Asymptotic analysis of nonlinear tides
in Wadden systems - the role of momentum sinks
by

Tjebbe Hepkema

a thesis submitted to the Department of Mathematics
at Utrecht University for the degree of

Master of Mathematical Sciences

supervisors: Huib de Swart (IMAU) & Antonios Zagaris (CVI-WUR)

second reader: Rob Bisseling (UU)

30th June 2016

=

W

M = Universiteit Utrecht

AN

S

\/

N
U






Abstract

This study aims to contribute to a better understanding of physical mechanisms in tidal chan-
nels as present in, for example, the Dutch Wadden Sea. Understanding these mechanisms will
contribute to effective management of the Wadden Sea and help preventing flooding in coastal
areas. In this study we consider a tidal channel with tidal flats on both sides, that is connected
on two sides to an open sea. The model is an idealized version of the channel connecting the
Marsdiep and the Vlie in the Netherlands.

The specific mechanism studied is that of momentum dissipation on tidal flats. Rising water
level leads to water masses flowing onto the flats, carrying momentum. The water flows back
into the channel during the falling tide after being temporarily stored on the flats. However, due
to large friction on the shallow flats, the momentum dissipates rapidly. This is a momentum
sink. The terms arising from the mass storage and the momentum dissipation are nonlinear and
give rise to overtides of the primary (semi-diurnal lunar) tide, which in turn affect net sediment
transport.

Here, we build on and extend a recent numerical study so as to better understand the effect
of momentum sink on characteristics of the primary tide and of its overtides. This is done
by constructing an asymptotic approximation to the solution of the cross sectionally averaged
shallow water equations that model the hydrodynamics in a tidal channel. The analytic approach
enables assessment of the effect of the momentum sink and quantification of the differences
between solutions that do or do not account for it. Multiple effects of the momentum sink on
the hydrodynamics are found. In particular, when the tidal flats are approximately of the same
width as the main channel no significant effects of momentum sink are found. However, when
the tidal channel has wide tidal flats compared to the main channel, the momentum sink causes
significant tidal distortion.
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CHAPTER 1

Introduction

The Dutch Wadden Sea is a coastal body of water in the north of the Netherlands, situated
between the northern islands (the ‘Wadden eilanden’) and the coast of the mainland. The
Wadden Sea continues on the north coast of Germany and on the west coast of Denmark. Large
parts of the Wadden Sea are very shallow. A consequence of this shallowness is that during
low tide, large parts of the sea fall dry and the bottom of the Wadden Sea becomes visible and
accessible. For a great number of birds the Wadden Sea, with its dry falling parts, is essential for
their survival. The Wadden Sea is also highly appreciated by mankind. The opinion that it is a
special and beautiful place for both animals and humans which should be conserved is confirmed
by the fact that since 2009 the Wadden Sea is part of the UNESCO World Heritage List.

This study is meant to contribute to a better understanding of physical mechanisms in the Wad-
den Sea. In particular, we are interested in gaining a better understanding of the hydrodynamics
in the Wadden Sea. The hydrodynamics give rise to net sediment transport and is therefore
important for the morphodynamical stability of the Wadden Sea. Understanding the physics in
order to make sensible decisions in the conservation of the Wadden Sea may seem like a second
order necessity of life. However, it becomes a first order necessity, if understanding the physics
helps to prevent flooding of inhabited coastal areas of the Netherlands.

Figure 1.1. photo by: B. G. Hepkema.



2 1. INTRODUCTION
1.1. Context and problem description

The focus of this study is on modeling and understanding the hydrodynamics in a tidal channel
with tidal flats on both sides that is connected on two sides to an open sea. In particular, of
both the free surface elevation and the current velocity, the overtides of the lunar semi-diurnal
constituent and the residuals are investigated. The model represents a highly idealized version
of the channel connecting the Marsdiep and the Vlie in the Dutch Wadden Sea. In the next few
paragraphs (and last two sentences) certain terminology is used that is common in the field of
coastal systems. An explanation of these terms will be given in Section [1.2.1]

When the water level rises, water masses flow from the channel onto the flats, carrying with them
momentum. The mass is temporarily stored on the flats, until it flows back into the channel
during the falling tide. The momentum, however, dissipates rapidly due to large friction on the
tidal flats. That is, the tidal flats act like momentum sinks (Dronkers, 1964). The terms arising
from the mass storage and the momentum dissipation are nonlinear and give rise to overtides
of the dominant primary (semi-diurnal lunar) tide, which in turn affect net sediment transport.
Overtides contribute to asymmetries in the curves representing the free surface and the current
velocity, which, in turn, causes a net transport of sediment. This is shown in, among others,
Boon and Byrne| (1981)). Net sediment transport is interesting for many reasons. For example,
without a net import of sediment the Wadden Sea will disappear rapidly when the sea level
rises due to climate change. Dredging companies can also benefit from knowledge of sediment
transport mechanisms. Furthermore, understanding mechanisms that influence the amplitude
of the free surface elevation helps to prevent flooding of coastal areas.

The mass storage is investigated in, for example, Speer and Aubrey| (1985), Friedrichs and
Aubrey| (1988) and |[Ridderinkhof et al.| (2014)). Less attention has been paid to the momentum
sink and only recently Alebregtse et al| (2015), investigated its role numerically. This is done
in a semi-enclosed basin. His research focused on channels with various tidal flat geometries
contained in a semi-enclosed basin. In [Speer and Aubrey| (1985), it is found that in a short
channel (i.e. the channel length is much smaller than the tidal wavelength), without tidal flats
the asymmetry in the free surface is characterized by a tide where the falling time is longer
than the rising time. The asymmetry increases as friction is increased. The asymmetries in the
velocity are such that the velocity is larger during the flood than during the ebb. However, in
channels with tidal flats, a longer period of rising tide than falling tide and stronger currents
during the ebb was found. In Ridderinkhof et al. (2014])), it is found that the currents during
the flood become stronger as the length of the channel is increased. All of this is done in a
channel that is open at one side and closed on the other. In |Alebregtse et al| (2015), the role
of the momentum sink is investigated in a channel with various geometries of the tidal flats. In
each case the channel is closed at one end. The investigation is done with a numerical model,
but also a brief analytical analysis by a harmonic decomposition of the momentum sink term is
given. The effect of the momentum sink is found to be sensitive to the area of the tidal flats, the
lateral tidal flat profile and the along channel distribution of the flats. It is shown that the effect
of the momentum sink on the sediment transport is limited for both coarse and fine sediment.

Here, we build on and extend Alebregtse’s work so as to better understand the effect of mo-
mentum sink on characteristics of the main tide and of its overtides. There are three major
differences. First, our approach is analytic in nature and we explicitly construct the solution
of the cross sectionally averaged shallow water equations with asymptotic methods, using the
Froude number as a small parameter. Second, to mimic a system as the Marsdiep-Vlie system in
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the Dutch Wadden Sea, we exchange Alebregtse’s semi enclosed geometry for an open channel
with an My wave entering at both ends. Third, in |Alebregtse et al. (2015)) the effects of the
momentum sink on the current velocity is investigated. Here, also the effects of the momentum
sink on the free surface elevation are quantified and analyzed. The asymptotic methods allow
us to derive analytical expressions for the solutions of the first and second order problems as the
Froude number approaches zero. This makes it possible to calculate the free surface elevation
and current velocity at any point in space and time without calculating adjacent points in space
or time. Furthermore, the analytic approach enables assessment of the effect of the momentum
sink and quantify the difference between solutions that do or do not account for it. The advant-
ages of considering a channel open on both ends is that we can model what happens when the
two waves that enter the channel differ in amplitude or phase, as typically occurs in nature. For
example, the moment of high water at the Marsdiep differs approximately 1,5 hours from the
time of high water at the Vlie.

In Chapter [2| the cross sectionally averaged shallow water equations are derived, which is a
system of nonlinear first order partial differential equations. In Chapter [3{ asymptotic (perturb-
ation) methods are used to find an approximate solution to the equations. With the approximate
solutions to the cross sectionally averaged shallow water equations we investigate the effects of
the momentum sink on the hydrodynamics in Chapter @] The results in Chapter [4] are followed
by a discusion and a conclusion in Chapters [f| and [6}

Certain calculations in Chapter [2] are far from rigorous. In Appendix [A] these calculations are
investigated in further detail. Appendix [B] contains some elaborated calculations from Chapter
Appendix [C] contains a derivation of the depth averaged shallow water equations that form
the starting point of Chapter

To finish this subsection, a small note on the writing style. Many people prefer to investigate
a subject of interest together with someone rather than alone. To create the idea of having
company while reading this thesis, the author chose to use the word ‘we’. With ‘we’ is meant:
the author together with the reader. The author did not get delusional by thinking he became
plural.
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1.2. Prerequisites

1.2.1. Tides and its overtides.

This section contains a short introduction into some basic concepts and terminology used in this
thesis, mainly coming from the field of coastal physics. It is by no means a general introduction
to the theory of tides but should provide the reader with the background necessary to understand
the rest of this thesis. A general introduction to the theory of tides is obtained by reading, for
example, |Open University Course Team| (2001)), Parker| (1991) or, if the basics are enough, the
popular scientific book by [McCully| (2006)). Besides reading books about the tides, it is highly
recommended to find someone who has been sailing on the Wadden Sea for some time and make a
trip with him or her. For inspiration consult [Vandersmissen| (1993). The internet also provides a
lot of information about the tides. For example, getij.rws.nl, waterberichtgeving.rws.nl|
www.wadvaarders.nl and tidesandcurrents.noaa.gov.

Describing the hydrodynamics in a tidal channel consists of describing the free surface elevation,
&, and the velocity of the water, u. The free surface elevation can for now be thought of as the
height of the water. In Chapter [2] a precise definition is given. Both £ and u depend on both a
time coordinate, ¢, and a spacial coordinate, x.

1.2.1.1. Owvertides and tidal distortion.

The hydrodynamics in shallow water are often modeled by the shallow water equations. These
equations are a system evolution equations that are of first order in time and contain nonlinear
terms. The nonlinear terms are linked to, for example, friction or advection of momentum.
That is, including friction or advection of momentum in the model causes nonlinear terms to
appear in the equations governing the model. These nonlinear terms (or processes, that are
represented by these terms) give rise to so called ‘overtidesﬂ The term overtides is explained
by the following example. Consider a one dimensional model where the current velocity, u, is
given by a single cosine induced by the gravitational field due to the Moon,

(1.1) u(z,t) = U(zx) cos(at — ¢pu(z)),

with U(z) the amplitude, o the angular frequency and ¢, (z) the phase. The cosine in Equation
represents the so called M constituent. The ‘M’ stands for Moon and the ‘2’ represents the
fact that it produces a tidal wave with a period of approximately half a day (2 periods fit in one
day). The period of the My constituent is in fact very close to 12 hours and 25 minuteﬂ That
is, o equals 27 divided by 12 hours and 25 minutes. Often the word ‘constituent’ is left out, so
the My constituent is abbreviated as the Ms.

A nonlinear termfin the shallow water equations reads
ou

1.2 U—.

(1.2) 5

Substituting (1.1)) in (1.2]) yields

ou B oU ] Odu
U = U cos(at — ¢u) o cos(ot — ¢y) + Usin(ot — ¢y) o
UoU  UU U2 0,

LSimilar to a ‘overtone’ in music.
2Half a lunar day.
3This term discribes the advection of momentum (per mass), u, by the velocity w.


getij.rws.nl
waterberichtgeving.rws.nl
www.wadvaarders.nl
tidesandcurrents.noaa.gov

1.2. PREREQUISITES 5

In Equation there is a cosine and sine with frequency 20 and a term independent of time.
This means that, because of the nonlinear term , a signal of half the period and a time
independent signal enters the story. The signal with half the period is called the My constituent
and is the first overtide of the My constituent. The time independent signal is a residual signal
and is called the My; when taking the average over one tidal period this term is the only one
that does not vanish. The next overtide is the Mg, with a period three times as short as that
of M. In general, for m € N>g, the (m — 1)-th overtide of the M constituent is My, with a
period m times as short as that of My, such that 2m periods fit in one day.

Loosely speaking, the tide coming from a very deep sea looks like a cosine and when this cosine
enters shallow water, nonlinear terms start to play a role. In these nonlinear terms the cosine is
multiplied by another (co)sine. Then, because

sin(t) cos(t) = %sin(%),

overtides are created.

If the M, is added to the Ms the tidal curve is no longer a perfect cosine but the sum of two
cosines. A typical curve for the free surface elevation, £, at a certain point in space is depicted
in Figure [1.2] Free surface elevation curves like this occur at multiple places along the Dutch

Figure 1.2. A typical curve for the free surface elevation, £, at a certain point in
space. The time of falling tide is longer than the time of rising tide.

coast, for example, in Harlingen. Because of the nonlinear effects in the shallow Wadden Sea,
the period between high water (HW) and low water (LW) is longer than the period between
low water and high Waterﬁ The distortion of sinusoidal curve (called tidal distortion) is visible
in plots with the time on one of the axis as in Figure However, often we are interested in
the tidal distortion at every point in space. It would therefore be preferable to define certain
parameters only dependent on x that tell us the main information about the tidal distortion.
One way to do this is introduced in Friedrichs and Aubrey| (1988)). Their idea is based on the
fact that the main tidal distortion is due to the first overtide of the My, the My. A measure
of the tidal distortion is given by the ratio between the amplitude of the My and Ms. The
characteristics of the tidal distortion is given by the so called ‘relative phase’ between the My
and My. From Figure [1.2] it is clear that when the My is shifted with respect to the My the
curve of £ will change. To investigate these shifts of phases, assume ¢ consists of a My and a
My signal,

E(t,x) = Zn, cos(ot — dg wm,) + Z, cos(20t — de ).

4Gailors that are used to rely on the 1/12,2/12,3/12-rule might want to be careful at these locations.
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In Friedrichs and Aubrey| (1988)) the relative phase between the My and My of the free surface
elevation and the velocity is defined as

2¢5,M2 - ¢§,M4 and  2¢y r, — Pu,My,

respectively. The relative phases are understood to be modulo 27. For different relative phases
the resulting curves are shown in Figure some of them occur more often in nature than
others.

& or u, Eorua

(c) 20m, — My =T (d) 2¢ns, — dary, = 37/2

Figure 1.3. Curves for the free surface elevation, &, or the current velocity, u for
different relative phases between My and My.

Based on |Friedrichs and Aubrey| (1988), we will now introduce some terminology in the distortion
of the perfect cosine due to the M, signal for both the free surface elevation and the current
velocity. First, we consider the tidal distortion in the free surface elevation, £. Figure [I.3 shows
multiple variations of tidal distortion in £&. The period between high water and the successive
low water is called the falling of the tide. Likewise is the period between low water and the
successive high water called the rising of the tide. The first tidal distortion is that the rising and
the falling of the tide are equal (as in Figures [I.3a] and [1.3c)). The second is that the falling of
the tide is longer than the rising of the tide (as in Figure [1.3b)) and the third is that the falling
of the tide is shorter than the rising of the tide (as in Fig. Figures and show
two other types of tidal distortion. In Figure the absolute value of the high water (HW) is
larger than the absolute value of the low water (LW). In Figure it is the other way around.
The relation between the relative phase and the different tidal distortions in £ is given in Figure
Note that if the average of the free surface elevation over one tidal period is not equal to
zero, the relation between the relative phase and the comparison between the absolute value of
the high and low waters might be invalid.

Next, we consider the tidal distortions in the current velocity, u. When studying tidal channels
that are closed on one side it is custom to call a moment in time at a location in space ebb if
u < 0 and flood if u > 0. However, when the channel is open on both sides ebb and flood are
not well defined anymore. We therefore simply speak of the sign of u being + or —. If at a
point, zg, in the channel,

\mﬁxu(t,xo)\ > ]mtinu(t,xg)|,

the system at that point is called + dominant (as in Figure [1.3a)). If on the other hand,

|mftxu(t,azo)\ < ]mtinu(t,xg)|,
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0 /2 s /2 2T
‘ L I | ‘
. Longer falling o Shorter falling .
Equa@ rsing than rising tide Equa@ rising than rising tide Equa% rismng
as falling tide as falling tide as falling tide
I I
|[HW| > |LW| |[HW| < |LW]| |[HW| > |LW|
|HW| = |LW| |[HW| = |LW|

Figure 1.4. Relation between the relative phase, 2¢¢ 1, — ¢¢ 1, € [0,27), and
the type of tidal distortion in the free surface elevation, &

0 /2 T /2 27

‘\ J|L J‘

Longer slack Shorter slack

Slack after Slack after Slack after

after v > 0 than after v > 0 than
u >0 after u < 0 u >0 after u < 0 u >0
equals slack equals slack equals slack
after u < 0 " after u < 0 " after u < 0
+ dominant — dominant + dominant
Equal + and Equal 4+ and
— velocities — velocities

Figure 1.5. Relation between the relative phase, 2¢y ar, — ¢um, € [0,27), and
the type of tidal distortion in the current velocity, u.

the system at that point is called — dominant (as in Figure . The characterization of the
system being + or — dominant is an important indicator for the transport of coarse sediment.
The period where the velocity is small is called the slack. During the slack, suspended sediment
can sink to the seabed. In a curve as in Figure the slack after the period that the velocity
is positive is longer than the slack after the period the velocity is negative. In Figure it
is the other way around. The difference in slack after positive u and the slack after negative u
is an important indicator for the transport of fine sediment. The relation between the different
tidal distortions in u and the relative phase is given in Figure Note, also for u, that if the
average of the current velocity over one tidal period is not equal to zero, the relation between
the relative phase and the +/— dominant character of the system might be wrong.

To finish this subsection on overtides and tidal distortion, one last typical curve of £ in the
Wadden Sea is depicted in Figure We see that the water level rises, then drops, but then
rises again before dropping to LW. There are two ‘high’ and two ‘low’” waters. This is called
‘shoulder’ behaviour. The periods of the dashed lines differ a factor of three. So this shoulder
behaviour can occur if, for example, a strong Mg is created in the tidal channel.
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Figure 1.6. Shoulder behaviour of a tidal curve representing the free surface el-
evation, &, versus time, t. The tidal curve includes a Ms and Mg signal.

