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1 Introduction

In this thesis we study what we will call “Gaussian rational functions”. A Gaussian rational function in
n variables is a rational function for which the coefficients of its power series expansion around 0 satisfy
certain congruences. The starting point for the definition of these congruences may be seen as the famous
“Kuler’s Theorem”, as originally formulated in 1763 by Leonhard Euler. In particular, we know that for
any integer a, natural number r and prime number p,

a™ =g (mod p") (1)

So, for example, the coefficients ax of the power series expansion of the rational function f given by

fom e = 2wt @)

1—ax
k>0

satisfy the congruences
Ampr = Appr—1 (mod p") (3)

Our question will roughly be: Which rational functions satisfy the congruences ?

The thesis can be seen as consisting of three parts. In the first part, consisting of sections and [4]
we will state some basic definitions, results in the theory of linear recurrent sequences, and a give a small
summary of the basics of algebraic number theory that we will need along the way. In the second part,
consisting of section [5] we will give a characterization of Gaussian rational functions in one variable. In
the third part, consisting of section [6] we will attempt to generalize our results to give a characterization
for Gaussian rational functions in n variables.

The results up to section [5| are not new. In particular, our characterization of Gaussian rational functions
in one variable will be based on a result by Minton [I]. The aim of section [5| is mainly a translation
of this result into a generalizable form. We also provide a slightly simpler alternative to the technique
used in the proof of Minton. The results in section [f] are mostly new. Here we will provide ideas that
work towards a characterization in the general case of n variables that can be applied to give a complete
characterization for a special type of rational functions. This special characterization will not completely
exhaust the theory we have developed, and there will be room for a possible extension of results for a
wider range of applications.



2 General Definitions

This section mainly consists of definitions and notational conventions that we will use throughout the
thesis. In the last subsection we introduce rational functions, the main object of our study.

2.1 Basic Definitions and Conventions

Convention 2.1 The set of natural numbers N is the set of positive integers N = {1,2,---}. n usually

denotes an arbitrary element of N, unless stated otherwise. o
Convention 2.2 Given an element k = (ky,--- ,ky) € Z" we write k > 0 if k; > 0 for all 1 < i < n.
We will write k > 0 if k > 0 and k; > 0 for at least one i. For d € N, we will write |k| = d if k > 0 and
ki+- -+ k,=d. o

Definition 2.3 We call an indexed sequence of numbers {a; };c; an n-sequence if I = Z%,. A 1-sequence
will simply be called a sequence. A

Convention 2.4 In order to avoid tedious notation, we will often abbreviate an n-sequence of numbers
{ak}kzo with {ag}. o

Convention 2.5 When we talk about the numerator and denominator of rational numbers ¢ € Q, we
will usually assume that g is in reduced form. That is, we have written ¢ = 7 with a € Z,b € N such that
ged(a, b) = 1. o

We would like to say that two rational numbers are congruent modulo a prime power p” if the numerator
of their difference is a multiple of p”. This is captured by the following definition.

Definition 2.6 (Congruence for rational numbers) Let g1 = a1/b; and g2 = as/bs be rational numbers.
Let p be a prime number, let » € Z>¢ and let py,---,p, be the prime numbers dividing b1by. We
say that ¢; is congruent to g2 modulo p”, written ¢ = ¢ (mod p"), if p # p; for all 1 < i < m and
@1 —q €P'Z[1/p1,- -+, 1/pml. A

Definition 2.7 (v, function) Let p be a prime number, and let 0 # k = (k1,--- , k) € Z". We define
vp(k) to be the largest integer r such that p” | k; for all 1 <14 < n. A

Definition 2.8 Let m € N and let a1,--- ,a, € Z. We say that the set {a1, - ,an} is a complete
residue system modulo m if, for any i,j € {1,--- ,m}, a; = a; (mod m) if and only if i = j. A

Definition 2.9 Let o € C and k € Z>¢. We define the generalized binomial coefficient as follows:

(a> ale—1)-(a—k+1)

k)T ! )

A



Lemma 2.10 Let p1,--- ,pm be prime numbers and let k € Z>o. If o € Z[1/p1,--- ,1/pm] then also
(z) € Z[l/pb o 71/pm]

Proof. Write o = a/b with a € Z and b = pi* - - - p;. We have
o _la(a—b)'--(a—b(kz—l)) (5)
k) bk k!

Let p be a prime number such that p # p; for all 1 < i < m. Write k = ¢,p" + ¢,_1p" " 4 - - + ¢g such
that cg,- -+, ¢, € Z>g all strictly less than p. Now let 0 < j < r be an integer. Since p{ b, for any integer
I the set {l,l —b,---,l —b(p? — 1)} is a complete residue system modulo p’. It follows in particular that

cjp’ cjp’
Up H(i+cj,1pj_1+-~+co) < vy H(a—b(i+cj,1pj_1+~-—|—c(]—1)) (6)
i=1 i=1

Since this holds for any integer 0 < j < r we have

vp(kl) = Up(
i=1

k
I (7)

T ij]

I G+e1p "+ + ) (8)

=1

I
o

cjpj

H a—b(i+ecj_1p 4+ o — 1)) (9)

=1

<

IN

g
g

I\
=)

J

= ’Up<
1

= wvy(a(@a—1b)---(a—blk— ))) (11)

Zw

(a —b(i — 1))) (10)

1

Since this holds for any prime p not dividing b, we conclude using that (z) € Z1/p1, -+ ,1/pm]. O

Definition 2.11 (Almost all) Let S be a countable set. We will say that a condition P(s) on elements

of S holds for almost every s € S, if it holds for all but finitely many s € S. A
Definition 2.12 Given an integral domain I, we denote by I[[x1,- - ,z,]| the set of formal power series
in the variables z1,- - - , x, with coefficients in I. A



2.2 Polynomials

Definition 2.13 Given an integral domain I and a polynomial P = ag + ajx + --- + agz? € I[x], we
define the reciprocal polynomial of P to be P* := aqpz? + a1z + - - + ay. A

Lemma 2.14 Let F be a field, and let P € F[z]. Assume that P(0) # 0. Then P is separable if and
only if P* is separable.

Proof. Let d := deg P. Note that P*(z) = 2P (%) It follows that a # 0 is a root of P if and only if a~!
is a root of P*. Also, P*(0) # 0 and we assumed P(0) # 0. We conclude that P has multiple zeros (in its

splitting field) if and only if P* has multiple zeros (in its splitting field). O
Definition 2.15 (6-operator) Given a polynomial P € Z[xy,- - ,x,]| in n variables, we define 6, P, for
1 <7 < n, to be the polynomial defined by ; P(x1,--- ,x,) := xia%iP(azl, -+, xp). That is, 6; can be seen
as the operator which acts by formally partially differentiating with respect to the i-th variable, followed
by multiplication with this variable. In the case n = 1, we will abbreviate 6; by 6. A
Definition 2.16 We denote by Z[z1, - ,x,]o the set of all polynomials in Z[z1,--- ,z,] with non-zero
constant term:
Zlwy, -+ anlo :={Q € Z[x1, -+ ,x,] | Q(0) # 0} (12)
A



2.3 Rational Functions

Definition 2.17 Let n € N. A rational function f = P/Q in the variables zy,--- ,z, is the quotient
of two polynomials P,Q € Z[z1, -+ ,z,]. We will denote the set of rational functions in the variables
IL’l,"',.TnbYQ((Ifl,"',xn). A

If Q(0) # 0, i.e. the constant term of ) is non-zero, then f = P/@Q has a power series expansion around
0, which means that we can write

flz1, - xn) = Zakxk = Z Ay oy T - (13)

k>0 ki, kn>0

For coefficients ay, € Z[1/Q(0)] (see Proposition [2.18). The power series is uniquely determined if we
demand that it converges for x = (z1,---,2,) small enough. However, the properties regarding the
convergence of the power series will not be of our interest. We will often identify a rational function with
its power series, so that we can regard rational functions as elements of Q[[z]].

Proposition 2.18 Let f = P/Q be a rational function and suppose that Q(0) # 0. Write the power
series expansion of f as in (13). Then ap € Z[1/Q(0)] for all k € Z%. Hence in particular, if Q(0) =1
then ag, € Z for all k € Z%,,.

Proof. If Q) is constant then the statement is clearly true, so assume that () is not constant.

We can write P P .
f = / = / (14)
— _ &
Q-2 Qv 1- &
Where Q' := Q(0) — @ is a non-zero polynomial with integer coefficients such that @’(0) = 0. The right
hand side of can be expanded as a geometric series:

S S Q L (@N
f_Q(O)l—%_Q(O) <1+Q(0)+<Q(0)> + ) (15)

RN
Because @' has constant term equal to zero, the monomials that (%) consists of all have at least
degree n. Therefore the expansion in well-defines a power series, which converges for all x such

Q' (z)
that ’ Q00)

expansions that this coincides with the power series expansion of f. Now since P and @’ have integer
coefficients, and Q(0) is also an integer, we see immediately from that the power series expansion of

< 1. Since Q'(0) = 0 and @’ is continuous at 0, we conclude by uniqueness of power series

f has coefficients in Z[1/Q(0)]. O
Convention 2.19 We say a rational function P/Q € Q(xy,--- ,x,) is written in reduced form if
P,Q € Z[z1,--- ,z,] and P, @ have no common divisors in Q[z1, -+ ,x,] (except for units). )



3 Linear Recurrent Sequences

Definition 3.1 A rational linear recurrent sequence is a sequence {gp}n>0 in Q for which there
exists an 7 € N and coefficients c¢1,--- , ¢, € Q such that ¢, = c1gp—1 + c2Gn—o2+ -+ g, for all n > r.
This last relation is called a recurrence relation. A

Remark 3.2. Note that in our definition above, for a rational linear recurrent sequence to be determined
by its recurrence relation, we need initial conditions ¢i,--- ,g.. Note also that there is no restriction on
qo, the value of which will not be relevant for our purposes. O

Definition 3.3 The characteristic polynomial G of a rational linear recurrent sequence with coeffi-
cients cy,--- , ¢, is given by G(z) = 2" — cjz® 1 — .- —¢,. A

Proposition 3.4 Let {u,} be a rational linear recurrent sequence with coefficients c1,- - , ¢,, and suppose

that the characteristic polynomial G is separable and that G(0) # 0. Denote by w1, -+ ,w, € K the distinct
roots of G in its splitting field K. Then there exist uniquely determined oy, --- ,a, € K such that

Uy = Zr: aw;’ (16)
=1

for allm > 1.

