polynomial f € K[X]. Every element ¢ € Gal(L/K) permutes the roots
of the polynomial, hence cE = E. As a result, for any 7 € Gal(L/E) and x € E
o Yt(o(x))) = o7 (o(x)) = x, where t(0(x)) = o(x) as o(x) € E. As a result,
o710 is trivial on E, hence ¢~ 't¢ € Gal(L/E), showing that Gal(L/E) is normal in
Gal(L/K).

We turn to proving that the multiplication map is continuous. Let « € Gal(L/K)
and E/K a finite Galois extension, from which we obtain a basic open neighbourhood
aGal(L/E) of a. Take any (o, 7) € m~'(aGal(L/E)), then aGal(L/E) = otGal(L/E)
as &« 'ot € Gal(L/E). Thus it now suffices to show that

ocGal(L/E)tGal(L/E) C ctGal(L/E),

because then (o, T) has an open neighbourhood cGal(L/E) x tGal(L/E) contained in
m~1(aGal(L/E)), proving that m~!(aGal(L/E)) is open. As Gal(L/E) is a normal sub-
group of Gal(L/K), we obtain Gal(L/E)t = tGal(L/E), thus Gal(L/E)tGal(L/E) C
tGal(L/E), and consequently cGal(L/E)tGal(L/E) C otGal(L/E).

All that remains is to show that the inverse map is continuous. Take an open basic
neighbourhood aGal(L/E) of some « € Gal(L/K) and suppose o € i~ *(aGal(L/E)).
We will prove that ¢Gal(L/E) C i~!(aGal(L/E)), from which it follows that the set
i~'(aGal(L/E)) is open. We have i(¢Gal(L/E)) = (¢Gal(L/E)) ™! = Gal(L/E)lo~! =
Gal(L/E)o ! as Gal(L/E) is a group. Moreover, as it is a normal subgroup of Gal(L/K),
we have Gal(L/E)c~! = ¢~ 1Gal(L/E). Then, because 0! = i(¢) € aGal(L/E),

13
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we find that i(cGal(L/E)) = o~ 'Gal(L/E) C aGal(L/E), and we conclude that
0Gal(L/E) C i~'(aGal(L/E)). 1

Remark. For any Galois group of a finite Galois extension, the Krull topology is the
discrete topology. Any topology that makes a finite group a topological group is the
discrete topology.

From now on, whenever we mention a Galois group, we automatically assume that
it is equipped with the Krull topology.

Proposition 3.2.5. Let L/K be a Galois extension. The Galois group Gal(L/K) is
Hausdorff and compact. <

Proof. We start with Hausdorffness. Suppose ¢ # 7 € Gal(L/K). Then there exists
some element & € L such that o(a) # 7(a), hence for E equal to the Galois closure of
K(«) we have that ¢ P 7 T’E. Moreover, E is a finite extension of K as « is algebraic.
Hence we have the open neighbourhoods cGal(E/K) and tGal(E/K) that are unequal
cosets and therefore disjoint. We conclude that Gal(L/K) is Hausdorff.

Showing compactness is slightly more difficult. Consider the homomorphism

1:Gal(L/K) — [] Gal(E/K)
E/K finite, ECL

o= TTelg
E

Note that IT Gal(E/K) is a compact space by Theorem 2.1.9. It is injective by
E/K finite, ECL

the reasoning used to prove Hausdorffness; if ¢ # T € Gal(L/K), then there exists a
finite Galois extension E/K such that (T| AT | g+ As the Gal(E/K) are equipped with
the discrete topology, the collection of sets

{Up = [ ] Gal(E/K) x {c} : F/E finite Galois, o € Gal(F/K)}
E4F

forms a subbasis of open neighbourhoods of [Tr Gal(E/K). Let ¢ be any element in
the pre-image of {¢'} under the projection Gal(L/K) — Gal(F/K). We have

T €1 (Up) <= 7|, = 0|, <= T € ¢Gal(L/F),
hence (=1 (Ur) = cGal(L/F). As ¢Gal(L/F) is open, ¢ is continuous. Moreover,
[ [t € (eGal(L/F)) <= [ ] 7 € «(Gal(L/K)) and 7 = 0|, =T
E E

<[] € «(Gal(L/K)) and [ [t € U,
E E

hence ((cGal(L/F)) = 1(Gal(L/K)) N Ur, making ¢ : Gal(L/K) — (Gal(L/K)) an
open map. Hence ¢ : Gal(L/K) — ((Gal(L/K)) is an homeomorphism. To show
that Gal(L/K) is compact, it now suffices to show that ((Gal(L/K)) is closed in
[Tz Gal(E/K).

Consider for every pair of extensions F, F’ with L/F'/F/K and F'/K finite the fol-
lowing set:

Mp//p = {HO’E S HGal(E/K) : 0'1:/|F = 0'1:}
E E
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Enumerate the elements of Gal(F/K) by o1, ..., 0,. For every o;, there is a subset X; of
Gal(F'/K) that contains the extensions of ¢; to F'/K, i.e. all T € Gal(F'/K) such that

T‘F = 0;. As a result,

n
Mp//}: = U ( H Gal(E/K) X X X {0}}) ’
i=1 \E#EF

which is a finite union of closed sets (recall that the finite groups have the discrete
topology), hence Mp ,r is closed.

Certainly we have ((Gal(L/K)) C Mp p for all pairs F, F'. Moreover, if [T 0r €
Mg/ p for all F, F/, then the or together create a ¢ € Gal(L/K) such that (T| g = o for
all E. Hence

l(Gal(L/K}) = ﬂ MF//F'
FF:L/F/F/K
We conclude that ((Gal(L/K)) is closed in []g Gal(E/K), thus it is compact, and we
conclude that Gal(L/K) is compact itself. o

This proposition is invaluable for the reformulation of the fundamental theorem of
Galois theory to include infinite extensions. The Krull topology does all the work, as
made explicit by the next theorem:

Theorem 3.2.6 (FUNDAMENTAL THEOREM OF GALOIS THEORY (EXTENDED)). Let L/K be
a Galois extension. The map E — Gal(L/E) is a bijection between

{subextensions E of L/K} <— {closed subgroups of Gal(L/K)}
that restricts to a bijection
{finite subextensions E of L/K} <— {open subgroups of Gal(L/K)}. <

Proof. The fact that the open subgroups form a subset of the closed subgroups has
been proven in Lemma 2.2.2. There we also find a connection between open subgroups
and finiteness.

Let E/K be a finite subextension of L/K and let F be its Galois closure (which is a
finite subextension as well). Then Gal(L/E) is a subgroup of Gal(L/K). Moreover, it is
open as any ¢ € Gal(L/E) has the open neighbourhood cGal(L/F). By Lemma 2.2.2,
it is also closed.

Consider any subextension E/K and let Ag be the set of all finite subextensions of
E. For any F € A we have Gal(L/E) C Gal(L/F), and if 0 € Gal(L/K) such that
0|, =eforall F € Ag, then 0|, = e (this follows as for any a € E we have K(«) € Ag).
Hence

Gal(L/E) = () Gal(L/F),
FeAE
and as all Gal(L/F) are closed, Gal(L/E) is closed.

We have now proven that E — Gal(L/E) is a map with the correct domain and
codomain.

Note that by definition, E is the fixed field of Gal(L/E). As a result, E — Gal(L/E)
must be injective, as it has an inverse. It is left to prove that E — Gal(L/E) is surjective
(for both bijections), i. e. that for a open/closed subgroup H we have H = Gal(L/LH),
where L is the fixed field of H.

Let H be a closed subgroup of Gal(L/K) and consider the fixed field LY. As every
element in H leaves LY fixed, we have H C Gal(L/L"). To show the other inclusion

15
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we will prove that any ¢ € Gal(L/LH) lies in the closure of H, hence in H itself as
it is closed. It suffices to prove that for any finite subextension E/L" of L/L" the
intersection of H and cGal(L/E) is nonempty, as the cGal(L/E) form a basis of open
neighbourhoods of ¢ in Gal(L/L). Consider the restriction map H — Gal(E/LH)
given by T — T‘ ¢ Its image has fixed field LH as H has fixed field L, hence by Theo-
rem 3.1.1 its image is Gal(E/LH). We can therefore find a T € H such that T‘E =0l
i.e. 7 € HNoGal(L/E). As mentioned, we may now conclude that H = Gal(L/LH).
Now let H be an open subgroup. It is then also closed, hence equal to Gal(L/L").
The union of all cosets of H is Gal(L/K), the cosets are all disjoint, and these cosets
are open as H is open. Hence the cosets form a disjoint open covering of Gal(L/K).
From Proposition 3.2.5 we know that Gal(L/K) is compact, hence only finitely many
different cosets exist. Thus H = Gal(L/LH) must be of finite index in Gal(L/K), hence
LH /K is a finite extension. o

Remark. Suppose H is a normal closed subgroup of Gal(L/K). Then the fixed field
LH is a Galois extension of K, and Gal(L/K)/Gal(L/LH) = Gal(LH /K).

Proposition 3.2.7. Let L/K be a Galois extension, I an index set and {N; : i € I}

a collection of closed normal subgroups of Gal(L/K) with corresponding extensions

{K; : i € I}. The extension corresponding to | N; is Galois and contains the composite
i€l

of all K;. <

Proof. As the intersection of normal subgroups is normal, the extension K; corre-

sponding to (| N; is Galois. As K; is the fixed field of N; for all i € I, K; is fixed

iel
by N N; as well. Therefore K; C Kj for all I. Because the composite is defined as
i€l
the smallest extension containing all K;, we see that K; contains the composite of all
K;. o

3.2.2 PROFINITE GROUPS

Now that we have regained the fundamental theorem, this section will be devoted to
gaining more insight into the Galois groups of infinite extensions.

We reconsider the example of finite fields in Section 3.2.1. Every finite extension
F,«/F, has a Galois group of order n generated by the Frobenius automorphism
Pn = ¢ Fou Hence any element ¢ € Gal(F,/F,) restricted to Gal(F,:/F,) is of the

form ¢y" for some 1 < a, < n, which can be seen as an element in Z/nZ. Moreover,

. [eS)
as F, = U1 Fpn, 1 is uniquely determined by these a,,. Thus we obtain an injective
n—=

group homomorphism from Gal(F,/F,) to [[ Z/nZ, sending i to (a,)uen. How-
nelN

ever, this homomorphism is not surjective, as we cannot choose 1 freely on all exten-
sions Iy /IF,: e.g, once we have determined l[J‘Isz, only two options for lp|1Fp4 remain:

the ¢}* such that a4 = a, (mod 2). Hence the image of the homomorphism lies inside

{(an)neﬂ\] e [[z/nz:a, =a, (mod m)Vm | n}.

nelN
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Moreover, in the example we saw that elements in Gal(IF,/TF,) could be constructed
from such sequences, hence we conclude that

Gal(F,/F,) = {(an)neN e [[z/nz:a, = a, (mod m)Vm | n} .
neN

We have seen in Proposition 3.2.5 that all Galois groups are Hausdorff and compact.
As every finite extension is contained in a finite Galois extension, we can reduce the
current basis of open neighbourhoods of the Krull topology to subsets of the form
ocGal(L/F), where F/K is a finite Galois extension. As mentioned in the remark be-
low the proof of Theorem 3.2.6, these are exactly the open normal subgroups. Hence
Gal(L/K) has the property that it has a basis of e that is given by the normal sub-
groups. With this in mind we define a certain type of topological group:

Definition 3.2.8 (PROFINITE GROUP). A profinite group is a topological groups that is
Hausdorff, compact, and has a basis of open neighbourhoods of e consisting of normal
subgroups. <

This definition may seem unexciting, but the requirements are in fact quite strong so
that we can characterise all profinite groups. The will look very similar to the explicit
form of Gal(F,/F,) that we derived earlier.

3.2.3 INVERSE SYSTEMS

To fully understand the strength of profinite groups, we must first generalise the group
that we have seen in the case of finite field extensions:

{(un)neN c[[z/nz:an=a, (modm)Vm | n}.
nelN

Intuitively it consists of sequences whose coordinates match somehow. This will be
made more explicit in the definition of an inverse system (of groups), Definition 3.2.11.

Definition 3.2.9 (PARTIAL ORDER). A partial order on a set P (often called a poset) is a
binary relation < such that for all 4,b,c € P we have

e a < a (< is reflexive);
e ifa <band b < g, then a = b (< is antisymmetric);
e ifa<band b <, then a < ¢ (<L is transitive). <

Definition 3.2.10 (DIRECTED POSET). A poset (I, <) is called directed if it has the
property that for any a,b € I there exists a c € I such thata < cand b <c. <

Now to the interesting definition; that of an inverse system.

Definition 3.2.11 (INVERSE SYSTEM OF GROUPS). Let I be a directed poset such that for
every i € I we have a group 0; along with morphisms f;; : 0j — o; for all i,j € I with
i < j, with the following properties:

e fii is the identity on ¢; for all i € [;

* fix=fijofiforalli <j<k.

17
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Then ((07)ier, (fij)i<j) is called an inverse system of groups. The inverse limit of this
inverse system is defined as

1'gltfiz{(Ui)ielGI_Isz'ifij((Tj)ZCTz‘Viﬁ]}- <

i€l i€l

Remark. If the G; are topological groups and the f;; continuous homomorphisms,

then @ G; can be made a topological group as well through the inclusion into [ ];c; G;.
el

Equivalently, it is equipped with the smallest topology such that the projections

EE}(;'—% G;

i€l
are continuous.

Example. In the extensions of a finite field we have seen our first inverse system: let
Gn = Z/nZ for n € N and let < be a partial order on IN such that m < n if m | n. The
functions fyu, : Z/nZ — Z./mZ are given by a — a (mod m). Hence we now have a
more concise notation:

im G, = {(an)neN e [[z/nZ:a, = ay (mod m) V m | n}.

nelN nelN

Lemma 3.2.12. Let G = lgn G;. If all G; are Hausdorff, then so is G and G is a closed
i€l
subset of [] G;. If additionally the G; are compact, then G is compact. <
i€l
Proof. The proof is actually quite similar to the proof of Proposition 3.2.5 (which is
more than a coincidence). Note that

G=0 {H‘Ti e[[Gi: filow) :‘Tj}

i<k i€l iel

hence it suffices to show that Cyx = {[T;c; 0 € [1ic; Gi : fix(0k) = 0j} is closed for any
pair j, k with j < k.
Consider the composite f of continuous homomorphisms:

dx
IIieI(;i —_ C% X Gy AiAEI%Aé C% X C%

[Ticroi —— (0j,0%) —— (0, fix(on))-

The image of Cj under f is contained in AG],. Moreover, any element [[;c; 07 € [;c; Gi
that maps into ch abides f]-k(ak) = 0j, hence lies in Cj. Therefore we have Cjy =
f *1(AG],). As G; is Hausdorff, Ag, is closed, thus Cj is closed.

We may now conclude that G is a closed subset of ]_[ G;j. As the G; are Hausdorff,
_H G; is Hausdorff as well, hence G is Hausdorff. If ’chzee IGZ- are compact, then by The-
Zoerlem 2.1.9 [ Gj is compact, which makes G a closed subset of a compact space, thus
compact itslgllf. 0
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3.2.4 PROFINITE GROUPS (CONTINUED)

We have already seen the definition of a profinite group. In this section we prove an
equivalent definition that connects profinite groups and inverse limits.

Proposition 3.2.13. If G is a profinite group and N runs through the open normal
subgroups of G, then

G= @G/ N.
N
Conversely, if {(Gj)ier, (fij)i<j} is an inverse system of finite groups, then G = lim G;
i€l
is a profinite group. <

Proof. Let G be a profinite group and let {N; : i € I} be the family of open normal
subsets. From Lemma 2.2.2, we know that every N; is of finite index in G. We make
I 'into a poset by i < j if N; D N;. The maps f;; : G; — G; are projections. The G; are
all finite (thus topological) groups, and the composite of two projections fj and f;;
is indeed fj. Hence the groups (G;);cs along with the maps (fi;)i<; form an inverse
system of topological groups. We also have a homomorphism

f:G—=1lmG;
i€l
c—]]a
icl
where 0; = ¢ (mod N;). We will prove that this is an isomorphism and homeomor-
phism, which means that we should prove that it is bijective, continuous and an open
map.
We start with continuity. The G; are finite, hence equipped with the discrete topol-
ogy. Let Us = [T G; x [T{ec,}. Then
i¢s i€s
{Us : S finite subset of I}

forms a basis of open neighbourhoods of e € [] G;. Furthermore, f~!(Us N @Gi)

iel iel
consists precisely of all ¢ € G such that ¢ (mod N;) = e for all i € S, which means
that ¢ € Nj for alli € S. Hence f~1(Us N lim G;) = ) N;, which is open.

i€l i€s
Similarly, for £ = J[o; € imG; the opens X(Us N1lim G;) form a basis of open
i€l icl i€l
neighbourhoods. We have f~1(Z(Us N lim Gi)) = N 7;N;, where 7; is a lift of 0; from
el i€S

G; to G. Because multiplication is a homeomorphism, this is an intersection of open
sets and therefore open. As a result, f is continuous.
The kernel of f is given exactly by f~1(e) = f~1(U;) = f~1{(U;N ImG;) = N Ni.
i i€l
As G is Hausdorff (as it is profinite), for any element ¢ € G there exliesis an element
N of the basis of open neighbourhoods of ¢ € G such that ¢ ¢ N. As a basis of open
neighbourhoods is given by {N; : i € I}, we have (| N; = {e}, thus f is injective.
i€l

G is compact and f is continuous, hence f(G) is closed. Hence, to prove f is sur-
jective, it suffices to prove f(G) is dense in lgn Gi. Let X € @ G;. As mentioned, the
i€l i€l
X(UsN l&n Gi) form an open basis of neighbourhoods of ~. Let Ng = (| N;, which is
iel ieS
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an intersection of normal subgroups, hence normal itself. We obtain a surjective pro-
jection map G — G/Ns, hence there is some ¢ € G such that its image under G — G/Ns
is g, hence 0 = %; (mod N;) for alli € S. As a result, f(0) € Z(UsN I'&nGi). Thus
i€l
f(G) is dense in lim G;, which suffices for surjectivity.
i€l
Finally, G is compact, thus a closed subset of G is mapped to a closed subset of

@1 G;, which makes f a closed map. As f is surjective, f is an open map. We conclude
iel
that f is both an isomorphism and a homeomorphism, hence G = l&n G; as topological
groups. <!

