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Chapter 1

Introduction

A contact structure on a manifold M is a completely non-integrable hyperplane field ξ ⊂ TM .
These structures originate from the work of Sophus Lie who introduced them in 1872 in his
work on partial differential equations. Since then, these structures have been applied in many
areas of physics and mathematics including Hamiltonian dynamics, geometric optics, fluid
mechanics, knot theory, low dimensional topology, Riemannian geometry, and symplectic
geometry.
Surprisingly one of the basic questions about them, their existence and classification was
only recently answered in full generality in a celebrated paper by Borman, Eliashberg and
Murphy [2], where they establish a multi-parametric h-principle for contact structures on any
manifold. In this thesis we present a proof of the existence part of this h-principle showing
the existence of contact structures on manifolds of all dimensions.

Theorem. Any almost contact structure η on a manifold M is homotopic to a contact struc-
ture ξ.

The almost contact structures referred to in this theorem are the formal homotopy counter
part of a contact structure similar to for example almost symplectic and almost complex
structures.

To better understand the statement of this theorem and the reason for almost contact struc-
tures showing up, we take a step back and start by giving a more detailed definition of contact
structures.
Let M be a smooth manifold of dimension (2n+ 1) and ξ ⊂ TM a smooth hyperplane field.
More precisely, ξ consists of a collection hyperplanes

ξp ⊂ TpM, p ∈M,

in the tangent bundle and varying smoothly in p. Such a hyperplane field is called coorientable
if there exists a 1-form α ∈ Ω(M) satisfying

ξ = kerα,

and we will always assume this is the case. Note that the defining 1-form α is not unique.
Indeed, if λ : M → R \ {0} is any non-vanishing function then ξ = kerα = kerλα.
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An important class of hyperplane fields are the integrable ones meaning that through each
point p ∈ M we can find a submanifold N satisfying TqN = ξq for all q ∈ N . The famous
Frobenius theorem tells us that a hyperplane field ξ = kerα is integrable if and only if α
satisfies the condition

α ∧ dα = 0.

As we stated above, a contact structure is the exact opposite of an integrable hyperplane field
i.e. it is maximally non-integrable. Hence, a contact structure consists of a hyperplane field
ξ = kerα satisfying the equation

α ∧ (dα)n 6= 0,

called the contact condition, and which is as far away from the integrability condition as
possible. It is easy to check that this condition is independent of the choice of contact form
α. Furthermore, the contact condition is equivalent to dα being non-degenerate on ξ = kerα,
implying that the pair (ξ, ω = dα) is a symplectic vector bundle.

The simplest example of a contact manifold is R3 with Cartesian coordinates (x, y, z) and

α := dz − xdy.

We claimed that contact structures naturally show up in the study of differential equations.
To see how, consider a time-dependent differential equation

F (t, x(t), ẋ(t)) = 0,

and identify solutions with curves γ : R → R3. Trying to solve the differential equation we
notice that there are two types of solutions:

• Formal: γ(t) = (t, x(t), y(t)) satisfying F ◦ γ = 0,

• Genuine: γ(t) = (t, x(t), ẋ(t)) satisfying F ◦ γ = 0.

The genuine solutions are the ones we are interested in, because they solve the differential
problem. On the other hand, the formal solutions, where we replaced the derivative of x with
an independent function y, do not see any of the differential information and only solve the
underlying algebraic problem.
We observe that a formal solution γ(t) = (t, x(t), y(t)) is genuine precisely when y = dx

dt . This
condition is equivalent to the condition

dx− ydt = 0

which says that the formal solutions are precisely the integral curves1 of the standard contact
structure on R3.

1Geometrically the contact conditions says that any integral manifold N of ξ satisfies dimN ≤ n. So, the
existence of integral curves does not contradict the maximal non-integrability of the contact structure
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It turns out that the relation between formal and genuine solutions is a lot stronger than
it looks at first sight. Although the algebraic problem is much simpler, it is clear that the
existence of formal solutions is a necessary condition for the existence of genuine solutions,
so this problem needs to be solved first. A priori it is unreasonable to expect this also to
be a sufficient condition. Surprisingly, it turns out that there are large classes for which
this is true meaning that the solvability of the differential equation reduces to a homotopy
theoretic problem. In this case we say that the differential equation satisfies an h-principle.
Furthermore, it is often the case that the genuine solutions are also classified by the formal
solutions. This means that any formal solution is homotopic to a genuine one and that two
genuine solutions are homotopic if and only if their underlying formal solutions are homotopic.

The relevance of these observations for the existence of contact structures is that the definition
of a contact structure is basically a differential equation given by the contact condition.
Contact structures are precisely the genuine solutions of this equation, while the corresponding
formal solutions are called almost contact structures.
It turns out that trying to show existence of contact structures and classify them using the
h-principle approach is very successful. The first important result in this direction was proved
by Gromov. Recall that a manifold is called open if each component is non-compact or has
non-empty boundary.

Theorem (Gromov, 1969). Let M be an open manifold. Then, there is a one-to-one corre-
spondence between isotopy classes of contact structures and homotopy classes of almost contact
structures.

For closed manifolds the situation turned out to be more subtle. The existence of contact
structures on closed 3-manifolds was proved by Martinet based on the surgery description of
3-manifolds due to Lickorish and Wallace.

Theorem (Martinet, 1971). Any closed orientable 3-manifold admits a contact structure.

However, Bennequin showed that the 1-parametric h-principle fails for contact structures on
S3, by constructing a contact structure which was non-isotopic but formally homotopic to
the standard contact structure. This led Eliashberg to introduce a dichotomy of ‘tight’ and
‘overtwisted’ contact structures on 3-manifold. A contact structure is called overtwisted if it
contains a disk with a specific germ of contact structure and tight otherwise. Furthermore,
he established a h-principle for overtwisted contact structures.

Theorem (Eliashberg, 1989). Any almost contact homotopy class on a closed 3-dimensional
manifold contains a unique up to isotopy overtwisted contact structure.

This result proved to be rather hard to generalize to higher dimensions. Although there was
some progress in specific cases, for example on 5-manifolds there were no known general results
for all dimensions. Finally, the parametric h-principle for (overtwisted) contact structures in
all dimensions was proved by Borman, Eliashberg and Murphy in [2]. We give a precise state-
ment of this theorem together with an overview of the main ideas used in its proof in Chapter 3.
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The text is structured as follows. We begin by introducing the basic definitions and fixing
the notation in Chapter 2.
In Chapter 3 we give a precise statement of the main theorem and an overview of the main
idea’s in it’s proof. The proof is based on two main results: Proposition 3.7 gives a reduction
to a unique local problem in each dimension and Proposition 3.8 which is used to solve this
local problem. To aid the presentation we prove Proposition 3.8 before Proposition 3.7.
In Chapter 4 up to Chapter 7 we prove all the results needed for the proof of Proposition 3.8.
In Chapter 4 we define circle models, which describe the local extension problem. The essential
property of these models is that all the important information about them is encoded in a
function, called a contact Hamiltonian. Next, in Chapter 5 we study the relation between
the circle models and their defining contact Hamiltonians. In Chapter 6 we introduce a
connected sum operation for circle models and show that it is compatible with the defining
contact Hamiltonians. Lastly, we introduce a distinguished class of contact Hamiltonians,
called special, in Chapter 7. The circle models associated to special contact Hamiltonians are
used to define overtwisted disks in higher dimensions which play an essential part in the proof
proof of Proposition 3.8. In Chapter 8 the results from the previous chapters are combined
to proof Proposition 3.8.
Chapters 9 up to 11 together form the proof of Proposition 3.7. In Chapter 9 we introduce
another type of local model, called semi-contact saucers which are easier to obtain but as a
trade-off are less detailed than circle models. We also show how to reduce the filling problem
for a saucer to a filling problem for a circle model. In chapter 10 we start from Gromov’s
theorem to show that an almost contact structure on a manifold can be homotoped to a
contact structure up to finitely many saucers. The argument in this chapter forms the core
of the proof of Proposition 3.7. Although this chapter shows it is enough to solve the filling
problem for finitely many saucers, and hence for finitely many circle models, there is a priori
no restriction on what these models look like. In Chapter 11 we use an equivariant covering
argument to show that these circle models can be chosen from a finite list of possibilities.
This allows us to find a unique circle model for each dimension.
The diagram below outlines the logical dependency of the major propositions and lemma’s
used in the proof of the main theorem.

Theorem 3.1

Prop 3.7 Lem 3.9 Lem 3.10 Prop 3.8

Prop 10.1 Prop 11.11 Prop 9.21 Lem 8.3 Lem 8.8

Thm 3.3 Lem 10.4 Lem 9.22 Lem 9.23 Lem 5.2 Lem 5.10
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Chapter 2

Basic definitions

The goal of this chapter is to fix the notation and introduce the basic definitions. In the
first two sections we define contact and almost contact structures and recall some well known
results that hold for them. In the third section we introduce coordinates and contact structures
on the manifolds we will consider most. Next, we recall some facts about contact vector fields
and introduce star-shaped domains in section four. Finally, in section five, we define contact
shells together with their equivalence and domination relation.

2.1 (Almost) contact structures

Let M be a manifold with tangent bundle TM , and ξ ⊂ TM a smooth hyperplane field,
which by definition is a smooth subbundle of codimension 1. If dimM = n, the smoothness
condition equivalent to requiring that for each point p ∈ M there is an open neighborhood
U ⊂M of p and smooth vector fields X1, . . . Xn−1 such that for al q ∈ U we have

ξq = Span{X1(q), . . . , Xn−1(q) } ⊂ TqM.

In order to work with such hyperplane fields, it is useful to describe them in terms of differential
forms.

Definition/Lemma 2.1. Locally, ξ can be written as the kernel of some 1-form α. This can
be done globally if and only if ξ is coorientable, which by definition means that the quotient
line bundle TM/ξ is trivial. In this case TM/ξ has two components and a coorientation
is a choice of one of these. In particular α induces a natural coorientation by picking the
component on which it is positive.

Proof. See Lemma 1.1.1 in [5].

The central objects of study are contact and almost contact structures which we now define.
There are various (equivalent) definitions of these concepts and for completeness we will state
a number of them and explain how they are related.

The most descriptive definition of a contact structure is the following.
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Definition 2.2. A contact structure a smooth manifold M is a maximally non-integrable
hyperplane field ξ ⊂ TM . A manifold M equipped with such a structure is called a contact
manifold and denoted by a pair (M, ξ).

The maximally non-integrability means that there cannot be a smooth hypersurface in M
whose tangent space is equal to ξ on an open subset. That is, contact structures are completely
non-integrable. The maximality expresses the fact that if L is a isotropic submanifold of a
2n + 1-dimensional contact manifold (Mξ), then dimL ≤ n. For a proof of these facts we
refer the reader to Definition 1.5.11 and Proposition 1.5.12 in [5].

In practise the above definition is hard to work with and some of the immediate consequences,
for example that a contact manifold needs to be of odd dimension, are not immediately clear.
If we require the hyperplane field ξ to be coorientable we can write ξ = kerα for a 1-form α on
M, as in Lemma 2.1. The maximally non-integrability condition on ξ translates to a condition
on α and we have the following equivalent definition of a (coorientable) contact structure.

Definition 2.3. Let M be a smooth manifold of dimension 2n+ 1. A (coorientable) contact
structure is a hyperplane field ξ = kerα ⊂ TM such that α satisfies the condition

α ∧ dαn 6= 0.

It follows immediately from this definition that M should be orientable. Furthermore, it is
easy to see that the contact condition α ∧ dαn 6= 0 can only be satisfied on manifolds of odd
dimension so contact structures do not exist on even dimensional manifolds.
If λ : M → R \ {0} is nowhere vanishing function then kerα = kerλα. Furthermore (λα) ∧
d(λα)n = λn+1α ∧ dα from which we see that the choice of α defining ξ only matters up
to multiplication by a non-vanishing function. This motivates us to define two differential
p-forms α, α′ to be equivalent if α = λα′ for some λ : M → R \ {0}. The equivalence class
[α] is called the conformal class of α. By considering these conformal classes we can define a
contact structure without making any (explicit) reference to a hyperplane field as follows.

Definition 2.4. A (coorientable) contact structure on a 2n + 1-dimensional manifold M is
a conformal class of 1-forms [α], such that one (and hence any) representative α satisfies

α ∧ dαn 6= 0.

The contact condition α ∧ dαn 6= 0 is equivalent to saying that dα is non-degenerate on
kerα = ξ. Hence, the contact form induces on each hyperplane ξp ⊂ TpM a linear symplectic
structure. However, since a contact structure is defined by a conformal class of a contact form
it only induces a conformal symplectic structure on each hyperplane ξp, p ∈ M . Indeed, on
kerα we have

d(λα) = dλ ∧ α+ λdα = λdα,

using that ξ = kerα.
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Remark 2.5. Unless stated otherwise, we will always assume that the (almost) contact struc-
tures we consider are coorientable and given the natural coorientation induced by α, meaning
we select the component of TM/ξ on which α is positive. This implies that if α and α′ are
two contact forms defining the same hyperplane field ξ = kerα = kerα′ then α = λα′ for some
λ : M → R+. That is, the scalar function must take positive values.
This also implies that instead of a conformal symplectic structure, we have an induced posi-
tive conformal symplectic structure on each hyperplane ξp. Hence, ξ is a positive conformal
symplectic vector bundle over M .

To fix the notation we list here the contact manifolds that we will consider most often. On
R2 we will use Cartesian coordinates or coordinates (u, θ) where u := r2 and (r, θ) denotes
standard polar coordinates. We use the coordinate u instead of r because this simplifies
the notation in many situations. With this notation the contact structures on the following
manifolds will be called standard, denoted by ξst.

Space Coordinates ξst
R2n−1 = R× (R2)n−1 (z, u1, θ1, . . . , un−1, θn−1) ker(αst := dz +

∑n−1
i=1 uidθi)

R2n+1 = R2n−1 × R2
(x, v, θ) with (v, θ) =
(un, θn) and x =
(z, u1, θ1, . . . , un−1, θn−1)

ker(αst + vdθ)

R2n−1 × T ∗R (x, q, p) with (q, p) standard co-
ordinates on T ∗R ker(αst + pdq)

R2n−1 × T ∗S1 (x, q, p) with (q, p) standard co-
ordinates on T ∗S1 ker(αst + pdq)

Observe that although all the contact structures above are denoted by ξst, only in the case of
R2n−1 we have ξst = kerαst.

To express when two contact structures are the same we introduce the following notion of a
contactomorphism.

Definition 2.6. A contactomorphism between contact manifolds (M, ξ) and (M ′, ξ′) is a
diffeomorphism f : M → M ′ sending ξ to ξ′, that is, TpF (ξp) = ξf(p) for all p ∈ M . If
ξ = kerα and ξ′ = kerα′ this is equivalent to

f∗α′ = λα, for λ : M → R \ {0}. (2.1)

It is easy to see that condition 2.1 is well-defined on conformal classes. Hence, in the language
of Definition 2.4, a contactomorphism between contact structures (M, [α]) and (M ′, [α′]) is a
diffeomorphism f : M →M ′ such that f∗[α′] = [α].
Similarly, we have a notion of contact embedding.

Definition 2.7. A contact embedding is a smooth embedding which is a contactomorphism
onto its image.
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We now want to define almost contact structures. Again there are various equivalent ways to
define these.
Similar to almost symplectic, complex and Kähler (and more) structures we want to define an
almost contact structure to be ”a contact structure without the differential information”. The
differential information contained in a contact structure consists of the relation between the
contact and the symplectic form given by ω = dα. Removing this relation gives the following
definition for an almost contact structure.

Definition 2.8. An (coorientable) almost contact structure on a manifold M is a (coori-
entable) hyperplane field η ⊂ TM together with a conformal symplectic structure ωp on each
hyperplane ξp ⊂ TpM , depending smoothly on p.

Again, to work with almost contact structures it is convenient to formulate them in terms
of differential forms. We use again the notation [α] to denote the conformal class of the
differential form α.

Definition 2.9. A (coorientable) almost contact structure on a manifold M of dimension
(2n + 1) is an pair of equivalence classes η := ([α], [ω]), where α is a 1-form on M and ω a
2-form on kerα, such that α ∧ ωn 6= 0.

As before, note that the condition α ∧ ωn 6= 0 is independent of the representatives α and ω.
Indeed, if α′ = λα and ω′ = γω for λ, ω : M → R \ {0} then

α′ ∧ ω′n = λγnα ∧ ωn 6= 0.

This situation is slightly different from the contact case where α and ω := dα scale with the
same factor. Hence, we might be tempted impose this as a condition on an almost structure
and define it as an equivalence class of pairs, η = [(α, ω)], so that they scale with the same
factor.

To see this is too restrictive we consider a different definition for an almost contact structure
which is equivalent to the above one. Observe that a contact structure on a 2n+1-dimensional
manifold M an isomorphism

TM ∼= Span(Rα)⊕ ξ,

where α(Rα) = 11. Since ξ is a conformal symplectic vector bundle this means that we get
a reduction of the structure group of TM to 1 × U(n), by choosing a compatible complex
structure on ξ. From this perspective, the definition of an almost contact structure should
encode this reduction of the structure group which gives rise to the following definition.

Definition 2.10. A (cooriented) almost contact structure on a manifold M is a triple (η, J, ε)
consisting of a (cooriented) hyperplane field η ⊂ TM , an almost complex structure J on η
and a oriented line bundle ε ⊂ TM complementary to η and defining the coorientation.

1Here, Rα denotes the unique section of TM/ξ satisfying α(Rα) = 1, which is called the Reeb vector field
of α.
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An almost contact structure as in the previous definition is the same thing as a stable almost
contact structure on M , which by definition is an almost complex structure on TM⊕ε1 where
ε1 is the oriented line bundle over M . To see this let J be a complex bundle structure on
TM ⊕ ε1 and assume ε1 = Span〈X〉 for some non-vanishing vector field X. Define Y := J(X)
and take ε = Span〈Y 〉, η := TM/ε and note that the restriction J |η is well-defined.

Conversely, given an almost contact structure (η, J, ε) we can extend J to TM ⊕ ε1 as follows.
Assume, η1 = Span〈X〉 and ε = Span〈Y 〉. Then, define J(Y ) := X and J(X) := −Y .

The following lemma shows that Definition 2.9 and Definition 2.10 are indeed equivalent.

Lemma 2.11. There is a one-to-one correspondence between isomorphism classes of sym-
plectic vector bundles (ξ, ω) and isomorphism classes of complex vector bundles (ξ, J).

Proof. This is an immediate consequence of Theorem 2.62 and Proposition 2.63 in [13] and
we omit the details.

Note that if [ω] = [ω′] as conformal classes and J is ω compatible then it is also ω′ compatible.
Hence, the above lemma is also true when we replace isomorphism classes of symplectic vector
bundles by isomorphism classes of almost contact structures as in Definition 2.9, where we
mean isomorphism as in Definition 2.12 below. In particular we see that the existence of an
almost contact structure as in Definition 2.9 is equivalent to the existence of a stable almost
complex structure. This confirms that scaling α and ω with the same scalar is too restrictive.
For our purposes Definition 2.9 is easier to work with so we will use this as ”the” definition
of an almost contact structure.

The notion of an isomorphism of almost contact structures is defined as follows.

Definition 2.12. An isomorphism between almost contact manifolds (M,η := ([α], [ω])) and
(M ′, η′ := ([α′], [ω′]) is a diffeomorphism f : M →M ′ such that f∗[α′] = [α] and f∗[ω′] = [ω].

Note that this definition says that f pulls back conformal classes to conformal classes. This
means that f∗α′ = λα and f∗ω′ = ρω for λ, ρ : M → R \ {0} but λ and ρ can be different
functions.
We also have the notion of an embedding of almost contact structures.

Definition 2.13. An embedding of almost contact structures is a smooth embedding which
is an isomorphism of almost contact structures onto it’s image.

Remark 2.14. As we stated before the description hyperplane fields in terms of differential
forms is not unique. This is the reason that in the above definitions of (almost) contact
structures and maps we consider conformal classes of differential forms. Sometimes we want
to work with fixed representatives of these classes. We then talk about strict (almost) contact
structures and maps. More precisely, a strict contact manifold is a pair (M,α) where α ∧
(dα)n 6= 0, and a strict almost contact structure is a triple (M,α, ω) where α ∧ ωn 6= 0.
Similarly, a strict contactomorphism between strict contact manifolds (M,α) and (M ′, α′) is
a diffeomorphism f : M → M ′ such that f∗α′ = α and a strict isomorphism between strict
almost contact manifolds (M,α, ω) and (M ′, α, ω′) is a diffeomorphism f : M →M ′ such that
f∗α′ = α and f∗ω′ = ω. Strict (almost) contact embeddings are defined analogously.
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2.2 Transverse contact structures & Giroux’s theorem

Recall that a hypersurface Σ ⊂ (M, ξ = kerα) in a contact manifold has a singular 1-
dimensional foliation F defined by the distribution

(TΣ ∩ ξ|Σ)⊥ ,

where ⊥ denotes the symplectic complement with respect to dα. It is well known, see for
example Theorem 2.5.22 in [5], that in the 3-dimensional case this characteristic foliation
determines the contact germ on Σ.
It turns out that a slightly weaker version of this theorem, given by Theorem 2.18 below, still
holds in higher dimensions. To prove this we first introduce the notion of transverse contact
structures.

Consider a manifold M of dimension 2m + 2 and α a 1-form on M . We say that α is non-
degenerate if α ∧ dα2m 6= 0.

Definition 2.15. A one-dimensional foliation F on a manifold M of dimension 2m + 2 is
said to have a transverse contact structure if there is a smooth codimension 1 distribution
H = kerα for a smooth 1-form α on M (i.e. a smooth hyperplane field) such that

(i) the tangent planes to F are contained in H, i.e. TF ⊂ H,

(ii) H restricts to a contact structure on any 2m+ 1 dimensional manifold N transverse to
F , i.e. H ∩ TN is contact for any manifold N transverse to F ,

(iii) H is invariant under flowing along F , i.e. if F is represented by a vector field X, then
LXα = ρα for some smooth function ρ.

The main result of this section is the following lemma.

Lemma 2.16. There is a bijective correspondence between equivalence classes of non-degenerate
1- forms α on a 2m+ 2 dimensional manifold M and 1 dimensional foliations F with trans-
verse contact structure H := kerα.

Proof. We will show that given a non-degenerate 1-form α on M there exists a unique 1
dimensional foliation F such that H := kerα is a transverse contact structure.

Let Ω be a volume form on M and define a vector field X by ιXΩ = α ∧ dαm. Since, α is
non-degenerate X is non-vanishing and defines a foliation F on M . We now show that H
is a transverse contact structure for F . From our definition of X and since Ω is a volume
form on M it is clear that α satisfies the contact condition when restricted to any manifold
N transverse to F . Next, observe that

0 = ιX(ιXΩ) = (ιXα) ∧ dαm −mα ∧ (ιXdα) ∧ dαm−1.

Wedging this equation with α, we conclude ιXα = 0, implying TF ⊂ H. It remains to show
that H is invariant under monodromy along F . We claim that LXα = 0. It follows from
Darboux’s theorem that near every point p ∈M we can find coordinates (y, x0, . . . , x2m) such
that F is given by (x1, . . . , x2m) is constant and

α|TN = dx0 + x1dx2 + · · ·+ x2m−1dx2m.
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This implies that α = fdy + x0dx1 + · · · + x2m−1dx2m for a smooth function f : M → R.
Moreover, since TF ⊂ kerα we have ιXα = f = 0 so that α = x0dx1 + · · ·+x2m−1dx2m. Now
compute LX = ιXdα+ d(ιXα) = 0.

To show that F is unique it suffices to show that if X is any vector field tangent to F and
H = kerα a transverse contact structure for F , then X satisfies α∧ dαm = ιXΩ where Ω is a
again a volume form.

To see this condition is satisfied observe that ιXα = 0 since F ⊂ H. Furthermore, LXα = ρα
so we can (locally) find a non vanishing function λ such that LX(fα) = 0. Together this
implies that ιXd(λα) = 0 which is equivalent to

ιXdα = λ(X) ∧ α.

In turn this gives that ιX(α ∧ (dα)m) = 0 implying α ∧ (dα)m = ιXΩ as desired.

We get the following corollary for hypersurfaces in a contact manifold.

Corollary 2.17. Let S ⊂ M be a hypersurface in a contact manifold (M, ξ = kerα) of
dimension 2n+ 1. Then, outside the singular locus Σ ⊂ S, the characteristic foliation F of S
has a transverse contact structure invariant with respect to monodromy along the leaves of F .

Proof. Recall that the characteristic foliation is represented by a vector field X satisfying

ιXΩ = β ∧ dβn−1,

where Ω is a volume form on S and β := α|TS . Outside the singular locus this means
β ∧ dβn−1 6= 0, hence non-singular on S which has dimension 2n. Now apply the previous
Lemma.

The main use of these transverse contact structures is that they can be used to state a slightly
weaker version of Giroux’s theorem in higher dimensions. Recall that for a three-dimensional
contact manifold this theorem says that the contact germ of a hypersurface is completely
determined by its characteristic foliation. If we also keep track of the induced transverse
contact structure this is still true in higher dimensions.

Theorem 2.18. Let Si be closed hypersurfaces in (2n + 1)-dimensional contact manifolds
(Mi, ξi = kerαi), with induced characteristic foliations Fi and transverse contact structures
Hi, i = 0, 1. Suppose there is a diffeomorphism φ : S0 → S1 preserving both the charac-
teristic foliation and the transverse contact structure, then there exists a contactomorphism
ψ : OpS0 → OpS1 such that ψ|S0

= φ.

Proof. Recall that for a hypersurface S ⊂ (M2n+1, ξ = kerα) the characteristic foliation is
defined by the vector field X satisfying

ιXΩ = β0 ∧ (dβ0)n−1,
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where Ω is a volume form and β0 is the restriction of α to TS, see Lemma 2.5.20 in [5]. In the
three dimensional case (n = 1) this implies that if φ : S0 → S1 preserves the characteristic
foliation then the restrictions of α0 and φ∗α1 to S0 agree up to a scaling factor. If n ≥ 2 this
need not be true. However, using Lemma 2.16 we see that if φ also preserves the transverse
contact structure then it is still true that the restriction of α0 and φ∗α1 to S0 agree up to
scaling. A close inspection of the proofs of Theorem 2.5.22 and Theorem 2.5.23 in [5] shows
that with the previous remark the proofs go through in all dimensions.

2.3 Star-shaped domains

Given a strict contact manifold (M,α), there is a one-to-one correspondence between smooth
function H : M → R, called contact Hamiltonians, and contact vector fields XH on M . The
correspondence is given by

X 7→ HX := α(X)

H 7→ XH , defined uniquely by α(XH) = H and iXHdα = dH(Rα)α− dH.
(2.2)

Furthermore, this correspondence also holds for time dependent contact Hamiltonians H :
M×I → R (or 1-periodic contact Hamiltonians H : M×S1 → R) by applying the construction
from Equation 2.2 for each t ∈ I. Note that if the contact Hamiltonian is time dependent then
the corresponding contact vector field will also be time dependent. Since there is also a one-to-
one correspondence between contact vector fields and contact isotopies φt starting at φ0 = Id,
defined by integrating the vector field, we see that contact Hamiltonians H : M × I → R
correspond to contact isotopies φtH : M × I →M by φ0 = Id and

α(∂tφ
t
H(x)) = α(XH(φtH(x))) = H(φtH(x), t). (2.3)

A good reference for these facts is Section 2.3 in [5].

On the strict contact manifold (R2n−1, αst) we can use this correspondence to consider Xz,
the contact vector field associated to the z coordinate function. In coordinates we have
Xz = z ∂

∂z +
∑n−1

i=1 ui
∂
∂ui

. Denote by Xt
z : R2n−1 → R2n−1 it’s flow over time t which is

complete and fixes the origin.

Definition 2.19. A compact domain ∆ ⊂ (R2n−1, αst) is called star-shaped if it contains the
origin and its boundary is transverse to the vector field Xz.

A usefull property of star-shaped domains is that given two such domains ∆ and ∆′ we can
use Xz to flow one into the other while fixing the origin.

Lemma 2.20. Given any two compact star-shaped domains ∆,∆′ ⊂ (R2n−1, ξst), there exists
a Φ ∈ Cont0(R2n−1, ξst) such that Φ(∆) ⊂ Int ∆′.

Proof. Consider Φ := Xt
z for appropriate t ∈ R.

Furthermore, star-shaped domains come with a useful description of open neighborhoods of
the boundary.
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Lemma 2.21. For any compact star-shaped domain ∆, an open neighborhood of ∂∆ can be
identified with ∂∆× (−1, 1). Under this identification Xz corresponds to the constant vector
field ∂

∂∂∂t where t denotes the coordinate on (−1, 1).

Proof. Consider the map Φ : ∂∆× (−1, 1)→ R2n−1 defined by (x, t) 7→ Xt
z(x).

We will often encounter the following example of a compact, star-shaped domain called the
cylindrical domain

∆cyl := {(z, u1, θ1, . . . , un−1, θn−1) ∈ R2n−1 : |z| ≤ 1,
n−1∑
i=1

ui ≤ 1} ⊂ (R2n−1, ξst).

2.4 Contact shells

Suppose we have a manifold with an almost contact structure which is contact everywhere
except for some closed set as in the following definition.

Definition 2.22. A contact shell is a pair (B, η) consisting of

(i) a (2n+1) dimensional ball2 B ⊂ IntM , contained in the interior of an ambient manifold
M ,

(ii) an almost contact structure η on OpB which is a contact structure on an open set U
containing ∂B.

A contact shell is called solid if η is contact everywhere, i.e. if B ⊂ U .

We think of these contact shells as holes in the contact structure and to show existence of
a contact structure on the entire manifold we want to fill these holes. That is, we want to
homotope such a shell to a solid one without changing the ambient contact structure.

We define an equivalence relation on the set of all contact shells encoding when two contact
shells are the same for our filling problem. Being the same, means that if we can fill a contact
shell then we can fill any shell equivalent to it.

Definition 2.23. An equivalence between two contact shells (B, η), (B′, η′) is a diffeomor-
phism f : OpB → OpB′, such that there exist an open set U ⊃ ∂B satisfying

1. f(B) = B′ and f∗(η′|f(U)) = η|U ,

2. f∗η′ is homotopic to η through almost contact structures, fixed on U .

In this case (B, η) and (B′, η′) are said to be equivalent, denoted (B, η) ∼ (B′, η′).

2We will always allow balls and disks to have piecewise smooth (i.e. stratified by smooth submanifolds)
boundary. For the sake of clarity we will use the convention dimB = 2n+ 1, dimD = 2n and dim ∆ = 2n− 1
when defining balls/disks.
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It is easy to see that this defines an equivalence relation. Note that since the homotopy is
fixed on U ⊃ ∂B we do not change the (almost) contact structure on the ambient manifold
outside of B.

Given a contact shell (B, η), it can happen that U is large relative to B. In this case filling
(B, η) reduces to filling a smaller contact shell contained in B. This situation gives rise to the
notion of domination of contact shells.

Definition 2.24. A contact shell (B+, η+) is said to dominate a contact shell (B−, η−),
denoted by (B−, η−) ≺ (B+, η+), if there exist

• equivalences of contact shells g− : (B−, η−)→ (B̃−, η̃−) and g+ : (B+, η+)→ (B̃+, η̃+).

• an almost contact embedding h : (B̃−, η̃−) ↪→ (B̃+, η̃+),

such that h∗(η̃+) = η̃− and η̃+ is contact on B̃+ \ Inth(B̃−). The composition g−1
+ ◦ h ◦ g− :

B− → B+ is called a subordination map.

In [2] the following, slightly different, definition of domination is given:

Definition 2.25. Given two shells (B+, η+) and (B−, η−) we say that (B+, η+) dominates
(B−, η−) if there exists both

• a shell (B, η) with an equivalence g : (B, η)→ (B+, η+) of contact shells,

• an embedding h : B− → B such that h∗η = η− and η is a contact structure on B \
Inth(B−).

So, in our definition we allow for an extra equivalence. The next lemma says these two
definitions are equivalent.

Lemma 2.26. Definition 2.24 and Definition 2.25 are equivalent.

Proof. Assume (B−, η−) is dominated by (B+, η+) according to Definition 2.25. Then, taking
g− = Id and g+ = g−1, it follows that (B−, η−) ≺ (B+, η+) according to Definition 2.24.

To show the converse, assume (B−, η−) ≺ (B+, η+) according to Definition 2.24. Consider
the composition h ◦ g− : B− → B+ this is an embedding and hence a diffeomorphism onto it’s
image.
Since g− is an equivalence, we have (g−1

− )∗η− ' η̃− by a homotopy of almost contact structures

fixed on U := Op ∂B̃−. Furthermore, since h is an almost contact embedding (h−1)∗η̃− = η̃+.
Hence,

(h ◦ g)−1∗η− = h−1∗g−1∗η− ' h−1∗η̃− = η̃+,

and this homotopy is fixed on ∂B̃+ ⊂ h(U). We extend this homotopy to a homotopy on
B̃+ fixed outside Inth(B̃−) to get an equivalence (B, η) ∼ (B̃+, η̃+). Here B := B̃+ and η
is the almost contact structure on OpB which agrees with η̃+ outside Inth(B̃−) and with
(h ◦ g)−1∗η− everywhere else. Then, we have an equivalence (B+, η+) ∼ (B, η). Furthermore,
h ◦ g− : (B−, η−) → (B, η) is an embedding such that (h ◦ g−)∗η = η− and η is a contact
structure on B \ Inth ◦ g−(B−) = B̃+ \ Inth(B̃−) since it agrees with η̃+.
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The domination relation is weaker than the equivalence relation. More precisely, if (B−, η−) ∼
(B+, η+) then (B−, η−) ≺ (B+, η+). This follows immediately by taking g− = g+ = Id and
h = f where f : (B−, η−)→ (B+, η+) is the equivalence.
Furthermore, the domination relation is reflexive, transitive but not symmetric or antisym-
metric. This means it is a pre-order on the set of contact shells but not a partial order or
equivalence relation. It is easy to see that (B, η) ≺ (B, η) and that (B, η) ≺ (B′, η′) does
not imply (B′, η′) ≺ (B, η). Transitivity is proved in the following Lemma and the fact that
domination is not antisymmetric follows from Example 5.6.

Lemma 2.27. If we have contact shells (B−, η−), (B, η) and (B+, η+) such that (B−, η−)
is dominated by (B, η) and (B, η) is dominated by (B+, η+), then (B−, η−) is dominated by
(B+, η+). Here domination refers to Definition 2.25.

Proof. By definition of the domination relation we have equivalences (B+, η+) ∼ (B̃+, η̃+),
(B, η) ∼ (B̃, η̃) and isomorphisms

h+ : (B, η)→
(
h+(B), η̃+|h+(B)

)
⊂ (B̃+, η̃+)

h− : (B−, η−)→
(
h−(B−), η̃|h−(B−)

)
⊂ (B̃, η̃)

Let φ : B̃ → B denote the diffeomorphism from the equivalence (B, η) ∼ (B̃, η̃). Then,
φ−1∗(η̃) ∼= η rel ∂B. This implies,

(φ−1 ◦ h−1
+ )∗(η̃) ∼= h−1∗η = η̃+|h+(B) , rel ∂h+(B).

Extending this to a homotopy on B̃+, fixed outside h+(B) gives an equivalence

(B̃+, η̃+) ∼ (B̃+, η̂),

where η̂ is defined by η̂|h+(B) = (h−1
+ ◦φ−1)∗η̃ and η̂|

B̃+\h+(B)
= η̃+|B̃+\h+(B)

. By transitivity

of the equivalence relation we conclude (B+, η+) ∼ (B̃+, η̂). The composition h+ ◦ φ ◦ h− :
B+ → B̃+ is an embedding satisfying (h+ ◦ φ ◦ h−)∗η̂ = η−. Moreover, outside Inth+ ◦ φ ◦
h−(B−) = h+(B) we have that η̂ is contact since h+ comes from the assumption that B+

dominates B. We conclude that (B−, η−) is dominated by (B+, η+).