Lemma 3.5 Suppose that {u,} is as in Proposition and that o; € Q for all 1 <i <r. If w; and w;
are conjugate, then o; = o.

Proof. Let H be the Galois group of K/Q, and suppose that w; and w; are conjugate. By a basic result
in Galois theory there exists a 0 € H be such that o(w;) = w;. Note that since u,, € Q, it is fixed under

this o, hence
T s T
Up = Z oW =0 (Z aiw?> = Z a;o(w)" (17)
i=1 i=1 i=1

Since the a; € K are uniquely determined by {u,} (Proposition [3.4), we conclude that a; = «;. O



4 Algebraic Preliminaries

This section is a summary of results and basic definitions in algebraic number theory, which will be used
in the proof of Theorem In particular the result found in Theorem will be of great importance.
Some statements are given without proof. Instead we will refer to [4] and [5].

Definition 4.1 A number field K is a finite field extension of Q. A

Since any finite field extension is algebraic, a number field K consists of algebraic numbers, hence it can
be seen as a subset of C. In the remaining part of this section we will assume that K denotes a number
field.

Definition 4.2 An algebraic integer is an element w € C which is a root of some monic polynomial
p € Z[z]. We will denote by A C C the set of all algebraic integers. A

Proposition 4.3 A is a subring of C.
Proof. Can be found in [4] on page 68 (Proposition 6.1.5). O
Lemma 4.4 ANQ =Z.

Proof. Let ¢ = k/l € Q be a rational number. We assume (Convention that ged(k,l) = 1. Suppose
that ¢ is an algebraic integer. Then there exists an n € N and a1,--- ,a, € Z such that

<I;>n+a1 (l;)n_l+---+an:0 (18)

It follows that —k™ = a1k™ !l + --- + a,l™, hence [ | k". We conclude that [ = 1. Hence ANQ C Z.

Conversely, an integer k € Z is the root of the monic polynomial x — k € Z[z], so Z C AN Q. ]

Definition 4.5 We denote by O the set of algebraic integers of K, i.e. Ok := AN K. By Proposition
Ok is a ring. We will call it the ring of integers of K. A

Proposition 4.6 Let o € K. Then there exists a non-zero d € Z such that da is an algebraic integer.
Proof. Since « is algebraic it is a zero of some polynomial with integer coefficients. That is, there exist
ag, -+ ,an € Z, an # 0 such that a,a™ + Ap_1a" P4+ a9 = 0. Multiplying this by aﬁfl we find
(@n@)™ + an_1(ana)® 1 4 --- +a"lag, hence a,a is an algebraic integer. d
Definition 4.7 A prime P of K is a prime ideal of Of. A
Proposition 4.8 For any non-zero ideal A C Ok, O /A is finite.

Proof. Can be found in [4] on page 176 (Proposition 12.2.3). O

Since every finite integral domain is a field, Proposition has the following corollary:



Corollary 4.9 FEvery prime of K is maximal.

Lemma 4.10 Suppose A, B C Ok are ideals such that A C B, then there is an ideal C C Ok such that
A= BC.

Proof. Can be found in [4] on page 179 (Proposition 12.2.7). O

Proposition 4.11 FEvery non-zero proper ideal A of Ok can be written uniquely (up to ordering) as a
(finite) product of primes of K.

Proof. This is Proposition 12.2.8, page 180 in [4]. O
Lemma 4.12 Let A C Ok be an ideal. Then ANZ # {0}.
Proof. Can be found in [4] on page 176 (Lemma 2). O

Corollary 4.13 Let P be a prime of K. Then PNZ = (p) (ideal in Ok generated by p) for a unique
prime number p € N. We will say that P is a prime above p.

Lemma 4.14 For every prime number p, there exist finitely many primes P above p.

Proof. By Proposition we can uniquely factorize (p) = P{'--- Py’ as a product of primes of K. It
follows by Lemma [£.10| that Py,--- , Py are precisely the primes above p. In particular there are finitely
many such primes. O

Definition 4.15 Let P be a prime of K. We call Ok /P the residue field of P. A

Lemma 4.16 Let p be a prime number. For every prime P above p, the residue field of P is a finite field
of characteristic p.

Proof. Tt follows directly from Proposition and Corollary that Ok /P is a finite field. Since p € P
its characteristic is p. O

Theorem 4.17 Let K be a number field and let a € O . Suppose that, for almost every prime P of K,
the residue @ of « in the residue field k of P satisfies P = &. Then o € Z.

Proof. This follows from the Frobenius Density Theorem. A proof can be found in [5] on p.134 (Thm
5.2). O

10



5 Omne Variable Case

5.1 Definitions and statement of result

In this section we will give a characterization for the so-called Gaussian rational functions in one variable.
Part of our result is based on a proof for rational linear recurrent sequences by Minton, see [I]. In one
variable the approach using rational linear recurrent sequences and our approach by rational functions
are almost equivalent. We however choose the viewpoint of rational functions, because then there is a
straightforward generalization to the multivariable case. We begin with the definition of Gauss sequences
in one variable.

Definition 5.1 (Gauss sequences) Let {gn}n>0 be a sequence of rational numbers. Let p be a prime
number. We say that {¢,} is Gauss at p if for all m,r € N, we have (see Definition [2.6]

Gmpr = Gppr—1 (mod p") (19)

Furthermore, we call the sequence {¢,} Gauss if it is Gauss at almost every prime p, and strictly Gauss
if it is integral and Gauss at every prime p.

We will call a power series f = ag + ajx + --- € Q[[z]] (strictly) Gauss if the corresponding sequence of
coefficients {ay }n>0 is (strictly) Gauss. A

Remark 5.2. Using the v,-function as defined in we can rewrite condition as @k = qr/p (mod p”p(k))
for all k € pZ. O

Example 5.3 Let the power series f € Z[[z]] be given by

Fo 2—x

Notice how each term in the sequence of power series coefficients is the sum of the previous two terms.
This Fibonacci-like sequence (also known as the Lucas sequence) will, among other sequences of the same

type, turn out to be strictly Gauss. A

Definition 5.4 We call a rational function f = P/Q, P,Q € Z[z], Q(0) # 0 in one variable of type L if
f(z) =1 or P =6Q (Definition [2.15]). A

Remark 5.5. The set of non-constant functions of type L is closed under addition, since if Q1, Q2 € Z|x]
then

0 I Q2 = (d%Ql) Q2 + Gz (d%cb) _ 0(Q1Q2) (21)

Q1 Q2 Q1Q2 Q102

O

The following Theorem is the main result of this section.

Theorem 5.6 Let P,Q € Z[z] such that Q(0) # 0. Let f € Q[[z]] be the power series expansion of P/Q.
Suppose that Q) is separable. Then f is Gauss if and only if it is a Q-linear sum of functions of type L.

11



Remark 5.7. Note that, for a rational function of type L, the degree of its numerator is always equal to
the degree of its denominator. Therefore, Theorem implies in particular that if a rational function
P/Q in one variable is Gauss, then deg P < deg Q. O

The implication “ <= " of Theorem will be shown in more general form in section [6] The implication
“ = 7 will be of our concern for the rest of this section. Our proof will be an alternative and simpler
version of the strategy used in [IJ.

Example 5.8 Consider f as in Example [5.3] Note that:

2—z —z — 22° 0(1 — x — 2?)
= - =2-——~=2—-—— ¢ 22
/ 1—x— 22 1—x— 22 1—z— a2 (22)
Which is indeed a Q-linear sum of rational functions of type L. W

5.2 Proof of the first part of Theorem (5.6

As stated earlier, the result in [I] regards rational linear recurrent sequences, but we are interested in a
result for rational functions. The relation between the two is shown by Lemma [5.9

Lemma 5.9 Let P,Q € Z[z], Q(0) # 0 such that degP < deg@. Let f = co + c1x + --- € Q[[x]] be
the power series expansion of P/Q. Then the corresponding sequence of coefficients {cp}n>0 is a rational
linear recurrent sequence, with characteristic polynomial G = Q*/Q(0) (see Definition .

Proof. 1t follows from Proposition that ¢, € Q for all n € N.
Write Q = by + bz + - - - + bgz®. Note that:

P = Qf (23)
= by Z Ckxk 4+ 4 by Z Ck$k+d (24)
k>0 k>0
= Z boCkSEk + -+ Z bdck_dwk (25)
k>0 k>d
= ) (bock + brck—1 + -+ + back—a)z" + Qa(x) (26)
k>d

where Q2(z) is a polynomial of degree < d.
Since deg P < deg () = d we find that for all & > d:
1
Ccr = 7% (blck—l + -+ bdck—d) (27)

We conclude that {c,} is indeed a rational linear recurrent sequence, with characteristic polynomial

b1 4 bg Q"
bo bo Q(0)

(28)
O

12



In Lemma [5.9] we assumed that deg P < deg@. In order to be able to extend our result to the case that
deg P > deg Q we will need the following definition.