Now let {(G;)ier, (fij)i<j} be an inverse system of finite groups. The G; are finite and
equipped with the discrete topology, thus Hausdorff and compact. By Lemma 3.2.12
G is compact and Hausdorff as well. Finally, the normal subgroup {eg.} is open in G;,

hence the normal subgroups Us N G, where again
Us = HGi X H{eG;}
i¢S ies
for S a finite subset of I, form a basis of open neighbourhoods of e € G. We conclude

that G is a profinite group. 0

Equipped with the Krull topology, Galois groups are examples of profinite groups.
Let L/K be a Galois extension. We have seen in Proposition 3.2.5 that Gal(L/K) is
Hausdorff and compact, and by definition a basis of open neighbourhoods of ¢ are
given by Gal(L/E), where E runs over the finite Galois subextensions of L/K, which
are all open normal subgroups. As a result,

Gal(L/K) = lim Gal(L/K)/Gal(L/E) == lim Gal(E/K).
E /K finite Galois E /K finite Galois

Example. To return to the finite fields, we see that

Gal(F,/FFp) = lim Gal(F /F),
nelN

which is what we have seen before.



LOCAL FIELDS

Local fields are a special type of fields that come equipped with an absolute value and
consequently a topology, which some additional properties, namely completeness with
regard to this absolute value and a finite residue field, which will be defined in Defini-
tion 4.1.7. The reason we study local fields is because every global field has associated
local fields known as completions, which will prove useful for studying the extensions
of the global field.

This chapter will only deal with the definition of local fields and basic theory,
namely Hensel’s Lemma and Teichmuller representatives. In the final section we inves-
tigate the topology on these local fields and prove compactness and/or Hausdorffness
of object associated to a local field.

We will continue working with local fields in Chapter 6, where we study the exten-
sions of local fields.

One final remark before we begin: if R is a ring, we denote by R* its group of
invertible elements, and by R* = R — {0} its multiplicative monoid.

4.1 DEFINITION OF A LOCAL FIELD

In order to define a local field, we require the notion of a valuation, completeness and a
residue field. We define all these formally, and we complete this section with a pair of
explicit examples.

We begin with K a general field, and, once local fields are defined, K will usually
be a local field. To start off, we state a pair of definitions that estimate the size of the
elements of a field and establish a connection between the two.

Definition 4.1.1 (ABSOLUTE VALUE). An absolute value on a field K isamap |- | : K —
R>( with the following properties:

A x| =0<=x=0;
B. |xy| = |x[ly| Vx,y €K
c |x+y| <|x[+y[VxyeK

We differentiate between two types of absolute values: if, in addition to the three
properties above, | - | also abides

x+yl < max(fx, [y)) ¥ 5,y € K,

we say that the absolute value is nonarchimedean. Otherwise, the absolute value is said
to be archimedean. Note that this condition is stronger than the third property of an
absolute value. <

Definition 4.1.2 (VALUATION). A valuation v on K is a map K — R U {0} such that:
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A. v(x) =00 < x=0;
B. v is an additive homomorphism, i.e. v(xy) = v(x) + v(y) for all x,y € K*;
c. v(x+y) > min(v(x),v(y)) for all x,y € K*.

If the image of the valuation is isomorphic to Z U co (i.e. of the form sZ U {oo} for
some s € R.p), the valuation is said to be discrete. Furthermore, we say that v is
normalised if the image of v is Z U {oo}. Note that all valuations can be normalised by
dividing by s. <

Every valuation induces an absolute value by | - |, : K — R by |x|, :== C°™) for
a fixed C > 1 (where we use the convention C~* = 0). This absolute value is always
nonarchimedean as v(x +y) > min(v(x),v(y)) < |x +y| < max(|x|, |y|). In turn,
nonarchimedean absolute values induce valuations.

Definition 4.1.3 (TOPOLOGY INDUCED BY ABSOLUTE VALUE). Any absolute value in-
duces a topology T, on K created from the basis of open balls By := {y € K: [x —y|, <
€}. <

Remark. This topology does not depend on the choice of C. In general, whenever
two absolute values (or two valuations inducing absolute values) induce the same
topology, we call the absolute values (or valuations) equivalent. Two absolute values
| - |1 and | - |2 are equivalent precisely when |x|; < 1 if and only if |x|, < 1, which is
the case precisely when | - [{=| - |, for some exponent ¢, see Lemma 1.10 of [Bro13]. If
the absolute values are nonarchimedean with associated valuations v; and v, then v,
and v are equivalent if and only if e - v1 = vs.

Example. Suppose we are given a number field K with ring of integers R. For any
prime ideal p, we can define a valuation, denoted v, by v,(a) = max{n € N :a € p"}
for a € R. Because we have |x| <1 <= |x~!| > 1 for x € K* we find that K = Frac(R),
thus we can extend this valuation v, to the entirety of K. Moreover, the real and
complex embeddings provide archimedean absolute values.

Definition 4.1.4 (RING OF INTEGERS). For a field K and nonarchimedean absolute
value | - |, the ring of integers Ok (abbreviated as O when unambiguous) is defined as
the ring Ox = {x € K: |x| < 1}.In Ok we have theideal m = {x € K: |x| < 1}. <

Indeed Ok is a ring as for x,y € Ok we have |x +y| < max(|x|,|y|]) = 1 and
|x|ly] = |x|]ly] < 1, so that x +y,xy € Ok. Moreover, 0] = 0 and |1| = 1, thus
they both lie in Ok, making Ok a ring. We find that m is an ideal for similar reasons.
Because [x 1| = 1/}x| for all x € K*, we see that O} = {x € K : |x| = 1}. As a result,
m = Ok — Ok, hence m is the unique maximal ideal in Ok.

Remark. If the absolute value has corresponding valuation v, the ring of integers is
sometimes denoted as Ok, or O,. The condition |x| < 1 rewrites to v(x) > 0 and
|x| =1tov(x) =0.

Lemma 4.1.5. Suppose K is equipped with a nonarchimedian absolute value | - |
with corresponding valuation v. The maximal ideal m is principal precisely when v is
discrete. <
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Proof. Suppose m is principal, say m = (77), then any element x € K can be written
asx = u-1", u € Of, n € Z. We have |x| = |u||n"| = |n]", hence v(x) = nov(m).
Therefore the image of v is v(71)Z U {oo}, making v discrete.

If, on the other hand, v is a discrete valuation, then we can normalise v and we
obtain some element 7 € m with (1) = 1. As Oy = {x € K : v(x) = 0}, every
element 2 € K* can be written in the form a = u - 7", where u € Oy andn = v(a) € Z
(u lies in O because v(u) = v(4/n") = v(a) —v(7r") = 0). Hence a € m precisely when
7| a, orm = (7). o

As mentioned in the proof, if m = (77), then every element in the ring of integers
can be written as a unit times an integer power of 71. Many proofs in the rest of the
section rely on this.

Remark. Two valuations v; and v, on K are equivalent precisely when O, = O,,.
This follows immediately as O, := {x € K: |x|, < 1}.

Definition 4.1.6 (UNTFORMISER). Let K be a field with a normalised valuation v. A
uniformiser, or prime element, 7t of K is an element 7t € K with v(7r) = 1. <

Uniformisers are unique up to multiplication with elements in O.

Definition 4.1.7 (RESIDUE FIELD). The quotient k = O/m is called the residue field of
K. <

The last notion we need for defining local fields is that of completeness.

Definition 4.1.8 (COMPLETENESS). A field K with absolute value | - | is said to be
complete if every Cauchy sequence with respect to the absolute value admits a limit in
K. <

Definition 4.1.9 (COMPLETION). Given a field K with absolute value | - |, the completion
K of K with respect to | - | consists of all limits of Cauchy sequences in K. We can write
this down explicitly by defining an equivalence relation ~ on the Cauchy sequences
in K given by (x,)uen ~ (Yn)neN precisely when |x, —y,| — 0 for n — co. K can be
explicitly written as

K = {(xn)nen Cauchy in K}/ ~. <

Remark. If the absolute value is nonarchimedean with corresponding valuation o,
we sometimes write K, for K.

Proposition 4.1.10. Given a field K and a discrete valuation v on K, we can uniquely
extend v to K. <

Proof. See Chapter II, paragraph 10 of [CF67]. o
At this point we have enough preparation to define a local field.

Definition 4.1.11 (LOCAL FIELD). A local field K is a field complete with respect to a
discrete valuation v and a finite residue field. <

Remark. The term local field is sometimes also used for fields complete with respect
to any absolute value, not just nonarchimedean ones. If this is the case, what we call
local fields will be referred to as nonarchimedean local fields.
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Remark. An equivalent definition of a local field is a field K with valuation v that is
locally compact with respect to the topology T,. For a proof of this equivalence, see
Proposition I.1.1 of [Sergs].

Remark. As K is complete with respect to the absolute value, so are O and O*.

Before we continue with spewing properties of local fields, we consider an impor-
tant pair of examples:

* The field of p-adic numbers Q, for a certain prime number p is obtained by com-
pleting Q with respect to the discrete valuation v,, where v,(7/b) is defined by
the unique integer n € Z such that /v = p"¢/4, where ged(c,d) =1, p { cd. Alter-
natively, one might view the elements of Q, as power series Y i a;p', where k is
some integer and a; € {0,...,p — 1}, ax # 0. Q is embedded into Q, as the ele-
ments whose power series stop, i. e. are of the form ) ', a;p'. The ring of p-adic
integers, Z,, contains the elements that are of the form Y ;° a; p'. A uniformiser
is p, hence the maximal ideal is (p). The residue field is Z/pz. Alternatively, one
could define the p-adic integers Z, := @Z/ p*z, where the limit is taken over
all k, and subsequently Q, := Frac(Z,).

e The field of formal Laurent series k((T)) over a finite field k is given by power
series ) i, az-Ti, where 7 is some integer and a; € k, a, # 0. The valuation is
given by v (L2, 4;T') = n. The ring of integers is k[[T]]. A uniformiser is T,
hence the maximal ideal is (T) and the residue field is k.

4.2 PROPERTIES OF LOCAL FIELDS

Now that we have a feeling of what local fields are, we investigate two important
techniques for using the residue field: the former allows us to find linear factors of
polynomials over a local field by finding roots in the residue field, while the latter
provides a technique of embedding a residue field into its local field. The structure
and idea of the proofs are from [Rieo6].

4.2.1 HENSEL'S LEMMA

Hensel’s Lemma allows for finding roots of polynomials over a local fields using the
roots of the reduced polynomial over the residue field.

Lemma 4.2.1 (HENSEL'Ss LEMMA). Let K be a local field and let f € O[X] be a polyno-
mial. Suppose we have ay € O such that |f(ag)| < |f'(a0)|>. Then there exists a unique
a € O such that

f(ao)

f'(ao)
In the above form, Hensel’s Lemma is an analogue of Newton’s approximation
method.

la —ap| <

and f(a) = 0. <

Proof. If f(ap) = 0, then we are done, hence assume f(a9) # 0. We construct a
Cauchy sequence of approximate roots of f(X), starting with ag. As we are dealing
with local fields, the Cauchy sequence will have a limit lying in K.

Using Newton’s binomium, expand f(X + Y):

f(X4Y) = f(X)+ AX)Y + L(X)Y* +....
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We have f; € O[X] and f; = f'. Define by € K such that that f(ag) + f'(ag)bo = 0 (it
is unequal to zero). Note that because f'(a9) € O, we have v(f'(ap)) > 0 and conse-
quently v(f(ao)) > 20v(f'(a0)) > v(f'(ap)) (the first inequality is our assumption). It
follows that v(by) > 0, hence by € O. We have

f(ao+bo) = f(ao) + f'(a0)bo + f2(a0)b§ + - - - = fa(ao)bg + ...,
thus

o(f(a0+bo)) = v(fa(a0)bg +...)

> m>1{1 o(fi(ao)b) (property of a valuation)

> m>1{11 -v(bo) (v(fi(ag)) > 0 as fi(ag) € O)
= Zv(bo)

= 20(f(a0)) — 2v(f'(ap)) (definition of by)

> v(f(ao)). (assumption)

Similarly, we have, writing /(X +Y) = f/(X) + &1(X)Y + g2(X)Y? +... (all g; lie in
O[X]),

o(f' (a0 + bo) — f'(a0)) = v(g1(a0)bo + g2(a0) b5 + - ..
> v(bo)
= v(f(a0)) — v(f'(a0))
> o(f'(a0))-

This implies that f’(ag + by) and f’(ap) must have the same valuation.
Let a; = agp + bp. We have found the following inequalities and equality:

A. o(f(a1)) > v(f(a0));
B. 0(f'(a1)) = v(f'(a0));
c. v(a1 —a9) = v(f(a0)) — v(f'(a0))-

By A. and B. we have v(f(a1)) > v(f(ao)) > 20v(f'(a9)) = 2v(f’(a1)), which allows
us to repeat the same construction to obtain ay,a3,... (which ends if f(a,) = 0 for

some 7). In this way we obtain a sequence (a,),en With the following properties for
alln € IN.

A o(f(ant1)) > o(f(an));
B. 0(f'(an+1)) = o(f'(an));
. v(an1 —an) = v(f(an)) —o(f'(an)).

We see that v(f(ay)) is strictly increasing, hence v(f(a,)) — oo as n — oo. Fur-
thermore, C. tells us that v(a,41 —a,) — o0 as n — oo, as v(f(ay)) is strictly in-
creasing and —v(f’(a,)) is non-decreasing. It follows that, for m > n, v(a, —a,) >
MiNe [111,m] v(am — ay—1) — oo for m,n — oo. We conclude that ag,ay,a,... is a
Cauchy sequence, and we obtain a limit a. As v(a,) > 0 for all n, we have v(a) > 0,
hence a € O. Lastly, v(f(a)) = oo, hence f(a) = 0.
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We will not prove unicity here. The idea behind the proof is that if we have a root b
with the same properties, then assuming that v(b — a) is finite leads to a contradiction

using only methods that were used to find the root a.
o0

Corollary 4.2.2. Given a polynomial p(x) € k[x] with a simple root a € k and a lift,
p(x) € Olx] of p(x), i.e. the coefficients of p (mod m) are the coefficients of p, there
exists a unique root &« € O of p(x) such that « = a (mod m). <

4.2.2 TEICHMULLER REPRESENTATIVES

Naturally, the quotient map O — O/m = k is a surjection, but it fails to be injective.
This section is devoted to showing that we can choose representatives in O of every
equivalence class in O/m such that the map which sends the equivalence class to its
representative is multiplicative. For this, we begin with the definition of a section,
which is a partial inverse.

Definition 4.2.3 (sEcTiON). Given two morphisms f : X — Y and g : Y — X such
that f o g = idy we call g a section of f. The map f is called a retraction of g. <

Remark. The section of a quotient map is sometimes known as a transversal.

Definition 4.2.4 (TEICHMULLER REPRESENTATIVE). Let K be a local field with residue
field k and suppose w is a multiplicative section of the quotient map. Then we call
w(a) a Teichmiiller representative of a € k. <

Proposition 4.2.5. A multiplicative section of the quotient map exists. Moreover, it is
unique. <

This proposition has a lengthy proof. We start with a lemma and introduce a new
concept called ancient elements. We will use the standard setting: we assume that we
have a local field K, ring of integers O and a residue field k that has g elements, where
q is a power of p.

Lemma 4.2.6. Leta, b € O. Suppose a = b (mod m") for some n € IN. Then a* =
b? (mod m"+1). <

Proof. First note that multiplication by p annihiliates k (i.e. pa = 0 for € k), hence
pO C m. For any a,b € O we have

p—1
a? —b? = (a—b) <Z akbp1k> :
k=0

By assumption a — b = 0 (mod m"). Moreover,
p—1 p—1
Y a1 =Y 0Pt = paP! =0 (mod m),
k=0 k=0

hence a? = b? (mod m"*1). o

Definition 4.2.7 (n-aNCIENT). Let a € O and n € IN. We call a n-ancient if for all
m € Ny there exists ab € O such that b"" = g, i.e. ais an n™th power forallm € N. <
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Proof (PROPOSITION 4.2.5). Denote the quotient map by . The proof is split into three
parts:

A. For every element a € k there is a unique g-ancient element 2 € O such that
a=q.

B. The map w : k — O that sends « to a4 is a multiplicative section of the quotient
map.

C. w is the unique multiplicative section of the quotient map.

The proofs themselves are fairly straightforward.

A. Let o € k = O/m. We begin by proving existence. If « = 0, then we have the
obvious lift 0, which is also g-ancient. Suppose a # 0. Take any lift a € O of a.
This a must lie in O* as m is annihilated by the quotient map and O* = O —m.
Define A := lim, ,o a7 . As k has g elements, a9 = a (mod m). Lemma 4.2.6
then dictates that 47" = 27" (mod m"*1). This implies that, for m > n, a1 =
a7 (mod m"™), hence (a7"), e, 18 @ Cauchy sequence, implying A € O*. As
al" =a (mod m) for all n € Ny, we have A = « and by construction AT = A,
thus A is g-ancient.

Suppose we have two g-ancient elements a4 and b such that 2 = b, or a =
b (mod m). For any s € INy, we have a5 and b; such that a = azs and b = sz. As
noted before, a! = a, (mod m) and bT = b (mod m), hence a; = bs (mod m).
As a result of Lemma 4.2.6 we have a = a?s =p] =b (mod m**+1). It follows that
v(a—b) >sforalls € N, thus v(a — b) = oo and consequently a = b.

For any « € k, denote by w(a) the unique lift to O that is a g-ancient element.
We have seen that w(a) = . It immediately follows that w is injective.

B. As0,1 € O are trivially g-ancient, we have w(0) = 0 and w(1) = 1. Furthermore,
w(a) = lgrl a7 and w(p) = lgrl b7", hence w(a)w(B) = ILm (ab)T". However, ab
n—oo n—oo n—oo

is a lift of aB, hence w(af) = 1i£11 (ab)T". Tt follows that w(aB) = w(a)w(B).
n—oo

c. Suppose we have a multiplicative section w’ of the quotient map. Let a € k and
note that a7 = a. We have «’(a) = ' (a1") = «' (a)7 for any n € Ny, hence

w'(a) is g-ancient. Furthermore, as «’ is a section, w’(«) = a. However, we just
proved that there is a unique g-ancient element in the equivalence class a, namely
w(a). We conclude that «'(a) = w(a) for all « € k, hence ' = w. o

As an application of the Teichmiiller representatives, we conclude this section with
a lemma that gives an interesting isomorphism:

Lemma 4.2.8. Let K be a local field with ring of integers O, maximal ideal m and
residue field k. Then O* = k* x (1 +m). <

Proof. Consider the homomorphism a — (@,%/w(@)). As a € m, we have w(a) € OF,
hence this is a well-defined homomorphism. We prove that it is in fact an isomor-
phism.

