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Abstract

Mondriaan is a hypergraph based matrix partitioner, used to distribute
the matrix and vectors in parallel sparse matrix-vector multiplication
(SpMV) when calculating the product © = Av. In this study, we investi-
gate the problem of distributing the input vector v over our P processors,
in order to reduce the number of messages, while keeping the communi-
cation volume more or less equal. A novel method assigning each vector
element to the lowest numbered processor gives us significantly lower total
message count, while keeping the communication volume constant. An-
other method, a novel hypergraph based heuristic, roughly halves the total
amount of messages, while it increases the communication volume. Both
newly developed methods provide large reductions in the total amount of
messages and can hence be considered as alternative vector distribution
methods.
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1 Introduction

1.1 Sparse Matrix Vector Multiplication

Sparse matrix-vector multiplication (SpMV) is an operation which is encoun-
tered very frequently in applied mathematics and is concerned with calculating
u = Av, where A is an m X n sparse matrix, and v and v are dense vectors of
length m and n respectively. Generally, we have huge matrices and the number
of non-zeros is generally much smaller than the number of matrix elements. To
tackle such problems, this operation is carried out in parallel, so P processors
carry out a part of this task simultaneously. Mondriaan [12] is a software pack-
age developed to find a partitioning of the matrix A and the input and output
vectors v and u respectively.

There are several software packages on the market to find a suitable parti-
tioning of the matrix and the vectors. Generally, those are based on hypergraph
partitioning.

1.2 Partitioning a matrix

The first and also the most expensive part is finding a partitioning of the matrix.
Upon finding this partitioning, a partitioning of the input and output vectors
can also be found.

There are several considerations which we must bear in mind in finding an
optimal partitioning: On the one hand we want to spread the non-zeros as
equally as possible over our P processors, while on the other hand we want to
minimize the amount of communication.

Generally, we allow some kind of imbalance in distributing the non-zeros, as
otherwise finding a solution would be nearly impossible, which is expressed in
the imbalance criterion:

w(a) < 0 4o (1)
where w(A4;) is the weight (amount of non-zeros generally) assigned to processor
i and € is the load imbalance. Generally, the load imbalance is around a few
percent.

There are several ways to partition said matrix; many of them make use of
the hypergraph model where a sparse matrix is represented as a hypergraph.
[4]. The resulting problem is now a hypergraph partitioning problem, which is
known to be NP-hard [7].

Mondriaan[12], Zoltan[6], PaToH[I], hMetis [I0] are some hypergraph par-
titioners which are commonly used.

Some matrix partitionings are for instance: [9]

e 1D partitioning: Each matrix row (or column) is assigned to a processor.

e 2D-Block: Cartesian partitioning where each processor owns the intersec-
tion of a subset of rows with a subset of columns, where the processors are

arranged in a /p by /p grid.



e 2D-random partitioning: Cartesian with rows/columns randomly, uniformly
distributed to processors [§]

e Mondriaan partitioning, see below

1.3 Mondriaan Package

Mondriaan is an opensource software package released in 2002. [I2]. Tt uses
a bipartitioning approach, - recursively halving the original matrix until it is
distributed over all processors. Over the years several additions (”bells and
whistles”) have been made, making the software more practical and faster, for
instance to allow for values of P which are not a power of two.

As we are not interested in the matrix partitioning, we do not further go
into its details. Once a matrix partitioning is obtained, the next problem is the
one of the vector distribution. In this project, we only consider this problem.

See chapter 4 of the book by Bisseling [2] for more details about sparse
matrix-vector multiplication and Mondriaan.

1.4 Project objective

The goal of our investigation is to find a vector distribution method which gives
us a vector distribution ¢ that minimizes the total amount of messages
(totmsg). If processor i sends one or more pieces of information (words) to
processor j, that counts as one message. The metric which was of interest until
now was the communication cost (maxcom), which is the maximum amount
of words sent or received per processor. The vector partitioning method used
now in the Mondriaan software package optimizes for this metric, by using the
local-lower bound method [3], which is a heuristic.