1.2.1.2. Complex exponentials.
A labor saving decision is working with complex exponentials instead of with sines and cosines.
Allowing every possible overtide, ¢ and u are represented as

E(tyr) = i Re {Zm(x)e_imat} = i Re {|Zm|ei¢€vm_im(’t} = i | Zm| cos(mot — d¢ m),
m=0 m=0 m=0

u(t,x) = Z Re {Um(x)e_imat} = Z Re {|Um|ei¢“’m_imat} = Z |Upn| cos(mat — ¢ m),
m=0 m=0 m=0

where o is the frequency of the My constituent, ¢¢,, and ¢, ,, are the phases of the Ms,, of §
and u, respectively. Furthermore,

Zin (@) = | Zi(2)]€96m @) and Uy, (z) = |Upn(z) | 0nm (@)

are complex numbers depending on x but constant in t. We call Z,, and U,, the complex
amplitudes of the My, free surface elevation and Moy, velocity respectively. The (real) amplitude
of the May, free surface elevation is the norm of the complex amplitude, |Z,,(z)|. Likewise, the
(real) amplitude of the velocity is |Up,(z)|. As we will see later, the terms in the sums for m =0
are special in the sense that they are real and represent the residual free surface elevation or
residual current velocity. In the rest of the thesis we will work with the complex exponential
representation of ¢ and w.

1.2.2. Perturbation methods.

In this section some basic notions of asymptotic methods are introduced. Asymptotic methods,
also called perturbation methods, provide, among other things, a way of approximating func-
tions. In this study the functions to be approximated are the solutions to partial differential
equations (pde). The following introduction is borrowed from Holmes| (2013). The theorems
and definitions are in fact literally copied from Holmes| (2013). First, the so called order symbols
are introduced. These symbols allow us to describe the behavior of functions as their arguments
approach a certain limit. For example, z? goes faster to zero than z does, when = — 0.

DEFINITION 1.1.
1.  f=0(p) as € | 9 means that there are constants ko and ¢; (independent of ) so that

|f(e)] < kolp(e)] for ep<e<e;.

We say that ‘f is big Oh of ¢’ as € | €.
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2. f=o(p) as € | g means that for every positive ¢ there exists an €5 (independent of €) so
that
|f(e)] <dlp(e)] for ey <e<eq.
We say that ‘ f is little oh of ¢’ as € | &g.
Sometimes f = o(¢) is written as f < .

THEOREM 1.2.

1. If
lim ﬁ =1L,
eleo ¢(€)
where —oo < L < oo, then f = O(yp) as € | .
2. If
lim @ =0,
eleo ¢(€)

then f = o(p) as € | .

This theorem follows directly from the definition of a limit. The following properties are clear
from the definitions, but since they are often used, we state them explicitly:

(1) f=0(1) as € | g9 if and only if f is bounded as ¢ | &g.
(2) f=o0(1)ase gy if and only if f — 0 as € | .
(3) f=o(p) as €| eo implies f = O(p) as € | g9 (but not necessarily vice versa).

In this thesis we only use 9 = 0. Therefore, if it is stated that something is O(1) or O(e) it is
always meant in the limit € | 0.

As mentioned before, in this study we want to approximate solutions to partial differential
equations. An important question is what we mean by an approximation in this respect. For
example, one approach is saying that a series which converges to a function is an approximation
of that function. A Taylor expansion is an example of this. However, another possibility is to
demand that the error of the approximation should be of a smaller order than the approximation
itself. We take the latter approach in this study.

DEFINITION 1.3. Given f(e) and g(e), we say that g(¢) is an asymptotic approzimation to f(e)
as € } g9 whenever f = g+ o(g) as € | ¢. In this case we write f ~ g as € | &o.
An asymptotic approximation to a function is not necessarily unique. To create some structure

in this non uniqueness, we will define so called asymptotic sequences and asymptotic expansions.

DEFINITION 1.4. The functions ¢g(g), p1(€), ... form an asymptotic sequence, or are well ordered,
as € | o if and only if @41 = o(¢m) as € | gg for all m.

DEFINITION 1.5. If ¢g(€),¢1(€),... is an asymptotic sequence, then f(e) has an asymptotic
expansion to n terms, with respect to this sequence, if and only if

m
f:Zakgok+0(g0m) for m=0,1,...,n as ¢l e,

k=0
where the a; are independent of €. In this case we write
(1.4) f~app(e) +aip(e) + -+ anpn(e) as el ep.

The ¢y are called the scale or gauge or basis functions.
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If the scale functions are given, the expansion is unique. To see this, assume we have

[~ aopo(e) + arpi(e) + -+
In particular, this means that
[ = aopo + o(po).
Dividing by ¢q gives
ag = lim —.
eleo o
Repeating this process yields
a; = lim 7f — aosﬁo.
eleo P1
We can repeat this to find a; for every i. Hence, if all these limits exists, and given the scale
functions, the asymptotic expansion is unique. In this study the scale functions

pi(e) =¢'
are used. A function f is then approximated as
f ~ag+aie + aze® + O(e%).

An important observation is that including more terms in the asymptotic expansion does not
necessarily make the approximation better, as is the case with Taylor expansions. The reason is
that the asymptotic expansion only makes a statement about the approximation in the limit of
€ } €0, while adding more terms says something about the limit n — oo. In fact, an asymptotic
expansion of a function does not need to converge as n — oo and if it does, it does not need
to converge to the function it is representing. For examples, consider Section 3.8 in |Bender and
Orszag| (1999)).

A good thing about an asymptotic expansion is that it is possible that if only a small number
of terms are included, an asymptotic expansion may produce a smaller error than a series
converging to the function does. We refer to Section 1.4.2 in |Holmes| (2013) for an example
where this is the case. Also if, for example, a solution of a partial differential equation is
asymptotically approximated as in and ag and a; can be calculated analytically, we know
what the solution does in the regimes of O(yg) and O(p1). The availability of computing power
makes numerics very powerful. It provides a manner of approximating solutions to higher order
nonlinear partial differential equations. However, sometimes asymptotic approximations can
give different insights in solutions. Therefore, applying both numerical and asymptotic methods
to the same problem can be beneficial.



CHAPTER 2

The model

In Chapter [1| some basic terminology of coastal research and perturbation methods were in-
troduced. In this chapter the model is described by first describing the domain and then the
equations governing the model. As stated before, the model is a highly idealized one dimensional
version of hydrodynamics in the tidal channel connecting the ‘Marsdiep’ with the ‘Vlie’, in the
Dutch Wadden Sea. The starting point of the derivation of the model equations are the depth
averaged shallow water equations derived in Appendix [C]

2.1. Domain

Although the starting point of this chapter are two dimensional equations, it is useful to have
the three dimensional geometry of the domain in mind. Figure shows the geometry of the
tidal channel used in this study. Figure depicts the cross section, Figure the along
channel side view and Figure the top view. Also, the placement of the x1,z2 and z3 axis is
presented in Figure The x; axis is pointing in the along channel direction and is located at
the undisturbed water level, the x9 axis is in the direction of the width of the channel and the
T3 axis is pointing upwards. The origin is placed in the middle of the channel at the location of
the undisturbed water level.

The width of the main channel, b, is taken constant. It is also possible to derive the cross
sectionally averaged shallow water equations for the case where b, may vary. This is more
realistic and only a minor change in the derivation. However, as a first step in understanding
the effect of the momentum sink we will consider the simple case in which b, is constant. A
trapezoidal shape is chosen for the cross section of the channel because it makes it possible to
have a mass storage and momentum sink of the same order, as will be seen in Chapter [3| To
shorten notation in the calculations, denote as in Figure

Q(t) = Qu(t) U Qs U (),

o) = [0, %] o= [ e = [2.20].

with

27 2 27 2
With ‘the width of the channel’ we will henceforth mean ‘the width of the wetted part of the
channel’. The width of the channel, b, is dependent on £ and hence on ¢ and z; and reads

bmax_bc 6
2.1 = Doy — 2% € (1>,
(21) N e G

where ¢ is a parameter that determines the steepness of the flats (higher ¢ means steeper flats).
A derivation of equation (2.1)) is given in the gray box below.

11
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N /
—dy -

be
—h, -
B O R
(a) Cross sectional view
3
/-EN I Ql(t)
b Qo | e b(t) """" bcI oo oo > L1
Qs(t)
7
(b) Along channel view (c) Top view

Figure 2.1. The geometry of the tidal channel, where by,ax is the maximal width
of the channel, b(t) is the width of the wetted part of the channel, b, is the width
of the main channel, dy is the distance from the undisturbed water level to the
bottom of the flats (which will be specified later), h is the distance from the
undisturbed water level to the bottom of the channel (which equals h. in the
main channel), ©(¢) is the interval of the wetted part of the left tidal flat, 2 is
the interval of the main channel, Q3(¢) is the interval of the wetted part of the
right tidal flat and £ is the free surface elevation.

The trapezoidal shape is an approximation of the bottom of the flats described by a expo-
nential function. Let ¢ € R>1 be a number greater than 1 and let

be bmax 225 — be \°
=, —— —dr,d 2df | ———— | —d
f |:27 2 :| —>[ I f]7 2 f<bmax_bc) r

be the function (dashed lines in Figure that discribes the bottom of the tidal flat at
the positive xg side of the channel (in the figure the right hand side). We approximate the
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bottom of the flats with a trapezoidal geometry such that the slope at xo = byax/2 equals
the slope of f at this point.
|

N \ /|
Y Ll_l_/ \s /| |
L] L]

Figure 2.2. The geometry of the cross section for different values of q. Start-
ing at the left figure the values used are ¢ = 1, ¢ = 2, ¢ = 5 and ¢ = 20
respectively.

The derivative of f at xo = byax/2 equals

ﬁ bmax o 4dfq
&Tg 2 - b
The linear function describing the steep part of the flats becomes

4d 2d bmx
$2H7qu2+df_bfqiab’
max - Yec

bmax - bc

max ~ bc

with inverse

bmax — be Becs
2.2 _ — .
(2.2) T3 > 4d;q (3 —df) + 9

The inverse of the function describing the steep part of the flats, (2.2)), evaluated at (¢, x)
is half the width of the channel at (¢,x). This gives equation (2.1)) for the width of the
channel.
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2.2. The depth averaged shallow water equations

The depth averaged shallow water equations in conservative form read

o6 0+ h)ur O+ h)ua

2.3 — =0
( ) ot + 81‘1 + 8:152 ’

6<f + h)ﬂl 6<§ + h)ﬂlﬁl 8(§ + h)’L_Ll'aQ o€ T
2.4 =— h)— — —
(24) ot + Oxq + Oxo 9(& + )8351 p’

23

2.5 0= —
(2.5) s
where, © = (x1,22) is the spatial coordinate, ¢ the time coordinate, #; (m s~!) the depth

averaged horizontal velocity in the along channel direction, %z (m s=!) the depth averaged
horizontal velocity in the cross section, & (m) the free surface elevation, p (kg m~3) the density,
g (m s72) the gravitational acceleration, f (s=!) the Coriolis parameter and 7 (N m~2) is the
bottom friction in the x7 direction.

The assumptions made in the derivation of the depth averaged shallow water equations are as
follows (see also Appendix .

1. The density, p, is considered to be constaniﬂ

2. The depth of the channel is much smaller than both the width and length of the channel.
This assumption is sometimes referred to as the shallow water approximation. Consequences
of this approximation are the following.

e The vertical momentum balance reduces to a hydrostatic equilibrium. This means that
we assume a balance between the vertical pressure gradient force and gravity.

e The only relevant stresses are those that act in the x1 and zo direction. In fact, we
only consider stresses at the seabed, so wind stress is also neglected.

3. The width of the channel is much smaller than its length. This implies the following.

e The change of velocity in the x5 direction following a particle, Dus/Dt, is neglected.
e The stresses that act in the xo direction are neglected.
e Coriolis forces are ignored.

4. The stresses that result from averaging over depth are ignored. In this chapter also the
stresses that result from averaging over the width will be ignored. This implies that bound-
ary layers at the bottom and sides of the channel are ignored; the so called no-slip condition
is not imposed.

Many of the assumptions come down to the fact that the only relevant differences occur in the
horizontal directions such that it is defendable to reduce the three dimensions of the system to
two. Assumptions [2[ and [3[ and their implications are based on Appendix A of Parker| (1984)
and the dimensional analysis of Winant| (2007)).

We impose the following conditions to the system. The boundary conditions [I| and [2] were
already used in the derivation of the depth averaged shallow water equations.

1. Water particles at the free surface will stay at the free surface and particles at the seabed
will stay at the seabed. These are kinematic boundary conditions. Thus, processes like
evaporation, precipitation and percolation are ignored.

1t is possible to derive shallow water equations without this assumption, but we do not do this.
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2. The pressure at the free surface, z3 = £, equals the atmospheric pressure, p,, that is assumed
to be constant.

3. The average volume of water over one tidal period remains the same. This is a condition
for the residual free surface elevation.

4. It is assumed that the water loses all its speed in the x; direction when it comes on the
tidal flats. So specifically, if zo € Q(¢)\Q9 then 4, (¢, x1,x2) = 0 for all £ and z;. In fact, we
assume that @; is discontinuous in x9 at x9 = £b./2. This makes physically sense, since h
is also discontinuous at o = £b./2.

5. There is no tidally averaged transport of water through the channel. Also, there are no
sluises or rivers connected to the channel that induce a residual current.

6. From both the right and the left a Ms free surface elevation signal enters the channel.
Internally generated overtides and additional Ms can be decomposed in a signal traveling
to the right and one traveling to the left. The signal traveling to the right is zero on the left
boundary and the signal traveling to the left is zero on the right boundary. The situation
is schematically depicted in Figure |2.3

— —

—

< ?
Ea €1

(a) Prescribed Ma (b) Internally generated over-
tides and M

Figure 2.3. Schematic representation of the boundary conditions for: (a) incom-
ing free surface elevation M and (b) internally generated overtides and additional
M. The arrows represent the direction the wave is propagating and the starting
point of the arrow represents the amplitude of the wave. In the right figure the
fact that the arrows go up represents the fact that the amplitude of those waves
are zero at the boundaries but become nonzero inside the channel.

Before we proceed with the derivation of the cross sectionally averaged shallow water equations,
a remark. The following two sections ignore some mathematical difficulties in order to maintain
a storyline. An example of such a ignored mathematical difficulty is that A and @, are discon-
tinuous at the boundary of €29 and hence do not have well defined derivatives in those points.
The readers that are interested in the details of the calculations are invited to read Appendix[A]
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2.3. Cross sectionally averaged continuity equation

In the preceding section the depth averaged shallow water equations were stated together with
the assumptions and conditions we impose on the model. From the depth averaged shallow
water equations the cross sectionally averaged shallow water equations are derived in this and
the next section. The goal of this section is deriving a continuity equation that is dependent of
the cross sectionally averaged current velocity, @1, and no longer of @;. In order to achieve this
we integrate equation over the width of the main channel, {25. From the lateral momentum
balance , follows that & does not depend on zs. Furthermore, remember that we consider
b. constant. Integrating equation over (2o yields

0= o, ot dxy + /92 T on dxo + /Q2 T omy dxo
= % o, 2T @(; {(5 +he) /Q2 U dfvz} + (€ + h)aa(t, 21, be/2) — (€ + h)aa(t, x1, —be/2)
(2.6)
=02 2RI ey (1, be/2) — (€ 4+ B (t 21, —be/2),
ot 6$1

where we denoted the cross sectionally averaged current velocity as,

Uy = bf u1 dxo,
c JQo

where u; still denotes the depth averaged current velocity. We wish to interpret the last two
terms in (2.6). Therefore, note that

(f + h>ﬂ2(tv Z1, :l:bC/Z)

has dimension m?s~! = m3s™'m~!. So (& + h)ta(t, x1, +b./2) is the amount of water (m?) that
flows through the boundary per second (s~') per unit length (m™!).

(a) Falling tide (b) Rising tide

Figure 2.4. Water flowing on and from the flats when the tide rises and falls,
respectively.

In order to determine what the amount of water flowing through the boundaries is (per second
per unit length), we analyse the continuity equation at the left and right tidal flat, ,(¢) and
Q3(t). First, consider the right tidal flat and integrate over equation (2.3)) over Q3(¢). Since the
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the length of the interval Q3 equals %(b — b.) this yields

. g’i et | o€ + ;); ?“1 dxy + N O + h)u (;; ?“2 dy =0,
%(b b )% 40+ (€ + B)iia(t, 21, b(t)/2) — (€ + h)aa(t, 1, be/2) = 0.
The depth, € + h, is zero at s — b(t)/2, which gives us
(2.7 (€ + Rt 20,be/2) = £ (b~ bo) .

Equation ({2.7)) makes physically sense; when water comes on the flat, water needs to be pushed
up to fit on the flat. We repeat the procedure for Q;(t) to find

0
(2.9 (€4 DYia(t, 1, be/2) = — 5 (b~ be) .
It also shows that uy at o = b./2 is positive if the water level rises and negative if the water
level drops. The opposite is true at the other side of the main channel Where x9 = —b./2. This

is depicted in Figure . Plugging equations (2.7)) and ({ in equation (2.6|) yields
b 06 L, 06+ h)m as
8t ox1 ot
After dividing by b., we arrived at the cross sectionally averaged continuity equation
bc Bt 8x1

+(b—bo) > = 0.

(2.9) = 0.