Definition 5.10 We call a sequence of rational numbers {v,} vanishing if there exists a k& € N such
that v, = 0 for all n > k. The smallest such k € N is called the support of {v,}. A

Lemma 5.11 Let P,Q, f and {cp}n>0 be as in Lemma but without the restriction that deg P < deg Q.
Then we can write {c,} = {un} + {vn} for a rational linear recurrent sequence {uy,} with characteristic
polynomial Q*/Q(0) and a vanishing sequence {vy}.

Proof. Let n:=deg P and d := deg Q). By Euclidean division on polynomials we can write P = QV + R
for polynomials V, R € Q[z] such that deg R < deg Q). Now we see that
P V+R R
_P_QV+E_ R (29)
Q Q Q
By Lemma the sequence of power series coefficients {u, } of R/Q is a rational linear recurrent sequence
with characteristic polynomials Q*/Q(0). Since V' is a polynomial, its sequence of power series coefficients
{vn} is vanishing. The desired result follows from the fact that {c,} = {un} + {vn}. O

f

The main mechanism of our proof of Theorem is the following result:

Theorem 5.12 Suppose {un}n>0 is a rational linear recurrent sequence with separable characteristic
polynomial G, G(0) # 0. Let {v,} be a vanishing sequence and let {c,} = {un} + {vn}. Let wi, -+ ,w, be
the roots of G in its splitting field K and write u, as in Pmposz’tz’on Equation . If {c,} is Gauss
then a; € Q forall1 <i<r.

Proof. Since wy, -+ ,wp, a1, -+, € K, it follows from Proposition that there exist non-zero integers
A,y 5 dw,,day, o da, € Z such that {dy, w1, ,dw,wr,do, 1, ,da,ar} C Og. Now define

dw = Hdwm da = Hdam v 1= dwwiv Yi = daai (30)
=1 =1

Note that the v; and v; are all algebraic integers.

Now consider the following matrix:

1 1 1
%1 1) Uy
2 2 2
Q=] " va Vr (31)
r—1 r—1 r—1
vy Vg v,

By the Vandermonde determinant formula we have

det(@) =[] (i—w) (32)

1<i<j<n

13



Now suppose H is the Galois group of the field extension K/Q, and let 0 € H. Since o permutes the
roots wy, - ,wy of G, it also induces a permutation on the v;’s. Thus we see, either directly from , or
by noting that o permutes the columns of (2, that o fixes det(Q)? = [i<icj<n(vi— v;)?. Since this holds
for any o € H, det(Q2)? € Q. Since det(£2)? is also an algebraic integer, we conclude by Lemma that
det(2)? is in fact an integer.

Now let s be the support of {v,}. Let p be a prime number at which {c,} is Gauss, and such that
p1G(0)d,, det(Q)2.

Note that since G is separable we have det(€2) # 0. We also assumed G(0) # 0 and constructed d,, such
that it is non-zero. Therefore p t G(0)d,, det(€2) holds for almost every prime number p. Since {c,} is
Gauss at almost every prime p, we conclude that the assumptions we make on p above hold for almost all
prime numbers p.

Now let d € N such that d > s. Since ¢, = u, for all n > s, we have
ugp = ug (mod p) (33)

Furthermore, by Fermat’s Little Theorem we have

ul = ug (mod p) (34)

Subtracting equations and and filling in u, = >, ; a;w!" we find

r r p
Z Oz,-wgp - (Z aiwfl> =0 (mod p) (35)
i=1 i=1

If we consider this congruence modulo pOk (ideal in O generated by p) then it still holds (in particular
pZ C pOgk ), hence
T r p
Zaiwfp — <Z awf) =0 (mod pOk) (36)
i=1 i=1
Now multiply this equation by d?Pd%. We obtain

r r p
> dai (dow)™ — (Z doci (dwwi)d> =0 (mod pOr) (37)
=1 i=1

By Fermat’s Little Theorem, db = d, (mod p), so in combination with this reduces to

T r p
Z’yiuidp - (Z 'yiyl-d> =0 (mod pOk) (38)
i=1 i=1

Therefore

T

Z (v —7) I/idp =0 (mod pOk) (39)
i=1

Now let P be a prime above p in K. Denote by & the residue of a in O /P. It follows from that

T

Y- =0 (40)

=1

14



Since this holds for every d > s we find that

D£5+1)p 175'5"!‘1)17 0
M= SRR G/ I = (41)
D§8+T)p EgerT)p 0
If we now define the matrix
D£s+1)p o 177€5+1)p
B E{s—i—Z)p o 177§5+2)p
I:= (42)
D§s+r)p o D7E3+r)p
Then we have
1 ... 1
P - 7P r r r
det(T") = "1 o S(s+1)p _ —p =P TP _ Jet )P Tl o Gt0e (43
et(@) = . .| II7 II &= ]lw et(@ 7 (43)
ﬂ(rfl)p _(r—1)p k=1 1<i<j<r k=1 =1
1 T

We will now show that det(I") # 0.

Assume first to the contrary that det(2) € P. Then also det(f2)? € P. But since det(2)? is an integer,
we have det(Q2)%2 = 0 (mod p). This contradicts p { det(€2)2. We conclude that det(Q)P ¢ P.

Suppose now that 7; = 0 for some i (1 < i < r). We know that 7; = d,w;, p{d, and that P is a prime

ideal, thus w; = 0. But then 0 = G(@;) = G(0). This contradicts our assumption that p { G(0). We
conclude that 7; # 0 for all 4.

Using once again that P is a prime ideal, it now follows that indeed det(I") # 0. Now let 1 < i < r.
Combined with equation we find 3; = 77.

This holds for every prime P above almost every prime number p. So by Proposition the residue #;
of 7; in P equals 47 for almost every prime P of Ok. Hence, by Theorem v; € Z. We conclude by
thataie(@foralllgigr. O

We would now like to translate the result of Theorem [5.12]into a result for rational functions, which will
form the promised proof of the implication “ = ” in Theorem The translation will be established
by combining Lemma [5.11| with Lemma [3.5

Proof of “= 7 in Theorem[5.6, Let P,Q € Z[z], Q(0) # 0, f := P/Q, Q separable, and assume that f
is Gauss. Let {¢,}n>0 be the sequence of power series coefficients of f and write {¢,} = {un} + {vn} as
in Lemma The characteristic polynomial of {u,} is G := Q*/Q(0). Since @ is separable, it follows
from Lemma that G is separable. It should also be clear that G(0) # 0, since we assume Q(0) # 0.
If we again write u,, as in Proposition Theorem tells us that a; € Q for all 1 < ¢ < r. It follows
from Lemma that after relabelling the roots w; of G we can write

up = A1 (w?‘f'""i‘wlrcbl)‘f’"""/@l <w2171+1+...+wgl) (44)
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For rational numbers By,---,8 and kg = 0,k1,--- ,kj_1,ki = v € Z>0, such that for every 1 < i <,
{wk, 41, ,wk, } is a complete set of conjugate algebraic numbers, which are precisely the roots of the

minimal polynomial
ki

m; i= H (x —wj) € Qlz]

Jj=ki_1+1
Now define Sj(n) :=wy.  ,; + -+ wy.. Using this abbreviation, reduces to

I
Un =Y BiSi(n) (45)
i=1

Define fi(x) := 3,50 5i(n)z" to be the generating function of the sequence {S;(n)},>o. Note that

: : 1 : l—wiz4+w;x : wW;T
n,.n J J J
fil@) Z Yt , Z 1 —wjz Z 1 —wjx ! 21+A Z 1 —wjx
n>0 j=k;—1+1 Jj=ki_1+1 j=ki—1+1 Jj=ki_1+1
(46)
k;
Now if we define g; := 1 —w;z, and G; := H 9js transforms into (see Remark |5.5))
J=ki—1+1
Mgy 0G;
fimki—kia— Y H=ki-ki-— (47)
£ 9j G
]—kz—1+1

It follows that the generating function U of {u,} is given by

l
U= Zﬁz‘ <k1 — ki — 0§Z> (48)
i=1 v

Now note that G; = m} € Qlx], hence (after rescaling G; to have integer coefficients) we see that the
generating function of {u,} is a Q-linear sum of functions of type L.

If we were able to prove that v,, = 0 for all m € N, then it follows that the generating functions of {u,}
and {c,} are the same up to a possible constant. This implies the desired result, namely that f is a Q-
linear sum of functions of type L. In order to show that this actually holds, we will need the “ <= ”-part
of Theorem 5.6 (which we will prove in section @, namely that every Q-linear combination of functions
of type L is Gauss.

Assuming this result, we find that U as in is Gauss, hence so is the sequence {u,}. Now let m € N
and let p be a prime number greater than the support of {v,} such that {u,} is Gauss at p. Since we
assume {c,} = {u,} + {vn} to be Gauss it follows that

U, = Uy (mod p) and U + Uy = Uy (mod p) (49)

From which it follows that v,, = 0 (mod p). Since this holds for infinitely many primes p, we conclude
that v,, = 0. O
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6 Multiple Variables

In section [5| we gave a characterization of Gaussian rational functions in one variable with separable
denominator. In this section we work towards giving a similar characterization for rational functions in
multiple variables. For now, this number of variables will be denoted by an arbitrary but fixed n € N.

The section consists of three parts. In the first part we will show sufficient conditions for a rational function
in n variables to be Gauss, in the second part we will be concerned with finding necessary conditions, and
in the third part we will apply our results to give a complete characterization for a special type of rational
functions.