Finally,the following lemma says that the domination relation does indeed encode when it is
possible to reduce the filling problem:

Lemma 2.28. Let (B−, η−) be a contact shell which is equivalent to a solid shell. If (B−, η−)
is dominated by a shell (B+, η+), then (B+, η+) is equivalent to a solid shell.

Proof. We use again Definition 2.25. Hence, by assumption so we have an equivalence g :
(B, η)→ (B+, η+) and an embedding h : B− → B satisfying h∗η = η−.
The assumption that (B−, η−) is equivalent to a solid shell implies that we can find a homotopy
of almost contact structure ηt, t ∈ [0, 1] satisfying η0 = η−, η1 is contact and ηt|Op∂B− = η0

for all t ∈ [0, 1].
Using h−1 : B → B− we can pullback ηt to a homotopy (h−1)∗ηt on B between η and a
contact structure ξ extending (h−1)∗η1, which makes (B, ξ) into a solid shell. By transitivity
of the equivalence relation this means that (B+, η+) is equivalent to a solid shell.
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Chapter 3

Main theorem

With the basic definitions in place we are now ready to give the precise statement of the
main theorem saying that any almost contact structure is homotopic to a contact structure.
In this chapter we present the main ideas of this proof without going in to much details.
There are two reasons for doing this. Firstly, the order in which the parts of the proof will
be presented in subsequent chapters is different from the order in which they are used in the
proof. Therefore, it is useful to see the logical structure of the proof in advance. Secondly, we
hope that the elegant main ideas serve as motivation for the sometimes technical and involved
details.

The core of the proof consists of two arguments, resulting in Proposition 3.7 and Proposition
3.8 below. The first argument, which we consider in Section 3.2, shows that we can find a
contact structure on the complement of finitely many contact shells. In Section 3.3 we explain
the second demonstrating how to extend the contact structures over these contact shells. In
Section 3.4 we show how the core propositions combine to give the proof of the main theorem.

3.1 Main theorem

The statement of the main theorem is as follows.

Theorem 3.1. Let M be a manifold and A ⊂ M a closed subset, possibly the emptyset.
Furthermore, let η be an almost contact structure on M which is contact on OpA. Then, η
is homotopic, through almost contact structures, relative to A to a contact structure ξ on M .

We make no assumptions on the manifold M , other than it being of odd dimension which is
necessary for the existence of an (almost) contact structure. Hence, taking A = ∅, this shows
in particular that any closed manifold which admits an almost contact structure admits a
contact structure.

By making minor modifications to the proof it is possible to obtain a parametric version of
the above theorem. For the most part these modifications consist of adding parameters in the
notation and in a few places the argument changes slightly. We will not give the details of
this proof and refer the interested reader to [2]. For completeness we do give the statement
of the theorem for which we first need to introduce some notation.
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Let Contot(M,A, ξ0) denote the space of overtwisted contact structures ξ on M which co-
incide with some fixed contact structure ξ0 on OpA, with A ⊂ M closed. Similarly, let
contot(M,A, ξ0) denote the space of almost contact structures η on M which coincide with
a fixed contact structure ξ0 on OpA. Given a contact embedding of an overtwisted disk
φ : (Dot, ζot) → (M \ A, ξ) we denote by Contot(M,A, ξ0, φ) and contot(M,A, ξ0, φ) the sub-
spaces of (almost) contact structures containing this specific overtwisted disk.

Theorem 3.2. The inclusion map induces an isomorphism

j∗ : π0(Contot(M,A, ξ0))→ π0(cont(M,A, ξ0)),

and moreover the map

j : Contot(M,A, ξ0, φ)→ contot(M,A, ξ0, φ),

is a (weak) homotopy equivalence.

The surjectivity on π0 means that any almost contact structure is homotopic to a contact
structure. The injectivity on π0 says that two overtwisted contact structures which are ho-
motopic as almost contact structures are homotopic as contact structures. Hence by Gray
stability, Theorem 3.5, this implies that they are isotopic. So, an isomorphism on π0 means
that each homotopy class of almost contact structures contains a unique, up to isotopy, con-
tact structure.
For higher homotopy groups we get similar statements. For example, the surjectivity on π1

says that every 1-parameter family of almost contact structures {ξt}t∈[0,1] joining two con-
tact structures ξ0 and ξ1 is homotopic, while keeping ξ0 and ξ1 fixed, to a family of contact
structures {ξ̃t}t∈[0,1].

3.2 Reduction to a local problem

The starting point of the proof is the famous result by Gromov stating that contact structures
on open manifolds admit a (multi) parametric h-principle. With the same notation as before
the statement is as follows:

Theorem 3.3. Let M be a manifold, A ⊂ M a closed subset (possibly the emptyset) and ξ0

a contact structure on OpA. If (M,A) is relatively open1, then the inclusion

j : Cont(M,A, ξ0)→ cont(M,A, ξ0)

is a (weak) homotopy equivalence.

We will not provide a proof of this theorem but instead refer the reader to [9] or [4].

1A pair (M,A) is called relatively open if for any x ∈M \A there either exists a path in M \A connecting
x with a boundary point of M , or a proper path γ : [0,∞)→M \A with γ(0) = x. This condition is satisfied
if M \A is an open manifold, i.e. non-compact or with boundary.
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For open manifolds this already proves the main theorem so let us assume we have a closed
almost contact manifold (M,η) of dimension 2n + 1 and that for some closed set A ⊂ M ,
possibly empty, the restriction η|A is contact.
Choose an embedded annulus B := S2n × [0, 1] ⊂ M \ A, which can always be done using a
local coordinate chart of M . Since B is closed we can apply Theorem 3.3 to the complement
M \B. Hence, we can homotope η|M\B to a contact structure ξ on M \B and the homotopy
can be assumed to be relative to A ⊂ M . This homotopy can be extended to a homotopy
on M , starting at η and ending at an almost contact structure η′ satisfying η|M\B = ξ. By

slightly enlarging B we can assume that η′|Op ∂B is contact making (B, η′|B) into a contact
shell.

The key observation is that since B is fibered by spheres S2n we obtain a 1-parameter family
of almost contact structures to which we can apply the 1-parametric part of Theorem 3.3.
More precisely, pick an open neighborhood Ut := S2n × (t − ε, t + ε) around each sphere
S2n × {t}, t ∈ [0, 1] and consider the restriction η′t := η′|Ut . By picking ε small enough we
can assume that η′0 and η′1 are contact. Hence, identifying all the neighborhoods Ut with
U := S2n× (−ε, ε) we obtain a one parameter family of almost contact structures η′t, t ∈ [0, 1]
such that η0 and η1 are contact structures.
The 1-parameter case of Theorem 3.3 tells us that we can find a homotopy from η′t to a
family of contact structures ζt, t ∈ [0, 1] satisfying ζt = η′t for t = 0, 1. Using again the
identification Ut ∼= U we obtain a contact structure ζt on an open neighborhood Ut of each
slice S2n×{t} ⊂ B. We call such a (smooth) family a semi-contact structure on B and denote
it by ζ := {ζt}t∈[0,1].

Remark 3.4. (i) Restricting ζt to S2n × {t} for each t ∈ [0, 1] induces on B an almost
contact structure ηζ . Unlike η′ this almost contact structures agrees with a contact
structure in all 2n directions along the fiber S2n and is an almost contact structure only
in the t coordinate direction. Morally speaking we have reduced a 2n + 1 dimensional
problem to a one dimensional problem.

(ii) The contact germs ζ0 and ζ1 are just the restriction of the contact structure on Op ∂B.
Hence, we can forget about the ambient manifold and just consider (B, ζ) because as long
as we keep ζ0 and ζ1 (which corresponds to keeping ηζ fixed on ∂B) fixed we can always
glue back B into the ambient manifold.

The next step is to relate the contact germs on different fibers to each other. For this, we use
the Gray stability theorem.

Theorem 3.5. Let {ξt}t∈I be a smooth family of contact structures on a closed manifold M .
Then there is an isotopy ψt, t ∈ I, such that

Tψt(ξ0) = ξt for all t ∈ I.
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ζt

Sn × {t}

Restricting

Sn × I

Figure 3.1: The annulus Sn × I ⊂ M together with the semi-contact structure ζ = {ζt}t∈I .
Note that the ζt overlap but restricting ζt to S2n × {t} induces an almost contact structure
ηζ as in Lemma 9.2.

Apply this theorem to the family ζt, t ∈ [0, 1] on U = S2n × (−ε, ε) and assume that for
all t ∈ [0, 1] the hypersurface ψt(S

2n × {0}) is the graph of a function φt : S2n → (−ε, ε).
This realizes the germs of contact structures ζt as the restriction of ζ0 to the graphs of the
functions φt. Observe that since ψ0 = Id we always have φ0 = 0. Furthermore, the functions
φt for t ∈ (0, 1) do not matter so much since we can always change them using a homotopy
fixing ηζ relative to the boundary ∂B. So, the information we need to remember is just the
contact structure ζ0 and one function φ := φ1. To finish the proof we have to homotope ηζ
to a contact structure ”connecting” the germs on the graphs of φ0 and φ1.

Remark 3.6. Note that up to this point we have not used any properties unique to contact
structures. Indeed, the only things we have used so far are the h-principle theorem by Gromov
and a Moser type argument in the form of the Gray stability theorem and there are many other
types of structures for which these statements hold. In fact, the above argument is a common
idea in h-principle type proofs where it is usually the case that to proof even existence of some
structure in n dimensions we need a 1-parametric h-principle in n− 1 dimensions.

We have an immersion F : S2n × [0, 1]→ S2n × (−ε, ε) defined by

(x, t) 7→ (x, tφ(x)).

Around the points where φ is positive this becomes an embedding and we can easily obtain
the required contact structure by pulling back ζ0 to B. Therefore, the interesting region is
where φ becomes negative.
Consider the (singular) characteristic foliation F induced on S2n×{0} by the contact structure
ζ0. Recall that associated to a contact form α defining ζ0 we have a contact vector field Rα
called the Reeb vector field which is transverse to the contact hyperplanes. This implies that
around the singular points of F the Reeb vector field is transverse to S2n × {0} and we can
use this to “push up” the graph of φ until it is positive. As before this gives us the required
contact structure around the singular points.
Away from the singular points any vector field representing the characteristic foliation is non-
vanishing, so locally just a constant vector field. Using Giroux’s theorem this allows us to
locally identify S2n × {0} with the hyperplane
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Π := {(x, q, p) ∈ R2n−1 × T ∗R | p = 0 } ⊂ (R2n−1 × T ∗R, ker(αst + pdq),

whose characteristic foliation is given by straight lines in the q-direction.

Hence, locally the contact germ ζ0 equals the restriction of ξst to OpΠ while ζ1 equals the
restriction of ξst to the graph of a function φ̃ : Π→ R corresponding to φ.
Using a partition of unity argument and various local deformations, the part of B where φ is
still negative can be cut up into finitely many contact shells, called circle models.
Intuitively, each circle model is obtained by restricting the function φ̃ to a small subset of the
form ∆× I, where ∆ ⊂ R2n−1 is star-shaped, obtaining a function K : ∆× I → R. Taking a
quotient in the q direction we can replace I by S1 obtaining a function K : ∆×S1 → R. The
pair (∆,K) of such a function and its star-shaped domain is called a contact Hamiltonian.
We view S1 as the angular coordinate on R2 and by picking a constant so that K + C is
strictly positive we can define a ball BK as in Figure 3.2. Furthermore we endow BK with a
contact shell structure ηK coming from the region between Π and the graph of K as above.
Again, this implies that the contact germ on ∂BK is determined by K : ∆× S1 → R.

K + C

K

R2n−1

R

R R

R2n−1

Figure 3.2: Circle model associated to the Hamiltonian K.

We have now reduced the problem to filling finitely many circle models (BK , ηK) determined
by contact Hamiltonians (∆,K). A priori there are still infinitely many possible choices for
these contact Hamiltonians but it turns out that using an equivariant covering argument it is
possible to further reduce to the case that in a fixed dimension all circle models are modelled
by one universal contact Hamiltonian. Together, these observations add up to the first half
of the proof of Theorem 3.1 expressed by the following proposition.

Proposition 3.7. For each dimension 2n+1 there exists a contact Hamiltonian (Kuniv,∆univ)
such that the following is true.
Let M be a (2n+ 1)-dimensional manifold, A ⊂M a closed subset, and η an almost contact
structure on M which is contact on OpA ⊂ M . Then, there exists (finitely many) disjoint
balls Bi ⊂M , for i = 1, . . . , L such that η is homotopic relative to A, through almost contact
structures, to an almost contact structure η′ satisfying

(i) η′ is a contact structure on M \
⋃N
i=1Bi,

(ii) the contact shells (Bi, η
′|Bi) are equivalent to (BKuniv , ηKuniv) for i = 1, . . . , L.
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3.3 Solving the local problem

The second half of the proof consists of showing that the circle model (BKuniv , ηKuniv) ap-
pearing in the previous proposition is equivalent to a solid shell. This boils down to studying
the contact Hamiltonians (K,∆) defining the circle models.
The set of contact Hamiltonians (∆,K) has three important properties which combine to
give the proof of Proposition 3.8. We briefly discuss these and then sketch the proof of the
proposition.

Firstly, there exists a preorder ≤ on the set of all contact Hamiltonians, which we refer to
as the domination relation for contact Hamiltonians. Morally speaking, (K,∆) ≤ (K ′,∆′)
means that K is smaller than K ′ in the sense that ∆ ⊂ ∆′ and K ≤ K ′, as functions on ∆.
The essential property of this relation is that it is compatible with the domination relation
on circle models ≺, in the sense that if (K,∆) ≤ (K ′,∆′) then the associated circle models
satisfy (BK , ηK) ≺ (BK′ , ηK′). An important consequence of the compatibility is that if we
can find a contact Hamiltonian (∆,K) producing a solid circle model (BK , ηK) then any circle
model (BK′ , ηK′) modelled by a Hamiltonian (∆′,K ′) ≥ (∆,K) is equivalent to a solid shell.

Secondly, given a contactomorphism φ : ∆ → ∆′ and a contact Hamiltonian K : ∆ → R we
can construct a new contact Hamiltonian φ∗K : ∆′ → R, called the push-forward Hamiltonian,
defined by φ∗K(φ(x)) := cφ(x)K(x). Here cφ : ∆ → R+ is the positive function satisfying
φ∗αst = cφαst. Intuitively, the contactomorphism φ : ∆ → ∆′ can be viewed as a contact
coordinate change and φ∗K is just the Hamiltonian K in the new coordinates.
What makes this construction useful is that the circle models defined by K and φ∗K are
equivalent. Hence, we can model the same circle model by different Hamiltonians and we can
choose the Hamiltonian which is the easiest to work with or satisfies some useful properties.

Thirdly, given two contact shells (B, η) and (B′, η) in an almost contact manifold M we can
connect them by a thin tube obtaining a new contact shell (B#B′, η#η′), the connected sum.
Furthermore, if we take the connected sum of two circle models (BK , ηK) and (BK′ , ηK′), the
resulting shell is again a circle model. The contact Hamiltonian describing it, is denoted by
(K#K ′,∆#∆′).
This construction is basically just the topological connected sum construction taking into
account the smoothness of the contact structures along the gluing and the requirement that
the connecting tube has to be (contact) embedded into the ambient manifold
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To see how these observations can be used to proof Proposition 3.8 recall that the almost
contact structure on a circle model (BK , ηK) corresponds to the region between the zero
section of R2n−1 × T ∗S1 and the graph of K : ∆ × S1 → R in the same space. In the same
way as before this implies that (BK , ηK) is solid if and only if K is strictly positive. In terms
of the domination relation we can express this by saying that (BK , ηK) is solid if and only
if (∆,K) ≥ (∆,K0), where K0 denotes the constant function with value zero. Indeed, if we
define the empty set to be the circle model defined by (∆,K) for any ∆, then this follows
from the compatibility of the domination relations on Hamiltonians and circle models.
From this point of view the filling problem for a ball is just a special case of the filling problem
for an annulus. Indeed, we can view the ball (BK , ηK) as an annulus obtained as the difference
of two circle models (BK , ηK) and (BK0 , ηK0) which is just the empty set.
In general given a contact embedding ι : (BK′ , ηK′) → (BK , ηK) we can define an annulus
(BK \ IntBK′ , ηK |BK\IntBK′

). It is important to note that this embedding need not be a

subordination map so it is not necessary that K ′ ≤ K. The filling problem for such an annulus
translates into finding a contactomorphism φ ∈ Cont(R2n−1, ξst) such that φ∗K

′ ≤ K.
The biggest obstruction in finding such a contactomorphism is that since the push-forward
construction is basically multiplication by a positive function it can never change the sign of a
Hamiltonian. In particular this implies that if K is somewhere negative and K ′ is everywhere
non-negative then we cannot find the required φ. This is also the situation when trying to
fill a ball since here K ′ = K0 while K can be somewhere negative. Hence, we need a trick to
resolve this.

Using the connected sum construction we can obtain (BK , ηK) as part of an annulus whose
inner boundary is described by a somewhere negative function in the following way.
Assume somewhere in our manifold we have a solid contact shell (BK′ , ηK′) dominating a
solid circle model modelled by a slightly smaller Hamiltonian K ′ε := K ′ − ε. Consider the
connected sum BK#BK′ and remove from it the circle model BKε , see Figure 3.3. This way
we obtain an almost contact annulus with a contact germ on the outer sphere modelled by
K#K ′ and a contact germ on the inner sphere modelled by K ′ε.

BK BK′

M

BK#BK′

BK′ε

M

K#K ′ K ′ε φ∗K
′
ε

Figure 3.3: Top: Turning the filling problem for a ball into a filling problem for an annulus
using the connected sum construction. Bottom: Using the push-forward construction to
obtain φ∗K

′
ε ≤ K#K ′.
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There is a large class of Hamiltonians called special which have very nice properties including
being somewhere negative. If K ′ is such a special contact Hamiltonian then it is possible to
find the required contactomorphism φ ∈ Cont(R2n−1, ξst) such that φ∗K

′
ε ≤ K#K ′. Basically

this is done by defnining φ in such a way that it stretches the region where K ′ and hence
Kε, which may be very small, to cover the region where K#K ′ is negative. Furthermore, we
make sure that cφ is very large on the region where Kε is negative so that in the end we have
φ∗Kε ≤ K#K ′. In turn this φ induces a homotopy of almost contact structures (relative to
the boundary of the annulus) between ηK#ηK′ and a contact structure.

Recall that we assumed the existence of a circle model (BK′ , ηK′) modelled by a special
contact Hamiltonian. It turns out that it is enough to require the existence of a contact ball
(not necessarily a circle model) (B, ξ) containing a so called overtwisted disk (Dot, xiot) in its
boundary. Morally, an overtwisted disk is defined to be the lower hemisphere (together the
induced contact germ) of a circle model associated to a special contact Hamiltonian which
is smaller than Kuniv. These disks are also used to define overtwisted contact structures in
higher dimensions.

The above observations amount to the second half of the proof of Theorem 3.1 expressed by
the following proposition.

Proposition 3.8. Let (∆cyl,K) be a special contact Hamiltonian and (B, ξ) a contact ball
(not necessarily a circle model) such that there is a contact embedding (DK , ηK) ⊂ (∂B, ξ).
Then, given any contact Hamiltonian K ′ ≥ K the connected sum

(BK′#B, ηK′#ξ)

connecting the north pole of BK′ and the south pole of DK ⊂ ∂B, is equivalent to a solid
contact shell.

There is one point we still need to address. Namely, in order to apply Proposition 3.8 to fill
the finitely many circle models equivalent to (BKuniv , ηKuniv) obtained by Proposition 3.7, we
need as many balls containing an overtwisted disk in their boundary.
The following lemma whose proof essentially boils down to the path-connectedness of the
linear symplectic group, says that we can always create an overtwisted disk in an almost
contact manifold.

Lemma 3.9. Let (M,η) be an almost contact manifold and B ⊂ M a ball. Then η is
homotopic relative to M \ OpB to an almost contact structure η′ containing an overtwisted
disk in ∂B.

Note that the homotopy does not change the almost contact structure outside OpB. There-
fore, it is easy to see that we can apply this homotopy without changing the contact structure
on OpA, where A ⊂M is as in Theorem 3.1.
Furthermore, once we have one overtwisted disk, we have as many as we need.

Lemma 3.10. Every neighborhood of an overtwisted disk in an (almost) contact manifold
contains a foliation by overtwisted disks.

The basic idea of the proof is that if K is a special contact Hamiltonian, then a slightly
perturbed Hamiltonian Kε will still be special. The disks (DKε , ηKε) foliate a neighborhood
of the disk (DK , ηK).
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3.4 Proof of the main theorem

We now show how Proposition 3.7 and Proposition 3.8 imply the proof of Theorem 3.1. Unlike
the previous sections the argument here is presented in full detail.

Proof of Theorem 3.1. Choose a ball B ⊂M \A, and apply Lemma 3.9 to homotope η|B to a
contact structure containing an overtwisted disk. As we noted before, this changes η on OpB
but the result will stil be an almost contact structure. For the rest of the proof we want to
keep the contact structure on A ∪B fixed.

Using Proposition 3.7 we deform η relative to A ∪B to an almost contact structure η′ which
is contact in the complement of finitely many balls B1, . . . , BL ⊂ M \ A ∪ B. Furthermore,
each (Bi, η

′|Bi) is equivalent to (BKuniv , ηKuniv).

By Lemma 3.10 we can find disjoint balls B̂1, . . . , B̂L ⊂ IntB such that the boundary of each
ball contains an overtwisted disk (DKi , ηKi) for special Ki ≤ Kuniv, i = 1, . . . , L. The balls
Bi and B̂i can be connected inside M \A and without intersecting each other, by taking their
(ambient) connected sums. This yields contact shells (Bi#B̂i, η

′|
Bi#B̂i

), i = 1, . . . , L. From
Proposition 3.7 and properties of the connected sum construction we get isomorphisms

(Bi#B̂i, η
′∣∣
Bi#B̂i

) ∼= (Bi#B̂i, η
′∣∣
Bi

# η′
∣∣
B̂i

) ∼= (BKuniv#B̂i, ηKuniv# η′
∣∣
B̂i

), i = 1, . . . , L.

These shells satisfy the conditions for Proposition 3.8 and hence we can homotope ηKuniv# η′|
B̂i

relative to the boundary of BKuniv#B̂i to a contact structure. Going back under the isomor-
phisms this gives an equivalence of (Bi#B̂i, η

′|
Bi#B̂i

) to a solid shell.

Since all the homotopies we used are relative to A this concludes the proof.
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Lemma 3.9

Proposition 3.7

Lemma 3.10

Connected sum

Proposition 3.8

A

A

A A

A

A

B

B
B

BB

Figure 3.4: Overview of the steps in the main theorem and their result on the manifold M .
Note that the ball B changes appearance but this is just to make the picture more readable.
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Chapter 4

Circle models

As we have seen in Chapter 3 we can use topological methods to obtain a contact structure
on a large part of the manifold, as is summarized in the statement of Proposition 3.7. This
leaves us with finitely many contact shells of a specific form, called circle models. In this
chapter we give a precise definition of these circle models and study some of their immediate
properties.
In short, a circle model (BK , ηK) is a contact shell with the special property that the contact
structure near the boundary ∂BK is encoded in a function K called a contact Hamiltonian. In
the next chapters we will see that the equivalence and domination relations for circle models
translate into relations on their defining functions. This allows us to formulate the filling
problem in terms of functions, which are relatively easy to understand, leading to a proof of
Proposition 3.7.

The precise definition of a circle model is rather involved. To clarify some parts of the defi-
nition we start by giving some motivation in the first section. The motivation is given by the
proof of Proposition 3.7. We have seen in Chapter 3 that the essential ingredients in this proof
are the push forward construction and the fact that the contact structure near the boundary
of a circle model is encoded by a function. It turns out that if we want circle models to satisfy
these conditions there is only one possible definition.
In the second definition we explain the precise definition. The construction of a circle model
from its defining contact Hamiltonian involves several choices of auxiliary functions and con-
stants. In the third section we show that suitable functions and constants exist and that the
specific choice does not matter so that circle models are well defined.
In the last section we focus on the contact structure near the boundary of the circle model
and calculate the precise form of the induced characteristic foliation on the boundary.

4.1 Intuition for circle models

Before considering the general case we illustrate the motivating properties in the following
example, the simplest case of a 3-dimensional circle model.

Consider the (strict) contact manifold (R3, α0 := dz+vdθ), take ∆ := I and letK : Op I → R+

be a smooth, positive function. We view K as a positive function on (Op I)× S1 by defining
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it to be independent of the S1 coordinate. Using K we define a (piecewise smooth) ball as
follows,

BK := { (x, v, θ) ∈ R3 | 0 ≤ v ≤ K(x, θ) }.

Restricting the standard contact structure ξst = kerα0 to an open neighborhood of BK gives
it the structure of a solid contact shell. This is the simplest example of a circle model.

Observe that the ball BK is a (trivial) fiber bundle over D2. It is trivialized by the map

ψ : I ×D2 → BK , (x, r, φ) 7→ (x, rK(x, φ), φ),

where (r, φ) ∈ D2 denote standard polar coordinates. In the trivialization the projection map
given by π(x, r, φ) := (r, φ) the projection onto D2.
Since, K is defined on an open neighborhood of I we can slightly extend ψ, to a diffeomorphism
between Op (I ×D2) and OpBK ,also be denoted by ψ. Furthermore, equipping Op (I ×D2)
with the contact structure ξ := ker(ψ∗αst), making ψ into a contactomorphism.

The coordinate expression for α := ψ∗αst is given by

dx+ rK(x, θ)dφ. (4.1)

This coordinate description of the contact structure on BK allows us to read of its special
properties:

(i) The hyperplane field ξ = kerα is fiberwise contact in the sense that

ξ ∩ T (Ip) = ξ1
st, for all p ∈ D2,

where ξ1
st = ker dx is the standard (trivial) contact structure on I ⊂ R. This follows

immediately from the fact that α|T (Ip) = dx.

(ii) The contact structure near the boundary ∂(I ×D2) is encoded by K. Indeed, an open
neighborhood of this boundary is contactomorphic to the hypersurface in (R3, ξst) de-
scribed by K.

The relevance of the first property is that it ensures that the push-forward construction, which
we introduce in Chapter 5, produces equivalent circle models. We illustrate this for our simple
example above.
Let F : I → [a, b] be a contactomorphism between I and some compact interval [a, b] ⊂
(R, ξ1

st). As usual this means that F ∗(α1
st) = cFα

1
st for some positive function cF , which in

this case is just dF
dx .

This contactomorphism induces a new contact Hamiltonian F∗K : [a, b]× S1 → R+ which we
call the push-forward contact Hamiltonian. It is defined by

F∗K(F (x), θ) = cF (x)K(x, θ).

We can use this new Hamiltonian to define a circle model BF∗K in exactly the same way as
above. It turns out that BK and BF∗K are contactomorphic by the map G : BK → BF∗K
defined by

G(x, v, θ) := (F (x), cF (x)v, θ).
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Observe that the fact that G is a contactomorphism is a consequence of the fact that ξ is
fiberwise contact. Conversely, for any fiberwise contact structure a map of the above form is
automatically a contactomorphism. We will see later that this is still true in the general case
when the fiber I is replaced by a compact star-shaped domain ∆ ⊂ R2n−1 and K : ∆×S1 → R
is allowed to become negative.

Now let us return to the main story. The point of the previous discussion is that (almost)
contact structures of the form given by Equation 4.1 have exactly those properties needed for
the proof of Proposition 3.8. It turns out that the converse is also true.

To prove this claim we start in the situation that we have a hyperplane field ξ = kerα on a
piecewise smooth ball B ∼= ∆×D2 ⊂ R2n−1×R2. The following lemma and it’s corollary say
that if ξ is fiberwise contact then

α = αst + ρdθ,

where αst is the contact form on the fiber ∆ and ρ : B → R a smooth function. Furthermore,
we will see that if we impose that ξ is part of a contact shell structure on B whose contact
germ near ∂B is described by a function then we get extra conditions on ρ and α essentially
has to be of the same form as in Equation 4.1.

Recall that a connection on a fiber bundle M
π−→ B is the choice of a complement H ⊂ TM

to the vertical bundle V := ker dπ ⊂ TM so that TM = H⊕ V.

Lemma 4.1. Consider a fiber bundle F →M
π−→ B with compact fiber F . Let ξ = kerα ⊂ TM

be a (co-oriented) hyperplane field on M such that for each fiber Fb the intersection ξ ∩T (Fb)
is a contact structure on Fb. Then,

(i) there exists a (natural) connection H on the fiber bundle M
π−→ B;

(ii) the parallel transport with respect to H preserves the contact structure on the fibers and
the coorientation of ξ.

Proof. We denote ξνb := ξ ∩ T (Fb) and let

ξν =
⋃
b∈B

ξνb ,

which is a codimension one subbundle of the vertical bundle V. Since ξ is cooriented we can
write ξ = kerα for α ∈ Ω1(M). Let ω := dα|ξ and define

H := (ξν)ω,

the subspace ω-orthogonal to ξν inside (ξ, ω). Note that H only depends on ξ. Indeed, if
α′ is another 1-form with kerα′ = ξ, then α′ = αstα for a positive function αst ∈ C∞(M).
This immediately implies dα′|ξ = αstdα|ξ so that they define the same H. To see that H is a
connection note that ω|ξν is non-degenerate since α|TFb defines a contact form. This implies
that

ξ = ξν ⊕H.

Combining this with ξν = ξ ∩ V gives

TM = V ⊕H,
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proving H is a connection.

Now consider for each path γ : I → B the parallel transport diffeomorphism Pγ : Fγ(0)

∼=−→
Fγ(1), with respect to H, which exists since F is compact. It follows from Theorem 3.1 in [1]
that to show Pγ is a contactomorphism it suffices to show that for each horizontal vector field
X ∈ Γ(H) and each section Y ∈ Γ(ξν) we have [X,Y ] ∈ Γ(ξν). By naturality of the Lie bracket
and since Γ(ξν) ⊂ γ(V), we have dπ[X,Y ] = [dπ(X), 0] = 0 which implies [X,Y ] ∈ Γ(V).
From the definition of H we know 0 = ω(X,Y ) = dα(X,Y ). Furthermore, X,Y ∈ Γ(ξ)
implies 0 = α(X) = α(Y ). Consequently,

α([X,Y ]) = X(α(Y ))− Y (α(X))− α([X,Y ]) = dα(X,Y ) = 0,

meaning [X,Y ] ∈ Γ(ξ). We conclude, [X,Y ] ∈ Γ(ξ) ∩ Γ(V) = Γ(V ∩ ξ) = Γ(ξν) and so Pγ
preserves ξν for each γ.
Now let γ : I → B be a path. Since, Pγ(t) : Fγ(0) → Fγ(t) is a contactomorphism for each
t ∈ I we have

(Pγ(t))
∗(α|TFγ(t)) = λt(α|Fγ(0)),

for a continuous family of non-vanishing functions λt ∈ C∞(Fγ(0)). Since λ0 = 1 which is
positive we have that λt is positive for all t ∈ I.

The normal form of α follows as a corollary of the previous lemma.

Corollary 4.2. Let F → M
π−→ B be a fiber bundle with compact fiber F = ∆ ⊂ R2n−1 and

base B = D2 ⊂ R2. Assume ξ ⊂ TM is a cooriented hyperplane field such that

ξ ∩ T∆b = ξst, for all b ∈ ∆,

where ξst = kerαst is the standard contact structure on R2n−1. Then there exists a trivializa-
tion φ : ∆×D2 →M, such that

(Tφ)−1(ξ) = ker (αst(x) + ρ(x, v, θ)dθ) , (4.2)

for a smooth function ρ : ∆×D2 → R. Here (v, θ) are our usual scaled polar coordinates on
D2.

Proof. First note that since B is contractible it is immediate that M ∼= D2 × ∆. However,

since we will construct a different trivialization φ : D2 ×∆
∼=−→ M we denote the total space

by M to avoid confusion.

Define a diffeomorphism φ : ∆×D2 →M by

φ(x, v, θ) 7→ Pγ(x),

where γ : I → ∆2, defined by γ(t) := (tv, θ), is the ray through (v, θ) and we identify ∆ with
∆0 = π−1(0).

By the previous lemma we know the parallel transport preserves the contact distribution on F .
Let α ∈ Ω1(M) by any 1-form such that ξ = kerα, then P∗γ(α|T (Fγ(1))

) = αst(α|T (Fγ(0))
), for
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a positive function αst ∈ C∞(Fγ(0)). By rescaling α we can assume without loss of generality
that

Pγ(α|T (Fγ(1)
) = αst.

Hence,
φ∗(α) = αst + ηdv + ρdθ,

for η, ρ ∈ C∞(∆×D2). The upshot of choosing the special paths for our trivialization is that

it implies that dv cannot appear. To see this consider the horizontal lift ∂
∂u

# ∈ X(M) of the

coordinate vectorfield ∂
∂u ∈ X(B). Since ∂

∂u is tangent to the paths used in the construction
of φ we have that

(Tφ)−1(
∂

∂u

#

) =
∂

∂u
.

Moreover, by the definition of H and the fact that ∂
∂u

#
is horizontal we have α( ∂

∂u

#
) = 0.

We conclude,
φ∗(α) = αst + ρdθ.

Remark 4.3. The geometric interpretation of the function ρ is that it describes the rotation
of the hyperplanes. Indeed, the kernel of the form αst + ρdθ is given by

ξst ⊕ Span{ ∂
∂v
,
∂

∂θ
− ρRαst },

where Rαst is the Reeb vector field of αst which is equal to ∂
∂z . In the three dimensional case,

when n = 1, this becomes Span{ ∂
∂v ,

∂
∂θ − ρ

∂
∂z }. Hence, along a ray γ(x,θ) : R≥0 → R3 given

by t 7→ (x, t, θ) for fixed (x, θ), the function ρ(x,θ) := ρ ◦ γ(x,θ) encodes the rotation of the
hyperplanes.

For n > 1 a visualization becomes impossible due to a lack of dimensions. However, viewing
R2n−1 as the z-axis in the above picture and note that ξst is constant along the ray γ(x,θ) we
interpret ρ in the same way.

In the previous lemma we considered arbitrary hyperplane fields ξ = kerα and so in the
normal form α = αst + ρdθ there is no restriction on ρ : ∆ × D2 → R other than being
smooth. However, if we assume that α is part of an almost contact structure of a contact
shell (B := ∆ × D2, η := (α, ω)), we get extra conditions on ρ. The first condition on ρ is
imposed by the requirement that ξ is a contact structure on Op ∂B.
Writing out the contact condition gives

α ∧ dαn = (αst + ρdθ) ∧ (dαst +
∂ρ

∂x
dx ∧ dθ +

∂ρ

∂v
ρdv ∧ dθ)n

= n
∂ρ

∂v
αst ∧ αn−1

st ∧ dv ∧ dθ.

Hence, ξ = kerα is contact if and only if ∂ρ
∂v > 0 which geometrically means that a hyperplane

is contact if and only if it twists enough. So, the first condition on ρ is that we require ∂ρ
∂v > 0

on Op ∂B.
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ρ(x,θ) ρ(x,θ) ρ(x,θ)

t t t

K + C

C

R2n−1

v

Figure 4.1: The rotation of the hyperplanes described by ρ. The red arrows are the normal
vectors to the hyperplanes. The hash mark on the horizontal axis is at t = K(x, θ) + C and
the hash mark on the vertical axis is at ρ(x,θ) = K(x, θ).

Remark 4.4. In the example above we have ρ = rK(x, φ) on I ×D2. Note that ∂ρ
∂r = K is

positive everywhere, which is the reason that we have a contact structure on the entire ball.