Until now, it was not very interesting to optimize for the total amount of
messages as generally the number of processors was quite small. However, with
problems becoming larger and larger, and with P =~ 10°, it becomes more im-
portant to also optimize for this metric.

Another metric which is of interest is the maximum amount of messages
sent (maxmsg), which would be a metric similar to the communication cost as
we are again looking at the maximum over all processors. This is, together with
totmsg, another metric which we would like to minimize. However, totmsg will
be our primary objective.

This project will be a mainly empirical /experimental study, where we will
analyse lots of raw data in order to empirically gain new insights.



2 Vector distribution methods

Once a matrix partitioning is obtained, we can look at the problem of finding
a vector distribution, where each vector component v; is assigned to one of
the P processors. In fact, two vector distributions (for both vectors v and u )
need to be obtained. However, in this project we only look at finding a vector
distribution for the input vector v, because the problem of finding a good output
vector w is similar.

2.1 Reduced communication matrix

In order to gain more insight in the whole vector distribution method, we visu-
alize the so-called reduced communication matrix (illustrated by Table ) See
[11] for more details. Let us explain this figure: The reduced communication
matrix (RCM) is a P by n’ matrix, where P is the number of processors and
n’ is the number of columns which have at least two non-zeros. Generally, the
fraction n’/n is quite small, where values of around 0.05— 0.2 are common. The
columns which have no non-zeros can be discarded, as well as the columns which
have only one nonzero, as the corresponding vector element can automatically
be assigned to that processor in that case. If processor ¢ has at least one non-
zero in column j, where 0 < j < n’, we denote it with a non-zero at position
(i,4)-

Using the RCM, we can also set up the message matrix, which can be
seen in Table 2] This square matrix of dimensions P by P has a non-zero at
position (,7) if processor i sends a message to processor j. Of course, this
depends on how you chose the vector distribution. In this case, we assigned v;
to the first occurring processor in column ¢ of the RCM. Let us look again at
our RCM: For instance, we might choose for our second vector element any of
the four processors which are in the second column of our RCM. If we choose
for instance the first processor (pg), that processor will need to send a message
to the second, fourth and fifth. To avoid increasing the communication volume,
a vector element needs to be assigned to a processor which is in that column.
We will see that it might be a good idea to deviate from this constraint.

Using our message matrix, we now see an intuitive definition of the total
number of messages: it is simply the sum of all the off-diagonal non-zeros in
this matrix, as the diagonal elements do not give rise to a message.



1 1 1 1

1 1 1 1 1 1
1 1 1 1
1 1 1 1 1 1

1 1 1

1 1 1 1
1 1
1 1 1 1

n'

Table 1: The vector v (on top) and the communication matrix C. Here, v is
distributed according to the 1ISTPROC method, so v; is assigned to the first
occuring processor in column 4.

Table 2: The message matrix of the communication matrix from Table



2.2 Novel vector distribution methods

We have investigated a few novel vector distributions in order to minimize the
total amount of messages.

2.2.1 Assign to Py (PROCO0)

We assign every vector element to the same processor, e.g. to processor 0. As
not every matrix column contains this processor, it leads to an increase in the
communication volume. However, this also means that only processor 0 needs
to send to all other P — 1 processors, which allows us to reach the minimal
possible number of messages of P — 1.

A straightforward improvement of this trivial assignment is to choose the
single processor which is present in the largest number of columns. However,
we have observed that due to the balanced nature of the matrix distribution,
this idea does not seem to make a large difference.

2.2.2 Assign to lowest numbered processor (1ISTPROC)

This straightforward and logical method is based on our observations of Table
We see in the matrix that only the first, second and fourth rows have non-zeros
in them. This is due to the fact that we assigned each vector element to the first
processor in the associated column. Even though real matrices would not
show such a dramatic effect, where only three (out of eight) processors send a
message, we nevertheless expect it to give us some advantage. A straightforward
advantage of this method is that the communication volume stays the same.