6.1 Definitions and sufficiency

Definition 6.1 (General Gauss sequences) Let {q}rezz , be an n-sequence of rational numbers. Let p
be a prime number. We say that {qx} is Gauss at p if for all m € Z%, and r € N we have

Gmpr = Qmypr—1 (mod p") (50)

We call the n-sequence {g} Gauss if it is Gauss at almost every prime p. We call it strictly Gauss if
it is integral and Gauss at every prime p.

We will call a power series f = Y ,ooarz® € Q[[z1,--- ,x,]] (strictly) Gauss if the corresponding n-
sequence of coefficients {ag} is (strictly) Gauss. A

Remark 6.2. Alternatively, we can write condition as gk = Qi /p (mod p”?’(k)) for all k € pZY,,. O

Definition 6.3 Let {ax}, {brx} be n-sequences of rational numbers, and let ¢ € Q. We define sum of
and scalar multiplication with such sequences in the straightforward way: {ax} + {bx} := {ar + bk} and

q{ax} = {qax}. A

Proposition 6.4 The set G of Gauss n-sequences, together with the operations in Definition s a
Q-vector space.

Proof. Suppose {ag},{bx} € G are Gauss n-sequences, and let ¢ € Q. Let P;, P, be the finite set of prime
numbers for which condition does not hold for {ag} and {bg} respectively, and let P; be the set of
primes p such that p divides the denominator of q. Then {ag} + {bg} satisfies condition for all primes
p such that p € Py U Py, and g{ag} satisfies for all primes p such that p ¢ P; U P3. Since P; U P, and
Py U P3 are both finite sets, we conclude that {ag} + {bx} € G and g{ag} € G. O

Proposition 6.5 Let p1,--- ,pm be prime numbers, Z := Z[1/p1, -+ ,1/ppm]. Let f € Zl[x1, -, x4]]
such that f(0) = 1. Then there exist ay, ... i, = ar € Z such that

=TI (1 - g:k) o (51)
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We will first illustrate the method of obtaining the ag in Proposition [6.5] by considering the case n = 1.
Then we can write f =1+ fiz + foa? + -+ for f; € Z. Note that

fa—a)ft=f>" (j;l)(—a:)l =1+ fir+ for® + )1 = fiz+-)=1+ga’ +ggz° +--- (52)
>0
For coefficients g; € Z (see Lemma [2.10]). Using the same argument we find
f—a2)1(1 =22 = (14 goa? + gz + ) Z (glz) (=) =1+ hga* + hsa® + - - (53)
>0

For coefficients h; € Z. Continuing this process we find a; € Z (note that a; = 0 is allowed) such that
I eso(1 = 2F)® = 1. For the case of general n we can use a similar argument, by “factoring out” the
terms of a given degree in each step.

Convention 6.6 Let d € Z>o. If a power series Y, axz® satisfies ar, = 0 for all k € Z% such that
|k| < d, then we will say that it is O(x?). We may abbreviate such a power series with O(x?). o

Proof of Proposition[6.5. Let d € N. We say that a power series g € Z[[x1,- -, z,]] satisfies condition P,
if g(0) = 1, and g — 1 only contains terms of degree at least d (i.e. is O(x?)).
Suppose g satisfies condition Py. We can then write (g € 2)

g=1+ ) gea®+ 0@ (54)
lk|=d

Define h := g H (1 — %)% Then (we implicitly use Lemma [2.10] for the second equality)
\k|=d

- 1+ Z gk:fL'k H (1 _xk/)gk/ +(’)(md+1) (55)
\ke|=d K |=d

= (1+ > aa®| [] (1 — gkfw'“'> +O(z™) (56)
|k|=d k' |=d

= 140z (57)

So h satisfies condition Py, 1. Applying this inductively on f we obtain coefficients ag € Z such that
a
fH(l—xk)’“:1 (58)

O

For the rest of this section we will assume that Z denotes a ring of the form Z[1/p1,- -+ ,1/py,] for prime
numbers pi, -+, Py (M € Z>0).
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Theorem 6.7 Letl < n be a positive integer, and let fi,--- , fi € Z[[z1,- -+ ,zn]] be power series such that
fi(0) =1 foralll <i<I. Let H be the Jacobian matriz. Then the power series f € Z[[x1, -+, xy]]
defined by

.. b
f — x1 Xy (fla afl) (59)
fro fu |0, a)
is Gauss. Furthermore, if Z =7 then f is strictly Gauss.
Proof. First consider the special case f; = 1 — zFi (1 < <) with k; = (ki1,--- , kin) € Z%,. Then we
have, for any 1 <1i,j5 </,
ofi ki
:L‘jaixj = —k‘ij:L' v (60)
So if we define K to be the [ x [ matrix (k;;) we find:
= = (=1)det(K;)————— = (—1)"det(K, "R mEe (61

mi,emy2>1

If det(K;) = 0 then we see immediately that f is strictly Gauss, so assume that det(X;) # 0. Then we
have, for any rational numbers r1,--- , 7,81, , s

rik1+ -+ 1k = s1k1+ - - + sk - (7“1,"',7"1):(81,"',81) (62)

Now denote by ay, the power series coefficients of f, and tell us in particular that, given k € ZZ,
ay is either equal to 0 or equal to (—1)! det(K;), the latter holding precisely when k = miki + - - - +mk;
for some my,--- ,my € N.

Let p be a prime number and let k € pZ”. If there do not exist mq,--- ,m; € N such that mik; +--- +
myk; = k, then there certainly do not exist mq,--- ,m; € N such that mik; +---+mk; = k/p. It follows
that ag = ag/, = 0, so in particular ag = ag/, (mod p”f’(k)).

Now suppose there do exist my,---,m; € N such that miky + --- +mk; = k. If p | m; for all ¢ then

ag = Ajp = (—1)!det(K;), so again aj = Al /p (mod p”P(k)). The only case left to consider is p t m; for
some i. Assume without loss of generality that p{m;. Then we have the following:

vp (det(K7)) = vp(det(kq,--- ,ky)) = v, (midet(kq, -, k) = vp (det(miky,-- -, k) (63)

p (det(mﬂcl 4+ -+ mlkzl, cee ,k:l)) > vp(m1k1 —+ -+ mlkl) (64)

So ag = (—1) det(K;) =0 = ax/p (mod pvp(k)) We conclude that f is indeed strictly Gauss.

Now consider f as in the general case, i.e. f is given by with fi,---, fi € Z[[x1, - ,x,]], fi(0) =1
for all i. Consider the following differential form 2:
dfl dfl:xl"'xl a(flv"'7fl

P— ... _— ctt e )
Q= xlf1/\ /\fl frofol0(@y, - )

dry A -~ Ndxp = fdey AN+ Adaxy (65)

—a,; (9) . .
Using Proposition |6.5( we know that we can write f; = H (1 - xkl) " for coefficients a, (i) € Z for
k;>0

) ki
P 5 o) (66)

fi 1 — aki
k;>0

Tt follows in fact from that ag/, = 0, but whether it is equal to (—1)" det(X;) or equal to 0 is irrelevant in this case.

all 4. Using this we find
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Now for any k € ZY, define the power series g®) by ¢®) := 1 — z¥. Combining this with . we can
rewrite ) as:

dfl dfl
Q = x1--- 67
! f1 fz (67)
o dzkr dzkt
= X112 Z Hak 1—(L‘k1 AR /\71_1_,(’1 (68)

k1>0,--- ,k;>01i=1

l (k1) (1)
- (_1)l Z Hakl(z) xl"'l‘ldgT/\“-/\dgk (69)
k1>0,--- kl>0i—1 gk1) g(kt)

= (-1 Z Hak kl) xék:l)

k1>0,--- ,k;>01=1

o (g(kl)’ e 7g(l’cl))
8($1) o axl)

dzy A+ A dzy (70)

Note that, in view of equation , the sum in well-defines a power series: The term of the sum
corresponding to ki,--- ,k; is O(x k1‘+"'+|kl‘), hence each of the coefficients of the power series that the
sum defines can be computed as a finite sum of elements of Z.

. . xl...xl a(g(k1)7 ’g(kl)) .
Now the special case above tells us that the power series defined by is
strictly Gauss for any k1,--- ,k; € Z%,. Multiplying this by H§:1 a, (i) we obtain a power series that is
Gauss, or even strictly Gauss if Z = Z. The same will hold after we sum over all kq,--- , k;. Combined
with we conclude that f is Gauss, and strictly Gauss if Z = Z. 0

Definition 6.8 We say a rational function f = P/Q, P,Q € Z[z1, - ,x,], Q(0) # 0 is of type L
if there is some subset of the variables X = {z;,---,z;} C {x1,---,2,} and there are polynomials
fu,ooo fi € Zlwa, -+ an]o such that

f _ Ty Ty (.flv 7fl‘) (71)
fl"'fl 8($117"'7$Zl)
Here we use the convention that if X = (), then f = 1. A

Remark 6.9. Note that the more general Definition [6.8] for rational functions of type L in n variables
coincides with Definition [5.4] for n = 1. O

The following Proposition says that every Q-linear sum of functions of type L is Gauss, which has as a

Corollary the promised implication “ <= ” in Theorem

Proposition 6.10 Suppose that hyi,--- , hy are rational functions in n variables of type L and let

q1," ,qm € Q Then
fi=qhi+ -+ gnhnm (72)

1s Gauss.

