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Abstract

A quantized spin wave, a magnon, behaves as a weakly-interacting bosonic
particle. In recent experiments [Demokritov et al., 2006] a Bose-Einstein
condensate (BEC) of magnons has been realized in a thin film of Yttrium-
iron-garnet (YIG) at room temperature by using a technique called para-
metric pumping. The interactions within this condensate are investigated,
because it has been suggested that they are attractive [Tupitsyn et al., 2008],
hence the condensate could be unstable and collapse. The influence of re-
laxation and parametric pumping on the stability of the BEC, however are
not yet well understood. In this thesis we find as estimate for the critical
density, 10°cm™2 < ngi < 107 ecm~2, for a magnon BEC in YIG. We also
find that increased pumping tends to make the BEC unstable and that in
general increased damping tends to make the BEC stable.



Contents

Introduction

1.1 Researcharea . . . . . . . . . . . . . ... .. ... ...
1.2 Bose-Einstein condensation . . . . . . . . . ... ... ... ..
1.3 Magnon . . . .. ...
1.4 Magnon BEC . . . .. ...

Magnon-magnon interactions in a thin film of YIG
2.1  The spin Hamiltonian . . . . . . . . .. ... ... ... ....
2.2 Holstein-Primakoft transformation . . . . . . . . .. .. .. ..
2.3 The many-body Hamiltonian . . . . . . .. ... ... ... ..
2.4 The dispersion relation . . . . . . ... ...
2.5 The dipole interaction . . . . .. .. .. ... ... .. ....
2.6 Magnon-magnon interactions . . . . . . .. ...
2.6.1 Three-magnon interactions . . . . . . .. .. ... ...
2.6.2 Four-magnon interactions . . . . ... ... ... ...

Critical density

3.1 Dispersion of the lowest magnon band . . . . . ... ... ..
3.2 Attractive interaction in BEC . . . ... ..o
3.3 Critical density . . . . . . . . ...

Dynamics in the BEC state
4.1 Energy functional . . . . . . .. ... .o
4.2 Static and homogeneous BEC . . . . ... ... ... ... ..
4.3 Gaussian ansatz . . . . ... ..o
4.4  Steady-state stability analysis . . . . .. .. ... ... ..
4.4.1 Single BEC . .. .. ... .00
4.4.2 'Two symmetric condensates . . . . . .. .. ... ...
4.5 Equations of motion . . . .. ... ...
4.6 EoM in Gaussian ansatz for single BEC . . . . . .. ... ...
4.6.1 Normalization . . . . . . . ... ... ... .

18
18
18
20



4.6.2 Projection of the EoM . . . . ... ... ... .. ... 33

4.6.3 Variational principle . . . . . .. ... ... ... 34

4.6.4 Damping and interaction . . . . . . . .. .. ... ... 35

4.6.5 Apumped BEC . ... ... ... ... ... ... 36

4.7 Two pumped BEC’s . . .. ... .. ... ... ... ... 38
4.7.1 Symmetric condensates . . . . . . .. ... 39

4.7.2  Asymmetric condensates . . . . ... ... 41

5 Conclusion 42



Chapter 1

Introduction

1.1 Research area

In nature we can distinguish between two major classes of particles, bosons
and fermions. One of the main differences between these two is that bosons
can occupy the same state but fermions have to obey the Pauli exclusion
principle, which precludes them from occupying the same state. A result
of this difference is that only bosons can undergo a phase transition into
a Bose-Einstein condensate (BEC), the state in which the ground state is
macroscopically occupied (see Section 1.2), at sufficiently high density and
low temperature.

The existence of a Bose Einstein condensate was already theoretically
predicted in 1924 by Satyendra Bose [1] and Albert Einstein [2, 3] in an
ideal Bose gas of non-interacting particles. It took until 1995 before the first
weakly-interacting BEC was experimentally realized [4]. The first BEC’s
were realized by trapping a dilute gas of atoms at extremely low tempera-
tures, i.e. at a few nanokelvin.

In this thesis we are not dealing with atoms but instead with spin waves.
A spin wave (see Section 1.3) is a propagating disturbance in a magnetically
ordered system. In the groundstate of a ferromagnet all spins are aligned.
When one of the spins is deflected from its original direction, the magnetic
field associated with this spin is changed, its neighboring spins will feel this
change of magnetic field and will also be deflected in order to become aligned
again, and so on, producing a propagating wave of deflected spins, a spin
wave. The quantized spin wave, the magnon, was introduced in 1940 by
Holstein and Primakoff [5]. They predicted that magnons should behave
as bosonic particles. This gives rise to the question whether or not it is
possible to produce a BEC of magnons. In 2006 the first observation of a



BEC of magnons at room temperature was claimed [6]. It was produced in a
thin film of a ferromagnetic material called Yttrium-iron-garnet (YIG). This
material is very suitable for the experimental investigation of a magnon BEC
because of two important reasons. First, because it allows for the creation
of additional magnons with energy values near the ground energy by using
parametric pumping, such that even at room temperature densities can be
reached that are sufficient to achieve the BEC transition. Second, it has
very low Gilbert damping, hence a very long spin-lattice relaxation time,
thus it allows for magnons to live a lot longer then that it takes for magnons
to thermalize through scattering mechanisms, hence allowing magnons to
relax into a quasi-equilibrium state with nonzero chemical potential which
facilitated BEC formation. Motivated by these and other experiments, a
research area called “magnonics” has developed because of the technological
applications of magnonic devices in data storage and information processing
[7].

In a paper [8] published in 2008 the stability of magnon BEC’s in thin
films of YIG realized in experiments has been investigated. The study of the
stability and possible collapse of a BEC has some similarity with that of col-
lapse of a neutron star due to its own gravity. Because if there are attractive
interactions in a BEC it might also collapse due to these interactions. This
has also been studied in the context of atomic condensates, see e.g. Ref.
[9]. The theoretical study mentioned above, ignored the effects of parametric
pumping and damping. In this thesis we study the stability of these BEC’s
and consider dynamics by using a Gaussian ansatz for the BEC wavefunction
and include the effects of the Gilbert damping and the parametric pumping
on the stability of the BEC. It is organized as followed. In Chapter 2 we set
up a theoretical framework to compute the dispersion relation for the lowest
energy band and derive the magnon quantum many-body Hamiltonian up to
fourth order in the magnon operators. In Chapter 3 we use this framework in
order to obtain results for the dispersion relation and interaction, and derive
an estimate for the critical density of the magnon BEC. In Chapter 4 we
study the dynamics of the BEC. We use a Gaussian ansatz for the wavefunc-
tion of the BEC, derive the equations of motion, and study the influence of
Gilbert damping and parametric pumping on the stability of the BEC.