Suppose a,b € O* that map to the same element, i.e. 7 = b and %/w(@) = b/w(®). The
former implies w (@) = w(b), which, combined with the latter, gives a = b.

If we have an element («,a) € k* x (1+m), thena-w(a) — (a,a) asa =1 (mod m),
thus a - w(a) = w(a) = a.

This shows that the homomorphism is also bijective, hence it is an isomorphism. O
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Remark. It is also possible to define the homomorphism as a — (a,«(a)/a).

4.3 THE TOPOLOGY ON LOCAL FIELDS

For the remainder of the section, let K be a local field with ring of integers O and
discrete absolute value | - |. As mentioned in Definition 4.1.3, the topology on K (and
subsequently on O as it is equipped with the subspace topology) is induced by the
openballs By, = {y € K: |[x —y| < r}.

Lemma 4.3.1. All closed balls, i.e. {y € K: |[x —y| < r} for some x € Kand r > 0,
are open. <

Proof. Because |- | is discrete, its image is C~52 U {0}, which only has the accumu-
lation point 0, hence there exists an € > 0 such that (7,7 + €) has empty intersection
with the image. It follows that {y € K: |[x —y| <r} = {y € K: |[x —y| < r+ €}, which
is open. 0

The ring of integers O, equipped with the subspace topology from K, in particular
has some special properties.

Corollary 4.3.2. The ring O is open and closed in K, as O = {x € K : |x| < 1}. O*
is open as O = {x € K : |x| < 1}. Thirdly, the ideal O is closed as 7O = O N (O*)¢,
which is the intersection of two closed subsets. <

Proposition 4.3.3. The (additive group of the) ring of integers O is a compact and
Hausdorff topological group. <

Proof. This proof is used as the proof of Lemma 3.8 in [Bro13]. All properties follows
from the fact that a basis of open neighbourhoods of a € O is given by a + 7"O,
n € N. Suppose x +y € a+ n"O. Then also (x + "O) + (y + ©"O) C a+ 7"O,
hence the addition map O x O — O is continuous. The inverse image of a + 7" O
under inversion is precisely —a + 77" O, hence inversion is continuous as well, making
O a topological group.

For any a,b € O with a # b there is some n such that a # b (mod 71"O), hence
(a4 7"O)N (b+ 1" O) = @ and we obtain that O is Hausdorff.

Now suppose there is some open covering {U; : i € I} of O that can not be reduced
to a finite covering. Let A; C O be a set of representatives of all equivalence classes in
O/n0 = k. Then O is covered by open sets of the form x + 7O, x € A;. As k is finite,
this is a finite covering. As {U; : i € I} could not be reduced to a finite covering, it
follows that there exists an xy € A; such that the cover {U; : i € I} can not be reduced
to a finite cover of xo + Q. Repeating this gives an x; such that {U; : i € I} can not be
reduced to a finite cover of x¢ 4 x171 + 712O. We obtain a sequence of elements xg, xg +
X17T, X + X177 + xp71%, ... such that xg + - - - + x,_1 77"~ + 71"O can not be covered by
finitely many U;, i € I. As O is complete and this sequence is a Cauchy sequence, it
follows that it has a limit x = xg + x1 7T + X271 + - - - € O. There exists a j € I such that
x € U;. Because Uj is open, it contains for some n € IN the open set x + 77O (as these
open sets form the basis). However, x + "0 = xo + - - - + x,_171" ! + 71" O, which is
now covered by only U;, which is a contradiction. We conclude that O is compact. O

Corollary 4.3.4. The field K is locally compact, as any x € K has the compact open
neighbourhood x + O. <
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If we consider the basis of open neighbourhoods of 0 € O, namely the sets 7" O, we
note that they are subgroups of O. Moreover, as O is abelian, they are even normal
subgroups. Combining this with Proposition 4.3.3 leads to the following lemma.

Lemma 4.3.5. The topological group O is a profinite group. <
Corollary 4.3.6. There is an isomorphism of topological groups

0= @ O/nro. <

nelN

As aresult, any element x € O has a unique representation as a sequence (ag, a1, ... ) €

@neN O/nn0. Note that a, = a,, (mod 7™QO) forall n > m. Let A, C O be a set of rep-
resentative of the equivalence classes of O/7"0. We can inductively create a sequence

X0, X1, ..., X; € A; such that (ag,a,az,...) = (xo (mod 7O), xo + x17t (mod 7120), x¢ +
x170 + x7t% (mod 720),...). The limit of this sequence is precisely x, hence we can
write x = ). x;h

YZGZZO

The subset O* of O is in general not equipped with the subspace topology; if R is a
ring and a topological group for addition, then the inverse map ~! : R* — R* may fail
to be continuous in the subspace topology, which means that R* is not a topological
group. The topology on multiplicative group R* is given by the subspace topology
obtained by embedding R* into R x R via u > (u,u~!). With this, the inverse map
is continuous, and the composition R* — R x R — R given by u — (u,u™1) — u
is a continuous injection R* — R with image R* C R, hence this topology on R* is
finer than the subspace topology from R. An example of such a ring R is the adele ring,
which we will encounter in Section 7.4.2.

Going off on a bit of a tangent, this construction is similar to a possible proof that
A' — {0} is a variety: A! — {0} is not the zero set of a polynomial in a single variable
(i-e. if we embed A! — {0} into A! we do not obtain the desired result), while embed-
ding it into A2 via u — (u,u~!) makes it the zero set of the polynomial xy — 1, hence
A' — {0} is a variety.

Let us return to the matters at hand: the properties of O*.

Proposition 4.3.7. The topological group O* is compact and Hausdorff. <

Proof. As O is compact and Hausdorff, so is O x O. It follows that O* is Hausdorff
as well. Consider

(Ox0)—0"={(x,y) € Ox O :xy #1}.

For any (x,y) in this set we have xy # 1, hence for some n € IN we have xy #
1 (mod 7"O). Then, for any x’ € x+ 7n"O and ¥ € x+ 1"O we have x'y’ #
1 (mod 7"0), thus x'y’ # 1. As a result, (x + 1"O) x (y+ 71"O0) C (O x O) — O,
hence (O x O) — O* is open, thus O* is closed. A closed subset of a compact space is
compact, hence O* is compact. o

We end with one last remark on O*: as O = @ O/n0, we have
nelN

O* 2 lim (9/x0)",
nelN
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INTRODUCTION

In class field theory, the abelian extensions of a field are studied, i.e. the Galois ex-
tensions with abelian galois group. Abelian extensions are somewhat easier to com-
prehend for a number of reasons, e.g. because all subgroups of an abelian group are
normal. It follows from the Galois correspondence that the closed/open subgroups of
the Galois group all correspond to Galois subextensions. The objective is to describe
Gal(K?® /K) using only objects within the field K itself.

“The object of class field theory is to show how the abelian extensions of an algebraic number
field K can be determined by objects drawn from our knowledge of K itself; or, if one prefers to
present things in dialectic terms, how a field contains within itself the elements of its own
transcending.”

— Chevalley, 1940 (translated)

The main theorem is Theorem 7.4.8, which approximates the structure of Gal(K? /K)
with the use of a map called the global Artin map. The approach we take here will be
using completions: local fields associated to a prime ideal or embedding of a global
tield. The extensions of a global field can be described via extensions of these com-
pletions. The first chapter will therefore deal with local class field theory: the study of
abelian extensions of local fields. In this chapter we construct the local Artin map, which
approximates the structure of the maximal abelian Galois group of a local field. Sub-
sequently, we connect extensions of global fields with extensions of their completions,
so that we can use the local Artin maps of the completions to form the global Artin
map.

In the next two chapters, whenever we talk about an extension, we will assume that
this extension is both algebraic and separable.
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We continue the study of local fields from Chapter 4 by investigating the extensions of
local fields. The main theorem of this chapter is Theorem 6.4.2. It states the existence
of the local Artin map, which connects the subgroups of the units of a local field with
the finite abelian extensions of the field.

6.1 EXTENSIONS OF LOCAL FIELDS

As mentioned, we will assume all extensions to be algebraic and separable. Moreover,
for every field we fix an algebraic closure. An extension is therefore Galois precisely
when it is normal. Any finite extension L/K that fails to be normal is contained in a fi-
nite Galois extension (that lies in the fixed algebraic closure) called the Galois closure of
L. It is defined as the smallest field containing L that is Galois over K. It is constructed
using the primitive element theorem: L can be written as K(«) for some element «
algebraic over K, then the Galois closure of L is the splitting field of « over K. As L is
a finite extension, the Galois closure is a finite as well.

In the upcoming paragraphs, let L/ K be an extension of degree 1, where K is a local
field with valuation v (and absolute value | - |), ring of integers O, residue field k. The
first question is whether L is a local field with a valuation vy that extends v. We will
state theorems in the next paragraph that show that this is indeed the case if L/K is
finite and that the valuation v}, is obtained very naturally.

In fact, the valuation is unique. To prove this, we borrow a fact from linear algebra,
which will be useful as L is an n-dimensional vector space over K.

Proposition 6.1.1. Let K be a field, complete with respect to an absolute value | - |. If
V is a finite-dimensional vector space over K, then any two norms on V are equivalent
and V is complete with respect to any norm. <
Proof. Theorem o.1 of [Zho11]. o
Corollary 6.1.2. Any two extensions of the absolute value of | - | on K to L are
equal. <

Proof. By considering L as a finite-dimensional vector space over K, the absolute
values on L can be seen as norms, which must be equivalent. However, they agree on
K, hence they must be equal. o

Define O}, as the integral closure of Ok in L. Note that Ok is a Dedekind domain.
We prove that Or is a Dedekind domain as well.

Proposition 6.1.3. Let R be a Dedekind domain, K = Frac(R) and L/K a finite exten-
sion. Then the integral closure of R in L is again a Dedekind domain. <

Proof. Theorem 4 of [Mor14]. o

As Dedekind domains have unique prime factorisation, the unique prime ideal 7Ok
of K factors uniquely in Op, say 70 = pil ...py. Note that r > 1 as wO;, # L. Each
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of those prime ideals induces a valuation v, and absolute value | - |,., and because for
any i # j there exists an element a € O such thata € p;, a ¢ pj, the valuations (and
absolute values) are not equivalent. However, they are all extensions of (a valuation
equivalent to) v, hence, using Lemma 6.1.2, we find that » < 1. We conclude that there
exists only a single prime lying over 71Oy, so we have 7O = p°. As a result, L has a
single prime ideal p. It is therefore also the unique maximal ideal, hence it consists of
all non-units.

The valuation vy is the valuation induced by p. We can make the valuation vy, explicit
using the following theorem:

Theorem 6.1.4. Suppose L is a finite extension of a local field K of degree n. Denote by
oy, ..., 0, the n distinct embeddings of L into its Galois closure over K. The valuations
vand |- | on K can be extended uniquely to v; and | - |1 on L by

01(x) = Lo(Nu/x(x)) and [xl = {/INLk(x)],

where N/ is the norm map given by Ny /i (x) = [T, 0i(x). <
Proof. Theorem 3.2 of [Schiz2]. o

As was the case with Ok, we have Of = {x € O : |x|p = 1}, hence p = {x €
OL : |x|L < 1}. However, as v is a discrete valuation, so is v, thus by Lemma 4.1.5,
p is principal, say p = 7O, which is a uniformiser of L. As p° = 70, we find
that v (1) = 1. This e is called the ramification index. The extension L/K is called
unramified if e = 1 and ramified otherwise. If e = n, the extension is said to be totally
ramified. Define k; = Ov/m,0;.

Proposition 6.1.5. The extension ky /k is finite. If we let f be the degree of this exten-
sion, then ef = [L : K]. <

Proof. Theorem 3.5(a) of [Sch12]. o

These results combined show that L is itself a local field.
A result of the previous theorems is that valuation interacts nicely with the Galois
group of a Galois extension of local fields:

Corollary 6.1.6. The elements of the Galois groups of L/K preserve valuation. As a
direct consequence, for any o € Gal(L/K) we have cO] = O and om; = m. <

Proof. For any a € L and ¢ € Gal(L/K) we have Np,x(a) = [Trcgair/x) T8 =
[Trecai(r/x) Toa = Np/g(oa) as multiplication with ¢ (from the right as well as the
left) is a bijection of Gal(L/K), thus also vy («) = vp(ow). o

6.2 UNRAMIFIED EXTENSIONS

In this section we consider the finite unramified extensions of a local field K, i. e. the ex-
tensions with ramification index equal to 1. It is possible to characterise all unramified
finite Galois extensions, as explained by the lemmata below. We begin with a lemma
that associates the finite unramified Galois extensions with the induced extension of
residue fields.
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Lemma 6.2.1. Let L/K be a finite Galois extension of local fields and let ki be the
residue field of L. If L/K is unramified, there exists an isomorphism Gal(L/ K) =
Gal(kr /k). Moreover, the inverse is true as well; if Gal(L/K) = Gal(kr/k), then L/K
is unramified. <

Proof. By the primitive element theorem, we can write k; = k[a], and let f(X) € k[X]
be the minimal polynomial of a. Finite fields are perfect, hence k; /k is a separable
extension, i.e. f does not have any double roots. We can lift f to a polynomial f(X) €
K[X]. Using Hensel’s Lemma we know that there is a unique a € L that is a root of
f and @ = a. However, L/K is Galois, hence the extension is normal, thus f must
split completely in L. Returning to k1, as f did not have any double roots, f splits
completely in kr. Thus ki, /k is normal and consequently Galois.

Corollary 6.1.6 states that any element ¢ of Gal(L/K) leaves O, and m intact, hence
o induces a field automorphism ¢ : O1/m; — Or/m;, which is in turn an element of
Gal(ky/k). As 0-T = 7 -7, the map Gal(L/K) — Gal(k/k) given by ¢ — 7 is a
homomorphism.

If L/K is unramified, we have [L : K] = [O : O] = [Ou/(n) : O/(n)] = [kr : k|
This implies that L is the splitting field of f, i.e. L = K(«). The elements of ¢ send
« to another root of f, and no two different elements in Gal(L/K) will send « to
the same root. All roots of f are distinct as ki /k is separable, thus the elements of
Gal (k. /k) will send a = & to the other roots of f. Similarly, no two different elements
in Gal(k./k) will send a to the same root of f. By Hensel’s Lemma, for every root a of
f there is precisely one root of f that is mapped to a under the quotient map, the map
Gal(L/K) — Gal(kr./k) is injective and surjective, hence an isomorphism.

Suppose, on the other hand, we have Gal(L/K) = Gal(kr./k). This implies [L : K] =
#Gal(L/K) = #Gal(ky /k) = [ki : k], and thus

[OL/TL’OL : 0/71(9] = [OL : O] = [L : K] = [kL : k] = [OL/mL : O/m].

As mO = m and O; has at most one ideal of each index, we see that 7O = my,
proving that L/K is unramified. o

Corollary 6.2.2. As all extensions of finite fields are cyclic, we see that unramified
finite Galois extensions of local fields have cyclic Galois group. <

Another result of the proof is that we have a homomorphism Gal(L/K) — Gal(k /k).

This homomorphism is surjective by Hensel’s Lemma: an automorphism of the ex-
tension ki /k is determined by a permutation of the roots of the polynomial of the
extension, which we can lift to roots of the polynomial of L/K, where we can follow
the same permutation. This results in the following proposition.

Proposition 6.2.3. There exists a surjective homomorphism Gal(L/K) — Gal(k/k).
If we denote the kernel of this sequence by I(L/K) (sometimes abbreviated to I), we
obtain an exact sequence

1 —— I(L/K) — Gal(L/K) —— Gal(kp/k) —— 1. < (1)
Explicitly, we can write
I(L/K) ={ce€Gal(L/K):ox=x (modm;)Vx €L},

and #I(L/K) = e.
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Proof. An element o of Gal(L/K) is trivial in Gal(ky /k) precisely when ¢ leaves all
elements fixed mod my, hence the explicit form of I(L/K) follows.

As n = #Gal(L/K), f = Gal(k./k), and ef = n (Proposition 6.1.5), we find that
I(L/K) contains e elements. 0

Corollary 6.2.4. If L/K is an unramified extension of local fields, then there exists a
unique automorphism Frob; ,x that maps to the Frobenius generator of the finite field

extension ky /k. This automorphism will be called the Frobenius element of L/K. <
Proposition 6.2.5. Let L/K and M/K be two extensions of K. If L/K is unramified,
then LM /M is unramified. <
Proof. Chapter II, Section 77, Proposition 7.2 of [NSgg]. o

Corollary 6.2.6. The composite of two unramified extensions is again unramified. <

Proof. Call the extensions L/K and M/K. By the previous proposition, we have
that LM /M is unramified. As M/K is unramified, we have an unramified tower of
extensions LM /M/K, hence LM /K is unramified. m)

Lemma 6.2.7. For a local field K and a positive integer 7, there exists a unique un-
ramified Galois extension L of degree n over K. It has a Galois group isomorphic to
Z/ n#z. <

Proof. Suppose the residue field k of K has g elements, where g is some power of
p- The extensions of k are given by IF;« (the unique extension of degree n), obtained
by adjoining the roots of X7 — X to k. Let f(x) € k[x] be the minimal polynomial for
I /k and lift this to f(x) € K[x]. As f(x) is irreducible mod m, it is an irreducible
polynomial. Let L be the splitting field of f (over K). As the roots of f are all distinct
(the extension IF;«/k is separable as k is perfect), the roots of f in L are all distinct
as well. As L is defined as the splitting field of f, L/K is Galois. Moreover, both f
and f have the same degree, hence L/K and F,:/k are extension of the same degree.
As f is the minimal polynomial for IF;: /K, we obtain Fgn C ki, thus we find [k -
k] > [Fg : k| = [L : K]. However, we have already shown that [L : K] > [k : k],
hence we find [L : K] = [k : k]. Using the proof of Lemma 6.2.1, we find that L/K
is unramified. Moreover, Gal(L/K) = Gal(k./k) = Z/nz. Hence we have created an
unramified Galois extension L/K of degree n.

To show that this is unique, suppose we have a different unramified Galois extension
M/K of degree n. Let E := M N L. By assumption, E # M, L. The extensions L/E and
M/E are unramified as well, thus both have a cyclic Galois group, both of the same
order unequal to 1. Moreover, LM/E is an unramified extension by Corollary 6.2.6.
However, As LN M = E, we have Gal(LM/E) = Gal(L/E) x Gal(M/E), which is not
cyclic as Gal(L/E) and Gal(M/E) are cyclic of the same order. This contradicts the
fact that Gal(LM/E) is unramified; the unramified Galois extension of K of degree n
is thus unique. o

Let K, stand for the unique unramified Galois extension of K of degree n. As the
compositum of two unramified extensions is again unramified, it makes sense to take
the composite of all unramified Galois extensions of a local field K: denote this by
K" It is known as the maximal unramified extension. Using Lemma 6.2.7, we see that
Gal(K™/K) = ]’gnGal(Kn /K) = Um Z/nz. = Z. Interestingly enough, this is indepen-
dent of K.