Proof. By Proposition it suffices to prove that every function h of type L is Gauss. If h =
then clearly h is Gauss. Now let X = {z;,---,2;} be a non-empty subset of {z1,---,z,} and let

20



fi,---, fi € Z[z1,--- ,zpn]o. Applying Theorem to g; := fi/fi(0) after a suitable relabelling of our
variables we find that

Ly« Ly a(flv 7fl) _ Tiy - Ty, a(gla )gl) (73)
flfl a(xila"'axil) glgl a(':UZ'l)“'a':U’L'Z)
is Gauss. O
Proof of “<= 7 in Theorem[5.6. This follows directly from Proposition [6.10] with n = 1. O

The following example illustrates an application of Proposition [6.10] for a two-variable rational function.
Example 6.11 Define fi := 1 + zy? + 2%y — 23y> and fo := 1 4+ 29%. Check that

3fa = 3f1fa+ f1(0zfo — 20y f2) + fa(Oy f1 — 202 1) + (0211)(0y f2) — (02 f2)(0y f1) (74)
From which it follows that
L 3fifat fi(0ufo — 20y f2) + fo(0yf1 — 205 f1) + (0£1)(Oy f2) — (02.f2)(0y 1)

i 75
i 3f1fa (75)
_ g4k <9yf1 0. f1 N Ox f2 — 20y f2 n (02£1)(0y f2) — (0 f2)(9yf1)> (76)
3 fi f2 fife
0 0 0 0
~ g4l yai;_zx%er%_ani;Jr @ %? (77)
3 fi f2 fifa |92 %72
Hence by Proposition [6.10
1 1
fi 1+ ay? +aly —ady3 (78)
is Gauss. PAG

Example involves some tedious computational work, and it is probably not clear how was
obtained. Luckily enough, the result that 1/f; as given by is Gauss, can be obtained in a much more
elegant way, that avoids the use of “magic”. The key to this is the observation that, defining X := 22y
and Y := zy?, f1 reduces to fi = 1+ X +Y — XY. Before we can show that this indeed implies that
1/ f1 is Gauss, we will need to do some work. The starting point for this is Theorem This Theorem
roughly says that if a variable x; appears only as a single power in the polynomial @), i.e. we can write
Q) = P1 + z]" Ry where both P; and R; do not depend on z;, then P;/Q is Gauss, and that we can obtain
more Gaussian rational functions by “repeatedly removing variables” in this way. That is, if we were able
to write P, = Py + m}ng for some other variable x; such that P» and Ry do not depend on x;, then
P,/Q is also Gauss, etcetera for a possible Ps.

Theorem 6.12 Let 0 < k < n and suppose that Q € Z[x1,--- ,x,)o satisfies the following condi-

tion: Defining P, := Q, there exist polynomials Py, ,Pp_1, R, - ,Rn_1 € Z[z1,- -+ ,xyn] and natural
numbers mpi1,--+ ,my € N such that for every k < I < n, we have that P, Rj € Zlx1,--- ,x;] and
Py =P+ w?}fflRl. Then Py/Q is Gauss.

21



Proof. Let everything as above. Note that for every k <[ < n, we have P, = (1 — Gli) Py1. Therefore

mi+1
1— ) p 1— Zee) p
P, P, 1P, P, m ) P My ) R (79)
Q Pn Pn—l Pk+1 Pn Pk+1
Now let iq,--- ,4, € N such that & <1y <--- <4, <n. Since P;, does not depend on z;, for a < b, we see
that .
Liy = Ty, a(Pila C apl'r) _ H Hijf)ij (80)
Pi P?,T 8($i1;"'7$ir) j=1 Pij

Hence, looking back at , we see that P/Q is a Q-linear sum of rational functions of type L. We
conclude, by Proposition that Py/Q is Gauss. O

Example 6.13 Define Q := z* +1+y%(4+52z—27) +23. Then, by applying Theorem (for a suitably
chosen ordering of the variables), P;/Q is Gauss for each of the following polynomials:

Pri=1+4+2"+2% Po=1+a', Pyi=1+2% Pii=1 Pr=1+y 4d+52-2")+2% (81
AS

It looks like, given a polynomial (), we can sometimes “filter out” some terms 7" of () using the approach
in Theorem to find that T'/Q is Gauss. This gives rise to the following interesting Corollary:

Corollary 6.14 Suppose that Q =), agx® € Zlxy, -+, xp)o is linear in each variable, i.e. has at most
degree 1 in x; for all 1 <i <n. Then for each term T = apx® appearing in Q, T/Q is Gauss.

Proof. Define the ring of operators © := Q[1 —6,--- ,1—0,] = Q[b1,--- ,6,]. We will first show that for
any D € ©, DQ/Q is Gauss.

Define P, := @, and inductively for all 0 <[ < n:

1
Py = (1—0141) Py, Ry:= —011 P (82)
Li+1
Then the polynomials P, R; satisfy the conditions in Theorem fork=0and mi=---=m,=1. It

follows by the Theorem that ((1 —6;)(1 —6;41)--- (1 —6,)Q) /Q is Gauss for any 1 <1 <n.

Now note that for any 1 < i <nand 0 <1 <mn, (1-— 97;)2131 = 0, because PF; is linear in z;. We can
run the argument above for any ordering of our variables x;, so for any 1 <41, --- ,%, < n, we have that
((1—6;)---(1—46;)Q)/Q is Gauss. We conclude (Proposition that DQ/Q is Gauss for any D € ©.

It remains to prove the following statement: For any term T occurring in @), there exists a D € © such
that DQ = T. We will show this by induction on the number of variables n in Q.

If n = 0 then the statement is clearly true. Suppose that the statement holds in the case of n —1 variables.

Since @ is linear in each variable, we can write any term as T = axlfl e xfl”, where ky, -+, k, € {0,1}.

If k, = 0, then T appears in P,_;. By our induction hypothesis, there exists a Dy € Q[fy,- - ,0,—1] C ©
such that DygP,,_1 = aaclfl ozt o choose D = Do(1 —6,,).

n—1>
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kn—1

If k£, =1, then T appears in z,Q,—_1. In this case we find D; € © such that D1Q,,—1 = axlfl <z, S0
choose D := D40,
In both cases, we end up with T'= DQ). O

Example 6.15 Suppose that Q is given by Q = 1+ x4y — xy. Then Corollary tells us that for any
polynomial P € Z[x,y| such that P is linear in both z and y (i.e. P = a+ bx + cy+ dxy for a,b,c,d € Z),
P/Q is Gauss. In fact, if one runs the arguments in Theorem and carefully, one can even obtain
that P/Q is strictly Gauss. We will not work this out here, because our main focus will be on rational
functions that are not necessarily strictly Gauss. A

To return to our problem of determining why 1/f; as given by is Gauss in an elegant way, note that
Example tells us in particular that 1/(1+ X +Y — XY') is Gauss. We would therefore like that the
“Gaussness” is not destroyed after substituting X = 22y and Y = xy%. This gives rise to Proposition
0.10l

Proposition 6.16 Let f = } ;- a(kl’_._’kn)a:]f1~--xﬁ” € Q[lz1,--- ,zpn]] be a power series. Let K =
(kij)i<i,j<n be an n x n matriz consisting of non-negative integer entries, and suppose that det(K) # 0.

Then [ is Gauss if and only if g := f (tlf” coethn L ,tlfln . -olffﬁ") is Gauss (seen as a power series in

t17"' 7t’n,)ﬂ

Proof. The power series expansion of g looks as follows:

0= S = b S 0 g (s
k>0 m>0 m>0

“ =" Let p be a prime number such that f is Gauss at p, and such that p { det(K). Note that, since
det(K) # 0, almost all prime numbers are of this form, so if we are able to prove that g is Gauss at p then
we are done. Let k € pZL,,. If there does not exist an m € 2% such that k = Km, then by, = 0. But then

there certainly does not exist an m € Z>( such that k/p = Km. So we find b, =0 = bk /p (mod p”P(’“)).

Now suppose that there does exist an m € Z%, such that k = K'm. Denoting by ad] (K) the adjugate of

K we obtain: )
=——adj(K)k 4
m = o () (34)
Since p f det(K), it follows that v,(k) < v,(m). In particular we find m € pZ%,. Since f is Gauss at p,
we have a,, = U /p (mod p”P(m)). Since by, = a4, and bk/p =a we also have by, = bk/p (rnod p”P(k)).
We conclude that g is Gauss at p.

m/p>

“ <= " Since K has integer entries, it follows immediately that for any m € Z%, v,(m) < v,(Km). So let-
ting p be a prime number at which g is Gauss, m € pZ>o, k := Km, we find that b = by, (mod p”?’(m)).
Since bg, = am and by, = @, /p, we conclude that f is Gauss at p.

O

2To avoid ambiguity: g is obtained from f by substituting z; — t’f“ coothni forall 1 < i < n.
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Example 6.17 Define Q := 1+ X +Y — XY, and let a,b,c,d € Z>o be such that ad — be # 0.
We saw in Example that 1/Q is Gauss in the variables X,Y. It follows by Proposition that
1/(1 + 2%° + xby? — 29%by°*d) is Gauss in the variables x,y. In particular, in the case that a = d = 2
and b = c =1, we see that 1/f; as given by is Gauss. ¥

This is a good point to look back at our original problem, which was that of giving a characterization
of Gaussian rational functions in n variables. We saw that in the case of n = 1, under the condition
of separable denominator, the rational functions given by Proposition [6.10, i.e. the Q-linear sums of
functions of type L, are precisely the ones are Gauss. One might hope that something similar holds in the
case of n variables. All the results in this section up to Proposition that “produce” Gaussian rational
functions, followed from Proposition Indeed, all the rational functions that we proved to be Gauss
are Q-linear sums of functions of type L. However, Proposition [6.16| gives us a seemingly new method for
finding Gaussian rational functions, and the natural question arises: Are these functions actually new?
That is, given Proposition does Proposition [6.16] “produce” Gaussian rational functions that are not
Q-linear sums of functions of type L? The answer to this question is no. We can prove this using Lemma
Before stating the Lemma, we will need a definition.