1.2 Bose-Einstein condensation
Bose-Einstein condensation is one of the most fascinating phenomena in

quantum physics. It is a state of matter with the main characteristic that
the number of particles in the ground state is on the same order of magni-



tude as the total number of particles. The first BEC’s in experiments were
realized by trapping a dilute ultracold atomic gas [4]. In order to get a better
understanding of Bose-Einstein condensation we consider the Bose-Einstein

distribution .
(N) = Xk: Ng = Zk: p ey e (1.2.1)

with N the total number of particles, Ny the number of particles in the
state with energy hwy, pu the chemical potential, kg the Boltzmann constant
and T the temperature. This distribution describes what the probability is
of finding a particle with energy hwy in a non-interacting ideal Bose gas at
temperature 7" and with chemical potential p. If ;1 = hwy,, this distribution
is ill-defined for k = kg, with kg the minimum of the single particle energy
fiwg. Thus in order for the system to become a BEC, hence (Ny,) ~ (N),
the chemical potential must be as high as the minimum of the single particle
energy.

Let us consider a system with a fixed number of bosonic particles. If
we lower the temperature of the system then for the number of particles to
remain constant the chemical potential will increase until p = hwy,, as can
be seen from eqn. (1.2.1). By further lowering the temperature particles
in excited states will be forced into lower energy states, causing (Ny,) to
increase, hence forming a BEC. For a system with fixed temperature it is
also possible to achieve a BEC but then the number of particles has to be
raised. Looking at eqn. (1.2.1) we see that then the chemical potential will
also increase, hence eventually a BEC can form.

1.3 Magnon

The ground state of a ferromagnet is the state in which all spins are aligned
with the magnetic field. A spin wave corresponds to the excited state in which
a deviation of the spin from the direction of the magnetic field at a certain
lattice site propagates through the material by deflecting neighboring spins,
which in turn deflect neighboring spins and so on. A characteristic property
of spin waves is that the deflected spins precess around the direction of the
magnetic field until they return to their initial position due to dissipation
into the lattice. In Fig. 1.1 a schematic presentation of the ground state of
a ferromagnet and of a spin wave are shown.

From quantum mechanics it is well-known that by quantizing a wave
one obtains the corresponding particle, as for example a photon corresponds
to a quantized electromagnetic wave. The quantized spin wave is called a
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Figure 1.1: The upper row corresponds to spins in the ground state of a
ferromagnet, while the lower row corresponds to a spin wave.

magnon. Note that a magnon is not an elementary particle but is a quasi-
particle, because it is the particle-like description of the collective excitation
of the spins of unit cells of an underlying material.

1.4 Magnon BEC

In the experiment described in Section 1.1 the number of magnons is not con-
served, because they dissipate to the lattice via spin-orbit coupling. In ther-
modynamic equilibrium the chemical potential is thus equal to zero. However
hwy, is not equal to zero, as will later be shown. By using parametric pump-
ing, magnons with energy near the energy minimum can be created and the
chemical potential of the magnon gas can be raised in order to bring the
system close to the condition for BEC transition. Even for a system at room
temperature it can be possible to achieve a BEC if the number of magnons
injected into the system is high enough. Because the spin-lattice relaxation
time of YIG films can be above 1pus, and the thermalization time can be
as low as 100 — 200 ns it is possible to realize a quasi-equilibrium state for
the magnon gas, hence making it possible to create a magnon BEC. If the
interactions in a BEC are attractive the condensate can become unstable and
the magnon gas will tend to collapse.



Chapter 2

Magnon-magnon interactions in
a thin film of YIG

In this chapter we derive the magnon quantum many-body Hamiltonian up
to fourth order in the magnon operators. This is the basis for our study of
the stability of a magnon Bose-Einstein condensate in a film of YIG at room
temperature.

2.1 The spin Hamiltonian

Let us consider a film of YIG at room temperature and focus on the lowest
magnon band, because this is the band that is most important on the energy
scales relevant to experiments [6]. Though the crystal structure of YIG is
rather complex, at this low-energy scale, i.e. for longer wavelengths, the
properties of YIG can be described by an effective spin quantum Heisenberg
ferromagnet on a cubic lattice with lattice spacing a = 12.376 A. The effective
spin Hamiltonian contains exchange and dipole interaction, and reads as
8, 10, 11, 12]

Hopin = —% >N [y + DS — BY S (2.1.1)

L a8 i

where o, 8 € {x,y, 2} label the spatial components and i,5 € {1,..., N},
with NV being the total number of lattice sites, indicate the lattice site. S{* is
the a-component of the spin operator at lattice site i. The third term contains
B = uB., which denotes the energy associated to a static magnetic field,
B., that is pointing in the positive z-direction with y = gup the magnetic
moment, where g = 2 is the effective g-factor and pp the Bohr magneton.
The exchange interaction, J;;, is equal to J ~ 1.29 K if 7 and j denote
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lattice sites that are nearest neighbors and is zero otherwise [8]. The matrix
elements for the dipole interaction are given as

2

af _ a pB a3
D —(1—51J)|R |3[3R Ry — 6] (2.1.2)

with R;; = R; —R,; and ]-A?,Z»j = where R, is the position of the i-th spin.

IRij|’

2.2 Holstein-Primakoff transformation

To go from the effective spin Hamiltonian in eqn. (2.1.1) to a Hamilto-
nian of a quantum many-body system involving magnons we will perform
a Holstein-Primakoff transformation [5]. An additional advantage of the
Holstein-Primakoff transformation is that it allows a Taylor series expansion
in spin deviations that converges quickly for deviations that are relatively
small compared with the total spin. This expansion allows us to separate
terms that have a different order in magnon creation and annihilation oper-
ators.
First let us introduce the spin raising and lowering operators

SH=S874iSY, S =57 —iSY, (2.2.1)

:>Sf:%(5’j+5[), S?z%(S;—S?)- (222)

By plugging eqn. (2.2.2) into eqn. (2.1.1) we can express the Hamiltonian
in terms of spin raising and lowering operators, and the z-component of the
spin operator.

The Holstein-Primakoff transformation allows us to rewrite the spin rais-
ing and lowering operators and the z-component of the spin operator as

=258 _b by (2.2.3a)

S 17
_ ' blb;
ST =V2Sbl{[1 — =, (2.2.3b)
25
SZ =S —bib;. (2.2.3¢)

with respectively b; and blT a magnon annihilation and a magnon creation
operator, i.e.,

(b3, bl] = ;. (2.2.4)

Z’]



Note that the magnon creation and annihilation operator obey a bosonic
commutation relation, hence magnons are bosons. Here, S = M%“B is the
effective spin with Mg the saturation magnetization. The saturation mag-
netization of YIG at room temperature is Mg = % G, hence S ~ 14.2
[3].

th

We perform a Taylor expansion in bégl: this corresponds to focusing on
spin deviations that are relatively small compared to the total spin. The
Taylor expansion allows us to write the raising and lowering spin operators

as

h.b: bib;
ovmsf e, ] ool ] e

By plugging eqn. (2.2.5) into eqn. (2.2.2) we obtain

N S . bibb; bbb,

S bibib;  bibb

Yy s = T_ L 77171 771V
SY =1 5 [bl b; 1S + 1S +.. ] (2.2.7)

By plugging eqn. (2.2.6), eqn. (2.2.7) and eqn. (2.2.3c) into eqn. (2.1.1) we
obtain the quantum many-body Hamiltonian.