This concludes the section on unramified extensions; we know what the unramified
Galois extensions of a local field look like, and we have found the Galois group of the
maximal unramified extension.
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6.3 TOTALLY RAMIFIED EXTENSIONS

Recall that an extension L/K of degree n is called totally ramified if the extension of
the valuation of K to L has image 1Z U {c0}. Alternatively, one might state that the
prime elements 7t resp. 7, of K resp. L abide m = un" for some u € O*, i.e.m =
() = (7,)" = m!. Interestingly, we have [k;, : k] = [O1/m; : O/m] = 1[O1/m : O/m] =
1[0 : O] = L[L : K] = 1, so we see that the residue field has not grown at all! This is
in sharp contrast with the unramified extensions, where we had [k; : k] = [L : K].

Unfortunately, totally ramified extensions are not as easily characterised as unrami-
tied extensions. First of all, the compositum of the totally ramified extensions need not
be totally ramified. We illustrate this with a small example below. Furthermore, the
extensions are often based on polynomials that depend on the choice of uniformiser,
creating many different totally ramified extensions.

Example. We start with an example where the composite of two totally ramified
extensions is not totally ramified. Consider the local field Q, with uniformiser p. Let
q be a nonsquare modulo p and the extensions Q,[,/p] and Q,[,/pq] (these extensions
are different as g is a nonsquare). These are both extensions of degree 2, and in the
fields the ideal (p) factorises as (,/p)? resp. (/pq)* = (pq) = (p), thus both extensions
are totally ramified. However, the composite Q,[,/7, /79| = Qp[\/P, /9] is not totally
ramified as it contains the subfield Q,[,/4], which is an unramified extension of Q, as
the maximal ideal (p) remains inert.

However, not all hope is lost; there is still a great deal of structure to be found in to-
tally ramified extensions. For this, we start with the notion of an Eisenstein polynomial:

Definition 6.3.1 (EISENSTEIN POLYNOMIAL). A polynomial agx” + a1x" 1 +--- +a, €

O|x] is Eisenstein if v(ag) =0, v(a;) > 1forall1 <i < n and v(a,) = 1. <
Proposition 6.3.2. Any Eisenstein polynomial is irreducible. <
Proof. Suppose an Eisenstein polynomial f(x) = aox" + a1x"~ !+ --- 4 a, is not

irreducible and write f(x) = g(x)h(x), where both g(x) = gox* + - -+ + g, and h(x) =
hox? + - - - + hy, are polynomials in O[x]. We can expand the product:

g(x)h(x) = (gox" + -~ —|—gu)(h0xb et hy)
= gohoxu+b + -+ (ga—1hp + gahp_1)x + fap-

As v(gqhy) = v(a,) = 1, we have either v(g,) = 0 and v(h;) = 1 or v(g,) = 1 and
v(hy) = 0. Without loss of generality, assume the former. As v(g,—1hp + galtp—1) =
v(ay_1) > 1 and v(g,) = 1, v(hy) = 0, we must have v(g,_1) > 1. Proceeding with
the coefficient of x?, we find v(g,_2hy + ga—1hy_1 + gahp—2) > 1, hence v(g,—2) > 1. By
repetition of this argument we see that v(g;) > 1 for all 0 < i < g, contradicting the
fact that v(goho) = v(ap) = 0. Thus any Eisenstein polynomial is irreducible. o

As a corollary, the Eisenstein polynomials are suitable as polynomials for extensions
of K. In fact, they play a much bigger role, clarified by the following theorem:

Theorem 6.3.3. An extension L/K of local fields is totally ramified precisely when
L = K(a), with « a root of an Eisenstein polynomial. <

Proof. Theorem 2.4 of [Cai10]. a
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Corollary 6.3.4. There exists a totally ramified extension of K of degree n for any
n>1. <

Proof. The polynomial X" — 7t is Eisenstein for any uniformiser 7t of K. o

As mentioned, the composite of two totally ramified extensions is not necessarily
totally ramified. As a result, we cannot create a "maximal totally ramified extension"
in the same manner we did for unramified extensions. It is, however, still possible to
create a tower of totally ramified extensions (of which the composite is totally rami-
tied), which itself does not contain all totally ramified extensions, but once combined
with K", it will contain every totally ramified extension. To construct this tower we
need the so-called Lubin-Tate formal group laws, about which we will only state the
most important results.

In the following sections, we will heavily use the polynomial f(X) = X7+ X for a
fixed uniformiser 7r. Note that f(X)/x is an Eisenstein polynomial.

Theorem 6.3.5 (LUBIN-TATE FORMAL GROUP LAW). There exists a unique power series
Fr € O[[X,Y]] such that Ff(X,Y) = X +Y mod deg2, Ff(X,Y) = F¢(Y,X) and

f o Ff = Fro f called the commutative formal group law. <
Proposition 6.3.6. For every a € O, there exists a unique [a] € O][X]] such that
[a] = aX (mod deg2) and [a] o f = f o [a]. <
Proof. Lemma 4.2 of [Rieo6]. o

Here mod deg?2 means that we only consider linear and constant terms. An im-
portant remark is that [77] = f. The notation X +5, Y := F¢(X,Y) is often used. Let
m® = {a € K® | |a| < 1}, where the absolute value of « in K° is the absolute value of
a in K(«). With the Lubin-Tate formal group law, we can adhere an O-module struc-
ture to m* using +p, and a - a = [a](a). Call the resulting O-module A. Consider the
submodules A, := Ann(nt") = {a € A : 7" -a = 0} for any n € N and note that
" - o = 0 precisely when f"(x) = 0, where f" = fo fo...o f. It is immediate that

times
Ay_1 is a submodule of A, for any n. As f isa polynon?ial, f" has finitely many roots,
thus A, has a finite number of elements. Because O has only ideals of the form (™),
it is a principal ideal domain. By the structure theorem for finitely generated modules
we have
Ap = 0/(nh) X -+ X Of (nim),

where the d; are positive integers. In the separable closure, f has g distinct roots. How-
ever, as we have seen, f(X)/x is Eisenstein, thus the roots all have positive valuation.
Hence all the roots of f lie in A. As a result, A; has g = #9/(n) elements, and the
structure theorem guarantees Ay = O/(n).

For the other A,, we prove that there exists an exact sequence

0 A Ay —"—= Nyq —— 0,

where A; — A, is inclusion and 7 : A — A is given by multiplication with 7r. We
want to prove that this map is surjective, i.e. for all « € A there is a f € A with
f(B) = a. The polynomial f(X) — « has g different roots in A, and their product is +«,
which has positive valuation, hence all roots must have positive valuation, thus they
lie in A. So not only is 7T surjective, it is even a g-to-1 map. Asa« € A, & f*(a) =0,
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we can restrict 77 to a homomorphism 7w : A, — A,_1. Moreover, we claim that
Y (Ay—1) = Ay. Suppose « € A,_1 and let B € A such that f(B) = a. Asa € A4,
we have f"(B) = f""!(a) = 0, hence B € A,. Hence the restriction 77 : A, — A,_1 is
a surjective g-to-1 map. Moreover, it is clear that ker(7r) = Ann(7r) = A;.

Using the exact sequence, combined with the fact that #A; = g, we inductively find
#A, = q". Assume as an induction hypothesis that A; = O/(7) for all 1 < i < n
(this holds for the base case n = 1). Using the structure theorem, we have either
Apy1 = O/ () X O/ (n) or Apyy1 = O/ (7*1) as it must contain A, = O/(n"). As Ayyq is
not annihilated bu 7" by construction, but O/ (=) x 9/(n) is, we find A, 11 = O/ (7).
As a result, we have Aut(A,) = (O/(x"))*.

Define K, := K[A,]. We obtain a tower of extensions K C K[A1] C --- C K[A,] C

Proposition 6.3.7. For any 1, K , is a totally ramified extension of degree (g —1)g" !
with Galois group isomorphic to (O/(z"))*. <

Proof. We create intermediate extensions between K and K, to show the desired
results.

Let a7 be any nonzero root of f. As f(X)/x is Eisenstein, K[a1]/K is totally ramified of
degree g — 1. Then consider the polynomial X7 + 71X — a1 € Ok(y,[X]. As mentioned
in the proof of Theorem 6.3.3, 1 is a uniformiser of K[a;], hence X7+ X — aq is
an Eisenstein polynomial in Og(,,)[X]. Take any root a; and we obtain an extension
K[a1, a2]/K[aq], which is totally ramified of degree gq. We have K[aq,a2] = K|az] as
n = txg + 7. We can repeat this process to obtain «, ..., a,, where «; is a root of
f(X) —aj_1,or f(a;) = ;1. Note that as a7 is a root of f unequal to zero, «; is a root
of !, but not of fi=1.

As K C K[az] C - -+ C K]ay] is a tower obtained by adhering a root of an Eisenstein
polynomial to the previous extension. It follows from Theorem 6.3.3 that all extensions
are totally ramified, and [K[a;] : K] = ¢ — 1, while [K[a;] : K[a;_1]] = g for i > 1. Hence
K[ay]/K is a totally ramified extension of degree (g —1)g" 1.

As mentioned, a, is a root of f", hence K[a,] C Kz,. The elements of the Galois
group of K, permute the elements of A,. As the Galois elements commute with
polynomials, i.e. 0(g(x)) = g(o(a)), they commute with power series as well, thus
the elements of the Galois group act as O-module isomorphisms on A,. As a result,
Gal(K[A,]/K) is (isomorphic to) a subgroup of Aut(A,) = (9/(=")*, which has or-
der (g —1)g" . Hence #Gal(K[A,]/K) < (g —1)g" !, thus [Kr, : K] < (g —1)g" L.
However, we have seen that K[a,] C Ky, and K[a,]/K is an extension of degree
(g —1)g"~1. We conclude that K[a,] = Ky, thus K, is a totally ramified extension
of degree (g — 1)g"~!. Furthermore, Gal(K[A,]/K) is isomorphic to the entire group
Aut(A,), thus Gal(K[A,]/K) = (O/(zm))*. o

Galois group (9/(="))*, we have Gal(K,/K) = @Gal(Kn,n/K) = @1(0/(#))* = O,
The extension Kj, is still dependent on the choice of uniformiser 7.

Let K; := U, Krin- As Kryy € Kypnq1 and Ky, is totally ramified for all n with

6.4 THE MAXIMAL ABELIAN EXTENSION

This final section states the central theorem of local class field theory (Theorem 6.4.2):
the existence of the local Artin map, which creates a connection between the sub-
groups of K* and the finite abelian extensions of K. Our starting point is Lemma 6.4.1,
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we uses the previous sections to help structure the Galois group of the maximal
abelian extension K2°, which is the composite of all finite abelian extensions.

6.4.1 CONSTRUCTION OF THE MAXIMAL ABELIAN EXTENSION

So far we have explored the unramified extensions, from which we obtained a compos-
ite of all unramified extensions K", and the totally ramified extensions, from which
we obtained a union of a tower of extensions K. They combine nicely in the following
lemma:

Lemma 6.4.1. For any choice of uniformiser 7t we have K3 = K. K. As a result,
Gal(K? /K) = Gal(K"/K) x Gal(K,/K) & Z x O*. <

Proof. Section 6.1 of [Rieo6]. o

We make two important remarks about this lemma: firstly, even though K is de-
pendent on the choice of T, K2 is not. Secondly, as K* = Z x O* (recall that every
element can be written uniquely as u x 7", n € Z, u € OF) it seems that there may
exist a map K* — Gal(K® /K), using an embedding Z — Z and an automorphism
of O*. It turns out that this is indeed the case.

6.4.2 THE LOCAL ARTIN MAP

In this final section we will state the main theorem of local class field theory: the
existence and unicity of a group homomorphism K* — Gal(K?/K) that contains all
information on the Galois groups of finite abelian extensions of K.

The full theorem is as follows:

Theorem 6.4.2. Let K be a local field with uniformiser 7t. There exists a unique con-
tinuous group homomorphism ¢ : K* — Gal(K®®/K) known as the local Artin map
such that

1. we have induced isomorphisms K*/n, x(L*) =+ Gal(L/K) via a — ¢(a)|, for any
finite extension L/K;

2. the restriction of ¢(77) to a finite unramified extension L of K for any uniformiser
7t is the Frobenius automorphism of L/K, i.e. ¢(r)|, = Froby k.

Moreover, any open subgroup of K* of finite index is of the form Ny ,x(L*) for some
finite abelian extension L of K. <

Proof. Theorem 5.1 of [Rieo6]. o

We can describe the map using the decompositions of the previous sections (see
page 21 of [Rieo6]):

1 (’f KEP T 1

1 —— Gal(K®/K") —— Gal(K?®*/K) —— Gal(K""/K) — 1.
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The map O* — Gal(K?® /K'") = Gal(K% /K) is an isomorphism, given by sending u €
O* to the automorphism [u~'];, where again f = X7+ 7X. The map Z — Gal(K""/K)
sends 1 to Frob”, where

Frob = H (FI‘ObL/K) S 1&1 Gal(L/K) = Gal(Kur/K),
L/K L/K
finite abelian finite abelian

the universal Frobenius.

By descending to a finite abelian extension L/K and using the exact sequence from
Proposition 6.2.3 we can extend the diagram above to include a third row:

1 O~ K~ Z 1
| s |
1 —— Gal(K®®/K") —— Gal(K*®®/K) — Gal(K""/K) —— 1

| | |

1—— I(L/K) ——— Gal(L/K) — Gal(kp/k) —— 1.

As all finite extensions of finite fields are generated by the Frobenius, that induced
map Z — Gal(k./k) is surjective. As the map O* — Gal(K?®/K"") is an isomorphism
and Gal(K®/K") — I(L/K) is surjective, the composite O* — I(L/K) is surjective
as well for any finite abelian extension L/K.
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As in the chapter on local fields, global class field theory studies the finite abelian ex-
tensions of a global field. The first sections are mostly definitions and basic theorems,
so that in Section 7.4 we can state the central result of global class field theory, The-
orem 7.4.8. It states the existence of a map that approximates the maximal abelian
Galois group Gal(K®/K) and is called the global reciprocity map or global Artin map.
This map comes to life by making a connection between global field extensions and
local field extensions, Theorem 7.4.2, after which we can rely on the local reciprocity
map to define this global reciprocity map.

7.1 COUNTING EXTENSIONS OF GLOBAL FIELDS

This short section is devoted to showing that global fields have countably many exten-
sions.

Lemma 7.1.1. Suppose S is a countable set. Then the polynomial ring S[X] is count-
able as well. <

Proof. Let S,[X] be the polynomials of degree n. Then we have a bijection S,[X] —
S"H via i

ZsiXi — (S0,81,-+-,5n)-

i=0
As S is countable, S"*! is countable, hence S, [X] is countable. Because we have S[X] =

U Su[X], which is a countable union of countable sets, we find that S[X] is countable
nelN
as well. o

Theorem 7.1.2. Any global field K has countably many finite extensions. <

Proof. A global field is either a finite extension of Q or IF,(T) for some prime power g
and transcendent element T. Any finite extension of K is therefore either a finite exten-
sion of Q or a finite extension of IF;(T). Certainly Q is countable, and by Lemma 7.1.1
we find that IF,(T) is countable as well.

Let F be either Q or FF,(T). The finite extensions of F are obtained by adding a
root of a polynomial in F[X] to F. By Lemma 7.1.1 only countable many such polyno-
mials exist, and each of those polynomials has a finite number of roots, hence there
are countably many roots of polynomials over F. Thus F has countably many finite
extensions, and it follows that K has countably many finite extensions as well. 0

7.2 SPLITTING BEHAVIOUR OF PRIMES

We prove that for any Galois extension it is possible to define certain subgroups of the
Galois group that separate the types of behaviour that the primes can display, namely
splitting, ramification, and staying inert.

We start with an important theorem on the behaviour of prime ideals in finite ex-
tensions, taken from J.S. Milne’s Algebraic Number Theory, [Mil14].
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Theorem 7.2.1. Let L/K be an extension of global fields of degree n. Let p be a prime
ideal (or equivalently a finite prime) of K and qy,...,q; the primes of L dividing p,
and write ¢; respectively f; for the ramification index respectively residue class degree.

Then
g

Zeifz- =n.

i=1
If additionally L/K is Galois, then all ¢; and f; are equal, which will be named e and f
respectively, (so we have efg = n) and Gal(L/K) acts transitively on the prime ideals
of L dividing p. <

Proof. Theorem 3.34 of [Mil14]. o

7.2.1 DECOMPOSITION AND INERTIA GROUPS

Fix a finite extension L/K of degree n and let G = Gal(L/K). We define a pair of
groups associated to G, namely the decomposition and inertia group. Using the groups
we can split the extension L/K into a tower of extensions L/L!/LP /K, where in every
extension the primes over a certain prime of K exhibit only a single type of behaviour:
in LP /K, they split completely, in L!/LP, they are completely inert, while in L/L/,
they are totally ramified.

Definition 7.2.2 (DECOMPOSITION GROUP). Let L/K be an extension of global fields
with Galois group G. Let p be a finite prime of K and q a (finite) prime of L lying over
p. Define the decomposition group of q, G, as

Gy={ceG|og=q}. <

The decomposition group will help establish a connection between Galois exten-
sions of global fields and their localisations.

Lemma 7.2.3. The decomposition groups D, corresponding to primes g of L lying
over the same prime p of K are conjugate in G. <

Proof. For any o, T € G, as they are field automorphisms, we have (tot!)(q) = q
precisely when o(t7'(q)) = 77'(q). Hence tot~! € Dy if and only if ¢ € D,y
and therefore T-'1D,T = D-1(q)- By Theorem 7.2.1, G acts transitively on the set of
primes dividing p, and therefore we obtain that the decomposition groups are indeed
conjugate in G. o

Corollary 7.2.4. From the Orbit-Stabiliser Theorem we deduce that [G : Dy| = g, the

number of primes in L dividing p, for any q dividing p. <

Theorem 7.2.5. For readability, write D = D,. The fixed field LP of D, defined by
IP={acL:0ca=aforallcc D},

is the smallest subfield E C L such that g(L / E) =1. <

Proof. We have Gal(L/LP) ~ D and qN LP is a prime of LP. Theorem 7.2.1 states
that D acts transitively on the primes lying over q N LP. However, by definition D
leaves q invariant, thus q must be the only prime in L dividing q N LP. Thus ¢(L/LP) =
1.