We now consider the description of the contact structure near the boundary of a contact shell
(B := ∆ ×D2, η := (α, ω)) with α = αst + ρdθ and ∂ρ

∂v > 0 on Op ∂B. As we stated before
requiring this contact germ to be encoded in a function K imposes further restrictions on ρ.
The boundary of B splits in two (smooth) parts,

∂B = Σ1
B ∪ Σ2

B,

where Σ1
B := (∂∆)×D2 and Σ2

B := ∆×S1. We claim that, if we impose the extra conditions

ρ|∆×{0} = 0 and ∂ρ
∂v

∣∣∣
Op ∂B

> 0, the contact structure onOp ∂B is determined by the restriction

of ρ to the boundary component Σ2
B, denoted by

K := ρ|Σ2
B
.

Of course, in practise we want to prescribe K which then imposes another restriction on the
possible choices for ρ.
To prove the claim we give a more direct description of the contact germ in terms of K.

Given K : ∆× S1 → R, the requirements ρ|∆×{0} = 0 together with ∂ρ
∂v

∣∣∣
OpB

> 0 imply that

K|Op∆×S1 > 0. This allows us to define submanifolds

Σ1
K := { (x, v, θ) ∈ R2n+1 | x ∈ ∂∆, 0 ≤ v ≤ K(x, θ) } ⊂ (R2n+1, ξst),

and

Σ2
K := { (x, p, q) ∈ R2n−1 × T ∗S1 | x ∈ ∆, v = K(x, q) } ⊂ (R2n−1 × T ∗S1, ξst),
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endowed with the germ of a contact structure by restricting the contact structure on the
ambient manifold.
The condition ∂ρ

∂v

∣∣∣
Op ∂B

> 0 also implies that we have diffeomorphisms

ψ1 : OpΣ1
B → OpΣ1

K ⊂ R2n+1 defined by (x, v, θ) 7→ (x, ρ(x, θ), θ),

and
ψ2 : OpΣ2

B → OpΣ2
K ⊂ R2n−1 × T ∗S1 defined by (x, v, θ) 7→ (x, ρ(x, θ), θ).

In fact, it is easy to see that ψ1 and ψ2 are strict contactomorphisms . The reason Σ2
B cannot

be embedded in (R2n+1, ξst) is that in general K is allowed to be negative on Int ∆× S1.

Define a diffeomorphism F : Op ∂Σ1
K → Op ∂Σ2

K by

(x, v, θ) 7→ (x, p, q).

Observe that F (∂Σ1
K) = ∂Σ2

K and F ∗(αst + pdq) = αst + vdθ, so F is a strict contactomor-
phism.
Define an equivalence relation ∼ on R2n+1 t R2n−1 × T ∗S1 where (x, v, θ) ∼ (x, p, q) if
(x, p, q) = F (x, v, θ). This equivalence relation respects the contact structure and glues Σ1

K

and Σ2
K along their boundary. The resulting quotient is given by

ΣK := Σ1
K ∪ Σ2

K ⊂
(
R2n+1, ξst

)
t (R2n−1 × T ∗S1, ξst)/ ∼ . (4.3)

The contactomorphisms ψ1 and ψ2 glue to a contactomorphism ψ : Op ∂B → OpΣK . Hence,
the contact germ on ∂B is the same as the contact germ on ΣK which by the above description
is easily seen to depend only on K.

Let us briefly summarize the results of this section. Given a contact shell (B := ∆×D2, η =
(α, ω)) such that ξ is fiberwise contact, there is a contact form α = αst + ρdθ such that
ξ = kerα. Furthermore, ∂ρ

∂v > 0 on Op ∂B and if we assume that ρ|∆×{0} = 0 we get a

function K : ∆ × S1 → R, satisfying K|Op∆×S1 > 0, which encodes the contact structure
near the boundary of B.

In the next section we define circle models by showing that there is a map in the other
direction. That is, given a pair (∆,K) we can construct a contact shell (BK , ηK) such that
the contact structure on Op ∂BK depends only on K.

4.2 Definition of circle models

In this section we give a precise definition of circle models. Let ∆ ⊂ R2n−1 be a compact,
star-shaped domain, and K : Op (∆)× S1 → R a smooth function, with

K|∂∆×S1 > 0. (4.4)

Such a function is called a contact Hamiltonian and denoted by a pair (K,∆). We will define
a map {

Contact Hamiltonians
(∆,K)

}
→
{

Circle models
(BK , ηK)

}
⊂
{

Equivalence classes
of contact shells

}
mapping a contact Hamiltonian (∆,K) to an equivalence class of contact shells (BK , ηK)
called circle model.
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Definition 4.5. Let (∆,K) be any contact Hamiltonian. Pick a constant C > 0 satisfying
min K + C|∆×S1 > 0. Use this to define a (piecewise smooth) ball,

BK,C := { (x, v, θ) ∈ R2n+1 | x ∈ ∆, 0 ≤ v ≤ K(x, θ) + C }.

The boundary ∂BK,C is the union of two (smooth) manifolds,

Σ1
K,C := { (x, v, θ) ∈ R2n+1 | x ∈ ∂∆, 0 ≤ v,≤ K(x, θ) + C },

and
Σ2
K,C := { (x, v, θ) ∈ R2n+1 | x ∈ ∆, v = K(x, θ) + C }.

To define a suitable almost contact structure on OpBK,C we need to make two more choices:

• Pick a smooth function ρ : OpBK,C → R satisfying the following conditions

(i) ρ(x, 0, θ) = 0 for x ∈ Op∆, θ ∈ S1,

(ii) ∂vρ(x, v, θ) > 0 on OpΣ1
K,C (4.5)

(iii) ρ(x, v, θ) = v − C on OpΣ2
K,C

• Pick a closed subset W such that OpΣ1
K ⊂ W ⊂ { (x, v, θ) ∈ R2n+1 | ∂ρ∂v (x, v, θ) > 0 }

and a smooth function g : R2n+1 → [0, 1] satisfying

(i) g|OpΣ1
K,C

= 1

(ii) supp(g) ⊂W

Define an almost contact structure ηK,ρ,g on OpBK,C by ηK,ρ,g := (αρ, ωρ), where

αρ := αst + ρdθ, and ωρ,g := dαst + ((1− g)dv + gdρ) ∧ dθ. (4.6)

The circle model (BK , ηK) is defined to be the equivalence class of the contact shell (BK,C , ηK,ρ,g)
is a circle model associated to (∆,K). We will often identify (BK , ηK) with any of it’s repre-
sentatives. In particular we will also call (BK,C , ηK,ρ,g) a circle model for (∆,K).

Remark 4.6. Most of the definition of the circle model is motivated by our observations in the
previous section. However, there are two points in the definition we want to clarify. Firstly,
condition (iii) in the definition of ρ has two functions. It ensures that ρ|Σ2

K,C
= K and that

∂ρ
∂v = 1. While the reason for the first property is clear, we could expect ∂ρ

∂v > 0 instead of the

second condition. The reason we require ∂ρ
∂v = 1 is that this ensures that the contact structure

on Op ∂BK embeds smoothly, and not just continuously into the ambient manifold.

Secondly, the definition of ωρ looks rather unnatural at first sight. Instead we could expect the
definition ωρ := dαst+dρ∧dθ which equals dαρ. Following the proof of Lemma 4.7 below, it is
easy to see that this does not define an almost contact structure, since the condition α∧ωn > 0
might fail to be true. For this reason we need the extra factor dv∧dθ. Unfortunately, defining
ωρ := dαst + (dv + dρ) ∧ dθ has the problem that ωρ 6= dαρ near the boundary. Hence, we
have to interpolate between the two definitions using the function g so that both conditions are
satisfied.
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At this point there are various things we need to prove to show that the map (∆,K) 7→
(BK , ηK) is well-defined.

• We need to show that (BK,C , ηK,ρ,g) defines a contact shell.

• During the construction we assume existence of a triple (C, ρ, g) satisfying suitable
conditions. (The choice of W is implicit in the choice of g.) We need to show that such
a quadruple exists.

• We need to show that different choices (C, ρ, g) and (C̃, ρ̃, g̃) yield equivalent contact
shells

We prove these statements in the next section.

4.3 Circle models are well-defined

Lemma 4.7. Every circle model (BK,C , ηK,ρ,g), defined in Definition 4.5, is a contact shell.

Proof. We need to show that ηK,ρ,g := (α, ω), defined on OpBK,C , is an almost contact
structure which is contact near ∂BK,C . By Definition 2.9 this means we need to check that
α ∧ ωn > 0 everywhere and ω = dα near ∂BK,C .

We have

ωn = (dαst + ((1− g)dv + gdρ) ∧ dθ)n

= (dαst)
n + n(dαst)

n−1 ∧ ((1− g)dv + gdρ) ∧ dθ
= n(dαst)

n−1 ∧ ((1− g)dv + gdρ) ∧ dθ

since dαst is a 2-form on R2n−1 which implies (dαst)
n = 0. Using this we find

α ∧ ωn = n (αst + ρdθ) ∧ (dαst)
n−1 ∧ ((1− g)dv + gdρ) ∧ dθ

= nαst ∧ (dαst)
n−1 ∧ ((1− g)dv + gdρ) ∧ dθ

= n (1− g + g∂vρ)αst ∧ (dαst)
n−1 ∧ dv ∧ dθ

where we used in the last line that αst∧(dαst)
n−1 is a volume form on R2n−1, implying that all

terms coming from dρ cancel except for ∂vρ dv. Hence, ηK,ρ,g is almost contact if and only if

1−g+g ∂vρ > 0. To see this is the case, recall that supp(g) ⊂ { (x, v, θ) ∈ OpBK,C | ∂ρ∂v > 0 }.
Hence, 1− g + g∂vρ > 0 everywhere.

To see that ω = dα on Op ∂BK,C note that g|OpΣ1
K,C

= 1. Hence, on an open neighborhood

of ∂BK,C we have
ω = dαst + dρ ∧ dθ = dα,

concluding the proof.

Next we show that there exists triples (C, ρ, g). The existence of C follows from the fact that
∆×S1 is compact and the existence of the bump function g is also easy to see. The interesting
part is the existence of ρ which is given by the following lemma.
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Lemma 4.8. Let (K,∆) be a contact Hamiltonian and C > 0 a constant satisfying K+C > 0.
Then there exists a function ρ : OpBK,C → R, satisfying the properties in Equation 4.5.

Proof. Recall that K|∂∆×S1 > 0 and by assumption we have K + C > 0. Hence, there exists
an ε > 0 such that

(i) K(x, θ) + C > 2ε > 0 for all (x, θ) ∈ Op∆× S1;

(ii) There exists an open ∂∆ ⊂ Uε ⊂ R2n−1 such K|Uε×S1 > ε.

Cover OpBK,C with two open sets

U1 := { (x, v, θ) ∈ OpBK,C | 0 ≤ v < K(x, θ) + C − ε },

U2 := { (x, v, θ) ∈ OpBK,C | v ≥ K(x, θ) + C − 2ε },

and let g : OpBK,C → [0, 1] be a smooth bump function satisfying

(i) g|U1
= 1 and g|U2

= 0,

(ii) ∂g
∂v < 0 on IntU2 \ U1.

Note that this function is smooth since the boundaries ∂U1 and ∂U2 are smooth which in turn
follows from the smoothness of K.

Define smooth functions ρ1, ρ2 : OpBK,C → R by

ρ1(x, v, θ) :=
K(x, θ)− 2ε

K(x, θ) + C − ε
v, ρ2(x, v, θ) := v − C,

and take
ρ := gρ1 + (1− g)ρ2.

We claim that this function satisfies the conditions from Equation 4.5. To see this observe
the following,

(i) Since ρ1(x, 0, θ) = 0 and g(x, 0, θ) = 1 we find ρ(x, 0, θ) = ρ1(x, 0, θ) = 0.

(ii) Compute

∂vρ = ∂vg (ρ1 − ρ2) + g∂vρ1 + (1− g)∂vρ2

≥ ∂v (ρ1 − ρ2) + min(∂vρ1, ∂vρ2).

The set { (x, v, θ) ∈ OpBK,C | x ∈ Uε } is an open neighborhood of Σ1
K,C on which

min(∂vρ1, ∂vρ2) > 0. Furthermore, whenever ∂vg < 0 we have ρ2 ≥ ρ1. Hence, ∂vρ > 0
on OpΣ1

K,C .

(iii) The set U2 contains an open neighborhood OpΣ2
K,C . Since, 1− g|U2

= 0 this immedi-

ately implies ρ(x, v, θ) = v − C on OpΣ2
K,C .
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Remark 4.9. In the special case that K : Op∆ × S1 → R+ is a strictly positive function
we don’t need the above lemma to construct a suitable ρ. In fact, we can take C = 0 and
ρ(x, v, θ) = v. It is easy to see that this defines a solid circle model independent of the choice
of (W, g).

On the other hand, if K is negative somewhere then any ρ satisfying Equation 4.5 must
have ∂vρ < 0 somewhere. The proof of Lemma 4.7 shows that in this case the circle model
(BK,C , ηK,ρ,g) cannot be solid. So, we can produce solid circle models if and only if K is strictly
positive. (Ofcourse, by choosing ρ the right way it is still posible to produce a non-solid circle
model even if K is strictly positive.)

It remains to be shown that the circle model construction is independent of the choices for
C, ρ and g.

Lemma 4.10. Different choices (C, ρ, g) and (C̃, ρ̃, g̃) in the construction of (BK,C , ηK,ρ,g),
yield equivalent shells.

Proof. Consider the special case of two choices (C, ρ, g) and (C, ρ, g̃). By assumption we have

two sets supp(g) ⊂ W and supp(g̃) ⊂ W̃ both contained in the set { (x, v, θ) ∈ OpBK,C |
∂ρ
∂v (x, v, θ) > 0 }. Define a 1-parameter family of functions ht : OpBK,C → [0, 1], t ∈ I by

ht := (1− t)g + tg̃.

Note that Σ1
K,C ⊂ supp(ht) ⊂ W ∪ W̃ for all t ∈ I. Hence we can define ηt := ηK,ρ,ht and it

is easy to see that this defines a homotopy between ηK,ρ,g and ηK,ρ,g̃ relative to Op ∂BK,C .

Next, consider the special case of two choices (C, ρ, g) and (C, ρ̃, g). Define a smooth 2-
parameter family of functions

ρ(x,θ)(v) := ρ(x, v, θ) : R≥0 → R,

for (x, θ) ∈ Op∆×S1. Technically, this is an extension of ρ(x,θ)(v) by defining ρ(x,θ)(v) := v−C
whenever v ≥ K(x, θ) + C. Define ρ̃(x,θ) : R≥0 → R in the same way.

The idea is that near ∂BK,C the map φ := (x, v, θ) 7→ (x, ρ̃−1
(x,θ) ◦ ρ(x,θ)(v), θ) is defined

and satisfied φ∗ηK, ˜rho,g = ηK,ρ,g. However, this map might not well-defined (let alone a

diffeomorphism) on the interior of BK,C since ρ̃−1
(x,θ) ◦ρ(x,θ)(v) might not be well-defined. This

is fixed as follows.

Pick a small neighborhood ∂∆ ⊂ U ⊂ R2n−1 and a bump function λ : R2n−1 → [0, 1] satisfying

(i) { (x, v, θ) ∈ R2n+1 | x ∈ U } ⊂ { (x, v, θ) ∈ R2n+1 | ∂vρ(x, v, θ) > 0, ∂vρ̃(x, v, θ) > 0 }

(ii) λ|Op ∂∆ = 1 and supp(λ) ⊂ U .

With this information we can construct a diffeomorphism φ : OpBK,C → OpBK,C by

φ(x, v, θ) := (x, λ(x)
(
ρ̃−1

(x,θ) ◦ ρ(x,θ)(v)
)

+ (1− λ(x)) v, θ).

This map is smooth, as can be seen from the coordinate expression. Furthermore, φ(BK,C) =
BK,C and φ(∆× {0}) = ∆× {0}. Note that away from Σ1

K,C this is just φ(x, v, θ) = (x, v, θ)

and on Op ∂BK,C we have φ(x, v, θ) = (x, ρ̃−1
(x,θ) ◦ ρ(x,θ)(v), θ).
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Consider φ∗ηK,ρ̃,g = ηK,ρ̃◦φ,g◦φ. From the previous special case we ηK,ρ̃◦φ,g◦φ is equivalent
to ηK,ρ̃◦φ,g. On Op ∂BK,C we have ρ̃ ◦ φ = ρ. This means that the straight line homotopy
ht : OpBK,C → R, t ∈ I defined by

ht := (1− t)ρ̃ ◦ φ+ tρ,

is relative to OpBK,C . It is easy to see that ht satisfied the condition in Equation 4.5 for all
t ∈ I. Hence ηt := ηK,ht,g is a homotopy between ηK,ρ̃◦φ,g and ηK,ρ,g, relative to OpBK,C . We
conclude that the choices (C, ρ, g) and (C, ρ̃, g) produce equivalent circle models.

Lastly, consider the special case of two choices (C, ρ, g) and (C̃, ρ, g). Pick a family of diffeo-
morphisms ψ(x,θ) : R≥0 → R≥0, depending smoothly on (x, θ) and satisfying

ψ(x,θ)(v) = v + (C̃ − C), on OpΣ1
K,C .

One possible way to do this is to define Uε := { (x, v, θ) ∈ R2n+1 | K(x, θ) + C − ε ≤ v ≤
K(x, θ)+C+ ε }. For ε > 0 small enough Uε is contained in the neighborhood OpΣ2

K,C where

ρ(x, v, θ) = v − C. Pick a smooth bump function λ : R2n+1 → [0, 1] satisfying λ = 1 on
OpΣ2

K,C and supp(λ) ⊂ Uε. Define

ψ(x,θ)(v) := (1− g)
C̃

C
v + g

(
v + (C̃ − C)

)
.

As before, ψ induces a diffeomorphism Ψ : OpBK,C → OpBK,C̃ , mapping BK,C to B
K,C̃

,
defined by

Ψ(x, v, θ) = (x, ψ(x,θ)(v), θ).

Note that Ψ : (BK,C , ηK,ρ◦ψ,g◦ψ)→ (B
K,C̃

, ηK,ρ,g) is an isomorphism of almost contact struc-
tures, so in particular an equivalence of contact shells. By our previous results we know that
(BK,C , ηK,ρ◦ψ,g◦ψ) is equivalent to (BK,C , ηK,ρ,g) finishing the proof.

The equivalences constructed for the three special cases above can be composed to give an
equivalence in the general case.

4.4 The characteristic foliation on ∂BK.

We now use the fact that the contact structure near the boundary of a circle model is encoded
by (K,∆) to describe the characteristic foliation on ∂BK , which is also encoded by K. Recall
that for a hypersurface Σ ⊂ (M2n+1, ξ = kerα) the characteristic foliation Σξ is the singular
1-dimensional foliation found by integrating the singular 1-dimensional distribution F :=
ker dα|TΣ∩ξ ⊂ TΣ ∩ ξ. By Equation 4.3 we know that Op ∂BK is contactomorphic to

ΣK := Σ1
K ∪ Σ2

K ⊂
(
R2n+1, ξst

)
t (R2n−1 × T ∗S1, ξst)/ ∼ . (4.7)

First consider the characterstic foliation on Σ1
K ⊂ (R2n−1×R2, αst+vdθ). By definition Σ1

K =
{ (x, v, θ) ∈ R2n+1 | x ∈ ∂∆, 0 ≤ v ≤ K(x, θ) + θ }. The diffeomorphism φ : R2n+1 → R2n+1

given by
(x, v, θ) 7→ (x, (K(x, θ) + C) v, θ),
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is a contactomorphism between Op
(
∂∆×D2

)
⊂ (R2n+1, ξ = kerαst+(K(x, θ)+C)vdθ) and

OpΣ1
K ⊂ (R2n+1, αst + vdθ). Hence, it is enough to describe the characteristic foliation on

∂∆×D2. We claim this is given by F = Span{ v ∂
∂v }, under the identification

T (∂∆×D2) ∼= T∂∆⊕ TD2.

To see this observe that αst|TD2 = 0 implying v ∂
∂v ∈ ξ∩T (∂∆×D2), and ∂

∂θ 6∈ ξ∩T (∂∆×D2)
whenever v 6= 0. Similarly,

dα = dαst + v∂xK(x, θ)dx ∧ dθ + (K(x, θ) + C)) dv ∧ dθ

and dαst|TD2 = 0 which gives ι ∂
∂v
dα = (K(x, θ) + C) dθ. Since K(x, θ) + C > 0 and

∂
∂θ 6∈ ξ ∩ T (∂∆ × D2) we conclude v ∂

∂v ∈ ker dα|ξ∩T (∂∆×D2). Hence, v ∂
∂v ⊂ F and the

claim follows for dimensional reasons. Since dφ : TR2n+1 → TR2n+1 only scales v ∂
∂v the

characteristic foliation on Σ1
K is spanned by v ∂

∂v .

The situation for the characteristic foliation on Σ2
K ⊂ (R2n−1 × T ∗S1, αst + pdq) is more

complicated. To see what it looks like we view Σ2
K as the graph of K : ∆ × S1 → R where

we identify ∆ × S1 with a subset of Π := { (x, p, q) ∈ R2n−1 × T ∗S1 | p = 0 }. The following
lemma gives the description and explains why we call K a contact Hamiltonian. Note, that
this lemma also shows that the characteristic foliation on Σ2

K does not have any singular
points.

Lemma 4.11. Given a smooth function K : ∆ × S1 → R the characteristic foliation on
ΓK := { (x, p, q, ) ∈ R2n−1 × T ∗S1 | x ∈ ∆, p = K(x, q) } induced by the contact structure
ξ = kerαst + pdq is represented by the vector field ∂

∂q +XKt. Here XKt is the vector field on

R2n−1 induced by viewing Kt := K(·, t) as a 1-parameter family of contact Hamiltonians on
(R2n−1, αst).

Proof. Recall that the contact vector field associated to a contact HamiltonianK on (R2n−1, αst)
is uniquely defined by

αst(XK) = K, dα(XK ,−) = dK(Rα)α− dK.

If Y is some vector field representing the characteristic foliation on a hypersurface Σ then it
must satisfy

ιY Ω = α ∧ (dα)n−1
∣∣
TΣ

,

where Ω is a volume form on Σ. Hence, we can compute both ∂
∂q − XK and Y and check

they agree up to scalar. Suppose XK = a ∂
∂z +

∑
i bi

∂
∂ui

+
∑

i ci
∂
∂θi

, for functions a, bi, ci,
i = 1, . . . , n− 1. Then we find,

αst(XK) = a+
∑
i

uici, dαst(XK ,−) =
∑
i

bidθi − cidui.

On the other hand
αst(XK) = K,
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dαst(XK ,−) = dK(Rαst)αst − dK

= ∂zKdz +
∑
i

ui∂zKdθi −

(
∂zKdz +

∑
i

∂uiKdui + ∂θiKdθi

)
=
∑
i

(ui∂zK − ∂θiK) dθi −
∑
i

∂uiKdui

From this we conclude

a = K −
∑
i

ui∂uiK, bi = ui∂zK − ∂θiK, ci = ∂uiK.

Suppose Y = d ∂
∂z +

∑
i ei

∂
∂ui

+
∑

i fi
∂
∂θi

+ g ∂
∂q . Consider the volume form Ω = dz ∧

(
∧
i dui ∧ dθi) ∧ dx on ΓK . Furthermore, α|ΓK = αst −Kdx. Which implies

α ∧ dαn−1 = (αst −Kdx) ∧ (dαst − dK ∧ dx)n−1

= (αst −Kdx) ∧
(
dαst

n−1 − (n− 1)dαst
n−2 ∧ dK ∧ dx

)
= (αst −Kdx) ∧ dαstn−1 − (n− 1)αst ∧ dαstn−2 ∧ dK ∧ dx.
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We calculate the first and second term in this sum seperately.

(αst −Kdx) ∧ dαstn−1 = α ∧

(
(n− 1)!

∧
i

dui ∧ dθi

)

= (n− 1)!dz ∧

(∧
i

dui ∧ dθi

)
− (n− 1)!Kdx ∧

(∧
i

dui ∧ dθi

)

αst ∧ dαstn−2 ∧ dK ∧ dx =

(
dz +

∑
i

uidθi

)
∧

(∑
i

dui ∧ dθi

)n−2

∧

(
∂zKdz +

∑
i

(∂uidui + ∂θidθi)

)
∧ dx

=
∑
i

dz ∧

(n− 2)!
∧
j 6=i

(duj ∧ dθj)

 ∧ (∂uiKdui + ∂θiKdθi) ∧ dx

+
∑
i

(uidθi) ∧

(n− 2)!
∧
j 6=i

(duj ∧ dθj)

 ∧ (∂zKdz + ∂uiKdui) ∧ dx

=
∑
i

(n− 2)!∂uiKdz ∧

∧
j 6=i

dui ∧ dθi

 ∧ dui ∧ dx
+
∑
i

(n− 2)!∂θiKdz ∧

∧
j 6=i

dui ∧ dθi

 ∧ dθi ∧ dx
−
∑
i

(n− 2)!ui∂zKdz ∧ dθi

∧
j 6=i

dui ∧ dθi

 ∧ dx
−
∑
i

(n− 2)!ui∂uiK

(∧
i

dui ∧ dθi

)
∧ dx

So, in total we have

α ∧ dαn−1 = (n− 1)!dz ∧

(∧
i

dui ∧ dθi

)

− (n− 1)!

(
K −

∑
i

ui∂uiK

)(∧
i

dui ∧ dθi

)
∧ dx

− (n− 1)!
∑
i

∂θiKdz ∧

∧
j 6=i

dui ∧ dθi

 ∧ dθi ∧ dx
+ (n− 1)!

(∑
i

ui∂zK − ∂θiK

)
dz ∧ dθi

∧
j 6=i

dui ∧ dθi

 ∧ dx
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Hence we conclude

d = −(n−1)!

(
K −

∑
i

ui∂uiK

)
, ei = −(n−1)!(ui∂zK−∂θiK), fi = −(n−1)!∂uiK, g = −(n−1)!

Comparing this with our earlier computed

a = K −
∑
i

ui∂uiK, bi = ui∂zK − ∂θiK, ci = ∂uiK,

we see they agree up to a factor −(n− 1)!.
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Chapter 5

Domination and conjugation for
circular model shells

In the previous chapter we have seen that a large class of contact shells, the circle models, are
described by a single function (K,∆). The upshot of this is that the study of these contact
shells is reduced to the study of the contact Hamiltonians describing them.

In the first section we show that we can use contactomorphisms of (R2n−1, ξst) to manipulate
the contact Hamiltonians. To illustrate this idea consider two functions K0,K1 : [0, 4] → R
as in Figure 5.1.
At some points we have K1 > K0 and at some points K0 > K1. We can reparametrize the
interval using a diffeomorphism φ and define a new Hamiltonian K̃1 := K1◦φ. Choosing φ the
right way we have that K̃1 > K0 everywhere. Hence, we can change the qualitive behaviour
of the Hamiltonians by reparametrizing.

The main result of the first section is that such a reparametrization does not change the
equivalence class of the circle model associated to it. More precisely, if we construct circle
models (BK , ηK) and (B

K̃
, η
K̃

) where K̃ is a reparametrization of K, then these models
are equivalent. In particular, since equivalent shells have the same contact germ near the
boundary, it follows that one contact germ can be modelled by different Hamiltonians.

K1 ◦ φ K1

K0

φ

0
1 2 3 4

1

2

3

4

0
1 2 3 4

1

4

Figure 5.1: The graphs of the functions K0,K1,K1 ◦ φ and φ.
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In the second section we define a pre-order on the set of contact Hamiltonians encoding the
domination relation for the associated circle models. Essentially, this pre-order is given by
(∆,K) ≤ (∆′,K ′) if K ≤ K ′ as functions.
In the third section we show that this relation encodes what we want in the sense that
(∆,K) ≤ (∆′,K ′) implies (BK , ηK) ≺ (BK′ , ηK′). We also proof that given any circle model
(BK , ηK) and contact Hamiltonian (∆′,K ′) it is possible to construct a circle model (BK′ , ηK′)
containing (BK , ηK).

5.1 Conjugation of contact Hamiltonians

Recall a contact Hamiltonian is a smooth function K : Op∆ × S1 → R. Consider a contac-
tomorphism Φ : (R2n−1, ξst = kerαst)→ (R2n−1, ξst = kerαst). We have

Φ∗αst = λΦαst

for a smooth positive function λΦ : R2n−1 → R+, since we fixed the coorientation in Remark
2.5. If ∆ ⊂ R2n−1 is a compact star shaped domain it is easy to see that Φ(∆) is also compact
and star-shaped. Furthermore, if K|∂∆×S1 > 0 then Φ∗K|∂f(∆)×S1 > 0. Hence, given a
contact hamiltonian (K,∆) we get, using f , a new contact Hamiltonian (Φ∗K,Φ(∆)) called
the push-forward contact Hamiltonian defined by

Φ∗K : Φ(Op∆)× S1 → R where Φ∗K(Φ(x), θ) := λΦ(x)K(x, θ). (5.1)

The reason for scaling the Hamiltonian with a factor λΦ(x) will become clear from the proof
of Lemma 5.2 below.
Observe that this only allows us reparametrizes Op∆ ⊂ (R2n−1, ξst) and leaves the S1 coor-
dinate unchanged. In view of Lemma 5.12, where we show that any contact Hamiltonian can
be replaced by a time independent one, i.e. not depending on S1, this does not restrict the
usefulness of the operation.

This construction defines an action of the group of contactomorphism of (R2n−1, ξst) on the
set of all contact Hamiltonians (K,∆) given by Φ · (K,∆) = (Φ∗K,Φ(∆)). This action is
called the conjugation action, for the following reason. Let φtK for t ∈ I be the unique contact
isotopy with φ0

K = Id and
α(∂tφ

t
K(x)) = K(φtK(x), t),

as in Section 2.3. Then the following Lemma says φtΦ∗K comes from φtK by conjugating with
Φ.

Lemma 5.1. Let Φ : (R2n−1, ξst)→ (R2n−1, ξst) be a contactomorphism and (K,∆), (Φ∗K,Φ(∆))
defined as above. Then,

φtΦ∗K = Φ ◦ φtK ◦ Φ−1, for all t ∈ I.

Proof. Using the notation y := Φ(x) we want to show that for all t ∈ I we have φtΦ∗K(y) =
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Φ ◦ φtK(x). From the defining relations for φtK it follows that

αst
(
∂t(Φ ◦ φtK ◦ Φ−1)(y)

)
= αst(dΦ(∂tφ

t
K(x)))

= Φ∗αst(∂tφ
t
K(x))

= λΦ(x)K(φtK(x), t)

= Φ∗K(Φ ◦ φtK ◦ Φ−1(y), t)

On the other hand we have

αst(∂tφ
t
Φ∗K(y)) = Φ∗K(φtΦ∗K(y), t).

We conclude φtΦ∗K = Φ ◦ φtK ◦ Φ−1 for t ∈ I.

The interesting property of this conjugation action is that, up to isomorphism, all the Hamil-
tonians in the same orbit give the same circle model.

Lemma 5.2. A contactomorphism Φ of (R2n−1, ξst), restricting to a contactomorphism be-
tween star-shaped domains Φ : ∆→ ∆′, induces an equivalence of the contact shells

Φ̂ : (BK , ηK)→ (BΦ∗K , ηΦ∗K)

defined by (K,∆) and (Φ∗K,∆
′).

In particular, for a given model (B
Φ∗K,C̃

, ηΦ∗K,ρ̃,g̃) we will construct a model (BK,C , ηK,ρ,g)
such that the two models are isomorphic as almost contact structures.

Proof. Assume we are given a circle model (B
Φ∗K,C̃

, η
Φ∗K̃,ρ̃,g̃

), we will first construct a circle

model (BK,C , ηK,ρ,g) and a diffeomorphism between these models.
Choose a C ≥ 0 such that min(K) +C > and pick a family of diffeomorphisms ψ(x,θ) : R≥0 →
R≥0 for (x, θ) ∈ ∆× S1, restricting to diffeomorphisms

ψ(x,θ) : [0,K(x, θ) + C]→ [0, λΦ(x)K(x, θ) + C̃],

satisfying

ψ(x,θ)(v) = λΦ(x)(v − C) + C̃ for (x, θ, v) ∈ Op {v = K(x, θ) + C }. (5.2)

Note that by definition λΦ(x)K(x, θ) + C̃ = Φ∗K(Φ(x), θ) + C̃ > 0 so that such a family of
diffeomorphisms ψx,θ does indeed exist. From this data we get a diffeomorphism

Φ̂ : BK,C → B
Φ∗K,C̃

defined by Φ̂(x, v, θ) = (Φ(x), ψx,θ(v), θ).

Next, we construct ρ and g such that Φ̂ : (BK,C , ηK,ρ,g) → (B
Φ∗K,C̃

, ηΦ∗K,ρ̃,g̃) is an almost
contact isomorphism as follows.
Define

ρ(x, θ) : [0,K(x, θ) + C]→ R, by ρx,θ(v) :=
1

λΦ(x)
ρ̃Φ(x),θ)(ψx,θ(v)),
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and g := g̃ ◦ Φ̂. Observe that Equation 5.2 ensures that ρ satisfies the conditions in Equation
4.5. Write ηΦ∗K,ρ̃,g̃ = ([αρ̃], [ω̃]) and define ηK,ρ,g := ([αρ], [ω]) where

αρ := αst + ρdθ, ω := Φ̂∗ω̃.

To show that this is a well-defined circle model we need to check that [dα|kerαρ
] = [ω] on

Op ∂BK,C and that ω is homotopic to ωρ,g, through almost contact structures and relative to
Op ∂BK,C . Note that

Φ̂∗αρ̃ = Φ̂∗ (αst + ρ̃dθ)

= λΦαst + λΦρdθ = λΦαρ.

So, from [dαρ̃|kerαρ̃
] = [ω̃] on Op ∂B

Φ∗K,C̃
it follows that on Op ∂BK,C we have

ω = Φ̂∗ω = fdΦ∗αρ̃ = fd(λΦαρ) = fλΦdαρ,

for some smooth function f : M → R>0, proving the first claim.
For the second claim it is enough to show that we can homotope Φ̂∗ωρ̃,g̃ to ωρ,g, since by
definition ω̃ is homotopic to ωρ̃,g̃, and pulling back this homotopy shows ω is homotopic to

Φ̂∗ωρ,g. A homotopy between Φ̂∗ωρ̃,g̃ and ωρ,g is given by

Ht := (1− t)
(
λΦ + t

)
dαst +

(
gd
(
(1− t)λΦρ+ tρ

)
+ (1− g)d

(
(1− t)ψ + tv

))
∧ dθ,

since
H0 = λΦdαst +

(
gd(λΦρ) + (1− g)dψ

)
∧ dθ = Φ̂∗ωρ̃,g̃

and
H1 = dαst +

(
gdρ+ (1− g)dv

)
∧ θ = ωρ,g.

To show that αρ ∧Hn
t 6= 0 for all t ∈ [0, 1] we first prove the following identity.

Taking ω := f4dαst + (gdf1 + (1 − g)df2) ∧ dθ, and α := αst + f3dθ, for arbitrary functions
f1, f2, f3, f4 : OpBK,C → R, we have

α ∧ ωn 6= 0↔ f4

(
g∂vf1 + (1− g)∂vf2

)
6= 0. (5.3)

To see this we compute

α ∧ ωn = (αst + f3dθ) ∧ (f4dαst + (gdf1 + (1− g)df2) ∧ dθ)n

= nf4 (g∂vf1 + (1− g)∂vf2)αst ∧ dαn−1
st ∧ dv ∧ dθ.

For αρ and Ht as above we have

f t1 = (1− t)λΦρ, f2 = (1− t)ψ + tv, f t3 = ρ, f4 = (1− t)λΦ + t.

So, by Equation 5.3 it suffices to show

f4

(
g∂vf1 + (1− g)∂vf2

)
> 0, for all t ∈ [0, 1].
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We compute
∂vf

t
1 = (1− t)λΦ∂vρ+ t∂vρ, ∂vf

t
2 = (1− t)∂vψ + t.