2.4. Cross sectionally averaged momentum balance

Similar as in the previous section, the goal is to obtain a momentum balance dependent of
and independent of u;. For that reason we integrate equation (2.4) over the width of the main
channel €2s.,

[ A [ A O,
Qo ot Qs Oxy Qs 0x9

/ (f‘l‘h)agdl?—l—/ IdZUQ:O.
Qo Oy Qs P

The first term and last two terms become

OE+hyu , , OE+h)u Dy Bl3
/Q2 8t diL'Q = bc 8t = bc(f + h ) 8t + bcul at

0 0
ot m g e = beote o

/ T dao = b1,
Q, P p

where 7 is the bottom friction averaged over the width of the main channel,

1
7A' = — T dl’g.
be Ja,
For the second term we make an assumption similar as Assumption [f] in Section 2.2l That is,

the stresses that arise from averaging over the width are neglected. To make this statement
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more specific, denote @y = flq + Ta, for a € {1,2}, where 1, is the depth averaged velocity, 1
the cross sectionally averaged velocity and 4, the difference between those two. We assum

/ 8(5 + hc)ﬂlal de _ bca(g + hc)ﬂlal )
Qs 8901 8:E1

Specifically, it is assumed that

o Lo
(210) 8$1/Q @1’&1 d.’EQ = 0.
2

Hence, using the continuity equation (2.9)) the second term can be expressed as follows,
8(5 + hc)ﬂlﬂl 8(§ + hc)ﬁlal R 6(5 + hc)al 0y
———————dxy = bp——————— = U1bo———"— + b, he)tin —
/Q2 8331 2 8371 “ 8.%‘1 + (E + )U1 8x1

.08 0y

= —Ulba + bc(g + hc)u:[aixl.

For the third term we obtain

/Q ‘W dzy = (€ + h)tigun (£, 71, be/2) — (€ + h)iugtis (£, 71, —be/2).

2

What would (€ + h)ug@i; be on 9€Q9? It represents @; times the amount of water per unit length
per second transported through the boundary of the main channel. That is, the amount of
momentum in the x; direction transported through the boundary of the main channel. The
quantity of the lateral transport depends on if the water level rises or drops, as was found in
equations and . We consider the situation at the right boundary, zo = b./2. The
same reasoning (with some additional minuses) will hold on the other side. If the water level
rises, g is positive at xo = b./2; water flows towards the flats. In that case, a water column
moving through zo = b./2, from the main channel towards the flats, still has its velocity 41 in
the z; direction. So momentum is transported from the main channel to the flats. When the
water level drops, water moves from the flats to the main channel. On the flats there is no along
channel momentum, as it is dissipated due to friction. Therefore, no momentum comes back if
the water level drops. So no momentum is transported from the flats to the main channel; the
flats act as a momentum sink. This gives, together with equations and , a motivation
to take

(&€ + h)tgtiy (t, 21, b /2) = j:%(b — b H <g§> %,
where H is the Heaviside (or step) function defined asﬂ
1 ifz>0
(2.11) M) =15 ife=0.
0 ifx<O

The third term thus becomes

AE+n)uuy , . a¢\ 9¢
/Qz o, e = (b — b H <8t> e

2For this one time, the average of a product equals the product of the averages.

3Note that it does not matter what #(0) is since H (%) % vanishes when % =0.
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Combining all of this yields
ou (. X 0l3 85 oty ¢ 7
h be—b b— b — h be he) =—+b.— = 0.
belho) ot (e 0)-+ (0 b0yt (5 ) ) Gl o beg €+ 5 +be
Divide by b.(¢ 4 h.) and use 1 — H(z) = H(—=x), to obtain

o | 4,98 _ bb)u?—[(— é) L&, 7Ty

ot dx1  b(E+h at) ot Yoz p(€+ he)
The term
b—be .o ( 060
bo(e+ o)™ at ) ot

is only nonzero when the water lever drops, a—f < 0. This might seem strange since the term

was connected to momentum which is only transported when the water level rises, at > (0. This
asks for a somewhat different interpretation of this term. The following interpretation is based
on Dronkers| (1964). Consider first the case where the water level drops. Water columns on the
flat move into the main channel. There they should accelerate from zero velocity to the velocity
@1 in the main channel. The term we are talking about has dimension m s~2 and is exactly this
acceleration. When the water level rises, water particles flow from the main channel towards
the flats. The water particles need to ‘accelerate’ from their 4, velocity towards zero. The force
that slows the particles down to zero is the friction and we do not need the term we were talking
about and is thus put to zero. With a linear bottom friction parameterization as in, for example,
Parker| (1984)), Zimmerman (1982) or [Friedrichs and Aubrey| (1994), 7 is expressed as

T = pri,

where r (m s7!) is a friction parameter. Thus the cross sectionally averaged shallow water
momentum balance reads

8711 R 6&1 b—bc le H( §> §+ 6§ bel

(2.12) =0,

ot T T T exht\ o) ot T0m it h
and for completeness, the continuity equation we found earlier 15E|
2% + 8(€ + hc)ﬁl

2.1
( 3) bc ot 8%‘1

=0.

4Remember that b, is taken constant. If b, is not constant the continuity equation changes a little bit (see
for example |Alebregtse et al.| (2015) or |Parker| (1984]))






CHAPTER 3

Model Analysis

In Chapter 2] a model for the hydrodynamics in a tidal channel was formulated. The equations
(2.12) and (2.13)) governing the model are hard, if at all possible, to solve analytically. In this
chapter we will use some knowledge about shallow water waves to find the dominant balances
that allows us to construct approximate solutions of equations (2.12)) and (2.13|) by means of
asymptotic methods.

3.1. Scaling

In this section we will scale the variables in equations and . Therefor, we first
introduce four, to be determined, scaling parameters & (m s~1), Z (m), £ (m), 7 (s) and four
dimensionless variables,

- N d i t

u—a, E== x—z an t—7—_.
The goal now is to identify a small parameter, €, and to find expressions for the scaling para-
meters U, Z, L and T. Substituting the scaling parameters in the momentum balance, ,
and the continuity equation, , yields

U S T

Uow W 0w UZb—b @ ( 5) 06 gZOE U @
Tot L 0% T b h0<1+h§0>é ot ] ot L 0% he (1_1_]%5)
zhof und(EE+1)T
Tb.ot L o N
Dividing the momentum balance by U/T and the continuity equation by Z/7 gives
ou TU_ 0w Zb—0b. f 85 TgZ(?f 0
ot L 0T he be 14 E¢E “oi)ai T or T (+h;>
32) b€ TUhe 3(%§+ )
‘ beot = LZ
Define
zZ
(33) €= h77

which is assumed to be small. At the end of this section this parameter will be given a physical
interpretation. With this small dimensionless parameter, ¢, it is possible to use asymptotic

21



22 3. MODEL ANALYSIS

methods. To find expressions for the scaling parameters, U, Z, £ and 7, we assume it is
possible to choose these parameters such thatﬂ

- 0u Ou O ¢ Ous

e ot 0%’ ot 9%’ Oi

The idea of this assumption is that it is possible to choose U and Z such that they are repres-
entable values for v and £ and that £ and 7 are representable values for the length and time

scale on which changes in u and £ occur. Also, we assume
b

—=0(1)asel0.

be

Next, let’s look at the continuity equation (3.2)). With the parameter € as in (3.3)), this reads
boE TU1 OET
=0.
boi L g<ax+ga;%>

—— ~
o) O(e™1)

The first term is of O(1) and the second term, divided by TU/L, is of O(¢~!). Since the first
and second term must balance, it must be thatﬂ

=0(1) ase 0.

72/{ =0(e).
We choose TU/L = €. Substituting this in the momentum balance, |D we find
ou ou  b—b. 1 €\ 06 TgZ o€ a
3.4 — — — ~H
A T T S - ( 8t> ot U aﬁL he 1+ 28)

Since for |z| <1,

(3.5)

=> (o)
n=0

the last term reads, for [e€] < 1,

rT rT
s —h—cu<1—€§+0( ).

The terms that are (potentially) O(1) in equation (3.4)) must balance and therefore, using the

expression (3.6)),

(3.6)

ou  TgZ 0 B
(3.7) %*Zﬁ%*E-”

~~

o(1)

The first term is O(1). At least one of the other terms must be balanced with the first one since
otherwise Equation (3.7) would reduce to

1N0te~that this implies that € goes to zero by h. — oo and retaining Z bounded. Because otherwise, if € | 0
by Z210,6=¢/Z#0(1)ase 0.
?since O(£)0(9) = O(f9).
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which would mean that @ hardly changes in time. If one of the two terms is of lower order that
O(1), for example O(¢~!), it can not be balanced by something else and must equal zero. It
follows that for the second and third terms there remain three options. The first option is that
the second term is O(1) and the third term O(eg). The second option is that the second term
is O(e) and the third term O(1) and the third option is that they are both O(1). In the first
(second) option the change in @ is mainly due to the pressure gradient (friction). We take the
third option and thus consider a tidal channel where the pressure gradient and the friction are
of equal order. In fact we choose:

Tg2Z _
W—l and T—hic—O(].)
Substituting this in (3.4) yields
O ot b—b. @ ¢ 9E Fil
Uy eats “ H( 5) o L o8 T

3.8 — — — _
3 or T Mor b 1red \ o) ol o (1t ed)

We still need to do something with
b — b,
be

The total the term is choserﬂ to be O(1), however, we did not specify any possible O(¢g) terms
inside it. Recall from Chapter [2| that

b_bc:bmax_bc bmax_bci 1 Z -

be be be  2q '
The ratio of the width of the tidal flats and width of the main channel is denoted by 5. We
assume this to be of O(1), that is,

= 0(1).

and thus

ﬂ _ bmax - bc _ 0(1)

be

Furthermore, the part of the flats where the depth decreases is assumed to be narrow and steep

(large g, see Figure [2.2)),

— = 0(e).
5o = 06)
In fact, we assume
1
27q = acg,

for some a = O(1). With the parameters a and S we find
b— b Z -
- 6 6045 <1 - §> )
dy

C

and thus
b zZ .

Cc

8bobe — 2 1= 0(1) as O(f) + O(g) = O(|f] + lg]).
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Lastly, we choose Z/df = O(1) and in fact,

Z_y
df_.

In the rest of this chapter only terms up to O(e) are considered. For that reason terms that are
O(g?) are already neglected. The scaled momentum balance and continuity equation now read

ou ou U o0&\ 0 O& U
(3.9) &s+€“m_551+5§H<_at>at+az+1+ag_0’
(3.10) (145~ Bac(1— €)% + L ((1 426 = 0,

where all variables and parameters are dimensionless and tildes are omitted in the notation.
In the next section we approximate solutions of these equations. Note that a part of the mass
storage, %%, and the momentum sink term are both O(e). If 1/2¢ was O(1) it is was not

possible. This is the motivation for the trapezoidal cross section chosen in Chapter

When interpreting solutions, it is useful to be able transform the scaled dimensionless variables
back to there original dimensional form. For this we need actual values for U/, Z, £ and 7. Up
to now only some ratios between them are chosen. Remember we chose

TgZ  Tuh.
U Lz

(3.11) 1,

from which it follows that

(3.12) U= Z\/?

So choosing a value for Z or U fixes the other. Now, we choose Z to be a typical value for the
tidal amplitude in the western parts of the Wadden Sea,

Z=1m.

This makes U to be close to 1 m s~!, which seems representable for current velocities in the
Wadden Sea. Furthermore, we already chose

TU _ 2 _
L he
and therefore, substituting (3.12)),
T_ 1
L Vgh:

From which it follows that when we choose T or L the other one is determined. The typical
velocity of a shallow water wave is v/gh. m s~!. This equals the wavelength times the frequency
of the wave. Therefore, when we choose

1
T=-,
o
that is, the period divided by 2, it follows that

he
L=y

g
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that is, wavelength divided by 27. These seem representable values for the time and length scale
on which changes in v and £ occur. Note that

_TuU_ U

L Vgh

which is commonly known as the Froude number. In the Wadden Sea this number is close to
101

€
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3.2. Asymptotic approximation

Equations and is a system of two coupled nonlinear first order partial differential
equations. In this section we will find an asymptotic approximation to the solution. Each
nonlinear term contains the small parameter, e, which makes it possible to construct approximate
solutions as an asymptotic expansion in the small parameter .

Substituting the Taylor expansion of 1/(1 + &£) as in (3.5)), in equations (3.9) and (3.10) yields
ou ou o o\ o 0¢
(3.13) 9 + Eum - — 55“2 —e&)"H <— 8t> + + Z —e&)"

(3.14) (145 - as(1 -g»gﬁ b1+ ey =

Next, expand u and £ asymptotically asﬁ
u=ug+eu; +0(?) and & =¢& + € + O(e?)

and substitute these in (3.13) and (3.14). Then collecting terms that are O(1) and not o(1)
gives a problem called the O(1) problem. Collecting the terms that are O(e) and not o(e) gives
a problem called the O(e) problem. Regarding the Heaviside function #, note that

) 1 if <0 [1 if Zo<o K
lim H _% = lim 1 % - = 1 % - =H 9%
€10 ot elo |0 if ZH >0 0 if F2>0 ot
Since H <—%> is finite and nonzero,
o¢ 23
1 1 .
H( 8t> O(1) and ’H< at);éo() as €,0

Therefore, H (—%) fits with the O(1) terms and, in that regiem, equal H (—%).

3.2.1. The O(1) problem.
Collecting terms in (3.13) and (3.14) that are of O(1) (and not o(1)) yield the O(1) problem,

Oug 0 B

(315) E + % +rug =0,
850 8’11,() _

(3.16) (1+,3)§+% =0,

with boundary conditions such that from both sides of the channel a free surface elevation My
signal propagates into the channel. The Ms signal entering on the left and moving to the right
has amplitude z; and phase zero. The M signal entering on the right and moving to the left
has amplitude z9 and phase 6.

The solution to the O(1) problem is summarized in Section |3.2.1.1} If z; = 29 and 6 = 0 half of
the channel represents a semi-enclosed basin and the waves coming from the other half represent

4Apologies for reintroducing the subscript notation; u; is no longer the velocity in the x; direction.
5This is an approximation. We neglect the O(e) contribution of £ to the Heaviside function.
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the reflected waves. To find the solutions, first an equation for &y is derived. This is done by
differentiating the first equation with respect to x and the second one with respect to t,

Puy 0% Jdug

w0t T a2 0w
82&) 82u0
=0.
R IR T
Substituting the first one into the second one and using equation (3.19)) yields
@17 a+p28 Th g%
otz 022

With solutions to this equations 1y can be obtained from equatlon (3.18]). This is a homogenous
damped wave equation and since the boundary conditions are such that only My waves enter
the channel, we may assume &y to be a superposition of two waves, in fact we expect & to be of
the forml

Eo(z,t) = |€o()] cos(¢g, (x) —t) = Re {éo(x)e—it} 7

with & (z) = \fo(a:)|ei¢50 @) independent of ¢. Substituting this in the wave equation yields

Re {—(1 + ﬁ)goe*“} ~Re { %f; “} +7Re {—2(1 + ﬁ)goe*”} 0

)
of (2 ) )

Since this holds for all ¢ € [to, to + 27],

3250
022

and thus

%,_/
k2
The general solution of this ordinary differential equation (ode) is given by
éO(l') _ Aeikm _‘_Be—ikx’

with k2 = (1+ 8)(1+ir) and we will determine A, B € C by looking what they represent in the
equation for the free surface elevation. Note,

&o(z,t) =Re { (Ae“m + Be_i’m) e_it} = Re Ae'tkz=t) 4 pe—ilke+t)

wave to the right  wave to the left

The wave coming from the left and moving to the right is represented by Ae? =) To see this,
choose a position on the wave to follow during some time interval (for example at the crust).
This means keeping the phase, kx — ¢, constant. Then, if we let time ¢ increase, = should become
larger as well to keep kx — t constant. Therefore, every fixed point on the wave will move to
the right (x increases) and we say that the wave moves to the right. With the same reasoning
Be(kxtt) represents the wave moving to the left. The amplitude of the wave going to the right
is

|Aei(l~cx—t)’ _ |A’e—lm{kx—t} _ ‘A|€—Im{k}x.

6we neglect the transient term. This is permitted since (3.17) is a damped wave equation and the tides exists
longer than the period in which the transient terms are significant (few days).
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We choose this to equal z; € Ry at the left boundary, x = —L/2. Then
|Ale™F g = 4.

We make the choice of A to be positive and its argument to be zero (A € R), which results in
A= zle_lm{k}%.

For the wave to the left we do the same, but now forcing the amplitude at the right (z = L/2)
to be z9 € Ryg. This yields
‘Blelm{kx-i-t} _ |B‘elm{k}é — 2.

We choose B to be

L -

For ug(x,t) a similar form as for £ is expected,
uo(z,t) = Re {ao(az)e_it} ,
with @o(x) € C independent of t. Substituting this in (3.18)) gives

Re {—moe_it} + Re {%ﬁ?e—it} + rRe {ﬂoe_it} = Re { (ﬂo(r —i)+ %ﬁg) e_it} = 0.

Again this must hold for every t € [to,to + T]. Hence, using the expression found for éo,

’llo(.%') = - 1 % — i (Aeik:x . Be—ikx) = <Aeikx N Be—ilm) ,
i1—1r Ox i—r

with v = %kr This solves the O(1) problem.

%

3.2.1.1. Summary.
To summarize, the O(1) problem is

Oug 0

(3.18) w + Dr + rug = 0,
98  Oup
(3.19) (1+,3)§+% =0,

with boundary conditions such that from both sides of the channel a free surface elevation My
signal propagates into the channel. The My signal entering on the left and moving to the right
has amplitude z; and phase zero. The M5 signal entering on the right and moving to the left
has amplitude 2z and phase 6. The solution found to this problem is

&o(x,t) = Re {éo(a:)e*it} with  &o(z) = Ae’™® + Be™ k=,
uo(x,t) = Re {ﬁo(z‘)e—it} with  4p(z) =7 <Ae’“ij - Be_ikm) ,
with
A= zle—Im{k}%’ B — ZQB—Im{k}é-HG’
ik

i—r

K=0+p)1+ir), v=
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3.2.2. The O(¢) problem.
Collecting terms in (3.13) and (3.14) that are of O(e) (and not o(e)) yield the O(g) problem,

8u1 351 8 afO 850
(3.20) E + % +ru; = —ug—— 9z —l—T‘uOf() +Bug—— ot H < 875)7
—_—— N——
1 11 HI
0 0 0 15)
(3.21) 1+ A + G = —lwto) +a(1 — &) 52
ox Ox
v Vv

The boundary conditions of the O(g) problem are such that for every individual Ma,, (m > 1)
signal of &, the amplitude of the part that is propagating to the left is zero on the right
boundary and the amplitude of the part propagating to the right is zero on the left boundary.
These internally generated overtides may radiate freely at the boundaries.