Conversely, if E C L is such that q is the only prime lying over q N E, then Gal(E/L)
certainly fixes q, hence Gal(E/L) C D, or LP CE. o



7.2 SPLITTING BEHAVIOUR OF PRIMES

The proposition effectively states that when going from LP to L, the primes above
p do not split, but stay inert or ramify (or some combination). We can strengthen this
somewhat by showing that when going from K to LP, p splits completely. Please be
aware that LP /K need not be Galois. (For this D would need to be a normal subgroup.
This is a bit of foreshadowing, we will later consider abelian extensions and L /K
will then be Galois.)

Proposition 7.2.6. We have e(L/LP) = e¢(L/K)(= e) and f(L/LP) = f(L/K)(= f).
As a result, the prime p only ramifies and/or stays inert when going from LP to L, not
from K to LP, where it only splits (completely). <

Proof. We have #D = #G/[G:D] = ¢fs/g = ef. Recall ¢(L/LP) = 1, hence
e(L/LP)f(L/LP) = [L: LP] = #D = ef.

However, LP is a subextension of L/K, hence e(L/LP) < e and f(L/LP) < f, and we
may conclude the proposed. o

Corollary 7.2.7. LD is the largest field in which p splits completely. <

Denote by F, = Ox/p and [F; = O1/q the residue fields of p in K and q in L, respec-
tively. The finite field extension IF,/IF, is of degree f and has a cyclic Galois group
generated by the Frobenius automorphism Frob,.

Any Galois element ¢ of L/K abides ¢(Or) = Or. If additionally (q) = q,i.e. 0 €
Dy, then ¢ induces a field automorphism of F; = 91/q. We obtain a reduction homo-
morphism Dy — Gal(IF,/TF,).

Lemma 7.2.8. The homomorphism D, — Gal(IF,/F,) is surjective. <

Proof. By the primitive element theorem, we have an 4 € FF, such that F; = [F,(a).
We can lift 7 to an element a of Ox C Opp. Let P = [],cp, (x —0(a)) € LP[x] be the
characteristic polynomial of a over LP. Returning to the residue fields, P = [Toep, (x —
o(a)) is a polynomial in the polynomial ring of the residue field of the prime q N LP.
Theorem 7.2.6 states that the residue field of q does not grow when going from K to LP
(as f(LP/K) = 1), thus P € Fy[x]. Moreover, a is a root of P. However, as P € Fy|x],
the minimal polynomial of 4 divides P, i.e. all Galois conjugates of @ must also be
roots of P. In particular, Froby(a) is such a root, and is therefore of the form o (4),
implying that Frob, is in the image of D, — Gal(IF,/F,). As Frob, is the generator of
Gal(IF,/TF,), this suffices to prove the lemma. 0

Definition 7.2.9 (INERTIA GROUP). The inertia group is defined as the kernel of the
homomorphism Dy — Gal(IF,/FF,). We obtain an exact sequence

1 I D, Gal(Fy/F,) — 1. < (2)
This implicit definition of an inertia group can be made more explicit:
Proposition 7.2.10. We have #I; = ¢ and

I;={c€G:oa=a(modq) foralla € O }. <
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Proof. The first assertion follows from the exact sequence as #D; = ef and [F, :
Fy] = f. Secondly, the elements in the kernel of Dy — Gal(IF,/F,) are precisely those
that abide 0a = a (mod q) for all 2 € Oy, hence

Iy={0c€Dy:0a=a(modq) foralla € O}.

Suppose 0 & D,. Then 0! ¢ D, hence 0~!(q) # q. However, both are prime ideals,
hence (using, for example, the Chinese Remainder Theorem) we can find some a € O,
that lies in g, but not in c~!(q). Hence we have a € g, while a & ¢(q), hence o(a) #
a (mod q). We conclude that

Iy={c€Dy:0a=a(modq)foralla e O}
={0c€eG :oa=a(modq) foralla e Or}. o

Corollary 7.2.11. The prime p of K is unramified in L/K precisely when the inertia
groups I, are trivial. <

We have a similar fixed field theorem as we had for the decomposition group:

Theorem 7.2.12. Write I = I;. Then L! is the largest subfield of L in which p is
unramified. <

Proof. Consider the prime qN L! of L!. As we have seen in Theorem 7.2.5, ¢(L/LP) =
1, hence g(L/L') = 1 and we obtain that q is the only prime dividing q N L. As
the Galois group Gal(L/L!) is precisely the inertia group, we see from the exact se-
quence (2) that the Galois group of the extension [Fq/F 1 is trivial, hence IFq = F 1.
This implies that f(L/L') = 1. As [L : L'] = #I = e, we conclude that e(L/L!) =
e(L/LYf(L/LY)g(L/L")y = [L: L'] = e. In turn, this implies e(L!/K) = 1.

Now suppose we have a field K C E C L and the prime q N E. The inertia group of
q over E, denoted I, is equal to

Ig ={0c€Gal(L/E):ca=a (mod q) foralla € Op} = INGal(L/E).

It follows that L'e = LT . E,

Suppose that p is unramified in E. Then e(L/L'®) = e(L/K)/¢(Le/K) = ¢/1 = e (here
e(L/L') is the ramification index of g N E in L). The ramification index of N E in L is
equal to the index of the inertia field L't in L (we have seen this in Proposition 7.2.10).
Hence

[L:Ll-E]=[L: L) =e(L/L%) =e=[L: LY,
and we conclude that E C L. This proves the theorem. o

Corollary 7.2.13. Suppose we have two finite unramified extensions L;/K, Lp/K.
Suppose they both lie in some finite Galois extension L/K. Then they lie in (] L% for all
primes in L, hence the compositum L; - L, does as well. Thus L; - L, is unramified. <

We can summarise the theorems in the following diagram:
o o . o o !
‘ ‘ ‘ ‘ totally ramified

completely inert

(3)

° ° ° ° LD

x / split completely

o K




7.3 ABELIAN EXTENSIONS

Every black dot represents a prime, and the size of the dot symbolises the size of the
residue field. The credits for this picture and many proofs in this section go to William
Stein, [Steo4].

7.2.2 THE FROBENIUS ELEMENT

If the prime p is unramified in L/K, the inertia groups are trivial, as we have seen in
Corollary 7.2.11. Hence, fixing a prime q of L dividing p, we obtain the exact sequence

1 1 D, Gal(Fy/F,) — 1, (4)

i.e. an isomorphism Dy =+ Gal(F,/F,). Thus there is a unique element in D, that
maps to the Frobenius element of Gal(IF,/[F,) (the generator that raises every ele-
ment to the power #IF,). Denote this element by (q, L/K) (this is the notation used in
[Mil14].)

Proposition 7.2.14. The set of Frobenius elements {(q,L/K) : q | p} form a conjugacy
class, denoted (p, L/K). <

Proof. From Lemma 7.2.3 we know that the decomposition groups are conjugate. Let
T € G be such that TDg, ! = Dg,. We can construct the following diagram:

D, —— Gal(F,, /F,)

lroor*l lid

D,, — Gal(IF,, /TF,).

The arrow on the right is an isomorphism as all residue class degrees are equal, hence
Fy, ~ IFy,. Moreover, the diagram commutes as the Galois group of the finite field
extension is abelian. Hence we may conclude that 7(q;, L/K)T~! = (g2, L/K). o

Proposition 7.2.15. Let M/L/K be a tower of finite Galois extensions. Choose a
prime p of K, a prime q dividing p, and a prime v dividing q. Assume that v is un-
ramified over p. Then

(v, M/K)Y@/%?) = (¢, M/L). <

Moreover, (v, M/K)|, = (q,L/K).

Proof. The Frobenius automorphism of Gal(F./F,) is given by a + a*fs, while
for Gal(F./F,) we have a — a*fa. By definition, [F, : F,] = f(q/p). The second
part follows as the Frobenius automorphism of Gal(IF,/IF,) restricts to the Frobenius
automorphism of Gal(F,/TF,). o

7.3 ABELIAN EXTENSIONS

When considering abelian extensions of a global field, the engine of the decomposition
and inertia groups runs a bit more smoothly. This happens because every subgroup
of an abelian group is normal. As a result, the theorems of the previous section can be
strengthened.

Suppose L/K is a finite abelian extension. Let p be a prime ideal of K, with qy,...,qg
the primes of L dividing p.
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Lemma 7.3.1. The decomposition groups Dy, are all equal. <

Proof. We know that the decomposition groups are conjugate by Lemma 7.2.3. As
the decomposition groups are normal subgroups, which means the are fixed under
conjugation, they must all be equal. o

Hence we can write D, = D, and we obtain an exact sequence

1 I, D, Gal(Fy/F,) — 1.

In abelian groups, all conjugacy classes consist of a single element. In particular,
(p, L/K) is just a single element, hence there exists an element, denoted Frob,(L/K),
that acts as the Frobenius element for all primes dividing p at the same time.

7.3.1 FINITE ABELIAN EXTENSIONS

A final important method of approaching finite abelian extensions comes from the
fundamental theorem of finite abelian groups:

Theorem 7.3.2 (FUNDAMENTAL THEOREM OF FINITE ABELIAN GROUPS). Let G be a finite
abelian group. There exist finite cyclic groups Ay, ..., A, such that G = P, A;. <

Proof. Theorem 6.9 of [Rotgg]. o

Now suppose we have a finite abelian extension L/K with Galois group G and,

n
using the aforementioned fundamental theorem, we can write G = @ A;. For any
i=1
1<i<nletB;=6& Aj be a subgroup of G. As G is abelian, B; is a normal subgroup
j#i
of G, hence L is a Galois subextension of L/K. Its Galois group is isomorphic to
G/B; =2 A;, hence LB is a finite cyclic extension of K.

Consider the composite LB -.... LB It is a Galois subextension of L/K, hence
there is some (normal) subgroup H of G that has this composite as fixed field. As
LB C LBi. ... LB wehave H C B; for all i, hence

DL

H - Bl' = {6}

1

~.

However, this implies LH =1, thus LBt ..... LB» = L. We summarise this in the
following lemma:

Lemma 7.3.3. Let L/K be a finite abelian extension. There exist finite cyclic subexten-
sions Lq,...,L, suchthat L;-...- L, = L. <

Because all extensions we consider are algebraic, this extends to abelian extensions
in general. Any abelian extensions is the composite of finite abelian extensions, and
for each of these extensions we find the finite cyclic subextensions. As the composite
of the (possibly infinitely many) finite cyclic extensions contains all the finite abelian
extensions, it contains the original abelian extension as well. Hence we can restate the
lemma, this time dropping the finiteness condition:

Lemma 7.3.4. Let L/K be an abelian extension. There exists an index set I and finite
cyclic subextensions L; for every i € I such that the composite of all L; equals L. <
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7.4 GLOBAL CLASS FIELD THEORY USING LOCAL CLASS FIELD
THEORY

This approach to global class field theory essentially borrows all theorems from local
class field theory; we stated the beautiful central theorem of local class field theory in
Theorem 6.4.2. In order to do this, we need to associate local fields to a global field,
which is done using completions, which we have defined before, see Definition 4.1.9.

7.4.1 COMPLETIONS

In this section we will create a connection between extensions of a global field and the
extensions of a localisation of this field and relate the Galois groups of both extensions.
In order to create localisations, we require absolute values, whose equivalence classes
are called primes.

Definition 7.4.1 (PRIME). Given a global field K, a prime of K is an equivalence class
of nontrivial valuations on K. <

The primes of K can be split into three sets:
¢ the finite primes: these correspond one-to-one with nonzero prime ideals in O;
¢ the real primes: these correspond one-to-one with real embeddings K — RR;

¢ the complex primes: these correspond one-to-one with (conjugate) pairs of com-
plex embeddings K — C.

The real and complex primes together are known as the infinite primes or primes
at infinity. A global field always has primes at infinity, while a function field only
has finite primes. Just like the prime ideals of Ok factor into prime ideals of Oy, for
an extension L/K, i.e. finite primes of K factor into finite primes of L, the real and
complex primes of K factor into real and complex primes of L. A real prime of K is
said to split completely in L/K if every prime of L lying over this prime is real. If this
is not the case, we say that the prime of K ramifies.

Example. Consider the extension Q[i]/Q. Q only has one real prime, the one corre-
sponding to the trivial embedding, and no complex primes. Q[i] has no real primes,
and one complex prime, corresponding to the pair of complex embeddings given by
the identity and complex conjugation. This prime lies above the real prime in Q, so
we see that the real prime of Q ramifies in Q[i].

Remark. Let K be a number field and let v be a prime of K. If v is a real prime, then
Ky is isomorphic to R. If v is a complex prime, then K, is isomorphic to C. Finally, if
v is a finite prime, K, is a local field.

Example. Suppose K = Q and let v, be the prime associated to the prime ideal (p).
Then Ky, = Qp.

Let K be a global field along with a prime v. Suppose we have a Galois extension
L/K and a completion K; of K. In the extension L there are primes wy, ..., wq lying
above v. Choosing any w of these primes, we obtain a localisation L, of L. Then L, is
an extension of K.
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Theorem 7.4.2. Let L/K be a finite extension of global fields, p a finite prime in K and
q a prime in L dividing p. The exact sequences in Proposition 6.2.3 and Definition 7.2.9
are isomorphig, i.e. there exist isomorphisms Gal(Lq/K,) = D4(L/K), I = I, and
Gal(ky /k) = Gal(FF,/FF,) such that

1 I Gal(Ly/Ky) — Gal(kr, /kx,) — 1

| | |

1 —— I4(L/K) —— D4(L/K) —— Gal(F,/F,) —— 1

commutes. <

Proof. Propostition 9.6 of [NSg9].

The intuitive proof is as follows: any element of Gal(Ly/K;) leaves K fixed, and as
L/K is Galois, any element of Gal(L,/K,) can be seen as an element of Gal(L/K).
As any element of Gal(L,/Kj,) must leave q fixed, it lies in Dq(L/K). Now that these
sets are the same, I and I;(L/K) also consist of precisely the same elements by their
explicit forms from Propostion 6.2.3 and Proposition 7.2.10. From the exact sequences
we obtain the final isomorphism. o

Corollary 7.4.3. For a finite abelian extension L/K, the extension L,/K, is abelian as
well, as its Galois group is a subgroup of Gal(L/K). <

7.4.2 ADELES, IDELES AND THE IDELE CLASS GROUP

In the previous section we created a connection between the extensions of global fields
and their completions, and we would like to combine this with the stellar result from
local class field theory, Theorem 6.4.2. The first attempt would be as follows: does

there exist a continuous homomorphism ] K} — Gal(K®/K) such that for all
v place

places v of K the following diagram commutes?

K} —— Gal(K2®/K,)

j j (5)

[T KY —— Gal(K®/K)

v place

The answer, unfortunately, is no. An indication of why this might be the case is that
while K, Gal(K3 /K,) and Gal(K?® /K) are all locally compact (the latter two spaces

are even compact), while J] K (abbreviated as []K;') is might not be, as an infinite
v place

product of locally compact spaces is in general not locally compact. Informally, the
space [T K, can be thought of as being too large, see also page 11 of [Mil13].

With this in mind we define a subspace of []K; called the idele class group. We
also define an additive version known as the adele ring, which seems similar, but is
significantly different as a topological space. One last remark before the definition:
if v is not a finite place, then it corresponds to either a real embedding or a pair of
complex embeddings, and K, is isomorphic to R respectively C. In this case we define
O, = Ko.
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Definition 7.4.4 (ADELES, IDELES). Let K be a global field. The adele ring Ak is de-
fined as

Ax = H /(KU, Oy) ={(x0)s € HK Xy € O, for all but finitely many v},

v place

with addition and multiplication defined componentwise. The ideles A} are defined
as

Ax=T] "(KX,00) = {(x0)0 € [TK5 : xo € O for all but finitely many v}.

v place

This construction is an example of a restricted product, which was defined in Defini-
tion 2.3.1. <

Remark. The idele group is sometimes denoted by I.

We will often not require the infinite places, and with that in mind we define the
finite adeles and ideles:

Definition 7.4.5. Let K be a global field. The finite adele ring Ay r is defined as

Axs= TT (K. 0p)
p

fin. prime

={(xp)p € [ [Kp : xp € Oy for all but finitely many prime ideals p}.

and the finite ideles A}‘Q fas

* / *
A= IT &0
fin. }frime

= {(xp)p € [ [K) : xp € O; for all but finitely many prime ideals p}. <

Lemma 7.4.6. Both Ag and Ay are locally compact. <

Proof. Asall K, and K; are locally compact, while all O, and O} are compact, both
the adeles and ideles are locally compact by Proposition 2.3.3. o

Remark. The topology on Ay is finer than the subspace topology obtained from
Ay C Ag. To illustrate this, enumerate the primes of K by py,p2,... and let aj, ay, ...
be the sequence in A} defined by (a;),, = 71; and (a;), = 1 for all other p.

In A%, the sequence a1, 4y, ... does not converge to 1, as 1 has the open neighbour-
hood T[] (51*( by Definition 2.3.1 of a restricted product.

p prime
In Ak, a basis of open neighbourhoods is given by sets of the form

H(l + ﬂ?i(’)pi) X H(1 + Opi)
icS iZS
where S C N is finite and n; € IN. However, every a; with i > max,css lies in this
open set. As S is finite, this maximum is well-defined, and we see that the sequence
converges to 1.
The credits for this example go to user29743 of StackExchange, see [Sta12].

We can generalise the proof that the above sequence converges in the topology of
the adeles to the following lemma:
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Lemma 7.4.7. Suppose for every prime p of K we are given a sequence x,; € O,
that converges to an element x, € O,. Then []x,; converges to []x, in the adele
topology. <

Proof. The proof is very similar to the argument given in the remark above: again
enumerate the primes of K by py,p,... and let P, : Ax — K, be the projection map
to the coordinate corresponding to p;. A basis of open neighbourhoods of []x,, is
given by sets of the form:

1—[(1 + ﬂ?iop].) X H(xU + Opi) = H(l + H?iopi) X Hopi

i€S i¢S i€S i¢S

where S C IN is finite and n; € IN. Fix such a set S and an open Ug in the aforemen-
tioned basis. Let s be the maximal element in S. As x, 1, X, 2,... converges to xy, for
all i € IN, there exists an integer ay, for every prime p; such that x,, ; € P, (Us) for all
j > ap,, as Py, (Us) is an open neighbourhood of xy,. Let 2 = max;<;a,,. Then for all
i€ Sandj>a, wehave x,,; € P, (Us), hence [Tx,,; € Us for all j > a, implying that
[Txy,j converges to [] xp,. 0

The idele class group is the substitute of [] K, in Diagram 5, as explained in the
following theorem:

Theorem 7.4.8. There exists a continuous homomorphism recg : A} — Gal(K®/K)
known as the global Artin map or global reciprocity map such that the following diagram
commutes for all places v:

K} ——— Gal(K3"/Ky)

j (6)

A — Gal(K*/K). <
We can embed K* into Ay diagonally: every element of O except zero is divisible by
finitely many primes, hence K* = Frac(O) — {0} indeed lies in the restricted product.