2.3 The many-body Hamiltonian

We consider the quantum many-body Hamiltonian up to fourth order in the
magnon operators to get a better understanding of the effects of interactions
on the stability of a magnon Bose-Einstein condensate and contributions from
the fourth order term are dominant over higher order terms. The Hamiltonian
can then be written as

H = Hy+ Hy + Hs + H,, (2.3.1)

where the subindices correspond to the order of magnon operators. Actually,
in the derivation of the expansion of the Hamiltonian in terms of magnon
operators there also appears a term linear in the magnon operators. The
presence of this term might indicate that the assumed ground state spin
configuration is not correct [13]. By requiring that the linear order term,
which is not physical, is zero one can obtain the correct angles for the spins
in the ground state configuration. In eqn. (2.3.1) we have neglected H;

8



because its contribution is small compared to the other terms. By plugging
eqn. (2.2.5) in eqn. (2.2.2) and plugging the result from that in eqn. (2.1.1)
we obtain the zeroth-order term, Hy, as

52

Hy === [Jij + D;f] — NSB. (2.3.2)
1,J
While the quadratic term, Hs, is
i Bij
Hz = Z Az]blbj + ) bzbj -+ h.c. i (233)

i3

with A;; and B;; given as

D= 4 DY
Ay = Boy — S [Ji_j — 045 Z Jm] N [ — 5 Yo 0ij ZD%] , (2.3.4a)
S

Bij = -5 [ngx — 2iD7Y — Dg/jf} . (2.3.4b)

Note that B without subindices is the external magnetic field. The cubic
term, Hj, reads as

S Tz . z 1
Hy = \/;Z [(Dz-j + DY) (b[b}b; + blblb:) + h.c.] . (2.3.5)
5

The quartic term, Hy, is

1 1
_ Tyt Tt
Hy=—3 > [Jl-j (bibibjbj — S (bibjbsb; + h.c.))

i?j
1
Tx - )T T Jf Jf
— - ((Dz + 2D — D) blbibe; + hc.)
1 T T
-4 ((Dij + DY) (bbTh;b; + h.c.))
- ijbjbib}bjl . (2.3.6)

2.4 The dispersion relation

In order to obtain the dispersion relation for the lowest magnon band we
perform a Fourier transformation of the Hamiltonian. The thickness, d, of the
film of YIG is relatively small compared to its width and length, hence we can

9



approximate the latter two to be infinite. Since there is discrete translational
invariance in the yz-plane, we perform a partial Fourier transform, namely
only for the y- and z-direction. We set R; = (x;,r;), with r; = (y;, 2;) and
introduce the two-dimensional wave-vector k = (k,, k,). The partial Fourier
transformation yields
b > b(w)e™, b= L > bi(w)eT ™, (24.0)
T — i ) i k\+7 ) <.
VNN S VNN, T

with Ny, N, respectively the number of layers of lattice sites in the y-direction
and in the z-direction.

We use the uniform mode approximation, i.e. we ignore that the system
is not translation-invariant in the z-direction and approximate its eigenfunc-
tions by plane-waves. The validity of this analytical approximation has been
studied in Ref. [10] and in general it shows quite good agreement with ex-
perimental results. We look at the lowest magnon band, k, = 0, hence
approximate as

1
VN

eqn. (2.4.2) combined with eqn. (2.4.1) yields

1 ; 1 ;
by = —— bkelk-ri’ b;f - bl e—ikri (2.4.3)
7 v

bi(;) = be,  bl(z;) = bj.. (2.4.2)

1
VN,

and accordingly
_ 1 ik-(r;—rj) o 1 ik-(r;—r;)
Ay = N ; Age ; B;; = N g Bye ) (2.4.4)

where we have used that A;; and B;; only depend on the difference r; — r;.
The explicit calculation of Ay and By follows in the next section. However,
for convenience we will use that Ax and By turn out to be real. Let us focus
on the quadratic term in the Hamiltonian, in order to obtain the dispersion
relation. By plugging eqn. (2.4.3) and eqn. (2.4.4) into eqn. (2.3.3) we
obtain the quadratic term as

1 1
Hy=>_ {Akblibk + 5 Biboachic + 53@@*4

%@L o (1 %0) () (245)

1
2

10



In order to obtain the dispersion relation we need to diagonalize eqn. (2.4.5)
via a Bogoliubov transformation, i.e.

bk ul*{ — Uk ax
= 2.4.6
() - (5w (), 249
where uy, and vy are complex numbers, and ay, and aL are new operators.
From eqn. (2.4.6) we obtain that

bL = ukaL — VpG_x, bL = —v*a_x+ u_kafc, (2.4.7)

which combined yield that u, = u_y and v, = v_y. As usual, we demand
that the operators ay and aL obey the same commutation relations as b, and
bl, i.e. a) and a]. also are bosonic operators. By solving [by, bl,] = [ax, al,]

for ux and vy we obtain the constraint
luge|* — |vie]® = 1. (2.4.8)

Requiring that the quadratic part of the Hamiltonian becomes diagonal by
performing the Bogoliubov transformation yields that the Bogoliubov coeffi-
cients are real and must obey

BkUIZ{ + Bkui - 2Akukvk = 0. (249)

By using the quadratic formula on eqn. (2.4.9) and using eqn. (2.4.8) we

obtain that
Ak —+ hwk o Ak - hwk

2hwk ’ Uk = 2hwk

huwy, = /A2 — B2, (2.4.11)

By plugging eqn. (2.4.10) into eqn. (2.4.6) and inserting that into eqn.
(2.4.5) combined with eqn. (2.4.11) yields

(2.4.10)

with

1
H2 = Z [hwkaﬂak -+ §(hwk — Ak)} . (2412)
k

Leaving out the constant terms yields the second order term as

Hy =) hwafax. (2.4.13)
k

11



2.5 The dipole interaction

In order to obtain Ay and By explicitly we need to calculate the Fourier
transform of the exchange interaction and of the dipole interaction term. The
Fourier transform of the exchange interaction of the lowest magnon band is

Jx = 2J (1 4 cos(kya) + cos(k,a)). (2.5.1)
The Fourier transform of the dipole interaction in eqn. (2.1.2) is

Dlo(éﬁ :,UQ Z

TijsYijrZij

€7i|k|(y¢j sin O +z;j cos Ok )

—[3RERP — §°P). (2.5.2)
(f +uf+25)7:

Where the in-plane wave-vector is parametrized as k = |k| (sin fxe, + cos e, ).
Let us replace the sum in eqn. (2.5.2) by an integration as

d
2

1 o0 o
Z — 5/_3 /_Oo/oo dxdydz. (2.5.3)