2.2.3 Randomized from column (RNDCOL)

This method keeps the communication volume constant as it assigns every vector
element to a processor which is present in that column. So, for instance, if
column 2 of the RCM contains processors numbered 0,4,6 and 7, this method
randomly assigns vector element 2 to one of these 4 processors.

2.2.4 Totally randomized (RND)

A slight generalization of the previous method, this method randomly choses a
processor which it assigns to a vector element. Again, as in the trivial distri-
bution PROCO, this dramatically increases the communication volume as the
processor chosen might not necessarily be present in that column.

2.2.5 Hypergraph based method (HG)

We could try to model this problem as a hypergraph partitioning problem (HGP)
by looking closer at the problem at hand, see Table

We could visualize the RCM as a hypergraph, consisting of n’ vertices and
P nets (hyperedges). Doing this, we get figure[ll This approach, where we con-
sider the HGP of the communication matrix, was also earlier investigated [L1],



however there it was part of a larger (two-phase) algorithm. In fact, this method
is more of a stepping stone to another method, HG1ST, which is discussed in
the next section. That method does differ significantly from the method dis-
cussed in the literature [II]. The difference of our method compared to the
method discussed in [I1], is that we drop the consistency requirement: we do
the partitioning during the fan-out and fan-it independently rather than doing
it together. Let us give a few definitions in order to further explain this method:

A hypergraph H = (V, N) is defined as a set of vertices V and nets N, where
every net n; is a subset of vertices. The size |n;| of a net is equal to the number
of vertices in that net. Nets(v;) is the set of nets in which vertex v; occurs
and the number of nets in which this vertex occurs is thus [Nets(v;)|. In our
case, |[V| =n' and |[N| = P. In our case, the problem is finding a hypergraph
partitioning (assigning each vertex to a processor) which minimizes the number
of cut nets. The connectivity A; of a net is the number of parts in which it is
partitioned. So, for instance, if all the vertices in a net go to the same processor,
A; equals 1, hence this net is not cut.

Figure 1: The hypergraph associated with the RCM in Table Obtained by
the row-net model, see [I] [I1]. (Here, we begin counting the vertices from 1.).
Each circle represents a vertex, and each color represents a net.

We can now find an expression for an upper bound of the total number of
messages V54 by looking at a partitioning, without making assumptions about
whether a vector element v; is assigned to a processor which is present in that
column, and without taking into account the overlap between Nets(v;).



In order to explain this method, and why solving the HGP minimizes N5,
we first define A;, which gives us the i-th diagonal of the message matrix.

Av: 17 lfﬂjCZ7J:1/\¢)(j):
! 0, otherwise

Let us also give a formal definition of the connectivity of net i, \;:

XNi=[{s:0<s<pATFj:Ci #O0NP(j) =s}|

By noting that IV, is the sum of all the off-diagonal elements of the message
matrix, and by noting that the sum of \; gives us the total number of elements,
we get the following formula:

P-1 P-1 P-1 P-1
Nisg = E Ai — A; = N—1)+
i=0 i=0 i=0 1:0

By noting that the last term lies between 0 and P, we can bound Ny, from
below and from above as follows:

P-1 P-1
D=1 < Npeg <Y (Ni—1)+P=Va1+P
1=0 1=0

where V) _1 is the total number of cut nets. The optimal hypergraph partitioning
will minimize Vi_1, and as Nysy is bound between those, it will thus also
minimize Np,s4, where we note that P is growing much slower than Vy_;. Upon
finishing the hypergraph partitioning, all our n’ vertices will have been mapped
to one of our P processors by the function ¢.

2.2.6 Hybrid hypergraph/lowest numbered processor (HG1ST)

We could also take a mixture of the HG method with the 1ISTPROC method:
Suppose for instance that vector elements 5, 9 and 12 are given to processor
6 during the hypergraph method. On the one hand, we want to assign all
those three elements to the same processor, while on the other hand we do not
know whether it is a good idea to give them all to processor 6, as we do not
have a guarantee that that particular processor will be in one (or more) of the
associated columns, thus increasing the communication volume.