The O(e) problem is the same as the O(1) problem but inhomogeneous. Every term in the
inhomogeneity (forcing) comes from nonlinear terms in equations ([3.13) and (3.14)). In Table[3.1]
the physical origin of every nonlinear term is presented. In this study we are mainly concerned
about the effects of the momentum sink, term III.

Term Origin

I advection of momentum
11 bottom friction

111 momentum sink

I\Y divergence of mass

A% mass storage

Table 3.1. Origin of inhomogeneous (forcing) terms.

The solution to the O(g) problem is summarized in Section To find the solutions, we
take the same route as we did in the O(1) problem. That is, derive from equations (3.35]) and
3.36)) a single second order damped wave equation for &; by differentiating equation (3.35]) and
3.36]) with respect to x and t respectively:

82U1 8 fl 8u1 _ 1 82 2 0 850 860
oior T 9n2 ”% = 5,7 () + 75, (uobo) + (5 rn ( ot ))
92 2 2 2
§1 U1 _ 0 0 60 _ 670487 2
855 + geor =~ aaar "0 T P0G ~ 5 gp ()
Substituting into each other and using gives a pde for &1,
(3.22)
9’6 9%G 06 0? 9%*& 10, ,
(1+ 5)@ “ o2 b (1 +ﬁ)7“ﬁ = T oot (uoéo) + QBO[W — o atQ (50) 5@ (ug)
hG v i
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The origin of the terms are as in Table This is the same wave equation as arose in the O(1)
problem but now inhomogeneous. In the derivation of the O(1) problem we argued that because
of the boundary conditions £y must have a particular form. When we substituted this form in
the damped wave equation an ode arose for fo. Solving this ode gave us &y, which in turn allowed
us to solve 4y and hence ug. So to do the same, the question is now what form to choose for &
to substitute in . In order to decide this, let’s take a closer look at the inhomogeneity of
the wave equation. The first thing to notice is that, by the choice of the boundary conditions
of the O(1) problem, every term is periodic in time. Therefore, it must be possible to write the
inhomogeneity as a Fourier series. Term III consists of the discontinuous Heaviside function, .
Hence, the Fourier series must contain an infinite amount of termsﬂ As the inhomogeneity can
be written as Fourier series containing every harmonic, we may assume &1 to be of the form

(3.23) &1 (z,t) = i Re {g},m(x)e—imt} .
m=0

It is now our goal to find fLm for every m. The term for m = 0 is special in the sense that it is
time independent. Moreover, it represents the average value of §; over one tidal period, denoted
by & and also called the residual or My component. Concretely, since, for m # 0,

1 to+2m R )
— Re {5Lme—lmt} dt =0,
27 Jio
we have
& 1 fo 27 & £ —imt d £
&= 7 /to mZZORe {51,m€ } t = Re {51,0} .

From equations (3.35) and (3.36|) it is clear that if £ contains every harmonic, u; also does.
Therefore, u; is assumed to be of the form

(3.24) up(z,t) = Z Re {ﬁl,m(w)e_imt} + a1 (x).
m=1

By the observation that & and @, are the average values of & and wu; over a tidal period, they
can already be calculated. Integrating equation (3.36)) over one tidal period yields

1 tot2m 0§ Ouy 0 &  Pa 852
. 1 1L 0u O ey g2 Pa% g
= [( Tt ar T agMot) T ey Ty | =0
Since &, &1 and €3 have period 27, this reduces to
oty 1 [lf2m g 0

et - t = —— (uo).
O o7 )i, B (uoéo) d gy (uoéo)

Hence, there is a constant v € C such that u; = —upéy + v. We take the constant v = 0. That
is, we choose, as stated in Section [2.2] that there is no external residual flow due to, for example,
a river or sluises. Therefore, after some algebraic manipulations (see Calculation [1}in Appendix

B),
(3.26) i = —io€o = — 3 lolléo] cos(6a, — 05,).

v

Since a finite sum of continuous functions is continuous.



3.2. ASYMPTOTIC APPROXIMATION 31

The residual free surface elevation, &, is found with the same method. Integrating (3.35)) over
one tidal period yields

L+ Touy 06 Oug afo 9o
(3.27) /to [8t —i—%—i-rul—l—uoa—ru()&)—ﬁuo < at)] dt = 0.

After writing the Heaviside function as a Fourier series (see Calculation [2] in Appendix [B]) and
some algebraic manipulations (see Calculations |3|in Appendix this reduces to

3 1 9li|? -
(3.25) ot =~ 12 ol (reoston, — g, § sincon, — 0, )
Integrating gives,
(3.29)
_ z 1 90?2 .
G =art [ |32 b laollol (reos(ou, - 0g,) - sinton, - 0¢))| ¢

xT

4y i (a0 (x)[* — [dio(as)[?) +/

a4

fafél( reoston, — 05 -5 2 sin(64, - 0g,) )] ds

I H III

for a3z and ay € C. We know found both & and @;. We proceed with finding él,m for m # 0.
Writing H as a Fourier series (see Calculation [2[ of Appendix , substituting and the
solutions of &y and wug in equation and preforming some algebraic manipulations (see
Calculation 4| of Appendix , the result is

(3.30)

o0 2 £
Z Re { <88§;ém + (14 B)m(m + rz')él,m) e‘imt}
m=0

=Re{ —2Bape ™ 3 +Re (zg(u &) + 18—2(712) —rg(zl £o) +2Ba£2)6_i2t
0 oz VT g2\ oz >0 0
SN——— SN———
\Y% v I II %
1 82 ~ 12 0 Fx 6 0 Pm —zmt
+ zwﬂud ) —rRe{a (uofo)} —4Re{a zuofo } Z Re { },
I 11 ffl
where
26 * ~ ok S ~ £ * ~ F :
Pm = (Cg+muo§o - CQfmu(]gO) — cpBltiol[€o] sin(pa, — ¢,
and .
— ifm=0
Cm = 2—1’ } -
_ ptmm [ TUM@g :
o (1 e ) e o ifm#O0.

The (Fourier) coefficients ¢, and p,, are such that

( 8€0> S eme™  and ﬁanaftoH< 350)_ S peim,

meZ mEZ
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For m =1, from equation ([3.30)) we obtain an ode for 5171,

8611 N2 :  Opy
52 T (1+8)(1+7ri) &1 = 2Ba +to
| —— ——
(k)2 \Y% 111
N———
J1(2)
For m = 2, we obtain the ode for 5172,
€19 N2 9, .. 182, D, . o Opo
902 T (L+8)2(2+ri)&12 = —Z%(UOSO) —Z@(Uo) ‘H“a*x(UOfO) —2Pago +o -
~ P P N — N~
(k2)? v I IT % 11
f2()
For the other m’s, m > 3, we find
82él,m NS apm
02 + (1 + B)ym(m + ri) &1,m = or
~—~
(km)2 111
~—~—
fm(z)
In every case the ode is of the form
€1 m :
(3.31) ;;é + (km)*&1m = fm(2).

Note that this is of the same form as the ode we found for fo but now inhomogeneous. The

solution to (3.31) is (see Calculation [5] of Appendix [B)),
(3.32)

. 1 ik " @
m — m . tims m tim® Dm -
E1,m () <C + 2ikem .. e fm(8) ds) e + < 2ikm /.

with a1, as, Cp, Dy, constants such that & obeys the boundary conditions specified in the be-
ginning of this section.

eikmsfm(s) dS) e—ikma:’

The first step in letting the solution of & obey the boundary conditions is identifying signals of
Mo, propagating to the right and left.

mZZIRe {él,me_imt} _ mZZIRe{ (Cm + %}fm (: e_ikmsfm(s) d8> eilkmz—mt)

~
May, moving to the right

1 r . .
+ <Dm + m /a2 €m8fm(8) d8> e—z(kma:—i—mt) }

M2, moving to the left

The amplitude of the Ma,, signal propagating to the right is

1T
m s m d
‘C’ +2ikm /ale fm(s)ds

We choose this to be zero at the left boundary, z = —L/2. This can be achieved by letting
a; = —L/2 and C,, = 0 for all m. Furthermore, we choose the amplitude of the My, wave

e—Im{km}z.
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going to the left to be zero at the right boundary x = L/2. This happens if ay = L/2 and
Dy, = 0 for all m. Note that the homogeneous solution of §; is now the trivial one. We proceed
with the residual free surface elevation &£;. The average volume of water in the channel over one

tidal period is
L/2 B L2
/ [h + fl] dx = hL +/ &dx.
~L)2 —L/2

L/2
/ Eide 0,

—L/2

If

the average water level will increase or decrease each tidal period. In the real world there might
be mechanisms that can cause an alternation between [&dz > 0 and [ &dz < 0. However,
since in our model £ and u are assumed to have a period of one tidal period these mechanisms
are not possible. A natural assumption is than that the average volume of water over one tidal
To reduce notation, denote

period remains the same,
L/2
—L/2
1 8|u0\2

LIS s o - Sko-10).

Expression (3.29)) then reads
&(r) =ag +/ E(s)ds
as
We like to have

L2 L/2 L/2 L/2
O—/ §1dx—/ a3d$+/ E dsdx—agL—i—/ E(s)dsdx,
~L)2 ~L)2 L/2 £/2 Jas

L/2
= —/ / s)dsdx.
L/2 Jay
L/2 T T
:—/ / E(s)dsd:ﬂ—l—/ E(s)ds
L/2Jo 0

— i Re {él,me_imt} + 51.
m=1

The O(e) current velocity, u1, now follows from (3.35). Moving % to the other side,

E(z) =

which happens if

Choosing a4 = 0, gives

We now solved

8u 10 8§ 850 6{0
(3.33) T trur = =g 5 (ud) — 5 + rupéo + Puo— o H ( 5 >
———— —_——

I II IIT
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and by substituting (3.24) in equation ([3.33)) we obtain (see Calculation [6]in Appendix
(3.34)

D
Z Re {ﬁlm(r — im)e_imt} + riy
m=1

1 812% 85172 .z —i2t > (")éLm —imt r N
=Re ¢~ (1 gm o ~piobo —p2 ) b DT Re L (S5 < pn e b~ Re {iod
—— N—— N~ m=1
I I 111 m#2 11 11

X _ 1062 o€ roos
ty2(r —i2) = — (483@0 + 5;2 — 5“050 —p2> )

For m = 2 we find

and thus ) A
~ 1 1 8@0 651’2 r,. -
w2 = 27;—7«(4 or " or 2% _pz)'
N—— ————

I 11 111
For the other m’s, m € {1,3,4,...}, we find

~ 1 8él,m B

. m
m —r 0r =~
111

This solves the rest of the O(e) problem.

We now have an asymptotic approximation to £ and u from which we can identify an approx-
imation for the overtides, My, My, ... and the residual My. For example for &,

£ =&+ +O0(e?)

= Re {é(]e_it} 4+ i Re {élyme_imt} +eé + 0(52)
m=1

= Re { (éo + 55171> e’”} +e i Re {él,me”’mt} + & +0(e%).
=2

~ ~—
Mo My, Mg, Ms, ... Mo
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3.2.2.1. Summary.
The O(e) problem is

8u1 651 8 aEO 850
(3.35) E + % +ru; = —ug—— oz —H‘uof() +Bug—— ot H < 8t>’
—_—— N——
1 11 HI
15) 5] 0 15)
(3.30) 1+ A + G =~k +a(1 — &) 52,
ox  Ox
v Vv

with boundary conditions such that for every individual My, (m > 0) signal of &1, the amplitude
of the part that is propagating to the left is zero on the right boundary and the amplitude of the
part propagating to the right is zero on the left boundary. These internally generated overtides
may radiate freely at the boundaries.

The non transient solution of this problem is found to be

(337) fl(ﬁ,t) = i Re {él,m(x)eiimt} and ul x, t Z Re {Ul m *imt} ,
m=0

where
Eumla) = S / T b, (s)ds — S / C s () ds
Y ik J_ 12 m 2k 1 ml#) @5,
1 1 9a} Oia T )
ST B2 Bad - fm =2
2i—r<48m+8x QUO&J pz) nm
Urm(x) = I 11 111
o 1 o€
1,m _ .
im—r(% DPm ) otherwise,
111
L/2 px x
:—/ / E(s)dsdx—i—/ E(s)ds,
L/2Jo 0
i (z) = —*|U0H§0| cos(duy — bg, ),
v
with
18]u0| s 8
B(x) = — “ 5o +liollé] (v cos(é, — 6g,) T sin(da, — ¢¢,) ).
I 11 111
2B« éo +%p1 form=1
—— ——
Va o 1 02 0 0
. I P2 _
Finlz) = —Z%(Uofo) 197 —— () +r 9 ——(iiodo) — 2Ba&] tor for m =2
5 v I 11 % 111
Pm otherwise
Oz
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and
(km)? = (1 + B)m(m + i),

ZB * A~k Sk ~ £ * ~ £ .
P(@) = 5 (Gm i — ca-mitoéo ) — cinBliol|ol sin(éa, — o¢,).
— » o
en(7) = o (L= e ) e ",

where the origin of the terms are as in Table (same as Table .

Term Origin

I advection of momentum
II bottom friction

I1I momentum sink

I\Y divergence of mass

A% mass storage

Table 3.2. Origin of inhomogeneous (forcing) terms.



CHAPTER 4

Results

With the solution obtained in Chapter [3] we will investigate the effect of the momentum sink
on the distortion characteristics of the free surface elevation and the velocity. First the the
solutions for £ and w are investigated for parameters representable for the Marsdiep-Vlie system
(the default model) because from the equations in Sections [3.2.1.1] and [3.2.2.1] it is not directly
clear how the solutions for £ and u look like. Then, we will focus on the contribution of the
momentum sink to the solutions. This is done by first calculating the analytical expression for
the difference between the solution where the momentum sink is taken into account and the
one where it is not. Then, multiple effects of the momentum sink on the hydrodynamics in a
tidal channel are presented. This gives an indication of the features that are absent when the
momentum sink term is neglected.

4.1. Default configuration

The goal of this section is to explore the approximate solution of £ and w for a fixed set of
parameters. This set of parameters is representable for the Marsdiep-Vlie system, except for
the phase difference between the incoming My signals, . A value of 7 /4 is more realistic than
0. However, the results with # = 0 are easier to interpret and to compare with literature. The
reason for this is that if # = 0 the channel represents such a semi-enclosed basin as is often used
in literature. This is because if 8 = 0 the waves coming from the right and left cancel in the
middle and hence the current velocity will be zero in the middle of the channel. The middle of
the channel then represents the closed boundary of the semi-enclosed basin. The waves coming
from behind this closed boundary are then interpreted as the waves reflected on the boundary.
Therefore, in the default model § = 0.

When thinking about ‘tidal curves’, people often think of a plot with the height of the water
on the horizontal axis and the time on the vertical axis. This motivates to first show how
the approximations of u and £, that is, u = up + eu; and £ = & + £, change at certain
locations through time. Since 6 = 0, the free surface elevation, £, and the current velocity, wu,
are symmetric around x = 0 km.

37
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dimensionless dimensional

Length of channel % 57 km
Time interval 27 12 h 25 m
Friction coefficient 1 1.4-103 ms!
Amplitude incoming Ms at boundaries, z1, 29 1 1m

The phase difference between incoming My, 6 0 0h
Typical tidal amplitude, Z 1m
Depth of flats, dy 1m
Depth main channel, h, 10 m
Froude Number, € = h% 1071

Relative flat width, § = bmax=be 8

Inversely proportional to slope of the flats, a = ﬁ 1

Table 4.1. Parameters used in default configuration, representative for the
Marsdiep-Vlie system (except for ).

In Figure ¢ and u are plotted at x = —28, —14 km and x = 0 km. The first observation is
that the curves are far from sinusoidal. Also, as expected, the velocity is zero in the middle of
the channel. Furthermore, notice that at the middle of the channel, x = 0 km, the falling of the
tide is longer than the rising of the tide. At x = —14 km this is still the case but the difference
between the falling and rising tide is smaller. At x = —28 km, the rising is slightly longer than
the falling of the tide. Furthermore, In Figure it is seen that at z = —28 km the average
water free surface elevation is below 0 m while at x = 0 km it is above 0 m. At both x = —28
km and x = —14 km the absolute values of u are higher at the maximum than at the minimum,
that is, the system is + dominant (as defined in Section .

The curves in Figure [4.1] are a superposition of different constituents. In the approximation we
only consider the constituents My, My, Mg and My as these four constituents are the main cause
of tidal distortion. In Figure the constituents of £ and u at x = —28, —14 km and z = 0 km
are shown. The Mg is multiplied by ten to make its curve visible. In Figure |4.1]it was seen that

the average free surface elevation at x = —28 km is negative while at x = 0 it is positive, in
Figure this is again seen as the residual free surface elevation, My, is negative at x = —28 km

and positive at = 0 km. This implies that the relation (see Chapter [1) between the relative
phase and the difference in absolute value of high and low water as in Figure [1.4]is invalid and
will therefore not be used in the remaining of this study. In Figure we see that the My
and Mg are relatively large compared to the Ms. This was to be expected since the sinusoidal
shape of the curve in Figure [4.1€|is strongly distorted. Figure also reveals that the residual
current velocity is very small at all three locations. This implies that the relation (see Chapter
between the system being + or — dominant and the relative phase of the M4 and M> as in
Figure is valid.
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Figure 4.1. The free surface elevation, £, and the current velocity, u, versus
time at x = —28,—14 km and z = 0 km. Parameters are as in the default

configuration.
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r = —28 km r = —14 km r =0 km
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Figure 4.2. The constituents, Mo, My, Mg and My of & and u versus time at
x = —28,—14 km and x = 0 km. The Mg is multiplied by ten to make its curve
visible. Parameters are as in the default configuration.