Hence,

f4

(
g∂vf1 + (1− g)∂vf2

)
=
(

(1− t)λΦ + t
)(
g
(
(1− t)λΦ∂vρ+ t∂vρ

)
+ (1− g)

(
(1− t)∂vψ + t

))
First observe that

(
(1− t)λΦ + t

)
> 0 so it is enough to show(

g
(
(1− t)λΦ∂vρ+ t∂vρ

)
+ (1− g)

(
(1− t)∂vψ + t

))
> 0.

Since ψ is a diffeomorphism we have ∂vψ > 0 hence,
(
(1 − t)∂vψ + t

)
> 0. This implies

that whenever g = 0 we have the correct inequality. Whenever g > 0 we have ∂vρ > 0 since
we required g = 0 on Op {x ∈ ∆ | ∂vρ ≤ 0 }. This gives the required inequality showing
αρ ∧Hn

t 6= 0 for all t ∈ [0, 1].

5.2 Domination of contact Hamiltonians

In this section we will introduce a preorder ≤ on the set of contact Hamiltonians (∆,K).
We show in the next section that this preorder is natural in the sense that the association
(∆,K) → (BK , ηK) is a map between preordered sets. That is, (∆,K) ≤ (∆′,K ′) implies
(BK , ηK) ≺ (B′K , η

′
K).

The definition of the preorder is as follows.

Definition 5.3. A contact Hamiltonian (∆,K) is said to be dominated by (∆′,K ′), denoted
by (∆,K) ≤ (∆′,K ′) if

(i) ∆ ⊂ ∆′

(ii) K ′(x, θ) > 0 for x ∈ ∆′ \∆

(iii) There exists a compact star-shaped domain ∆̃ ⊂ Int ∆ (possibly ∆̃ = ∅) such that

(a) K(x, θ) ≤ K ′(x, θ) for x ∈ Op∆ \ Int ∆̃

(b) K ′(x, θ) ≥ 0 for x ∈ Op ∂∆̃

(c) K(x, θ) ≤ 0 for x ∈ Op ∆̃

(d) K|
Int ∆̃

6≡ 0

Taking ∆̃ = ∅ the domination relation says that K ′ is greater than (or equal to) K where
they are both defined and K ′ is positive on ∆ \∆′. Condition (iii) states that whenever K
and K ′ are both negative we can also allow K ′ to be smaller than K.

Remark 5.4. Note that if we only allow for ∆̃ = ∅ then Definition 5.3 is the same as the
partial order introduced in Section 4.1 in [2]. There, the more general definition follows from
Proposition 4.9.
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K

K ′

∆′∆∆̃

Figure 5.2: Illustration of the domination relation for Hamiltonians K ≤ K ′.

Lemma 5.5. The domination relation defined a preorder on the set of contact Hamiltonians.
More precisely,

(i) for all (∆,K) we have (∆,K) ≤ (∆,K) (reflexive)

(ii) (∆0,K0) ≤ (∆1,K1) and (∆1,K1) ≤ (∆2,K2) implies (∆0,K0) ≤ (∆2,K2) (transitive)

Proof. Since none of the conditions in Definition 5.3 depend on the θ ∈ S1 coordinate of K,
we drop this in our notation to make the proof more readable. To show ≤ is reflexive it is
enough to observe that ∆ ⊂ ∆ and taking ∆̃ = ∅ we have K ≤ K on ∆.
To show ≤ is transitive denote by ∆̃1

0 and ∆̃2
1 the sets used in the relations (∆0,K0) ≤ (∆1,K1)

and (∆1,K1) ≤ (∆2,K2). We check that taking ∆̃ := ∆̃1
0 ∪ ∆̃2

1 the conditions of Definition
5.3 are satisfied so that (∆0,K0) ≤ (∆2,K2).

(i) By assumption ∆0 ⊂ ∆1 and ∆1 ⊂ ∆2, hence ∆0 ⊂ ∆2.

(ii) By assumption K1|∆1\∆0
> 0 and K1|Op ∆̃2

1
. This implies that ∆̃2

1 ⊂ Int ∆0 so that

K2 ≥ K1 on ∆1 \ ∆0. Since by assumption K1|∆1\∆0 > 0 and K2|∆2\∆1
> 0 we

conclude K2|∆2\∆0
> 0.

(iii) (a) By assumption we have K1 ≥ K0 on Op∆0 \Int ∆̃1
0 and K2 ≥ K1 on Op∆1 \Int ∆̃2

1

hence also on ∆0 \ Int ∆̃2
1. Combining this gives K2 ≥ K1 ≥ K0 on Op∆0 \ Int ∆̃.

(b) By assumption K2 ≥ 0 on Op ∂∆̃2
1 and K1 ≥ 0 on Op ∂∆̃1

0. Since Op ∂∆̃1
0 ⊂ ∆0 we

have K2 ≥ K1 ≥ 0 on Op ∂∆̃1
0. Combining this gives K2 ≥ 0 on Op∂∆̃.

(c) By assumption K0 ≤ 0 on Op ∆̃1
0. Since K1 ≤ 0 on Op∆̃2

1 and, as before, ∆̃2
1 ⊂

Int ∆0 we have 0 ≤ K1 ≤ K2 on Op∆̃2
1. Again, combining this gives K2 ≤ 0 on

Op∆̃.

(d) This follows immediately since by assumption K0 6∼= 0 on Int ∆̃1
0 ⊂ Int ∆̃.

The following example shows that ≤ is not antisymmetric in the sense that (∆,K) ≤ (∆′,K ′)
and (∆′,K ′) ≤ (∆,K) implies (∆,K) = (∆′,K ′). Furthermore, using Proposition 5.9 it
shows that the same is true for ≺ on the set of circle models.

Example 5.6. Let ∆ := [0, 1] and ∆̃ := [1
4 ,

3
4 ], viewed as compact star-shaped domains in

(R, ξst). Define two contact Hamiltonians K,K ′ satisfying the following conditions
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1. K = K ′ on Op∆ \ Int ∆̃

2. K = K ′ ∼= 0 on U := Op ∂∆̃

3. K < 0 on ∆̃ \ U

4. K ′(1
2) = 0

see Figure 5.3 below.

0 1
4

1
2

3
4 1K ′

K

Figure 5.3: The graphs of K and K ′ used to show that the domination relation is not anti-
symmetric

It follows immediately that (∆,K) ≤ (∆,K ′) and (∆,K ′) ≤ (∆,K) while K 6= K ′. According
to Proposition 5.9 below this implies (BK , ηK) ≺ (BK′ , ηK′) and (BK , ηK) � (BK′ , ηK′). How-
ever, in the three dimensional case zero’s of the contact Hamiltonian correspond closed curves
of the characteristic foliation and we see that these circle models have non diffeomorphic char-
acteristic foliation on their boundaries. Furthermore, by Giroux’s theorem the characteristic
foliation determines the germ of contact structure near the boundary implying that these circle
models can never be equivalent. This shows that the domination relation ≺ on contact shells
is not antisymmetric.

We end this section with the observation in the following lemma saying that in the three
dimensional case the domination relation on the set of contact Hamiltonians is essentially
trivial.
In the case n = 1 (corresponding to dimM = 3), we have that any compact star-shaped
domain ∆ ⊂ R is a compact interval. It turns out that this implies that up to conjugation any
somewhere negative contact Hamiltonian (∆,K) is minimal with respect to the domination
relation.

Lemma 5.7. Let (∆,K) be a somewhere negative Hamiltonian with ∆ ⊂ R compact and
star-shaped. Then, for any other contact Hamiltonian (∆̃, K̃) there exists a contactomorphism
Φ : Op∆→ Op ∆̃ satisfying (Φ(∆),Φ∗(K)) ≤ (∆̃, K̃).

Proof. Without loss of generality we can assume that ∆ = ∆̃ = [−1, 1] and that K(0) < 0.
This means that there exist δ > 0 and 0 < σ � 1 satisfying

K(z) < 0 if z ∈ [−σ, σ], and

K̃(z) > δ if z ∈ [−1,−1 + σ] ∪ [1− σ, 1].
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Pick a diffeomorphism Φ : [−1, 1] → [−1, 1] such that the following subsets get mapped
linearly onto each other,

[−1,−σ] maps onto [−1,−1 + σ], and

[σ, 1] maps onto[1− σ, 1].

Recall that (Φ∗K)(Φ(z)) := Φ′(z)K(z), so that choosing σ small enough we obtain

(Φ∗K)(z) < 0 if z ∈ [−1 + σ, 1− σ]

(Φ∗K)(z) ≤ σ

1− σ
max(K) < δ < K̃(z) if z ∈ [−1,−1 + σ] ∪ [1− σ, 1].

Hence, Φ∗K < K̃.

Remark 5.8. In higher dimensions the previous proof does not hold. The problem is that there
does not necessarily exist a contactomorphism Φ ∈ Cont(R2n−1, ξst) such that ∆̃ \Φ(U) ⊂ V ,
where

U := {x ∈ ∆ | K(x) < 0 }, V := {x ∈ ∆̃ | K̃(x) > δ }.

The reason for this is that in general ∆ and ∆̃ can have different shapes while all compact
star-shaped domains in R are an interval.

It might still be true (although it seems unlikely) that a result similar Lemma 5.7 is true in
higher dimensions, but the proof of such a result would use a different argument.

5.3 Circle model map respects domination

The main result we want to show that the domination relation on contact Hamiltonians is
compatible with the domination relation on contact shells.

Proposition 5.9. If (∆,K) ≤ (∆′,K ′) then (BK , ηK) ≺ (BK′ , ηK′). More precisely, given
a circle model shell (BK,C , ηK,ρ,g) there exists a circle model shell (BK′,C′ , ηK′,ρ′,g′) such that
BK,C ⊂ BK′,C′ and the inclusion is a subordination map.

To prove this we need several lemma’s which happen to be interesting results on their own.

Lemma 5.10. Let (BK,C , ηK,ρ,g) be a circle model for (∆,K). For any other contact Hamilto-
nian (∆′,K ′) there exists a circle model (BK′,C′ , ηK′,ρ′,g′) and an embedding of almost contact
structures

(BK,C , ηK,ρ,g) ↪→ (BK′,C′ , ηK′,ρ′,g′).

Furthermore,

(i) if ∆ ⊂ Int ∆′ then the embedding can be taken to be an inclusion map;

(ii) if (∆,K) ≤ (∆′,K ′) with ∆̃ = ∅ then we can take C ′ = C, supp g ⊂ supp g′, ρ′|BK,C = ρ
and the inclusion to be a subordination map.
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Proof. Suppose we are given a circle model (BK,C , ηK,ρ,g) for (∆,K). By Lemma 2.20 we
can find a contactomorphism Φ ∈ Contc0(R2n−1) such that ∆ ⊂ Φ(∆′). By Lemma 5.2,
any circle model associated to (Φ(∆′),Φ∗K

′) is isomorphic to a circle model associated to
(∆′,K ′). Therefore, it is enough to show that, assuming ∆ ⊂ Int ∆′, we can find a circle
model (BK′,C′ , ηK′,ρ′,g′) such that the inclusion

(BK,C , ηK,ρ,g) ↪→ (BK′,C′ , ηK′,ρ′,g′) (5.4)

is an embedding of almost contact structures. So, assume ∆ ⊂ Int ∆′ and pick C ′ ≥ 0
satisfying

K ′(x, θ) + C ′ > K(x, θ) + C for all (x, θ) ∈ ∆× S1.

That such a C ′ exists follows from compactness of ∆,∆′ and S1. This choice of C ′ ensures
that, as sets, BK,C ⊂ IntBK′,C′ . Recall that the defining conditions of ρ in Equation 4.5 only
restrict the behaviour on Op∆ ∼= { (x, v, θ) ∈ R2n+1 | x ∈ Op∆, v = 0 } and on Op ∂BK,C .
Since BK,C ⊂ IntBK′,C′ we can find disjoint opens Op ∂BK,C and Op ∂BK′,C′ and it follows
that any ρ : OpBK,C → R used to define ηK,ρ,g can be extended to a ρ′ : OpBK′,C′ → R
satisfying the conditions in Equation 4.5. Similarly, we can extend the bump function g to a
bump function g′ suitable for the construction of ηK′,ρ′,g′ . It is clear that choosing C ′, ρ′ and
g′, produces a circle model such that the inclusion in Equation 5.4 is an embedding of almost
contact structures.
It remains to be shown that if (∆,K) ≤ (∆′,K ′) with ∆̃ = ∅ the inclusion is a subordination
map. In this case since K ≤ K ′ we can choose C ′ = C and still have BK,C ⊂ BK′,C′ . As
before, we extend ρ and g to suitable functions ρ′ and g′. Moreover, since K ≤ K ′ we can
ensure that ∂vρ

′|BK′,C′\BK,C > 0, so that ηK′,ρ′,g′ is a contact structure outside BK,C . Indeed,

for (x, θ,K(x, θ) + C) ∈ ∂BK,C and (x, θ,K ′(x, θ) + C ′) ∈ ∂BK′,C′ , observe

ρ′(x, θ,K ′(x, θ) + C ′)− ρ(x, θ,K(x, θ) + C) = K ′(x, θ)−K(x, θ) ≥ 0

and if K ′(x, θ) = K(x, θ) then we can take ρ′(x, θ, v) = ρ(x, θ, v).

For the next lemma we need to introduce some notation. Given a domain (not necessarily
star-shaped) ∆ ⊂ (R2n−1, ξst) we define

F+(∆) := {F ∈ C∞(Op∆) | supp(F ) ⊂ Int ∆, F ≥ 0, F 6≡ 0 },

and we consider the action of Contc(Int ∆), the set of contactomorphisms of Int ∆ with com-
pact support inside Int ∆, on F+(∆) given by

Φ∗F := (λΦF ) ◦ Φ−1,

where F ∈ F+(∆) and Φ ∈ Contc(Int ∆). Note that the elements of F+(∆) are not contact
Hamiltonians because they are not positive near the boundary of ∆.

Lemma 5.11. If ∆ ⊂ (R2n−1, ξst) is star-shaped and K,H ∈ F+(∆), then there exists a
Φ ∈ Contc(Int ∆) such that Φ∗K ≥ K ′.

51



Proof. By a linear change of coordinates assume that K(0) > 0. Consider the closed set
V := supp(H) ⊂ Int ∆. For T > 0 very large define U := X−Tz (V ) where Xt

z : R2n−1 → R2n−1

denotes the flow of the contact vector fieldXz defined by viewing the z-coordinate as a function
on R2n−1. By taking T large enough we can make sure that

min
U

(K) > 0, and eT min
U

(K) > max(H),

since (Xt
z)
∗αst = etαst. Define X̃ := gXz where g : ∆ → I is a smooth bump function

separating V from ∂∆. Then X̃ is supported in Int ∆ and equals Xz on V .
Clearly Φ := X̃T ∈ Contc(Int ∆) and we claim that Φ∗K ≥ H. Indeed,

(Φ∗K)(x) = (λΦK)(Φ−1(x)) ≥ eT min
U

(K) ≥ H(x), for all x ∈ ∆,

completing the proof.

Next, we give the proof of Proposition 5.9.

Proof of Proposition 5.9. Since (∆,K) ≤ (∆′,K ′) we can pick contact Hamiltonians Ki :
∆→ R, i = 0, 1 satisfying

(i) K ≤ K0 and K1 ≤ K ′

(ii) K0 ≤ K1 on ∆ \ ∆̃

(iii) −Ki|∆̃ ∈ F+(∆̃) for i = 0, 1.

By Lemma 5.10 it is enough to show that (BK0 , ηK0) is dominated by (BK1 , ηK1). Combining
Lemma 5.11 and condition (iii) gives a Φ ∈ Contc(Int ∆̃) such that

Φ∗(K0|∆̃) ≤ K1|∆̃ .

Moreover, since supp(Φ) Int ∆̃ we can extend Φ to a contactomorphism of ∆, also denoted by
Φ, which satisfies the above equation and Φ(∆) = ∆. By Lemma 5.2 the circle models defined
by (∆,K0) and (∆,Φ∗K0) are isomorphic and by Lemma 5.10 we see that (BΦ∗K0 , ηΦ∗K0) is
dominated by (BK1 , ηK1).

An immediate consequence of the previous proposition is that we can restrict our attention
to filling a class of particularly nice circle models.

Lemma 5.12. Given any circle model (BK , ηK) modelled by a time dependent contact Hamil-
tonian (∆,K) there exists a (time-independent) special contact Hamiltonian (∆cyl,K

′) such
that (BK′ , ηK′) ≺ (BK , ηK)

Proof. By combining Lemma 2.20 and Lemma 5.2 we can assume that ∆cyl,⊂ ∆. If K|Op (∆\Int ∆cyl)
>

0 then K ′ := K|Op∆cyl
satisfies the conditions to be a contact Hamiltonian. Replacing K ′ by

a smaller special contact Hamiltonian using Example 7.4 and applying again Proposition 5.9
completes the proof.
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In general it does not need to be true that K|Op (∆\Int ∆cyl)
> 0 and we need to do a little

extra work to achieve this.
Choose an open set U ⊃ ∂∆ such that K|U > 0 and a bump function g : ∆→ [0, 1] satisfying
g|Op ∂∆ = 0 and supp g ⊂ U . Use this to define a contact Hamiltonian f : R2n−1 → R by

(ui, φi, z) 7→ (1− g(ui, φi, z))z.

Away from Op ∂∆ the associated contact vector field is just Xz so that for large enough T
the set XT

f (U) covers ∆\ Int ∆cyl. Applying Lemma 5.2 we are in the same situation as above
and the proof concludes as before.

Recall, from Chapter 4, that we have a map{
Contact Hamiltonians

(∆,K)

}
→
{

Circle models
(BK , ηK)

}
.

The results of this chapter can be summarized as saying that this map descents to a map
from the orbit space of orbits of the conjugation action (on the set of contact Hamiltonian)
to the set of equivalence classes of contact shells.{

Orbits of the conjugation action
Cont(R2n−1, ξst) · {(∆,K)}

}
→
{

Equivalence classes
of contact shells

}
.

By definition this map is surjective and it is not hard to see that it is not injective.

Furthermore, the map is compatible with the domination relations in the sense that (∆,K) ≤
(∆̃, K̃) implies (BK , ηK) ≺ (B

K̃
, η
K̃

). Note that although ≺ descents to a preorder on the set
of equivalence classes of circle models, ≤ does not give a well defined preorder on the orbit
space of the conjugation action.

In the three dimensional case any orbit containing a somewhere negative Hamiltonian is
minimal with respect to the domination relation in the sense that any contact Hamiltonian
dominates some element in the orbit. This means that it suffices to prove that a circle model
associated to a somewhere negative contact Hamiltonian can be filled.

In higher dimensions we do not know if such an orbit exists. However, the family of orbits
containing a special contact Hamiltonian are minimal in the sense that any Hamiltonian
dominates an element of one of these orbits. By Proposition 3.8 this is enough to solve the
filling problem.
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Chapter 6

Connected sums

Recall that the topological connected sum operation allows us to construct, from two manifolds
M and N with boundary, a new manifold M#N by identifying a disk Dn in the boundary of
each manifold and gluing these to the boundary of a tube Dn × I. It is well known that this
can be done in a smooth way. That is, starting with two smooth manifolds, the connected
sum is again a smooth manifold.

The goal of this chapter is to show that this construction is also compatible with (almost)
contact structures in the sense that if M and N are (almost) contact manifolds then so is the
connected sum. Since we only use the connected sum in Proposition 3.8 where we apply it to
circle models, we only consider connected sums of contact shells.

In the first section we define abstract boundary connected sums. These are connected sums
of contact shells where we view them as almost contact manifolds and don’t take into account
their ambient manifolds. In particular, the connecting tube is not contained in an ambient
(contact) manifold.
In the second section we apply the abstract connected sum to circle model shells. It turns
out that starting with two circle models, their (abstract) connected sum is equivalent to a
circle model. To see this, we define the contact Hamiltonian (∆−#∆+,K−#K+) modelling
the connected sum circle model.
In the third section we show that the connected sum construction in the case of circle models
can actually be performed inside an ambient (contact) manifold. This boils down to showing
that the connecting tube can be embedded in the ambient manifold containing the circle
models.

6.1 Abstract boundary connected sum

Consider R2n with (polar) coordinates (u1, θ1, . . . , un−1, θn−1, v, θ) and equipped with the
Liouville 1-form and Liouville vector field

λ :=

n−1∑
i=1

uidθi + vdθ, L :=

n−1∑
i=1

ui
∂

∂ui
+ v

∂

∂v
,
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which we view as the hyperplane (R2n, λ) ⊂ (R2n+1, αst) defined by z = 0. Note in particular
that λ is just the restrictin of αst to the tangent bundle TR2n and similarly L is the projection
of Xz to TR2n. As usual we will denote by Lt : R2n → R2n the time t flow of L.

In order to glue the connecting tube we need to identify embedded disks in the boundary of
the contact shells we want to connect. Moreover, to ensure that the gluing is compatible with
the contact structure we need some restriction on which disks we allow. These restrictions
are expressed in the definition of a gluing disk.

Definition 6.1. A gluing disk for a contact shell
(
B2n+1, η = ([α], [ω])

)
is a smooth embedding

ι : D → ∂B, of a star-shaped (with respect to L) disk1 D ⊂ R, satisfying ι∗α = λ.

Note that since the disk embeds into the boundary of B where η is contact we also have
ι∗ω = dα.
A generic disk in the boundary of the a contact shell will not be a gluing disk. Luckily, there
is an easy criterion to check if a point is contained in a gluing disk, given in the following
definition.

Definition 6.2. A gluing place for a contact shell (B, η) is a point p ∈ ∂B such that Tp∂B =
ξp, where ξ = kerα for some α representing η near Op ∂B.

These points allow us to identify gluing disks using the following lemma.

Lemma 6.3. Given a gluing disk ι : D → ∂B for a contact shell (B, η) the point ι(0) ∈ ∂B
is a gluing place. Conversely, every gluing place p ∈ ∂B is contained is some gluing disk.

Proof. The first claim of the lemma follows immediately from the definitions. Indeed, under
the embedding ι : D → ∂B the tangent space Tp∂B corresponds to the tangent space T0R2n

on which λ vanishes.

Conversely, assume p ∈ ∂B such that Tp∂B = kerαp. This implies that at the point p the
Reeb vector field is transverse to ∂B. By continuity we can find an open neighborhood U of
p such that Rα is transverse to ∂B on U ∩ ∂B In turn we can find an open V ⊂ (R2n+1, αst)
and a diffeomorphism φ : V → U , where R2n+1 has coordinates (x1, y1, . . . , xn, yn, z), such
that

Tφ(
∂

∂z
) = Rα and φ−1(U ∩ ∂B) = { q ∈ V | z(q) = 0 }.

This means that φ∗α = dz + β for some 1 form β on R2n satisfying β0 = 0. Consider the
family of 1-forms defined by

αt := dz + (1− t)β + tλ for t ∈ [0, 1].

1Recall that we allowed disks to have piecewise smooth boundary. So, D ⊂ R2n is a compact domain,
containing the origin with piecewise smooth boundary and star-shaped with respect to L.
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Now, following the proof of the Gray stability theorem, see for example Theorem 2.2.2 in [5],
we note that αt = α at the origin for all t ∈ [0, 1] so that we can find a small open neighborhood
V ′ of the origin where αt is a contact form for all t. Hence, we can find an isotopy ψt, fixing
the origin, such that ψ∗1α1 = α0 := φ∗α. The isotopy ψt constructed in the proof of the Gray
stability theorem integrates a vector field tangent to kerαt, hence preserves transversality
to the Reeb vectorfield. Let D be a small disk containing the origin in ψ1({ z = 0 }) then
φ ◦ ψ−1

1 : D → ∂B is a gluing disk.

Consider a contact shell (B, η) with a gluing disk ι : D → ∂B. We claim that the Reeb
vectorfield Rα is transverse to ι(D). Indeed, suppose it is not, then we have Rα = Tι(X) for
some smooth vectorfield X on D. This implies that for all vector fields Y = Tι(X) tangent
to ι(D) we have

0 = dα(Rα, Y ) = dα(Tι(V ), T ι(X)) = dι∗α(V,X) = dλ(V,X).

However, dλ is non-degenerate implying V = 0 which is a contradiction because then Rα = 0.
Using transversality, the flow of Rα allows us to extend the embedding ι : D → ∂B to a
contact embedding

Φ : D × (−ε, 0]→ B, with Φ∗α = dz + λ,

and such that Φ|D×{0} = ι. This extension allows us to make the gluing to the connecting
tube compatible with the contact structure near the boundary of the contact shell.

Consider two contact shells (B±, η±) with gluing disks ι± : D → ∂B± such that ι+ preserves
and ι− reverses orientation. Extend them to contact embeddings

Φ+ : D × (−ε, 0]→ B+ with Φ∗+α+ = dz + θ,

Φ− : D × [0, ε)→ B− with Φ∗−α+ = dz + θ,
(6.1)

satisfying Φ±|D×{0} = ι±.

To define the connecting tube, let ` > 0 and pick a smooth function τ : [−`, `] → R≥0 such
that τ(z) = 0 for z near ±`. Define

T := { (p, z) ∈ R2n × [−`, `] | p ∈ L−τ(z)(D) }.

The abstract boundary connected sum is defined to be the almost contact manifold

(B+#TB−, η+#η−) := ((B+, η+) t (T, ker(dz + λ)) t (B−, η−)) / ∼ (6.2)

identifying Φ+(p, 0) ∼ (p− `) ∈ T and Φ−(p, 0) ∼ (p, `) ∈ T . Note that since Φ∗±α± = dz + λ
the gluing is compatible with the (almost) contact structures.

6.2 Abstract connected sum of circle model contact shells

A priori, taking the abstract connected sum of two circle models produces a contact shell.
We show here that this contact shell is actually (equivalent to) a circle model. To do this we
construct a contact Hamiltonians describing the connected sum.
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The connected sum construction will only be used in the proof of Proposition 3.8. There, all
the Hamiltonians involved will be special as in Definition 7.2 in the next chapter. In particular,
these Hamiltonians are all defined over ∆cyl and are spherically symmetric meaning that they
are invariant under rotations in R2. The precise definition is as follows.

Definition 6.4. A contact Hamiltonian K : Op∆× S1 → R is called spherically symmetric
if it only depends on the coordinates u :=

∑n−1
i=1 ui and z, where (z, u1, θ1, . . . , un−1, θn−1)

denote the coordinates on ∆ ⊂ R2n−1.

When we are considering a spherically symmetric contact Hamiltonian we will often commit
a slight abuse of notation and write it as K(u, z), instead of K(z, u1, θ1, . . . , un−1, θn−1).
Since this simplifies the notation we will also make this assumption in this the rest of this
chapter, i.e. ∆ will always mean ∆cyl and all the Hamiltonians are spherically symmetric. We
note that with a little extra work all the results also hold for general contact Hamiltonians.

Consider a circle model shell (BK,C , ηK,ρ,g) associated to a contact Hamiltonian (K,∆). To
take their connected sum we need to find suitable gluing disks. Luckily, every circle model has
two canonical gluing disks. Let w = (u1, θ1, . . . , un−1, θn−1), u =

∑n−1
i=1 ui, and let (w, z, v, θ)

be coordinates on R2n+1, then the gluing disks are given by:

D± := {(w, v, θ) ∈ R2n | u ≤ 1, v ≤ K(u,±1) } ⊂ R2n, (6.3)

with embeddings ι± : D± → (∂BK,C , ηK,ρ,g) defined by

ι±(w, v, θ) = (w,±1, ρ−1
(w,±1,θ)(v), θ) ∈ R2n+1.

Observe that K(u,±1) is positive so that D± is well-defined. Furthermore, since (w,±1, θ) ∈
∂BK,C we have ∂vρ(w,±1,θ) > 0 and hence

ρ(w,±1,θ) : [0,K(w,±1, θ) + C]→ [0,K(w,±1, θ)]

is a diffeomorphism and the definition of ι± is well-defined. Lastly, observe that ι±(0, 0, 0) =
(0,±1, 0, 0) which are the north and south pole of BK,C respectively.

Suppose we have two circle model shells (BK± , η±) associated to contact Hamiltonians (K±,∆).
Assume that E(u) := K±(u,±1) is well-defined and that all derivatives of K± in the z di-
rection vanish at ±1. That is, K+(u,+1) = K−(u,−1) for u ≤ 1 and ∂zK(u,±1) = 0. It is
easy to see that given any contact Hamiltonians (∆,K) we can pick a Hamiltonian (∆,K ′),
slightly smaller than K with respect to the domination relation these conditions.

Pick ` > 0 and define a smooth function τ : [−`, `] → R≥0 such that τ(z) = 0 for z near ±`.
Define the domain

∆#τ,`∆ := Z−1
1+`(∆) ∪ Tτ,` ∪ Z1

1+`(∆) ⊂ R2n−1, (6.4)

where
Tτ,` := { (w, z) ∈ R2n−1 | u ≤ e−τ(z), |z| ≤ ` } ⊂ R2n−1. (6.5)

We will drop τ from the notation whenever we take τ := 0.
It follows from Lemma 8.5 below that ∆#τ,`∆ is contactomorphic to ∆#`∆ which is easily
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seen to be star-shaped so we can use this as the domain for a contact Hamiltonian. Define
the connected sum contact Hamiltonian K+#τK− : ∆#τ,`∆→ R by

K+#τK−(u, z) =


K+ ◦ Z1+`(u, z) on Z−1

1+`(∆)

e−τ(z)E(u) for (z, q) ∈ Tτ,`
K− ◦ Z−1

1+`(u, z) on Z1+`(∆)

(6.6)

which is smooth since we assumed the derivates of K± in the z direction to vanish at ±1. It
is easy to see that K+#τK−|∂∆#τ,`∆

> 0 so that it is a well-defined contact Hamiltonian.
Hence we get an associated circle model

(BK+#τK− , ηK+#τK−).

The following Lemma is the key result in this section saying that this circle model is the
result of applying the abstract boundary connected sum to the circle models (BK+ , ηK+) and
(BK− , ηK−).

Lemma 6.5. The contact shell (BK+#τK− , ηK+#τK−) is equivalent to the abstract connected
sum (BK+#TBK− , ηK+#T ηK−) with tube

T := { (w, v, θ) ∈ R2n+1 | u ≤ e−τ(z), v ≤ e−τ(z)E(u) }

and the connected sum is done at the north pole of BK+ and the south pole of BK−.

The proof follows immediately from the definitions and Lemma 8.5.

6.3 Ambient boundary connected sum

In practise we always want to apply the connected sum construction to contact shells inside
an ambient (almost) contact manifold. In order to do this we need to make sure that the
connecting tube embeds in an (almost) contact way into the manifold containing the contact
shells. We prove that this can be done for all contact shells so that it holds in particular for
the circle model connected sum from the previous section.

Let (M,η = (α, ω)) be an almost contact manifold. Assume that we have contact shells
(B±, η±) ⊂ (M,η) equipped with gluing discs ι± : ∆ → ∂B± where ι∗±α = λ and such that
ι+ preserves and ι− reverses the orientation.

Definition 6.6. A connecting path γ for contact shells (B±, η±) ⊂ (M,η) with gluing disks
ι± : D → ∂B± is a smooth embedding γ : [0, 1]→ IntM satisfying

(i) γ(0) = ι+(0), γ(1) = ι−(0), and γ(t) 6∈ B+ ∪B− for t ∈ (0, 1),

(ii) η is a contact structure on OpΓ, where Γ := γ([0, 1]).

(iii) γ is transverse to kerα.

The next lemma shows that such paths can always be constructed.
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Lemma 6.7. Let (B±, η±) ⊂ (M,η) be contact shells equipped with gluing discs ι± : D →
∂B±. If η is contact on M \ (IntB− ∪ IntB+), then there exists a connecting path γ.

Proof. Pick any path γ : [0, 1]→ IntM satisfying (i). Condition (ii) follows from the assump-
tion that η is contact outside B− ∪B+.

The third condition can by satisfied since any path in a contact manifold is C0-approximated
by a transverse path. In the three dimensional case this follows from Theorem 3.3.1 in [5].
For arbitrary dimension this is a consequence of Theorem 14.2.2 in [4].

For our purpose it is not a problem to assume that η is contact on M \ (IntB− ∪ IntB+).
Indeed, in the proof of Theorem 3.1 we apply Proposition 3.7 before Proposition 3.8, so
that this holds whenever we want to take an ambient connected sum. However, if η is only
almost contact, then it follows from Lemma 7.8 and the fact that the connected sum of two
contractible manifolds is again contractible that we can homotope η to be contact on OpΓ
relative to OpB− ∪B+.

The following lemma shows that connecting paths allow us to take ambient connected sums.

Lemma 6.8. Every neighbourhood
(
B+ ∪ OpΓ ∪B−, η|B+∪OpΓ∪B−

)
contains the image of

an almost contact embedding of an abstract connected sum (B+#TB−, η+#T η−).

Proof. We need to show that for a suitable choice of τ : [−`, `] → R≥0, the connecting tube
Tτ,` is contained in Op γ.

As in Equation 6.1 we can use the flow of the Reeb vector field to extend the gluing disks
ι± : D → ∂B± to contact embeddings

Φ± : D × (∓`− ε,∓`+ ε)→ Op ι±(D), satisfying Φ∗±α = dz + λ and Φ±|D×∓{`} = ι±.

Furthermore, we can assume that Φ−1
+ (Γ) = {0} × [−`,−`+ ε) and Φ−1

− (Γ) = {0} × (`− ε, `].
Recall we have a normal form for contact structures in the neighbourhood of a transverse curve,
see for example Theorem 2.5.15 and Example 2.5.16 in [5]. Using this result we can, after
picking some constant C > 0 large enough and possibly decreasing ε, extend the embeddings
Φ± to a contact embedding

Φ : (D × (−`− ε, `+ ε)) ∪
(
L−C(D)× [`, `]

)
∪ (D × (`− ε, `+ ε))→M,

such that the image is contained in Op (ι+(D) ∪ Γι−(D)) and Φ(0× [−`, `]) = Γ.

To find the required contact embedding to finish the proof, it suffices to pick τ : [−`, `]→ R≥0

so that the tube T is contained in the domain of Φ.
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Chapter 7

Overtwisted disks

In this chapter we define overtwisted disks, overtwisted (almost) contact structures and show
they have properties which are very useful for the proof of Theorem 3.1. The chapter is
divided into two parts.
The goal of the first part, consisting of the first three sections, is to give a precise definition
of overtwisted disks. Essentially, an overtwisted disk is defined to be a certain part of the
boundary of a circle model shell (BK , ηK), where the Hamiltonian K is “special” and smaller
than a universal Hamiltonian Kuniv.
In the first section we explain the significance of the universal contact Hamiltonian and it’s
meaning in the definition of overtwisted disks.
The second section deals with the precise definition of special contact Hamiltonians and the
definition of overtwisted disks and overtwisted (almost) contact manifolds.
In the third section we compare this definition (for all dimensions) to the definition given in
[3], for the three dimensional case.
The aim of the second part of the chapter, consisting of the last two sections, is to prove that
in any (almost) contact manifold we can create as many overtwisted disks as we want.
In the fourth section we prove that on a contractible manifold any two almost contact struc-
tures are homotopic. This allows us to create an overtwisted disk in any almost contact
manifold. Furthermore, we show that this procedure can be done inside an ambient manifold.
In the last section we show that an open neighborhood of an overtwisted disk contains a
foliation by overtwisted disks, meaning that we have as many overtwisted disks as we want.
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7.1 Intuition about overtwisted disks & universal contact Hamil-
tonians

Just as in the three dimensional case, the definition of overtwisted contact structures for all
dimensions, which we give in the next section, is defined by specifying a model disk with a
specific germ of a contact structure. Any disk with a contact germ contactomorphic to the
model is then called overtwisted. The model overtwisted disk is defined to be a certain part of
the boundary of a circular model shell (BK , ηK), whose contact Hamiltonian K has to satisfy
two properties. It is required to be special as defined in Definition 7.2 below and it has to
be smaller than Kuniv with respect to the domination relation. The aim of this section is to
explain how the definition of an overtwisted disk arises and the role of Kuniv in this definition.