Proposition 7.4.9. K* lies in the kernel of reck. <
Proof. Theorem 5.3(a) of [Mil13]. o

This allows us to substitute Ax/k* for Ay in Diagram 6. This quotient is called the
idele class group and often denoted Ck. This idele class group plays a role similar to K
in local class field theory, as made precise by the following theorem:

Theorem 7.4.10. For any finite abelian extension L/K we have a norm map Ny /k :
Cr — Ck induced from the norm map A} — A}. The following diagram commutes:

recg

Cx Gal(K?*/K)

J |

recr/k

CK/NL/K<CL) e Gal(L/K),

where recy /i is an isomorphism such that rec; x(1,...,1,7m,1,...) = (p,, L/K) for
every prime unramified in L/K. Moreover, all open subgroups of finite index of Ck
are of the form N ,x(Cp) for some finite abelian extension L/K. <
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Proof. Theorem 5.3(b) of [Mil13]. o

The image of the subgroup Oy C K for p a prime ideal in the bottom right of
Diagram 6 is particularly interesting: one of the results of Theorem 6.4.2 was that
for a finite abelian extension L,/K;, the reciprocity map induced a surjective map
O — I(Lq/Ky). By Theorem 7.4.2 and because L/K is abelian, I(Lq/K}) is mapped
(isomorphically) to I,(L/K) under the map Gal(L,/K,) — Gal(L/K), which is in-
duced from Gal(K3®/K,) — Gal(K?®/K). Hence O, is mapped surjectively to I,(L/K)
for every finite abelian extension L/K. The image of O, in the bottom right of Di-
agram 6 is denoted reck(Oy), even though this is a slight abuse of notation. The
following lemma summarises this:

Lemma 7.4.11. For every finite abelian extension L/K the image of reck(O;) under

Gal(K?®/K) — Gal(L/K) is the inertia subgroup I,(L/K). <
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Part II1

A DYNAMICAL SYSTEM AND ITS RELATION TO L-SERIES:
AN APPLICATION OF CLASS FIELD THEORY






INTRODUCTION

In this final part we study an as of yet unpublished paper by Cornelissen, Li, and
Marcolli, [CLM16]. It mainly deals with proving the equivalence of a number of state-
ments regarding two global fields K and L that are sufficient for a field isomorphism
K = L. In the first chapter, we construct a certain topological monoid Xx (and Xp)
which contains sufficient information on the underlying field as part of a dynamical
system Ix C Xk to determine the isomorphism type. In the second section, we sup-
ply a partial proof of the equivalence of some properties of this dynamical system. In
the second chapter, we provide a brief introduction to the Dirichlet L-series, which,
combined with the maximal abelian Galois group, also contain sufficient information
on the underlying field. We finish by showing how these statements lead to a field
isomorphism.

There will be quite a lot of notation, hence we provide an overview of the notation
used in the following chapters of objects that were defined previously:

Sign Description

K (or L) A global field

Ok The ring of integers (of K)

Ik The integral ideals

Px The prime ideals

K, The completion of K with respect to | - |,
GP The Galois group Gal(K? /K)

Ax The adele ring, Definition 7.4.4

Ak f The finite adele ring, Definition 7.4.5
Ax The ideles, or invertable adeles

A% The finite ideles
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A DYNAMICAL SYSTEM

The first section is devoted to creating a dynamical system Ix C Xk, i.e. a monoid
action on X by the integral ideals Ix, where Xk is a topological monoid that contains
within it both information on the maximal abelian Galois group and the (finite) adeles.
The two important theorems are Theorem 9.1.2 and Theorem 9.1.5, which combined
allow us to prove properties of Xk by considering the integral ideals only.

The second section uses these properties to prove that if for two number fields K and
L the topological spaces Xk and X; are homeomorphic and the actions Ix C Xk and
I & X, are equivariant under this homeomorphism, then K and L are isomorphic.

9.1 CONSTRUCTION OF THE DYNAMICAL SYSTEM

Let K be a global field. We use the following abbreviations:
. @K for T1 Ok C A, the finite integral adeles;

v finite place

. @I’k( for JI O CA 7 the finite integral ideles.

v finite place
From the viewpoint of (5}2 we have already seen the following maps:

recg

A G

which gives us a group action O% C (G2 x O) given by u - (¢, x) = (recx(u) o, ux).
We obtain a topological quotient space Xx = (G x Ox)/ (/’)\I*( Note that all arrows in
the above diagram are continuous: the inclusion of @}‘( into @K is continuous as the
topology on (51*< is finer than the subspace topology obtained from Ok.

Recall from Section 3.2.2 that the topological group G¥ is a profinite group, and it is

isomorphic to m Gal(L/K), thus compact and Hausdorff. The topological
L/K finite, abelian

group Oy is compact and Hausdorff as well, as it is the product of the profinite groups

Ok, = 1&1 Ok,/ w10y, as stated by Lemma 4.3.5. As a result, G2 x O is both Hausdorff
nelN
and compact.

Theorem 9.1.1. The group action (51*< C (GP x Ok) is continuous. <

Proof. The multiplication map Of x G — G is given by (u,0) — recx(u) 0.
Hence it factors as follows:

Nk ab ab ab ab ab ab
- N -
OK X GK GK X GK GK X GK GK

(u,0) —— (recx(u),0) —— (recg(u)~!,0) —— recyx(u)lo.
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As the Artin reciprocity map is continuous by construction, the first map is continuous.
As G is a topological group, inversion respectively multiplication is continuous, thus
the second respectively third map is continuous.

The topology on Ay is obtained by the inclusion of A} into Ak x Ak via u —
(u,u~"), thus on (51’2 by embedding it into Ox x Ok. The multiplication map (5}; X
@K — @K is therefore constructed with the following continuous maps:

OEXOK%OKXOKXOK%OKXOK%OK
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(u,x) —— (w,u™',x) ———— (U, x) ——— ux.

Hence the multiplication map is continuous itself.
We finish the proof by combining these two results:

Ot x G x O —— (O x GP) x (0f x Og) —— G x Ok

1

(u,0,x) + (u,0,u,x) ———  (recx(u) "o, ux).

The first map is an embedding, hence continuous. The second is the combination of the
two continuous maps we mentioned before. Hence the group action Oy C ( G?<b x Ok)
is continuous. o

Theorem 9.1.2. Xk is Hausdorff. <

Proof. Proposition 4.3.7 states that O is compact for any prime p of K. Hence Oz =

[I  O; isalso compact by Theorem 2.1.9. Moreover, GP x Oy is Hausdorff. This
p finite place

means that the action O% & (G x Ok) meets the requirements of Corollary 2.2.7,
hence the quotient Xk is Hausdorff. 0

Definition 9.1.3 (spLIT). An integral ideal of K has a unique factorisation into prime
ideals of K. Hence, by fixing uniformisers 7, for every completion at a finite prime p,
we obtain a split sk : Ix — Ay f that is a monoid homomorphism such that sg(m) =

xp:{l ifptm; B

my if p?ffm.

(xp)p, where

As we only consider integral ideals, a will always be non-negative, hence the image
of sk lies in Ok. Hence the split provides monoid homomorphisms Ix — Aj . and

Ix — @K, resulting in a map Ix — Xk, which does not depend on the choice of
uniformiser in the definition of sx as uniformisers differ only by a unit, and as a
consequence we obtain an action Ix C Xk given by

m - [0, x] = [reck(sx(m)) 1o, sg(m)x].

As Ig is a monoid, Ix C Xk is a dynamical system. We will not delve into dynamical
systems theory, but we will borrow some terms such as orbit-equivalence and conjugacy
(to be defined later) that allow for easier notation. We continue with a theorem that
will be useful for proving properties of this dynamical system, for which we need a
lemma first:



9.1 CONSTRUCTION OF THE DYNAMICAL SYSTEM

Lemma 9.1.4. Given a cofinite subset S of Pk, let (S)™ be the submonoid of Ix gen-
erated by S. Then the group generated by K* and sk ((S)™) is dense in A}. <

Proof. This is a consequence of strong approximation, Theorem 7.12 of [PRR93],
which states that K* is dense in a subset of A} defined by

Ak s=A{[]x0:x =1forallve S}.
0

Hence the group generated by K* and sg((S)™) is dense in Ak. o
Theorem 9.1.5. Ix is a dense subset of Xg. <

Proof. Enumerate the primes in Pk by p1,p2,.... We begin by showing that the set
of equivalence classes of G2 x Uy sx(m) C G x Ok, denoted [GP x Uy sx(m)], is
dense in Xk. Take any element in Xx with standard representative (o, x), i.e. for all
p € Pk we have either x, = 7, for some v, € Z> or x, = 0 . Define

Wi W

mj=p; g7 p

where for 1 <i < j we have

_ ) if xp, = 0;
wi’j - . Up;
Upl. lf .X'pl — 7-[)31 .

For all j and i < j, we have that |x,, — sk(m;),, |y, is either zero or (N(p;))~/, where
N(p;) denotes the norm of p;, i. e. the size of the residue field of p;. Using Lemma 7.4.7,
this implies that sx(m;);en has limit x, hence [, x] is the limit of ([c, sg(m;)])jen. We
conclude that [G¥ x Uy, sk(m)] is dense in X.

We proceed by proving that [GP x Uy, sk(m)] is in the closure of Ik in Xk. Take any
element [0, sx(m)] in [G¥ x Uy sk(m)]. Define P(m) = {p € Py : p | m}and T =
Px — P(m). Enumerate the primes in T by q1,qp,... and let T; = T — {qy,...,q;}. By
Lemma 9.1.4, reck (s ({T;) 7)) is dense in G2. Hence for every i there exists a sequence
reck (sk(ni1)), reck(sk(ni2)), ... inreck(sx((T;)*)) converging to T = o~ 'reck(sx(m)).

By Theorem 7.1.2, K has countably many finite extensions, hence ¢ has a countable
basis of open neighbourhoods, as a basis is given by open neighbourhoods of the form
0Gal(K? /L), where L/K is a finite Galois extension.

We can therefore choose Uy, Uy, ... to be a countable basis of open neighbourhoods
of ¢ such that U; D U;; for all i € IN. For example, this can be done by enumerat-
ing the finite extensions of K by Ly, Ly, ... and letting U; = () o0Gal(K*/L;), which

1<j<i
is a finite union of opens. The U; form a basis as for every open in the old basis
0Gal(K®/L;) we have U; C ¢Gal(K®™/L;).

As the sequence reck(sk(nj1)),reck(sx(ni2)),... converges to 7, there exists some
ji € N such that recg(sk(n;;,)) € U;. By finding a j; for each i € IN, we obtain a
sequence reck(sx(nyj)) reck(sk(nz),)), ... that converges to 7. Moreover, we have
sk(nij)p, = 1 for 1 < k < i. Hence in the adele topology, sk(n;;) converges to
1=1(1,1,...) by Lemma 7.4.7. It follows that

[reck (sk(ni;)) " sk(nij)] = [1,1]
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as i — oo. Because recx and sk are multiplicative, we find

-1

[reck (s (nyj; - m)) ™" sk (ngj - m)] = [ - reck(sk(m)) ", sx(m)] = [0, sxc(m)].

We conclude that Ix is dense in Xk. o

Remark. The sequence sk(n;;;) does not converge to (1,1,...) in the idele topology.
This would be absurd as the reciprocity map reck : Al — G% is continuous, which
would imply that

e = recg(1) = reck <hm SK(ni,]-i)> = lim reck (sx(n;;,)) = T,
1—00 1—00

1

which is an immediate contradiction as T = ¢~ 'reck (sg(m)).

The combination of Theorem 9.1.2 and Theorem 9.1.5 is intuitively quite strong, as it
is difficult for a set to be dense in a Hausdorff space, as every two points are separated
by open sets. Formally, this combination allows properties of continuous maps on Xg
to be proven only on Ix, which we will use extensively in the next section, where we
prove some equivalent properties of a pair of dynamical systems Ix C Xk and I, C Xj.

9.2 EQUIVALENCES OF THE DYNAMICAL SYSTEM

The main focus of this section is (partially) proving Theorem 9.2.1, which provides
some insight into the structure of Xx and helps proving the central property (property
(iii) of Theorem 9.2.1), namely that we have an isomorphism of topological monoids
Xg — Xr which restricts to a (norm-preserving) monoid isomorphism Ix ~ Ir. In
the next chapter, this will be proven equivalent to the existence of a isomorphism of
topological groups G — G2 that respects the L-series (which will be defined later).

Theorem 9.2.1. Let K and L be two global fields. The following are equivalent:

(i) Ix C Xk and I; C X, are orbit-equivalent and norm-preserving, i.e. there exists
a homeomorphism ® : X; = Xk with ®(Ix - x) = I - ®(x) for all x € Xk. In
addition, for every m € Ix and x € Xk there exists an n € I} with N(m) = N(n)
such that ®(m - x) = n - P(x).

(ii) Ix C Xk and I} C Xp are conjugate and norm-preserving, i.e. there exist a
homeomorphism ® : X; = Xk and a norm-preserving monoid isomorphism
¢ : Ix = I such that ®(m - x) = ¢p(m) - ®(x) for all m € Ix and x € Xk.

(iif) There exists an isomorphism of topological monoids ® : Xx —+ X; which re-
stricts to a norm-preserving isomorphism Ix = Ir. <

The implications (iii) = (ii) = (i) are somewhat straightforward.

Assume (iii). Then ®(m - x) = ®(m) - (x) for all m € Ix and x € Xk, thus we can
take ¢ = <I>‘ I’ which shows (ii).

Assume (ii). Because ¢(Ix) = I; and ¢ is norm-preserving, we can choose n = ¢(m),
hence (i) holds.

The other implications we will not prove completely, they are available in [CLM16].
However, we will address the general idea of the proofs, starting with (i) = (ii).

The start of the proof of this implication is the following proposition.
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Proposition 9.2.2. Suppose (i) holds. Then ®(1) is invertible in X;. <

Proof. Assume that ®(1) = [t,y] is not invertible. As G¥ is a group and the invert-
ible elements in O, are precisely those with valuation zero, there must be some prime
q of L such that v4(yq) > 0. Thus ®(Ix - 1) = I - &(1) is contained in the equivalence
classes of Gib X I;[ Oy x 104, which is closed in X[ as G;b X I;[ Oy x 0y is closed
qa'7q qa'7q
in Gib x Oy (see Corollary 4.3.2) and stable under the action of @z However, as ® is
an isomorphism and Ik is dense in Xk (as we have seen in Theorem 9.1.5), we find that
®(Ix-1) =1 - ®(1) is dense in X1 ; a contradiction. Thus ®(1) must be invertible. O

Corollary 9.2.3. For every m € Ik there exists a unique n € I such that ®(m-1) =
n-®(1). <

Proof. The existence of such an n is guaranteed by the orbit-equivalence. If there are
two such n, say ny and np, then ny - (1) = ny - &(1). As a result,

m=n-1p=n-®(1) - D1 L=ny-®(1) - ®(1) P =ny-1; = ny. o

This allows for the definition of a map ¢ : Ix — I, where ®(m-1) = ¢$(m) - O(1).
As @ is a homeomorphism, we obtain a full inverse of ¢ by considering ® !, hence ¢
is a bijection.

The largest part of the remainder of the proof is to show that ¢ is a monoid isomor-
phism, which can be found in the proof of Proposition 5.1 of [CLM16]. As a result, we
obtain for any m,n € Ik that

P(m-n) =p(m-n)- (1) = p(m) - p(n) - (1) = p(m) - O(n).

Recall from Theorem 9.1.5 that Ix is dense in Xg. Let x € Xg and let nq,ny,...
be a sequence of ideals in Ix with limit x in Xkx. Then m-n; — m-x. As ® is
a homeomorphism, it is continuous, thus sequentially continuous, from which it
follows that ®(n;) — P(x) and ®(m-n;) — P(m-x). For any i € N we have
®(m-n;) = ¢(m) - &(n;). The left hand side has limit &(m - x) while the right hand
side has limit ¢(m) - ®(x). As Xk is Hausdorff (Theorem 9.1.2), limits are unique, thus
®d(m-x) = ¢(m) - P(x) for all m € Ix and x € Xk, which proves (ii).

The implication (ii) = (iii) now follows quite easily. Let ¥ : Xx — X be the map
given by x — ®(x) - ®(1)~1. As Xy is a topological monoid and ® is a homeomor-
phism, ¥ is a homeomorphism as well. Furthermore, for any m,n € Ix we have

¥Y(m-n)=®(m-n) - d(1)"?
— p(m) - p(n) - (1) - B(1)!
= (¢(m) - @(1) - (1)) - (p(n) - (1) - @(1)7)
=Y(m) - ¥(n).

Again, Ik is dense in Xk, so using the same reasoning as before (where we use conti-
nuity of ¥ and the fact that Xg is Hausdorff), we find that ¥(x -y) = ¥(x) - ¥(y) for
all x,y € Xk. This means that ¥ is an isomorphism of topological monoids. Lastly,

¥(m) = p(m) - @(1) - &(1)" = ¢p(m),

hence Y restricts to an isomorphism Ix — I;. This completes the proofs of the equiv-
alences, as well as this chapter. We continue with Dirichlet L-series.
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In a sense, L-series are a generalisation of the zeta function {x associated to a global
field, which is defined by

A RELATION WITH DIRICHLET L-SERIES

Ck(s)= ) N(m)™,
melg
where N(m) is the norm of m, i.e. the size of the residue field.
Informally, L-series are like the zeta function, but with a twist x, called a character.
L-series are of the form
L(x,;5) = Y, x(m)N(m)~".
melyg
Just like the zeta function, L-series harbour within them information of the underlying
tield, but it is somewhat convoluted to extract this information. In the second section of
this chapter, we will use these L-series to define a norm-preserving bijection between
the prime ideals Px of K and P, of L.

