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0 Introduction

L.E.J. Brouwer founded intuitionism with the philosophy that mathematics is a personal endeavour
that exists as mental constructions. It was an immediate result of this philosophy that the Law of
Excluded Middle (LEM), a central tenant to mathematics, could not hold. For everything was a
construction and therefore having ¢V —¢ meant having either a construction of ¢ or a construction
of —=¢ which often, as with any unproven theorem, is not the case.

Intuitionism was later formalized by Andrej Kolmogorov and Brouwer’s student Arend Heyting.
From their work we get the Brouwer-Heyting-Kolmogorov interpretation of intuitionistic logic
which states what is intended to be understood to be a proof for any given logical formula:

e A proof of ¢ A1 is a proof of ¢ and a proof of .

A proof of ¢ V1 is a proof of either ¢ or 1) and an indication as to which is the case.

There is no proof of L.

A proof of ¢ — 1) is an algorithm which converts a proof of ¢ into a proof of .

A proof of ¢ is a proof of ¢ — L. In other words it is an algorithm that converts a proof
of ¢ into an absurdity.

A proof of Jz¢(z) is an element x along with a proof of ¢(x).
e A proof of Vz¢(z) is an algorithm that converts any z into a proof of ¢(x).
This, however, was not meant to be the basis of intuitionism itself. In the words of Heyting:

Logic is not the ground upon which I stand. How could it be? It would in turn need
a foundation, which would involve principles much more intricate and less direct than
those of mathematics itself. A mathematical construction ought to be so immediate
to the mind and its result so clear that it needs no foundation whatsoever.
[Heyting, (1971} p. 6]

It was, nonetheless, useful as a means for studying intuitionistic mathematics. The study of logic
that arises from intuitionism has since grown with, among other things, realizability as well as the
logic of topoi in category theory.

This paper focuses on a version of set theory created by John Myhill in a 1971 paper as part of
an attempt to “extend [the results of a modification of realizability] to an intuitionistic version
of Zermelo-Fraenkel set-theory”.[Myhill, [1973] p. 206] To this end he kept all the axioms of ZFC
except those which implied LEM, namely regularity and choice which he replaced with the axiom
he called transfinite induction (the current version also uses an alternative version of replacement).
The resulting theory had models in which, among other things, all functions from the reals to the
reals were continuous, the complex numbers were no longer algebraically closed, and many classical
definitions of ordinals failed to coincide.

The intention of this paper is to give an idea of how Intuitionistic Zermelo Fraenkel (IZF) can be
studied through the lens of Heyting-valued models, models analogous to the the Boolean-valued
models used to study ZFC as shown in [Bell, [1985] and [Bell, |2014]. In doing so, however, we
remain within the context of ZFC. As such we are not holding ourselves to the philosophies of
intuitionism but rather approaching it as an outsider trying to recognize patterns within the
system of mathematics that has developed from it. IZF is itself already a tool for such a task, like
any formalization of intuitionistic logic, as is suggested by Heyting [Heyting, [1971]. We hope this
approach is somewhat consistent with his ideas on the study of intuitionism through formalization.
We begin with a brief description of a formal system of logic that we use to approximate intu-
itionistic reasoning. We continue with a mention of the axioms in IZF and a few of its properties.
Afterward we present the necessary tools from ZFC for constructing a Heyting-valued model be-
fore carrying out the construction itself. The rest of the paper is devoted to properties of the



model and proving two results about IZF, namely the independence of the Axiom of Choice from
Zorn’s Lemma and the consistency of there being a partial surjective function from a subset of
the natural numbers object N to the set NV of all functions from N to itself.

We assume the reader has a degree of familiarity with formal first order logic. Having some
familiarity with axiomatic set theory will also be quite helpful. Both are treated in the paper but
only briefly and we focus on a couple interesting or relevant aspects instead of constructing a good
basis for the subject. A couple of examples touch on basic ideas in topology, specifically opens,
interiors and connected spaces but knowledge of the subject is not essential to understanding the
main focus.



1 Preliminaries

1.1 A Formalization for Intuionistic Logic

Let us begin with a brief description of a formal derivation system for intuitionistic first-order
logic. We use a Hilbert-style calculus with the following axiomsﬂ

¢— (Y —¢)

o= [ = (dAY)]

(AY) = ¢ (pAY) =Y

b= (pVY) Y= (pVY)

(o= (b= x)] = [(¢ =) = (¢ = X)) (1)
(0 —=x) =¥ —=x) = [(6VeY)—=X]]

(¢ =) = [(¢ = ) = ¢

¢ = (¢ — 1))

r=x z=yAo()—= oy)

and whenever ¢ can be substituted for x without binding any occurences of ¢ as a variable in ¢

¢(t) = Jwg(z)  Vag(r) — o(t) (2)

Definition 1.1. Given some first-order language £ and some theory I" define the relation I' F ¢
inductively as follows for any L-sentence ¢

1. If ¢ is any of the axioms stated above then I' - ¢
2. f peT thenT'F ¢
3. UTH¢and '+ ¢ — 1 then T'F ¢ (modus ponens)

And for x free in ¢
4. If T+ — ¢(x) then T+ — Vag(x)
5. U T+ ¢(x) — v then T'F Jzg(x) — ¢

A sentence ¢ is derivable from T if T' F ¢. Additionally we write - ¢ for @ - ¢. Classical logic is
obtained from intuitionistic logic by adding any one of the following (intuitionistically equivalent)
axioms

Law of excluded middle (LEM) oV -
Law of double negation )

Law of contraposition (= = =) = (¢ — V)
None of these are derivable solely from the axioms in or , and neither are the followingﬂ

De Morgan’s law (P AY) = (mp V)
Weakened law of excluded middle =gV o

The following, however, does hold
. (3)

To show this it is useful to have the following theorem [see [Kleene) 1952, p. 90]

IFor a more detailed account of the calculus see |[Kleene, |1952] or |[van den Berg), [2015]
2Chapter VI of [Kleene} [1952] addresses this along with a number of similar results for the intuitionistic calculus



Theorem 1.2 (Deduction Theorem). In the Hilbert-style proof calculus, T U {¢} - ¢ if and only
T E ¢ — .

Furthermore it can be shown that - ¢ — ¢ for all ¢ with some manipulation of the axioms and
rules of deduction as in [van den Berg, [2015, p. 2]. With this in hand we proceed

Proof of (@
First we assert that
Fo— o (4)
By the first and seventh axioms we have
Fé— (¢ — 9)
F(=p = ¢) = ((md = =) = =)

so by rules 1, 2 and 3 in combination with - ¢ — —¢ we have

{o} b -9

from which the result follows via Now, using the first axiom again we have
F =g — (¢ = ~—9)
and therefore by Theorem and in combination with rule 1 we have
{6k b6 = o
{6} b 6 = =g

now using the seventh axiom again gives us

= (¢ = ==¢) = (0 = ===¢) = —9)

which, using rule 3 in combination with gives us

from which the desired result follows via Theorem [[.2 O

We argue further in this section without explicit use of the calculus however we will think of it as
the underlying notion of derivability in intuitionism and return to it later.

1.2 Intuitionistic Zermelo Fraenkel set theory

In this subsection and the next we will argue with constructive proofs, that is, without making use
of the Law of Excluded Middle or its equivalents, in order to remain consistent with intuitionistic
logic. The theory of IZF is constructed using the first-order language £ with equality which has
as its single binary operation €. IZF has the following axioms:

1. Extensionality
Ve, yVz(z €z > z € y) = 2z = y]

2. Pairing
Vo, yJuwVz[z € w < (z =x V 2z = y)]
Using this axiom singleton {z} can be defined to be the set {z, 2} and the ordered pair (x, y)
is the set {{z}, {z,y}}.

3. Collection
Va[(Vy € x320(y, 2)) — FwVy € 232 € wd(y, 2)]



4. Powerset
VedwVz[z € w <> Vy € 2(y € 1)]

5. Separation
VoIuwVz[z € w > (2 € 2 A ¢(2))]

6. Empty Set
JaVz[z € x <> 2z # 2]
The set satisfying this axiom is, by extensionality, unique and we refer to it with the notation

0.

7. Union
VrIuwVzz € w > Jy € x(z € y)]

8. Infinity
Azl € 2 AVy € z(yT € x)]
Here y* is shorthand for the set y U {y} (which is a set by union and pairing, and again,
unique by extensionality).

9. Induction

Vz[(Vy € 2¢(y)) = ¢(x)] = Vag(z)

The variables in each axiom are understood to range over a universe of sets. It is helpful, however,
to be able to talk about collections of sets, or, classes, that themselves are not necessarily sets. To
this end we use {z | ¢(x)} to denote a definable class, that is, the collection of all sets that satisfy
some condition ¢ and try to mention explicitly when such a class is a set. In doing this we use a
particular abuse of notation, for any set z and any definable class A we take € A to mean ¢(x)
and also say “x is in A”. When A is a set the symbol € is the usual relation symbol. The universe
of all sets will be denoted by V.

Definition 1.3. A relation R is a class of ordered pairs and we understand xRy to mean (x,y) € R.

A function f is a special relation namely one for which (z,y), (z,3’) € f implies y = y'. Given
a function f we define dom(f) to be the class {z | Jy[(z,y) € f]} and ran(f) to be the class
v | 3eliz,v) € f1).

The class { | x = 7 A ¢} where 7 is not free in ¢ is of particular interest and, for it, we use the
shortened notation {7 | ¢}. Thus defined, {7 | ¢} is a set by separation on the singleton {7},
furthermore 7 € {7 | ¢} iff ¢. A couple other notations: we use 0 interchangeably with () and the
shorthands 1 and 2 for the sets {0} and {0, 1} respectively.

In order to give a sense of how IZF differs from classical set theory we give a few examples
of common notions that imply LEM. Without LEM the formula —3z¢(x) is no longer equiva-
lent to Vz—¢(x). One major consequence of this is that asserting a set x is non-empty or that
x # 0 is not the same as asserting Jy[y € x]. Any set satisfying the latter condition is inhabited.
Furthermore call a class A is discrete or decidable if Va,y € Alx =y V x # y]. Now we have

Proposition 1.4. The following are equivalent to LEM
(i) Membership is decidable: YaVy(x € yV z & y).
(i) The universe of all sets, V, is discrete.
(i1i) The powerset P(1) is equal to 2.
(iv) 2 is well-ordered, i.e. every inhabited subset of 2 has a least element.