Tij,YijiZij

By going to cylindrical coordinates we obtain

2 —i|k|r cos(60—6x) 32
zﬁzﬂ/e . Y 1) dedrdz, (2.5.4a)
a? (1‘24—7“2)5 $2+7’2
2 —i|k|r cos(60—06x) 3r2 gi 2 0
pw =" / ¢ — (2T 1) dedrde, (2.5.4b)
a? (22 +12)2 x? 4 r?
2 —i|k|r cos(60—06x) 3 2 2 A
D =1 / ¢ — (T 1) dodrde, (2.5.4c)
a3 (22 4 12)2 x? 4 r?
2 —i|k|r cos(60—06x) 3 in@
D=t [° 20T Gpdrde, (2.5.4d)
a (x2—|-7*2)§ x? 4+ 1r?
2 —i|k|r cos(6—06x) 3 0
Df_ﬂfe —2TECT ygdrde, (2.5.4e)
a’ (l'Q + 7“2)5 e
2 —i|k|r cos(60—06x) 3r2gin @ 0
pr=t [° 2L ST 49drda. (2.5.4f)
a (22 4+ 12)2 x2 41?2

12



Let us perform explicitly the integrations in eqn. (2.5.4). Integrating in the
order 0,z and as last r yields

4 2

Dt = — Zé‘ '3 (2.5.5a)
drp® (1 |k|d ,

DY = aff <§ (e - 1) sin? Qk) , (2.5.5b)
drp® (1 _lxjd

Dy = a—ff <§ + (e 2 — 1) cos” 0k> : (2.5.5¢)

DY =0, (2.5.5d)

Dlx{z — O, (255@)
2 2

DY = ij (e—¥ — 1) sin(26,). (2.5.5f)

Actually, so far we have ignored the fact that the dipole interaction does not
lead to a self interaction. In order to account for the factor (1 — §;;) in the
dipole term in eqn. (2.1.2) we subtract the contribution from integrating
e‘ikrD?j”B over an infinitesimally small sphere around the origin to the dipole
terms in eqn. (2.5.5). That contribution is

o ATH

Dk = _§7 (256&)
27 1
DY =S5 (2.5.6b)

o _ 2mp’

Kk — ﬁ’ (256C)
DY =0, (2.5.6d)
DiF =0, (2.5.6e)
DY = 0. (2.5.6)

13



Subtracting the quantities in eqn. (2.5.6) from the values in eqn. (2.5.5)

yields

e Amp? (1
Dk = (g_fk>7

a3
drp? (1 e
DY = 23 (§ + (fx — 1)sin 0k> ,
2z 47TM2 1 2
Dk = ? (§+<fk_ 1)COS Qk) s
DY =0,
Dy =0,
2 2
DY = T (i — 1) sin(26)).

a3

In the above expression we introduced the form factor

1 — e lkld

fk:W7

Kk|d

(2.5.7a)
(2.5.7b)

(2.5.7¢

)
(2.5.7d)
(2.5.7¢)
(2.5.71)

(2.5.8)

which up to first order in |k|d equals e =1 @ + O(|k[*d?). From now
on we will use the form factor from eqn. (2.5.8), because it has been shown
in previous results [14] that it provides a more accurate approximation to
numerical results than the uniform mode approximation does. By combining
eqn. (2.4.4) with eqn. (2.5.1) and eqn. (2.5.7) we obtain an explicit form of
Ay and By that we can write as

Ax = B +2J5 (2 — cos(kya) — cos(k.a)) — 5 (D" + D) + 5

2

S
Bi= 5 (D = D).

14

Ay

3a3

(2.5.92)

(2.5.9b)



2.6 Magnon-magnon interactions

2.6.1 Three-magnon interactions

We perform a Fourier transformation of the cubic term of the Hamiltonian,
that is given in eqn. (2.3.5), to obtain Hj as

Hi= o T [t
k1,k27k3
1
{(D”JrzD +4D“+4Dyz) by, bl b- k3+th.
(2.6.1)

For the sake of simplicity we rewrite eqn. (2.6.1) as

1 1 1 =
H3 - \/_— Z |:5k1+k2+k3,0 <2Fl{b33bTb—2b_3 + érl{g%’b];b;b_g)] ’ (262)

ki,k2 k3

where the sub-index ¢ corresponds to k; and —i corresponds to —k;, and with

S s 1 T
o \/; [Dﬁj +iDY + (k, = k) + 505" + 5 D} } . (263a)
bbb __ bbb
rie = (i) (2.6.3b)

By plugging the Bogoliubov transformation given in eqn. (2.4.6) into eqn.
(2.6.2) we obtain

1 1 1 t
Hy=—— > |0 4kotkso 31 1230-10-20—3 + 2“1”2%@1@ 203
ki.ko ks '

1 aaa 1 aaa
+ 2F12 3a1a£a 3+ 3'F123a1a2(1£>:| (264)

with

aaa __ bbb bbb bbb
F123 —01U2U3F12;3 + U1U3U2F13;2 + U2U3U1F23;1

— vlung,F??S?) — UQU1U3F2??3 - vgu1u2fgﬁ’2, (2.6.5a)
F(Iz;a;é = — U1U2U3FZ1)EQI?3 — U1U2U3F§gl;2 — U1U2U3F2gl;1

+ u1u2u3F§?§’3 + vlvzugfgi’fg + v1u2v3F§?§’2, (2.6.5b)
iss = (I558) " (2.6.5¢)
I35 = (I'35)" - (2.6.5d)
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2.6.2 Four-magnon interactions

Let us perform a Fourier transformation of the quartic term of the Hamilto-
nian, which is given in eqn. (2.3.6), to rewrite Hy as

1 . 1 1
Hy=—o > {5k1+k2+k3+k4,0{ (Jk2+k3 + Dot — 5k — 57k
ki,ko k3 ks
1 .. 1 1 .. 1
— Dk — Dk - (D - ZDIZZ) bl bl b, b,

1 xrx N X
-3 [( D 4 2iDyY — DY) bl bl bl b, + h.c.} H .
(2.6.6)

For the sake of simplicity we rewrite eqn. (2.6.6) as

1 1
Hy =+ > {5k1+k2+k3+k4,0(( ST bIbLb_sb_s

ki,k2,k3,ky 2|)
1 1
3'r§ggb4bTbTbTb 4+ 3'F§b§§4bTb 2b_sb_ )1 (2.6.7)

with

1 2z
FZZI’?S =75 (JkarkT + Jiptks T Itk T itk + ka+kr

4
+ka+ks * Dkq+kr + Dkq+ks - : : (Jk1 + §Dk1 + §Dly(?j)> )

i=1
(2.6.8)
1
it = 3 (D + 2D D+ (g, de) (e, 2 k). (269)
i, = (13,)" 2610

By plugging eqn. (2.4.6) into eqn. (2.6.7) we obtain Hy as

1 1
Hy =~ > {5k1+k2+k3+k4 0 (4,FT§§ZG 1020304

ki, ka.k3,kq
1
3 F‘f‘g‘gﬂala 90_30_4 + I 11550} taba_sa_y (2.6.11)
1 aaaa 1 aaaa
+3'F1234a1a;a§a 1t 4,F1234 1a;a£ai)} , (2.6.12)
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with

aaaq

_ bbbb bbbb bbbb
1231 =v1v2u3zusl (o3, + v1vgugualgh, + vivsuguslyy o,
bbbb bbbb bbbb
-+ U3’U4U1U2F34;12 + U2U4U1U3F24;13 + U2U3U1U4F23;14
bbbb bbbb bbbb

bbbb bbbb bbbb

— v3u1u2u41“g€’fg4 — v4u1u2u3Fiﬁ’33, (2.6.13a)
T = — urvausua gy — Urtavsua s, — urusuzvgl i,