A final warning before we begin: the following sections will use some notation for
objects associated to either K or L that will not have the name of the global field in
their notation. For example, we use L(x,s) and not Lk(x,s) to denote a Dirichlet L-
series of K. We do make sure that the correct underlying field can be derived from the
other objects, which is x in the case of the given example.

10.1 CHARACTERS AND THEIR L-SERIES

In this section, we state and prove many propositions that connect characters and L-
series with the prime ideals of the underlying field. The first section deals with the
definition of objects associated to characters except for the L-series, which we define
in Section 10.1.3. The middle section covers two methods of constructing characters,
which will be essential for the proofs in Section 10.3.3.

10.1.1 DEFINITION OF CHARACTERS AND THEIR ASSOCIATED OBJECTS

Definition 10.1.1 (CHARACTER). A character y on G¥ is a multiplicative homomor-
phism G& — C* that is continuous when C* is equipped with the discrete topol-

ogy. <

Example. One character that always exists is the trivial character defined by x(c) =1
for all o € GP.

We can multiply characters x1, x2 by (x1x2)(c) = x1(0)x2(c). Any character x has
an inverse character x ! given by x!(¢) = 1/x(0). As the trivial character functions
as the identity for this multiplication, we obtain a character group, often denoted @Ia(b.

If we have an homomorphism ¢ : Gi* — G2, any character x on G can be used
to create a character y o ¢ on G°. In the following sections, we will encounter an
isomorphism ¢ : G — Gi* where we will denote the corresponding isomorphism

§:CP - GiP given by §x) — xoy .
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Definition 10.1.2 (KERNEL OF A CHARACTER). For any character x € @?J’, define the
kernel of x by

ker(x) = {c € G®: x(0) = 1}.

As x is multiplicative, it is a subgroup of G&°. <
The kernels of characters y and () are closely related:

Proposition 10.1.3. Lety € G and ¢ : G2 5 G2 an isomorphism. Then ker({(x)) =

(ker(x)). <

Proof. Leto € ker(x) and let 7 = ¥(o) € p(ker(x)). Then ¢(x)(7) = x(v~ (v(0))) =
x(o) =1, thus T € ker(¢(x))-

Conversely, let T € ker((x)) and let = (7). Then x(c) = x (¢~ (7)) = ¢(7) = 1,
thus o € ker(x), implying T € ip(ker(x)). This proves the equality. o

As ker(x) = x (1), it is open and closed in G, thus by Theorem 3.2.6 we can
associate the kernel to a finite extension of K, the fixed field of K® under ker(x),
which we will denote by K,. It is a Galois extension as G?<b is abelian, hence ker(x) is
a normal subgroup and K, /K is Galois. K is called the fixed field of .

Because of the topology on G¥°, we obtain a simple, but interesting result:

Lemma 10.1.4. For any character x € (A}?(b there exists some n € IN such that x" is
the trivial character, i.e. x(¢)" = x(¢") = 1 forall ¢ € G¥. <

Proof. Letn = #Gal(K, /K). For any ¢ € G¥ we have that (U‘K )n = ek, by theory
X
on finite groups. Therefore ¢ € Gal(K®/K), hence x(¢)" =1 for all ¢ € G. o

Hence, for a character x, we have that x(c) is an n'h root of unity for all ¢ € GP.

This implies that there is a d | n such that the image of ¢ is the group of d* roots of
unity. In particular, it is cyclic. As

im(x) = G¥/ker(x) = Gal(K, /K),

we find that K, /K is a cyclic extension.
Recall the definition of reck(Oy) from Lemma 7.4.11. We use this to define the
ramifying primes of a character:

Definition 10.1.5 (RAMIFICATION OF A CHARACTER). Write

U(X) = {p € Pk: X‘reCK(O;) = 1} ’
the set of primes where y is unramified. We say that x ramifies at all other primes. <

A justification for the term ramification will be given in Proposition 10.1.7. For any
prime p in U()), the value x(p) := x(reck(sx(p))) is well-defined, as the uniformiser
7y is unique up to multiplication with Oy . This allows for the definition of a homomor-
phism x : (U(x)) — C* where x(m) := x(reckx(sx(m))). For the sake of completeness,
we set x(m) =0 forallm e Ix — (U(x))-



10.1 CHARACTERS AND THEIR L-SERIES

10.1.2 THE CONSTRUCTION OF CHARACTERS

We consider two ways of creating characters of G¥°: one using finite extensions, and
one using the Grunwald-Wang Theorem.

Suppose we have a character x € é}‘(b. By Lemma 10.1.4, it is of finite order, say

order n. Let K, be the fixed field of x. We have im(x) = Gal(K, /K), hence x is com-
pletely determined by its value on Gal(K,/K).
Conversely, if we have some finite cyclic abelian extension L/K of degree n with
generator 07, then we can create an injective character x.,x : Gal(L/K) — C* via
xr/k(0L) = Cy (it is now uniquely determined as x,x is multiplicative). We can extend
this to a character on G¥ using the projection map 7y : G — Gal(L/K), i.e. x(c) =
xr/k(mr(0)). As ker(xr/x) = {e}, we have ker(x) = n;'({e}) = Gal(K*®/L) and
therefore K, = L. Thus, for any finite cyclic abelian extension, we can find a character
that has this extension as fixed field. Moreover, this character is uniquely determined
by the values on the Galois group of the fixed field. We state this in a lemma.

Lemma 10.1.6. Let L/K be a finite cyclic abelian extension and ;. : G?<b — Gal(L/ K)
the projection map. Then for every injective character ¥ on Gal(L/K) there exists a
unique character x € Gla<b such that Ky = L and x = Y o 711. <

We consider two applications of the construction of characters using this lemma.
The first justifies the name unramified primes for the primes in U( ), while the second
shows the importance of reck (Oy).

Proposition 10.1.7. Let x € @?}’. The primes unramified in K are exactly the primes
in U(x). <

Proof. The Galois group of Gal(K, /K) is cyclic and finite, say of order n. Write  for
the (injective) character on Gal(K, /K). Let o7, be a generator of Gal(K, /K)). We have

X =Cn
Fix a prime p € K. The inertia group I,(K, /K) is a subgroup of the Galois group,
hence generated by (T)i( for some i. ¥ maps I,(Ky /K) to the group generated by (i,.
Under the projection map 7 : G — Gal(K,/K), the set reck (0}) is mapped sur-
jectively to I,(K, /K) (see Lemma 7.4.11). As a result, we have

x(reck(05)) = X(I,(Ky /K)) = (Z},)-
We obtain
)((recK((’);)) ={l} <= i=n<=L(K,/K) = <a?’€’> = {e}.

As the first statement is equivalent to p € U() and the last statement is equivalent to

p unramified in K, /K, we find p € U(x) <= p unramified in K, /K. o
Lemma 10.1.8. For any prime p of K we have recx (O;) = [ ker(x). <
x:pel(x)

Proof. For any character x € G with p € U(x), we have by definition x| =1,
thus reck (Oy) C ker(x).

We have seen in Proposition 4.3.7 that Oy is compact. Moreover, G% is a Hausdorff
space by Proposition 3.2.5 and reck is continuous by Theorem 7.4.8 (as is the inclusion

O, C A), hence by Proposition 2.1.11 reck(Oj) is compact and by Proposition 2.1.10

recg (O5)
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is it closed.

Using the Galois correspondence of Theorem 3.2.6 and using the fact that all sub-
groups of abelian groups are normal, we find that reck (O ) corresponds to an abelian
subextension of K /K, which we will denote by K*/K. Let K*®) be the maximal
abelian extension unramified at p. We claim that K* C Kw(®), Suppose this does
not hold, i.e. p ramifies in K¥. Lemma 7.4.11 states that the image of recx(O;) in
Gal(K"/K) is exactly I,(K?/K). However, as p ramifies in K, I,(K?/K) is not trivial.
This implies that recx(O;) does not leave K fixed, which contradicts the fact that K?
is the fixed field of reck (O;). We conclude that KP C K"r(°),

By Lemma 7.3.4 there exists an index set I and finite cyclic extensions K; /K for every
i € I such that the composite of the K; equals K*"(*). Using Lemma 10.1.6, we find char-
acters x; for all i € I such that ker(x;) has fixed field K;. Moreover, ker(x;) = x; (1)
is closed as yx; is continuous, hence M;crker(x;) is a closed subgroup of G¥. Let K|

be the abelian extension associated to () ker(x;). By Proposition 3.2.7, K; contains the
i€l

composite of all K;, which is K** (), Tt follows that K“(®) C K;.

Moreover, every K; is a subextension of Kur(p) /K, thus p is unramified in K;, which

combined with Proposition 10.1.7 implies thatp € U(x;). Asaresult, [ ker(x) C
x:pel(x)
N ker(x;). We know that ker(x) is closed for any y € G2, N  ker(x) is a closed
iel x:peU(x)
normal subgroup of G, hence corresponds to some abelian extension which we will
denote by KU®), As N ker(x) € N ker();), we obtain that K; C KU(®),
x:pel(x) icl
Lastly, we have seen that reck (O;) € ) ker(x), thus KU®) C K,
x:pel(x)

We conclude that KP C Kw®) C K; € KU C KP, hence we have equality every-
where. The corresponding closed normal subgroups of G are therefore all equal as
well, and we conclude

rec(O,) = Gal(K® /K"®)) = (1 ker(x). o
x:peU(x)
The second method of character creation is a reformulation of a part of the Grunwald-

Wang Theorem.

Theorem 10.1.9 (GRUNWALD-WANG, ADAPTED). Let S be a finite set of primes of K.
For any p € S, let a, be either zero or a root of unity. Then there exists a character
x € G2 such that x(p) = a, forall p € S. <

Proof. This is discussed between Theorem 4 and Theorem 5 in X.2 of [ATo8], page
79-80. o

This is all we need to know about characters for the extent of this thesis. We continue
with L-series.



10.2 RECIPROCITY ISOMORPHISM IMPLIES L-ISOMORPHISM

10.1.3 DEFINITION AND PROPERTIES OF L-SERIES

Definition 10.1.10 (L-sERTES). For a character x € G2, the associated L-series L(x,s)
is given by

1

L X’S ey = ,
s =11 ==~ 1L i=ene
where N is the norm function. It converges for all s € C with Re(s) > 1. <

If we expand this product, we obtain that

Lixs)= ). x(mN(m)™,
me((0)

which uses the same method as proving that the Riemann zeta function is (formally)
equal to the Euler product.

The remainder of chapter will be devoted entirely to partially proving the following
theorem:

Theorem 10.1.11. Let K and L be two global fields. The following are equivalent:

(i) There exists an isomorphism of topological groups ® : Xx — X which restricts
to a norm-preserving isomorphism Ix = Ir.

(ii) There exists a norm-preserving monoid isomorphism ¢ : Ix = I, an isomor-

phism of topological groups ¢ : G¥ =3 G, and splits sx : Ix — Ax ¢ and
sy Ip — Az,f as in Definition 9.1.3 such that

P(reck(O,)) = recL(O;(p)) for every prime p of K and (7)
P(reck(sx(m))) = recp(sp(¢p(m))) for every ideal m € Ix. (8)

(iii) There exists an isomorphism of topological groups ¥ : G¥ = G such that
L(x,s) = L(§(x),s) for all x € G. <

We have seen statement (i) before in Chapter 9. The proof that this is equivalent
to statements (ii) and (iii) is somewhat lengthy and can be found in Section 7 of
[CLM16]. We refer to the statement (ii) as the existence of a reciprocity isomorphism. The
last statement ties in directly with what we have discussed in this chapter so far, and
we will call this the existence of an L-isomorphism. The rest of this chapter will have
a simple structure; in the first section we prove that the existence of a reciprocity
isomorphism implies the existence of an L-isomorphism, while in the second section
we prove that the existence of an L-isomorphism implies the existence of a reciprocity
isomorphism.

10.2 RECIPROCITY ISOMORPHISM IMPLIES L-ISOMORPHISM

To prove the existence of an L-isomorphism from the reciprocity isomorphism we use
a statement equivalent to the existence of a reciprocity isomorphism.
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Proposition 10.2.1. The existence of a reciprocity isomorphism is equivalent to the
following statement. There exists a norm-preserving monoid isomorphism ¢ : Ix —

~

I. and an isomorphism of topological groups ¢ : G¥ =3 G with the following
property: for every finite abelian extension Ky = (K®)N of K, N being some subgroup
of G2, with associated finite abelian extension Lyny = (L22)¥(N), the isomorphism ¢
restricts to a bijection

{primes p unramified in Ky/K} «— {primes q = ¢(p) unramified in Lyy)/L}.
Moreover, for every unramified prime p of Ky /K,
(Froby) = Frobg,),
where we use  for the induced map Gal(Ky/K) — Gal(Lyn)/L). <
Proof. Proposition 8.4 of [CLM16]. o
We will call this property the existence of a finite reciprocity isomorphism.

Proposition 10.2.2. Assume there exists a finite reciprocity isomorphism. Then we
have L(x,s) = L((x),s) for all x € G&. <

Proof. Let x € (/E\ja(b. We have
1
o= 11 T ene

pel(x)

By Proposition 10.1.7, any prime p € U()) is unramified in the fixed field K. De-
note by 7 the projection map G¥ — Gal(K,/K) and by ¥ the induced character on
Gal(K, /K). By Theorem 7.4.10, we have 7t(reck (sx(p))) = Frob, (K, /K) for any choice
of split sx. We shorten Frob, (K, /K) to Frob,. As x(p) = x(reck(sk(p))), we obtain

x(p) = x(rec(sk(p))) = X (7(reck (sk(p)))) = X (Froby),

and thus
1 1
Lixs) = 11 3 “XING) S IT 1 — x(Frob, )N (p)—

pel(x) pel(x)

From Proposition 10.1.3 we have ker(¢(x)) = ¢(ker(x)), from which it follows that
the fixed field of ¢ (), denoted Lj(y)- is equal to (L2b)pker(x)),
From the properties of the finite reciprocity isomorphism, we obtain a bijection

{primes p unramified in K /K} <— {primes q = ¢(p) unramified in Lg,/L}.

From Proposition 10.1.7 it follows from this bijection (given by ¢) that ¢(U(x)) =
U(¢(x)). Moreover, the finite reciprocity isomorphism implies that N(p) = N(q) and

for p € U(x) we have i (Frob,) = Frob,, thus ¢(x)(Frob,) = X(Frob,). Therefore

1
L(x,s) = pelb_[[m 1 — x(Frob,)N(p)~
1
= qeurwl — (x) (Frobg)N(q)~s

L($(x),9)- 7

Corollary 10.2.3. The existence of an reciprocity isomorphism implies the existence
of an L-isomorphism. <
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The existence of an L-isomorphism is meaningless if we have no information on the
existence of characters, so we rely on the two methods of creating characters from Sec-
tion 10.1.2. In order to construct a reciprocity isomorphism, we begin by proving that
a sufficient condition for the existence of a reciprocity isomorphism is the existence of
a bijection ¢ such that the following diagrams commute:

A u
G —— Pk

K *> C.
ﬂ J(p and ¢l /
G\ib L> PL
After proving this in Theorem 10.3.1, we continue with the construction of such a ¢.

We will do this inductively: we create partial bijections between the primes of a certain
norm, which combined form the desired bijection ¢.

Theorem 10.3.1. Suppose we are supplied with an L-isomorphism and let ¢ : Px —
Pr. be a bijection such that the previous diagrams commute, i. e.

$(U(x)) = U(P(x)) forall x € G¥; and
x(p) = ¢(x)(¢(p)) for all x € G, p € U(x).

Then there exists a reciprocity isomorphism. <

Proof. If we extend ¢ multiplicatively to Ix, we obtain a monoid isomorphism Ix ~
Ip. The isomorphism of the topological groups G and G® is obtained from the L-
isomorphism.

Using Lemma 10.1.8 and the fact that i is an isomorphism, we find that

¢(reCK(0§))¢( N ker(x)) M ¥ (ker(x)).

x:pel(x) x:pel(x)

By Proposition 10.1.3, 1 (ker(x)) = ker(¢(x)) and ¢(U(x)) = U($(x)) for all x, and
it follows that R
N ypker(x))= [  ker($(x))
x:peU(x) P(x): p(p)EU(Y)

As ¢ is an isomorphism, we take the intersection over all characters on Gi® with ¢(p)
unramified, hence by Lemma 10.1.8 we obtain

N ker@) = reci ()
P(x): ¢(p)eU(x)

For any prime p € Pk, the second condition of ¢ states that for all characters xy with
p € U(x) we have x(p) = P(x)(¢(p)). Using only definitions, we find

x(p) = x(reck(sk(p))) and $(x) (@ (p)) = x (¥~ (recr (sL(¢(p))))),

thus
reck (sx(p)) = ¢~ (recr.(sr(¢(p)))) (mod ker()).
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As this holds for all x with p € U(x) and recx(O;) = N ker(x), we find
pel(x)

reck (sk (p)) = " (recL (s (¢(p)))) (mod reck(O;)).

However, we can modify the split sy with elements in reCK(O;‘) freely, as the only
condition was that sx(p) = (1,...,1,7,,1,...) and uniformisers are unique up to
units. Hence it is possible to alter sk (for every prime independently) such that

reck (sk(p)) = ¢~ (recL(s.(9()))),

or equivalently
W (reck(sk(p))) = recr(se(¢(p))),

for all p € Pk. As all maps are multiplicative, the same equality holds for ideals m € I
and therefore we have fulfilled all conditions for the reciprocity isomorphism. o

To construct this ¢, we inductively create bijections ¢y between the primes of K and
the primes of L of a certain norm N. Global fields only have finitely many primes of
a given norm. With this in mind, we can create characters using Theorem 10.1.9 that
have specific values on the primes of norm N, which will aid us in finding a bijection
¢n. Therefore, we introduce notation in order to deal with the primes one norm at a
time. For any set S of ideals of K we define the following subsets:

SN={meS:N(m)=N}
Ssy={m e S:N(m)> N}
Scn={m e S:N(m) < N}.

However, if the set of ideals has a subscript already, e.g. Ix, we use superscript for
N, > N,and < N, e.g. IEN.

Suppose for a given N € IN we are supplied with bijections ¢ : P¥ — PM such
that g (Unm(x)) = Um((x)) and x(p) = p(x)(pm(p)) for all x € G, p € Um(x)
and all M < N. Let ¢y be the bijection PgN — PN given by ¢p-n|,u = ¢u for all
M < N. Thus ¢y has the following properties: )

p-n(Ucn(x)) = Ucn(P(x)) for all x € GP; and
x(P) = P(x)(P<n(p)) forall x € G, p € Ucn(x).

We will refer to these as the properties of ¢ .