Proof.
LEM— (4)
This is true by definition of LEM.



(1) — (ii)
For all z,y € V it follows from (¢) that z € {y} Vo ¢ {y}. Now z € {y} <> = = y hence the
first part of the or implies x = y directly, while the second leads to a contradiction and therefore

T £ y.

(id) — (iid)

Let x € P(1), by (it) we have x = 1V a # 1. Now y € x implies y € 1 and therefore y = 0
so by extensionality x = 1. It follows that assuming x # 1 and y € z leads to a contradiction
therefore y ¢ « for all y and so x = 0. Thus z € P(1) implies z = 1Vz = 0 from which (4i7) follows.

(#i1) — (iv)

Let = C 2 be inhabited and let < be the ordering defined on 2 such that 0 < 1 then assuming
(#i1) implies < is a well ordering. For all y €  we have y = 0V y = 1. Now consider the set
A={0]0 € z}. Since A is a subset of 1 it follows, by (#ii), that A = 1V A # 1. In the first
case 0 € x and therefore x has a least element, namely 0. In the second case y = 0 leads to a
contradiction therefore Vy € x[y = 1] and since « is inhabited 1 € x therefore 1 is the least element.

(iv) implies LEM

Assuming 2 has some well ordering < assume, without loss of generality, that 0 < 1. Now consider
the set A = {0 | ¢} U {1}, this is a subset of 2 and therefore has some least element a. Now by
definition of A we have a = 0V a = 1. In the first case 0 € A and therefore ¢ must hold. In the
second assuming ¢ leads to a contradiction since it follows from 0 € A that 0 = 1, so —¢ holds. [

The following proposition is also of interest
Proposition 1.5. The Aziom of Choice implies LEM

Proof. Given a formula ¢ let f be the function on 2 = {0,1} with f(0) = {7} and f(1) = {7 | ¢}.
By the Axiom of Choice there exists a choice function g for f which, by definition, takes values in
2 and is such that f(g(z)) = x. Since 2 is discrete we have

g{rh) #g({r [} Va({r}) =9({7 | ¢})
Now g({7}) = g({7 | ¢}) implies

{r}=rfle({r}) = flg({7 | 4})) = {7 | ¢}
and therefore ¢. On the other hand g({r}) # g({r | ¢}) implies

{r} # {7 | ¢}
which contradicts ¢ therefore —¢ follows. Thus
g{rh) # g7 [eH) Ve({r}) =g({7 | ¢}) = oV ¢

and so LEM holds. 0

Let us say that a set A is infinite if it satisfies ) € AAVy € A(yT € A). Axiomatically there exists
some such A in any model of IZF. We define

N= ﬂ{K C A | K is an infinite set}

Since for any other infinite set A’ the intersection AN A’ is both infinite and a subset of A it follows
that N C A’ so N is the least infinite set in IZF. From this follows immediately the principle of
induction on N that is

VB[ € BAYb e Blbt € Bl - N C B]

Hence the object N is analogous to the natural numbers in ZFC. We now have the following
definitions



Definition 1.6.

(i) A set A is countable if there exists a surjection f: N — A

(ii) A set A is subcountable if there exists a partial function f on some subset of N that is a
surjection on A

Classically these definitions are equivalent; intuitionistically, however, only (i) — (i7) holds. As-
suming any partial function can be extended to a total function implies LEM and as we will we
can construct models in which there exist subcountable sets that are not countable. Note that
this, in turn, implies that LEM is in fact refutable in certain models of IZF.

1.3 Heyting Algebras and Frames

In this section we describe an algebra that corresponds with intuitionistic logic upon which we we
will build the model. The construction is primarily derived from |Bell, [1985].

Definition 1.7. A lattice is a poset P such that for any two elements x,y € P the set {x,y} has
an infimum, or meet, and a supremum, or join.

For any lattice we can therefore define the binary operations A and V that send a pair, z,y to
their meet and join, respectively. A lattice is bounded if it has a maximum, or top, and minimum,
or bottom, element. In this case we denote the top element by T and bottom element by L.

Examples.

(i) The two element set {T, L} with L < T is a bounded lattice.

(ii) For any set A the powerset P(A), ordered by inclusion, is a bounded lattice. The meet and
join operations are the intersection and union of sets respectively. The top element is A and
the bottom element is ().

(iii) For any topological space (X,T) the set of opens O(X) ordered by inclusion is a bounded
lattice. The meet and join operations are again intersection and union, and the top and
bottom elements are X and ().

A bounded lattice can be characterized by the following equations
l.zvl=z, zANT==x
2. xVNz=zx,cANrx==x
3. xVy=yVz, xANy=yAzx
4. zV(yvVz)=(xVyVz, aA(yAz)=(xAy)Az
5 (xVyhy=y, (xAy)Vy=y

By this the following two things are meant. First, any bounded lattice will satisfy the equations
above. Second, any set P with binary operations A and V along with designated elements T and
1 that satisfy the above equations becomes a bounded lattice with the partial ordering x < y iff
TANYy=1.

A lattice is distributive if for all x,y, z € H we have

(xVy)ANz=(xA2)V(yAz) and (zAy)Vz=(xV2)A(yV2)



The two conditions are actually equivalent. Both implications are proved similarly so only one is
shown here. Assuming the first equivalence we have

(xV2)AyVz)=(xAyVz)V(zA(yVz))
cAY)V(zAz2))Vz
y)V ((x/\z)\/z)

y)V

Given a subset A of P we denote its supremum by \/ A and its infimum by A A if they exist.

(
(
= (zA
= (zA

Definition 1.8. A lattice is complete if any set A has both an infimum and a supremum.

To show that poset is complete it is sufficient to show that it has all infimums since for any set, the
infimum of its upper-bounds is its supremum. A similar reasoning shows that it is also sufficient
to show that a poset has all supremums.

Definition 1.9. A Heyting algebra is a bounded lattice in which, for any two elements a and b,
the set
{z]anz<b}

has a greatest element a = b. If, in addition, it is a complete lattice, it is called either a complete
Heyting algebra or a frame.

Examples.

(i) P(A) is a frame. For B,C € P(A) we have B = C =J{D | DN B C C} and the operations
A\ and \/ are the operations [ and J respectively.

(ii) The bounded lattice O(X) of opens on some topological space is also a frame. The join of
a set of opens is equal to its union and the meet equal to the interior of its intersection. In
other words for Y C O(X) we have

Vy=Jv
AY =Y
Furthermore for Uy, Us € O(X) we have
Ur=Uy=|J{U |UNU, C UL}

where U is assumed to be open.

(iii) {T, L} is a Heyting algebra however it is complete iff LEM holds. Namely, for any ¢ if join
VAT | ¢} is an element of {T, L} one of \/{T | ¢} =T or \/{T | ¢} = L must be true. The
first equality implies ¢ while the second implies —¢.

The operation = can be characterized by the following equations
6. x=2x=T
T zAN(x=y)=xAy
. yANlz=y)=y

9. 2= WAz)=(x=y) Alx=2)



For every frame H the following holds
T A \/ A= \/ TNa
acA

Namely, for all z € H we have

a:/\\/ASzH\/ASx:%z
—~a<xz=zforalaec A
—axzANa<zforallae A

> \/x/\agz
acA

In particular every frame is also a distributive lattice. The reasoning above is always true if A is
a two-element set, so every Heyting algebra is a distributive lattice as well.

Definition 1.10. The pseudocomplement of and element x is the element z* =2z = 1.
An element x is complemented if x V * = T. For such x the following holds
ahNz<y—(aNz)Va*<yVz*
“(avVr)A(zva®)<yVa®
~(ave)<yvaz®
—a<yVaz*

Furthermore
crAyVa)=xzANy<y

And therefore © = y = y V 2*. In particular, z** = L V& = z. Note that not every element is a
Heyting algebra is necessarily complemented. For instance in O(X) where (X,7) is a connected
topological space X and @) are the only complemented elements.

Definition 1.11. A complete subalgebra of a Heyting algebra H is a subset that is closed under
the restriction of all operations in H.

1.3.1 The Frame Hc

Here we will define a Heyting algebra following |Bell, [2014] that will be of particular use later.
First a few definitions, in the following we assume (P, <) to be some arbitrary poset.
Forpe Plet lp={q€ P|q<p}

Definition 1.12. A sieve is a set I C P with the property that | p C I for each p € I.
A set T sharpens or is a sharpening of a set S if for each ¢ € T there exists p € S such that g < p.

Definition 1.13. A coverage C of P is a map sending each p € P to a family of sets C(p) such
that C' Clp for all C' € C(p) and, given g < p and C' € C(p), there exists C' € C(q) that sharpens
C.

A set A C P is C-closed if it satisfies 3C' € C(p)[C C A] »pe€ A

Lemma 1.14. For any coverage C of a poset P the set Heo of C-closed sieves (ordered by inclu-
sion) is a frame.

Proof. First note that for any non-empty set A C Hc, the intersection [ A is itself a C-closed
sieve. Namely if p € (A4 and ¢ < p then for all a € A, we have p € a and so ¢ € a from which it
follows that g € () A. Similarly if there exists S € C(p) such that S C () A then for all a € A it

10



holds that S C a and so also p € a since each a € A is C-closed, thus p € (| A. Therefore () A4 is
an element of Hc and since He is ordered by inclusion it is, by definition, the infimum of A. The
definition for \/ A follows immediately since \/ A = A{b | Va € Ala < b]}.

It is left to show that a = b is well defined for a,b € Hc. Consider the set

S={p|(anlp) C b}

We assert that a = b = S. First, S is a sieve since for all p € S and ¢ < p we have | ¢ C|p and
so (aNlq) C (an{p) Cb. Now let there be C' € C(p) with C' C S, then for arbitrary p’ € aNpl
there exists C’ € C(p’) that sharpens C since C is a coverage and p’ < p. It follows then, because
S is a sieve, that ¢/ C S. Therefore for p”’ € C’ we have p” € b since | p”’ Clp' = a Ny,
and thus, C’ C b. Now since b is C-closed it follows that p’ € b and because p’ was an arbitrary
element of a N p we have a N p C bso p € S and therefore S is C-closed.