— U1U2’U3U4Fg§??4 — U1U2U3U4Fg§£gl — U1U21)31)4Fg§£?2

+ v1v2v3v4F§gil’;l + uluwgmf?g@ﬂ + U1U2U3U4F§B2§Lb;3

+ U1U2U3U4F§ZI_§:4 + U1U2U3U4F§?§g4 + U1U2U3’U/4Fg?§)g4

+ U1u2U3U4Fglﬁjg4 + 01UQU3U4F2??33, (2613b)
o =uruuzus T, + U1’U2U3U4F§?)};g4 + uyvgugu TR,

+ v1u203u4fgg?ll’4 + U1u2u3v4Fg§gl{3 + 1}1U2U3UZF§ZZ;Z{2

— U1UQU3U4F§)2E_§:4 — U1UQU3U4FI_{?£33 — U1U2U3U4F?{6354l:2

— vlu203v4F§gZI’;l — u1v2u3u4fﬁ?gg4 — vlu2u3u4ng’i’g4

— U1U2’U3U4F§?ijg4 — U1U2U3U4F§£?g3, (2613C)
1559 = (Tass)” (2.6.13d)
1a1 = (I'1359)" (2.6.13¢)

The main results of this chapter are the non-interacting magnon dispersion
relation in eqn. (2.4.11), and the four-magnon interactions in eqn. (2.6.13c).
In the next chapter we will use these results to determine the stability of the
magnon condensate.
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Chapter 3

Critical density

In this chapter we provide results obtained from applying the theoretical
model described in Chapter 2 to a thin film of YIG in an external magnetic
field. In the last part of this chapter we obtain a critical density of magnons
in a BEC in a way similar to Ref. [§].

3.1 Dispersion of the lowest magnon band

We have found that the dispersion of the lowest magnon band is given by eqn.
(2.4.11). In Fig. 3.1 a graph of the spectrum is depicted. We have chosen
to consider an external magnetic field H, = 700 G and a film thickness
d = 5 um, because for this field strength and film thickness the dispersion
shows the features that are relevant for this research and these values are
used in experiments [6]. We have numerically calculated that for this field
strength the minimum of the dispersion occurs at the wave-vector

ko = 5.5um™". (3.1.1)

We have calculated the value of the wave-vector at the minimum of the
dispersion as a function of the external magnetic field. The result obtained
is depicted in Fig. 3.2. This figure shows that the value of the wave-vector
at the the minimum of the dispersion increases, but decreasingly fast, as the
strength of the external magnetic field increases.

3.2 Attractive interaction in BEC

We are interested in the behavior of the interactions in the BEC in order to
investigate the stability of the BEC. We plotted the vertex, I' = T'gape
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Figure 3.1: The dispersion of the lowest magnon band with H, = 700 G and
d =5 pm.
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Figure 3.2: The value of the wave-vector at the minimum of the dispersion
as a function of the external magnetic field.

given in eqn. (2.6.13c) evaluated at the minimum of the dispersion as a
function of the external magnetic field in Fig. 3.3.

From Fig. 3.3 we can read off that this vertex is negative in the for exper-
imentally relevant magnetic field strengths, because usually field strengths
between 600 — 800 G are being used. This indicates that the interaction is
attractive, because the energy decreases if the density increases, hence it is
possible that the condensate becomes in-stable and collapses in the situation
where this term is dominant in the interaction, for example when only one
valley of the dispersion is occupied.
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Figure 3.3: The vertex, I', evaluated at the minimum of the dispersion as a
function of the external magnetic field. Here, kg is the Boltzmann constant.

3.3 Ciritical density

In order to estimate at what value the density becomes critical, i.e. when the
BEC will collapse, we focus on the term for the interaction within one valley
of which we know it can be negative and introduce the zero-point energy

hwyp = hwgy .z — hwg,, (3.3.1)

with L the length of the film in the direction of the wave. The zero-point
energy is the minimum of energy that is present in finite systems due to the
zero-point motion resulting from the confinement. We estimate the critical
density by calculating when the interaction energy is of the same order as the
zero-point energy. This is the density at which the self-attraction overcomes
the stabilizing zero-point motion. The critical density is then given as

T,y

Nerit = |F| . (332)

In the experiment [6] the size of the film is 20 x 2mm?. We then find as
estimate for the critical densities in the order of magnitude of 10~ and 1079,
expressed in magnons per site, for waves in respectively the direction of the
long side and the short side of the film. This result is in good correspondence
with [8]. To convert this to a density with the correct dimensions we divide
by a? and obtain densities of respectively 10° cm~2 and 107 em 2.
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Chapter 4

Dynamics in the BEC state

The goal of this chapter is to describe the dynamics in the BEC state. To get
a first insight into the dynamics we perform a stability analysis in the static
BEC ansatz. Next we introduce the Gaussian ansatz and again perform a
static stability analysis. And then we derive equations of motion and study
the influence of the Gilbert damping and the parametric pumping on the
stability of the BEC.

4.1 Energy functional

Let us begin by rewriting the magnon Hamiltonian obtained in Chapter 2
into an energy functional. First rewrite the kinetic part of the second order
term as given in eqn. (2.4.13) as

> hwalay = / A7 (D3 hw(95)®1 + Phw(9z)D,) (4.1.1)
K
h202 h292 . .
where hw(0z) = hwy, — T e and with ®; and ®5 corresponding to

the field at respectively ko and —kg. m,, and m,, are effective masses that
can be determined by Taylor expanding the dispersion relation around kg up
to second order in k, hence we approximate the behavior of the dispersion
relation near the minimum with a parabola.