Definition 6.18 Let M = (a;;)i<ij<n be an n x n matrix with integer entries a; ; € Z and let m €
{1,---,n}. Let A,B C {1,---,n} such that |A| = |B| = m. Write A = {i1, - ,im}, B = {j1,- ,Jm}
such that i1 <+ <ip and j1 < -+ < jm,. We define M4 p) to be the m X m submatrix (aikvjl)1<k,l<m of
M. Now define N := (") and let A = {A;, -+, Ay} be an enumeration of the subsets of {1,--- ,n} that

have cardinality m. We define M4 := <det (M(AmAj)))K. . to be the N x N matrix whose entries
_27.7_
are the determinants of all m x m submatrices of M under the ordering of A. A

Lemma 6.19 Let M be an n X n matriz, let m € {1,--- ,n}, let N := (:L) and let A ={Ay,---,An} be
an enumeration of the subsets of {1,--- ,n} of cardinality m. If det(M) # 0 then det(M|y4)) # 0.

Proof. Let A™R"™ := {vy A -+ Avy | v1,++ , 0y € R*"} C @™R™ be the m-th exterior power of R".
Denoting by {e1,- - ,en} the standard basis for R", a basis for A™ is given by B :={e;;, A---Ne;, |1 <
i1 < -+ < ip, < n}. We can label the elements by,--- ,by of B with respect to A in the following way:
For 1 < j < N, write Aj = {i1, -+ ,im} such that 41 < --- < ip,, and then define b; :=e;; A--- Aey,,.
Now let 7' : R®™ — R"™ be the linear map corresponding to the matrix A (with respect to the standard
basis {e1, - ,en}). Since det(M) # 0, T has an inverse T-!. T induces a linear map A™T : A™R" —
ATR™ by setting A™T(vy A -+ A vp) == Avy A -+ A Avy,. Now the matrix of A™T with respect to
the basis {b1,---,bn} is precisely M|4). Denoting by Iy : A™R™ — A™R" the identity map, we have
Iy = A™(TT~1) = A™(T)A™(T~'). We conclude that A™T is invertible, hence det(M4)) # 0. O
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Proposition 6.20 Suppose that f is a rational function. Let K = (k;;)i<ij<n be an n x n matriz with
non-negative integer entries k; j € Z>o such that det(K) # 0. Then f is Q-linear sum of rational functions

of type L (in the variables x1,--- ,xy) if and only if g :== f (t’f“ otk ,t]fln . '-t’f{m) is a Q-linear

sum of rational functions of type L (in the variables t1,--- ,t,).

Proof. Let 1 < m < mn, Q1, -+ ,Qn € Zlx1, -+ ,Tpn]o, let N := (;ﬁb) and let A = {A;,---,An} be an

enumeration of the subsets of {1,---,n} of cardinality m. For 1 <r < N, write A, = {j1,--+ ,jm} such
that j1 < -+ < jm. We define qum) and Jﬁt) by
J@ . T T |9 @G5 Q) g0 . titin [9@s Qi) (85)
" le"'Qjm a(lea"' 7$jm) " Qj1"'Qjm 8(tj17"' 7tjm)
Note that, by the chain rule, for any 1 <r < N we have
9Q5, . 9Qj gtﬂ e 63;61
0. Ozn, j im
S0 — it |0@h 3 Qi) [ L iy i o . . : (86)
T Qi Qi [ 0 ti) | Qi Qi [ g a0, | s e
dx1 T Own Itj, Otjm,

Using the Cauchy-Binet formula we can work out the determinant of the product of the m x n and n x m
matrices on the right hand side of (see Definition [6.18]). We obtain

N
T =" det (K4, a) 1" (87)
=1
From which it follows that
Jl(t) Jlx)
o =K | (88)
t T
JY 7y

By Lemma det (K[A]) # 0, so we obtain

o 0
: = ———adj (K : 89
det(KA)aJ( [A]) : ( )

7@ A 70

N N
We see from and that every Jﬁt) can be written as a Q-linear (in fact Z-linear) sum of Jl(gc)7 R J](\f)
and every J*) can be written as a Q-linear (in fact Z[1/det(K |4 )]-linear) sum of Jl(t), e ,J](\I;) . The
desired result follows. O
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6.2 Restricting to subcones and necessity

At this point the only Gaussian rational functions that we know of are given by Proposition [6.10} In an
attempt to characterize Gaussian rational functions in n variables, one might try to reduce the problem of
determining whether a rational function in n variables is Gauss to a simpler problem; for instance that of
determining whether a rational function in n — 1 variables is Gauss. The motivation behind this approach
is, of course, that we have a characterization for Gaussian rational functions in one variable. The following
Proposition illustrates a special case of functions for which this approach works.

Proposition 6.21 Let P,Q, R € Z[x] such that Q is separable and Q(0) # 0. Then f:= P/(Q — yR) is
Gauss (in the variables x,y) if and only if P/Q is Gauss (in the variable x).

Proof. “ =7

Suppose that f is Gauss with power series coefficients ag € Z[1/Q(0)]. Then in particular, for every
m € Z>g, r € N and almost every p prime

Ampr,0) = Ampr—1,0) (mod p") (90)

We can see as the congruence conditions “restricted” to the coefficients of our power series corre-
sponding to pure powers of z. Now note that we can expand f as follows:

IS A S R, o (B\",
f‘wg—w%‘Ql—yg“Q<1+yQ*”’(Q)'% ) .

In particular, we see that the part of the power series expansion of f containing the pure powers of x is
precisely the power series expansion of P/Q. We conclude that P/Q) must be Gauss.

“ <: b2
Suppose that P/Q is Gauss. By Theorem [5.6| we can write
P

0:Q1 9le>
5= |0 +a +ota 92
Q ( Q1 Qi %2)
for rational numbers qg,--- ,q € Q and Q1, -+ ,Q; € Z[z]op. Define g := @ — yR. Note that:
P QP (1-06y)g 0z Q1 02 Qi
f=o =2 s (g g 93
9 9@ o Qi 93)
It follows from application of Theorem [6.7] that
9Q; 9Q;i | 9y, z)
is Gauss for every i. We conclude that every term in the expansion of the right hand side of is Gauss,
hence so is f. O

Later on we will be able to prove a stronger version of Proposition [6.21] This will be in the form of
Theorem [6.48]
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The key to the implication “ = " in Proposition was examining the congruences restricted to the
“subspace” of Z2>0 generated by (1,0), corresponding to the pure powers of = in the power series. We were
able to “split” the power series into two parts, with the first part containing all the terms with powers of
x, and the second part the rest. The first part turned out to be the power series expansion of a rational
function (namely P/Q), which we could conclude to be Gauss. The rest of this section will be an attempt
to generalize this method.

Definition 6.22 We define the support supp(f) of a power series f =Y ;<o arz® € C[[x1,- -, z,]] as
the powers k of = such that z* has non-zero coefficient:

supp(f) := {k € Z% | ar # 0} (95)
For a collection of power series f1,--- , fi we define:
1
supp(f1, -+, fi) := () supp(f:) (96)
i=1
A

Definition 6.23 We call a subset X C R%; a cone if it is closed under R>g-linear sums. That is, for
any x1,22 € X and A, A2 € R>o we have A\z1 + Aaxo € X. A

Definition 6.24 For a subset S C RY, we define Cone(S) to be the cone generated by S. That is,

Cone(S) := U {Mar+ -+ Amam | M, A € Rsp,a1, -+ ,am € S} (97)
meN

A

Remark 6.25. We can see Cone(.S) as the “smallest cone containing S”. In fact, Cone(.S) is the intersection

of all cones containing S. O
Definition 6.26 We define the cone of a collection of power series fi,---,f; € Cllx1, - ,z,]],
which we will denote by Cone(f1,---, fi), to be the cone generated by supp(fi,--- , f1). A

Definition 6.27 We say a subset L C RZ is positive-linearly dependent if there is a £ € N for which

there exist pairwise distinct ag, - -- ,ar € L and (not necessarily distinct) A1, -+, Ay € R>g such that
ap = \a1 + -+ Apag (98)
If this is not the case we say that L is positive-linearly independent. A

Definition 6.28 Let X be a cone. We say a set B C Rgo is a basis for X if B generates X (i.e.
X = Cone(B)) and B is positive-linearly independent. A

Lemma 6.29 Let S C RZ, be a finite subset and let X := Cone(S). Then there is a basis B for X such
that B C S. -
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Proof. If S = () then we can take B = (. So assume that we can write S = {a1,- - ,an} for some m € N.
Now define the set T; inductively for 0 < i < m in the following way:

TO = S (99)

T, - Tio1\{a;} ifa; € F]one (Ti-1 \ {a:}) (100)
Ti 1 otherwise

We will show that B := T, is a basis for X.

We start by showing that T, is positive-linearly independent. First of all note that T; C T;_1 for all
1 <4 < m, hence T, C T; for all 0 < ¢ < m. Now suppose to the contrary that there exist pairwise
distinct to,---tx € Ty, and A1, -+, A\ € R>g such that tg = Aty + -+ + A\tp. Since T,,, € Tp = S
we have that ty = a; for some 1 < ¢ < m. Since T, C T;_1 and tg, - ,t, are pairwise distinct,
ti, -, tr € Ti—1 \ {a;}. It follows that a; € Cone (T;—1 \ {a;}), hence a; ¢ T;. Since T,, C T; we also
have a; ¢ T,,. This contradicts our assumption a; = tg € T),,. We conclude that T}, is positive-linearly
independent.