Now let p € a, it follows from the definition of membership in S that p € bN .S implies p € b so
aNS =an§ < b Then for arbitrary ¢ € Hc such that cAa < b and p € ¢ we have | p C ¢
since c is a sieve and therefore a N {p C aNc C b and so, by definition, p € S hence ¢ < S. Thus
S=a=0. O

1.4 Classical Set Theory: ZFC

We argue from this point on in ZFC. This section follows the exercises and proofs given in |Jech)
2003| and [Moerdijk and van Oosten) 2014]. The notions of induction and recursion are essential
to the construction of Heyting-valued models and they are the primary focus of this section. At
the end we prove in a lemma some of the well known classical properties of ordinals that will also
prove helpful. Sentences in ZFC are written, as with IZF, using the first-order language £ with
equality and the binary operation €. Its axioms are all those of IZF with, instead of collection
and induction the axioms

Replacement
Va[(Vy € 3z2é(y, 2)) — FwVy € 23z € wh(y, z)

Regularity
Vady € xly Na = 0]

As well as the Axiom of Choice which can be formulated

VeI f[fun(f) Adom(f) =z AVy € zx(y # 0 — f(y) € y)]

which corresponds to the idea that, for any collection of non-empty sets we can ‘chose’ an element
from each. An equivalent formulation is

Vf[fun(f) — Is(fun(s) A dom(s) = ran(f) AVz € dom(f)[s(f(x)) = z])]

which means that every surjective function f: A — B has a ‘section’ s: B — A such that

s(f(z)) ==

Both induction and recursion are dependent on the idea of a well-founded relation defined be-
low.

Definition 1.15. A relation R on a class X is well-founded on X if the class Ru = {z € X | xRu}
is a set for all u € X and for any set S C X there exists some s € S such that {s' € S| s’Rs} is
empty, that is, s'Rs does not hold for any s’ € S.

Note that R is irreflexive for if xRz then R fails the second property for the set {z}. A set T is
R-transitive if Rx C T for every x € T. Given a set S and a well-founded relation R it will be

useful to be able to construct an R-transitive set containing S. To this end let S = J Rs and
ses

11



define the sequence (S, )nen recursively as such: Sp = S and S, = S, U S,,. Now T(S)= U Sn
neN
has the desired property. Namely, for any = € T(S) and any arbitrary y such that yRx, there

exists some n such that « € S,,, and therefore y € S,,11 C T(S).

Lemma 1.16. If R is a well-founded relation, any non-empty, definable class C' has an R-minimal
element, that is, an element e such that cRe for no ¢ in C.

Proof. Let C' = {x | ¢(x)} be non-empty. For ¢ in C consider the set C' = {¢’ € T({c}) | ¢(c')}.
Because C” is a set by separation on the set T'({c}) there exists an element e € C’ such that ¢’ Re
for no ¢’ € C’. Now if there exists « such that xRe and ¢(z) both hold then it follows that « € C’,
which is contradiction. Therefore e is as desired. O

With this we can now prove

Proposition 1.17 (Principle of Induction). The following holds for any well founded relation R
VylVa(zRy — ¢(z)) — d(y)] = Vad(a)

Proof. Assume Vy[Vz(zRy — ¢(z)) — ¢(y)] and let C = {z | =¢(x)} be non-empty. By
there exists an R-minimal element e of C, so for e we have Va[zRe — ¢(x)]. It follows then by
the assumption that ¢(e), a contradiction, hence C' is empty from which follows Vz¢(x). O

This will be the primary tool in a lot of the proofs we go over including the principle of recursion.

Proposition 1.18 (Principle of Recursion). For any well founded relation R on a class X and a
class function F' on pairs (x,g) where x is an object in X and g is a function on Rx there exists
a unique function G such that G(z) = F(x,G|gs) for all  in X.

Proof. First we prove uniqueness. Let G and Z satisfy the theorem for some function F' and
assume Vy[lyRr — G(y) = Z(y)] then

G(z) = F(2,G|grs) = F(2, Z|gs) = Z(x)

Therefore, by induction, G(z) = Z(z) for all z in X so G = Z.
Using this we can then prove existence. Assume that for all y Rz there exists G, defined on T'({y})
such that Gy(z) = F(z,Gy|r-). Now let

Go = {(z, F(z, | JG,)} U UGy

yRx yRx

That G, is a well-defined follows from the uniqueness of the G;’s and the fact R is well-founded.
First, for any elements y,y’ of X we have Gy|d0m(gy)mdom(gy,) =Gy |d0m(Gy)mdom(Gy,) by unique-
ness, it follows then that the union G, U G, is a well defined function. Second = ¢ dom( |J Gy)
yRx

since R is well-founded. To see this let x € T'(y) for some yRz, there exists then, a sequence
Y1, .-, Yn such that y, Ry,—1, y1 Ry, and xRy, ; however, as such the set {y,y1,...,yn, 2z} has no
minimal element.

Now G, is defined on T'({z}) and is such that G,(z) = F(z, Gz|r.) thus by induction there exists
such a G, for all z. Define G(x) = G (x) then for yRz we have G,(y) = G,(y) = G(y) therefore
G(z) = Gy(x) = F(2,Gz|rs) = F(z, G|Rry)- O

The relation € is well founded since we have € u = u and the axiom of regularity ensures that for
all u there exists some = € u such that y & x for all y € u. It follows then that the principles of
induction and recursion hold for €. Particularly the axiom of recursion from IZF holds in ZFC as
well.
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Definition 1.19. An ordinal is an €-transitive set « that is linearly ordered by €, that is to say,
for any 3,7 € a one of 5 € v, B =7, v € 8 holds.

We will usually refer to ordinals using lower-case greek letters. A few facts about ordinals are
useful and are summarized in the following lemma.

Lemma 1.20.
(i) Every ordinal is itself a set of ordinals.

(i) For ordinals o C 8 we have « = fV a €

(i) The class of all ordinals is linearly ordered by €

(iv) Any non-empty class of ordinals has a least element
(v) The union of a set of ordinals is itself an ordinal

Proof.

(i)

For any ordinal « let 8 be such that 5 € a. We wish to show that g is &-transitive and linearly
order by €. To this end consider arbitrary &,7 such that £ € v € . First, it follows from
transitivity of «, that v € o and therefore £ € a. Since £ = 3 and § € £ both contradict the fact
that € is well-founded (consider the set {£,~, 8}) we must have £ € 8. Second, for all 5 € « and
v,v" € B we have «,+" € a therefore one of v' € v, ¥/ = v, v € v/ must hold.

(ii)

Assume « C f then 8 — « has a minimal element, call it v. Now if £ € v, then £ must be in 5 but
not in 8 — a so £ € a and therefore v C «. Furthermore for { € «, since g is linearly ordered by
€,one of y € {, 7= ¢, ¢ €y must hold, the first two imply v € a which contradicts v € 5 — « so
¢ € v and therefore « C v and so v = a.

(iii)

Given any two ordinals «, 8 assume « # 8. If § — « is empty then § C « and so by (ii) 5 € a.
Otherwise, let v be a minimal element of 5 —a then v C « as shown above, and since v C a would
imply v € « which is a contradiction, we must have v = « and so «a € .

(iv)

Given a class of ordinals A we can find a minimal element £ by which is then also a least
element by (7).

(v)

Let A be a set of ordinals. For all 5 € |J A and v € 5 we have 5 € « for some a € A and therefore
v € «a since « is transitive, thus v € | J A and therefore | J A is transitive. Now for any 3,5’ € |J A
we have 8 € a and 8’ € o' for some ordinals o, @’ in A which means by (i) that 8 and §’ are also
ordinals and therefore by (i) one of 8 € §/, 8= ', 5/ € 8 must hold, so |J A is linearly ordered
by €. O

Note that for any ordinal « the successor a™ = aU {a} is an ordinal as well as this is a specific
instance of (v).

2 Frame Valued Models

We now proceed to construct the model following the procedure in [Bell, [1985] and |Bell, 2014].
It is common to associate x with a characteristic function x, for which  C dom(x,). We can
think of a characteristic function as holding all necessary information about the set that it repre-
sents. Commonly, a characteristic function will take the values x,(z) = 1if z € x and x.(z) =0
otherwise. As such, it takes values on {0, 1} can therefore be seen as a mapping to some algebra
of truth values (think of {0,1} as the two valued Boolean algebra {T, L}). We generalize this
notion by examining functions that maps potential elements of a set to any Heyting algebra. This
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is motivation for the following construction.

Given some Heyting algebra H we wish to construct a universe V) of so called H-valued func-
tions, that is functions with range in H, that will come to act as the universe of all sets. As
characteristic functions are mappings of sets to truth values we would also like this to be the case
for u € V) and so we consider only functions that are homogenous that is, functions whose
domains are themselves sets of homogenous H-valued functions.

To this end we define for each ordinal « the set

VH) = {u | fun(u) Aran(u) C H A 3¢ € a[dom(u) C V;H)]}

[e3

The universe of homogenous H-valued functions is then the class
V) = {u | Jafu e VD))
As such, V) is precisely the class of all sets u that satisfy

fun(u) A ran(u) € H A dom(u) € VH)
To see this, first, given v € V) et rank(v) denote the least ordinal « such that v € VUEH).
Now for some function u with domain in V) that takes values in H consider then the ordinal
a = [J{rank(v) | v € dom(u)}. For all v € dom(u) we then have rank(v) € a* and therefore

U € Voff).
Lemma 2.1. The relation v € dom(u) is a well-founded relation on V),

Proof. Since dom(u) is a set it suffices to show that there exists v’ € dom(u) such that w € dom(u)
for no w € dom(v’). The set of ordinals {rank(v) | v € dom(u)} has a least element «, let
v" € dom(u) be such that rank(v') = a. Now for arbitrary w € dom(v’) there exists £ € a such
that w € V%(H) and therefore either rank(w) € £ or rank(w) = £. It follows then by transitivity of
a that rank(w) € . Therefore we must have w ¢ dom(u) since « is minimal with regard to € in
{rank(v) | v € dom(u)}. O

It follows immediately from that we can perform induction on y € dom(z).