In Figures and it is clear that & and u are strongly dependent on z. Therefore, it is
worthwhile to add the spatial dimension to the plots. However, 3d plots are almost never clear.
An other possibility of presenting £ and v is plotting their complex amplitudes. The norm of the
complex amplitude of, for example, the Mj is the (real) amplitude of the My and the argument

of the complex amplitude is the phase of the Ms. So continuing the example of the Mas, the My
component of £ reads

Re{ (o +&1,1) 6_“}-
—_———
complex amplitude of Ms

The Ms amplitude and phase are

€0+ &11| and  arg(éo + 1)

In Figure [4.3] the amplitudes and phases of £ and u are plotted as functions of z. To avoid
that the computer choses some random phase for complex numbers with small amplitudes, the
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phases are only plotted at the points in space where the amplitude is larger than 0.05 m. The
amplitude of every constituent of £ has a maximum in the middle of the channel. The free surface
elevation My amplitude has a minimum close to (but not at) the boundaries of the channel. The
free surface elevation My and Mg amplitude also have a minimum but further away from the
boundary. The Mg has a amplitude smaller than 0.05 m everywhere in the channel and does
therefore not show up in the plot with the phases. The residual free surface elevation is positive
in the middle of the channel, zero somewhere at one (and at three) quarter(s) and negative at
the boundaries of the channel. The amplitude of the current velocity of every constituent is
zero where the waves coming from the left and right meet, that is, in the middle of the channel.
The M, decreases after having a maximum at somewhere around one (and three) quarter(s) of
the channel. The Mg has a maximum closer to the middle than the M, and decreases rather
fast. At every point in the channel is the residual current oriented towards the closest boundary.
That is, positive on the right hand side of the channel and negative on the left hand side of the
channel. The phases of the velocity are rather flat in x and indicate that the tidal wave has a
standing wave character.
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Figure 4.3. The amplitudes (norms) and phases of the complex amplitudes of
the constituents My, My, Mg and My of both £ and u versus z. Like in Figure
is the amplitude of Mg multiplied by ten. Parameters are as in the default
configuration.
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On the boundaries, x = £L/2, we impose incoming free surface elevation M tidal waves. That
is, on the left (right) boundary, x = —L/2 (x = L/2), we impose a M, propagating to the right
(left). It would therefore be interesting to see the parts of £ moving to the right and to the left
separately. Figure 4.4 shows the amplitudes and phases of the different constituents of ¢ of both
the part moving to the right and left. We see that we successfully choose the constants such
that £ obeys the boundary conditions. That is, the Mo amplitude of the wave propagating to
the right (left) is z; = 1 (22 = 1) on the left (right) boundary. The amplitude of the My waves
decreases as they propagate through the channel. The amplitude of the My and Mg propagating
to the right (left) is zero on the left (right) boundary and increases as it moves to the right
(left). Remarkable is the nonlinear structure of the My amplitude in x.
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Figure 4.4. The amplitudes (norms) and phases of the complex amplitudes of £ of
the constituents My, My and Mg propagating to the right(solid) and left(dotted)
versus x. Parameters are as in the default configuration.
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4.2. Analytical difference

In Chapter [3| we derived analytical solutions to the O(1) and O(e) problems. In these solutions
the terms that arose due to the momentum sink term were marked by the roman number III.
One of the aims of the present study is to quantify the effects of this term on the hydrodynamics
in the tidal channel. One of the approaches is to calculate the analytical difference between the
solutions of the O(1) and O(e) problems with the momentum sink taken into account and the
solutions where is it not, that is, where every term marked by III is put to zero.

The first order solutions &y and ug are independent of the momentum sink as they describe the
primary My tide that is forced by the boundary conditions. Next we consider the O(e) solutions
&1 and u;. We denote with the superscript ‘(—)’ the O(e) solution where the momentum sink is
neglected. Since all other nonlinear terms (I, II, IV, V in and ) are at most quadratic,
they only generate My (m = 0), My (m = 1) and My (m = 2) in the O(e) solutions. Therefore,
without term IIT reduces the equations in (3.37) to

2 2
557)(50, t) = Z Re {fi;gefimt} + é*) and u(f)(x, t) = Z Re {@gjmefimt} + ﬂgf),
m=1
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The origin of the terms are as in Table
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Thus, the difference between the solutions with and without the momentum sink term isﬂ
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The expressions above will be used in the next section. Notice that £§N) and u; ’ are nonlinear
in 8 because of the dependence of wavenumber k,,, on 5. This is interesting; if one tidal channel
has twice as wide tidal flats as another tidal channel, this does not imply that the effect of the
momentum sink on the hydrodynamics is two times larger in the first channel than in the second.
The term (1 + /) comes in k,, via the O(1) effect of the mass storage. The relation between /3
and the by the momentum sink generated My and M, amplitude is depicted in Figures and
[4.6] It is seen that in as (3 increases, the amplitudes of the overtides generated by the momentum
sink increase faster in the middle of the channel than in the end of the channel. Both the My
and the My increase as S to a power smaller than 1.

INote that, when looking at amplitudes of u and/or £, the difference in amplitude is not the same as the
amplitude of the difference (triangle inequality).
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Figure 4.5. The free surface elevation My (panel a) and My (panel b) amplitude
generated by the momentum sink (m.s.) versus the relative tidal flat width, g
at the middle of the channel (brown) and at the end of the channel (purple).

Parameters are as in the default configuration.
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Figure 4.6. Same as Figure but for the current velocity, u. In the middle of
the channel the velocity is zero and is therefore left out.
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4.3. Effects of the momentum sink on hydrodynamics

In this section multiple effects of the momentum sink on the hydrodynamics in a tidal channel
are presented. In the analysis the analytical difference derived in Section {4.2] is occasionally
used. The parameters used, are the same as in the default model (see Table . We vary
the ratio of the width of the tidal flats and the width of the main channel, 5, and the phase
difference between the incoming My signals, 6. Most runs are done for three different values
of 5. In the Marsdiep-Vlie system a tidal flat that is four or eight times as wide as the main
channel (5 = 4,8) is reasonable. As the effect of the momentum sink are expected to be larger
when the tidal flats are wider, the results are included for 5 = 12, which is a large but not
unrealistic value. The case where the width of the tidal flats is the same as the width of the
main channel, 8 = 1, is only included in the first effect. The reason it is not included in the
other effects becomes apparent in the demonstration of Effect [II Furthermore, we consider the
case where the phase difference between the incoming M, signals, 0, is zero and 7 /4. The phase
difference of § = /4 represents 1,5 hours and is based on the time difference between high tide
in Den Helder (south coast of the Marsdiep) and high tide in West-Terschelling (north coast of
the Vlie).

In the rest of this section multiple effect of the momentum sink on the hydrodynamics are
presented.

EFFECT 1. The momentum sink generates, for both £ and u, My and Mo, for m > 3 and m # 0
mod 2. The generation is less for higher overtides (larger m). For a channel where the flats are
of the same width as the main channel, 8 = 1, the momentum sink hardly generates overtides.

Equations and reveal that the momentum sink generates multiple overtides of both &
and u. To find out which overtides exactly, we need to calculate for what m the expresion for p,,
is nonzero. The expression for p, is nonzero (for every x) if either 3, # 0, c5_,, # 0 or ¢, # 0.
We know that ¢y # 0 and for the other m’s that ¢,, = 0 if m =0 mod 2. Therefore, p1,p2 # 0
and for m > 3 we find that p,, # 0 if m Z 0 mod 2. This means that the momentum sink
generates, for £, My and My, for m > 3 and m £ 0 mod 2. That is, it generates every overtide
except Mg, Mya, Mig, . ... Furthermore, notice that |c,,| decreases if m increases because of the
factor —i/(m2m). This implies that the generation of Ma,,, decreases as m increases. To quantify
the generation of Ms, My and Mg due to the momentum sink the amplitudes of My, My and
Mg of both £ and u are presented in Figures and That is, the amplitudes of the Mo,
\5&3) |, the My, \Eéz)\ and the Mg, leég) | from equations and ([.2). The colors of the lines
indicate the ratio of the width of the tidal flats and the width of the main channel, 5. Figure
represents the case of no phase difference, § = 0 and Figure the case where § = 7 /4. Figures
[4.7] and reveal that the momentum sink has a noticeable effect on the hydrodynamics for
B8 > 4. For B = 1 the effect is very small and hence the case of § = 1 is excluded from the
following results.
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Figure 4.7. Amplitudes of My, M, and Mg of both the free surface elevation, &,
and the current velocity, u due to the momentum sink (m.s.) versus z. The colors
of the lines indicate the ratio of the width of the tidal flats and the width of the
main channel, 5. In this run there is no phase difference between the incoming
My waves, 6 = 0.
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EFFECT 2. The momentum sink has no influence on the residual current velocity, but increases
the absolute value of the residual free surface elevation.

The fact that the momentum sink has no influence on the residual current velocity is directly

clear from the analytical difference in Section since ﬂgN) = 0. Figure reveals that when
the residual free surface elevation is positive it becomes larger and when it is negative it becomes
smaller. The upper panels show two curves for each value of 8 (color), one for the situation
where the momentum sink is taken into account (solid) and one where it is not (dashed). The
difference between the two is depicted in the lower panels. Henceforth, ‘the difference’ refers
to the difference between the cases with and without the momentum sink taken into account.
When this difference equals zero, the momentum sink has no effect. When 6 = 7/4 the curves
are shifted to the right.
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Figure 4.9. Residual free surface elevation versus x. In the upper panels are two
curves for each 5 (color), one for the situation where the momentum sink is taken
into account (solid) and one where it is not (dashed). The difference between the
two is depicted in the lower panels. (a) is with no phase difference between the
incoming My waves, § = 0, and (b) with a phase difference of § = 7/4.
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EFFECT 3. When the momentum sink is taken into account, the amplitude of the My constituent
of £ strongly decreases in the middle of the channel and increases at other places in the channel.
For w the amplitude of the My is decreased everywhere in the channel. The amplitude of the
My increases everywhere for both £ and u. This occurs for both § = 0 and 0 = 7/4. Also, the
dependence on z of the difference between the solutions where the momentum sink is taken into
account and the solutions where it is not increases as [ increases.

In Figure [£.10]and [4.11] the free surface elevation and current velocities amplitudes of the My and
M, are plotted. Like in Figure of Effect [2, in the upper panels are two curves for each value
of B (color), one for the situation where the momentum sink is taken into account (solid) and
one where it is not (dashed). Note that the difference between the case where the momentum
sink is taken into account and the case where it is not is different from the generated M, and
My as in Effect [1I Now, the fact that these signals are in or out of phase with other My and My
signals is taken into account.

Figure reveals that at the middle of the channel the the momentum sink decreases the My
amplitude of £, while it increases the amplitude of the My at the boundaries. It follows that

in the middle of the channel, the M, generated by the momentum sink, Re {6£§3)6_it}, and

the forced (incoming) M, Re {ége_“}, are almost out of phase. This is confirmed by Figures
and In the middle of the channel the phase difference between the My generated by
the momentum sink and the forced M, is almost 7; arg(&o) — arg(éﬁ)) ~ m. This is confirmed

by the fact that the amplitude of the My generated by the momentum sink, \éﬁ)] is slightly
more than 0.2 m in the middle of the channel and that this is close to the value of the difference
in amplitude in the middle of the channel (but in that case negative). On the other hand, on
the boundaries of the channel the phase difference is almost 0. So, here the My generated by
the momentum sink is almost in phase with the forced M>. Hence, the amplitudes are adding
up there. Indeed, on the boundary the amplitude of the by the momentum sink generated My
is around 0.1 m, which is close to the value of the difference on the boundaries. Figure
reveals that the amplitude of the My of £ is increased everywhere in the channel. Furthermore,
note that for wider flats, (higher (), the difference in the amplitude of ¢ for both the My and
the M, amplitude, is stronger dependent on .

Figures|d.11al, [4.11bland [4.12b|show the same plots as Figures[4.10a} [4.10b|and [4.12al but now for
the current velocity u. In this case the amplitude of My is everywhere in the channel decreased
by the momentum sink. The My is, just as for £, increased everywhere in the channel. Figure
shows that the My generated by the momentum sink is almost everywhere in opposite
phase with the forced My as the phase difference is approximately .

Figures [4.13], [£.14] and [4.15] show the same plots as Figures .10 [£.14] and [£.12] but now for
the case that the incoming M> waves at the left and right boundary have a phase difference of
approximately one and a half hour, that is, # = 7/4. Although the symmetry around = = 0 is
broken, the conclusions remain unaltered; due to the momentum sink, the amplitude of the My
constituent ¢ decreases around the middle and increases at other places in the channel. For u
the My decreases everywhere. Furthermore, due to the momentum sink, the amplitude of the
My amplitude increases everywhere in the channel for both £ and u. However, when 6 = 7 /4,
the My amplitude of £ is significantly smaller then when 6 = 0 and its dependency on z is less;
the curves are rather flat.
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Figure 4.10. The upper panels show the amplitudes of Ms and My of free surface
elevation, & versus . The dashed lines are without the momentum sink term
and the solid lines are with the momentum sink term. The lower panels show the
differences between the amplitudes with and without the momentum sink term
taken into account. The colors are as in Figure [£.7] In this case there is no phase
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Figure 4.11. Same as Figure but for the current velocity, w.
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Figure 4.12. The difference between the phase of the forced Ms and the phase of
the M, generated by the momentum sink versus x. This is the case where there
is no phase difference between the right and left incoming My waves, 6 = 0. The
colors are as in Figure
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Figure 4.13. Same as Figure but now a phase difference of § = 7/4 is
imposed between the right and left incoming My waves at t = —L/2 and z = L/2,
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Figure 4.14. Same as Figure 4.11, but now a phase difference of § = 7/4 is
imposed between the right and left incoming My waves at t = —L/2 and z = L/2,
respectively.
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Figure 4.15. Same as Figure 4.12] but now a phase difference of § = 7/4 is
imposed between the right and left incoming Ms waves at = —L/2 and z = L/2,
respectively.
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EFFECT 4. The momentum sink has significant effects on the tidal distortion of the free surface
elevation. Especially in the middle of the channel the falling of the tide is longer than the rising.
The momentum sink increases this distortion. For § = 0, in the middle of the channel, where
the difference is the maximal, shoulder behavior, i.e., a second high and low water, are possible
when the tidal flats are relatively wide compared to the main channel.

As explained in Chapter [1] the relative phase of the My and My characterizes the nature of the
distortion of the sinusoidal shape of £. That is, if for the free surface elevation

O < 2¢£7M2 - ¢§7M4 < 7T7
the falling of the tide takes longer than the rising of the tide and if

T < 2¢§,M2 — ¢§,M4 < 2,

the rising of the tide takes longer than the falling of the tide. The relative phase for the free
surface elevation is defined as

20¢, M, — de,m, = 28rg(§o + €61,1) — arg(&1,2)-
It was also explained in Chapter [I| that the ratio of the M, and M, amplitude is a measure
of how strong the tidal distortion is. Since Effect [3| implies that this ratio increases, the tidal
distortion should also increase. The ratio in amplitude and the relative phase are depicted in
Figure Especially in the middle of the channel the momentum sink causes a strong increase
the My, Ms amplitude ratio and therefore increases the difference between the falling and rising
of the tide. In the middle of the channel the relative phase also increases due to the momentum
sink. Therefore, a large effect of the momentum sink is expected in the middle of the channel.
In Figure £ is plotted in the middle of the channel over time for three different values of the
relative tidal width, 5. In the top panels the total signal (Mo + Ms + My + Mg) is plotted and
in the lower panels the individual constituents are plotted. For the g = 4 the tidal distortion
due to the momentum sink is small, for § = 8 it is noticeable but for 5 = 12 the distortion is
large. A clear extra ‘high water’ occurs; the so called ‘shoulder behavior’. Note that the change
in £ is mostly when the tide is falling. This makes sense as the momentum sink term is only

nonzero when % < 0.
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Figure 4.16. (a) The ratio of the amplitude of My and M, of the free surface
elevation, § versus z. (b) The relative phase, 2¢¢ v, — ¢¢,a,, of the free surface
elevation versus x. As before, the solid lines are the cases where momentum sink
is taken into account and the dashed lines where it is not. The colors are as in

Figure [1.7]
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Figure 4.17. The free surface elevation, &, in the middle of the channel versus
time. (a) is for § = 4, (b) for § = 8 and (c) for § = 12. The upper figures
shows the total signal of & and the lower figures show the individual constituents
My, My, Mg and My. The Mg is multiplied by ten to make the curve visible. As
before, the solid lines are the cases where momentum sink is taken into account

(w/ m.s.) and the dashed lines where it is not (w/o m.s.).
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ErFrFECT 5. The momentum sink has significant effects on the tidal distortion of the current
velocity. The momentum sink slightly increases the +/— dominant character of the system and
the difference in slack after positive velocities and the slack after negative velocities (as defined
in Chapter . However, the momentum sink does not causes qualitative changes. Furthermore,
increases the momentum sink extra nonlinear effects in the current velocity.

The + or — dominance of the system (as defined in Chapter (1)) is often used as indicator for the
direction of net transport of coarse sediment. Therefore, it is interesting to see what the effect
of the momentum sink is on the +/— dominance. As explained in Chapter [l the system is +
dominant corresponds with a relative phase between the My and My of the current velocity such
that

_77/2 < 2¢u,M2 - ¢u,M4 < 71-/27
and — dominance corresponds with a relative phase such that

7T/2 < 2¢U,Mg - ¢U,M4 < 37T/2,

where the relative phase for the current velocity is defined as

20y 0, — Puny, = 28rg(Ug + €liy,1) — arg(ty2).

On the other hand, the difference between the slack after positive velocities and the slack after
negative velocities is an indicator for the net transport of fine sediment. As explained in Chapter
the slack after positive velocities is longer than the slack after negative velocities if

0 <20uny — Quny <7

and the slack after positive velocities is shorter than slack after negative velocities if
< 2¢u,M2 — ¢u,M4 < 2.

The spatial structure of the relative phases is shown in Figure Like before, the ratio of
the My and Ms amplitude determines the size of the tidal distortion. This is plotted in Figure
In the middle of the channel both the My (as well as the M) amplitude approaches zero
and makes the ratio meaningless.