By assigning all those three vector elements to the first occurring (i.e. lowest
numbered) processor of the first vector element (element 5), we hope to improve
HG. If, for instance, column 5 has processors 2, 7 and 9, we choose the lowest
numbered processor (processor 2) and assign this processor to all vector ele-
ments 5, 9 and 12. As we will see in the results section, our intuition seems to
be right and this modified HG method seems to show significant improvements
in both communication volume as well as total number of messages.



2.3 Local search methods

As the problem of finding an optimal distribution of the vector elements is
hard, one might also consider several tried and tested generic local search (LS)
methods, including:

e Greedy improvement
e Simulated Annealing
e Monte Carlo (MC) methods

The advantage of these is their relative simplicity in designing and implementing
the algorithm. However, upon further investigating a possible greedy improve-
ment algorithm, we quickly found out one major drawback of these methods:
as we are interested in minimizing the total amount of messages, we make no
distinction of the actual amount of data sent from processor i to j. Hence, LS
methods are at a disadvantage as it is very hard to assess whether a neighboring
solution improves the current solution, as the number of messages being sent is
unlikely to be reduced.

2.3.1 Greedy Improvement

Even though greedy improvement didn’t prove to be an efficient method by
the experiments we did, we nevertheless mention it here due to its simplicity.
Also, in the original Mondriaan vector distribution, a greedy improvement is
also applied at the end, aiming to minimize the communication cost instead
of the messages. We have tried using a variation of this greedy improvement
scheme in order to reduce our total messages count, however the results were
very modest.



3 Results

We performed experiments on a large variety of matrices, all taken from the
University of Florida Sparse Matrix Collection [5], a huge collection of sparse
matrices of varying sparsities and structures. We grouped our matrices on which
we performed our experiments into different groups, so one can better see how
different methods perform on different matrices and whether the same results
apply to different kinds of matrices.

In all our experiments, we took a maximum imbalance of ¢ = 0.1 and took
values of P varying from 128 to 8192. Due to time constraints, we could not
take even larger matrices as the matrix distribution takes a very long time for
large matrices.

3.1 Results symmetric matrices

We took several symmetric matrices and tested all our seven methods on them,
see Table [3] for the list of the matrices. All our methods are compared to the
original method which is currently in use, denoted by ORIG. For detailed results
of some of these matrices, please look at Table [l We see in Figures [2] and [3]
that with increasing values of P, the maxcom and maxmsg metrics empirically
seem to converge to each other, which suggests that minimizing maxcom could
be a good idea to also minimize maxmsg.

Matrix ‘ Tows cols nnz
besstklb 3948 3948 60882
brainpc2 27607 27607 96601
delaunay nl8 | 262144 262144 786396
dixmaanl 60000 60000 179999
Dubcova?2 65025 65025 547625
finance256 37376 37376 167936
k1l_san 67759 67759 303364
mario001 38434 38434 114643
minsurfo 40806 40806 122214
nasa2910 2910 2910 88603
pkustk05 37164 37164 1121154
rajat09 24482 24482 64982
torsionl 40000 40000 118804

Table 3: Symmetric matrices

10
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Avg ratio maxmsg/maxcom

maxmsg/maxcom
101 — ORIG
08 —— PROCO
: — RNDCOL
061 — RND
04] — 1STPROC
» — HG
021 — HG1ST

L 2 og(P)-2
8

Figure 2: Geometric mean of ratios maxmsg/maxcom for several methods, mean
over all symmetric matrices.