The structure of V) allows for a mapping of logical sentences ¢ to truth values [¢] in H.
Such sentences are written in the first order language £ with equality that has the relation €
and a constant for every element v € V). Given definitions for [¢] and [¢/] we define the
mapping [-] as follows:

[¢ Al =[o] A Y]
[¢ Vel =TIl VvIv]
[¢ = ¢ =[¢] = [¥]

[-¢] = [o]"
Bzlo@ = '\ [sw]
Valp@)l = A [6(w)]-

ucV (H)

Now all that is left is to determine values for the atomic sentences [u = v] and [u € v]. The
guiding intuition in doing this will be as follows: We, again, wish to have each function in V()
act as a characteristic function and so it should carry the structure of the set it represents. Hence,
given some wu,v in V) we want

[ueol=\/ [oy)Alu=yl].

yEedom(v)
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In other words we wish u to be equal to some y which v indicates is within the set it represents.
The notion of equality is guided by the axioms of extensionality, namely

[u=v] = \/ [v(y) =y e u]ﬂ A \/ [u(a:) = [z € v]]]

yedom(v) ze€dom(u)

Which can be thought to mean “u and v are equal if whenever u indicates z is within the set it
represents then x is in the set represented by v and vis versa”.

The desired definitions can be achieved by simultaneous recursion. We start by defining a new
relation R on the class of ordered pairs {{u,v) | u,v € VY. Let (u/,v')R{u,v) iff ' € dom(u)
and v' = v or v’ € dom(v) and v’ = u.

Lemma 2.2. The relation R is well founded.

Proof. First R{u,v) is a set by replacement on dom(u) x dom(v). Now, given a set A of ordered
pairs, the sets {u | Fv[{u,v) € A]} and {v | Ju[({u,v) € A]} have, respectively, minimal elements v’
and v’ with regard to the relation z € dom(y). Therefore, (u’,v’) is a minimal element of A, for
if there existed (u”,v")R(u/,v") it would contradict the minimality of either «’ or v’ by definition
of R. 0

Now define a class function F' as follows, given (u,v) € VU x V) and a function g: R{u,v) — H?
with components g;, let F({u,v), g) = {a,b, c) where

a= "\ [ Aguy)

yedom(v)

b=\ [u(@) Aga((@v))
z€dom(u)

c= N @ =a(@o)n N\ ) = e(uy)
redom(u) yEdom(v)

Now by Proposition there exists a unique function G that satisfies G(x) = F'(z, G|ry) for all
r € VIH) x VIH) We then define [u = v] and [u € v] by saying ([u € v], [v € u],[u = v]) =
G((u,v)). The following lemma shows that, as such, Ju € v] is well defined.

Lemma 2.3. We have the equalities G1({u,v)) = G2({v,u)) and G3({u,v)) = G3({v,u))

Proof. By induction on R: let the statement be true for R{u,v) then we have

Gi((wv) =\ @) AG(uwy)l= \/ [ AGs((yu)] =GCa((v,u)
yedom(v) yEdom(v)
and

Gs((wv) = N [uw@)=Cilz,o)ln N [oly) = Ga((u,y)] =

z€dom(u) yedom(v)

A @) =Gy u)n N [u@) = Go((v,2))] = Gs({v,u)  (6)

yedom(v) zedom(u)

We have then as an immediate consequence, the following corollary
Corollary 2.3.1. For all u,v € VU the equality [u = v] = [v = u] holds.

Note that V) = [¢ — o] iff [¢] < [¢] since exactly then is [¢] = [«] = T, this fact will
frequently be used without mention.

15



2.1 Consistency with Intuitionistic logic

We say a sentence ¢ is true in V) (notation VU = ¢) if [¢] = T. All the axioms of the
Hilbert-style calculus for intuitionistic first-order logic are true in V) and the rules of inference
hold in the following sense: If T is a theory such that ¢ is true in V) for all ¢ € T then I' - 1)
implies V) |= 4. This result follows fairly quickly from the definition of [-] and the nature of
the operations A, V, = in any Heyting algebra for most of the axioms. We will treat a specific few
cases relating to the language £ here. An important consequence of this is that for any theory
I that is true in V) showing that V() = ¢ implies —¢ is not a consequence of I'. If it were we
would have T = [¢] A [-¢] = [¢] A [¢]* = L, a contradiction.

Lemma 2.4. The following is true for arbitrary u, v, and w:
(i) VI = u = u, additionally u(z) < [z € u] for all x € dom(u).
(i) VI su=vAu=w—v=uw

(iii) V) Eu=vAveEw —»ucw

(iv) VI Eu=vAwev—weu
(0) VI =0 A §(v) > 6(u)

Proof.

(i) We proceed by induction, assume [z = z] for all z € dom(u) then for z € dom(u) we have
[zeul= \/ [u@)A['=2]] >u@) Az =2] = u(z) (7)
' €dom(u)

and so

[u=u] = /\ [u(z) = [z € u]] > /\ [u(z) = u(x)] =T

zedom(u) z€dom(u)

It is an immediate consequence of this that u(x) < [z € u] for all u € V) and x € dom(u)
since (i) implies that is universally true.

(ii) We, again, use the induction principle for V#). Assume that for € dom(u) we have
Vo, w € VE [z = v] A [z = w] < [v=w]]. Note that by definition of [- = -]
v(y) Au=2v] <vy) A N\ [vy) = Ty cul] <[y €]
IS
Using this twice we get
[ =w] A fu= o] Av(y) < [u=w] ALy € ]

= \/ [u(x) A u=w] Ay =2]]

rzedom(u)

< \/ [[[wa]]/\[[y:x]H

ze€dom(u)
Now, by the induction hypothesis we have

[t cwlrly=2]= \ [wEAlz=anly=21]]

z€dom(w)

<V [we)Alz=1y]] (8)

z€dom(w)

= [y € v]
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thus
[u=w]Au=v]Av(y) <[y €]

and therefore [u = w] A Ju =v] <wv(y) = [y € w] for all y € dom(v). By symmetry we then
also have u = w] A Ju = v] < w(z) = [z € v] for all z € dom(w) so

[u=w]AJu=1v] < /\ [v(y) = [y € w]] A /\ [w(z) = [z € v]] =[v=u]

yEdom(v) z€dom(w)
as desired.
(iii) Given (ii), the equation (2) provides the desired result.

(iv) Again using definition of [- = -] in combination with (i) we get

[u=rwevl= \/ [p@Aly=wirfu=2]] <\ [ly=wlAly€u]] <[we]

yEdom(v) yEdom(v)

(v) We proceed by induction on the structure of ¢. The atomic cases are handled in (ii)-(iv).
The following equations cover induction for A,V,d and V respectively:

[¢(v) A A Tu= o] = [p(0)] Au= o] A [ @] A [u= 2] < [¢(w] A ()]
[¢(v) V()] A fu= o] = ([p)] A u=o]) v ([ )] A [u=v]) <[]V [¢(u)]
[v=u]AB¢(w, )=\ [[v=urlpwo)]] < \ [6ww]

weV (H) weV (H)
[v=u] AlVo(w,0)]= A [[v=ur[e(w)]] < A [e(w,u)]
weV (H) weV (H)

For the implication conjunction we have then

[p( A v =ul A ([o(0)] = [$(0)]) < [v=u] Ao A ([o(0)] = [¥(v)])
<lv=d A [Y)]
< [¥(w)]
Therefore
[v=u] A ([o(v)] = [L()]) < [o(w)] = [¥(w)]-
The case for —¢ follows directly since [-¢] = [¢]* = [¢] = L.

O

The following lemma is another consequence of and will be used often in calculating values for
[

Lemma 2.5. The following equalities hold:

(i) [Bv € up(v)] = V [u(z) A [¢(2)]]

TEU

(it) [Vv € up(v)] = A [u(z) = [¢(x)]]

TEU

Proof.
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(i) To begin, by definition of the mapping [-] we have
[Bv € up(v)] = [Fv(v € u A p(v))]
=V [[beudrlew)]]

veV (H)
VoV [u@) A=l ALs)]]

veV(H) zedom(u)

=V [u@ar \ v=zr6@)]]

ze€dom(u) veV (H)

Now by Lemma we have [v = z A ¢(v)] < [¢(x)] and by Corollary we have
[z =2 A ¢(x)] = [¢(x)] therefore

V fu@a \ Tv=zad@)]] =\ [u@) A [6@)]
z€dom(u) veV (H) TEU
which gives the desired equality.
(i) First
[Vo € up(v)] = [Vo(v € u = ¢(W))] =\ [Ive€u]= [(v)]] (9)

veV (H)
Now given v € V) we have

A [u@) = 6@ Alveul = A fu@) = [o@I] A\ (u(@) Ao =2])

TEU TEU ze€dom(u)

=V [Ab@ = BE]) Aue) AR =]

z€dom(u) TEU

<V [@]Afe=]]

z€dom(u)
< o(v)]

Therefore for all v € V) we have

N [u@) = [o@)]] < [veu] = [6v)]

z€dom(u)
Furthermore
A ved=Twl < A [ved=I@I< A [u@) =[]
veV (H) vedom(u) vedom(u)
=) (ﬂ) is equivalent to Ed/\ ( )[u(az) = [¢(2)]] as desired.

Finally we have
Proposition 2.6. V) = LEM iff H is a Boolean algebra.

Proof. Assume V) |= LEM then given a € H let u be the function {(),a)} then [§ € u] = a. Tt
then follows from V) =0 € u Vv =( € u) that

ava*=[0eu]V[-0euw)]=T

so a is complimented. Since a is an arbitrary element of H we can conclude that all elements of
H are complemented and that it is therefore a Boolean algebra.
Conversely, if H is a Boolean algebra we have [¢V =] = [¢] V[4]* = T and so V) = LEM. O
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2.2 Existence in V)

The fact that a sentence of the form 3z¢(z) is true in V) need not imply that we can actually
find an element u such that V) |= ¢(u). There are, however, certain conditions that ensure this
is the case and we present two in this section.