Figure reveals that the momentum sink increases the tidal distortion of in the current
velocity, u. Figure shows that no clear qualitative changes occur due to the momentum
sink. Both the +/— dominance of the system and the difference in slack after positive velocities
and slack after negative velocities do not change significantly.

Figure [4.18a] and [4.18b| show that at x = —14 km the sinusoidal shape of u is strongly distorted
towards + dominance. However, more is going on. In Figure [£.19] the current velocity, u, at
x = —14 km is plotted versus time. In the upper panels the total signal of u is plotted and
in the lower figures the individual constituents are depicted. From Figure [£.18 we expect to
see + dominance as the relative phase is close to zero. This is the case, but also an effect not
accounted for in the characterization of the +/— dominance is visible. An extra local maximum
in the velocity occurs. This effect is already there when the momentum sink is neglected for
£ = 12, but is strongly enhanced by the momentum sink. For 8 = 8 this is hardly visible without
the momentum sink, while with the momentum sink it is clearly visible. Note that the change
occurs when u < 0. Figure shows that this more or less coincides with % < 0 and hence
with the time term III, which is related to the momentum sink, is nonzero.
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Figure 4.18. (a) The ratio of the amplitude of My and M, of the current velocity,
u versus z. (b) The relative phase, 2¢, a7, — ¢u a1y, Of the current velocity versus
x. Figure shows the interpretation of the relative phase. As before, the solid
lines are the cases where momentum sink is taken into account and the dashed
lines where it is not. The colors are as in Figure @
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Figure 4.19. The current velocity, u, at © = —14 km versus time. (a) is for g = 4,

(b) for § = 8 and (c) for § = 12. The upper panels show the total signal of £ and
the lower figures show the individual constituents My, My, Mg and My. The Mg
and M, are multiplied by a factor 10 to make the curves visible. As before, the
solid lines are the cases where momentum sink is taken into account (w/ m.s.)
and the dashed lines where it is not (w/o m.s.).
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Figure 4.20. The free surface elevation, £, at + = —14 km versus time. (a) is for
B =4, (b) for 8 =8 and (c) for § = 12. As before, the solid lines are the cases
where momentum sink is taken into account and the dashed lines where it is not.
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4.4. Additional remarks on results of the model

In this section we make some additional remarks on the results that do not necessarily have a link
to the momentum sink. The first remark is that in Figure it seems that two local minima
in the amplitude of the M3 of £ move toward the middle as 5 increases. This means that the
wavelength decreases as 8 increases. The complex wavenumber is k = k1 = /(14 8)(1 + 7).
Therefore, when ( increases the real part of the complex wavenumber increases and hence the
wavelength decreases.The second remark is that for every [ the residual current is oriented
towards the closest boundary of the channel. Around the middle of the channel there is no to
a very small residual current. This follows from the phase difference between the velocity, o,

and free surface elevation, éo of the forced tide. The residual current velocity is (as in Equation
(13.26)))
i1 = oo = — gl o] cos(bs, — 05,)

Figure reveals that ¢g, — ¢z € (3w/2,2x] U [2mr,m/2) on the left side of the channel
and ¢, — ¢g, € (m/2,3m/2) on the right side of the channel. Hence the cosine of this phase
difference is positive on the left and negative on the right. With the minus sign this gives a
residual current oriented toward the closest boundary. When 6 = 7 /4 there are more places in
the channel such that ¢y, — ¢z € (m/2,3m/2), as is seen in Figure Therefore the residual
current is oriented towards the right boundary at more places than it is to the left boundary
as is seen in Figure The ‘flat’ part of the curves is not at 0 m/s anymore like in
but slightly positive. Note that compared to the other constituents the residual current velocity
is very small. The third remark is that the point in the middle of the channel, where u = 0,
disappeared when changing 6 to w/4. Now, both the M, and M, have a minimum on the right
side of the channel. The location of these minima is dependent on 5. The fourth remark is that

in Figure at approximately z = 15 km a sudden drop in My amplitude is found. This is
preceded by a small increase that is larger for larger 5.

Residual u, M, Residual u, My iy — O,

=28 -15 0 15 2 =28 -15 0 15 2 =28 -15 0 15 2
x [km] x [km] x [km]

(a) 8 =0 (b) § = 7/4 () 0=0

Figure 4.21. (a) and (b) depict the residual current velocity for the case where
there is no phase difference between the incoming M, waves (6§ = 0) and the
case where there is a phase difference (§ = 7/4). (c) and (d) depict the phase
difference between the O(1) solution of the free surface elevation, ¢, and the
current velocity, u.






CHAPTER 5

Discussion

In Chapter [2] a model was made, in Chapter [J] the model was analyzed and in Chapter [ the
results were presented. These results revealed that for certain parameter settings the effects of
the momentum sink are noticeable. In this chapter some remarks on the process of obtaining
the results are presented and the results are placed into context with literature.

5.1. On the model

While making a model, one always needs to make assumptions. Some are more drastic than
others. In this thesis the goal was to find a simple model such that it is possible to analyze
it in detail but at the same time represents reality close enough such that conclusions about
the model may be transferred to conclusions about reality. This section summarizes some weak
points or strong assumptions of the model that need to be kept in mind.

First of all, the specific one dimensional straight shape of the channel is a simplification of
reality. Natural tidal channels are not straight but are curved with large differences between the
right and left tidal flats. Furthermore, in systems like the Wadden Sea, neither the width nor
the height of the seabed is constant in time and/or space as is assumed in this model. These
geometric properties are known to have an influence on the hydrodynamics (see for example
Speer and Aubrey| (1985)) or Prandle and Rahman| (1980))). Second, the assumption of 43 = 0 on
the flats is a strong assumption. In the real world water does flow over the flats but at a smaller
speed than in the main channel. The idea behind this assumption is that if the momentum sink
does not have any significant effect in this setting, it will probably also not have a significant
effect when w7 is small instead of zero. However, we did find significant effects and therefore
it might be interesting to see what happens if #; is assumed to be small instead of zero. In a
two or three dimensional model also %y could be restricted to be smaller on the flats than in
the main channel. The third remark on the model is the choice that the momentum sink and
(part of the) mass storage are both small, i.e. O(g). It might be interesting to investigate the
sensitivity of the conclusions to different choices in the scaling of the equations. For example, it
would be interesting to see what happens if 8 = O(¢~!) and/or 1/2¢ = O(1). The fourth remark
is that at the boundaries we choose to let My signals come in at both sides of the channel. The
boundaries of the Marsdiep-Vlie system are connected to the North Sea. In the North Sea it
is known that there is a My component present and that this M, component in the boundary
conditions can cause large changes in the results of the model (see for example |[Ridderinkhof
et al. (2014)).

5.2. On the model analysis

We proceed the discussion with remarks on the asymptotic approximation. An asymptotic
approximation is only ‘good’ if € is ‘small’ and the values for € in the Wadden Sea of about 107!
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are not very small. In particular, at places where the Froude number is higher, (for example
around 0.3 as reasonable in the inlet of Ameland) the approximation might less good. In fact,
the approximation does not tells us anything about the absolute error of the approximation.
The only thing we know is that the error is O(g?) as € | 0, that is, if € | 0 then the error goes
to zero just as fast as €2 does. However, as shown in [Friedrichs and Aubrey (1994) asymptotic
approximations, with the Froude number as small parameter, of solutions to the shallow water
equations are often consistent with observations.

A second remark is on a secular term in the solution. In Chapter |3|the ode (3.31)) arose,

8251,777,
Ox?

Section 3.2.2 in Holmes (2013) states that the solution to the differential equation of a frictionless
harmonic oscillator as Equation , where k,,, > 0, has a secular term if the forcing, f,,(x),
contains part of a solution of the associated homogeneous equations. Now observe that the
momentum sink term,

8 8 A Dk = —im
6“0% (-52)) = %Re {ZUUEO} +mlee {pme t}

has an M forcing in it. And that the O(1) solution (i.e. the the solution of the associated
homogeneous equations) only consists of an M. Hence, seculair terms must be appearing in
the O(e) solutions and multiple scale analysis might be needed to obtain a good approximation.
The reason we did not see any of these seculair terms (something like x¢) appearing is that they
are hidden in the integrals of él,m' But the fact remains that the solution becomes useless if
x — 0o. However, our channel is not very long and in fact || < 1. But, if the same model is
used for very long channels the approximation becomes unreliable and multiple scale analysis is
needed. Note that if we were to include a My signal in incoming waves at the boundaries (and
with that in the O(1) problem), many more secular terms appear since all forcing terms have a
M, component.

(5.1) + (k)% 1m = fm(2).

5.3. On context with literature

In this section results are placed in context with the results found in literature. As stated in
the introduction, the momentum sink was recently studied by Alebregtse et al.| (2015). There
the momentum sink was model the same way as in this study; with the use of the Heaviside
function. However, there are three major differences between the model (analysis) in |Alebregtse
et al| (2015) and this study. The first is that in |Alebregtse et al. (2015) a numerical method
is used instead of the asymptotic approach used in this study. Second, |Alebregtse et al.| (2015)
considers a semi-enclosed basin instead of a tidal channel that is connected to a open sea on
both sides. Third, Alebregtse et al.| (2015]) only investigates the effect of the momentum sink on
the current velocity instead of both the current velocity and the free surface elevation.

Alebregtse et al.| (2015) found that, with exponentially decreasing tidal flat width, the mo-
mentum sink slightly lowers My and Mg velocity amplitudes. In this study we also found that
the momentum sink lowers the My amplitude of u. However, for the free surface elevation the
amplitude of the My is, at some places in the channel, enhanced while at other places it is
decreased. Since in this study the friction is linearized, the only Mg signal is generated by the
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momentum sink. We can therefore not comment on an increase or decrease of the Mg amp-
litude due to phase differences between the Mg signal generated by the momentum sink and Mg
signals generated by other sources. Alebregtse et al.| (2015) also found that the My velocity amp-
litude is enhanced by the momentum sink. This is in agreement with our results. Furthermore,
Alebregtse et al.[(2015) found that the residual velocity slightly decreases for smaller 5 while for
larger ones it increases. In our study it was found that the momentum sink had zero effect on the
residual current velocity. This is because the averaged tidal transport that induced the residual
current, upép, only consists of O(1) terms on which the momentum sink has no influence. The
numerical method used in |Alebregtse et al.| (2015) does not make the distinction between O(1)
or O(e) terms and shows that the momentum sink does have a small effect on the averaged tidal
transport and hence on the residual current. This suggests that there is a reason to question
our model for the parameter values such that the difference in residual current velocity found in
Alebregtse et al. (2015) is not (close to) zero. However, as |Alebregtse et al.| (2015) considered
smaller values for g (steepness of tidal flats) than we did, the values for 5 where the difference
in residual current becomes large (for our choice of ¢) can not be seen from his figures. Lastly,
Alebregtse et al.| (2015) showed the dependence of the difference in velocity amplitude on ¢ and
B at x = 0. Our results revealed that the dependence of = increases as [ increases. It might
therefore be interesting to see his numerical results at different locations in the channel.







CHAPTER 6

Conclusions

This study aimed to quantify the effects of the dissipation of momentum on shallow tidal flats
on the hydrodynamics in a tidal channel. This was done is by formulating a cross sectionally
averaged shallow water model where the term representing the momentum sink is not neglected.
Approximate solutions to the equations governing the model were constructed by means of a
regular asymptotic expansion in a small parameter, ¢, which is the ratio of typical tidal amplitude
and channel depth.

The first conclusion is that the momentum sink generates overtides of the semi-diurnal lunar
constituent, Ms. For both the free surface elevation, £, and the current velocity u, a signal of
My, My, Mg, Myg, M4, etc. is generated. That is, the momentum sink generates a Ma,, signal
for m > 3 and m # 0 mod 2. The generation is less for higher overtides (larger m) and for that
reason only the overtides up to the Mg were considered. For channels where the tidal flats have
the same width as that of the main channel, the generation of overtides due to the momentum
sink is small. Therefore, in such channels there is little harm in neglecting the momentum sink.

The second conclusion is that the momentum sink has no influence on the residual current velo-
city, but the momentum sink increases the absolute value of the residual free surface elevation.

The third conclusion is that when the momentum sink is taken into account, the amplitude of
the Ms constituent of the free surface elevation, £, strongly decreases in the middle of the channel
and increases at other locations in the channel. For the current velocity, u, the amplitude of the
My is decreased everywhere in the channel. The amplitude of the M, increases everywhere for
both £ and u. This happens for both the case without a phase difference between the incoming
My signals as the case with a phase difference between the incoming My signals at the two
boundaries of the channel. Also, the dependence on x of the difference between the solutions
including and excluding momentum sink increases as 3 increases.

The fourth conclusion is that, especially in the middle of the channel, the momentum sink
increases the distortion of the sinusoidal shape of the free surface elevation, £&. The momentum
sink increases the characteristic of a longer falling of the tide than the rising. For the case without
a phase difference between the incoming Ms signals at the two boundaries of the channel, in
the middle of the channel, the place with the maximal increase in amplitude of the My and
Mg, shoulder behavior, i.e., a second high and low water, are possible when the tidal flats are
relatively wide compared to the main channel.

A fifth conclusion is that the momentum sink increases the distortion of the sinusoidal shape
of the current velocity. In particular increases the momentum sink the difference between the
absolute value of the maximum (positive) currents and the absolute value of the minimum (neg-
ative) currents. However, it does not causes qualitative changes. Also increases the momentum
sink extra nonlinear effects in the current velocity, such as the enlargement of a local maxima
in the tidal curve.
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Lastly, the expression representing the difference between the solutions of the problems including
and excluding the momentum sink are nonlinear in the ratio of the width of the tidal flats and
the width of the main channel, 3. Hence, the amplitudes of the overtides generated by the
momentum sink are nonlinear in . In fact, the amplitudes of the overtides generated by the
momentum sink increase as a 3 to a power lower than 1. The exact relation between 8 and the
overtides generated by the momentum sink is strongly dependent on the location in the channel.



APPENDIX A

Details on the cross sectionally averaging

The goal of this appendix chapter is to present further details about the calculations made in
Chapter[2] If the reader was totally fine with all the calculations made in Chapter [2] this chapter
can be skipped. If however, the reader is interested in the details of the calculations this chapter
might be worth reading.

1.1. Cross sectionally averaged continuity equation

In this section we take more detailed look at the derivation of the cross sectionally averaged
continuity equation starting from the depth averaged continuity equation,

0 A&+ h)uy I+ h)u

06 | B+ hm | AE+ R _

ot 8%1 8%2
Note that h is discontinuous in z9 at the boundary of the main channel, 9Qs = {—b./2,b./2}.
This means that its derivative with respect to xs is not defined at those points. The term

0§+ h)ug
8x2

is therefore potentially undefined at 9Q2,. However, as stated in Chapter |2, (£+ h)uz at a certain
x9 represents the amount of water flowing through the vertical plane at this zo (per second per
unit length). It would be physically strange if this is not continuous since this would imply that
water is torn apart. It thus follows from continuity of the water. If the physical intuition is
correct, it should also follow from the continuity equation. Let’s check this. The discontinuities
of h are at the boundary of (29, therefore define,

(A.1) Qo = [— <b26 - /i) ,% - ff] )

where x is a small parameter. For x > 0 we have {3 ,, C €9 and that h is continuous on o .

=

We integrate (2.3) over €25, and take the limit of x | 0,

. o€ 8(5 + h)ﬂl / 3(5 + h)ﬂg
A2 1 —d ——=d ———=d =0.
2 ’g'IOl [/Qz,n ot e /522,~ dxy e Q2. do $2 !

The free surface ¢ is differentiable with respect to ¢ and also (£ + h)u; has no reason not to be
differentiable with respect to x1. So, there derivatives with respect to ¢ and x1, respectively, are
bounded. Therefore,

(A.3) lim o€ dxy =0 and lim ANE+ M)

dxs = 0.
K10 Q2. ot K40 Qo 8561 2
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Substituting Equations (A.3)) in Equation (A.2]) leaves

lim (& + h)us

dxs = 0.
K0 Q2,1 81'2 2

This can only be zero if
8(§ + h)ﬁg
6952
remains bounded. So although A is not continuous in xs, (§ + h)u2 must indeed be continuous
in xo. Therefore, 7y must either be zero at the discontinuities of h or also be discontinuous at
those points. This means that although h is discontinuous at 0o,

/ OE A2 o — (6 4 hyan(t,a1,be2) — (€ + W)aa(t, 21, —bo/2)
Q(t) 8902

is valid.

One last detail to be said about the derivation of the cross sectionally averaged continuity
equation is the following. A integral does not change if its integrand is changed at finitely many
points while remaining bounded. On s, h is constant, h., except at the boundaries where it is
discontinuous, the integral does not change if we change h to h. on the boundaries. Although
not stated explicitly in Chapter [2| the following calculation is made with this idea in mind,

/ (€ + h)uy dm:/ I + he)ta dm:i [(£+hc)/ - dsz] :bca(§+hc)“1.
Qo a.xl Qo 83}1 61’1 Qo 83}1

We can now confidently state that the cross sectionally averaged continuity equation reads

0 0 he)t
b<t>8§ n b<fj;> 0.

1.2. Cross sectionally averaged momentum balance

In this section we will clean up the calculations made in the derivation of the cross sectionally
averaged momentum balance in Chapter [2l The first depth averaged momentum equation
reads

o T

=—g(§+ h)ﬁTcl s

8(5 + h)’al n 8(5 + h)’alﬂl n 8(5 + h)ﬂlﬂg
6t 81'1 (9.%2

We integrated this equation over Q2. With the idea of changing h to h. at 929 and the assump-
tion of (2.10) the following calculations are fine:

6(§ + h)ﬂl B 8(§ + he)tg - 0l . 0¢
/Q2 gr w2 =be g = be(§ )5 4 beil 7
¢ B ¢
Q4 gaxl dl‘Z bcgaxla
8(5 + h)ﬂlﬂl . o€ 0y
e — d - — b t a, bc hc .
o, Om 2= ubO)F + 0+ h)ing

However, the terms

8(5 + h)ﬂ1@2 T
(A4> /92 8—x2 dxg and /QQ m de
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need extra attention. It is assumed that @ is discontinuous at 9€25. In fact we have the following

(see Figure |A.1]):
i {al it 22 € Q
uyp =

0  otherwise.
The two terms in (A.4) are investigated in the next two subsections.