Now note that it follows almost directly from the definition that Cone(7;) = Cone(T;_;) for all 1 <1i < m.
Namely, if T; = T;—1 then the result is immediate, and if 7; = T;_1 \ {a;} then a; € Cone(T;), hence
Cone(T;—1) C Cone(T;) C Cone(T;—1). Since Cone(Ty) = X, it follows that X = Cone(7,,) = Cone(B).
We conclude that B is indeed a basis for X. O

Lemma 6.30 Let P,Q € Z[x1, - ,x,], Q(0) # 0. Then Cone(P/Q) C Cone(P, Q).

Proof. This follows from the standard geometric expansion of 1/Q. Write @ = Q(0) — R for R €
Zlxi, -+ ,xyp]. Then

p_ P R R\’

Q=) (1 +oo* (aw) * ) (on
Since supp(R) C supp(Q) and Q(0) # 0, we have Cone (Zkzo (R/Q(O))k> C Cone(Q). It follows that
supp(P/Q) C Cone(P, Q). We conclude that Cone(P/Q) C Cone(P, Q). O

Definition 6.31 Let X C Rgo be a cone. We say that a subset Y C X is a subcone of X if Y is itself
a cone. A

Definition 6.32 Let X C Rgo be a cone and let Y C X be a subcone. We say Y is a face of X if it
satisfies the following condition: If x1,22 € X are such that x1 + x5 € Y, then 1 € Y and 22 € Y. A

Lemma 6.33 Let f € Q[[z1, -+ ,z,]]. Let X CRY, be a cone. Suppose that we can write f = g+ h for

power series g, h € Q|[[x1,- -+, )] such that supp(g) € X and supp(h) N X = 0. Then f is Gauss if and
only if both g and h are Gauss.

Proof. “ <=7 follows directly from Proposition

“ =7 Let ag, b € Q, k € Z%, be the power series coefficients of f and g respectively and let Z := ZZ% NX.
Since supp(g) N Z = 0 and since X is a cone we have for every m € Z, p prime and r € Z>q, that
mpr = bmypr. Now if f is Gauss then in particular, for every m € Z, almost every p prime and r € N,
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Ampr = Qpyr—1 (mod p). Since supp(g) € Z we conclude that g must be Gauss, hence the same holds
for h=f —g. O

Theorem 6.34 Let P,Q € Z[z1,--- ,xy], Q(0) # 0. Let X C Cone(P,Q) be a face. Write P = P + P,
Q = Q1 — Q2 for polynomials P1,Q1,P2,Qa € Zlx1, -+ ,xy] such that supp(Py),supp(Q1) C X and
supp(P2) N X = supp(Q2) N X = 0. If P/Q is Gauss then P;/Q1 is Gauss.

Proof. Note that 0 € X, hence @1(0) = Q(0) # 0 and Q2(0) = 0. We can expand:

P P+P 1 P+P|  Q (@)
Q Q1 1—%_ 1 1+Q1+<Q1> N (102)
. Q. (e Pl G (@),
B Q1 1+Q1+<Q1) - +Q1 1+Q1+<Q1> " (103)
P Q2  Q
- a+(P2+Q2) [@+Q§+Q§+ } (104)

Now note that Cone(Q) = Cone(Q1,Q2) and Cone(P) = Cone(P;, P»). It follows, by Lemma that

Cone C; Z(Qg/Ql)k C Cone(Q1,Q2) C Cone(P,Q), Cone(P»+ Q2) C Cone(P,Q) (105)
Le>o0

Therefore, since supp(P2) N X = supp(Q2) N X = 0 and X is a face, it follows that

supp | (P2 +@2) | — S2(Qa/@1)*| | nx =0 (106)

O =

Also, using Lemma again, we have supp(P;/Q1) C Cone(Py, Q1) C X. We conclude, by Lemmal6.33]
that P;/Q: is Gauss. O

Lemma 6.35 Let P € Q[z1,--- ,xy]. If P is Gauss then P is constant.

Proof. Suppose that P is not constant, and write P = >, apz® (ar € Q). Since P is not constant,
there exists an m > 0 such that a.,, # 0. Since P is a polynomial, there exists an s € N such that ag = 0
for all |k| > s. Now if p is a prime number greater than the maximum of the numerator of a,, and s, then
am #Z 0 (mod p) but am, =0 (mod p). Since this holds for infinitely many primes p, we conclude that P
is not Gauss. O

Proposition 6.36 Let P,Q € Z[z1,--- ,zy], Q(0) # 0. If P/Q is Gauss, then Cone(P) C Cone(Q).

Proof. By Lemma we can choose a basis B C supp(P, Q) for Cone(P, Q).

Now suppose that Cone(P) € Cone(Q). Then Cone(Q) € Cone(P, Q). It follows that there is a b € B such
that b ¢ supp(Q). Since B is positive-linearly independent, X := {Ab | A € R>} is a face of Cone(P, Q).
Writing P = P + P, and Q = Q1 — Q2 as in the statement of Theorem we have @1 = Q(0) and P,
not constant. According to Lemma P1/@Q is not Gauss. Hence by Theorem P/Q is also not
Gauss. O
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Example 6.37 Define P := zy — 522y + 723y — 22%y* and Q := 1 + zy? — 23y and consider the figure
below.

L L L L L \ L L L L L )
0 1 2 3 4 5 6 0 1 2 3 4 5 6

Figure 1: Visual representation of a cone in R2>0

The area in blue represents X := Cone(P, Q). We see that a basis for X is given by {(3,1),(1,2)}. Now
suppose that P/Q is Gauss. By using Theorem for the faces generated by (3,1) and (1, 2) respectively,
we find that f; and fo as given by

- —2$2y4
1 Fay?

T3y

fi: Ja: (107)

- 1— 23y’

must both be Gauss. That f; is Gauss follows directly from Proposition by noting that 6, (1 — 23y) =
z3y. However, f, is not Gauss, which follows from Proposition with the substitution X = zy?, Y =y
combined with Remark We conclude that P/Q is not Gauss.

¥
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6.3 Characterization for a special type of rational functions

In this subsection we will apply our results to characterize Gaussian rational functions in n variables in a
special case, the main result being Theorem However, the theory have developed and will develop is
useful in its own right and will possibly have wider applications than is illustrated by Theorem We
will start by giving a useful condition for determining whether a rational function is Gauss.

Definition 6.38 For m € N, we denote by (, := e2™/™ the standard m-th root of unity. A

Lemma 6.39 Letm e N andl € Z. Then

e m if m]|l
kl _
kzo bm = {o if  mtl (108)

Proof. Suppose first that m | [. Then Cfn =1, hence the sum indeed equals m.
If m {1, then ¢!, # 1. Now note that

m—1
(ch=1) Dol = (ch—1) (14 ch+ - +cim D) =il —1=0 (109)
k=0
So in this case the desired sum indeed equals 0. 0

Definition 6.40 Let p be a prime number and let r € N.
We say that a rational function f = P/Q (written in reduced form such that P,Q € Z[z1,--- ,zy]) is

congruent to 0 modulo p”, written f = 0 (mod p"), if there exists an R € Z[z1, - ,x,] such that P = p"R.
We say that a power series g = > 4 agz® € Qlxy, -+ ,x,] is congruent to 0 modulo p” (written g =
0 (mod p")) if ax = 0 (mod p") for every k € Z%,,. A

The following Lemma shows that Definition [6.40] makes sense, i.e. the definitions for congruence modulo
a prime power for rational functions and power series (almost) coincide.

Lemma 6.41 Let f = P/Q be a rational function in n variables, Q(0) # 0. Write the power series
expansion of f as Y - apz®, ag € Z[1/Q(0)]. Let p be a prime number such that pt Q(0) and let r € N,
Then f =0 (mod p") (seen as a rational function) if and only if ax, =0 (mod p") for all k € ZY,,.

Proof. If f = 0 (mod p") then there exists a Py € Z[x1,--- ,xy,] such that p" Py = P. Now P»/Q has a
power series expansion ) ;- b, with coefficients by, € Z[1/Q(0)]. We have ay = p"by, for all k € 75y,
hence ax =0 (mod p") for all k € Z%,,.

Conversely, if ax = 0 (mod p") for all k € Z%, then b := ag/p" € Z[1/Q(0)] for all k € Z%,. We now
have

Py QY bt (110)

k>0
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It follows that

Pl = QY ik € Z[1/QO)wr, -+ wal] NZIpllwn,- - s on) = Zlan, o 2] (111)
k>0
with the last equality by our assumption p 1 Q(0). O

Definition 6.42 Let p be a prime number and r € Z>o. We define the operator A,- : C[[z1, - ,z,]] —

C[[(L‘l, T 7xn]] by
p'—=1 p'-1

1
Apr (@1, @) = — Z Z f( Il,lrim,'-- 7@*;;33”) (112)
PPz =0
1 n
The operator Hy : C[lx1, -, z,)] = Cl[z1,- -+, xy]] by
pr(xla"' ,.Tn) = f(xll)7 71‘12) (113)

And Tpyr = Clz1, -+ ,zp)] = Cllz1, -+ -, 24]] by:
Tyr = Apr — HpApr— (114)
A

Lemma 6.43 Let f = P/Q € Q(x1,--- ,x,) be a rational function, p a prime number and r € N. Then
Apr S @(331, et 7xn)7 pr S Q(xlu e ’xn) and Tprf S @(331, et 7xn)'

Proof. Let everything as above.

It follows directly from (113|) that H,f € Q(z1,- -, xp).