We introduce a pumping term

vy v
Z [TkaLaT_k + Tkaka,k : (4.1.2)
k

with v the pumping frequency, to the magnon Hamiltonian in order to model
the influence of the pumping as described in [6, 11]. Rewrite this pumping
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term as
> {ﬁaﬁai s ﬁaka_k] = / A7 (V* ;0% 4+ v D, Dy) (4.1.3)

with
V=V +V_k. (4.1.4)
At low energies the confluence and splitting terms are negligible, thus third

order terms drop and of the fourth order terms only the two-magnon scat-
tering term remains. Rewrite the two-magnon scattering term as

1

aaaa T T .
IN E Oty + ko ks +k+4,0 L) Koo sk @, Dy @—kes kg =
ki,ko k3 kg

1 __
E aaaa T t
2N 6p1+p2+p3+p4,0 4 ko—ko;ko—ko ako—i-pla—ko-i—pg ako—ps a—ko—p4
P1,P2,P3,P4

aaaa T T f 1
+ Fkoko;—ko—ko (a_k0+p1a—k0+p2a_k0_P3a_k0_P4 + ak0+p1ako+p2ak0_P3ak0_P4 :

(4.1.5)

By performing an inverse Fourier transform, carrying out the momentum
sums and integrating over the resulting Dirac delta functions we obtain

beg aaaa * * 1 aaaa * * * *
/dl‘ |:2Fk0—k0;k()—k0@1®1®2®2 “I‘ _Fk0k0§_k0_k0 (¢1¢1¢1¢1 + ¢2¢2¢2¢2):| 5

2
(4.1.6)
which we rewrite as
— 71 * * 2 72 * * 2
/dx [5 (P71 + ©3P2)" + D) (P1P1 — 5D,) } (4.1.7)
with B B
T +72 = Diokeko—kor 11— 72 = 210 X% keo—ko (4.1.8)

By combining the derived terms of the Hamiltonian and adding a chemical
potential we obtain the energy functional as in [15],

e[®, "] = / dr (@’;hw(af)cbl + DLW (07) s — p (BT D, + BLD,)

n

+vd Dy + DTS + 5

(DXD, + D3d,)° + % (DX Dy — DED,)? )
(4.1.9)
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Interesting to note is that U(1)-symmetry
Dy — D, Dy — Dy, (4.1.10)

and likewise the conjugates undergo the inverse transformation, associated
with particle number conservation is broken by the magnon pumping terms.
Also the interactions that are third order in the magnon operators do not
preserve the number of magnons, but since we focus on interactions between
condensed magnons the third order interactions do not play a role here.
Despite the U(1)-symmetry breakdown the energy functional is still invariant
under the transformation

Dy = D, Dy — e 1Dy, (4.1.11)

4.2 Static and homogeneous BEC

By inserting the static Bose-Einstein condensate ansatz ®; = /n;e®, with
n; the density and 6; the phase factor, into eqn. (4.1.9) we obtain

€
5= (hwg, — 1) (nq + n2) +2v+/n1ng cos(0y + 02 + 6,,) (4.2.1)
+ ﬂ (nl + n2)2 + ﬁ (n1 — n2)2,
2 2
where we have rewritten v = ve®”. We perform a change of variables as
n+m n—m

= = 4.2.2
nq 9 ) ng 9 ) ( )

such that n corresponds to the total density and that m corresponds to the
difference in densities between the two minima. Combining eqn. (4.2.2) and
eqn. (4.2.1) yields

% =n (hwg, — 1) + vvn? —m?2cos(bior + 6,) + %nQ + %mQ, (4.2.3)
with 6y, = 61 + 05. Let us consider € as €(n, m, 6y;) where 0 < n < 0o, —n <
m < n and 0 < 6y < 2m. We are interested in what the conditions on
W, v, 0,71 and 9 are such that €(n, m, 6y) has a local minimum. From eqn.
(4.2.3) we obtain that minimizing e(n, m, 0y) with respect to 6y yields that
Oior = (2k + 1)m — 60, with k£ € {0,1}. By plugging this value for 6 into
€(n,m, 0o) allows us to reduce the possible solutions for stable minima of
€(n, m, B0t ), hence we can restrict ourselves to minimizing e(n, m, (2k+1)m —
0,) with respect to n and m.
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In order for a point to be a stable minimum, it must be a stationary point.
The stationary points of €(n, m, (2k + 1)m — 6,) have to obey

Oe nv
% = hu)ko —u— \/ﬁ + yin = 0, (424&)

Oe v
— = —_— =0. 4.2.4b
We find two types of solutions. The first is

—hwy, +p+v
g

(n,m, Oyey) = ( 0, (2k + 1)m — eu) , (4.2.5)

—hwyy +ptv
ga!

under the condition that > 0, and the second

howy, — 1 hewy, — 1 2 v\’
(nym,bot) = | ————, 2/ | ——— ) = (— | . Qk+1)7 -4, |,
7+ 72 M+ Y2 V2
(4.2.6)
with k& € {0,1} and under the conditions that —h:lki;j > porand 92 < 0.

The conditions under which these stationary points are local minima are
given by

0%¢ m2v

= >0, 42.7
on? (n? — mQ)% T ( 2)
0% nv

_ >0 4.2.7
om? ()i 27 (4.2.70)

D% 0% 2 \° v (mn®+yem?)
— = 0. 4.2.7
537 ( o am) ECpp— + M2 > (4.2.7¢)

By inserting the stationary point given in eqn. (4.2.5) into the conditions
given in eqn. (4.2.7) we obtain that in order for the stationary point from
eqn. (4.2.5) to be a local minimum

n>0, > —%, (4.2.8)

where we have written n for — ot By plugging the stationary point

given in eqn. (4.2.6) into the conditions given in eqn. (4.2.7) we obtain that
in order for the stationary point from eqn. (4.2.6) to be a local minimum

14
Y > |2l Yo < o (4.2.9)
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where we have written n for —%.

Let us consider if there is a stable minimum at a boundary of €(n, m, (2k+
1)m—#0,), hence for m = +n. We are not interested in the case n = 0, because
there will not be any dynamics. From the expression for 8‘3—; given in eqn.
(4.2.4) we read off that there is no local minimum for m = =n, because
g—; — Foo if m — +n.

Note however that when v = 0, i.e. when there is no pumping, then the
solution in eqn. (4.2.6) states n = m, thus only one valley is occupied.

In summary, we found that there are two different types of static solutions,
one symmetric and the other asymmetric, that can both be stable. The value
of the pumping is important for the question whether or not the condensates
are stable as follows from the conditions for the symmetric condensate in
eqn. (4.2.8) and for the asymmetric condensate in eqn. (4.2.9).

4.3 Gaussian ansatz

We introduce a Gaussian ansatz in order to take dynamics of the BEC into
account. By using a Gaussian ansatz of the form [9]

O, (7, ) 1 — s i) 4 20t |,
#0050 T (-5 (12105 ) o

7j=1,2
(4.3.1)
with N; the number of magnons in valley 4, g; ,; the Gaussian width of valley
¢ in the direction z; and 0; the phase factor of valley ¢, in the normalization
requirement

/ Q|By(F, D)2 = Ni(8), (4.3.2)

we obtain that, properly normalized, it is given as

i x? M Giar; (1) A
\/—H<qw()> exp<22()(l—l 7 dt>

j=1,2 4 Tj
(4.3.3)
Let us consider the continuity equation

0 -

|0 )P+ V- ji =0, (4.3.4)

ot

with
h
My,

(4.3.5)
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where v3(Z, t) is the superfluid velocity. To check the Gaussian ansatz we will
check if eqn. (4.3.4) is obeyed if we set the pumping parameter v to zero. If
there is no pumping the number of particles in both valleys does not change,

ie. d]\f = 0. Writing out the continuity equation yields

&, O I x?
i) ()] (-
= Ni(t - exp | -2~ |,
( ) l;’z |:(qi,xl (t) dt ql :El j: 2 ﬂ-ql {L'J qz2,x] (t)
and
= 3 oo, ( (M) e [ )]
= i o X -
1=1,2 : Qi (t j=1,2 7qu T; ) ql%m] (t>
1 dg ) < 27 )} I x?
’ 1-— ——— | exp| — ,
1=1,2 |: (q’b xl t dt qle (t) ]_HLQ Trq’LZ,xJ (t) q1,2,1‘J (t)

thus it is indeed obeyed.