We have a trivial induction basis: there exist no primes of norm 1, hence for N < 2
the statement is empty (and therefore true).

This completes the induction hypothesis.

10.3.1 INFORMATION OBTAINED FROM L-SERIES

We are left with proving the induction step, which will be quite lengthy. The idea
behind creating the bijection ¢y is as follows: we create a special type characters on
both G2 and G2 that are associated to a prime of K resp L of norm N. We then
establish a connection between those characters via the isomorphism 3, which also
connects the primes of K and L of norm N. This connection will prove to be a bijection.

We begin by extracting information on the primes of norm N from the L-series,
with Corollary 10.3.4 as main result. In order to do this, we split the L-series into two
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products; one over primes with norm below N and one over primes with norm at least
N so that we can use the induction hypothesis.

Set
Lv(rs)= [I A=x(pNE) ™)™,
pelon(x)
Lov(s)= [T (=x(®N@E) ™)™
peUzn(x)
Proposition 10.3.2. We have L_n(x,s) = Lon(¥(x),s). <

Proof. We make use of the bijection ¢y : P<N(K) — P<N(L). By construction,
N u is a bijection PY — PM hence ¢y is norm-preserving. It follows from the
properties of ¢y (used for the third equality) that

Len(xs) =TT (—=x()N@Ep) ™)™
pelon(x)

= TI (=90 @<n(p))N(p<n(p)) ™)
pelcen(x)
= [I -9 (@N@ ™"

a€Uan ($(x))

~

= Lon(®(x), 9)- o
Corollary 10.3.3. We also have Lon(x,s) = Lon($(X),s)- <

Proof. This follows as L(x,s) = L(¢(x),s) and L(x,s) = L-n(x,s)L>n(x,s), as we
have

Lon(x s)L>n(x,s) = L(x,s)
= L($(x),s)
= Lon($(x),8)Lon($(x),9)
= Lon(x,8)Lon($(X), )
Hence LZN(XIS) = LZN(QJ\(X)/S)' o

Corollary 10.3.4. For any character x € é;b the equation

Yooxtm) =Y 900

pePy pePN
holds. <

Proof. As with L(x,s), we can write L>N(, s) in additive form

Ln(os) = Y x(m)N(m)™
me (U=N(x))

If we now group all ideals of a certain norm, we obtain

Lon(xs) = ), ( )N x(m)> M.
N

M=N \ me(uzN(x

75



76

A RELATION WITH DIRICHLET L-SERIES

Dividing on both sides by N™° gives

Lvs) _ (v |+ ¥ Y xm | T

me(U=N ()Y MEN \ me(U=N ()il

As x(p) is zero at all primes where x ramifies, we have

Y,  xm= ) x(m)

me(U=N (x))nIy me(PEMYNIY

However, norms are multiplicative, hence any non-prime in <771?N ) has norm at least
N2. As there exist no primes of norm 1 we may assume that N> > N and therefore
<731?N ) N IY¥ contains only prime ideals (of norm N). Moreover, it contains all prime
ideals of norm N, hence (PZN) N IY = PY.

If we let s — oo we obtain

i 2 v o ¥ )

s—»00 N-—s
me (U=N(x))nI¥ mePy

From Corollary 10.3.3 we know that Lon(x,s) = L>n(¥(x), ). It follows that

Yo oxe) =Y 9.

pePy pePy

This concludes the proof. o

10.3.2 ASSOCIATING CERTAIN TYPES OF CHARACTERS

Now that we have Corollary 10.3.4 it is justified to further explore the types of charac-
ters we have. Two types of characters will be especially important: the characters that
are 1 on all primes of norm N, and the characters that are 1 on all but one prime of
norm N, and ramified on this last prime. By associating these type of characters on
G and G in Lemma 10.3.10, we obtain an association of certain primes of K and L of
norm N, and we will prove that this association is in fact a bijection in Lemma 10.3.13.
We begin by introducing notation that is quite compact to allow for better readability.

Define for a character x € (A;I‘*(b:

Sv(x) =Y, xtm= Y. x(n.

pePy pEUN(X)

The second equality holds as yx is zero outside of Uy ().

Lemma 10.3.5. For any x € G2 we have Sx(x) = Sn(9(x)). <
Proof. We have already proven this in Corollary 10.3.4. o
Corollary 10.3.6. For any N € N we have |PY| = |PN]|. <

Proof. If we let x = xo, we get Sn(xo) = ZpeP{y 1= |PY|. As @ is an isomorphism,

¥(xo) is the trivial character in G2 and therefore Sy(P(x)) = |PN|. It follows that
1P| = 1P 0
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This corollary allows us to define cy = |PY| = |PY|. Moreover, let

Un(x) = {p € PR Xl (01 = 1} = {p € PR x(p) # 0}

and
V() = {pe PR :x(p) =1} € Un(p).

Denote un(x) = |[Un(x)| and vn(x) = |Vn(x)| (these are finite numbers as there exist
only finitely many primes of a given norm). We prove that the following two sets of
characters are respected by the isomorphism :

Ak = {X €GP un(x) =on(x) = CN}

A})’( = {X € éla(b cun(x) =on(x) =cn — 1}.

The intuitive definition of these sets is equally important: the characters in A} are
those that are 1 on all primes of norm N (hence do not ramify there) and A% consists
of the characters that ramify at exactly one prime (of norm N), and are 1 on all other
primes of norm N.

Remark. The reason we use Al and A3 is because this is compatible with [CLM16],
in which a set of characters A? is defined that is not used in our proof.

Lemma 10.3.7. For any character x, we have |Sy(x)| < un(x). We have Sy(x) =
un(x) precisely when un(x) = vn(x). <

Proof. As |x(p)| < 1 for all p € Un(x), we have |Sy(x)| < un(x). The equality
Sn(x) = un(x) holds precisely when

x(p) = 1forall p € Un(x) <= Un(x) = Vn(x) <= un(x) = on(x)- 0
Lemma 10.3.8. We have x € A} precisely when Sy(x) = cn. <
Proof. As un(x) < cn, we see from Lemma 10.3.7 that Sy(x) = cn precisely when
un(x) = vn(x) = cn, which is equivalent to x € AL. =
Corollary 10.3.9. The isomorphism ¢ respects Al, i.e. p(Ak) = Al. <

Proof. We have x € A} if and only if Sy(x) = cy by the previous lemma, which
happens precisely when Sy (¥(x)) = cn by Lemma 10.3.5, which in turn is equivalent
to P(x) € Al by the previous lemma. o

Lemma 10.3.10. We have §(A}) = A <

Proof. Let x € A}, then by definition there is some p, € P} such that x(p,) = 0.
Then

Sn(x)= Y, xp)=un(x)=cn—1,
peln(x)

as t,(x) = va(x) = cn — 1. Hence we also have Sy (9(x)) = cny — 1. We consider three
possibilities:

o~

. uN(ﬁ(X)) < ¢y — 1. Then \SN(ﬁ(X))\ < un((x)) = ¢y —1 by Lemma 10.3.7,
which is a contradiction.
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e un(9(x)) = cn — 1. Then, again by Lemma 10.3.7, we see that Sy ((x)) = cny — 1
exactly when un((x)) = on($(x)), and therefore P(x) € A3.

o un(§(1)) = en- As Sn(B(x)) = ex — 1, we have un (§(x)) > ox(§(x)) (again by
Lemma 10.3.7). Let m = un(¢(x)) — vn(¥(x)) (which is finite) and enumerate
the primes in Un(¢(x)) — Va(¥(x)) by {q1,...,dqm}. Then ¢(x)(q;) is a root of
unity, say ¢ (x)(q;)% = 1. Letd = [T, d;. Then ¥(x?)(p) = 1 forall p € Uyn(x) =
Pi\] and therefore tﬁ(xd) € Ai. By Corollary 10.3.9 we find Xt e A}<. However,
X% (py) = 0% = 0, which is a contradiction.

We conclude that §(x) € A3, thus ¢(A3) C A3.

If we repeat this process, this time using the isomorphism ¢! (so the roles of K
and L are reversed), we obtain that ' (A?) C A}, hence A} C ¢(A}) (as ¢ is an
isomorphism). We conclude that $(A3) = A3. 0

Corollary 10.3.11. For every p € PY and x € A} with Uy(x) = PY — {p}, there
exists a prime ¢n(p, x) € PY with Un(Pp(x)) = PN — {¢n(p, ) }- <

10.3.3 BIJECTION OF PRIMES OF NORM N

The notation in Corollary 10.3.11 already suggests that this association of (some of the)
primes in P} and P} is the bijection we are looking for. This section will be devoted
to proving all required properties of ¢n. As a direct result this completes the proof of
the equivalence of the existence of an L-isomorphism and a reciprocity isomorphism.

Lemma 10.3.12. The prime ¢n(p, x) does not depend on x. <

Proof. Take x,x’ € A% such that Un(x) = Un(x') = PY — {py}. Then for any p €
Un(x) we have (x - x)(p) = x(p)x'(p) =1-1 =1, while (x - X') (py) = x(px)X"(px) =
0-0 = 0, hence x - X' € A}. As a result, P(x - x') € A}, hence there is only a
single prime q such that ¢(x - x')(q) = 0, as un(x - x¥') = cn — 1. However, ¥(x -
X)) (@en(p,x)) =0and $(x - x')(¢n(p, X)) = 0 by Corollary 10.3.11. We conclude that
¢N(P,X) = 4’N(P/X/)- o

We drop the x from ¢n(p, x) and obtain a connection between some of the primes
of PY and PN.

Enumerate the primes in 73}27 by pi1,...,pcy and let xi, .., xcy be characters such
that x;(p;) = 0 and x;(p) = 1 for all p € PY — {p;}. These characters exist by Theo-
rem 10.1.9.

Lemma 10.3.13. ¢y is a bijection.

<
Proof. As |PY| = |PV|, it suffices to prove that ¢y is injective. Suppose q; := ¢n (p;)
and q; := ¢n(p;) are equal for some 1 < i < j < cy. We obtain that v(xi)(q) =
@(7(]-) (q) for all g € PN (as they are both zero on q; = q; and 1 otherwise).

The character y; - x; does not lie in A as (xi - Xj)(pi) = (Xi-xj)(pj) = O0and i # j.
On the other hand, as ¢(x;)(q) = ¢(x;)(q) for all q € P} we have

1 otherwise,

P(xi-x)(a) = p(xi)*(a) = {O if g =q;

hence §(x; - xj) € A}. This is in contradiction with $(A}) = A} (Lemma 10.3.10)
combined with the fact that ¢ is an isomorphism. o
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Enumerate the primes in Pi\’ by q1,...,qc, such that q; = ¢n(p;)-

Corollary 10.3.14. For every x € G, we have ¢n(Un(x)) = Un($(x)). Moreover,
x(p) = () (@n(p))- <

Proof. Suppose p; € Un(x), thus ¢n(p;) € ¢n(Un(x)). We know that x(p;) # 0,

hence the character x [ x; is zero at all primes in P except for the prime pj, where
i7]
it is equal to x(p;). Thus Sn(x H xi) = x(pj)-

We know that ¢(;) is 1 everywhere except at ¢n (p;), where it is zero. Thus ¢ (x T x;)
i#]
is zero at all primes of the form ¢n(p;), i # j. As ¢n is a bijection by Lemma 10.3.13,

$(x 1 xi) is zero everywhere except possibly at ¢~ (pj). Moreover, Lemma 10.3.5 im-

i
plies that
XH?O (PN ]J] XHXZ = Sn( XHXZ = p])'
i#] i#] i#j
As l]J\()(i)(ng(pj)) =1 for all i # j, we find
l[J( )(¢N(p] XI;IXz (PN P])) (p]) 9)
i#]

Hence §(x)(¢n(p;)) # 0 and therefore N (pj) € Un (P(x)). It follows that ¢n (Un(x)) €
Un(9(x))-

For the inverse inclusion, we repeat the process this time reversing the roles of K
and L, using the isomorphism $ ! and the bijection ¢'. We obtain that for all q; €

Un($(x)) we have ¢! (q5) € Un(x) (note " ((x)) = x). As a result, Un($(x)) <
¢n(Un(X))- R

We conclude that ¢n(Un(x)) = Un(¢¥(X))-

The second assertion follows immediately: for any p ¢ Un(x) we have ¢n(p) &
Un(¢(x)), and therefore x(p) = 0 = ¥(x)(¢n(p)). For p € Uyn(x) we have seen in

Equation 9 that x(p) = §(x) (¢n(p)). o

This completes the proof by induction; we obtain a bijection ¢ : Px — P with
properties as required in Theorem 10.3.1, and as a result we have a reciprocity isomor-
phism.
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In this final chapter we study the methods used to obtain a field isomorphism from the
equivalent statements we have seen before. The objective here is not to provide rigor-
ous proofs, but to provide the general idea of how to obtain the desired isomorphism,
which will work only for function fields. A proof for number fields was given by Bart
de Smit in an unpublished article. We begin by combining all equivalent statements
of Chapter 9 and 10 so that we can freely use all properties we have seen. With this
we can derive an isomorphism AI"(/ £ = Af, fr which for function fields restricts to an

GLOBAL FIELD ISOMORPHISMS

~

isomorphism K* = L*. A theorem by Ushida and Hoshi states a sufficient condition

~

for an isomorphism K* = L* to extend to an isomorphism K — L, which holds for
the isomorphism we find.

11.1 COMBINING THE EQUIVALENT STATEMENTS

Suppose the equivalent statements hold. By combining Theorem 9.2.1, Theorem 10.1.11,
and Proposition 10.2.1, we obtain the following maps:

A. an isomorphism of topological groups ® : Xx — X that restricts to a norm-
preserving monoid isomorphism ¢ : Ix — I ;

B. an isomorphism of topological groups ¢ : G =+ GI* satisfying ¢(recg (O})) =
recL((’);(p)) for all p € Pg; and

c. splits sg : Ix — A}‘(’f N Ok and s : I} — Af,f N O} such that P(reck(sx(m))) =
recy(s.(¢(m))) for all m € Ix.

We can summarise this in a commutative diagram:

Ay ;N Ok A; N0y
RN
SL
IW C
\ ¢ /
Xk e X1

The first step will be to create an isomorphism ¥ : AI*<, f N @K — Az, f N @L. For this
we change our perspective on A N Ok:

Lemma 11.1.1. There exists a monoid isomorphism A} f N Ok = Ok x Ik. <

Proof. Using the split s, we have a monoid homomorphism (5;; X Ix = Ay N Ok
given by (u, m) — u - sg(m). We construct an inverse of this map.

Any element of A (N Oy is of the form [Tyep, xp, where x, lies in O, for all p and
in Oy for all but finitely many p. Hence there exists a (smallest) finite subset S C Pk
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such that x, = u, € O} if p ¢ S and x, = u, - 71," with u, € O} and n, € Ngif p € S,
where 71, is a uniformiser chosen such that sx(p) = (1,...,1,m,,1,...).

Combining the u, to u = [[,cp, tp, we obtain an element u € @1"( Moreover, we can
send [],es 71;Z " to the ideal [],cs p™, which is well-defined as S is finite. We obtain a
monoid homomorphism Ag N Ok — @I*< x Ik given by

o (ITw ),

pePK pePK pes
which is the inverse of (1, m) — u - sg(m). o

As we have seen in Theorem 6.4.2, under the local reciprocity map Oy is mapped
isomorphically to Gal(K;lb /Ky"), which is then mapped injectively to some subgroup
of G via the inclusion Gal(Kf;lb /Ky) < G¥. As aresult, O, is isomorphic to reck (Oy).
We can use this to obtain the following result:

Proposition 11.1.2. For any p € Px we have O; = (’);‘)(p) and consequently (5}2 =
@z <
Proof. As we have just mentioned, O, = reck(O;) and 0% = recL(Og’g(p)). Us-
ing the property of ¢ (see part B. of the maps at the start of this section) we find
recg(O;) = reCL(O;(p)), which completes the proof. 0
Corollary 11.1.3. We have Al*<,f N @K = Az,f N @L. <

Proof. Using the monoid isomorphism ¢ : Ix — I; combined with Proposition 11.1.2
results in a monoid isomorphism Oy x Ix = Of x Ir. The result now follows from
Lemma 11.1.1. m|

Denote by ¥ the corresponding isomorphism. Using Lemma 7.9 of [CLM16], one
can prove that this map fits nicely into Diagram 10, i. e. the following diagram com-
mutes:

AI*(JQ@K L Ax ﬂ@L

Lf
lrec K lrec L
G — ¥ G

However, as the field of fractions of Oy is equal to [],cp, Ky, we find that the group

of fractions of Ay £ 0 Oy is equal to Ay s 1 er Ky = Ay - Hence we can extend
the previous diagram to the following commutative diagram:

A _*, A;

lrec K lrec L

G - .

In particular, this gives us the following result:

Corollary 11.1.4. The kernels of reck and rec; are isomorphic, i.e. ¥ (ker(reck)) =
ker(recy). <



11.1 COMBINING THE EQUIVALENT STATEMENTS

Here we have to separate global function fields from number fields, as the reci-
procity map has different kernels depending on the type of global field. If K and L
are number fields, the kernel of reck and rec; are difficult to describe, while if they
are function fields, the kernels are K* and L* respectively, see Theorem 2.4 of [Poo12].
Hence, in the case of function fields, Corollary 11.1.4 can be reformulated:

Corollary 11.1.5. Suppose the equivalent statements hold for two global function
fields K and L. Then K* = L*. <

Denote the isomorphism by ¥. The question is now whether we can extend this
isomorphism to a field isomorphism L = K (by setting 0 > 0). This turns out to be
the case, provided that certain conditions hold.

Lemma 11.1.6 (UcHIDA & HosHi). Denote by II, : Al*<,f — K| the (surjective)
projection map, and by v, the valuation on K. Suppose we have an isomorphism

Y : K* = L*. It can be extended to an isomorphism K — L if and only if there
exists a bijection ¢ : Px — P such that for all p € Px we have

A Y(1+pOy) =1+ ¢(p)Oppy; and

Proof. The proof for function fields is a combination of Lemmas 8-11 of [Uchyy],
while the proof for number fields is Theorem D of [Hos14]. o

It turns out that these condition indeed hold for the ¥ that we have constructed.
From this we obtain the following result:

Corollary 11.1.7. Suppose the equivalent statements hold for two global function
fields K and L. Then K = L. <

Proof. Lemma 11.4 of [CLM16]. o

With these results we have proven that we have indeed found a two sets of objects
associated to a global field K that determine K uniquely. Moreover, using class field
theory, these objects are describable using only objects within K itself. This concludes
the chapter and subsequently the thesis.
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