In the previous chapter we have seen that there is a partial order ≤ on the set of all contact
Hamiltonians compatible with the notion of domination of contact shells. As we explained
there this means that if we are trying to solve the filling problem for a circle model (BK , ηK),
then this problem can be reduced to solving the filling problem for a smaller circle model
(BK′ , ηK′) if we can find a K ′ ≤ K. In other words, if K is large then we can find many
different Hamiltonians Ki such that Ki ≤ K and solving the filling problem for any of these
solves the filling problem for K. Hence we may expect that for large K our problem becomes
easier.
We know that the proof of Theorem 3.1 splits in two parts. By the first part, Proposition
3.7, it is enough to solve the filling problem for finitely many circle models equivalent to
(BKuniv , ηKuniv) for some universal Hamiltonian Kuniv. Considering our previous observation
we should try to make this Kuniv as large as possible with respect to the domination relation
to make the problem of filling the shell (BKuniv , ηKuniv) as easy as possible.
We will see later that the proof of Proposition 3.7 actually shows that we can homotope
any almost contact structure to a genuine one up to finitely many circle model shells each
described by a contact Hamiltonian Ki, i = 1, . . . , L, from a finite list. The universal Hamil-
tonian Kuniv is then defined to be any Hamiltonian smaller than any of the Ki, i = 1, . . . , L.
This shows two things. Firstly, there are many possible choices for Kuniv, since any Hamil-
tonian smaller than the Ki, i = 1, . . . , L will do. However, by our previous observation the
smaller we choose Kuniv the weaker the statement of Proposition 3.7 becomes.
Secondly, we can interpret Kuniv as a border between the Hamiltonians which are bigger than
Kuniv for which we expect the filling problem to be solvable, and the ones which are smaller
than Kuniv and for which we expect the filling problem to be hard or impossible to solve.
The statement of Proposition 3.7 can then be interpreted as saying that the Hamiltonians,
describing the circle models where the almost contact structure is not contact, can always be
chosen so big (i.e. greater or equal to Kuniv) that we can solve the filling problem for them.
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The second part of the proof of Theorem 3.1, which is Proposition 3.8, shows that the filling
problem for a circular model (BK , ηK) can be solved if somewhere in the manifold there is
a circle model shell (BK′ , ηK′) modelled by a contact Hamiltonian K ′ which is special and
smaller than K. By Giroux’s theorem this can be relaxed to requiring only part of the
boundary of the circle model (BK′ , ηK′) to be present.
We want to choose the definition of an overtwisted disk in such a way that if a manifold
contains an overtwisted disk then we can homotope the almost contact structure to a contact
structure. So the question is, what object should be present in the manifold in order to solve
the filling problem. The answer follows immediately from the above considerations. Namely,
it should be part of the boundary of a circle model (BK , ηK) where K is special and smaller
than Kuniv. We will see in the next section that this is precisely how overtwisted disks are
defined.

7.2 Special contact Hamiltonians & overtwisted disks

In this section we give a precise definition of overtwisted disks. As we stated in the previous
section an overtwisted disk is a subset of the boundary ∂BK of a circular model shell (BK , ηK)
associated to a special contact Hamiltonian. To define these special contact Hamiltonians we
need the notions of a special function and a spherically symmetric contact Hamiltonian.

Special functions are defined as follows.

Definition 7.1. A smooth function k : R≥0 → R is called special if k(1) > 0 and

ak(
x

a
) < k(x), for all scalars a > 1 and x ∈ R≥0. (7.1)

This condition implies that k has a zero in (0, 1) and the y-intercepts of all tangent lines to

the graph of k are negative. To see the first statement rewrite 7.1 as k(xa ) < k(x)
a . Taking the

limit for a→∞ gives k(0) < 0 and since k(1) > 0 this means k has a zero in (0, 1).
Differentiating 7.1 with respect to a and substituting u := x

a gives

k(u)− uk′(u) < 0 for all u ∈ R≥0. (7.2)

Rewriting this as k(u)
u < k′(u) gives the second claim.

Recall that a contact Hamiltonian K : Op∆ × S1 → R is called spherically symmetric if it
only depends on the coordinates (u, z) where u =

∑n−1
i=1 ui. Using these notions we define

special contact Hamiltonians as follows.

Definition 7.2. A contact Hamiltonian K : Op∆cyl × S1 → R is called special if K is
spherically symmetric and there exists a zD ∈ (−1, 1) together with a special function k :
R≥0 → R such that:

(i) K(−z, u) = K(z, u) on {(z, u) ∈ ∆cyl : |z| ∈ Op{1}} ⊂ R2n−1,

(ii) For any δ ∈ Op{1} we have K(u, z) ≤ K(u, δ) for all u ∈ [0, 1] and |z| ≤ δ,
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(iii) K is non-increasing in the positive z direction for z ∈ Op[−1, zD] ⊂ [−1, 1],

(iv)

{
if n = 1 : K(zD) < 0

if n > 1 : K(u, z) ≥ k(u) with equality if z ∈ Op{zD}.

We denote such a special contact Hamiltonian by a pair (K, zD).

Remark 7.3. Note that a special contact Hamiltonian is in particular a contact Hamiltonian
so it also satisfies K|∂∆cyl×S1 > 0.

The first condition will be used when taking connected sums during the proof of Proposition
3.8, and has no geometric meaning. On the other hand, conditions (ii), (iii) and (iv) describe
the way the characteristic foliation on overtwisted disks behaves, see Figure 7.2.
For the case n = 1 the conditions (i) and (iv) are need for the proof of Proposition 3.8.
Conditions (ii) and (iii) are not needed for this proof, however they ensure that Definition 7.5
and Definition 7.6 are equivalent.
For the case n > 1 the situation is a little different. Here, all conditions are needed to prove
the parametric analogue of Proposition 3.8. We will not do this and refer the interested reader
to Proposition 5.3 in [2]. To prove Proposition 3.8 we use conditions (i), (ii) and (iv). That
is, for our purpose we could remove condition (iii) from the above definition but we include
it so our definition does not deviate from the one in [2].

The following example shows that special contact Hamiltonians exist, and that there are many
of them.

Example 7.4. For positive constants a, b, c ∈ R>0, satisfying b < 1 and c > a
1−b , define the

(piecewise smooth) function k : R≥0 → R by

k(x) :=

{
c(x− b)− a if x ≥ b
−a if x ≤ b

see Figure 7.1.

a
b 1

Figure 7.1: The graph of k : R≥0 → R.

Since c > a
1−b we have k(1) > 0 and from the graph of k it is easy to see that it satisfies

Equation 7.1. Hence, except from smoothness, k is a special function. Use this to define the
(piecewise smooth) spherically symmetric contact Hamiltonian

K(u, z) := max(k(u), k(|z|)).

It is easy to see that K(u, z) satisfies conditions (i) and (ii) from Definition 7.2. Taking any
zD ∈ [−1, 0), conditions (iii) and (iv) are also satisfied.
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Given any contact Hamiltonian K : Op∆cyl×S1 → R we can choose a, b and c in such a way
that the above construction produces a special contact Hamiltonian smaller than K. Hence,
there are plenty of special contact Hamiltonians.
It remains to solve the smoothness problems of the above construction. However,this is easy
since by a small perturbation one can always find a smooth functions C0-close to k and K
which are special.
One way to do this explicitly is to take an ε > 0 and let g : R≥0 → [0, 1] be a smooth function
satisfying

g(x) =

{
1 if x ≥ b
0 if x ≤ b− ε

Define, kε(x) := g (c(x− b)− a+ ε)− (1− g)a and

K(u, z) :=
kε(u)eNkε(u) + kε(|z|)eNkε(|z|)

eNkε(u) + eNkε(|z|)
.

For ε→ 0 and N →∞ these tend to the non-smooth k and K defined previously.

To define overtwisted contact manifolds we first define model overtwisted disks. An over-
twisted disk is then defined to be any disk with a germ of a contact structure contactomorphic
to some model and a contact manifold is overtwisted if it contains such an overtwisted disk.
More precisely, let (K, zD) be a special contact Hamiltonian. Define a 2n-dimensional disk

DK,C,zD := { (w, v, θ) ∈ ∂BK,C | z(w) ∈ [−1, zD] } ⊂ BK,C , (7.3)

which is part of the boundary of the circle model shell (BK,C , ηK,ρ,g) associated to K. Restrict
ηK,ρ,g to OpDK,C and denote the resulting pair, consisting of a disk with a contact germ, by
(DK,zD , ηK,ρ,g).

Definition 7.5. An overtwisted disk (Dot, ξot) is a 2n-dimensional disk with a germ of a
contact structure such that there is a contactomorphism

(Dot, ξot) ∼= (DK,C,zD , ηK,ρ,g),

where K is a special contact Hamiltonian satisfying K < Kuniv.
A 2n+ 1-dimensional contact manifold (M, ξ) is said to be overtwisted if it admits a contact
embedding (Dot, ξot) ↪→ (M, ξ) of some overtwisted disk.

7.3 The three dimensional case

The three dimensional case is of special interest since here we can draw pictures of the over-
twisted disks. Furthermore we compare our definition to the usual one for three dimensions
as given in [3].
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First we want to see what special contact Hamiltonians look like for n = 1. In this case ∆cyl =
[−1, 1] and any spherically symmetric contact Hamiltonian depends only on z. Also, condition
(iv) in Definition 7.2 states that any special contact Hamiltonian is somewhere negative. Using
Lemma 5.7 this implies that the condition that the Hamiltonian K modelling an overtwisted
disk should satisfy K < Kuniv is void since any somewhere negative Hamiltonian is minimal.
So, consider a special contact Hamiltonian K : [−1, 1] → R and a point zD ∈ [−1, 1] such
that K(zD) < 0. Using the results from Section 4.4 and noting that in the 3-dimensional case
closed orbits of the characteristic foliation correspond to zero’s of the Hamiltonian, we can
visualize a three dimensional overtwisted disk as in Figure 7.2 below.

zD−1 1

−1 zD
K

(Dot, ξot)

K|[−1,zD]

Figure 7.2: Illustration of a three dimensional overtwisted disk together with its characteristic
foliation.

Recall that in three dimensions an overtwisted disk is usually defined to be the disk

Dπ := { (z, u := r2, θ) ∈ R3 | z = 0, r ≤ π },

inside R3 with the standard overtwisted contact structure ξot := ker(cos rdz + r sin rdθ).
Denote by (Dπ, ξot) this disk with the germ of the standard overtwisted contact structure.
The characteristic foliation on D is given by straight lines in the radial direction. This gives
the well known definition of an overtwisted contact manifold in three dimensions.

Definition 7.6. A manifold (M, ξ), with dimM = 3, is called overtwisted if it contains
admits a contact embedding (Dπ, ξot) ↪→M .

The following lemma shows that this definition is equivalent to Definition 7.5 with n = 1.

Lemma 7.7. A three dimensional contact manifold (M, ξ) is overtwisted in the sense of
Definition 7.5 if and only if it is overtwisted in the sense of Definition 7.6.

Proof. The obvious problem comparing Definition 7.5 and Definition 7.6 is that the first is
defined using a piecewise smooth disk while the latter is defined using a smooth disk. As
in Equation 4.3 an open neighborhood of an overtwisted disk is contactomorphic to an open
neighborhood of

ΣK,C,zD := Σ1
K,C ∪ Σ2

K,C,zD
⊂
(
R3, ξst

)
t (R× T ∗S1, ξst)/ ∼,

where ΣzD
K,C := { (z, p, q) ∈ R × T ∗S1 | z ∈ [−1, zD], v = K(z, θ) } ⊂ Σ2

K,C , and Σ1
K,C :=

{ (z, v, θ) ∈ R3 | z = −1, 0 ≤ v ≤ K(z, θ) } ⊂ (R3, ξst)
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For ε > 0 consider the disk

Σ1
K,C,ε := { (z, v, θ) ∈ R3 | 0 ≤ v ≤ K(x, θ), z =

√
ε− εv } ⊂ (R3, ξst),

and define
ΣK,C,zD,ε := σ1

K,C,ε ∪ Σ2
K,C,zD

⊂
(
R3, ξst

)
t (R× T ∗S1, ξst)/ ∼ .

It is easy to see that ΣK,C,zD,ε is a smooth surface whose characteristic foliation is diffeomor-
phic to that of an overtwisted disk Dπ as in Definition 7.6.

From Giroux’s theorem we know that in the three dimensional case the germ of contact
structure on a smooth surface is determined by the characteristic foliation. Furthermore,
choosing ε > 0 small enough we see that we can find a disk ΣK,C,zD,ε is an arbitrary small
open neighborhood of ΣK,C,ZD . Combining these two observations it is clear that Definition
7.5 and Definition 7.6 are equivalent.

7.4 Creating overtwisted disks

To show that we can create overtwisted disks in any almost contact manifold we start by
proving that on a contractible manifold any two almost contact structures are homotopic.
The idea is that using the contractibility the problem reduces to finding a homotopy between
linear almost contact structures. The proof then boils down to the fact that the space of
linear symplectic structures, which can be identified with the space of symplectic matrices, is
path connected.

Lemma 7.8. On a contractible manifold any two almost contact structures are homotopic.

Proof. Let η := ([α], [ω]) and η′ := ([α′], [ω′]) be two almost contact structures on a con-
tractible manifold M of dimension 2n + 1. It is enough to find a homotopy between fixed
representatives (α, ω) and (α′, ω′) of η and η′ respectively.
View α as a map α : M → T ∗M . Since M is contractible there exists a homotopy Ht : M →
M , t ∈ I, between the identity map and the constant map cp for some p ∈ M . Looking at
the composition α ◦Ht : M → T ∗M gives a homotopy between α and αp ∈ T ∗pM . Similarly,
denoting as usual ξ := kerα ⊂ TM , we get a homotopy from ω : M → Λ2ξ to ωp ∈ Λ2ξp.
Moreover, since

(α ◦Ht) ∧ (ω ◦Ht)
n = (α ∧ ωn) ◦Ht 6= 0,

the homotopy from (α, ω) to (αp, ωp) is through almost contact structures. Repeating the
same argument for (α, ω′) we have reduced to the case where we want to find a homotopy
between two linear almost contact structures (αp, ωp) and (α′p, ω

′
p) on TpM .
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Viewing αp and α′p as elements of T ∗pM it is clear we can find a homotopy Ft ∈ T ∗M , t ∈ I,
between them. Indeed, any two non-zero elements of a vector space can be connected by a
path not going through the origin. Consider the trivial vector bundle TpM × I → I and the
subbundle ξ with fiber ξt := kerFt ⊂ TpM ∼= TpM ×{t}. By definition ξ0 and ξ1 are endowed
with linear symplectic structures defined by ωp and ω′p, respectively.
Now, ξ is a bundle over a contractible base, hence it is trivial. Under the isomorphism
ξ ∼= R2n × I we can represent a linear symplectic structure on ξt ∼= R2n × {t} by a matrix
in Sp(2n,R). Hence, finding a homotopy between ωp and ω′p reduces to finding a path in
Sp(2n,R) connecting the matrices representing ωp and ω′p. By path connectedness of Sp(2n,R)
this can be done.

To create overtwisted an overtwisted disk in an almost contact manifold (M,η) we want to find
a ball B ⊂M and use the previous lemma to homotope η|B to an almost contact structure on
B containing an overtwisted disk. However, the homotopy constructed in the previous lemma
will also change the almost contact structure on ∂B. The next lemma shows that using a
smooth bump function we can extend the homotopy to the entire manifold.

Lemma 7.9. Any almost contact structure η on a manifold M is homotopic to an almost
contact structure η′ containing an overtwisted disk. Moreover, the homotopy can be taken to
be fixed outside an arbitrary small ball.

Proof. Let Dot ⊂ R2n+1 with contact structure ξot on U := OpDot, be any overtwisted disk.
Since the contact structure ξot is defined on an open neighborhood of Dot we can find closed
balls B± such that Dot ⊂ IntB−, B− ⊂ IntB+ ⊂ U and a smooth bump function g : U → I
such that g|B− = 1 and supp(g) ⊂ IntB+. If p ∈ M is an arbitrary point then it is easy to
see that we can embed B+ into an (arbitrary small) neighborhood of p, and we identify B+

with its image under this embedding. Applying lemma 7.8 we obtain a homotopy Ht on B+

between η|B+
and ξot|B+

. Consider the homotopy Hgt and observe that this keeps the almost
contact structure on ∂B+ fixed. Hence, it can be extended (smoothly) to a homotopy on M
between η and an almost contact structure containing (Dot, ξot).
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7.5 Foliations by overtwisted disks

In the proof of Theorem 3.1 we use the connected sum construction from the next chapter
to connected each circle model shell from Proposition 3.7 to a contact shell containing an
overtwisted disk. Thus, we might need (finitely) many overtwisted disks while by definition
an overtwisted contact manifold only needs to contain one overtwisted disk. In this section
we show that this does not pose a problem since any neighborhood of an overtwisted disk
contains a foliation by overtwisted disks. Thus, the existence of one overtwisted disk in a
manifold implies the existence of infinitely many overtwisted disks in this manifold.
Intuitively, the idea of the proof is the following. Suppose the overtwisted disk is modelled
by a special contact Hamiltonian K. We show that for δ > 0 small enough K − δ, will
also be special. Since, the Hamiltonian basically describes the radius of the associated circle
model shell we have that for varying δ the circle model associated to K − δ foliate an open
neighborhood of (BK , ηK). Hence, since the K−δ are special we get a foliation by overtwisted
disks. Of course, there are some details to be taken care of and the results about conjugation
of contact Hamiltonians from Chapter 5 will play an important role.

Remark 7.10. We point out the difference of this argument with the one for the three di-
mensional case given in [3]. Here, instead of connecting each contact shell to an overtwisted
disk the shells are instead connected summed to each other and afterwards connected to an
overtwisted disk. This means that only one overtwisted disk is needed and we do not need to
make use of foliations by overtwisted disks.

This is possible since in the three dimensional case any somewhere negative contact Hamilto-
nian is special. This implies that the connected sum of two circle models associated to special
contact Hamiltonians is again special. It follows from Definition 7.2 that is no longer true in
higher dimensions. Hence, Proposition 3.8 can only applied if we connect each circle model
modelled by a special contact Hamiltonian directly to an overtwisted disk.

For δ 6= 0 consider the scaling contactomorphism Sδ : (R2n−1, ξst)→ (R2n−1, ξst) given by

Sδ(z, u1, . . . , un−1, θ1, . . . , θn−1) :=
(z
δ
,
u1

δ
, . . . ,

un−1

δ
, θ1, . . . , θn

)
.

We use this contactomorphism to construct from any special contact Hamiltonian K : ∆cyl×
S1 → R a family Kδ : ∆cyl × S1 → R of special contact Hamiltonians which are slightly
smaller than K. To do this define a scaled version of the cylindrical domain by

∆δ := {(z, u1, θ1, . . . , un−1, θn−1) ∈ R2n−1 : |z| ≤ δ, u :=
n−1∑
i=1

ui ≤ δ} ⊂ (R2n−1, ξst).

Observe that Sδ(∆δ) = ∆cyl. Next, consider the family of functions Kδ : ∆δ×S1 → R defined
by

Kδ := K − (δ − 1). (7.4)

For δ < these functions satisfy Kδ < K. Consider a circle model (BK,C , ηK,ρ,g) associated to
K. Recall that C is chosen big enough so that K + C > 0. This means that for ε > 0 small
enough Kδ + C > 0 for all δ ∈ [1 − ε, 1]. Moreover, the circle models (BKδ,C , ηKδ,ρδ,gδ), for
δ ∈ [1− ε, 1] , foliate part of the interior of BK,C , see Figure 7.3.
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BKδ,∆δ

BK,∆

Figure 7.3: Foliation of (part) of the interior of BK,C by boundaries ∂BKδ,∆δ
, δ ∈ [1 − ε, 1],

inducing a foliation by overtwisted disks.

The contact Hamiltonians Kδ are not special. This follows immediately from the fact that
∆δ 6= ∆cyl, which is a bit silly, but also condition (iv) from Definition 7.2 does not need to be
satisfied. However, we claim that the (BKδ , ηKδ) are equivalent to circle models associated to

special contact Hamiltonians (K̃δ,∆δ).To see this define K̃δ : ∆δ×S1 → R by K̃δ := (Sδ)∗Kδ

using the push forward construction from Chapter 5. Unfolding the definition of push forward
we see

K̃δ = (Sδ)∗ (K − (δ − 1)) =
K ◦ S−1

δ

δ
+
δ − 1

δ
. (7.5)

With ε > 0 as above we claim that the family K̃δ, δ ∈ [1 − ε, 1] consists of special contact
Hamiltonians provided K is special.

Lemma 7.11. Let K : ∆cyl × S1 → R be a special contact Hamiltonian. For ε > 0 small
enough, the family Kδ : ∆cyl × S1 → R, δ ∈ [1 − ε, 1], defined as above consists of special
contact Hamiltonians.

Proof. From Equation 7.5 it is clear that K̃δ satisfies condition (i)− (iii) in Definition 7.2 if
we take z̃D := zD

δ . The interesting part is to find the correct special function k̃δ associated to

K̃δ and show it satisfies condition (iv). Let k : R≥0 → R be special function for K. It follows
from condition (iv), equation 7.5 and the definition of z̃D that for x ∈ Opz̃D we have

k̃δ(x) =
k(δx)

δ
+
δ − 1

δ
.

We claim that this functions is special and therefore we can define k̃δ by the previous equation
for all x ∈ R≥0. To see this, let a > 1 and x ∈ R≥0 then,

ak̃δ(
x

a
)− k̃δ(x) = a

k(xδa )

δ
+ a

δ − 1

δ
− k(δx)

δ
− δ − 1

δ
< (a− 1)

δ − 1

δ
< 0,

where we used that k is special and hence a
k(xδ

a
)

δ < k(xδ)
δ . Hence, k̃ satisfies Equation 7.1.

Moreover, if ε is small enough we have k̃δ(1) > 0 so that k̃δ is special and condition (iv) in
Definition 7.2 is also satisfied.
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With this we come to the main result of this section.

Proposition 7.12. Every neighborhood of an overtwisted disk in a contact manifold contains
a foliation by overtwisted disks.

Proof. Consider an overtwisted disk (DK,C,zD , ηK,ρ,g) defined by a special contact Hamiltonian
K : Op∆cyl × S1 → R. Let U := OpDK,C,zD be an open neighborhood of this overtwisted
disk. Pick ε > 0 small enough so that the disks

(DKδ,C,zD,δ , ηKδ,ρδ,gδ), for δ ∈ [1− ε, 1], (7.6)

where Kδ is defined as in Equation 7.4 and zD,δ := zD
δ , is contained in U . These disks are

defined as in Definition 7.3, and hence each disk DKδ,C,zD,δ is a subset of (∂BKδ,C , ηKδ,ρδ,gδ).
By Lemma 5.2 we get equivalences

(BKδ,C,, ηKδ,ρδ,gδ)
∼= (B

K̃δ,C̃
, η
K̃δ,ρ̃δ,g̃δ

),

where the family {K̃δ : Op∆cyl × S1 → R}δ∈[1−ε,1] is defined as in Equation 7.5. Moreover,
by Lemma 7.11 we know these contact Hamiltonians are special and since they are smaller
than K they are smaller than Kuniv. Recall that by the definition of an equivalence we
get contactomorphisms between the boundaries. Hence, the disks from Equation 7.6 are
overtwisted since they are contactomorphic to model overtwisted disks.
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Chapter 8

Filling circle models

Combining the results of the previous chapters we are now in a position to show that circle
models associated to special contact Hamiltonians can be filled. The main goal of this chapter
is to present the proof of this statement, which is Proposition 3.8. As we stated in Chapter 7
the definition of special contact Hamiltonians, and thus of overtwisted disks, is motivated by
the proof of this proposition. Our second goal is to see how these conditions show up in the
proof and interpret their meaning in a more geometric way.

In the first section we present the main idea’s of the proof in the three dimensional case. As
we have seen in Lemma 5.7 the domination relation is essentially trivial in this case some of
the technical parts of the proof simplify.
The idea is to use a connected sum construction to reduce the filling problem for a ball to
a filling problem for an annulus. If the boundary spheres of the annulus are modelled as
the boundary spheres of contact shells the problem essentially reduces to conjugating the
Hamiltonian of the inner sphere to be smaller than the Hamiltonian of the outer sphere. In
the three dimensional case this can be done by stretching the domain of K which is just an
interval.

There are two parts of this proof that need to be generalized for the higher dimensional case.
Firstly, we need to find a higher dimensional analogue of scaling along the z-direction. Since in
the higher dimensional case the contact structure on ∆ is no longer trivial this requires some
work. More precisely, scaling along the z direction in (R2n−1, ξst) (using a contactomorphism)
can only be done at the cost of a scaling in the u direction. We can correct this scaling in the
u direction at the cost of a twisting along the z-axis, which does not pose a problem due to
rotational symmetry. We explicitly construct these contactomorphisms in the second section.

Secondly, since the domination relation is no longer trivial in the higher dimensional case, we
need to do some extra work to make sure that after applying the conjugation, the Hamiltonian
modelling the inner sphere is smaller than the one modelling the outer sphere. We will
see in the third section that this will be true if we require the Hamiltonians to have some
extra symmetries. The precise conditions basically follow from the description of the scaling
contactomorphism and will explain the definition of special contact Hamiltonians we saw in
Section 7.2.

In the last section we combine these ideas to give a precise proof of Proposition 3.8
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8.1 Idea of the proof of Proposition 3.8

Assume we are in the case dimM = 3 and we have a contact Hamiltonian (∆,K) (assumed
to be time independent) modelling a circle model (BK , ηK) ⊂M which we want to fill.

Depending on the Hamiltonian K this problem is easy or hard. It could happen that K is
everywhere positive. In this case we know from Remark 4.9 that (BK , ηK) is equivalent to
a solid shell and we are done. In general (hard) K might be somewhere negative and the
previous argument does not hold. Before considering this case we first look at a different
problem of trying to fill an annulus bounded by two circle models.

Suppose we have another contact Hamiltonian (∆′,K ′) satisfying ∆′ ⊂ Int ∆. By Lemma
5.10 we can define an almost contact annulus

(A := BK \BK′ , ηK |A),

which is contact near the boundary ∂A = ∂BK ∪ ∂BK′ . The annulus is contact if and only
if the inclusion map i : BK′ ↪→ BK is a subordination map. Again by Lemma 5.10 we know
that this can be achieved if K ′ ≤ K. Hence, the filling problem for the annulus reduces to
conjugating K ′ to be smaller than K.

Note that the filling problem for an annulus is lot easier than for a ball. Indeed, we see from
Equation 5.1 that it is impossible to conjugate a somewhere negative Hamiltonian in a strictly
positive one. By Remark 4.9, saying that a circle model is solid if and only if the defining
Hamiltonian is strictly positive, this tells us that we cannot use conjugation to solve the filling
problem for a ball. On the other hand it is possible to change the order of Hamiltonians with
respect to the domination relation using conjugation. By the above discussion we know this
is enough to solve the filling problem for an annulus.

The key observation is that by taking a connected sum with a contact ball (not necessarily
a circle model), any filling problem for a circle model can be turned into a filling problem
for an annulus. Indeed, assume there is some contact ball (B, ξ) ⊂ (M,η) somewhere in
our manifold and consider the connected sum (BK#B, ηK#ξ). Take a slightly smaller ball
B̃ ⊂ B and forget that we already have a contact structure on B \ B̃. Consider the annulus
BK#B \ B̃ with the restriction of the almost contact structure, see Figure 8.1. The upshot
is that to solve the (hard) filling problem for the circle model (BK , ηK) it suffices to solve the
(easier) filling problem for the annulus BK#B \ B̃ with its induced almost contact structure.

BK B

M

BK#B

B̃

M

Figure 8.1: Reducing the filling problem for the circle model (BK , ηK) to the filling problem
for the annulus BK#B \ B̃ with its induced almost contact structure.
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Before continuing there are some technicalities we need to address. In order to solve the
filling problem for the annulus we want the ball B (and hence also B̃) to be a circle model
for some Hamiltonian (∆′,K ′). For the rest of the proof it will be convenient to assume that
(∆,K) = (∆′,K ′) which we will do from now on. Under the hypothesis of Proposition 3.8 we
can do this since we assume that (∆′,K ′) ≤ (∆,K) so before taking the connected sum can
first replace (BK , ηK) by (BK′ , ηK′) using domination.
To take a connected sum (BK#BK , ηK#ηK) we know from Chapter 6 that we need K(p−) =
K(p+), where p± are the boundary components of ∆ which is just a closed interval in dimen-
sion three, i.e. ∂∆ = {p−} ∪ {p+}.
Furthermore, to solve the filling problem we need this Hamiltonian need to be somewhere
negative. Indeed, from Equation 5.1 it is easy to see that conjugation can never change the
sign of a Hamiltonian. Hence, if K is somewhere negative and K ′ everywhere positive we can
never conjugate it to be smaller than K.

Remark 8.1. Observe that so far we put three conditions on K. We want it to be time-
independent, somewhere negative and satisfy K(p−) = K(p+). These are precisely conditions
(i) and (iv) from Definition 7.2, for the three dimensional case. This explains why we require
the Hamiltonian to be special in the statement of Proposition 3.8. As we pointed out in
the discussion following Definition 7.2 these are the only relevant conditions for the three
dimensional case.

Observe that these requirements do not make the statement of the proposition less general
since given any Hamiltonian K we can find a somewhere negative Hamiltonian which is
smaller with respect to the domination relation. In fact, we can find a contact Hamiltonian K
satisfying all the conditions of Definition 7.2. Hence, we assume from now on that K is special.
In the higher dimensional case the same statement holds for special contact Hamiltonians by
Example 7.4.

For our argument it is important that B̃ is a contact ball. Indeed, if this is not the case then,
after filling the annulus, we still need to fill a ball B̃ inside an ambient contact manifold.
This was exactly our starting point so it would mean that we did not make any progress. On
the other hand we said we want B and B̃ to be circle models. But then, Remark 4.9 says
that because of our assumptions on K (and hence also on Kε) these circle models cannot be
contact. At first sight it looks like we have conflicting conditions but it turns out that this
can be resolved as follows.

Without loss of generality assume ∆ = [−1, 1] and K(zD) < 0 for zD ∈ (−1, 1). Define the
Hamiltonian (∆ε,Kε) by

∆ε := { |z| ≤ 1− ε } and Kε := K − ε,

where we assume that ε > 0 is so small that K|Op ∂∆ε
> 0. By Proposition 5.10 we can

assume that, for ε > 0 small enough, the inclusion

(BKε,C , ηKε,ρε,gε)→ (BK,C , ηK,ρ,g),

is a subordination map so that we can define a (2n+ 1)-dimensional contact annulus (A, ξA)
by

A := BK,C \BKε,C , ξA := ηK,ρ,g|A .
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Inside this contact annulus sits another contact ball (Bε, ξε) given by

Bε := { (z, v, θ) ∈ BK′ | z ∈ [−1, zD],Kε(z) ≤ v ≤ K(z) } ⊂ A and ξε := ξA|Bε , (8.1)

which is basically ”half” the annulus, see Figure 8.1.

−1−1 + ε zD 1− ε 1

Bε Kε

K

Figure 8.2: The ball Bε (in green) contained in the annulus A = BK,C \BKε,C .

Since K is assumed to be special the intersection ∂Bε ∩ ∂BK with its induced contact germ
is an overtwisted disk. Conversely, by Theorem 2.18, any contact ball containing a disk with
a contact germ as in Equation 7.3 contains a contact ball (Bε, ξε) as in Equation 8.1.
The upshot is that this allows us to work with (BK , ηK) instead of a general contact ball (B, ξ).
To see this recall that an equivalence of contact shells is always relative to the boundary. Also,
when taking a connected sum of a circle model (BK , ηK) with a contact ball (B, ξ) containing
an overtwisted disk Dot ⊂ ∂B the connecting tube intersects ∂B only at points inside Dot.
This follows immediately from the fact that gluing disk D− from Equation 6.3 is contained
in Dot. Together, this implies that if we homotope the almost contact structure ηK#ξε on
BK#Bε relative to the boundary we can forget about the ambient manifold and its almost
contact structure. In particular we can replace (B̃, ξ) by (BK , ηK), because they are both
ambient manifolds for (Bε, ξε), and solve the filling problem for

(BK#Bε, ηK#ξη) ⊂ (BK#BK , ηK#ηK),

as long as we keep everything fixed on BK \ IntBε.
This also explains why, in the statement of Proposition 3.8, we only require B to contain an
(overtwisted disk in its boundary instead of being a circle model.

Now let us continue with the filling problem. By the above considerations we can as-
sume that we need to fill a connected sum contact shell (BK#Bε, ηK#ξε) embedded inside
(BK#BK , ηK#ηK), where K : I → R is special hence in particular K(zD) < 0 for zD ∈ ∆.
As we described the idea is to ”stretch” K using conjugation so it’s domain covers points
where K#K is negative.

To define the ”stretching” contactomorphism used for the conjugation recall that we assumed
that ∆ = [−1, 1] and that the connecting tube of the connected sum ∆#∆ is given by [−`, `].
Then, ∆#∆ = [−2− `, 2 + `]. We can find a small interval [z−, z+ := zD] ⊂ ∆ containing zD
such that K|[z−,z+] < 0. Define a (smooth family) of contactomorphisms φt : R→ R by

φt(z) :=


z + `+ 1 for z ∈ Op [z+,∞)

φ′t(z) ≥ 1 for z ∈ [z−, z+]

z + (1− 2t)(`+ 1) for z ∈ Op (−∞, z−]

(8.2)
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which restricts to a family of contact embeddings φt : ∆ → ∆#∆. It is easy to see that
(φ1)∗Kε ≤ K#K, as desired.
Note that the family is fixed for z ∈ [z+,∞) which is related to the idea of keeping the
homotopy of almost contact structures fixed on parts of the annulus A not contained in
BK#Bε. In terms of Hamiltonians the situation is depicted in Figure 8.3.

z+z− z+φ1(z−) zz
2 + ` 2 + `−2− ` −2− `−` ` −` `

K#K Kε (φ1)∗Kε

Figure 8.3: The effect of the ‘streching’ homotopy on Kε using the push-forward construction.

Remark 8.2. We assume here that over connecting tube of ∆#∆ we have that the connected
sum contact Hamiltonian K#K is constant with value K|∂∆. That is, in the notation of
Chapter 6 we assume τ = 0. We know this is not true in general but we show in Lemma 8.5
below that we can always reduce to this case so we gloss over this technical detail here.

To complete the proof we still need to show how the existence of a homotopy of conjugations
as in Equation 8.2 implies the existence of an equivalence between (BK#Bε, ηK#ξε) and a
solid shell. The idea is that by the results of Chapter 5 we can construct, for each t ∈ [0, 1],
a contact embedding of circle models

Φt : (B(φt)∗Kε , η(φt)∗Kε) ↪→ (BK#BK , ηK#ηK).

The fact that (φ1)∗Kε ≤ K#K implies that for t = 1 the embedding is a subordination map.
The precise statement is given by the following lemma. We immediately proof this lemma in
its full generality (not just for the three dimensional case) since the proof does not simplify
for the thee dimensional case.

Lemma 8.3. Let (∆,K) and (∆̃, K̃) be two contact Hamiltonians and φt : ∆→ Int ∆̃, t ∈ I
a smooth family of contact embeddings. Then, there exists a smooth family of almost contact
embeddings

Φt : (BK,C , ηK,ρ,g)→
(
B
K̃,C̃

, η
K̃,ρ̃t,g̃

)
, t ∈ I,

for suitable choices in the construction of the circle models. Furthermore, these embeddings
satisfy the following properties:

(i) For t ∈ [0, 1] satisfying (φt)∗K ≤ K̃ we can choose η
K̃,ρ̃t,g̃

to be contact on B
K̃,C̃
\

Φt(BK,C).