> L2

0 Qs Qs

Figure A.1. Depth averaged, along channel velocity, ;.

1.2.0.1. First term in (A.4]).
In the first term in a derivative of u; with respect to xo occurs. Again, since 4 is not
continuous at 0{)y its derivative is not defined in the normal sense at those two points. In
the preceding section we were lucky that, before the derivative of h is taken, it is multiplied
by another discontinuous function s such that the product became differentiable. Something
similar is not going to happen with the term
8(§ + h)'alﬂg

&%2 ’
because we already showed that (£ + h)ug is continuous in x9. This term is therefore not defined
in the usual sense of derivatives. Luckily, other people ran into similar problems. In order to
be able to work with derivatives of discontinuous functions the notion of generalized functions
came up. An introduction of generalized functions, also called distributions, is given in e.g.
Chapter 5 of Renardy and Rogers| (2004). From this book we borrow certain definitions to
define the delta distribution that will turn out to be a derivative of the Heaviside function in
the sense of distributions. Note that with the Heaviside function, H, defined as in , 11 can
be written as

(A.5)

U = U H(xy + be/2) — iy H(ze — be/2).
For that reason, the delta distribution might help us make sense of the term . Looking at
the Heaviside function, H(x), we could argue that its derivative, 0H/0z, at = = 0 is co. On
the other hand, if we approximate H by a smooth function, Howo, that is 1 for x > x and 0 if
x < —k for some k > 0, the integral

ox

for a < —k and b > k. This motivates us to look for a function, J, such that,

o(z) = {OO ifz=0 and /Oo d(z)dx = 1.

b
/ Moo 4. Heoo(h) — Heoola) =1,

0 otherwise
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Sadly in the space of ‘normal’ functions such a function does not exists. One space in which a
function somewhat similar to this one does exists, is in the space of distributions. Since the goal
of this study is to understand the effect of the momentum sink and not that of discontinuities in
the variables, we will not go into the details of the topological space of distributions. However, we
introduce distributions (in a not so precise manner) to gain more confidence in the calculations
in Chapter [2

Let V' C R™ be a non empty subset and let C§°(V) be set of compactly supported smooth
functions on V, also called test functions. Consider a differentiable function f € C'(V) and a
test function ¢ € C§°(V), integration by parts tells us, for every j that

/8x] :_/Vfaa;id

Next, assume f is not differentiable (but still integrable), the integral

/ faZd:L‘

must nontheless have similar properties as what would have been

of

oz —¢dr,

if it existed. The idea of distributions and their derivatives is closely related to this. We
generalize a function by saying, not by what it does with elements in V', but what the integral
of its the product with a test function is. So the distribution takes a test function as argument
and sends it linearly to R. To reduce notation we write

(f,9) = /V fgdz.

A distribution is a linear mappingEI7 (f,)

b (1,0) /fqﬁdw

Then, based on integration by parts, its derivative, (%, -) is defined as

dade ax] / f@x]

which does not asks for f to be differentiable. This creates the freedom we need to ‘take the
derivative’ of a discontinuous function. We are now ready to define the delta distribution, §.
The delta distribution, (4, -), is defined as

(0,9) = ¢(0).
The distributional derivative of the Heaviside function, #, is the delta distribution since
OH _ 0o, * d¢ B B
(Ga®) = =050 == [ J2(@)dz = 6(0) = (6.0).

Lthat is continuous is some topology that we will not specify.
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Clearly we can still not take the derivative of @ since that is just not possible. However, for

¢ € C5°(R),

(AG) %gb dZL'Q = / aU1H(;L‘2 + bc/z) - ulH(l‘Q - bc/2)¢dx2
—00 8$2 — 0 83:'2
wwxg _al/ OH(w2 = be/2)
81’2 81‘2
:_U1/ Hw2+b/2)¢dx2+u1/ %mg—b/2)a¢dm
T2

[ee] o0
:—ﬂl/ &bdl‘g—{—ul/ %dl’Q
be/2 02 be/2 OT2
— ﬁ1¢( bc/2) - u1¢(bc/2)
= i [9(0e/2) — H(~be/2)].
Where the domain of u; is extended to R in such a way that it is zero outside R\Qo. In the
third row (where ‘(!)’ is placed above the equal sign) we used the distributional derivative of
(H(z2 + bc/2),-). Let’s take another look at the first term of (A.4]) and see if we can clean up
the calculation with the help of the delta distribution. Remember the definition of {3, as in

(A.1). For x | 0, the boundary of €25 ,, approaches the boundary of 2 from the inside. On Qy
for k > 0 is @y continuous. Therefore,

lim / OE+P)UL2 o Yoo (& + B)iinin (be/2 — ) — (€ + h)iigtin (— (be/2 — 5))]
Qo #0

) Ora
= lirn |93|‘1§ [t1(be/2 — K) + 1 (—(be/2 — K))]

‘Qg’*Q’ul

For k <0, €22, is bigger than ()s and includes the boundary of {22 and thus the discontinuities
of 4. If kK 1 0 the boundary of (2, approaches )s from the outside. We split the term with
the product rule.

h [ 2EEMmE / g, Qe / (€ + W) 2
K10 Qo . 8{[}2 K10 Qs 8:132 Qo . 61'2

I II

Since 41 = 0 on the flat and hence on Qj ,;\ 2, the first part is no problem and equals

_Jd(&+h)u . _ _
(A.7) 1= /Q U1- (gax2 )2 dxo = 1 [(f + h)UQ’m:bc/g — &+ h)UQ’m:,bC/Q] .
2,0

For term II we use the machinery of the delta distribution. First, we may continuously extent
the domain of @; and (£ + h)us from Q(t) to R such that they are zero outside €2(¢). Then since
88 =0 on R\ Qg x,

o _ 8ﬂl i & _ 6@1
II = /QZ’K(é‘ + h)uzaim dLUQ = / (5 + h)UQaix2 deQ.

—00
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Now (£ + h)ug € C§°(R) and can play the role of ¢ in the calculation in (A.6|). Hence,

& _ Ouy . _ _
= / €+ h)u287 dzg = —ty | (§+ h)U2l,,_p, o — £+ h)u2|m2=7bc/2} -

e 2

Combining with (A.7) yields

lim 6(f + h)ﬁl’L—l,g

dxy = lim [I 4 IT] = 0.
K10 Q2. (9:6‘2 K10

This was as expected since the ‘derivative’ of u; graphically looks like Figure and the two
deltas (the arrows) should cancel each other when integrating over them.

A

[
!

O Qo Q3

Figure A.2. ‘Derivative’ of 4

To summarize, the expresion for the first problematic term, dependent if 925 ,, approaches 0€2,
from the in- or outside equals

lim/ Mdm — 193|%2a1,
Qo ot

k10 A
lim/ M dae = 0.
K10 Qs 81‘2

To arrive at

8(§ + h)'ﬁﬂ_m . o0& o0&
——— Zdry =2nH | = | |Q(t)| =2,
/92 Oz vz =2 | oy ) 120l
as in Chapter |2, we let the boundaries of ), follow the flow. This means that we let the
boundary of €23, approach from the inside if the water level rises, and from the outside if the
water level drop

1.2.0.2. Second term in (A.4)).
Let’s move to the second term in (A.4) that needed extra attention. First, we investigate
what happens with 7 at 9Qy. Therefor, define two small intervals, I7 and I, around the
discontinuities of w1,
b b
It = |+£2 kg, +< 4+ k.
" 2 T2 *

2If the reader understands why we should do this, please contact the author.
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To gain inside in 7, we integrate the first depth averaged momentum equation (2.4]) over I and
I and let x | 0,

. 1 8(§ + h)ﬂl 8(§ + h)’alﬂl o0&+ h)ﬂlﬂQ

1

w0 e [§+ h ( o T om T om a2
= lim |:— ﬁ T :| dz
T S | 0m  pe ey |

Since (€ 4+ h)u; is differentiable in ¢, (€ + h)uju; is differentiable in x; and ¢ is independent of
T9, their derivatives are bounded and hence

hm/ ) N
I*

) ot
i [ 2EERmE,
k0 )= ox1
0§
li —g——dx9 = 0.
i3 e T, 2 =0
Therefore,
. (& + h)urus . T
A. 1 — 2 - T dry =1 - dux9.
(A.8) n10 /Ii B2 N0 i o€+ )

We know the left hand side is not zero because it includes a delta distribution, hence 7 must
also include a delta distribution. Let’s decompose 7 in a part that is smooth and a part that
includes the delta distributionﬂ

T = Tsmooth T Tdelta-
From equation it follows that Tgeita has the same form as u; as depicted in Figure
Integrating from the inside not a problem. Denote the average of 7 as

1

7= —Ilim Tdzs,
bc k0 Qo
then A
. T . U th T
hm/ ———— dxo = lim D ——
w10 Joy . P(E 4 R) w10 Joy (€ + h) “p(E+h)
For k7 0 note that, like before, the two deltas cancel and we obtain again,
. T . s th 7
hm/ —————dxo = lim P —
w10 Jo, e p(€+ D) w10 Joy s p(€+ D) “p&+h)

Therefore we can be confident that

/ Ty = b

——dry = bop——~.

o, PE+h) “p(E+h)

This concludes the cleaning up and we hopefully gained more confidence in the model than after
Chapter

30f course it is not possible for a normal function as 7 ‘to include a delta distribution’, so it is better to say
the integral as in (A.4]) does.






APPENDIX B

Calculations from Chapter

In this appendix chapter some calculations are presented, of which only the outcome was specified
in the main text. Furthermore, two calculations are included that make implementation of the
approximate solutions in, for example, the program language python, easier. The implementation
is needed to obtain the plots in the main text.

A calculation step that often used is explicitly stated as the following lemma.
LEMMA B.1. Let z,w € C and 2*,w* their complex conjugates, then
2Re{z} Re{w} = Re{zw} + Re{zw"}.
PRrROOF.
2Re{z}Re{w} = 2§(z—|—z )§(w—|—w )= i(zw%—zw + zfw + zFw®)
1 1
= i(zw + (zw)*) + i(zw* + (2w")*) = Re {zw} + Re {zw"}.

CALCULATION 1. The first calculation is the second equality in (3.26)),

N R
U = —upép = —§’UOH§0| cos(Pag — g, )-

First, note that with lemma [B.1]

_ — fot2m 1 Lo it £ —it
U1 = —upéy = —/ §Re {uoe }Re {506 } dt
to

to+2m 1 R ) to+2m 1 N
_ / 5Re {aogoeﬂ?t} dt — / 5Re {aogg} dt
7 t

0 0
- e fug)
Furthermore,
Re {ioés } = Re {Jitole™i0|é5le ™% | = Jitg||éo|Re {ei<¢ﬂ0_¢éo)} = Jiol| o] cos(@s, — b¢,),
which shows the second equality in ((3.26]).

CALCULATION 2. The second calculation is to write the momentum sink term
9&o 9o
D0 (250
Buo gy < at )

81
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as a Fourier series. First note that

0% 0 cige a0 VAR
~5F =~ Re {[Gle et = — o] cos(og, — 1) = ol sin(t — g, ).

Hence,

H(_%) _ U gy St gt
ot 0 otherwise.

Since this is periodic in ¢ with period 2w, there are ¢, € C for every m € Z such that

meZL
with
1 o 860 imt
= — —— e """ dt
cm 2 0 < ot
For m =0,
I i 1 [Pt 1
=5 ; H(sm(t—gf)go))e dt:%/@ 1dt:§.
For m # 0,

Cm:%o 2

1 21 ) 1 (;5“ —+ )
H (sin(t - 92550)) e "Mt dt = / O gmimt gy
(z)A

1 (e—im(¢éo+7r) B e—im¢éo> _ (1- e‘im”) oimee
—im2r m2m

Certain remarks can be made about the Fourier coefficients, ¢,,,. First of all, like expected, since
the Heaviside function has real values, its complex conjugate, ¢y, is ¢_,. Secondly, for m even,
¢y = 0, since then 1 — ™™ = (.

Now note that

Bun 0 = GRe {iioe ) Re { (~i)éoe } = e { (—i)indoe ) + TRe fiaoés }.

Denote
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Then, by shifting the indices of the sums,

350 9&o —iot imt
Buo— 5 < 8t)zRe{gle —l—gg}mzejzcme

1 * * 3
_ 5( —12t _|_glez2t + go +g2) Z Cmezmt
meZ
1 * *\ 1
3 (S o S g 5 e
mEZ mEZ mEZ
1
2(2 Commgre” ™+ Y comagie ™+ Y cm(ga + 65) )
MEZL meZ meZ

) y
=3 > | commgr + S pmgt + g2 +g3) | e
mEZ

Pm

Let’s denote

Pm = C2-m01 + Coy 91 + (92 + g5)

Zﬁ * N *

= 5 <C2+mu0 0 CZ—mu0§0> + Cm2Re {92}

10 S .2 C A

=5 <c§+mu0 0= cz_muO§0> — cpmBliol|€o| sin(a, — ¢§0)

Note that also p},, = p—m,

Dy = Co_m01 + C24m@1 + cm(95 + 92) = cormg1 + 591 + ¢ (92 + 65) = Pom-

Remembering that ¢y = 5 and that ¢, = 0 if m is even, yields
8&0 850 o 1 1 - —zmt 1 - —imt
P gy M ( or ) ~ 2™ 27; 2m;w(pm)e
— 1 *QRG {92} i 1 p e—imt +p* eimt)
2\2 L2 "

1 ,
- §Re {92} + Z_ Re {pme """}

= gRe {moég} + mZ::l Re {pme_imt}

CALCULATION 3. The third calculation is the algebraic manipulations to arrive at equation
B-29),
8751 _ 1 8‘UO’
or 4 Ox

+liollo] (reos(on, — 0g,) ~ § sinton, — 0, )
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from equation ([3.27)),
2T Touy 06 Oug 550 8o
et Tt - _ — dt = 0.
/to [675 + I + ruy + ug o ruoéo Buo ( 9 >]
Since u; has period 27 and
Oug _ 10ug
Yor T 20z

equation ({3.27) reduces to

o6 10ud BT a1
% 1—567"1‘7“1“)504— RG{ZUO&)}.

Then, substituting the solutions of @1, ug and & and remembering Calculation
ity + rugfo = 2upfo = rRe {aoé;;} = JioIéo| cos(@a, — B,

16u0 19 [tor2r e 1 9Jal?

/8 B 6 ~ Ex ACE ol
—Re {wgfo} —Re {zuofo} = —Zlm {uofo} = —Z|u0||§0| sin(¢pa, — ¢§o)‘
Adding these yields equation (|3.28]).

CALCULATION 4. The fourth calculation is the algebraic manipulations needed to arrive at

equation ,
> 82él,m N —im
Z Re {— ( 52 + 1+ B)m(m+ r2)§17m> e t}

m=0

=Re{ —2Bafye ™™ 3 + Re (zg(ﬂ o) + 18—2(112) —rg(a &) +26a52>6_i2t
0 oz VT 2N oz >0 0
——— —_——
\% v I 1 %

1o* d 6] d Opm, o—im
+ Z@(|uo| ) —rRe{a (uofo)} 4Re{a zuofo } Z Re { t}
I 11 111

Substituting (3.23) in the left hand side of equation ([3.22)),

0% O 9 0 02 o 102
(14855 - TE L (148 = — T (unto) +260 5 — fary () + 5 25 ()
v \% I

0 0 0o 0&o
— 25— (uofo) — 5 (5 (%7'[( 8t>)

-~

11 III
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gives

oz
Z Re { ( (1+B)m? §1 m 8ailém —(1+ ﬁ)?‘imé1,m> e_imt}
= Z Re< — OE1m + (14 B)m(m + ri)é e~ tmt
N m=0 O? o .

For the right hand side we proceed term by term. Lemma is used multiple times.

]. 82 2 ]. 82 ]- ~A2 —32 ]- ~ 12
b 49~ s (e 68+ ot
1 62 N —i2t 1 82 ~ 12
—re {1 i }+482<| o),
. Q. s\ 0 (1 L2 ot ~ Dk
II: —T%(UOSO) = _27’% <2Re {uofoe } + §Re {u0§0}>

= —Re {ri(ﬁoéo)e_m} —Re {T(i:(ﬁoéE)k)} ,

I : _Q <ﬁu ago,H< 85;0» :—iRe{aa (it } ZR {81”” —W},

0? 9 (1 L P ot . 2
v ~gzat (%) = g <2Re{“05°6 }+§Re {“050})

= Re {i:x(@oéo)e_m} ;
0o it 02 o —ize) | Lz
Vi 28 - at2 (50) —2BaRe {goe } a5 ( Re{ }+ 516l >
= —2BaRe {foe_it} + 26aRe {gge_m} .
Combing these terms and setting it equal to the left hand side yields equation ({3.30)).

CALCULATION 5. The fifth calculation is deriving the solution, (3.32)),
1 r 1 z

F —ikms ikmax - ikms —ikma
&im(z) = <C’ + 72 3 e fm(9) ds) e + <Dm 72ikm . e fm(8) ds) e ,

of the ode (3.31)),

€1 m .
8ilé + (km)2€1,m - fm('r)

The solution of the homogenous version of the equation is

‘Sl,m,hom = Cmemmx + Dme_lkmxa

with Cy,, Dy, € C. For every m, call the inhomogeneous part f,,(z). Using the method of vari-
ation of parameters (see for example Bender and Orszag| (1999)) we first calculate the Wronskian,
W, of eFm® and e~ thm®

Wm — eikmxag (e—ikm$) _ €_ikm$aﬁ <eikma:> _ _ikmeikmx—ikmx _ ikmeikmx—ik"w — Qka
xXr X
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The particular solution is then

£ 1 i v —ikms —ikmax * ik s
51,m,par = m <€’Lkmx/ e~ thm fm(S) ds — e~ tkm / thm fm(s) dS) ,

al as

with a1, as € R. Combing the éLm,hom and fLmPar yields, equation (3.32)).
CALCULATION 6. The sixth calculation is the calculation of the right hand side of ([3.34)).