4.4 Steady-state stability analysis

To take the finite width and length of the film of YIG into account we add
two single particle harmonic oscillators (one for each spatial dimension) to
the energy functional in eqn. (4.1.9) and obtain

e[, ] = / dz [@fﬁw(&g)@l + O3hw(07) Dy — pu (BTD) + DLDy) + 17 DI D

Fud Dy + 1 5 L (5D, + Did,)? + 22 (D5, — DLD,)?

1
+ 3 (Mg, Wl 27 4+ mg,w? z3) (P70 + P5D,) |, (4.4.1)

with w,, = wy,; — Wk, Where ko ; = ko + 7 x] and L, is the width of the

film of YIG in the z;-direction.

By plugging the Gaussian ansatz into the energy functional in eqn. (4.4.1)
dgi,e;

- =0, we obtain

and assuming the steady-state situation, i.e.
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G[Nl, NQ;q_i q3791792] =

Sl R )

i=1,2 j=1,2

\/q ,qu ,$]'
— i (N1 + No) + v/ N1 Ny cos (01 + 65+ 0,) H i ke

. /A2 2
j=1,2 ql,:l‘j + q2,x]~

T 2N, N, L™
TN\ Dnln (@, + B )@, + By) PP

dm T2 Q1,2 \/(q% 1 + q%,m ) (Q%,m + qg,xz) 92,2182,

L1 Z [ i %(-’WN] (4.4.2)

4,j=1,2
where we have rewritten v = ve.

We can read-off from this expression that minimizing with respect to 6;
will yield that 0; + 0, = —0, + kr, with k € {1,3}. To further simplify we
approximate our system by assuming that the dispersion is isotropic and that
the lattice width in the x; and xs-direction are equal. From this it follows
that m,, = m,, = m and w,, = w,, = w. If we consider a system for which
it holds that g¢;,, = i, we obtain that the steady-state energy functional
in eqn. (4.4.2) will transform to the isotropic, steady-state energy functional
as

R mw?e?
€[N1, N2, g1, o] = Z Khw/zo — KT Img? T % ) Ni]

VNN NP N3 — 72 NN
1V2q192 ’Yl+’Y2 (_1 _2)+% T2 Ve (4.4.3)

+ .
a + 4 4w i @ 2r ¢+ 43

4.4.1 Single BEC

If there is no pumping and only one valley is occupied we obtain that the
energy functional in eqn. (4.4.3) is given as

K2 mw2q2>N+71—|—72N2

— 4.4.4
+ R C

€[N, q| = (hw,;o -+ g’ 5
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with N = N; and ¢ = ¢;. In the isotropic, steady-state case with only one
valley occupied and without pumping the dimensionless energy functional is

1 q2 FinN
= — + = 445
with Iy, = % We rescaled the Gaussian widths by the harmonic

oscillator length, [ = ,/% and divided the energy by Nhw. Note that we

dropped terms in the energy functional that do not depend on ¢, since we
are only interested in energy differences. Performing a stability analysis of €
w.r.t. q yields

86 —1 FinN .

dq q3+q ¢

0. (4.4.6)

We find that )
g=(1+T;,N)* (4.4.7)

Now we perform the second partial derivative test and apply the condition
on the stationary point for it to be a stable minimum, i.e.

> 0. (4.4.8)

Evaluating this condition in the value for ¢ as given in eqn. (4.4.7) yields the
condition that
TN > —1. (4.4.9)

In Fig. 4.1 the the energy as a function of the Gaussian width is depicted
for three different values of I'j, N. This figure clearly shows that if the condi-
tion in eqn. (4.4.9) is satisfied there is a stable solution for the static system
and if the condition is not satisfied the system will be unstable and probably
collapse.

4.4.2 Two symmetric condensates

In the isotropic, steady-state case where both valleys are equally occupied
and there is no pumping the dimensionless energy functional derived from
eqn. (4.4.3) is

11 @+ 1 L ! :
€lq1, g2 2q%+2q§+ 2 th 2q%+q%+q§ +2q% i

(4.4.10)
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Figure 4.1: The energy as function of the Gaussian width for three different
values of I';, N. The blue line corresponds to I'i, N = 3, the green line to
I'y N = —1 and the red line to I';, N = —3.

with T; = 2% Doing stability analysis w.r.t. ¢ and g, thus first solving

2mh?
stationary points yields
Oe 1 1 2q
—:——3+Q1+F1(——3—2—122>+F2<——+ =
O 4 @ (g +a3) a %+%

4.4.11)

(
Oe 1 2 1 1
dqs s @+a3)? & (%+% ‘b

(

4.4.12)

Solving for ¢; and ¢y yields

= 1—|—3F —i-lF % (4.4.13
— 5 1 5 2 ) e )

1

3 1 4
q2 = (1 + §F1 + 51—‘2) , (4.4.14)

hence we only find a stationary point if 3I'y + 'y > —2. Now perform the
second partial derivative test and obtain the conditions for the stationary
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point to be a stable minimum as

626 8 + 10F1 + 6F2
— = >0 4.4.15
0 ~ 2430 10y (4.4.150)

0% 0% ( 0% )2_ 32(14+T1+7Ty)
dqi 0gs 0010q2) 2+ 30 + 1y
Combining the condition that there is a stationary point and the condition
in eqn. (4.4.15b) yields that there is a stable minimum if T'y > —1 and
'y >-TI'y1 —1lorifI'} < —% and I'y > —3I'y — 2. The condition in eqn.
(4.4.15a) is automatically obeyed if the other two conditions are obeyed. In

Fig. 4.2 a stable solution and an unstable solution are depicted.

> 0. (4.4.15b)

(7> /
L 7y /
o o = s

[ L[5 |
e e o el

(a) 'y =1 and I'y = —1, stable. (b) I'y =1 and T's = —4, unstable.

Figure 4.2: The energy as function of the Gaussian widths for a stable and
an unstable system.