Define M := p™". We can write (see ((112]))

A leipi:lziﬂilnj;ﬁipin
’ MzQ M L

(115)

With P; = P(QIZ,(TZ)lazl, e ,C]lg(f)"a:n) and Q; = Q(Czl)(f)lxl, - ,C]lg(f)”:zn) for some enumeration (i.e. bijection)
l:{1,---,M} = {0,---,p" — 1}". Note that the P; and @); are elements of Z[(y|[x1,-- ,zy], hence
the same holds for g := M 1 PiQj and h := MY, Qi Now let G be the Galois group of the
field extension Q((,~)/Q and let ¢ € G. o induces a permutation on {(pr,--- ,CII)’: ~!1, which in turn
induces a permutation on the P; and Q; (P; — F,(;), Qi = Qu(;))- It follows that o fixes both g and h.
Therefore g € Z[z1, -+ ,x,) and h € Z[xy,- - ,z,]. We conclude that Ay f = g/h is indeed an element of

Q(z1,--+ ).
That T f € Q(x1,- -+ , xy,) now follows from the results for A, and H, shown aboveﬁ O

Proposition 6.44 Let P,Q € Z[x1, - ,zy], Q(0) # 0, f := P/Q. Then f is Gauss if and only if for
almost every p prime and every r € N, T,y f =0 (mod p") (seen as a rational function).

3Strictly speaking, we have not yet proven the result for T,r if r = 1, since this involves Ao. However, Ao is simply the
identity operator, so the desired result still holds in this case.
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Proof. Note that it follows from Lemma that Tpr f € Q(z1,- -, zp).

Let Zkzo arx® be the power series expansion of f. Let p be a prime number and let r € N. We will first
show how A, acts on the power series expansion of f. Let k € Z% be given. Then, by Lemma @

A () ()= [ I e

11=0 1,=0

Therefore

_Aprf = Z ak.’Bk and HpAprflf = Z a/k:xpk = Z ak/p'xk (117)

kep 2o kepr—17%,, keprZy,
Hence we have
Tpf= Y (an—ag)a® (118)
k:Ep“"Z’;O
So we see that f is Gauss at p if and only if for every r € N, T),» f = 0 (mod p") (seen as a power series).
Note also that T,-f € Z[1/Q(0)][[z1,- - ,zy]], since ai € Z[I/Q( | for all k € Z%,. The desired result
now follows from Lemma [6.47] O

Definition 6.45 Let P € Z[x1, -+ ,2,] and let 1 <14 < n. Let d := deg,, P be the degree of P in the

variable z;. We define P%* := 2¢P(x1,- - ,x;_1, %,aziﬂ, -+, xp). That is, if we view P as a polynomial
in x; with coefficients in Z[z1, -+ ,®i—1,Zit1, - , %), then P¥* = P*, A
Lemma 6.46 Let f € Q(x1,--- ,xy), let 1 < i < n, let p be a prime number and let r € N. Then

f =0 (mOd pT') Zf and Only ng = f(xla'” 7xi—171/xiaxi+17"' ,.’En) =0 (mOd pr)

Proof. Write f = P/Q in reduced form. Then g = z*P%*/Q%* for some k € Z (k = deg, Q — deg, P).
Note that it follows almost directly from Definition that p” | P if and only if p" | P** (and similarly
for Q). Therefore

€T %

f=0 (mod p") <~ o

=0 (mod p") <= ¢ =0 (mod p") (119)
O

Proposition 6.47 Let P,Q € Z[xy, -+ ,x,], Q) # 0, f := P/Q, 1 < i < n. Define the rational
function g .= f(x1, -+ ,xi—1,1/xi, xiv1, -+, xn) and suppose that g has a power series expansion (around
0). Then f is Gauss if and only if g is Gauss.

Proof. Let p be a prime number and » € N. By Lemma Ty f =0 (mod p") if and only if

1
Tprg = (Tprf) <$17 cc Ly Tg—1, ;7

i

Fopt, x> =0 (mod p") (120)
In the (first) equality we implicitly used that the substitution z; — 1/z; commutes with T)r, which can

be seen directly from (112)) and (113)). We conclude, by Proposition that f is Gauss if and only if g
is Gauss. O
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Theorem 6.48 Let my,--- ,m, € N and let Py,Qo, - , Pn,Qn € Z[xo] such that Q; is separable and
Qi(0) #0 for all 0 < i <n. Define P:= Py+z{"Pi+ -+ P, Q := Qo+ 2" Q1+ -+ Q.
Then f := P/Q is Gauss (in the variables xq, - ,xy) if and only if for every 0 <i <n, P;/Q; is Gauss.
Proof. “ =7 Suppose that f is Gauss. Applying Theorem to f with the face

Xo:={(X,0,---,0) € REF" [ A € Rz} N Cone(P, Q) (121)

of Cone(P,Q), we find that Py/Qo must be Gauss.

Now define, for every 1 <i < n,

g; ‘= f(x()axlv"' 7$i—171/xi7$i+17"' 7xn) (122)
@ Pt @ U Py + P a T P e A Py (123)
- i o Mi—1

Qo+ o e T Qi + Qi + 2l T Qi + -+ + 2 Q
Then by Proposition gi is Gauss for every 1 < i < n.
By applying Theorem to g; with the face
X;:={(X,0,---,0) € REF" | X € R0} N Cone(P;, Q) (124)

of Cone(P;, Q;), we find that P;/Q; is Gauss for every 1 < i < n.

“ <=7 Suppose that for every 0 < i < n, P;/Q; is Gauss. Define h := Qo + 27" Q1 + -+ + 2" Q.
In order to show that f is Gauss, we will show that Py/h is Gauss and that x;" P;/h is Gauss for every
1< <n.

By Theorem [5.6] we can write

b i 2 60QY 000}
Q:qé)Jrqg)O% o g (125)
i Q Q,
for qji) €Q, Q;i) € Z[zp] and sufficiently large [ € N.
Now note that
6. (1= b 0 (0)
B _ (1 m1> ( mn)h 0) (0 Q" PR OLY) (126)
no I R D) RO
1 !

By application of Theorem [6.12) and by noting that ng) does not depend on z1,--- ,xy, it follows that
each term of the right hand side of (126)) is Gauss. Hence the same holds for their sum Fy/h.

Now note that, for every 1 < i <n,

m b5 (4) ()
P i P (G i) 0 i) 0
ThL AR B (o 0t -
Qi h QY Q!
Which is Gauss by the same reasoning as for Py/h. O
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Definition 6.49 We say an operator S : Q(z1, -+ ,2z,) — Q(x1,---,x,) is respectful if for almost
every prime number p, for every r € N and for every f € Q(x1,-- ,x,)

Ty Sf = 8T, f, and f=0 (modp") <= Sf=0 (modp") (128)
A
Proposition 6.50 Let f € Q(x1, - ,x,) and let S : Q(z1, -+ ,zn) — Q(z1, -+ ,2,) be a respectful

operator. Suppose that both f and Sf have a power series expansion around 0 (i.e. the constant term of
the numerator of both f and Sf is non-zero). Then f is Gauss if and only if Sf is Gauss.

Proof. Since S is respectful, for almost every prime number p and every » € N we have that
Ty f=0 (mod p") <= STpf=0 (mod p") <= T,»Sf=0 (mod p") (129)

The desired result now follows from Proposition [6.44 O

The following Proposition is a stronger version of Proposition and, using Proposition also has
Proposition [6.47| as an immediate Corollary.

Proposition 6.51 Let K = (kij)1<ij<n be an n x n matriz with (not necessarily non-negative) integer
entries, and suppose that det(K) # 0. Then the operator Sk : Q(x1, -+ ,xn) = Q(x1,--- ,xy,), defined by
Sicf (@1, wn) = Fh ek ki ke s respectful.

Proof. We will first show that Sx commutes with T),- (for all » € N) for all prime numbers p such that
p1det(K). Since we assume det(K) # 0, this is satisfied by almost every prime number.

Let p be a prime number such that p { det(K) and let r € Z>¢. It is immediate that Sk commutes
with Hp, so it remains to show that Sk commutes with A,-. Let f € Q(x1,---,xy,). Define gy :=
Apr S f(x1,- -+ ,xpn) and go := S Apr f(21,- -+ ,2n). We see that

1 p’—1  p'-1

g = e Z Z f <<<}ljlrx1>ku . (C;,?Inym e <¢Zl?gx1>k"1 o (g}l;;xn>knn> (130)

11=0 1n=0
1 p—1  p—1

= pnr Z e Z f (g]ﬁlrkll"r-‘rlnknlxlfll . x’,]zn17 . 7C;£kln++lnknnxlfl’ﬂ . xﬁnn) (131)
11=0 1n=0

Now note that, for any ki, ks € Z2 0 such that KTk, = ko,

1 , 1
klzmad} (KT) ko = Jot ()

Since p { det(K), we find vy(k1) > v,(k2). It follows in particular for any I = (1, -+ ,1;,) € Z% that

———adj (K7) ks (132)

KT1=0 (mod p") = 1 =0 (mod p") (133)
Therefore, looking back at (131):

pr—1
l k n In .k k _
S (bt Gk ak) = 13
11=0 =0
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Hence Sk indeed commutes with A,r.

Now let p be an arbitrary prime number, » € N and again f € Q(z1, -+ ,z,). Write f = P/Q for
P,Q € Z[z1,- -+ ,zy,] in reduced form. There exist k = {k1,--- ,kn) € Z% and I = {l1,--- 1) € ZL such
that P’ := 2" ... aknSpeP € Zlxy, - ,xp) and Q' := 2l - 2l SpQ € Zlxy,- -+ ,xp). Since det(K) # 0,
the elements of supp(P) and supp(P’) are in one-to-one correspondence. Therefore p” | P if and only if
p" | P'. By the same argument, p” | Q if and only if p" | @Q’. Tt follows that

P gl gl P
Skf=—=~"1—"2=0(modp") < f=—=0 (mod p" 135
K f Q ot (mod p") =5 (mod p") (135)
We conclude that Sk is respectful. O
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