Ratio maxmsg/maxcom for ORIG

maxmsg/maxcom
1.0

0.8 — bcsstk15 — minsurfo
—— brainpc2 — nasa2910
— del y_n18 — pkustk05
0.6 " .
— dixmaanl —— rajat09
—— Dubcova2 —— torsion1
0.4 — finance256
— k1_san
mario001

0.2

' 2Log(P)-2
8 9

Figure 3: Ratios maxmsg/maxcom for ORIG, all symmetric matrices.
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3.2 Results (other) square matrices

Same observations regarding both the maxmsg/maxcom ratios as well as the
generals trends concerning the different metrics also hold for other (not nece-
sarrily symmetric) matrices, see Table |5| for a list of those. Detailed data of
some of these matrices are in Table [6l

Matrix ‘ TOWS cols nnz
add32 4960 4960 23884
arcl30 130 130 1282
bloweybq 10001 10001 39996
epb2 25228 25228 175027
g7jac010 2880 2880 19635
gyro_m 17361 17361 178896
jpwh_991 991 991 6027
mark3jac060 | 27449 27449 170695
rbsb480 480 480 17088
tumal 22967 22967 50560
watt_2 1856 1856 11550

Table 5: Other matrices
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3.3 Results rectangular matrices

We also performed experiments on rectangular (non-square) matrices, see Table
[7]for a list of those matrices. Again, it looks like our novel method HG1ST seems
to provide the largest reduction in the total number of messages. Detailed data
for some of these matrices can be found in Table

Matrix ‘ TOWS cols nnz
192bit 13691 13682 154303
cat_ears_3.4 5226 13271 39592
ch8-8-b2 18816 1568 56448
Eternityll_Etilde 10054 204304 1170516
flower_8 4 55081 125361 375266
Franz10 19588 4164 97508
Franz8 16728 7176 100368
ge 10099 16369 44825
kneser_10.4_1 349651 330751 992252
NotreDame_actors | 392400 127823 1470404
photogrammetry?2 4472 936 37056
relat? 21924 1045 81355
TF17 38132 48630 586218
tomographicl 73159 59498 647495
Table 7: Other matrices
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3.4 Some other square matrices

Even though rectangular matrices still show the same patterns concerning both
the ratios between the metrics as well as how the different methods behave with
increasing P, we still include a selection of (randomly chosen) square matrices
with number of nonzeros around 400 thousand. In Table [0 one can find more
detailed information, again they are very similar to our previous results, further
confirming our observations. We can see in Figures [ and [5] the same behaviour
of different metrics when P becomes larger and larger: namely that for all
methods (and in particular ORIG) maxmsg goes to maxcom as P becomes
larger.

Matrix ‘ TOWS cols nnz
bips07_1998 15066 15066 62198
dawsonb 51537 51537 531157
ex37 3565 3565 67591
hcircuit 105676 105676 513072
ibm_matrix_2 51448 51448 1056610
lung2 109460 109460 492564
onetonel 36057 36057 341088
poisson3Da 13514 13514 352762
RFdevice 74104 74104 365580
shallow_waterl | 81920 81920 204800
soc-Epinionsl 75888 75888 508837
std1l_Jac2_db 21982 21982 498771
usroads-48 126146 126146 161950
viscoplastic2 32769 32769 381326

Table 9: Other matrices
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Figure 4: Geometric mean of ratios maxmsg/maxcom for several methods, mean

over selected matrices.
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Figure 5: Ratios maxmsg/maxcom for ORIG, selected matrices.



3.5 Large square matrices, P < 8192

In order to make sure our results also hold for even larger matrices and even
larger numbers of processors, we also performed experiments taking values of P
till 8192. As the time required to find a matrix partitioning becomes very large
in these cases, we could not take lots of different matrices. See Table for a
list of these matrices.

We see in Figures [0] and [7] very clearly that the ratio between maxcom and
maxmsg goes to unity as P becomes larger and larger. This is the same obser-
vation we saw earlier, but this time it is even more pronounced as the number
of matrices is larger, we go till higher values of P and the sizes of the matrices
are larger.

As maxmsg goes to maxcom as P becomes larger, it means that ORIG will
hence also always be the method that will optimize maxmsg. We can hence
conclude that in order to really decrease maxmsg, you need to take this into
account earlier, during the matrix partitioning.