(ii) If φt|A = φ0|A for all t ∈ [0, 1], then η
K̃,ρ̃t,g̃

= η
K̃,ρ̃0,g̃

on the set

{ (x, v, θ) ∈ B
K̃,C̃
| x ∈ φ0(∆) }.

Proof. We first construct (BK,C , ηK,ρ,g) using any choice of C, ρ, g. Since [0, 1] and ∆ are
compact we can find C ′ such that (φt)∗K + C ′ > 0 for all t ∈ I. Together with Lemma 5.2
this implies that we get family of almost contact embeddings
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Ψt : (BK,C , ηK,ρ,g)→
(
B(φt)∗K,C′ , η(φt)∗K,ρ′t,g

′
t

)
, t ∈ [0, 1].

Furthermore, inspecting the proof of Lemma 5.2 we see that we can make sure the construction
is smooth in the t parameter.

Using compactness again we can pick a C̃ > 0 satisfying (φt)∗K + C ′ < K̃ + C̃. Applying
Lemma 5.10 with this C̃ we get a family of almost contact embeddings

ιt :
(
B(φt)∗K,C′ , η(φt)∗K,ρ′t,g

′
t

)
→
(
B
K̃,C̃

, η
K̃,ρ̃t,g̃

)
, t ∈ [0, 1],

which as maps between sets are just inclusion maps. Note that g̃ can be chosen independent
of t since the g̃t with smallest support can be used in the construction for all t ∈ [0, 1].
Furthermore, note that if (φt)∗K ≤ K̃ then we can choose ιt to be a subordination map.

Composing these maps we get a smooth family of contact embeddings

Φt : (BK,C , ηK,ρ,g)→
(
B
K̃,C̃

, η
K̃,ρ̃t,g̃

)
, t ∈ [0, 1]

which is a subordination map whenever (φt)∗K ≤ K̃.

To see that condition (ii) can be satisfied, note that if φt = φ0 then (φt)∗K = (φ0)∗K. Hence,
we can choose ρ̃t such that it agrees with ρ̃0 on

{ (x, v, θ) ∈ B
K̃,C̃
| x ∈ φ0(∆) }.

Apply this lemma to the family φt : ∆ → ∆#∆ defined in Equation 8.2 and for notational
convenience denote by ηt = ηK#K,ρt,g the family of almost contact structures obtained from
the lemma. Observe that Φ0 is just the inclusion ι : (BKε , ηKε) → (BK#BK , ηK#ηK),
of (BKε , ηKε) into the right-hand factor of (BK#BK , ηK#ηK). Furthermore, Φt = Φ0 on
Op { (z, v, θ) ∈ BKε | z ≥ z+ }, and Φ1 is a subordination map. Equivalently, in terms of ηt
this means that η0 = ηK#ηK ,

ηt = ηK#ηK , on Op ι ({ (z, v, θ) ∈ BK | z ≥ z+ }) ,

and η1 is contact on BK#BK \ Φ1(BKε).

The family of almost contact structures ηt satisfies all the properties we want except one.
That is, this family is not fixed on Op ∂ (BK#Bε). In order to obtain this we need to use one
more technical trick.

The family of contact embeddings induces a contact isotopy

Ψt :
(
ι(BKε), ηK#ηK |ι(BKε

)
→ (BK#BK , ηK#ηK),

as in Diagram 8.4.

Note that Ψ0 = Id and Ψt = Id on Op ι ({ (z, v, θ) ∈ BK | z ≥ z+ }). By the isotopy extensions
theorem, for example Theorem 8.13 in [10], we can extend Ψt to an isotopy

Ψ̂t : BK#BK → BK#BK ,

satisfying Ψ̂0 = Id and Ψ̂t = Ψt on ι(BKε). satisfying the following properties
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(BKε , ηKε) (BK#BK , ηK#K,ρt)

(
ι(BKε), ηK#K,ρt |ι(BKε )

)Ψt
ι

Φt

Figure 8.4: The defining relations for the contact isotopy Ψt.

(i) Ψ̂0 = Id,

(ii) Ψ̂t ◦ ι = Φt : BKε → BK#BK ,

(iii) Ψ̂t = Id on Op ι{ z ∈ [z+, 1] } ∪ Op ∂BK#BK ,

(iv) Ψ̂1 (BK#BK \ Int ι(BKε)) = BK#BK \ Int Φ1(BKε).

Define an almost contact structure on BK#BK by

η̂t := Ψ̂∗t (ηt).

Note that it follows immediately from the definition that η̂0 = ηK#ξ and that η̂1 is contact
on BK#Bε. Furthermore, we claim that η̂t is fixed on Op ∂ (BK#Bε). Indeed, a point in
Op ∂ (BK#Bε) is contained in one of the following regions

(i) Op ∂ (BK#BK) where Ψ̂t = Id and ηt = ηK#ηK implying η̂t = η̂0 for all t ∈ [0, 1],

(ii) Op ι ({ z = z+ }) where Ψ̂t = Id and ηt = ηK#ηK implying η̂t = η̂0 for all t ∈ [0, 1],

(iii) Op ι(∂BKε) where η̂t = Ψ∗t ηt = ι∗Φ
∗
t ηt = ι∗ηKε = ηK#ηK implying η̂t = η̂0 for all

t ∈ [0, 1].

We conclude that η̂t gives an equivalence of contact shells between (BK#Bε, ηK#ξε) and
(BK#Bε, η̂1|BK#Bε

) which is contact. This completes the argument for the three dimensional
case.

We want to use the same ideas in the proof of the higher dimensional case. Both the proof of
Lemma 8.3 and the isotopy extension argument do not depend on the dimension and so they
immediately carry over. The only thing that we need to generalize is the stretching homotopy
from Equation 8.2. As we explained in the introduction, there are two parts that need to be
generalized.

1. In the three dimensional case ∆ is just an interval inside (R, ξst = ker dz). Since the
contact structure is trivial any diffeomorphism is automatically a contactomorphism. In
the higher dimensional case this is no longer true and we have to find a generalization
of the stretching diffeomorphism which is also a contactomorphism.
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2 + `
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`

`

−`

−`

−`

−2− `

−2− `

−2− `

(BK#BK , ηK#K,ρ0)

(BK#BK , ηK#K,ρt)

(BK#BK , ηK#K,ρ1)

Φ0(BKε)

Φt(BKε)

Φ1(BKε)

Figure 8.5: The images of the almost contact embeddings Φt(BKε). The red and region regions
indicate where (outside of Φt(BKε)) we have an almost contact and contact structure.

2. In the three dimensional case any somewhere negative function is minimal with respect
to the domination relation. We used this in our proof to conclude that (φ1)∗K ≤ K#K.
In the higher dimensional case the domination relation is more complicated and the
contact Hamiltonian K needs to satisfy extra conditions (exactly the conditions for
being a special function) so that after the conjugation it is small enough.

We carry out these generalizations in the next section.

8.2 Generalizing the stretching

Consider (R2n−1, ξst) and recall that the standard contact structure is given by the kernel of
the 1-form

dz +
n−1∑
i=1

uidφi.

As in the three dimensional case we want to change the z-direction using a diffeomorphism
h : R → R. It is easy to see that the naive guess for such a diffeomorphism of R2n−1, given
by (z, ui, φi) 7→ (h(z), ui, φi), is not a contactomorphism. Instead, we need to add a scaling
in the ui directions.

Definition 8.4. Let h : R → R be a diffeomorphism and define a contactomorphism Φh of
(R2n−1, ξst) by

Φh(z, ui, φi) := (h(z), h′(z)ui, φi),
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called the transverse scaling contactomorphism. It is easy to see that (Φh)−1 = Φh−1 and
Φ∗hαst = h′(z)αst.

Geometrically this map should be thought of as manipulating the z-direction at the cost of
a scaling in the u-direction. To visualize this, consider a function f : R → R>0 and observe
that Φh gives a contactomorphism between compact domains,

Φh : { (z, ui, φi) ∈ R2n−1 | u ≤ f(z), z ∈ [a, b] }
∼=−→

{ (z, ui, φi) ∈ R2n−1 | u ≤ (h′ · f)(h−1(z)), z ∈ [h(a), h(b)] }, (8.3)

where we use the usual notation u =
∑n−1

i=1 ui.

From Equation 5.1 we can directly compute that the conjugation action of transverse scaling
on a spherically symmetric contact Hamiltonian K : Op∆× S1 → R, is given by

(Φh)∗K(u, z) = h′(h−1(z))K

(
h−1(z),

u

h′(h−1(z))

)
. (8.4)

This contactomorphism allows us to show that for any circle model connected sum there is an
embedding (as almost contact structures) into a circle model connected sum with a connecting
tube of constant radius. That is, as we claimed in Remark 8.2, it suffices to proof Proposition
3.8 assuming that τ = 0.

Lemma 8.5. Let (∆ = ∆cyl,K) be a special contact Hamiltonian. Then for any choice of τ
and `, there exists an `′ > ` and a contact embedding

Φ : ∆#`′∆→ ∆#τ,`∆,

satisfying

(i) Φ = Z±(`−`′) on Op { (z, ui, φi) ∈ ∆#`′∆ | ±z ≥ `′ },

(ii) (Φ∗(K#K),Φ(∆#`′∆)) ≥ (K#τK,∆#τ,`∆).

Proof. Recall that by definition E(u) := K(u,±1) > 0 so that we can pick a constant C > 0
satisfying

0 < C <
min(E)

max(E)
≤ 1. (8.5)

Choose `′ > 0 satisfying

`′ >
1

2C

∫ `

−`
eτ(z)dz. (8.6)

Since τ ≥ 0 and C ≤ 1 we see eτ(z)

C ≥ 1 implying `′ > `. By Equation 8.6 we can pick a
diffeomorphism h : [−`′, `′]→ [−`, `] satisfying

(i) h′(z) = 1 on Op ∂[−`′, `′],

(ii) h′(z) ≤ Ce−τ(h(z)).
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Condition (i) allows us to smoothly extend h as a translation outside [−`′, `] to a diffeo-
morphism h : R → R. We claim that the associated transverse scaling contactomorphism
Φh : (R2n−1, ξst) → (R2n−1, ξst) is the required contact embedding. To see this note that by
Equation 8.3

Φh(∆#`′∆) = { (z, ui, φi) ∈ R2n−1 | u ≤ h′(h−1(z)), z ∈ [−2− `, 2 + `] } ⊂ ∆#τ,`∆.

To check the order on the Hamiltonians it suffices to check them on the connecting tube since
Φh is just a translation so that Φ∗(K#K) and K#τK agree everywhere else. It follows from
Equation 8.4, Equation 8.5 and Condition (ii) on h that

(Φh)∗E(u, z) = h′(h−1(z))E(
u

h′(h−1(z))
) < e−τ(z)E(u) = (K#τK)(u, z),

finishing the proof.

Let us continue with the main story. The problem with using Φh as the generalization of the
stretching contactomorphism is that the scaling in the u-direction implies that Φh(∆) 6⊂ ∆#∆.
To fix this we need to counteract the u-scaling which can be done at the cost of a twist in the
φi direction.

Definition 8.6. Let g : R→ R be a smooth function and z0 ∈ R, define a contactomorphism
Ψg,z0 of (R2n−1, ξst) by

Ψg,z0(z, ui, φi) :=

(
z,

ui
1 + g(z)u)

, φi −
∫ z

z0

g(s)ds

)
,

called the twisting contactomorphism. It is easy to see that (Φg,z0)−1 = Ψ−g,z0 and Ψ∗g,z0αst =
1

(1−g(z)u)αst.

Each φi coordinate is S1 = R/Z valued. The choice of z0 ∈ R is just the choice of a refer-
ence point which does not get twisted and the function g describes the amount of twisting
in the φi-direction when moving in the z-direction. To visualize Ψg,z0 observe that it is a
contactomorphism between compact domains,

Ψg,z0 : { (z, ui, φi) ∈ R2n−1 | 1 + g(z)u > 0 }
∼=−→ { (z, ui, φi) ∈ R2n−1 | 1− g(z)u > 0 }.

In particular, picking fj : R → R>0, j = 1, 2 and defining g(z) := 1
f2(z) −

1
f1(z) we get a

contactomorphism between

Ψg,z0 : { (z, ui, φi) ∈ R2n−1 | u ≤ f1(z) }
∼=−→ { (z, ui, φi) ∈ R2n−1 | u ≤ f2(z) } (8.7)

The conjugation action of Ψg,z0 on a spherically symmetric contact Hamiltonian K : Op∆×
S1 → R is given by

(Ψg,z0)∗K(u, z) = (1− g(z)u)K

(
u

1− g(z)u
, z

)
(8.8)
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using Equation 5.1.

The generalization of the stretching contactomorphism is given by the composition of the
transverse scaling and twisting contactomorphisms. For an orientation preserving diffeo-
morphism h : R → R and a point z0 ∈ R, define g(z) := 1 − 1

h′(h−1(z)
. The composition

Γh,z0 := Ψg,z0 ◦Φh is a contactomorphism of (R2n−1, ξst) which by Equation 8.3 and Equation
8.7 restricts to a contactomorphism of compact domains

Γh,z0 : { (z, ui, φi) ∈ R2n−1 | u ≤ 1, z ∈ [a, b] }
∼=−→ { (z, ui, φi) ∈ R2n−1 | u ≤ 1, z ∈ [h(a), h(b)] }.

(8.9)

Remark 8.7. In particular this shows why we defined ∆cyl to be spherically symmetric since
this implies Γh,z0(∆cyl) ⊂ ∆cyl#∆cyl for h : [−1, 1]→ [−`− 2, `+ 2].
We also see that the length of ∆cyl in the z-direction does not matter. That is, instead of
taking z ∈ [−1, 1] any other interval [a, b] would also work.
Similarly, the size of ∆cyl in the u-direction, i.e. u ≤ 1 seems arbitrary. However, we will
use in the proof of Lemma 8.8 that u ≤ 1 for all points in ∆cyl. Therefore, the size of ∆cyl in
the u-direction can be any positive constant less or equal than 1.

The coordinate description of Γh,z0 is given by

Γh,z0(z, ui, φi) =

(
h(z),

h′(z)ui
1 + (h′(z)− 1)u

, φi −
∫ z

z0

(
1− 1

h′(h−1(s))

)
ds

)
.

Suppose we have a connected set A ⊂ R on which h is just a translation, i.e. h(z) = z + τ
for z ∈ A. From the above description of Γh,z0 we see that if z0h(A) then Γh,z0 is just a
translation

Γh,z0 = Zτ on the set { (z, ui, φi) ∈ R2n−1 | z ∈ A }. (8.10)

The conjugation action of Γh,z0 on a spherically symmetric contact Hamiltonian K : Op∆×
S1 → R is given by

(Γh,z0)∗K(u, z) = h̃(u, z)H

(
u

h̃(u, z)
, h−1(z)

)
, (8.11)

where we defined

h̃(u, z) := h′(h−1(z))−
(
h′(h−1(z))− 1

)
u. (8.12)

The main result of this section is the following lemma, giving the generalization of the stretch-
ing homotopy from Equation 8.2.

Lemma 8.8. Let (∆,K) be a special contact Hamiltonian and φt : R → R the family of
contactomorphisms from Equation 8.2. Then the family of contact embeddings

Γt := Γφt,`+2 : ∆→ ∆#`∆, t ∈ [0, 1],

satisfies

83



(i) Γ0 = Z1+`,

(ii) Γt = Z1+` on Op { (z, ui, φi) ∈ ∆ | z ∈ [z+, 1] } for all t ∈ [0, 1],

(iii) (Γ1)∗K ≤ K#K.

Proof. The first two conditions follow from the definition of φt and Equation 8.10.

Condition (iii) is the most important one. From Equation 8.2 we see that φ′t := dφt(z)
dz ≥ 1 for

all t ∈ [0, 1]. Furthermore, for all (z, ui, φi) ∈ ∆ we have u ≤ 1. This implies, by Equation
8.12,

φ̃t(u, z) := φ′t(φ
−1
t (z))−

(
φ′t(φ

−1
t (z))− 1

)
u ≥ 1.

Together with condition (iv) from Definition 7.2 this implies that for z ∈ φt([z−, z+]) we have

(Γt)∗K(u, z) = (Γt)∗k(u, z) = φ̃t(u, z)k

(
u

φ̃t(u, z)

)
≤ k(u).

Note that this equation in the motivation for condition (iv) in Definition 7.2 and for the way
we defined special functions in Definition 7.1. In fact it is the only time we use this condition.

Hence, using Equation 8.11 we compute

(Γ1)∗K(u, z) =


K(u, z + (1 + `)) if z ∈ Op [−2− `, z− − 1− `]
≤ k(u) if z ∈ [z− − 1− `, z+ + 1 + `]

K(u, z − (1 + `)) if z ∈ Op [z+ + 1 + `, 2 + `]

On the other hand,

(K#K)(u, z) =


K(u, z + (1 + `)) if z ∈ [−2− `,−`]
E(u) if z ∈ [−`, `]
K(u, z − (1 + `)) if z ∈ [`, 2 + `]

By condition (ii) from Definition 7.2 we have

k(u) ≤ K(u, z) ≤ E(u),

which we use to conclude that (Γ1)∗K ≤ K#K.

Again, this is the motivation for condition (ii) from Definition 7.2 and the only time we use
it.

8.3 Proof of Proposition 3.8

At this point the proof of Proposition 3.8 is just a matter of collecting the results from the
previous sections. For completeness we recall the statement of the proposition.
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Proposition. Let (∆cyl,K) be a special contact Hamiltonian and (B, ξ) a contact ball (not
a circle model) such that there is a contact embedding (DK , ηK) ⊂ (∂B, ξ). Then, given any
contact Hamiltonian K ′ & K the connected sum

(BK′#B, ηK′#ξ)

connecting the north pole of BK′ and the south pole of DK ⊂ ∂B, is equivalent to a solid
contact shell.

Proof. Define

Kε := K − ε, ∆ε := { (z, ui, φi) ∈ R2n−1 | u ≤ 1− ε, |z| ≤ 1− ε },

for ε > 0 small enough so that Kε is a special contact Hamiltonian.

Define a contact ball (Bε, ξε) by

Bε := { (x, v, θ) ∈ BK,C | z(x) ∈ [−1, z+],Kε(x, θ) ≤ v ≤ K(x, θ) } ⊂ BK,C \ IntBKε,C ,

and ξε := ηK,ρ,g|Bε which is contact for ε > 0 small enough. Note that we suppress the
dependence of (Bε, ξε) on the choices C, ρ and g.

Since there is an embedding (DK , ηK) ⊂ (∂B, ξ) we can assume by picking ε > 0 small enough
that there exists an embedding (Bε, ξε) ⊂ (B, ξ). Together with the fact that (Kε,∆ε) ≤
(K,∆) ≤ (K ′,∆′) this implies that it suffices to show that the contact shell (BK#Bε, ηK#ηε)
viewed as a subset of (BK#BK , ηK#ηK) is equivalent to a solid shell.

Apply Lemma 8.3 to the smooth family of embeddings Γt obtained from Lemma 8.8 and let

Φt : (BKε , ηKε)→ (BK#K , ηK#K,ρt) , t in[0, 1]

be the resulting family of contact embeddings.

We finish the proof with the same argument as in the three dimensional case by noting that
Ψt is the composition of an inclusion and an isotopy as in Diagram 8.4. This isotopy can be
extended to an isotopy Ψ̂t : BK#Bk → BK#BK . The exact same argument as before gives
that

η̂t := Ψ̂∗t (ηK#K,ρt),

gives the required equivalence of contact shells.
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Chapter 9

Saucers and Interval models

The aim of the following chapters is to show that any almost contact structure on a manifold
M can be homotoped to be contact everywhere except in finitely many circle models which
we know how to fill by Proposition 3.8.
The first step in this direction is to introduce another type of model shell, called semi-semi
contact saucers. These are fibered balls (saucers) equipped with a special kind of contact shell
structure (semi-contact structure).
Saucers are the type of holes in the contact structure which show up more or less naturally
when reducing the global filling problem to a local one while circle models although harder
to obtain are easier to work with when solving the local problem. Both models share the
property that they are fiberwise contact. The main difference is that for circle models the
fibers ∆ have codimension two and are all equipped with ξ2n−1

st while for saucers the fibers
have codimension one and we have a contact structure on an open neighborhood of the fiber
(not on the fiber itself). Furthermore, these contact structures do not need to equal ξ2n+1

st

but can be different for different fiber.

The precise definition of semi-contact structures is given in the first section and that of saucers
in the second section.
In the third section we specify a special subclass of semi-contact saucers called regular semi-
contact saucers. These play an important role in the following chapter and share various
properties with circle models. In particular they are also modelled by a single function and
satisfy a similar domination relation.
The main result of this chapter is that each regular semi-contact saucer dominates a circle
model, which is stated in Proposition 9.21. To prove this we define another type of model
shell, called interval models in the fourth section. Morally speaking this definition is just a
variation on the definition of circle models by replacing S1 everywhere by I = [0, 1]. These
interval models are only used in the proof of Proposition 9.21 which is given in the fifth
section. This is done by showing that each regular semi-contact saucer dominates an interval
model which in turn dominates a circle model.

In summary, in order to turn an almost contact structure into a contact structure we go
through three types of models, see Figure 9.1.
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semi-contact
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Proposition 3.7 Lemma 9.22 Lemma 9.23 Proposition 3.8

Figure 9.1: Note that Lemma 9.22 and Lemma 9.22 together combine into Proposition 9.21

9.1 Semi-contact structures

To interpolate between contact and almost contact structures we want to define a new type
of structure which morally speaking is an almost contact which is contact in a fixed number
(but not necessarily all) directions. To do this we first define so called semi-contact structures
and we will see that these induce almost contact structures with the required properties.

Definition 9.1. Consider a smooth fiber bundle F →M
π−→ B with dimM = 2n+1. A semi-

contact structure ζ on M is a family {ζb}b∈B, depending smoothly on b, where ζb is a germ
of a contact structure on Fb := π−1(b). More precisely, each ζb = kerαb for a smooth 1 form
αb defined on OpFb ⊂M and we require that αb depends smoothly on b.

This notion is stronger than that of an almost contact structure and weaker than that of a
contact structure.

Lemma 9.2. A contact structure on M induces an semi-contact structure on M which in
turn induces an almost contact structure on M .

Proof. Suppose we have a contact structure ξ on M . Define a family of contact germs on Fb
by ζb := ξ|OpFb . It is clear that this defines a semi-contact structure ζ = {ζb}b∈B.

For the second statement assume we have an semi-contact structure ζ on M with ζb = kerαb
for a smooth family of 1-forms on OpFb. For x ∈ OpFb denote by αb(x) the differential form
αb at the point x. Define an almost contact structure ηζ := [(λ, ω)] on M by

λ(x) = απ(x)(x) and ω(x) = dαπ(x)(x) (9.1)

Note that αb is a smooth 1-form on OpFb so we can look at dαb, keeping b fixed giving us a
family of 2-forms βb := dαb. The above definition should be read as ω(x) = βπ(x)(x). Hence,
in general dλ 6= ω.

Since αb is required to be smooth in b we see that λ and ω are smooth differential forms.
Furthermore, it is easy to see that for each x ∈M

(λ ∧ ωn)(x) = απ(x)(x) ∧ dαnπ(x)(x) 6= 0

so that (λ, ω) defines an almost contact structure.
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Remark 9.3. Observe that the restriction of λ(x) to the fiber Fx equals απ(x)(x). That is, a
semi-contact structure looks like a contact structure in the fiber directions.

We are mainly interested in a special case of this construction where the fiber is a closed
manifold and the B is a closed interval with π the trivial projection.

Let Σ be a closed 2n-dimensional manifold and let ψs : Σ→ R, s ∈ [0, 1] be a smooth family of
(smooth) functions. Denote the graph of ψs by Γs ⊂ Σ×R and Σs := Σ×{s} ⊂ Σ× [0, 1]. We
can pick a smooth family of diffeomorphisms Ψs : OpΣs → OpΓs satisfying Ψs|Σs = Id×ψs.
Suppose that there exists a contact structure ξ on Σ×R. Then we can define a semi contact
structure ζ = {ζs}s∈[0,1] on Σ× [0, 1] by

ζs := Ψ∗sξ.

Definition 9.4. A semi-contact structure of the above form is said to be of immersion type
with defining functions ψs and contact structure ξ.

The term immersion type is motivated by the fact that using Ψ0 and Ψ1 the boundary
Σ × {0} ∪ Σ × {1} = ∂(Σ × I) can be immersed inside Σ × R. Moreover, the contact germ
on the boundary is just the restriction of ξ to the image of this immersion. We will see in
Section 9.3 that regular semi-contact saucers are of immersion type. Hence, when viewing
them as contact shells, the contact germ on their boundary can be entirely immersed in an
ambient contact manifold. Recall that to describe the contact germ on the boundary of a
circle model we have to take a quotient as in Equation 4.7. In particular, the contact germ
cannot (entirely) be immersed in an ambient contact manifold.

9.2 Saucers

We want to define a semi-contact shell as a ball B in some ambient manifold M equipped
with a semi-contact structure ζ on OpB. However, since we can only define semi-contact
structures on fibered manifold we need a more restrictive notion of a ball called a saucer
which come equipped with a fibration.

Definition 9.5. Let D ⊂M be a 2n-dimensional embedded1 disk in an ambient manifold M
of dimension 2n+1. Identify a neighborhood of D with D×R. Let f± : D → R be two smooth
functions satisfying f− < f+ on IntD and whose ∞-jets coincide along ∂D. This defines a
saucer

Bf±,D := { (w, v) ∈ D × R | f−(w) ≤ v ≤ f+(w) } ⊂M (9.2)

Every saucer Bf±,D comes with a family of disks

Ds := { (w, p) ∈ D × R | p = (1− s)f−(w) + sf+(w) } ⊂M for s ∈ [0, 1].

The interiors IntDs foliate IntBf±,D and the ∞-jets of the disks Ds all agree along their
common boundary S = ∂Ds. Hence, we can view any saucer as a quotient space,

Bf±,D = D × I/S × I.
1technically D is the image of the embedding
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We use this identification to parametrize Bf±,D by coordinates (w, s) := (1 − s)f−(w) +
sf+(w) ∈ Bf±,D. Note that in these coordinates Ds0 = { (w, s) ∈ Bf±,D | s = s0 }. Further-
more, from this identification it is clear how to define a semi-contact structure on a saucer,

Definition 9.6. A semi-contact saucer is a pair (Bf±,D, ζ = {ζs}s∈I) where Bf±,D is a saucer
and {ζs}s∈I a smooth family of contact structures ζs on OpDs satisfying the following two
conditions:

(i) For all s ∈ [0, 1] the contact structures ζs coincide along OpS;

(ii) Using ζ0 and ζ1 the almost contact structure ηζ can be extended to a smooth almost
contact structure on OpBf±,D as indicated below.

The second condition is a technicality needed to make sure that the induced almost contact
structure ηζ , as defined in Equation 9.1, fits smoothly in the ambient (almost) contact mani-
fold.
To extend ηζ to OpBf±,D note that the boundary of the saucer is given by ∂Bf±,D = D0∪D1.
It follows that ζ0 and ζ1 give us a contact structure on Op ∂Bf±,D. Hence, we can extend ηζ
by defining it to be equal to ζ0 ∪ ζ1 outside Bf±,D as illustrated in Figure 9.2. Condition (ii)
in the above definition ensures this extension is smooth.

ζ1

ζ0

ηζ

Figure 9.2: extension of the almost contact structure on a semi-contact saucer

If we extend Bf±,D to a slightly larger, closed ball B′ then ηζ is an almost contact structure
on OpB′ which is a contact structure near the boundary. That is, (B′, ηζ) is a contact shell.
For notational reason we will usually just say that a semi-contact saucer (Bf±,D, ζ) can be
viewed as a contact shell. The reader should keep in mind that in this case we refer to the
above extension construction.

Remark 9.7. We might object that since a saucer is assumed to sit in an ambient manifold
there is no room for the above extensions. For example, in the next chapter we will partition
part of the ambient manifold by saucers, in this case the extensions would overlap. However,
any equivalence of contact shells is assumed to fix the contact germ on the boundary. This
means that if a semi-contact saucer viewed as a contact shell is equivalent to a solid one then
we can also homotope the saucer (without its extension) to be contact.

The upshot of viewing semi-contact saucers as contact shells enables us to talk about equiva-
lence and domination, as in Definition 2.23 and Definition 2.24. The equivalence relation can
already be defined for the semi-contact saucer without viewing it as a contact shell.
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Definition 9.8. An equivalence of semi-contact saucers between (B, ζ) and (B′, ζ ′) is a dif-
feomorphism φ : OpB → OpB′ such that

(i) φ∗ζ ′ is homotopic to ζ rel ∂B, where by definition (φ∗ζ ′)s := φ∗ζ ′s.

(ii) φ∗ζ ′0 = ζ0 and φ∗ζ ′1 = ζ1.

Observe that this notion of equivalence of semi-contact saucers is defined in such a way that
when viewing them as contact shells (using the above extension) they are also equivalent as
contact shells as in Definition 2.23.

9.3 Regular semi-contact saucers

We define here a distinguished subclass of semi-contact saucers called regular semi-contact
saucers. To do this we first mimic the construction of circle models in the sense that we con-
struct a semi-contact saucer (Bφ, ζφ) from a function φ : D → R, called a saucer Hamiltonian.
Then, requiring the defining saucer Hamiltonian to satisfy some extra conditions we obtain
regular semi-contact saucers. The nice property of regular semi-contact saucers is that they
dominate circle models, which we show in the last section.
We let (q, p) ∈ R2 denote the standard Cartesian coordinates and consider the strict contact
manifold (R2n+1 = R2n−1 × R2, ξst = kerαst + pdq). Define Π := { (x, q, p) ∈ R2n+1 | p =
0 } ⊂ R2n+1. The construction of a Hamiltonian semi-contact structure in Definition 9.12 is
a special case of the following construction.

Definition 9.9. Consider any saucer Bf±,D as in Definition 9.5 and let φ± : D → R be two
functions satisfying

(i) J∞φ−|∂D = J∞φ+|∂D,

(ii) φ+ > φ− on Op ∂D ∩ IntD.

As usual the saucerBf±,D comes with a foliation by disks Ds, s ∈ [0, 1] giving coordinates

(w, s). By the assumptions on f± and φ± we can find a smaller disk D̃ ⊂ D such that
f+ > f− and φ+ > φ− on D \ D̃.
Introduce the notation D[a,b] :=

⋃
s∈[a,b]Ds for [a, b] ⊂ [0, 1] and

D̃s := { (w, s) ∈ Ds | w ∈ D̃ }.

Pick smooth bump functions g± : Bf±,D → [0, 1] satisfying

(i) g+ = 1 on Op D̃1 ∩Bf±,D and supp g+ ⊂ D[1−ε,1],

(ii) g− = 1 on Op D̃0 ∩Bf±,D and supp g− ⊂ D[0,ε],

for 0 < ε < 1
2 very small.
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f+

f−

supp g+

g+ = 1D̃[1−ε,ε]

φ+

φ−

φs

Figure 9.3: The foliation of Bf±,D by disks Ds and the graphs of ψs defining the immersion
type semi-contact structure, s ∈ [0, 1].

Note that a point in OpDs is of the form (w, p + t) where s = p−f−(w)
f+(w)−f−(w) and t ∈ R. With

this notation, define a smooth family of diffeomorphisms Φs : OpDs → OpΓs by

Φs(w, p+ t) := (w, φs(w, p) + t),

where φs : Ds → R is given by

φs(w, p) := g+(w, p)
(
p− f+(w) + φ+(w)

)
+ g−(w, p)

(
p− f−(w) + φ−(w)

)
+
(

1− g−(w, p)
)(

1− g+(w, p)
)(

(1− s)φ−(w) + sφ(w)
)

(9.3)

and Γs := { (w, p) ∈ D×R | w ∈ D, p = φs(w) } is the graph of φs. The semi-contact structure
of immersion type ζφ±,g± := {ζs}s∈I is defined by

ζs := Φ∗s(ξst),

the pullback of the contact germ on Γs. We refer to ζφ±,g± as the semi-contact structure
defined by the functions φ− and φ+.

Remark 9.10. The notation in Equation 9.3 is quite unwieldy. In practise when we want to
describe a semi-contact structure of immersion type defined by two functions φ± : D → R we
say that ζs is obtained by restricting ξ on D × R to an open neighborhood of the graph of the
function

φs := (1− s)φ− + sφ+.

This is just to make the notation more readable and we really mean a family of functions
defined as in Equation 9.3.

The analogue of a contact Hamiltonian for saucers is given by the following definition.

Definition 9.11. Let D ⊂ Π be a 2n-dimensional disk, possibly with piecewise smooth bound-
ary and φ : D → R a smooth function satisfying

(i) φ is positive on IntD ∩ Op, ∂D,

(ii) the ∞-jet of φ vanishes on ∂D, i.e. J∞φ|∂D = 0.
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The pair (φ,D) is called a saucer Hamiltonian.

The associated semi-contact saucer is defined as follows.

Definition 9.12. Let (φ,D) be any saucer Hamiltonian. Pick a smooth function F : D → R
compactly supported in IntD such that φ+ F |IntD > 0.

Define a saucer

Bφ,F := { (w, p) ∈ D × R | 0 ≤ p ≤ φ(w) + F (w) } ⊂ R2n+1.

As before, the interior of this saucer is foliated by disks

Ds := { (w, p) ∈ D × R | p = s (φ(w) + F (w)) } ⊂ BF

and we will parametrize Bφ,F with coordinates (w, s) := s(φ(w) + F (w)).

The semi-contact structure of immersion type ζφ,g± is defined by applying the construction in

Definition 9.9 with f− = 0, f+ = φ + F , φ− = 0, φ+ = φ and with suppF ⊂ D̃. The pair
(BF,φ, ζφ,g±) is called the Hamiltonian semi-contact saucer associated to (φ,D).

Up to a (canonical) almost contact isomorphism (Bφ,F , ζφ,g±) is independent of the choice of
F , g and W , hence we can talk about the Hamiltonian semi-contact saucer (Bφ, ζφ).
The reason for using bump functions g± in the definition of φs is to make sure that ζ satisfies
Condition (ii) of Definition 9.6. To see this condition holds with the above definition consider
the immersion Φ : Bφ,F → R2n+1 given by

Φ(w, s) := (w, φs(w)). (9.4)

The fact that φ > 0 on IntD \ suppF together with the definition of φs implies that Φ is an
embedding near the boundary of Bφ,F . Hence, near the boundary ηζφ = Φ∗ξst from which it
is clear that Condition (ii) is satisfied. Furthermore, if φ|IntD > 0 then Φ is an embedding
everywhere so that (Bφ, ηζφ) viewed as a contact shell is solid.

In coordinates the almost contact structure ηζφ = ([α], [ω]) is given by

α(x, q, p) = αst(x) + ρ(x, q, p)dq, ω(x, q, p) = dαst(x) + dp ∧ dq, (9.5)

where we defined ρ(x, q, p) := φs(x,q,p)(x, q) using that w = (x, q) and the coordinate s can be
described as a function of (x, q, p). This expression follows immediately form the definition of
φs and Equation 9.1.

Compare this with the coordinate expression of the almost contact structure on a circle model,
which looks very similar. This comparison goes even further since the domination relation on
Hamiltonian saucers viewed as shells is also encoded in a partial order on the set of saucer
Hamiltonians.

Definition 9.13. There is a partial order ≤ on the set of pairs (D,φ) where

(D,φ) ≤ (D′, φ′)

is defined to mean D′ ⊂ D together with
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(i) φ′ ≤ φ|D′

(ii) φ|(IntD)\D′ > 0.

This definition is similar to Definition 5.3 for the case ∆̃ = ∅. The domination on saucer
Hamiltonians is also compatible with domination of contact shells.