Proposition 2.7 (Unique Existence Principle). If V) |= 3¢ (x) then there is a u € V) such
that VU = ¢(u)

Proof. Since \/ [é(z)] = T we can find, using what is called a collection argument, an ordinal
zeV (H)

a such that \/ [o(x)] = T. Let H = {h € H | Iz € VI (h = [¢(z)])} we can then find a
wEVoEH)
set X (be it be AC and replacement or collection) such that Yh € H3z € X[[¢(x)] = h], now let

a = |J rank(z) then X C Vi
reX

and therefore

V k@l= \ [b@)]=T

zeV, eV (H)

Let dom(u) = ) and u(v) = [Fw[p(w) Av € w]]. Now unique existence implies that [¢(a)] A

[9(b)] < [a = b]. Tt follows that

[¢(@)] A Bulgw) Avew]]= \/ [[6@)]A[e(w]A v e w]]

weV (H)

< \/ [z = w] A [v € w]]

weV (H)
<[v e 7]

and so [¢(2)] < [Fw[p(w) Av € w] = [v € x]. Additionally the fact that [¢(z)] A z(y) < [y €
x A ¢(z)] along with the definition of u(y) gives us, for arbitrary x € V()

z(y) = lyeu] > x(y) = uly) > z(y) = [y € x A dp(2)] > [¢(z)]

therefore
[u=al= A [@=beulr A [Bulsw) rvew]=[vea] > o)
y€dom(z) vev, D
Thus it can be concluded that [¢(u)] = [Fz[p(x) Az = u]] = [Bx[p(x)]] = T. O

Before we move onto the next condition we will need a couple definitions and an important lemma.

Definition 2.8. Given a Heyting algebra H an anti-chain is a subset A of H such that a; Aag = L
for all a;,as € A with a; # as.

Definition 2.9. Given some collection of sets {u; | ¢ € I} and {a; | ¢ € I} C H the mizture
> ier @i - u; is the function u with dom(u) = |J dom(u;) and u(z) = \/ a; A [z € ug]
i€l i€l

Lemma 2.10 (Mixing Lemma). Let u be the mizture ), ; a; - u;. If
a; AN aj < [u; = uj]
for alli,j € I then
a; < Ju; = u].

In particular the result holds when {a; | i € I} is an anti-chain.
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Proof.
First, we have for z edom(u)

a; N\ \/aj/\[[SCE’U,j]] = \/ai/\aj/\[[:L'Guj]]
jeJ jeJ

< Vlwi = w] ALz € uj]
JjeJ
<[z € w]

Furthermore for y in dom(u;)
a; Aui(y) < ai ANy € wi] <uly) <[y €]

Therefore a; < u(z) = [ € u;] for all x edom(u) and a; < u;(y) = [y € u] for all y in dom(u;).
Hence a; < Ju; = u]. O

A set B refines a set A if for all b € B there exists some a € A such that b < a. A Heyting algebra
H is refinable if for every subset A C H there exists some anti-chain B in H that refines A and
has the same join, that is, \/ A =/ B.

Proposition 2.11 (Refinable Existence Principle). If H is refinable then V) satisfies the exis-
tence principle, that is, if VU |= Jxg(x) we can find u € VI such that VIH) |= ¢(u).

Proof. Assuming V) = 3z¢(z) we can, by a collection argument, find some ordinal o such that
\ [e]=T
UEVCSH)

Now let {a; | i € I} be a refinement of the set

{Io()] v e ViM}
Such that \/a; = V [é(v)]. Then, using the Axiom of Choice, we can choose for every a;
icl weViD

some v; € VH) such that a; < [¢(v;)]. Now let u be the mixture Y, ;a; - v;. By the Mixing
Lemma we have

< V6wl A fvi = ]

i€l

< [o(w)]
Therefore V) = ¢(u). O

—

2.3 The natural mapping (-): V — V()

Given a complete subalgebra H' of H we can think of the associated model VH") as a submodel
of VU that is to say V) C V) and the mappings [-]¥ and []¥ are consistent. The first
assertion can be seen quickly since any H’-valued function is also an H-valued function and so it
follows by induction on z € dom(u). For the second assertion we have the following lemma.

Definition 2.12. A formula ¢ is restricted if all its quantifiers are of the form Jy € x or Vy € =
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Given this definition we have the following lemma

Lemma 2.13. For any complete subalgebm H' of H and any restricted formula ¢(z1, ..., ) with
variables in VI the equality [p(z1, ..., 2,)]" = [¢(x1, ..., 20)] holds.

Proof. We proceed by induction on the complexity of ¢. First, for the atomic formulas [u = v]
and [u € v]: given (u,v) € VIH) x V) Jet the following

[z = y]" = [z =y]"

[« € y]" = [z € y]™

[y € 2] =y € o]

be true for all (z,y) such that either x = w and y € dom(v) or z € dom(u) and y = v (this is a
well founded relation as shown in Lemma . Then

’ ’

fueo]® =\ [o@) Afu=y1"] =\ o) ALu=]7] = [ue o]?

yev yev

and

’

Ju= v]]H/ = /\H, [v(y) = [y € u]]H/} A /\H [u(z) = [z € v]]H/]

IS reu

—/\ y) = [y € u]"] A /\H[u(x)é[[xev]]H]:[[u:v]]H

yev TEU

We have then by induction that the atomic cases are true for all pairs u,v € VH 0.
Now given ¢, such that [¢]?# = [¢] and [¢] = [/]¥ we also have the following by com-
pleteness of H':

6 Awl™ = [6]™ AT [l = [6] AT [w]" = [ A )"

[ovol™ =[a]" v [l = [6] v [¥]" = [V v]"

[6 — ] =[e]" =[] =[e]" = [w]" = [o — 4]"
=61 = ([e]")* = ([6]")" = [~¢]"

The final step is by induction on the well founded relation x € dom(u), let [¢(x)]" = [o(z)]*
for all such = then

[z € up@)] = \/* [u(@) AT [o@)]"] = /7 [ul@) A" [6(2)]"] = [Fv € up(v)]"

redom (u) z€dom (u)

and

[z € up@)]" = A" [ul@) =7 [o@]"] = A"lul@) =" [p@)]"] = [Be € up@)]”
z€dom(u) z€dom(u)

O

There is a natural mapping 6 V — VALY defined by 4 = {(8, T) | v € u} (this is well defined
by recursion on v € dom(w)). Since T, L is a complete subalgebra of any Heyting algebra H we
can also think of (-) as being a mapping from V to V). We have the following properties for (-)

Lemma 2.14.
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(i) [uct]=V[u=2] for allv eV and u € VI

TEV
(i) ucveVE Edctandu=v e VH Ea=70
(i4) For all z € VUT-LY there exists a unique v € V such that VAT D 2 =7

(iv) For any formula ¢
(15(1’1, 71'n) AN V({T’J—}) ': (ZS(:/L'\D 7§n)

moreover for any restricted formula
Y(@, ) € VI = (@, )

Proof.
()
[uedl= V vyAlu=y]l=VTA[u=2]=V[u=7]

yEdom (D) TEV €V
(ii)

Assume u € v then by (i)
fiesl=\IE=gz=a=T

yev

It follows then that, assuming u = v

[a=3] = A [i(z) = [z €8] A \ [Bly) = [y € al]

TEU yED
= A\lzedlr NGl
TEU yeEU
=T

since x € u <> x € v.
For the converse implication we proceed by induction. Let [T €y =T wz €y, [y€2] =T —
y€x,and [Z =93] = T — z =y be true for all (z,y) such that one of x € u and y = v, z = u
and y € v is true. We have then

[veu] = \/ [z=7

reu

by (i). Note then that since the mapping 6 V — V) ig actually a composition of the mapping

2V — VALY and the inclusion of VALY into V) we have [z = 9] = [z = 2]{ T} by

Therefore [T = 0] = T or [Z = 9] = L for all z € u. It follows then, if we assume [o € a] = T,

there must exist some 2’/ € u such that [/ = 9] = T. By the induction hypothesis this means

2’ = v and therefore v € u. The case for u € v can be shown in the same way using symmetry of

[=]

Similarly [v=u] = A[Z €A Alycu] andso [T €t]=[gcu]=Tforallz €wand y € v
TEU cv

therefore by the induction hypotﬁesis z € u ¢ z € v and so by extensionality u = v. Thus the

hypothesis is true for all pairs (u,v) € V x V.

(i)

Uniqueness follows from (i) since [x = 0] A Jxr = 4] < [v = u]. For existence we proceed

once again by induction. Let the hypothesis be true for all y € dom(z) then by the axioms of

replacement and separation we have a set v = {z | Jy, € dom(z)[z(y.) = T A[Z=y.] = T]}. As

such, for all z € v we have

Feal= \/ [WAE=ul] 22@)Aly-=2]=T

yedom(x)
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And for y € dom(x) either z(y) = L in which case z(y) = [y € 0] = T or y =y, for some 2’ € v
from which it follows that [y € 9] = V [y = 2] > [y~ = #’] = T Therefore we have
IS

[z=0]= A [z@w=eil]r A\[Eeal>T

yEdom(x) zE€V

(i)

The first part is proved by induction on the structure of ¢. The second follows immediately by
The atomic cases for the first part are proven in (éi7). For the connectives note that since
[] maps to {T, L} we have

[oAd] =To]ATv] =T iff [¢] =T and [¢] =T iff ¢Av
[ovel=lelVIvl =T iff [¢] =T or [¢] =T iff ¢V

Furthermore

[~o] =[¢]" =T iff [¢] =L
which by the induction hypothesis contradicts ¢ since ¢ <> [¢] = T therefore [-¢] = T — —¢.
Then, assuming —¢ we have

[l =[el"=T" =1
so =¢ — [-¢] = L and thus
[¢ = vl =l = [¥] =T iff [p] = Lor[¢]=T
iff [p]* =T or[¢]=T
iff =gV
iff ¢ —
Finally, for a sentence of the form Jz¢(x) if [Fzp(x)] = V [¢(x)] = T then there must exist some
zcVAT, L}
x € VI such that [¢p(z)] = T and we can find, by (4ii), v € V such that [0 = ] = T and

since T = [v = z] A [o(2z)] < [¢(¥)] it follows that ¢(v) holds and therefore also Jzp(x).
Assume then that Jz¢(x) holds, we can find some v € V such that ¢(v) holds and it follows that