Matrix TOWS cols nnz
144 144649 144649 1074393
3dtube 45330 45330 1629474
besstk30 28924 28924 1036208
ct20stif 52329 52329 1375396
GaAsH6 61349 61349 1721579
gas_sensor 66917 66917 885141
guptal 31802 31802 1098006
H20 67024 67024 1141880
nasasrb 54870 54870 1366097
net100 29920 29920 1031560
pdblHYS 36417 36417 2190591
pkustk06 43164 43164 1307466
ramage(02 16830 16830 1441591
rmal0 46835 46835 2374001
ship_001 34920 34920 2339575
smt 25710 25710 1889447
srbl 54924 54924 1508538
TSC_OPF_1047 8140 8140 1012521
tsyl201 20685 20685 1237821
vanbody 47072 47072 1191985
wave 156317 156317 1059331

Table 11: Large square matrices
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Figure 6: Geometric mean of ratios maxmsg/maxcom for several methods, mean
over all large matrices.
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Figure 7: Ratios maxmsg/maxcom for ORIG, all large matrices.



3.6 Remarks concerning results

Symmetric, unsymmetric and also rectangular matrices seem to show the same
general trends. Increasing the sizes of matrices or the sparsities do not seem
to have a large influence on how the different metrics behave, which we discuss
below.

maxmsg

The maxmsg metric doesn’t show any significant improvement with the other
methods: this because optimizing maxmsg empirically seems equivalent with
optimizing maxcom, which is exactly what the current method (ORIG) is do-
ing. The last entries in our tables show that RNDCOL and 1STPROC are the
methods which show the least worsening of the maxmsg. If the main objective
is minimizing maxmsg, we would recommend using ORIG, the method which
is currently being used to minimize maxcom.

totmsg

Our 1STPROC method gives quite promising results, showing improvements of
around 30 to 40%. Even better results are also seen in the column for HG1ST,
though the percentage gain in totmsg is shadowed by a loss in comvol and even
larger worsening in maxmsg. Our PROCO method gives us very high gains, and
the gains seem to become larger with increasing values for P. However, the very
dramatic increase in maxmsg (and to a lesser extent in comvol) would probably
mean that PROCO is not a viable option. If minimizing totmsg is the main
objective, we would recommend using HG1ST or PROCO.

comvol

As discussed earlier, ORIG, RNDCOL and 1STPROC show the lowest possible
comvol. PROCO, RND and HG show surprisingly similar worsenings for the
comvol(an increase of around 60 %) , while HG1ST roughly halves this increase.
HG1ST was specifically developed as an improvement from HG to lower the
comvol and totmsg, and the results seem to validate this. As comvol does not
show any variation between ORIG, RNDCOL and 1STPROC, any of them
could be used if a low comvol is of largest importance.

4 Conclusion

We have seen that by employing our novel method 1ISTPROC, we managed to
improve our vector distribution by reducing totmsg by around 25%-40% with-
out compromising on the communication volume. If one is willing to compro-
mise on the communication volume, however, the method HG1ST will yield the
largest gain in minimizing the total number of messages (reductions of around
50%-55%). However, as long as we do not have a clear idea of the relative
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importance of all the different metrics, it is not possible to give good recommen-
dations. It might be possible, for instance, that any worsening of the maxmsg
could be considered completely unacceptable, in which case the only option
would be to use ORIG. Or a weighted mean between all the different metrics
could be considered as an objective function which one would try to minimize.
One would need to decide on an individual basis the relative importance of each
metric, and use a vector distribution method accordingly.

4.1 Recommendations for future work

In this project, the main goal was to investigate the vector distribution problem
of the Mondriaan matrix partitioner, in order to find a new method that would
reduce the number of messages. Upon testing our novel methods HG1ST and
1STPROC, we have seen that significant improvements can be booked. How-
ever, there are still a few issues which could be investigated in future projects:
We still do not know the importance of each metric (comvol, totmsg or maxmsg),
and which needs to be optimized depending on the problem at hand. Optimizing
one metric does not mean that another will also be optimized, though maxmsg
and maxcom seem to be related to each other. We also have not looked what
happens when the sizes of the matrices become even larger, like a billion non-
zeros, and what happens to matrices with specific structures, like Hermitian or
n-diagonal matrices. These could also be researched in future projects.
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