Lemma 9.14. If (φ′, D′) ≤ (φ,D) then (Bφ′ , ζφ′) is dominated by (Bφ, ζφ). More specifically,
given a saucer (Bφ′,F , ζφ′) there exists a saucer (Bφ,F , ζ̃) equivalent to (Bφ,F , ζφ) such that the
inclusion

(Bφ′,F , ζφ′) ⊂ (Bφ,F , ζ̃)

is a subordination map.

Proof. Consider the semi-contact saucer (Bφ′,F , ζφ′), where F : D′ → R compactly supported
in IntD′ and such that φ′ + F > 0 on IntD′. Extend F by zero to the whole of D denoting
this new function also by F . Since (φ′, D′) ≤ (φ,D) we have φ + F > 0 on IntD. Hence
(Bφ,F , ζφ) is a well defined saucer.

Define the set

B̃ := Bφ,F \Bφ′,F = {(v, w) ∈ D × R : w ∈ D,φ′(w) + F (w) ≤ v ≤ φ(w) + F (w)}.

Again, B̃ is foliated by disks

D̃s := { (w, v) ∈ D × R | p = (1− s)φ(w) + sφ′(w) + F (w) }.

which induces coordinates (w, s) := (1 − s)φ(w) + sφ′(w) + F (w). Moreover, since (φ,D) ≤
(φ′, D′) we have an embedding

Φ̃ : B̃ → R2n+1 where Φ̃(w, s) = (w, (1− s)φ′(w) + sφ(w)).

This gives us a genuine contact structure σ := Φ̃∗(ξ2n+1
st ) on B̃. Clearly we have Bφ,F =

Bφ′,F ∪ B̃, as sets. We define a semi-contact structure ζ̃ on Bφ,F by

ζ̃ =

{
ζφ′ on Bφ′,F

σ on B̃.

Too see that (Bφ,F , ζφ) is equivalent to (Bφ,F , ζ̃) it suffices to show that ζ is homotopic to
semi-contact structures to ζφ relative to ζ̃1 and ζ̃0, the contact germ on ∂Bφ,F = D0 ∪ D1.
Note that all the semi-contact structures involved are graphical and to describe such a semi-
contact structure ζ = {ζs}s∈I it is enough to describe the graphs corresponding to ζ0 and ζ1

since the rest follows from interpolating. In particular, to describe a homotopy of graphical
semi-contact structures it suffices to describe homotopies of the graphs corresponding to ζ0

and ζ1. Observe that ζ̃0 = ζφ,0 and ζ̃1 = ζφ,1. We homotope Γ 1
2
φ to Γφ′ and by interpolation

this gives a homotopy between ζφ and ζ̃, see Figure 9.4 below.

Choosing the pair (φ,D) of a special form the above construction produces regular semi-
contact saucers. Recall from Section 2.2 that outside the singular locus of its singular locus,
the characteristic foliation F on a hypersurface Σ ⊂ (M, ξ) induces a contact structure on
Σ/F .
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(Bφ,F , ζ̃)

ζ̃ ζφ′

σ ζφ

(Bφ,F , ζφ)

Figure 9.4: The equivalence between (Bφ,F , ζφ) and (Bφ,F , ζ̃) in steps.

Definition 9.15. A saucer Hamiltonian (φ,D) is called regular if

(i) the characteristic foliation F on D is diffeomorphic to the characteristic foliation on the
standard round disk Dst ⊂ Π,

(ii) there exists a star-shaped disk ∆ ⊂ D/F with induced characteristic foliation by the
transverse contact structure, and a ”square” S ⊂ D such that S is diffeomorphic to
∆× I and the restriction of F to S is diffeomorphic to the product foliation on ∆× I,

(iii) we have that φ|IntD\S > 0.

Note that since D ⊂ Π it also has the same induced transverse contact structure as the stan-
dard round disk in Π which by Giroux’s theorem implies the existence of a contactomorphism
ψ : OpDst → OpD.
The definition of a regular semi-contact saucer is now rather straightforward.

Definition 9.16. A semi-contact saucers is regular if it is equivalent to a Hamiltonian semi-
contact saucer defined by a regular saucer Hamiltonian (φ,D).

Remark 9.17. To avoid confusion we remark here that our definition for a regular semi-
contact saucer is different from the one given in [2]. The upshot of our definition is that the
proof of Proposition 9.21 simplifies. The trade off is that we have to do little more work in
the next two chapters.

In particular the class of semi-contact saucers satisfying the conditions in the following lemma
are regular. We will encounter these in the following chapters.

Lemma 9.18. Let (Bf±,D, ζ) be a saucer of immersion type where ζ comes from (R2n+1, ξst)
using a family of function φs : D → R, s ∈ [0, 1]. If (φ1 − φ0, D) is a regular saucer
Hamiltonian and φ0, φ1 are C1-small, then (Bf±,d, ζ) is a regular semi-contact saucer.

Proof. By assumption the characteristic foliation F is diffeomorphic to the characteristic
foliation on the standard disk in Π. Define a disk

D̃ := {(w, p) ∈ R2n+1 | w ∈ D, p = φ0(w) },

which is a subset of the graph of φ0. The graph of φ0 over D can also be described as the
graph of a function h̃ : D̃ → R over D̃.

95



If φ0 is sufficiently C1-small then the characteristic foliation F̃ and the induced transverse
contact structure on D̃ will also be diffeomorphic to the characteristic foliation and the induced
transverse contact structure on the standard disk Dst ⊂ Π. Since this is also true for D we
find contactomorphisms

ψ : OpDst → OpD and ψ̃ : OpDst → Op D̃.

Composing gives us a contactomorphism Ψ := ψ ◦ ψ̃−1 : Op D̃ → OpD and my C−1-smallness
we can assume that the area between the graphs of φ0 and φ1 is contained in the domain of
this map. Hence, under Ψ the area between D̃ and the graph of h̃ gets mapped to the area
between D and the graph of some function h : D → R.
Again, the C1-smallness of φ0 and φ1 implies that h is C1-close to φ1 − φ0. This implies
that h|IntD\S > 0. Hence, (D,h) is a regular saucer Hamiltonian and Ψ gives an equivalence
between (Bf±,D, ζ) and the regular semi-contact saucer defined by (D,h).

9.4 Interval models

The definition of the interval model is very similar to the definition of a circle model. Let
∆ ⊂ R2n−1 be a compact star shaped domain and K : Op∆ × I → R be a smooth function
satisfying

K|∂∆×I > 0, and K|∆×{0} = K|∆×{1} > 0. (9.6)

To emphasize the difference with a contact Hamiltonian we call a pair (K,∆) as above an inter-
val Hamiltonian. By the second condition we can also view K as a function K : Op∆×S1 →
R, where S1 = I/∂I. In particular any interval Hamiltonian is also a contact Hamiltonian.

Definition 9.19. Let (∆,K) be a contact Hamiltonian as above. Pick a constant C > 0 such
that min K + C|∆×I > 0. Use this to define a (piecewise smooth) ball

BI
K,C := { (x, p, q) ∈ R2n−1 × T ∗I | x ∈ ∆, 0 ≤ p ≤ K(x, q) + C }.

We divide the boundary ∂BI
K,C in three pieces:

ΣI
1,K,C := { (x, p, q) ∈ R2n−1 × T ∗I | x ∈ ∆, p = 0 },

ΣI
2,K,C := { (x, p, q) ∈ R2n−1 × T ∗I | x ∈ ∆, p = K(x, q) + C },

ΣI
3,K,C := { (x, p, q) ∈ R2n−1 × T ∗I | x ∈ ∂(∆× I), 0 ≤ p ≤ K(x, q) + C },

Note that ΣI
1,K,C and ΣI

2,K,C are the ”bottom” and ”top” of the interval model while ΣI
3,K,C

is the ”side”, see Figure 9.5 below.

To define an almost contact structure on this ball we need to make two more choices:

• Pick a smooth function ρ : OpBI
K,C → R satisfying the following conditions
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(i) ρ(x, p, q) = p on OpΣI
1,K,C ,

(ii) ρ(x, p, q) = p− C on OpΣI
2,K,C ,

(iii) ∂pρ(x, p, q) > 0 on OpΣI
3,K,C .

• Pick a closed subset W I such that OpΣI
3,K,C ⊂ W ⊂ { (x, p, q) ∈ R2n−1 × T ∗I |

∂pρ(x, p, q) > 0 } and a smooth function g : R2n−1 × T ∗I → [0, 1] satisfying

(i) g|OpΣI3,K,C=1,

(ii) supp g ⊂W I .

Define an almost contact structure ηIK,ρ,g = (αρ, ωρ,g) on OpBI
K,C by

αρ = αst + ρdq, ωρ,g := dαst + ((1− g)dp+ gdρ) ∧ dq.

The equivalence class (BI
K , η

I
K) of the pair (BI

K,C , η
I
K,ρ,g) is called the interval model associated

to (K,∆).

T ∗I R2n−1

K + C

∆

I

Figure 9.5: Illustration of BI
K , the interval model shell associated to K.

As with the definition of circle models we have to check that the above definition is well-
defined. This amounts to showing that the above definition actually defines a contact shell,
that suitable choices for C, ρ, g and W I exist and that up to equivalence the construction is
independent of these choices. The proofs of these statements are similar to their circle model
counterparts, so we state the following lemma without its proof.

Lemma 9.20. The following statements are true:

(i) For any contact Hamiltonian (K,∆) satisfying Equation 9.6 there exist C, ρ, g and W I

satisfying the conditions in Definition 9.19.

(ii) Every interval model (BI
K,C , η

I
K,ρ,g) defined in Definition 9.19 is a contact shell.

(iii) For different choices of C, ρ, g and W I the interval models are equivalent as contact
shells.
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It is clear from the definition that the interval model shares many properties with the circle
model. However, there is one important difference. Taking C = 0 the ball BI

K,C is not well-

defined since K might be negative at some points. However, in this case the boundary ∂BI
K,C

is an immersed submanifold in R2n−1 × T ∗I. In fact, it is not hard to see that the restriction
of ηIK to Op ∂BI

K,C is just the restriction of ξst = kerαst + pdq. Hence, the contact germ on
the boundary of an interval model can be immersed in an ambient contact manifold. Recall
that regular semi-contact saucers also have this property.

We will see in the next section that the interval models form a bridge between regular contact
saucers and circle models.

9.5 Domination of model shells

We now come to the main result of this chapter given by the following proposition.

Proposition 9.21. For any regular semi-contact saucer (B, ζ), viewed as a contact shell,
there exists a time-independent contact Hamiltonian (K,∆) such that (B, ζ) dominates the
circle model (BK , ηK).

To proof this proposition we need the following two lemma’s.

Lemma 9.22. For any regular semi contact saucer (B, ζ), viewed as a contact shell, there
exists a Hamiltonian K : ∆× I → R such that (B, ζ) dominates the interval model (BI

K , η
I
K).

Proof. This lemma is a direct consequence of the way we defined regular semi-contact saucers.
Indeed, by the definition of a regular semi-contact saucer we can assume that (B, ζ) is of
the form (Bφ,F , ζφ = (α, ω)) as in Definition 9.16, associated to a regular saucer Hamilto-
nian (φ,D). It is easy to see that we can find a φ′ ≤ φ, as in Definition 9.13 satisfying
φ′|∆×{0} = φ′|∆×{1} and consider the dominated saucer, so we can assume that φ already has
this property.
Recall there is a square S ∼= ∆ × I ⊂ D such that φ|IntD\S > 0. Hence, we can choose
F : D → R used in the construction of (Bφ,F , ζφ) in such a way that F |∆×I = C > 0.
Furthermore, the restriction

K := φ|∆×I
satisfies the conditions in Equation 9.6 and can be used to define an interval model shell

(BI
K,C , η

I
K,ρ,g = (αρ, ωρ)),

where we pick C = F |∆×I , which clearly satisfies K + C > 0.
We observe that the function ρ as defined in Equation 9.5 satisfies all the conditions in
Definition 9.19 and we can assume we used this specific choice in the construction of the
interval model. This implies that as sets

BI
K,C ⊂ Bφ,F ,

and using Equation 9.5 that
α|BK,C = αρ.
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It is easily seen that the straight line homotopy between ω and ωρ,g for any choice of bump
function g satisfying the conditions in Definition 9.19 is fixed near the boundary ∂Bφ,F . Hence,
after applying this homotopy we also have

ω|BIK,C = ωρ,g.

Since φ|IntD\S > 0 it follows that ηζφ , the almost contact structure induced by ζφ, is contact

on Bφ,F \BI
K,C showing that (B, ηζ) dominates (BI

K,C , η
I
K,ρ,g).

For the next lemma, recall that any Hamiltonian K : ∆ × I → R satisfying Equation 9.6
induces a Hamiltonian K : ∆× S1 → R which can be used to define a circle model.

Lemma 9.23. Let ∆′ ⊂ Int ∆ be star-shaped domains and let K : ∆× S1 → R be such that
K|∆×{0} > 0 and K|∆\Int ∆′ > 0. Then the interval model (BI

K , η
I
K) dominates the circle

model (BK′ , ηK′), where K ′ := K|∆′×S1.

Proof. The idea of the proof is the following. Since K ′ ≤ K we would be done if we show
that (BI

K′ , η
I
K′) is isomorphic to (BK′ , ηK′). Unfortunately, since cylinder coordinates (v, θ)

are degenerate at v = 0 there does not even exists a diffeomorphism since it would map ΣI
1,K′

to ∆ × {0} ⊂ R2n−1 × R2. However, there does exist a diffeomorphism between a subset of
BI
K′ and a subset of BK′ called the key-hole model Bε

K′ , depicted in Figure 9.6, which we
define below.
By this observation the proof consists of two steps. First we show that (BI

K , η
I
K) dominates

(Bε
K , η

ε
K). Second we show that (for ε > 0 small enough) (Bε

K , η
ε
K) dominates the circle model

(BK′ , ηK′).

Fix a choice of C, ρ, g and W I as in definition 9.19 and observe that such a choice also satisfies
all the conditions of 4.5. Hence, we can use this to define contact shell models

(BK,C , ηK,ρ,g), (BK′,C , ηK′,ρ,g), and (BI
K,C , η

I
K,ρ,g),

which we keep fixed from now on.

Since K|∆×{0} > 0 we can find ε > 0 satisfying K|∆×(−ε,ε) > ε. Define the keyhole model by

Bε
K,C := { (x, v, θ) ∈ BK,C | ε ≤ v ≤ K(x, θ) + C, ε ≤ θ ≤ 1− ε }

= BK,C \ ({v < ε} ∪ {θ ∈ (−ε, ε)}) ,

and ηIK,ρ,g := ηK,ρ,g|BεK,C , as in Figure 9.6. Note, that since we have the extra condition

ρ(x, p, q) = p on OpΣI
1,K,C which translates in the condition ρ(x, v, θ) = v on Op {(x, 0, θ) ∈

BK,C}, the keyhole model is indeed a contact shell.

By the same equations we can cut out a subset of the interval model.

Bε,I
K,C := { (x, p, q) ∈ BI

K,C | ε ≤ p ≤ K(x, q) + C, q ∈ ([−1, ε] ∪ [ε, 1]) },
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with the restriction ηε,IK,ρ,g := ηIK,ρ,g

∣∣∣
Bε,IK,C

. This is again a well defined contact shell.

It is easy to see that (BI
K,C , η

I
K,C dominates (Bε,I

K,C , η
ε,I
K,ρ,g which in turn is isomorphic to

(Bε
K,C , η

ε
K,ρ,g).

It remains to be shown that for ε > 0 small enough the shell (Bε
K , η

ε
K) dominates (BK′ , ηK′).

To do this we construct a contact isotopy of (BK , ηK) ”pushing” BK \ Bε
K into Bε

K , as in
Figure 9.6.

Let (y, z) denote the standard Cartesian coordinates on R2, so that we have coordinates
(x, y, z) ∈ R2n−1×R2. Since the ρ we fixed to model (BK , ηK) has the property ρ(x, v, θ) = v
on Op { (x, 0, θ) ∈ BK,C } we can find a δ > ε > 0 such that ηK,C is contact on ∆×Op { (y, 0) ∈
R2 | y ≥ −2δ }.
Pick a smooth function k : ∆→ [−δ,∞) satisfying k(x) = −δ on Op ∂∆ and k(x) = K(x, 0)
on Op∆′ ⊂ Int ∆. Such a function exists since we assumed that ∆′ ⊂ Int ∆. Define

Γk := { (x, y, 0) ∈ ∆× R2 | −2δ ≤ y ≤ k(x) },
Γ := { (x, y, 0) ∈ ∆× R2 | −2δ ≤ y }.

It is easy to see that there exists an isotopy {ψs}s∈[0,1] of Γ , satisfying

(i) ψs(x, y, 0) = (x, gs(x, y, 0), 0) for a smooth family of functions gs : Γ→ R≥0, s ∈ [0, 1],

(ii) ψ1(Γk) = { (x, y, 0) ∈ ∆×R2 | −2δ ≤ y ≤ −δ },

(iii) ψs = Id on Op {(x, y, 0) ∈ ∆× R2 | x ∈ Op∆ }.

This isotopy has the property that it preserves ηK,ρ,g|Γ = (αρ|Γ , ωρ,g|Γ) = (αst, dαst). Using
Theorem 2.6.13 in [5] this implies that we can extend ψs to a contact isotopy Ψs, s ∈ [0, 1] of
(BK , ηK) and supported in OpΓ.

If ε > 0 is small enough then Ψ1(BK′) ⊂ Bε
K so that the keyhole model (Bε

K , η
ε
K) dominates

the circle model (BK′ , ηK′).

With these two lemma’s the proof of Proposition 9.21 consists of combining results.

Proof of Proposition 9.21. By Lemma 9.22 we find an interval model (BI
K̃
, ηI
K̃

) dominated by

(B, ζ). In turn we apply Lemma 9.23 to find a circle model (BK′ , ηK′) dominated by (BI
K̃
, ηI
K̃

).

Choosing a time-independent contact Hamiltonian K ≤ K ′ and applying Proposition 5.9 we
get the required circle model (BK , ηK) dominated by (B, ζ).
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R
R

R2n−1

−2δ−δ
k(x)

BK′ Ψ1(BK′)

Figure 9.6: Figure 9.6: Left: keyhole model, Top right: The region { (x, y, 0)∆×R2 } together
with the effect of ψs. Bottom right: Top view of the keyhole model and BK′ together with
(in red) the effect of Ψs.
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Chapter 10

Reduction to saucers

This chapter contains the core argument in the proof of Proposition 3.7. We show that any
almost contact structure is homotopic to an almost contact structure which is contact outside
finitely many regular semi-contact saucers.

We split the argument in two parts. In the first section we use an h-principle argument to
reduce the global problem to a local one. This is done by removing a closed set from the
manifold to obtain an open manifold and using the fact that any almost contact structure
on an open manifold is homotopic to a contact structure. We choose this closed set to be
an annulus of the form Σ × [0, 1], for Σ ⊂ m a closed codimension one submanifold. The
key observation is that this allows to use also the one parametric h-principle to obtain a
semi-contact structure on the annulus which has a lot more structure than a general almost
contact structure.

In the second section we study this semi-contact annulus. Using another well known property
of contact structures, Gray stability, allows us to relate the contact structures on different
fibers of the annulus and show that locally the semi-contact structure is of immersion type.
This reduces the proof to studying the functions defining the semi-contact structure.

It turns out that on the parts of the annulus where the graphs of the functions defining the
semi-contact structure are transverse to the Reeb vector field the induced almost contact
structure can easily be made contact. The other parts we cut up in semi-contact saucers,
which by compactness, are finite in number. Using a rather technical argument we can show
that these semi-contact saucers are homotopic to regular ones, which we know how to fill
using the results of the previous chapters.

10.1 Reduction to a local problem using h-principles

The goal of this chapter is to prove the following result.

Proposition 10.1. Let M be a (2n+ 1)-dimensional manifold, A ⊂M a closed subset, and
ξ0 an almost contact structure on M which is contact on OpA ⊂ M . Then, there exists
finitely embedded saucers Bi ⊂M , for i = 1, . . . , N such that ξ0 is homotopic relative to A to
an almost contact structure ξ1 satisfying
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(i) ξ1 is a contact structure on M \
⋃N
i=1Bi,

(ii) the restriction of ξ1 to each saucer Bi is induced by a regular, semi-contact structure.

Using Gromov’s h-principle for contact structures on open manifold the proof of Proposition
10.1 immediately reduces to the proof of Lemma 10.4. We first state Gromov’s h-principle
and then show the reduction.

Let M be a (2n+1)-dimensional manifold, possibly with boundary, A ⊂M a closed subset and
ξ0 a contact structure on OpA ⊂M . Denote by Cont(M,A, ξ0) the space of contact structures
on M that coincide with ξ0 on OpA. Similarly, denote by cont(M,A, ξ0) the space of almost
contact structures on M that coincide with ξ0 on OpA. Observe that each ξ ∈ cont(M,A, x0)
is contact on some open subset of M (containing OpA) but might fail to be contact anywhere
else. Since every contact structure is also an almost contact structure we have an inclusion
map

j : Cont(M,A, ξ0)→ cont(M,A, ξ0).

Definition 10.2. Let M be a manifold, possibly with boundary, and A ⊂ M a closed set.
Then, the pair (M,A) is called relatively open if for any point x ∈M \A one of the following
is true.

(i) There exists a path, contained in M \A, connecting x with a boundary point of M .

(ii) There exists a proper path γ : [0,∞)→M \A with γ(0) = x.

In particular, for any open manifold M the pair (M, ∅) is relatively open.

Theorem 10.3. Let M be a (2n+ 1)-dimensional manifold, A ⊂M a closed subset and ξ0 a
contact structre on OpA ⊂M . Suppose that (M,A) is relatively open. Then, the inclusion

j : Cont(M,A, ξ0)→ cont(M,A, ξ0)

is a homotopy equivalence.

For a proof of this theorem we refer the reader to [8] and [9].

Using this theorem the proof of Proposition 10.1 follows from the following lemma.

Lemma 10.4. Let Σ ⊂ M be a closed submanifold of a manifold M , and ζ0 := {ζ0
s}s∈[0,1]

a semi-contact structure on the annulus C := Σ × [0, 1] ⊂ M . Then, there exist finitely
many saucers Bi ⊂ C, for i = 1, . . . , N , such that ζ0 is homotopic relative to {ζs}s∈∂I to a
semi-contact structure ζ1 satisfying:

(i) The almost contact structure induced by ζ1 is contact on C \
⋃N
i=1Bi, and

(ii) ζ1 is a regular semi-contact structure on Bi, for i = 1, . . . , N .
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Proof of Proposition 10.1. Using a coordinate chart on M we can find an embedded annulus
C := S2n × I ⊂ M \ A. Define the slightly smaller annulus C̃ := S2n × [1

4 ,
3
4 ] ⊂ C. By the

existence part of Theorem 10.3 we can find a homotopy ζt on M \ C̃ interpolating between
ζ|
M\C̃ and a contact structure ζ ′ . To extend this homotopy to M , pick a function g : M → I

such that g = 1 on OpM \C and g = 0 on Op C̃. Then, the homotopy ζg(x)t is defined on M
and interpolates between ζ and an almost contact structure ζ̃ which is contact on OpM \C.
Each sphere S2n×s ⊂ C, for s ∈ [0, 1], has an open neighborhood diffeomorphic to S2n×(−δ, δ)
so by restricting ζ̃ to these neighborhoods we get a 1-parameter family ζs, of almost contact
structures on S2n × (−δ, δ). Moreover, by picking δ small enough we have that ζ0 and ζ1 are
contact. Apply the 1-parametric part of Theorem 10.3 to homotope ζs, fixing ζ0 and ζ1, to a
family of contact structures.
To complete the proof apply Lemma 10.4.

Remark 10.5. Following the philosophy of the previous argument we might try to take a
closed submanifold Λ ⊂M of codimension two and consider a closed set Λ× [0, 1]× [0, 1] ⊂M
and apply the two parameter part of Theorem 10.3 with the idea that the resulting ”codimension
two semi-contact structure” is even nicer than a semi-contact structure.

The reason that this does not work is that the proof of Lemma 10.7 and hence of Lemma 10.4
relies on the Gray stability theorem. This theorem is one parametric in nature and there is
no two parametric analogue. Hence, one is exactly the right codimension.

10.2 From a semi-contact annulus to regular saucers

The technical part then consists of proving Lemma 10.4. Observe that since the homotopy in
Lemma 10.4 fixes the semi-contact structure on ∂C, we can partition [0, 1] =

⋃N
i=0[ai, ai+1]

where ai < aj for i < j, and proof the lemma for the restriction of Σ to each annulus
Σ × [ai, ai+1]. The first consequence of this is that if we make the partition fine enough the
contact germs on all slices of the annulus will look like each other. This is made precise in
Lemma 10.7. To prove this we first need another lemma.

Lemma 10.6. Let f : M → N be a smooth map and Z ⊂M a submanifold satisfying

(i) f maps Z diffeomorphically onto f(Z),

(ii) Txf : TxM → Tf(x)N is an isomorphism for all x ∈ Z.

Then, f maps a neighborhood of Z diffeomorphically onto a neighborhood of f(Z).

Proof. By (ii) we can cover f(Z) we can find local inverses gi : Ui → M such that the open
sets Ui cover f(Z). Moreover, we can assume that the cover {Ui} is locally finite. Define
Vij := { y ∈ Ui ∩ Uj | gi(y) 6= gj(y) } and Ũi := Ui \

⋃
j Vij . Since, {Ui} is locally finite Ũi is

open. As a union of open sets W :=
⋃
i Ũi is open. Observe that

W = { y ∈
⋃
i

Ui | gi(y) = gj(y) when y ∈ Ui ∩ Uj }.

It follows from this description that the gi patch together to a smooth inverse g : W →M of
f . Moreover, it is clear that f(Z) ⊂W and that W is open.
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Lemma 10.7. Let Σ be a closed manifold, [a, b] an interval and consider {ζs}s∈[a,b] a semi-
contact structure on the annulus Σ× [a, b]. Then, for each s0 ∈ [a, b] there exists a σ > 0 such
that the restriction {ζ}s∈[s0,s0+σ] is of immersion type with defining contact structure ζs0.

Proof. Since [a, b] is compact there exists a δ > 0 such that each ζs is defined on Σ×[s−δ, s+δ].
Hence, we can view {ζs}s∈[a,b] as a smooth family of contact structures on Σ×[−δ, δ]. For each
s0 ∈ [a, b] we can find, by Theorem 2.2.2 in [5], a σ > 0 and an isotopy φss0 , s ∈ [s0, s0 + σ],
on Σ× [−δ, δ] satisfying φs0s0 = Id and (φss0)∗ζs = ζs0 .
We claim that by making σ smaller if necessary, the hypersurfaces (φss0)−1(Σ×0) are graphical
for all s ∈ [s0, s0 + σ]. To see this look at the smooth map

F : Σ× [s0, s0 + σ]→ Σ× [−δ, δ] defined by F (x, s) := (π ◦ (φss0)−1(x, 0), s),

where π : Σ × [−δ, δ] → Σ is the projection map. Observe that F satisfies the conditions of
Lemma 10.6. This means that for σ small enough π ◦ (φss0)−1 : Σ → Σ is a diffeomorphism
for all s ∈ [s0, s0 + σ]. This proves (φss0)−1(Σ× 0) is graphical.

Remark 10.8. Note that in the proof of the previous Lemma we assign to each s0 ∈ [a, b] a
σ > 0. Using compactness it is easy to see that we can pick one σ > 0 such that the restriction
{ζs}s∈[s0,s0+σ] is of immersion type for all s0 ∈ [a, b] at once.

By the previous lemma and reparametrizing each interval in the partition we can assume we
are considering an annulus Σ×[0, 1] with an immersion type semi-contact structure {ζs}s∈[0,1].
More precisely, for some constant R > 0 we have a contact structure µ = ζ0 on Σ × [−R,R]
and a family of functions ψs : Σ→ [−R,R] such that the contact germs ζs are identified with
the restriction of µ to a neighborhood of the graphs Γs := graph(ψs).
In general, these functions do not need to be positive and the graphs Γs might intersect. The
idea of the following lemma is that, using the Reeb vectorfield Rµ we can divide Σ into two
parts. One part V where the angle between Σ and Rµ is large, and a part W where the angle
is small. Over V , the Reeb vector field is transverse to Σ so we can flow Γ1 along it to a
strictly positive graph Γ̃ = graph(ψ̃). The important point here is that since Rµ is a contact
vector field, σ1 can also be identified with a neighborhood of this new graph. Hence, we can
homotope the graphs Γs to interpolate between Γ0 and Γ̃, while keeping ζ0 and ζ1 fixed. The
result is that our new semi-contact structure is contact over V .
On W the function ψ̃ might still be negative. However, since here Rµ is almost tangent to Σ
and the Reeb vector field is always transverse to the contact planes we can arrange that the
contact planes will always be transverse to Σ over W . The upshot of this is that the induced
characteristic foliation on W will be regular and hence over W the annulus Σ× [0, 1] can be
divided into regular semi-contact saucers.

Lemma 10.9. Let ζ := {ζs}s∈[0,1] a semi-contact structure on an annulus Σ × [0, 1] ⊂ M
where Σ ⊂ M is a closed submanifold. Then, there is a partition a0 < · · · < aN of [0, 1]
such that the restriction of ζ to each Σ× [ai, ai+1] is equivalent to a semi contact structure ζ̃
satisfying the following properties.
There is a contact structure µ = ζ0 on Σ × [−R,R] for a constant R > 0 and a function
ψ : Σ→ [−R

2 ,
R
2 ] such that
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(i) the germ of contct structure ζs is identified with the restriction of µ to a neighborhood
of the graph Γs := graph(sψ);

(ii) there are closed domains V ⊂ Σ and V̂ ⊂ IntV such that ψ|v > 0, and the contact

structure µ is transverse to all graphs Γs over Ŵ := Σ \ Int V̂ for all s ∈ [ai, ai+1].

Proof. Equip Σ × [0, 1] with a metric so we can measure angles between hyperplanes in the
tangent bundle. By applying Lemma 10.7 we can partition [0, 1] and are free to assume
that the semi-contact structure is of immersion type, and defined by a family of functions
ψs : Σ → [−R,R] with ψ0 = 0. Define θ to be the minimum over Σ × [−R,R] of the angle
between Rµ and the contact distribution µ. By refining the partition from Lemma 10.7, we
can assume that

||Ψs||C0 ≤ tan
θ

16
||Ψs||C1 ≤ ε

(10.1)

| angle(µ(x,0), µ(x,t))| ≤
θ

16
(10.2)

where we will pick the appropiate ε > 0 later.

Define

V̂ := { (x, 0) ∈ Σ× 0 | angle(µ(x,0)T(x,0)Σ) ≤ θ

4
}1.

It follows from Equation 10.2 and the definition of V̂ that | angle(Rµ(x, t), T(x,t)Σ)| ≥ 11θ
16 for

all (x, t) ∈ Σ × [−R,R]. Hence, Rµ(x, t) for x ∈ V̂ has a non-zero projection onto ∂
∂u so we

can present V̂ as a disjoint union V̂ = V̂+ t V̂− defined by wether this component is positive
or negative. Equivalently,

V̂± := {x ∈ V̂ | du(±Rµ(x)) > 0 }.

The fact that the Reeb vector field is transverse to Σ× t can be used to homotope Γ1 to the
graph of a function ψ which is positive over Op V̂ as follows.
Pick a smooth function H : Σ → [0, 1] equal to ±1 on V̂±. Extend this to a function, still
denoted by H, on Σ × [−R,R] as independent of the coordinate u. As in Equation 2.2 this
function gives a contact vectorfield XH on Σ × [−R,R] which is equal to ±Rµ whenever H
is equal to ±1. Denote by hs : Σ × [−R,R] → Σ × [−R,R] its flow over time s. We have
to make sure that ht does not rotate the contact planes to much so they stay transverse to
the graphs. So, pick σ > 0 small enough so that Ths : T (Σ × [−R,R]) → T (Σ × [−R,R])
rotates any hyperplane by an angle ≤ θ

16 and hs(Γ1) is graphical, for all s ∈ [0, σ]. Then,
since du(XH) > 0, we can assume by picking the ε > 0 from Equation 10.1 small enough that
the following holds:

(i) We have that Γ̃ := hσ(Γ1) is graphical over Σ. More precisly, Γ̃ := { (x, t) ∈ Σ×[−R,R] |
t = ψ(x) } for ψ : Σ→ [−R,R].

(ii) For x ∈ V̂ we have ψ(x) ≥ ε
2 .

1Note that both µ(x,0) and T(x,0)Σ are hyperplanes in T(x,0)(Σ× [0, 1])
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(iii) For s ∈ [0, 1] defne Γ̃s := { z := (x, t) ∈ Σ × [−R,R] | t = sψ(x) }. Then, for x ∈ Ŵ :=
Σ \ V̂ and s ∈ [0, 1] we have | angle(TzΓ̃s, µz)| > θ

16 . Hence, µ is transverse to all graphs

Γ̃s.

Take V := {x ∈ Σ | ψ(x) ≥ ε
4 }. Then, V̂ ⊂ IntV and ψ|V > 0.

Consider the 2-parameter family of functions, Ft,s : Σ→ [−R,R] for (t, s) ∈ I2, defined by

Ft,s(x) := (1− t)ψs(x) + tsψ(x).

These functions interpolate between the 1-parameter families of functions F0,s = ψs, F1,s =
sψ. This means that the graphs induce a homotopy between ζ and an immersion type semi-
contact structure ζ̃ defined by the graphs of sψ. Moreover, since Ft,0 = 0 and graph(Ft,1) =
ht(Γ1) and ht is a contact isotopy, the homotopy between ζ and ζ̃ fixes ζ0 and ζ1.

With this lemma we are ready to finish the proof of Lemma 10.4. The idea of the proof is
that by compactness of Σ we can cover the part where ψ is negative with finitely many disks
and cut up the annulus in finitely many saucers using a partition of unit, see Figure 10.1.

Σ× [0, 1]

L1 L2 L3

Γ(ψ)

Σ

Λ1

Λ2

Λ3

Figure 10.1: Take a finite partition of unity λi, i = 1, . . . , N (in the picture N = 3) and define
Lk :=

∑k
i=1 λi and Λk := Lkψ to partition Σ× [0, 1] into finitely many regions.

To ensure that the resulting saucers are regular we need to do some extra work. The essential
ingredient of the proof is that whenever ψ is negative the graphs Γ(sψ), s ∈ [0, 1] are all
transverse to the contact structure µ. This means that the induced characteristic foliation on
any of the graphs (and in particular on Σ) are non-singular. Using Giroux’s theorem this can

be exploited to show that Ŵ can in fact be covered by regular disks.

The last part of the proof consists of fixing the following problem which is also visible in
Figure 10.1. Namely, a function f : D → R describing a regular saucers is required to be
positive on D \S, which is not true in our above picture, caused by the negativity of ψ. To fix
this we introduce a slightly perturbed version of ψ as in Figure 10.4. The proof is concluded
by showing that the semi-contact structure induced by the perturbed ψ is homotopic to the
original one.

Proof of Lemma 10.4. By applying Lemma 10.9 we can assume that we are in the following
situation. We have a semi-contact structure of immersion type {ζs}s∈I on an annulus Σ × I
satisfying the following properties. There exists a contact structure µ = ζ0 on Σ × [−R,R]
for R > 0 and a function ψ : Σ→ [−R

2 ,
R
2 ] such that

(i) there exists a smooth family of diffeomorphisms Gs : OpΣ × {s} → OpΓ(sψ) ⊂ Σ ×
[−R,R], such that ζs := G∗sµ and Gs|Σ×{s} = Id×sψ, s ∈ I.
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(ii) there exists closed domains V ⊂ Σ and V̂ ⊂ IntV such that ψ|V > 0 and µ is transverse

to the graphs Γ(sψ) over Ŵ := Σ \ Int(V̂ ) for all s ∈ I.

V

V̂ Ŵ

W

Figure 10.2: Schematic representaiton of the decomposition of Σ into V (green), V̂ (red), W

(orange) and Ŵ (blue).