[Bzo(2)] ZV\{/T[[ﬂ(x)]] > [o(@)] =T.
This also proves the case for Va¢(z) since in {T, L} it holds that [-Jz—¢(x)] = \{/T [[ﬁ(x)]]*)* =
Ale@)]™ = Alo(@)] = [Veo(2)]

zeViT. 1} xeVA{T. L}

Note that in particular (iv) implies that for ¢ satisfying the necessary conditions we have
o =T < [o] =L

2.4 The Axioms of IZF in V#)

We have now built up enough theory that we can prove all the axioms of IZF to be true in V().
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Extensionality

Proof. We have, given z,y € V()

[Vzlzex < zey]=[Vzl(z€x = 2z€y) ANz €y = z € 2)]]

= A [zeal=lzevlln A [zevl=[=<a]

z€V(H) 2€V(H)

< /\ [z € z] = [z € y]] A /\ [[z € y] = [z € «]]

z€dom(x) z€dom(y)

< A [@=lelrn A [z =<

z€dom(x) z€dom(y)

Which gives us
Ve, yVz(z €z z€y) » z=y]] =T

Furthermore for arbitrary z € VU we have [x = yJ Az €x] <[z €y] so [x =y] < [z € 2] =
[z € y] and thus
Ve, ylr =y = Vz(z€exz < zey)]=T

O

Given a sets u,v € V) the existence of their pairing as well as their powersets, unions and any
set by separation on w or v is unique by extensionality. Therefore, for any of the axioms just
named, we can find, by the Unique Existence Principle, some w € V) that satisfies that axiom
for w and v. In the following such sets will be denoted in the usual way so for instance P(a) will
denote an element of VH) satisfying Va[z € P(a) ¢ Vy € 2]y € d]].

Lemma has the consequence that, given u € V) such that VU = Valz € u < ¢(x)], we
have for any v € V()

[Vy(y € v < 6(y))] = [v = 4]
Since the two sentences are equivalent by extensionality. From here on we will use this fact without
mention.
Pairing
Proof. Given u,v € V) consider the function w = {(u, T), (v, T)}. For w it holds that
[z € w] = (wu) Alz=u]) V (ww)Alz=v]) =[z=u]V[z=v]=[z =uVz=1]
O

Note in particular that z € z Ay € 2z AVw € z[w = 2 V w = y] is a restricted formula in variables

—

z,Y,2 so by {x,y} satisfies the axiom of pairing for 2,7 in V). In particular (z,7) = (z,v)
is true in V7).

Powerset

Proof. Given u € V) let w be a function with domain H°™®) (the set of all functions from
dom(u) to H) and let w(z) = [Vy € x(y € u)] then by [2.4]

ewl= \/ [[Wwealyecw]le=0]] <[vyeuv(ycu)]

z€dom(w)
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Now given v consider the function a with dom(a) = dom(u) and a(z) = [z € u] Az € v]. Tt
follows that a(z) = [z € v] = T for all z € dom(a) since a(z) < [z € v] therefore

Vyeolyeu]l= A [vly)=[yeul]
yedom(v)

= N [® = (lyculrv)]

yedom(v)

< A v =ay)

yedom(v)

< A bw=eadlr A |az)=[ze]

yedom(v) z€dom(a)
[v=d]

Now by construction we have a € dom(w). Additionally [Vy € a(y € w)] = T since a(y) < [y € u]
for all y € dom(a). Thus

[Vy evly €u]] < [Vy € aly € w)] Afv=a] =w(a)Av=a] <[veuw]

O
Union
Proof. Given u € V) let w be the function with dom(w) = |J dom(v) and w(z) = \ v(z)
vedom(u) vEA,
where A, = {v € dom(u) | z € dom(v)}. Then
ewl= \ [le=ulr Vowl= \V V [k Alk=yl
z€dom(w) vEA, z€dom(w)vEA,
= \/ \/ [v(z) Az =y]] = [Bv € uly € v]
vedom(u)zedom(v)
O
Separation
Proof. Given u € VU let dom(w) = dom(u) and w(z) = [z € u] A [¢(z)] then
ewl= \ DedrleWlrly==1< \ [BEIA[zeu]=[d(z) Az e
yEdom(w) yedom(w)
and
b Azeul= \/ uAlz=ylrlbGI< \ Weunlz=y]A W]
yedom(u) yedom(u)
= \/ w(y) Az =y] =z € ]
yedom (u)
O
Empty Set

Note that since [u = u] = T for all u € V) it follows that [u # u] = [u = u]* = L. Therefore,
for any function w € V) with ran(w) C { L} we have

[uew]= \/ [w(z) Au=2a]] =L =[u#u]

z€dom(w)

and so w satisfies the empty set axiom.
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Infinity

Proof. The set @ is the empty function and therefore satisfies the empty set axiom in V). So,
because N
DexnVyex(y™ €x)

is a restricted formula it follows from that N satisfies the axiom of infinity since N satisfies
the axiom in V. O

It is true in V) that N is the smallest set satisfying thE axiom of infinity. Let A be such that
VH) = € AAVa € Ala™ € A]. We immediately have ) € A, and since it = n* it follows by
induction on N that R

INCcA)= A[peA]l=T

neN

Collection

Proof. Given v € V) and z € dom(u) there exists by a collection argument some ordinal a,

such that \/ [o(z,y)]= V [o(z,y)]. For a = {ay | z € dom(u)} and v, the function with
yeV ) yEVOEf)

domain V™) and range {T}, we have

Ve € udyd(z,y)] = AN [u@) = \ [ayl]= A [we)=> \ [yl
z€dom(u) ycV (H) z€dom(u) yGV(,EH)

= /\ [u(z) = [By € vo(z,y)]] = [Vz € uTy € vé(z,y)] < [BwvVz € uy € we(z,y)].
zedom(u)

Induction
Proof. We proceed by induction on the well-founded relation y € dom(x), let

a=[(Vycady) > o@l= N [z@)=[oW]] = [¢)]

yedom(z)

assuming a < [¢(y)] for all y € dom(x) it follows that a < b = [¢(y)] for any b so we have in

particular a < A [z(y) = [¢(y)]]. Therefore, by definition of a we have
yedom(x)

a=al /\ [x(y) = [[(i)(y)]]] < [o(2)]

yedom(x)

So by induction we have for all z,v € V1)

v N [(Vy € ubly)) = d(w)] < [(Vy € 26(y)) = ¢()] < [6(x)].

u€V (H)

Therefore A [(Vy € ug(y)) = ¢(w)] < A [ow)]. N

ueV (H) weV (H)

With the above axioms we now have the equipment to define the notion of a function in V).
We begin by constructing the object A x B for A, B € V), Let C be the set of all singletons of
A constructed using separation on P(A) and C’ the set

{r € P(AUB) | 3Ja € A, b€ Blx = {a,b}|}
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(using pairing with again powerset and separation). Now A x B is the set
{x e P(CUC")|Ja € A,b € Blx = {(a,b)]}
Using this we can define the formula fun(f) as
JA,Blx € f - x € Ax B AVa,b,b'[({a,b) € f A {a,b') € f) > b=1]

Given f such that V) |= fun(f) we write dom(f) for the set {a | Fb[{a,b) € f]} and ran(f) for
{b | Ja[{a,b) € f]} the existence of both follows from separation on A x B. Furthermore we will
occasionally use the notation [f(z) = y] = [(z,y) € f].

3 Implications in IZF

3.1 Zorn’s Lemma and the Axiom of Choice

In this section we give a proof that, by assuming Zorn’s lemma when constructing the V) it
ends up always being in the model. We let Zorn’s lemma take the form:

If X is a poset such that every chain in X has a supremum in X, then it has a mazimal element.

This is slightly different than the usual statement which only requires that chains in X have upper
bounds in X. However, though the existence of suprema is a stronger requirement on X this
version is, classically, still strong enough to prove the Axiom of Choice which, in turn, proves the
usual statement of Zorn’s lemma [

Definition 3.1. A set u € V) is inhabited if it has a definite element, that is if there exists
some v € V) such that [v € u] = T.

Note that V) | Jz(x € u) does not necessarily imply that u has a definite element. For

instance take H to be the Heyting algebra {T, L, a,b,c} with ¢ < a, ¢ < b as well as a,b,c < T

and | < a,b,c as suggested below
/ T\
a b

N/

We have

yEdom(v)

Note that h* = L for all h € H — {1}. Therefore [v = ¢] = T iff ran(v) C {L} otherwise
[v=0] = L. Furthermore for v with ran(v) C {_L} we have

=17 <[@e]” =L
Let u be the function {(0,a), (1,b)}. Then

[zeu]l? =@Afz=01")vOA[z=T)")<T

3See for instance the proof of Proposition 1.4.3 from Moerdijk and van Oosten| [2014] which works with either
formulation
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However : : o :
[Bz(z € w)]¥ = \/ [rcul <[Peculf V1cu]? =avb=T
zeV (H)

So V(H) = Jz(z € u) while u has no definite element. This motivates the following definition and
lemma

Definition 3.2. Given u € V) a core C of u is a subset C' C V) such that [c € u] = T for all
c € C and for all v € V) that satisfy [v € u] = T there exists some ¢ € C for which [v = ¢] = T.

The following two proofs follow those in [Bell, |2014].
Lemma 3.3. Every u € V) has a core.
Proof. Given u € V) let
az = {(z,u(z) N[z =z]) | z € dom(u)}.