;88( ) 885 —‘v-ru()fo—i-,@anaiOH( 8;;50)

—‘4Re{axe 1 oz ZR gT+ Re{uofoe }

+ TRe (i}~ Tim (o} + mz_l Re {pme™ """}
. pm> m}

_ 1 dag 851 2 roo —i2t = _ 061
_Re{ <4 5 T on 5 oS0 pz)e +§:1Re B
M2
- 0. m .
1p&o —pQ) —th} + Z Re{ (51 —pm> e th}

- 206 1 Pre {ands} - Zim (s} - 5
-5
AT pe fags) - Pt gy} - (—1‘10%?) +rRe {iinds ) — Dt {ioé

. 1 8u0 85172
N Re{ (4 ox + ox

_ 1 dug a51,2 T, o2 —i2t - aél,m —imt r A Sk
—Re{ <48x+ O —2u0§0—p2>e +Z_R€ - W_pm € —§R9{U0£0}~
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CALCULATION 7. To implement 4; we we need te calculate

8él,m
ox

aélm 0 1 * —ikns ik 1 x ik ik
mo_ Y - - ikm - d ikmx D,, — — zmsm d itk
Ep o [(C + Sk /a1 e fm(s)ds | e + %k, . ™S f(s)ds | e
1 9 ik v —ik —ik /x ik
— tkmx tkms - _ —ikmz tkms d
Sk, 02 {e /al e fm(s)ds —e e fin(s) ds

a2

1 . . ) z .
(ezkmxe—zkmxfm(x) + (ikm)ezkmz/ e—zkmem<s> ds

= 2iky, o

_ e—ikmxeikmxfm(x) . (—i/{?m)e_ikmx/ eikmem(s) d5>
a2
(ikm>6ikmw

* —ikms
- _— m m d
Sk /al e fm(s)ds +

(ikm)efikmx
2k,

/ " gikin fin(s) ds.

az

T

e—zkmx/ ezkmem(S) ds
az

—ikmx

2

eikma:

xr
- / e ikms £ (s) ds +
2 a

CALCULATION 8. Another thing to notice before implementing is that there is no need to cal-
culate

Opm
ox
The terms where this term appears is in f,,. Denote
~ 0
fm = fm + %
x
where fm = fim — ag—;". The term, f,,, occurs in él,m
R 1 L . 1 z »

Now, notice that

/ e~ kms £ () ds:/ e kms f(s) ds+/ e_ik’"s%(s)ds

al al al
x

= / e kms £ (s)ds + e FmTp (x) — e~ kmary (a1) — / —ikyeFmSp, (s) ds.

ai ai

Similarly,
x

[ e ttsyds = [ fuls)ds € mpna) - e an) — [ e (s) ds.

a2 a2 a2






APPENDIX C

The depth averaged shallow water equations

In this chapter we will derive depth averaged shallow water equations from the equations of
motion. This consists of making the assumptions listed in Chapter [2[ and integrate over the
depth. Inspiration for this section is taken from |Wesseling (2001)), |Parker (1984]), [Winant| (2007)
and |Alebregtse et al.| (2015). Figure in Chapter [2| shows the domain and the placement of
the x1, 22, x3 axis. The free surface elevation, &, and the current velocity, u, are also explained
in Chapter [2l In the main text h only depends on xo, but it is not much more work to keep h
more general. This way we derive a more general version of the depth averaged shallow water
equations. When taking the average over the cross section we do assume h to be only dependent
of xIo.

The equations of motion (see for example (Cushman-Roisin and Beckers (2011)) consists of one
equation that represents the balance of mass, also called the continuity equation,

8u1 8uQ aU3

et Z 74 —2 -0
8x1+8x2+8x3 ’

and three equations that represent the balance of momentum,

8U1 6U1 8U1 8U1 . 1 ap 1 8’7’11 1 67’12 1 87'13
ot Tt 0x1 tu 2 0y + u38 +feug = fuz = pOry pOxy pOry pOx3’
(9UQ 8UQ OUQ 6UQ . 1 8]9 1 8’7’21 1 67’22 1 67'23
ot +u18 1+u26x2+u38333+fu1_ p8x2+p8x1 pOxy  p Ox3’
au;:, 8u3 au:; 8U3 _ 1 ap 1 67'31 1 87'32 1 (97’33
ot tu Yox 1+ > 2+ SO Feu = p8m3+p8x1 pOxy  pOxz’

In these equations, = = (21,2, 23) is the spacial coordinate, ¢ the time coordinate, u; (m s™!)
the horizontal velocity in the along channel direction, us (m s~!) the horizontal velocity in the
cross section, ug (m s~1) the vertical velocity, p (kg m™3) the density, p (N m~2) the pressure,
g (m s72) the gravitational acceleration, f (rad s!) the Coriolis parameter, f, (rad s~!) the
reciprocal Coriolis parameter and 7;; (N m~2) is the internal stress working in the z; direction
at a surface with normal pointing in the z; direction.

89



90 C. THE DEPTH AVERAGED SHALLOW WATER EQUATIONS

We start with the assumption that the depth is much smaller than the both the length and the
width of the channel. The momentum balances reduce to (see for example [Parker| (1984)),

(C.1)
8u1 6u1 8 8u1 1 ap 187’ 1 1(97‘2 1(97’13
5 +u18x1+ Dg +u3 +jm/ fug = pax1+ o + s +pax3’
Bug 8 8 8 1 8p 87’ 1 187’2 187’23

2 -z -
(C.2) +u 81+u28 —i—u;;a +fu1 p8x2+ :c1+ x2+p6x3

10p 101 1015 1074
(:3) %%/yﬁ%/yﬁ% pows | pBu | pBus | By

With the Equation (C.3)) and the boundary condition, p = p, at the free surface, we can find
a relation between the pressure, p, and the free surface elevation, £&. The third momentum
equation reduces to the so called hydrostatic balance,

1 0Op

4 __,_ Lo
(C.4) 0=—yg o3

Its interpretation of Equation (C.4)) is that the pressure in the water at a certain level is only
caused by the weight of the fluid above this level. Integrating Equation (C.4) yields

p(z1, w2, 23) = C(x1,72) — pges,

with C(x1,x2) € R, determined by the fact that at the free surface x3 = £ the pressure is the
same as the atmospheric pressure p,. We will assume that there are no strong storms surges
traveling over the channel and take p, € R constant. This boundary condition gives us an
expression for C(x1, z2),

Pa = p(z1,22,§) = C(21,22) + pyé.
Hence, from equation ((C.3|) we learn,

(C.5) P =DPa+pg(§ — z3).
Consequently for o € {1, 2},

(C.6) top _ 0

p 0% O0xq
The next assumption is that the channel is not only shallow but also very narrow. In this case,
the pressure gradient dominates the other terms in the second momentum equation and in the
Coriolis term can be neglected in the first momentum equation. With this assumption and
substituting (C.6|), the equations (C.1} - C.3)) become (see |Winant| (2007)), where the parameter
a is very small)

0 (9 0 0
ul +U2 UI+U3 “ —}u/z
8 1 0xa

©8) 7% B Tas fﬁﬂﬁ“ it

85 1073

(C.7) 8361 p Oxs’
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We conclude that in a shallow and very narrow channel, the momentum balance becomes

Ouy 8 8u1 Ouy _ 85 10713
85
1 =
(C.10) 0 "9 By’

and the continuity equation remains unchanged,

8u1 6u2 BU3

<C'11) 8.%'1 + 8.%'2 + 8903 =0

Note that Equation implies that £ is independent of zo. Before taking integrals over the
depth, we derive two equalities coming from the kinematic boundary conditions that water will
not mix with the atmosphere or with the sand at the bottom. A water particle at position x
at time ¢ is at the free surface if F(t,z) = x5 — {(t,z1,22) = 0. Similarly a particle is at the
bottom of the sea, if H(t,z) = x3 — (—h)(t,z1,22) = 0. A particle at the free surface will stay
at the free surface and a particle that is at the bottom follows the shape of the bottom during
a time interval. Hence,

DF  Dzs DE

B T
0= ll))il = lz;g — D;—th) at w3 = —h.
Since Dx3/Dt = us, this gives us
(C.12) ({)afl + 2552 uz — gi at x3=¢,
(C.13) Uy 8((9;:0 + u 8((3;5) = ug — a(a_tm at a3 = —h.

These equalities will be used later on.

3.1. Depth averaged continuity equation

In this section we will integrate the continuity equations over the depth of the channel to derive
the depth averaged continuity equation. The average of uq, over the depth is given by

1

3
(014) uyp = m /h (75} dl‘g.

We integrate the continuity equation ((C.11)) over x3 from —h to &. This yields

€ [Ou;  Ouy  Ous Oour  Ousy
19 0= [ [G+ g ) o= [ [+ ] et e vl

Using the Leibniz’s rule,

o [ PO af(t, ) dal(t) ab(t)
(C.16) i |, S0 = / o e TG aO) S 1) G,

notice that
2

£ 8’&1 6u2 8 § 8(—h) 65
/_h [(%1 + &CJ dry = Z [ax] /_h wjdrs + il ), oz, Ul gy—g o1;
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Substituting this in (C.15)) and using (C.12)) and (C.13)) yields
2
B)iis _
O:Z[MJFM 9(=h) ¢

ij

2 0(E+hya;  9¢  O(—h)

We conclude that the depth averaged continuity equation is
I+ h) n A€+ h)u n 0+ h)ug _
875 81’1 83:2
If h is constant in ¢ and 21 this reduces to
%3 . I+ h)uy n A&+ h)ug
ot 81‘1 81‘2

=0.

3.2. Depth averaged momentum balance

In this section we take the integral of the momentum balance equations over the depth of the
channel to derive a depth averaged momentum balance. The third equation in the momentum
balance gave us a relation between p and & and the second equation only tells us we consider &
to be independent of x5. For the remaining equation we take the average over the depth,

8u1 8 8’&1 6u1 1 /5 1 8]) 1 37’13
C.17) — | dzs = —— — dz
( £+h/ [ e T 0 T Bans | T e n ) | o T p 0w |
We start with the left hand side of equation (C.17)). With corollary the continuity equation

and equations (C.12)) and (C.13)), we find,

(C.18)

1 [ [ow duy Oy duy O(& + h)uy o [t
€+h/_h{8t T gy T 20y, T B0, | T8 ot +Z ax-/_huluﬂ =
j=1 J
Details of the calculation are given in the box below.

First notice that, by the continuity equation,

Ouiu; 3 8u] ouq 3 ouq
Z ox; _; oz, Yo, Z RET

The left hand side of equation (C.17)) therefore equals

/ 8u1 8u1u] 8u1U3 I
E+h ax] 5

\/%/—/H/—/
11 111
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The terms I, II, ITI are worked out separately.

£ ou A&+ h)a A(—h )
I aitl drs = (fat)l ul‘:}cngh (at ) - ul’zszﬁ aii
aulu 2 0 £ 2 o(—h
I / Z L dxs = Z [&% / ULUj dl’3:| + u1|x3:_h Z Uj|x3_h((9x‘)
J j=1 J
2
43
1= Z Uj oy o
j=1
=N ; d(—h)
= Z B, |, v ams| Utlgg—g | UBlagmmn = —5;
7j=1
43

- ul‘xs =& u3|$3=§ Ot

1o [¢ d(—h)
= ]z; B |, 1Y dz3| + Utlgy—p Uslog——p = Utlag—p —5—

43
o ul‘m:& u3’w3=§ - ul’m:é ot’
£ 8u1u3
IIT : o a[li'g d$3 = u1|x3:£ u3|a:3:§ B u1|x3:—h u3‘$3:—h :

Many terms cancel, combining all them yields equation (C.18)).

In order to arrive at a momentum balance dependent of 71 and independent of u1, we need the
second term on the right hand side of also to be expressed in terms of the depth averaged
velocity. Let u; = %1 + %1 and the same for us. So @4 is the difference between the actual value
and the depth averaged value. We assume

o [t o [5_
(C.19) 83:1/ U101 dm3+8:z2/ UrUs dxz = 0,

so for the horizontal velocities the derivative with respect to 1 and xo of the difference between
the average value over one tidal period and its actual value is neglected. Another option would
be to parameterize these terms. The second term in equation (C.18|) becomes

2 2 2
) /5 ) /5 (& + h)uiu,
— uru; drsy = — U U, ders = —_
; Oxj Jon ; Oxj Jon ; Oz
Details of the calculation is giving in the box below.

Clearly, integrating %; = uy — u1, gives

€ €
/ w1 drs = / uy drs — (5 + h)’L_Lg =

—h —h
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We found the left hand side of equation (C.17) to be

(C.20) 1 <5(€ i O+ hmm | O+ h)a1a2> |

E+h ot o0x1 Oxo

For the pressure gradient term we get

1/5 98 98
c+n ) Yor T o

We neglect (wind) stress at the free surface and write 7 = 73|, __,, for the stress at the bottom

in the direction of x7. For the internal friction terms we obtain,

1 /5 1 87’13 1 ( ’ ’ ) T
- T3 =——"-|T =T _ =——".
E+h) ppong 0 p(E+h) \Ples=t T Mlas=—h p(€+h)
Moving & + h to the other side, we now found the depth averaged shallow water equations,

oE+h)  OE+hu  IE+h)uy

ot + 0z1 + Oza =0,
O+ h)uy O+ h)uray O+ h)urts o T
S nes T
ot om " om IET N e ~
IS
0= —gam.

Adding the assumption that h only dependents on x5, reduces the equations to,
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o6 0+ h)ur I+ h)us

@ + 81‘1 + 81‘2 - 07
O+ h)uy O+ h)uruy O+ h)urtz o T
ot + 0x1 + 0z =9 +h) ory  p’
S
0= —gam.

These are Equations (2.3) - (2.5) that are used in the main text when we take the average over
the width of the channel. However, with the continuity equation (see box below) we can write
the first momentum equation in a cleaner form as
ou ou ou o€ T
C.21 U e— 4l = —g — —————.
(C-21) ot or, " Poxs Yoz plE+h)

Note that with the product rule and the depth averaged continuity equation (2.3)),

AE+ ) | 5~ D+ Mty

(‘3t = al'j
o AE+h) [ E+h)a, _du
=(+h) ;tl 1at+; [Ul(%jjﬂL(f‘Fh)uj(%;]
B 0 =0+ o (& + h); Oty
- (Hh)@t_ul;axj J +; [ula% + (€ + h)a; axj]

2
. 6U1 ouy
= (E+h) + ; 0w

Therefore,

1 8(§ + h)ﬁl n 22: 8(§ + h)ﬂlﬂj _ Oy _ 0m _ 0w

T ot , oz ot T Mg, T V25,
j=1 I

which allows us to write the depth averaged momentum balance as equation ((C.21]).







Bibliography

Alebregtse, N. C., H. E. de Swart, J.-W. Meijerink, and J. T. F. Zimmerman
2015. The effect of intertidal areas on wvelocity in tidal channels; momentum sink and over-
topping. PhD thesis, Utrecht University.
Bender, C. M. and S. A. Orszag
1999. Advanced Mathematical Methods for Scientists and Engineers I, Asymptotic Methods
and perturbation Theory. Springer.
Boon, J. D. and R. J. Byrne
1981. On basin hypsometry and the morphodynamic response of coastal inlet systems. Marine
Geology, 40:27-48.
Cushman-Roisin, B. and J.-M. Beckers
2011. Introdroduction To Geophysical Fluid Dynamics. Academic Press, Elsevier.
Dronkers, J. J.
1964. Tidal computations in rivers and coastal waters. Amsterdam: North-Holland Publishing
Co.
Friedrichs, C. T. and D. G. Aubrey
1988. Non-linear tidal distortion in shallow well-mixed estuaries, a synthesis. FEstuarine,
Coastal and Shelf Science, 27:521-545.
Friedrichs, C. T. and D. G. Aubrey
1994. Tidal propagation in strongly convergent channels. Journal of Geophysical Research.,
99:3321-3336.
Holmes, M. H.
2013. Introduction to Pertubation Methods, second edition edition. Springer.
McCully, J. G.
2006. Beyond the Moon. World Scientific Publishing Co Pte Ltd.
Open University Course Team
2001. Wawves, tides and shallow water processes. Pergamon Press, Oxford.
Parker, B. B.
1984. Frictional effects on the tidal dynamics of a shallow estuary. PhD thesis, University
Baltimore.
Parker, B. B.
1991. Tidal Hydrodynamics. John Wiley and Sons, Inc.
Prandle and Rahman
1980. Tidal response in estuaries. Journal of physical oceanography.
Renardy, M. and R. C. Rogers
2004. An Introduction to Partial Differential Equations, second edition edition. Springer.
Ridderinkhof, W., H. E. de Swart, M. van der Vegt, N. C. Alebregtse, and P. Hoekstra
2014. Geometry of tidal basin systems: A key factor for the net sediment transport in tidal
inlets. Journal of Geophysical Research: Oceans, (119):6988-7006.

97



98 Bibliography

Speer, P. E. and D. G. Aubrey
1985. A study of non-linear tidal propagation in shallow inlet/estuarine systems part ii:
Theory. Estuarine, Coastal and Shelf Science, (21):207-224.
Vandersmissen, H.
1993. Wadverhalen. Hollandia.
Wesseling, P.
2001. Principles of Computational Fluid Dynamics. Springer.
Winant, C. D.
2007. Three-dimensional tidal flow in a elongated, rotating basin. Journal of physical ocean-
ography, 37:1278-1295.
Zimmerman, J. T. F.
1982. On the lorenz linearization of a quadratically damped forced oscillator. Physics letters,
89A(3):123-124.
The photo on the title page of the common ringed plover on top of the logo of Utrecht University
is made by Henk Laverman.



	Abstract
	Acknowledgements
	Chapter 1. Introduction
	Chapter 2. The model
	Chapter 3. Model Analysis
	Chapter 4. Results
	Chapter 5. Discussion
	Chapter 6. Conclusions
	Appendix A. Details on the cross sectionally averaging
	Appendix B. Calculations from Chapter 3
	Appendix C. The depth averaged shallow water equations
	Bibliography