Consider the following immersion G : Σ×[0, 1]→ Σ×[−R,R] defined by G|Σ×{s} = Gs|Σ×{s}.
It is easy to see that the restriction of G to the set

{ (x, s) ∈ Σ× [0, 1] | ψ(x) > 0 },

is an embedding. Since the almost contact structure η on Σ × [0, 1] equals G∗µ this implies
that η is contact over the region V ⊂ Σ where ψ is positive.

Over the region W ⊂ Σ where ψ becomes negative this is not the case. We want to cut up
this part into finitely many regular saucers and solve the filling problem locally on each one
of them.

To do this we look for a special family of opens covering W as in the next lemma. The opens
of this cover will form the base disks over which the saucers are defined. The conditions we
put on the cover ensure that the saucers are equivalent to regular ones.

Lemma 10.10. Let Σ ⊂ (M, ξ) be a closed hypersurface, transverse to the contact structure.
Then, around each point p ∈ Σ there exists an open neighborhood U 3 p and a contactomor-
phism φ : U → (R2n+1, ξst) such that

φ(Σ ∩ U) = Π ⊂ (R2n+1, ξst)

.

Proof. Denote by F the characteristic foliation on Σ and suppose it is spanned by the non-
vanishing vector field X. Locally any non-vanishing vector field can be written as a constant
vector field which allows us to find a diffeomorphism ψ : V → R2n+1 such that ψ(Σ∩ V ) = Π
and ψ∗X = ∂

∂q . Here we use the usual coordinates (x, q, p) ∈ R2n+1 = R2n−1 × R2 and

Π := { (x, q, p) ∈ R2n+1 | p = 0 }.
If ξ = kerα then ξ̃ := kerψ∗α is a contact structure on R2n+1 transverse to Π which induces
a characteristic foliation F̃ = 〈ψ∗X〉 on Π. Hence, we have an induced contact structure on
Π/F̃ which we can assume to be equal to ξ2n−1

st . Indeed, using Darboux theorem we can (by
possibly shrinking V ) find a change of coordinates on Π such that the contact structure on
Π/F̃ equals ξ2n−1

st .

Hence, φ := ψ|Σ∩U → Π ⊂ (R2n+1, ξst) is a diffeomorphism both preserving the characteristic
foliation and transverse contact structure. By Theorem 2.18 we find a contactomorphism
φ : U → (R2n+1, ξst) such that φ(U ∩ Σ) = Π.
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Using this lemma we construct a suitable cover of W .

Lemma 10.11. Let Σ ⊂ (M2n+1, ξ) be a closed hypersurface, transversal to the contact
structure. Then, there exists a finite cover {Oi}Ni=1 of OpΣ inducing a cover {U}Ni=1 of Σ.
Furthermore there exist two partitions of unit {λ±i }Ni=1 subordinate to {Ui}Ni=1 such that

(i) each Ui contains a ”square” Si ⊂ Ui diffeomorphic to ∆ × I where ∆ ⊂ Σ/F is a
star-shaped domain;

(ii) the restriction of F to Si is diffeomorphic to the product foliation on ∆× I;

(iii) we have inclusions suppλ−i ⊂ Si ⊂ suppλ+
i ⊂ Ui.

Proof. For each point p ∈ Σ we can apply the previous lemma to find a contactomorphism
φ : U → (R2n+1, ξst) with φ(Σ∩U) = Π and we can assume that φ(p) = 0. We denote by F̃ the
characteristic foliation on Π. Pick a star-shaped domain ∆ ⊂ Π/F̃ and let S := φ−1(∆× I).

By compactness we can find finitely many Si ⊂ Σ, i = 1, . . . , N covering Σ. For each
i = 1, . . . , N let Ui be an open disk containing Si, then {Ui}Ni=1 is a finite cover of Σ.

Pick partitions of unit λ−i subordinate to Si and λ+
i subordinate to Ui, i = 1, . . . , N . Since

both partitions of unit are finite we can modify them to satisfy the condition Si suppλ+
i .

Remark 10.12. The conditions in the previous lemma have two immediate consequences
which will be helpful later in the proof:

(i) First, they imply that λ−i < λ+
i on IntD \ S. Hence if f± : D → R>0 are two pos-

itive functions then the pair (f+λ
+
i − f−λ

−
i , Ui) is a regular saucer Hamiltonian as in

Definition 9.15.

(ii) Second, suppλ−i ⊂ suppλ+
i tells us that λ+

i (x) = 1 implies λ−i (x) = 1.

Next, we use the partition of unit λ+
i subordinate to {Ui}Ni=1 to cut up the annulus into

saucers. For 0 ≤ k ≤ N , define

Lk :=

k∑
i=1

λ+
i : W → I,

and observe that the graphs Γ(Lk) partition Σ × I into saucers. By assumption the almost
contact structure η on Σ × i, induced by {ζs}s∈I is equal to η = F ∗(µ) where F : Σ × I →
Σ× [−R,R] is the immersion defined by

F (x, t) := (x, tψ(x)).

Hence, looking at the graphs F (Γ(Lk)) = Γ(Lkψ) we see they in turn partition the area
between Σ× {0} and Γ(ψ) inside Σ× [−R,R].

We can foliate each saucer

Bi := {(x, t) ∈ Σ× I | Li−1(x) ≤ t ≤ Li} (10.3)
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by disks
Di
s := {(x, t) ∈ Bi | t = (1− s)Li−1(x) + sLi(x)},

and this defines coordinates (x, s) on Bi in the usual sense. Observe that the F (Ds) foliate
the area between Γ(Li−1ψ) and Γ(Liψ). So we get a family of diffeomorphisms

Gsi : Di
s → Γ ((1− s)Li−1ψ + sLiψ) ⊂ Σ× [−R,R]

defined by
(x, s) 7→ (x, (1− s)Li−1ψ(x) + sLiψ(x)) s ∈ [0, 1],

which together give an immersion Gi : Bi → Σ × [−R,R] defined by the same formula. The
family Gis gives, in the usual way, a semi-contact structure of immersion type ζi := {ζi,s}s∈[0,1]

on Bi. Note that ζi is equal to the restriction of ζ, the semi-contact structure on Σ × [0, 1],
to Bi and that the induced almost contact structure ηi satisfies

ηi = η|Bi = G∗i (µ).

So, we have a (finite) partition of (Σ× [0, 1], ζ) in semi-contact saucers (Bi, ζi), i = 1, . . . , N .

Unfortunately the above construction does not yield regular semi-contact saucers. Because ψ
can be negative it can happen that Liψ ≤ Li−1ψ on Ui \ Si which is not allowed. To remedy
this we construct different semi-contact structures ζ̃i on the saucers Bi, i = 1, . . . , N which
are regular. We will then show that the ζ̃i and ζi are homotopic for all i, and that the induced
homotopy on Σ× [0, 1] is relative to the boundary.

We can write ψ = ψ+ − ψ− for positive functions ψ±. One way to see this is to take ε > 0
very small, and define the set

Uε := {x ∈ Ŵ | ψ(x) ≥ ε}.

Let g : Ŵ → [0, 1] be a smooth bump function with g|Uε = 1 and g|
Ŵ\suppψ

= 0 which exists

since Uε ⊂ Int suppψ. Then,

ψ+ := gψ + ε, ψ− := (g − 1)ψ + ε,

are strictly positive and gives the desired decomposition ψ = ψ+ − ψ−, see Figure 10.3.

ε

ψ

−ψ−

ψ+

Figure 10.3: The decomposition of ψ into positive functions ψ±.

Then define
ψ±i := ψ±λ±i and ψi := ψ+

i − ψ
−
i , i = 1, . . . , N.
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It follows from Remark 10.12 that λ+
i (x) = 1 implies ψi(x) = ψ(x) and ψi|Ui\Si > 0. For

0 ≤ k ≤ N , define

Ψk :=
k∑
i=1

ψi.

When Lk = 1 we have F (Γ(Lk)) = Γ(Ψk). Moreover, Ψk − Ψk−1 = ψi > 0 on OpUi \ Si.
That is, the functions Ψk partition the area between Σ× {0} and Γ(ψ) similarly to the Lkψ
above.

Consider the family of diffeomorphisms

G̃si : Di
s → Γ ((1− s)Ψi−1 + sΨi) ⊂ Σ× [−R,R]

defined by
(x, s) 7→ (x, (1− s)Ψi−1(x) + sΨi(x)) s ∈ [0, 1],

which together give an immersion G̃i : Bi → Σ× [−R,R] defined by the same formula. This
family induces in the usual way a semi-contact structure of immersion type on Bi which we
denote by ζ̃i.

Σ× [0, 1]

L1 L2 L3

ψ

Ψ1

Ψ2

Ψ1

Ψ2
Ψ3

Figure 10.4: The partition of the annulus into saucers.

The upshot is that in contrast to the (Bi, ζi), the saucers (Bi, ζ̃i) are regular. To see this, first
observe that (Ψi −Ψi−1, Ui) satisfies the conditions in Definition 9.15.
By passing to a partition of Σ × [0, 1] we can make the Ψk, 0 ≤ k ≤ N , as C1-small as we
want. Furthermore, we can assume that the graphs Γ(sψ) are all contained in

⋃N
i=1Oi and

hence that each (Bi, ζ̃i) ⊂ Oi, where {Oi}Ni=1 is the cover of OpΣ×{0} we constructed above.

Hence, we can assume that the defining contact structure for each ζ̃i is just ξst on R2n+1.
This means that we are in the situation of Lemma 9.18 and we conclude that each (Bi, ζ̃i) is
regular.

It remains to be shown that the semi-contact structures ζi and ζ̃i on Bi are homotopic.
Consider the straight line homotopies

H i
t := (1− t)Liψ + tΨi, t ∈ [0, 1],

for i = 1, . . . , N . Observe that

Hit := {Γ
(
(1− s)H i−1

t + sH i
t

)
}s∈[0,1], t ∈ [0, 1]
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is a family of foliations interpolating between the foliations defining ζi and ζ̃i. Hence, this
gives a homotopy between the semi-contact structures.

Clearly, this homotopy does not fix the contact germ on the boundary ∂Bi = Di
0 ∪Di

1 so a
priori it is not well-defined since applying the homotopy on one of the saucers might change
the semi-contact structure on the neighbouring ones. Since

Σ× [0, 1] =
N⋃
i=1

Bi,

we can apply the homotopy on all saucers Bi at once, giving a homotopy on Σ× [0, 1] between
ζ and ζ̃ :=

⋃N
i=1 ζ̃i. Moreover, we claim that this homotopy leaves the contact germs on

Σ × {0} and Σ × {1} fixed so that it is well-defined. For Σ × {0} this follows immediately
from the definitions. For σ × {1} note that if 1 ≤ i ≤ N and x ∈ Σ are such that Li(x) = 1
then it follows that Ψi(x) = ψ(x). Hence, H i

t(x) = ψ(x) for all i ∈ [0, 1] proving the claim.
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Chapter 11

Reduction to a universal model

In this chapter we prove the last ingredient to the proof of Proposition 3.7. In the previous
chapters we proved that any almost contact structure on a manifold can be made contact up
to finitely many circle models. However, there is no restriction on what these circle models
can looks like. In particular, there are infinitely many possibilities for each of the defining
contact Hamiltonians.
In this chapter we state and proof Proposition 11.11 below. This proposition says that any
(time-independent) circle model can be made contact outside finitely many circle models
inside it. Moreover, these circle models can be chosen from a finite list. That is, there are
only finitely many possible choices for the contact Hamiltonians defining them.
This allows us to reduce to a universal model for each dimension, as in the statement of
Proposition 3.7.
By Remark 11.12 there is an easier way to reduce to an universal in the three dimensional
case, making this chapter unnecessary.

The idea of the proof in this chapter is the following. We construct a finite list of functions
φi : U → R, where U ⊂ R2n−1, for i = 1, . . . , N .

By precomposing these functions with elements of the contactomorphism group on (R2n−1, ξst)
and by taking finite sums of such functions we can construct new functions from this finite
list. It turns out that for any contact Hamiltonian K we can construct in this way a contact
Hamiltonian K ′ ≤ K. Hence, the circle model associated to K dominates the circle model
associated to K ′. Moreover, since K ′ is constructed using finitely many building blocks we
can show that the associated circle model can be made contact up to finitely many circle
models from a finite list.
The basic idea of the function construction is illustrated by the following example.

Example 11.1. Consider (non-smooth) function f : [0, 3] ⊂ R→ R defined by

f(x) :=


1 for x ∈ [0, 1)

−3 for x ∈ [1, 2)

1 for x ∈ [2, 3)

Let the additive group Z act on R by translation. That is, we identify n ∈ Z with the translation
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map τn : R→ R defined by x 7→ x+ n. Consider the interval [0, 3] ⊂ R and the functions

fk :=

k∑
i=0

f ◦ τ−i,

see Figure 11.1.

1

0

−1

−2

−3

1 2 3 4

1

0

−1

−2

−3

1 2 3 4 5 6 7

f f ◦ τ−1

f3

Figure 11.1: The graphs of f , f ◦ τ−1 and f3 :=
∑3

i=0 f ◦ τ−i

Note that as k →∞ the quotient are where fk is positive
area where fk is negative → 0. So functions which are negative

on an arbitrary large part of their domain can be written as sums of functions which are
positive on most of their domain. Furthermore, these functions are just translations of a
single function.
This is important since we know from Definition 5.3 that the domination relation is essentially
encoded in the size of the set where a Hamiltonian is negative. A contact Hamiltonian
K : ∆ → R is only required to be positive on an arbitrary small neighbourhood of ∂∆ and
so we would expect that it is impossible to find a single Hamiltonian which is dominated by
all the possible Hamiltonians showing up in the proof of Proposition 3.7. The above example
shows that this is possible.

This chapter basically consists of generalizing the above example. In the first section we define
a suitable cover for the general case and in the second section we define a suitable function
generalizing f from the example. In the last section we provide proofs of Proposition 11.11
and Proposition 3.7.

11.1 Constructing a suitable cover

The first thing we have to do is find a higher dimensional analogue of the translation action
from Example 11.1. The essential property of the action in the example is that it allows us to
construct a locally finite cover by compact sets. In general we also want that the group action
is by contactomorphisms of (R2n+1, ξst) so the saucers constructed from these functions will
be equivalent.

As usual define the hypersurface Π := { (z, x1, y1, . . . , xn, yn) ∈ R2n+1 | yn = 0 } ⊂ (R2n+1, ξst),
where

α = dz +
n−1∑
i=1

(xidyi − yidxi) + yndxn = dz +
n−1∑
i=1

uidθi + yndxn
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is the standard contact structure under the identification R2n+1 = R2n−1 × T ∗R1 and using
Cartesian coordinates (xn, yn) on T ∗R1.

Inside the group of contactomorphisms Diff(R2n+1, ξst) there is a subgroup Θ defined to be
the free group generated by the following contactomorphisms:

• Translations T in the z and the xn coordinate:

Tz : (x, y, z) 7→ (x, y, z + 1)

Txn : (x1, . . . , xn, y, z) 7→ (x1, . . . , xn +
1

2
, y, z),

• Sheers S in each xi and yi coordinate for i = 1, . . . , n − 1 (not in the xn and yn
coordinate):

Syi : (x, y1, . . . , yi, . . . , yn, z) 7→ (x, y1, . . . , yi + 1, . . . , yn, z + xi), i = 1, . . . , n− 1

Sxi : (x1, . . . , xi, . . . , xn, y, z) 7→ (x1, . . . , xi + 1, . . . , xn, y, z + yi), i = 1, . . . , n− 1.

Note that Θ does not contain any translation or sheer in the yn direction so that the action
by Θ preserves Π. Also, the reason that we choose sheers instead of translation in the first
2n− 2 coordinates is that translations in those coordinates are not contactomorphisms of ξst,
while sheers are.
One of the important properties of the translation action from Example 11.1 is that there
are only finitely many n ∈ Z such that τn([0, 3]) ∩ [0, 3] 6= ∅ so that the functions fk are
well-defined. To see that Θ also has this property note that [Syj , Sxj ] = SyjSxjS

−1
yj S

−1
xj = T 2

z

while all other transformations commute. This means that we can write any element of Θ in
the form

Sk1x1 . . . S
kn−1

xn−1S
l1
y1 . . . S

ln−1
yn−1

T knxn T
ln
z ,

for integers k1, . . . , kn and l1, . . . , ln. The above identity implies that for any compact subset
Q ⊂ Π the set

S(Q) := { g ∈ Θ | g(Q) ∩Q 6= ∅ } ⊂ Θ

is finite. We say that Θ acts properly discontinuously on Π.
The distances we can translate Q using Θ are bounded from below. To be able to translate
over small distances pick an integer N > 0 and consider the scaling contactomorphism CN ∈
Diff(R2n+1, ξst) defined by

(x, y, z) 7→ (Nx,Ny,N2z).

Define ΘN := C−1
N ΘCN . To be precise, ΘN is the free group generated by translations

Tz,N := C−1
N ◦ Tz ◦ CN , Txj ,N := C−1

N ◦ Txj ,N ◦ CN and sheers Sxj ,N := C−1
N ◦ Sxj ◦ CN ,

Syj ,N := C−1
N ◦ Syj ◦ CN . Clearly, by picking N > 0 large enough we can translate over

arbitrary small distances. This allows us to construct covers of Π as in the following definition.

Definition 11.2. A compact subset Q ⊂ Π is said to generate a ΘN -equivariant cover of Π
if ΘN · Int(Q) = Π. In this case the θN -equivariant cover is given by {g(Q)}g∈ΘN .

The next example shows that such covers exist.
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Example 11.3. Let a > 1
2 and consider the parallelepiped

P := { (x, y, z) ∈ R2n+1 | |z| ≤ a, |xj | ≤ a, |yj | ≤ a, for 1 ≤ j ≤ n−1, 0 < xn ≤ a, yn = 0 } ⊂ Π.

This is easily seen to generates a Θ-equivariant cover of Π. In turn, the scaled parallelepiped,
PN := C−1

N (P ) generates a ΘN -equivariant cover of Π.

The group ΘN allows us to cover any compact domain in Π, however contact Hamiltonians
are defined as functions on compact domains in R2n−1×S1. This space can be viewed as the
zero-section of (

R2n−1 × T ∗S1, ξst = ker(dz +

n−1∑
i=1

xidyi − yidxi + pdq)

)
,

which in turn is the quotient of (R2n+1, ξst) by the contactomorphism T 2
xn . Denote the quotient

map by π : R2n+1 → R2n−1×T ∗S1. Since we want to partition circle models we need to move
our construction on R2n−1× T ∗R1 over to R2n−1× T ∗S1. This can only be done if the set Q,
generating the cover satisfies the condition of the following definition.

Definition 11.4. A compact set Q ⊂ Π generating a Θ-equivariant cover is called sufficiently
small if Txn(Q) ∩Q 6= ∅.

Remark 11.5. Note that by taking N sufficiently large QN is sufficiently small for any
compact Q. Furthermore, taking 1

2 < a < 1 in Example 11.3 the set P is sufficiently small,
showing such sets exist.

Assume Q is sufficiently small and consider the normal subgroup Υ ⊂ ΘN generated by T 2
xn .

Note that for any integer N > 0, we have Txn = TNxn,N so T 2
xn is indeed an element of ΘN .

Define the quotient group Θ̂N := ΘN/Υ ⊂ Diff(R2n−1×T ∗S1, ξst) which preserves Π̂ := π(Π).
Since Q is sufficiently small Q̂ := π(Q) is well-defined and generates a Θ̂N -equivariant cover
of Π̂.

11.2 Constructing a suitable function

In this section construct functions φ and Φk analogous to the f and fk in Example 11.1. In
order to do this we first need a Θ-equivariant cover as in the previous section. Moreover, the
set Q ⊂ Π generating the cover and the function φ will determine a universal saucer. We
want this saucer to be regular so we put some conditions on Q and φ.

Definition 11.6. For fixed dimension (2n+ 1), let Q,Q′, S ⊂ Π be closed sets satisfying the
following conditions:

(i) Q′ ⊂ IntS and S ⊂ IntQ and S is diffeomorphic to ∆ × I for a compact star-shaped
domain ∆ ⊂ (R2n−1, ξst);

(ii) Q′, S and Q are sufficiently small and generating a Θ-equivariant cover of Π;
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(iii) the characteristic foliation F on Q is diffeomorphic to the characteristic foliation of the
standard round disk in Π and the restriction of F to S is diffeomorphic to the product
foliation on ∆× I.

Furthermore, pick two smooth and non-negative functions φ± : Π→ R satisfying the following
conditions:

(iv) suppφ− ⊂ S and suppφ+ ⊂ Q;

(v) φ+|IntQ > 0, J∞φ+|∂Q = 0, meaning its ∞-jet vanishes, and φ−|Q′ > 0;

(vi) max φ|Q′ < −(m + 1)µ where φ := φ+ − φ− and µ := max(φ) (which is positive by
condition v).

(vii) For a finite subset Λ ⊂ Θ define

ΦΛ := µ+
∑
g∈Λ

φ ◦ g−1.

Then for all Λ ⊂ Θ and h ∈ Θ, h 6∈ Λ we require ΦΛ and ΦΛ∪h to be sufficiently C1-small
for Lemma 9.18.

The pair (Q,φ) is called the universal saucer Hamiltonian in dimension (2n+ 1).

µ

−(m+ 1)µ
φ|Q′

Q′

Q

φ−

φ+

φ := φ+ − φ−

Figure 11.2: The graph of φ.

Condition (iv) is the analogue of picking f |[1,2) = −3 in Example 11.1. That is, we define
φ|Q′ to be so small (i.e. negative) that sums of translates of φ will always be negative on
the union of translates of Q′. Conditions (i)− (v) and (vii) ensure that the universal saucer
Hamiltonian is regular as in Definition 9.15, so that the following is well-defined. Observe
that in Condition (vii) all terms g ∈ Λ with g(Q)∩Q = ∅ are irrelevant, so it suffices to very
(vii) only for subsets Λ of the finite set S(Q). Hence, this gives finitely many conditions and
can always be satisfied by taking φ+ and φ− small enough which can be achieved by replacing
(φ+, φ−) by (εφ+, εφ−) for ε > 0 small enough. Lastly, the reason for adding the term +µ in
the definition of ΦΛ will become clear from the proof of Proposition 11.11.
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Definition 11.7. The regular Hamiltonian semi-contact saucer (Bφ, ζφ) associated to (Q,φ),
defined above, is called the universal saucer in dimension (2n+ 1).

The equivariant cover of Π allows us to translate the universal saucer models to obtain many
different regular saucers all equivalent to the universal one. To do this, let Λ ⊂ Θ be a finite
subgroup and h ∈ Θ such that h 6∈ Λ. Define functions ΨΛ,ΨΛ,h : Π→ R by

ΨΛ := µ+
∑
g∈Λ

φ+ ◦ g−1, and ΨΛ,h := ΨΛ∪h.

Use these functions to define saucers BΛ,h over h(Q) by

BΛ,h := { (w, yn) ∈ R2n+1 | w ∈ h(Q),ΨΛ(w) ≤ yn ≤ ΨΛ,h(w) }.

Note that Condition v in Definition 11.6 implies that this is a well-defined saucer. To define
a regular semi-contact structure on BΛ,h define functions ΦΛ,ΦΛ,h : Π→ R by

ΦΛ := µ+
∑
g∈Λ

φ ◦ g−1, and ΦΛ,h := ΦΛ∪h.

Then, define ζΛ,h to be the immersion type semi-contact structure with defining functions

ψs := (1− s)ΦΛ + sΦΛ,h, s ∈ [0, 1],

as in Definition 9.4. The following lemma shows that all these saucers are regular and that
up to equivalence there are only finitely many different ones.

Lemma 11.8. Up to equivalence the above construction builds at most 2m regular semi-contact
saucers (BΛ,h, ζΛ,h), where m = |S(Q)|.

Proof. Consider a fixed semi-contact saucer (BΛ,h, ζΛ,h) so that ζΛ,h is defined over h(Q) by
the functions

(1− s)ΦΛ + sΦΛ,h, s ∈ [0.1].

Since h is a contactomorphism of (R2n+1, ξst) it follows that this semi-contact structure is
equivalent to the one defined by the functions

(1− s)ΦΛ ◦ h+ sΦΛ,h ◦ h, s ∈ [0, 1],

over Q. Observe that ΦΛ,h ◦ h−ΦΛ ◦ h = φ, showing that the number of different saucers we
can make is bounded by the number of functions of the form ΦΛ. In turn this is bounded by
2m the number of finite subsets of S(Q). Furthermore, the regularity of the saucers follows
from Lemma 9.18.

As in the previous section we can use the contactomorphism CN ∈ Diff(R2n+1, ξst) to define
scaled versions of the saucers (BΛ,h, ζΛ,h). More precisely, pick N a positive integer. For any
g ∈ ΘN define

φg,N,+ :=
1

N
φ+ ◦ CN ◦ g−1.
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Since any g ∈ ΘN is of the form g = C−1
N ◦ g′ ◦CN for some g′ ∈ Θ we see φg,N = 1

N φ◦ g
′ ◦CN

so it is the function describing the set obtained by applying CN to the graph of φ ◦ g′−1.
Define scaled saucers by BΛ,h,N := C−1

N (BΛ, h). These can be described more directly by

BΛ,h,N := { (w, yn) ∈ R2n+1 | w ∈ C−1
N ◦ gk(Q),ΨΛ,N (w) ≤ yn ≤ ΨΛ,h,N (w) },

where

ΨΛ,N :=
µ

N
+
∑
g∈ΛN

φg,N,+ =
µ

N
+
∑
g′∈Λ

1

N
φ+ ◦ g′−1 ◦ CN ,

with ΛN := CN ◦ Λ ◦ C−1
N . The regular semi-contact structure ζΛ,h,N is defined in the same

way as before by replacing ΦΛ by

ΦΛ,N :=
µ

N
+
∑
g∈ΛN

φg,N =
µ

N
+
∑
g′∈Λ

1

N
φ ◦ g′−1 ◦ CN ,

and replacing ΦΛ,h by ΦΛ,h,N := ΦΛ∪h,N .

The above saucers and functions are all defined on R2n+1. To define them on R2n−1 × T ∗S1

use the projection π : Π→ Π̂. Given a compactly supported function f : Π→ R we define a
function ∑

g∈υ
f ◦ g−1.

This function is 1-periodic in the xn-variable and therefore defines a function f̂ : Π̂ → R.
We can apply this to any of the functions constructed above. In particular applying this
construction to ΦΛ,N and ΨΛ,N yields functions Φ̂Λ,N and Ψ̂Λ,N which we use to construct

regular semi-contact saucers (B̂Λ,h,N , ζ̂Λ,h,N ) as before.

11.3 Reducing to a universal model

The idea of the proof of Proposition 11.11 is that using the results from the previous sections
we can construct for each (time independent) contact Hamiltonian K, a function Φ|Λ|, where

Λ is a finite subset of Θ̂N , which is smaller than K with respect to the domination relation.
This implies that the circular model associated to K dominates a contact shell encoded by
Φ|Λ|. Moreover, since Φ|Λ| is constructed by adding copies of φ, its associated contact shell
decomposes in a part which is contact and finitely many saucers from the list of Lemma 11.8.
This gives us the desired result.

Recall that we fixed in Definition 11.6 two regular and sufficiently small disks Q,Q′ ⊂ Π
satisfying Q′ ⊂ IntQ and a function φ = φ+ − φ−. We keep these choices. This means that
in order to construct the functions Φ̂Λ,N we are only free to choose the integer N > 0 for the

scaling and the subset ΛN ⊂ Θ̂N . The following Lemma shows that we can always make the
appropriate choices for N and Λ.

Remark 11.9. Note that in the statement of the following lemma we talk about open sets
U,U ′ ⊂ R2n−1 satisfying U ′ b U , and a smooth function K : U → R. One should think of U
as Int ∆ where K : ∆ × S1 → R is a time-independent contact Hamiltonian. The set U ′ is
such that K is positive on U \ U ′.
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Lemma 11.10. Fix sets Q,Q′ ⊂ Π and a function φ := φ+ − φ− as above. Then, for
any bounded open domains U,U ′ ⊂ R2n−1 satisfying U ′ ⊂ IntU and any smooth function
K : U → R which is positive on U \ U ′, there exists an integer N > 0 and a finite subset
ΛN ⊂ Θ̂N such that

(i) U ′ × S1 b
⋃
g∈ΛN

g(Int Q̂′N ) ⊂
⋃
g∈ΛN

g(Int(Q̂N )) b U × S1, where Q̂′N := π(Q′N ) and

Q̂N := π(QN );

(ii)
∑

g∈ΛN
φ̂g,N <

{
−2µ
N on U ′ × S1;

K − µ
N on (U \ U ′)× S1.

Proof. If K : U → R is not only positive near ∂U but also on some set in the interior of U it
can happen that U \ U ′ has more than one connected component. However, enlarging U ′ so
that U \ U ′ becomes smaller, makes the statement of the lemma stronger. Indeed, enlarging
U ′ will force our constructed function to be even smaller, see Figure 11.3. With this in mind

U U

Ũ

K
Φ

Φ̃

Figure 11.3: Enlarging the set U ′ (in red) to Ũ ′ (in green), together with the corresponding
Φ and Φ̃.

fix ε > 0 with the property that the set

P := { (x, y, z) ∈ U \ U ′ | K(x, y, z) > ε }

separates ∂U from U ′ and redefine U ′ to include all the connected component of U \P which
are disjoint from ∂U .

Now taking N big enough we can find a finite set Λ ⊂ Θ̂N satisfying condition (i). This follows
from the fact that Q̂N and Q̂′N become smaller as N increases but still produce Θ̂N -equivariant
covers of R2n−1. By choosing N large enough we can further assume that

N >
(m+ 1)µ

ε
, (11.1)

where m = |S(Q)| and µ = max(φ) as before. Recall φN,g := φ ◦ CN ◦ g−1 implying that

max(φ̂g,N ) = µ
N . Therefore, we find using Equation 11.1, that on (U \ U ′)× S1 we have

∑
g∈ΛN

φ̂g,N ≤
mµ

N
=

(m+ 1)µ

N
− µ

N
< ε− µ

N
< K − µ

N
.

Recall that we required max(φ|Q′) < −mµ in the definition of φ which means that max φ̂g,N

∣∣∣
g(Q′)

<

−mµ
N . There are at most m−1 other elements g′ ∈ Θ̂N such that g′−1g(Q′)∩Q′ 6= ∅ and each
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such element satisfies max( φ̂g′,N

∣∣∣
g(Q′)

) < µ
N . Hence, since every x ∈ U ′ is contained in some

g(Q̂′N ) we have on U ′ × S1 the following inequality∑
g∈ΛN

φ̂g,N < −(m+ 1)µ

N
+

(m− 1)µ

N
= −2µ

N
.

This proves the lemma.

The following Proposition is the last ingredient for the proof of Proposition 3.7.

Proposition 11.11. For a fixed dimension, there is a finite list of saucers {(Bk, ζk)} for
k = 1, . . . , L, with the following property.
For any circle model contact shell (BK , ηK) defined by a time-independent contact Hamiltonian
K : ∆× S1 → R, there exist finitely many disjoint balls Bi ⊂ BK for i = 1, . . . , q so that the
contact shell (BK , ηK) is homotopic relative to Op ∂BK to an almost contact structure ξ that
is contact on BK \

⋃q
i=1Bi and the restriction ξ|Bi is equivalent to one of the saucers (Bk, ζk)

for k = 1, . . . , L.

Proof. Define U := Op∆ and pick U ′ b U such that K|U\U ′ > 0. Applying Lemma 11.10 we

find an integer N > 0, a finite set ΛN ⊂ Θ̂N and a function

Φ :=
µ

N
+
∑
g∈Λ

φ̂g,N : U × S1 → R.

This function satisfies Φ < K on (Op∆ \U ′)× S1, Φ < − µ
N on U ′ × S1 and Φ = µ

N > 0 near
Op ∂∆. We linearly order in any way the elements of Θ : g1, g2, . . . this induces orderings of
Θ̂N and Λ. Using the ordering of Λ we define

Φk :=
µ

N
+

k∑
i=1

φ̂gi,N : Op∆× S1 → R, k = 1, . . . , |Λ|,

and observe that Φ0 = µ
N and Φ = Φ|Λ|. Consider the union

(B, ζ) :=

|Λ|⋃
k=1

(B̂k,N , ζ̂k,N ).

More precisely,

B := { (w, q, p) ∈ R2n−1 × T ∗S1 | µ
N
≤ p ≤ Ψ̂|Λ|,N } ⊂ R2n+1.

Here we have identified Π̂ ⊂ R2n−1×T ∗S1 with R2n−1×S1 so we can view Ψ̂k,N as functions

on R2n+1 with polar coordinates. The almost contact structure ζ is defined to be ζ̂k,N on each

B̂k,N .
As we saw in Equation 9.5 the almost contact structure ηζ can be described by a function

ρ̃ : B → R. Indeed, this can be done for each B̂k,N and since these descriptions agree on the

overlap B̂k,N ∩ B̂k′,N we can do this on the whole of B.
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For a suitable choice of C > 0 in the construction of BK,C it follows that B ⊂ IntBK,C .
Furthermore, as in the proof of Proposition 5.9 we can extend ρ̃ to a function ρ : BK,C → R,
used in the construction of ηK,ρ,g such that we have an almost contact embedding

(B, ηζ) ⊂ (BK,C , ηK,ρ,g).

It is easy to see that this extension can be chosen in such a way that ηK,ρ,g|BK,C\B is contact.

Together with the fact that (B, ζ) decomposes as finitely many saucers from the finite list of
Lemma 11.8 this completes the proof.

The proof of Proposition 3.7 is now a matter of collecting results.

Proposition. For each dimension 2n + 1 there exists a contact Hamiltonian (Kuniv,∆univ)
such that the following is true.
Let M be a (2n+ 1)-dimensional manifold, A ⊂M a closed subset, and η an almost contact
structure on M which is contact on OpA ⊂ M . Then, there exists (finitely many) disjoint
balls Bi ⊂M , for i = 1, . . . , L such that η is homotopic relative to A, through almost contact
structures, to an almost contact structure η′ satisfying

(i) η′ is a contact structure on M \
⋃N
i=1Bi,

(ii) the contact shells (Bi, η
′|Bi) are equivalent to (BKuniv , ηKuniv) for i = 1, . . . , L.

Proof. First, use Proposition 10.1 which allows us to assume that η is contact outside a
finite number of disjoint saucers Bi, i = 1, . . . , N , and that the restriction η|Bi is a regular
semi-contact structure. Next, using Proposition 9.21 we can replace the regular semi-contact
saucers Bi by circular model shells defined by time-independent contact Hamiltonians. By
Proposition 11.11, these circular model shells can in turn be replaced by finitely many regular
semi-contact shells (Bp, ζ

p), p = 1, . . . , L from the finite list of Lemma 11.8. Using Proposition
9.21 we can again replace these saucers by circular model shells (BKp , ηKp) defined by time-
independent contact Hamiltonians. However, at this point the contact Hamiltonians can be
assumed to be from a finite list Kp, p = 1, . . . L, since we only need one Hamiltonian for
each regular semi-contact saucer from the finite list. This allows us to choose any special
Hamiltonian Kuniv satisfying the property that Kuniv < minpKp.

Remark 11.12. Although the previous proof is correct in all dimensions, the three dimen-
sional case (where n = 1) can be simplified. In fact, in the three dimensional case Proposition
11.11, and hence this chapter, is redundant. In this case the proof starts the same, invoking
Proposition 10.1 and Proposition 9.21 to reduce to the case that η is contact everywhere ex-
cept on finitely many circle model shells defined by time-independent contact Hamiltonians.
However, now we do not use Proposition 3.7. Define Kuniv to be any somewhere negative
contact Hamiltonian. Then, by Lemma 5.7 and Proposition 5.9 we can replace all the circle
model shells where η is not contact by (BKuniv , ηKuniv). This concludes the proof.
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