By collection on the set
{f e Hom® |3y e VI[f = a,]}

there is a set W C V) guch that for all Yy € V) there exists z € W such that az = ay. Now let
C={zeW|[zecu]=T}
For any y if = is such that a, = a, then
u(z) AN z=z] =u(z) Az =]

for all z €dom(u). Therefore [y € ] = T implies there exists z € W for which

T=\ [u&nrlz=ull= V [urlz=ylrlz=q]] <[z=4y]

zedom(u) zedom(u)
It also follows then that [z € u] = T, so z € C. Hence C' is a core for u O
Proposition 3.4. Zorn’s Lemma is true in V).
Proof. Let (X, <x) be such that
v (H) E (X, <x) is an inhabited poset and every chain in X has a supremum
More formally, X and <x are elements of VH) and for <x the following holds
V) =z e<x [z € X x X] AV, y[((z,y) €<x Ay,z) €<x) = = =]
AVz € X[(z,z) e<x] AVz,y[((z,y) €e<x Ay, 2) €<x) — (z,2) €<x]. (10)

Which states that <x is a poset on X. Furthermore, using v C X as shorthand for Vu € v[u € X]
and z <x y as shorthand for (z,y) €<x we have

V) EVo[lv C X AVz,y vz <x yVy<x z)]
—JzeX[Vzev(z <x 2) A\Vw e X(Vz € v(z <x w) = z <x w]] (11)
Or in other words, every chain in X has a supremum. By taking v = () we see that X must be
inhabited. Now let C' be a core for X, we define a new relation <o by saying that x <o y iff

[t <x y] =T for any z,y € C. That (C, <) is a poset follows immediately from . Moreover,
since suprema are unique, there exists, by the Unique Exsitence Principle, some z € V) such
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that V) = 2 € X (again taking the supremum of the empty set). Therefore, since C' is a core
for X, C' must also be inhabited. Now given a chain K in C the set

kE={{z,T)|ze€ K}
is a chain in X. To see this note that

[yekl=\/ly=a] <[yeX]

Furthermore for all z,y € K we have either z <o y or y <¢ x and therefore [z <x yVy <x z] =

T. It then follows that
[ue k] Afv € k] \/[[u:a?]]/\\/[[v:y]]

reK yeK

—V VIb=slALu=a]
zeK yeK

=\ VIv=vrlu=a]A[x<x yVy<x a]]
rzeK yeK

<Ju<x vV <xu].
Because k is a chain in X we have
VI =3z e X[Va € k(z <x 2) AVw € X(Vz € k(z <x z) = w <x 2]

and again, since suprema are unique, there exists by the Unique Existence Principle s € V) for
which s is in X and is the supremum of k is true in V). Now let s’ € C be such that [s' = s] = T
then s’ is the supremum of K in C. Thus every chain in C has a supremum and it follows from
Zorn’s lemma (in ZFC) that C has a maximal element ¢. We claim

VU = ¢ is a mazimal element of X.
Given a € VU define Z by dom(Z) =dom(X) and
Zx)=zr=anze X Nc<xz]V]z =]
As such we have

[ae X ANe<xa] = \/ (X (2) A[a=x] Alc <x d]]
z€dom(X)

\/ [z € X]Ala=a] Afe <x z]]
z€dom(X) (12)

< V [Z@Az=ad]]
rzedom(X)
=[a € Z].

IN

Now we consider arbitrary u,v € V). Tt follows quickly from [c € X] = T that
[ue Z] <[ueX].
Furthermore, we have
[ueZrveZ] < ([u=aAue X Ac<xu]V[u=d)
ANv=arveXNc<xv]V]v=C])
< (le<xul Ao =)V ([c <x v] A fu=d])

V([v=c Afu=d])V ([u=a] Av=a])

<o <xu]V[u<xv]V[u=1]
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Therefore Z is a chain in X and we can again find a definite element w of X that is the supremum
of Z. Furthermore
[cezl= \/ [r=d>[ceX]=T
redom(X)

so [e <x w] = T. Now for w’ € C such that [w = w'] = T we have ¢ <¢ w’ and therefore w’ = ¢
since ¢ is maximal in C'. Combining this with [12] gives us

[ae XNc<,a] <[a=(]
And therefore it is true in V&) that ¢ is maximal in X. O

By Proposition the Axiom of Choice implies LEM and therefore, by it can only hold in
V) if H is a Boolean algebra. Proposition shows that, in contrast, Zorn’s lemma is always
true in V) and therefore that it, intuitionistically, does not imply AC.

3.2 Subcountability of NY

In this section we construct a model in which NY is subcountable as done in [Bell, 2014]
clarify: N is the natural numbers object as defined at the end of section [1.2) .2l In section we
showed that N satisfied this condition. So we seek to construct a model V) that satisfies

H) = There exists a partial surjection f: N— Nﬁ

It happens that a more general case is true. We can construct, for any arbitrary sets A and J!
with A infinite, a model in which the above holds for A and JI. We we show this in two parts.

First we give a number of conditions on H from which the desired result follows. We then show
that a specific instance of the Heyting algebra He (see [1.3.1]) meets those conditions.

3.2.1 Subquotients and Preserving Exponentials

Let us begin with a condition for the existence of some partial function f: A — B for arbitrary
sets A, B.

Proposition 3.5. Given sets A and B, the following are equivalent:
(i) There exists a subset {uqp | @ € A,b € B} of H such that {ua | b € B} is an anti-chain for
each a € A and \/ ugp =T for allb e B.
acA

(ii) There exists f such that V) = fun(f) A dom(f) C AN ran(f) = B

Proof. (i)—(ii)
Define f € VH) as follows: dom(f) = {(@,b) | a € A,b € B} and f((a,b)) = uap. First,

[x € f]= \/uab/\ x—ab \/|[$— ) =[xz e€ AxB]

(a,b)€AXB (a bYeAXB

Furthermore note that

[@b)efl= \ vaw Al V) = (@b)] = uaw
(a’ b')eEAXB
since [(a/, ') = (@,b)] = L by Lemma for (a’, V') # (a,b). Hence we have

[@,b) € f] A [@0) € f] = tap A g < [b= 0],
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because {uqp | a € A,b € B} is an anti-chain. Thus, V) = fun(f) A dom(f) C A. Additionally

Ivbe Blaec Al@ vy e fll= \ V0@ efl= A\ Vua=T

beEB acA beEB acA
so VH = ran(f) = B.

(1) = (1)
Given f that satisfies (7i) let uqy = [(@,b) € f]. For b # V' it follows from V) |= fun(f) that

~

Uap Aty = [(@,b) € fIN[@ V) € I<b=b] =1

s0 {ugp | b € B} is an anti-chain. Furthermore

A V [@b) € f] = [vb e BIa € A[f(a) = b]] = [ran(f) = B] = T

beEB acA

So, \/ ugy =T forall be B. O
acA

We say B is a subquotient of A in V) when A and B satisfy the conditions in Proposition
The idea now is, given some A, I, J, to have this be true for A and J!. This, however, is not yet
the result we desire. We want there to be a partial surjection onto the H-set of all functions T to
J. However it may be true in V) that g is a function from T to J without g being an element

of JI. JI. The following condition on H eliminates this possibility.

Definition 3.6. Given sets I, J, a Heyting alegebra is said to be L — (I, J) distributive if, for all
{aij |1 € 1,j € J} such that {a,; | j € J} is an anti-chain for each ¢ € I the following holds

AVas =V Naii)
iclje feliel
It is completely L-distributive if it is | — (I, J) distributive for all I, J.

Now, we define the set J! € V) of all functions from I to .J more precisely using the axioms of
IZF as the set
{f € P(IxJ)|fun(f) Adom(f) =1}

We then have
Proposition 3.7. The following are equivalent

(i) H is completely L-distributive

~

(ii) VU preserves exponentials, that is, V) = ( )f (JI) for all sets I,J
Proof. (i)—(ii)
First note
[g € jf]] < [fun(g) A dom(g) = I Aran(g) C J]
= [fun(g)] A [¥i € 13j € J[(i,j) € g]]

= /\ \/ {[[fun(g)]] A[G,7) € g]]}

ieljed

(13)

Now [fun(g)]A[(i, 5) € glALG, 77) € 9] < [j = 7] = Lfor j # j' so {[fun(g)] AL(i. J) € ] | j € J]}
is an anti-chain and it follows from H being |-distributive that is equal to
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V' A[ln@)l A TG 7)) € 4|

feJliel

Now for arbitrary f € J! we have

loe JNATvegd A NIG @) egdl=Tg € TIA[Bi € I35 € Jlv = @5) A (7) € gl A NG 7)) € 9]
icl el
=V V=G Gheadnlye A AL A>>€9ﬂ]
i€l jeJ el
<\ V[lo=GHAGE7 eanlye IALGT0) €
i€l jeJ
<\ VIv="Gs0)]
icl jeJ
=\/[v =G r()]
el
=[vel]

And additionally

v e 1A AIGT@) € gl =\ [[o = GF@OI A ALT T(@) € ]

i€l el i'el

SVMU GFOIAIGEF@) e gl < Vv egl = e gl

iel el

Therefore [g € JI]] A NG, ( )) € g] < [g = ], combined this produces
i€l

loe 1=\ V|be TIGEHedd] =\ Alloe TG ed] <\ lo=f=Tge ]

iel jeJ feJl iel feJ!
Hence JI C c(J (1) ). To show the other direction we begin by noting that for all f € J! we have

Ve e flicf3jede=)l= N [3iel3e ()=l

(i,f(0))ef
> N\ L6 £G6) =G FaNI=T.
(i, f())Ef

Additionally, R
[Ehefl=\ 1G5 =EfN =167 =G0
(", fG@))ef
since [u = 9] = L for u # v. Therefore,

1G5 € AANIGETY € A=1G7) = GO ALGT) = G FaNl <G =71

~ ~

and it follows that V) |= fun(f A) Adom(f) C J. Lastly

[[VZEIHJEJ i,7) /\\/[[zg Ef]]>/\[[ =T.

ieljed iel

From there it can be concluded that
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IVf € (JDf € T > A [fun(f) A dom(f) = T A ran(

feJt

=)
N
—
I
—

—

so (JI) C JT.

(11)= (i)

Let V() preserve exponentials and let {a;; | i € I,j € J} be such that {a;; | j € J} is an
anti-chain for all i € I. Take then f € V) with domain {(i,7) | i € I,j € J} and f((i,5)) = a;j
then V) = fun(f) Aran(f) € J A dom(f) C I. This can be seen as in Proposition ﬁ First,

[zefl= \ a;nle=(5)]<[3iecl3je = (5]
wel,jed

~

otherwise. So [(i,7) € fIA[G, ) € f] = ai; Aaiy <
Which gives the desired result. Now

Additionally [[(Z7 3\> € f] = a;; since, again, |[</z\, /]\> = (i,f’)]] is equal to T if j = j' and equal to L
j = J'] since {a;; | j € J} is an anti-chain.

AV aiz = AVIGT) € £1 =¥ € 13j € Jl(ij) € /1= [dom(f) = I] = [f € J]

ieljed ielje

e =VIr=a=V[ A\ w=1E)earAlGgern| (1

geJ! geJl iel,jeJd el

Note that [(z,7) € §] = L for j # g(i) and so a;; = [(i,7) € 9] = ai; > aigiy since a;j Aa;gy = L
as well for such j. Furthermore when j = g(i) then [(i,7) € ] = T = ai; = [{i,) € g]. Therefore
since [(3,9(i)) € f] = a;q(iy We see that (2) is equal to \/ A ajq;)- O
geJliel

An equivalent condition is that H be locally connected. An element ¢ € H is connected if, whenever
A is an anti-chain, \/ A = ¢ implies ¢ = a for some a € A. A Heyting algebra H is connected if its
top element T is connected. A Heyting algebra is locally connected if all its elements are the join
of a set of connected elements ] We now have

Proposition 3.8. The following are equivalent
(i) H is completely L distributive

(i) H is locally connected
Proof. (i)—(ii)

Call an element b is a-complemented if there exists ¢ such that b Ac = 1 and bV ¢ = a. Note
that the a-complement of b is unique for if ¢ and ¢’ are a-complements of b then ¢ = ¢V (¢/ Ab) =
(cVd)YANa=cV soce>c and a similar argument shows that ¢’ > ¢. Let a — b denote the
a-complement of b if it exists. Now given a € H let I be the set of all a-complemented elements
of H and define {b;; | i € I,j € {0,1}} as by =i and b;; = a — . Then, by A b;; = L for all 4.
Furthermore, given some g € {0,1}! let F, = {0,1}! — {g}. Since H is completely L distributive
it is L — (I,{0,1}) distributive and so we have

a= /\bio Vb = \/ /\bif(i) = /\big(i) \Y% \/ /\bif(i)
i€l fe{0,1}1 el i€l feEFy i€l
It will be shown that all A b;g(;) are connected and therefore that a is the join of a set of connected

el
elements. For f # g there exists some 7 such that f(i) # g(7) and so b;¢(;) A big(;y = L. Therefore

4Note if we take H to be the Heyting algebra of opens on some topology these two conditions are equivalent to
it being connected or locally connected in the topological sense.
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ANbigix NV Abiriy = Lso A bige) is a-complemented. Now let dAd’ = L and dvd' = A b4

iel fEF, icl iel i€l
then d has a-complement d’ vV \/ A b;z(;) so for some 4, the element b;(;) equals either d or its
fEF, i€l
a-compliment. In the first case /\ bjg(;) = d and in the second case A big;) < d'V \/ A bisuy so
iel iel fer, iel
Abigir = Nbigiy A (@ v\ Nbigio) =d' v L=d
iel i€l fEF, icl

(1i)— (i)

Let {a;; | i € I,j € J} be aset in H such that {a;; | j € J} is an anti-chain for each i € I. Let ¢ be
connected, since H is locally connected it suffices to show that ¢ < \/ A ajrq) < c< AV ay

fegliel icljed
since each is the join of all connected elements less than or equal to them. Firstifc < \/ A a5
feJliel
then for fixed i, we have ¢ < \/ [Gif(i) = \/ a;; so ¢ < A\ V a;;. Next let ¢ < A V a;; then for
ieljed ieljed

fixed ¢, we have ¢ < \/ a5 s0 c=cA \/ a” = \/ ¢ Aa;;. Note now that since {a;; | j € J} is an
JjeJ jeJ jEJ

anti-chain so is {¢ A a;; | j € J}; therefore it follows from ¢ being connected that ¢ = ¢ A a;; for

some j; € J. Now if ¢ # L then ¢ < a;5 and ¢ < a;; implies j = j since a;; A a;j» = L otherwise,

hence j; is unique. Let g(i) = j; for each ¢ then ¢ < /\ 0619(1 < V Aaipi) (if ¢ = L this result
feJliel
is trivial). O

3.2.2 Constructing V#c)

We will now fix A and B for the rest of this section and assume A is infinite. For Hc we use the
underlying poset P of all finite partial functions from A to B with the ordering g < p iff p C gq.
Consider then the mapping C defined by

C € C(p) +»3be B[C ={q| b e range(q) A q¢ < p}]

When an element C' € C(p) is defined as above we will refer to it as the cover of p determined by
its corresponding element b.

In order to check that C is indeed a coverage of P as defined in Definition [I.13] we need to show
that for all C' € C(p) it holds that C' C p| and for p’ < p and there exists some C’ € C(p’) that
sharpens C. The first condition follows directly from the definition of C. For the second condition
note that if b determines C' € C(p) then the element C’ € C(p’) also determined by b is a subset
of C since

b € range(q) Aq <p — becrange(q) ANq<p

and hence also a sharpening thereof since for all ¢ € ¢’ we have ¢ € C and ¢q < g.
Before we continue we provide a useful rule for calculating joins in H¢ with the help of a small
lemma.

Lemma 3.9. For all S € C(p) and q1,q2 € S there exist q3,q4,q5 € S such that 1 < g3, @2 < q4
and g5 < g3, 4.

Proof. Let b be the element that determines S. If b € p then g3 = q4 = g5 = p satisfy the
lemma. Assume then that b ¢ p. There exist some aj,as such that ¢i(a;) = g2(az) = b so that
g3 = pU{{a1,b)} C ¢ and g4 = pU{{az,b)} C g2 are well defined functions such that ¢; < g3 and
g2 < q4. Finally g5 = g3 U q4 is well defined as well and ¢5 < g3, g4. O

Now we have
Lemma 3.10. If {U; | i € I} be an anti-chain of C-closed sieves then |JU; is C-closed.

icl

34



Proof. To start ) is trivially C-closed and so it is the bottom element in Hg. In light of this
{U; | i € I} being an anti-chain is equivalent with it being a set of pairwise disjoint sieves. Let
then S C JU; and let g1, q2 be arbitrary elements of S. Since S C (JU; and {U; | i € I} is
icl i€l
pairwise disjoint there exists some unique i1, € I such that ¢; € U;; and g2 € U,,. Now construct
g3, q4,qs as in Lemma @ There exists a unique i3 € I such that g3 € U;,. However, since U;, is
a sieve and ¢; < g3 it must also be true that ¢; € U;, and so i3 = 4; and ¢3 € U;,. By the same
logic q4 € U;,. Now ¢5 € U;, since g5 < g3 and g5 € U;, since g5 < g4 80 i1 = 2. Since q1, ¢z were
arbitrary it follows that S C U; for some ¢ € I and therefore p € U; C J U;. O
i€l
The following corollary is an immediate consequence of Lemma and the fact that Hc¢ is
ordered by inclusion.

Corollary 3.10.1. For any anti-chain {U; | i € I} in H¢ the join \/ U; = JU;.
iel iel

Using this we can show that Hg as constructed satisfies the conditions of the previous section in
the next two propositions.

Proposition 3.11. H¢ is completely 1| -distributive and therefore preserves exponentials.

Proof. Let {U;; |i € I,j € J} be such that {U;; | j € J} is an anti-chain for all ¢ € I then in light

of Corollary (3.10.1] it suffices to show that (| |JUs;; = U (Uif) since V A = [J A for any
iel jeJ feJt iel

anti-chain A C Hc. .
First for arbitrary f € J! and i € I we have

(i) < Uiy < U5
i€l jed

andso U NUiss) € N UUij. Nowlet pe (| U Uij then giveni, pe U;; and since each
feJtiel iel jeJ iel jeJ jEJ

{U;; | 5 € J} is pairwise disjoint there exists a unique j such that p € U5 Let g € J! be the

function for which g(i) = j foralli € I then p € Uiy andso (| UUi; € U N Uis). Hence
i€l i€l jeJ feJliel

H¢ is completely L-distributive and so by Proposition |3.7]it also preserves exponentials. O

Proposition 3.12. V(Ho) = Bisa subquotient of A

Proof. By Proposition it suffices to show that there exists a set {Uy, | a € A,b € B} of
C-closed sieves such that {Uyp | b € B} is an anti-chain for each a € A and \/ Ugp = P =T for
acA
each b € B. Let Uy, = {p € P | {a,b) € p}. As defined, U,y is C-closed for let S C Uy, for some
S € C(p) determined by b'. Since p is finite and A infinite we can find a;,as € A — dom(p) such
that a; # a2. Now g1 = pU{(a1,b)} and go = pU{(az, b)} are both elements of S and g1 N g2 = p.
Since g1, go € Uqp, we have (a,b) € g1 N g2, and so {(a,b) € p from which it follows that p € Uyy.
Additionally for b # b the join Uy, N Uy is empty since p € Uy, N Uy implies p is not well
defined. Finally given b € B let W be a C-closed sieve such that Uy, C W for all @ € A. Then for
p € P, the C-cover of p determined by b is a subset of W, and so p € W, hence W = P. O

Thus if we let A =N and B = N" then by Proposition we have
v (He) = NN s a subgquotient of N

and by Proposition3.11 R
V(Ho) L NN = RN

and therefore the object NV is subcountable in V(#¢),
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Proposition 3.13. LEM is refutable in VO | specifically, not all partial functions can be ex-

tended to total functions.

Proof. Assume LEM holds in V#¢) and Fix g € NY and let f be an element of V(7€) that satisfies

VWHe) = f = fU{(n,§) | A & dom(f)}

Then fun(f) and ran(f) = N¥ are both true in V(e Since LEM holds 7 edom(f) Vi ¢dom(f)

must also be true in V) for all n € N and it follows that

y (He) E f s a surjection from N to I@Q

Now let ~
h = {{{, f(2)(7)"), T) | n € N}

Then h € NV is true in V(He), Additionally, for all m € N we have

Therefore

Which contradicts ([15)
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