In the case where both valleys are equally occupied and pumping is taken
into account, the dimensionless energy, with v divided by hAw, derived from
eqn. (4.4.3) is given by

1 1 2+ 2
E[N,ql,qg]:—+——|—q1 q5 —_ q192

207 243 2 ai+a
1 1 1 1 1 1
T, <_+—+—> 1, (———+—> . (4.4.16)
2¢;  ai+a 20 207 G+ 26 (

Note that the term corresponding to pumping is I/q%hf;g. Recall that
without pumping there was at most one minimum for which ¢; = ¢». Note
that the pumping term minimizes the energy when ¢; = ¢, thus minima
obey q1 = qo. However if ¢; = g2 the pumping term only gives a constant
contribution to the energy thus the position of the minimum does not move

due to the pumping, hence the solutions are the same as in Subsection 4.4.2.
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4.5 Equations of motion

In order to study the dynamics we will deduce equations of motion (EoM)
for ® and we will show two different ways to do so. The first method begins
with considering the Landau-Lifshitz-Gilbert (LLG) equation

o(T,t) = p Lo\ 5 OO (Z, t)
— = ,t)x( hm(ﬂ)) Oz t) x —22 (4.5.1)

with Q(Z,t) = %g(xjt) the normalized spin vector and a > 0 the Gilbert
damping. The LLG equation is an equation of motion for the magnetization.
If & = 0, then the magnetic energy is a constant of motion for the LLG
equation. However we expect that the equilibrium situation is such that
the magnetization points along the effective magnetic field and the magnetic
energy is minimized. Therefore the term proportional to «, i.e. the Gilbert
damping term, is constructed such that the direction of magnetization spirals
towards the effective magnetic field while precessing. Note that the length
of the vector  is also a constant of motion of the LLG equation [16].

By plugging the Holstein-Primakoff transformation up to fourth order for
S(Z,t) into the LLG equation we obtain the equation of motion for ®; (%, t)

(9<I>1 56

ih (1 +ia) 5 35

(4.5.2)

An alternative way is by using an adjusted variational principle. The
action of our system is

S = /dt </ dzZ (®11ho, Py + P5ih0,Ps) — € [P, CI>*]> ) (4.5.3)
We introduce the Rayleigh dissipation function

R - a/dt/df(|8t®1|2 1002 . (4.5.4)

with « the Gilbert damping term, which plays a role similar to the Gilbert
damping term in the LLG equation. Without the Gilbert damping term
the magnetic energy would be a constant of motion, which would prevent
the system for moving towards its expected equilibrium situation. From the
action and the Rayleigh dissipation function we can also obtain the equation
of motion for ®;(Z,t), but this time from the variational principle, i.e.

55 OR
= 4.5.
507 5 (007 (4:5.5)
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and we indeed obtain eqn. (4.5.2). By performing the functional derivatives
in eqn. (4.5.2) we obtain

)
ih (1 + i) £ |®) =

R*O% R%0% 1 1
(hwko — = Wxi - Ww: + §mx1%2cll’% + erzwfchg) |®)

TV 0, 8) + 71 (2]D)|D) + (@0 |2) 0. |), (4.5.6)

with |®) = (gl), (®| = (®%,®%) , and o; the Pauli spin matrices.
2

4.6 EoM in Gaussian ansatz for single BEC

We will use the equations of motion for ® as derived in the previous section
to obtain equations of motion for the parameters from the Gaussian anzatz
earlier introduced. We consider a system which is isotropic, where only one
valley is occupied and without pumping. The Gaussian ansatz then is

B(F 1) = \/N(t)ﬁ;q(ﬂ exp (—”gqj(ti? ( _ %%(t)g(t)) 4 i@(t)).

(4.6.1)
By plugging this ansatz into eqn. (4.4.1) we obtain that the energy functional

for this system is

. h? m ., mw’q? Y1+ 72 N2 .
€[N7Q7Q]:<hwgo—/vb+2mq2+§q2+ 9 >N+ e ?:T[N,Q]‘i‘V[N?q],
(4.6.2)

where we left out the explicit time-dependence for notational convenience.
To obtain equations of motion there are several methods available.

4.6.1 Normalization
The first method is by applying d; on the normalization equation for ® as
N(t) = 0, / d2z|® (7, 1)[%, (4.6.3)

then inserting the equations of motion for & and ®* obtained from eqn.
(4.5.6), and performing the spatial integrals in order to obtain

N 20 (hwg, —p) N ah N _a(Mmt+r)N* amw?Ng®  amN¢?
(1+a2)h m(l+a?)¢? (1+a?)hng?  (1+a®)h  (1+a?)h
2aN  Oe

= . 4.6.4
(14 a?)hON (4.6.4)
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4.6.2 Projection of the EoM

The second method is the projection method. From the equations of motion
for & we obtain by ”projection” that

/ 47220 (1 4 ia) 9,0 — / 472 o

ON ON 60+’
_O0D* . _LODP* fe
/dx 50 2h(1+za)8tcl>—/dx 50 55
L0P* ) B LODP* e
/dx 9 ih (1 +ia) 0;® = /dx 97 50+ (4.6.5)

We use the Gaussian ansatz, perform the spatial integrals, split real and
imaginary parts and simplify in order to obtain equations of motion for N (%),
q(t) and 0(t) as

. 2N  Oe
N=-——"" - 4.6.6
(1+ a2)hON’ ( 2)
: 1 1 1 e
0= ——mai+ —mi? — —— 4.6.6b
on T ™ T A oN (4.6.6b)
. Oe g am? am? .
Nj=—— —20hN—= — N Ngq 4.6.
mNj =5 —20hN 5 — - N{ + - Nadi, (4.6.6¢)
mNG — —2¢ _ 20N (4.6.6d)
dq qq

Note that we obtain two equations of motion for ¢. We will drop the terms
containing third order time-derivatives in eqn. (4.6.6¢), because the LLG
equation as given in eqn. (4.5.1) only contains a damping term that has a
first order time-derivative. The next order damping term we could add to
the LLG equation would be third order in time derivatives, because it has to
break time-reversal symmetry since it is a damping term. Since our original
equation of motion does not take third and higher order time derivatives into
account, it would not be reasonable to do so here. The remaining damping
terms in the two equations of motion for ¢ are equal if ¢ would be an os-
cillating function. The damping term in eqn. (4.6.6¢) agrees with previous
results [17] and it can be interpreted as a friction term in this form, thus it
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is reasonable to assume that the correct equations of motion are

. 2N  Oe
N=_ Y 46.
(1+a2)hoN’ (4.6.7a)
. 1 1 1 Oe
— 2 Y 4.6.7b
on "4 T 5y (1+ a2 ON” (46.7b)
Oe
mNGj=—— — 2« hN— 4.6.7c
1==3 " ( )

4.6.3 Variational principle

The last method we consider is based on using the variational principle com-
bined with the use of the Rayleigh dissipation functional. For the isotropic
system, without pumping and when only one valley is occupied we obtain by
using the Gaussian ansatz from eqn. (4.6.1) that the action is

S = /dt K%N — NG+ %N{f - %qu‘ — €[N, q,4] ] , (4.6.8)

and the Rayleigh dissipation functional is

N? mN m
— 4N )2 N ey 2.2 TV 9. ‘
R ah/dt[ +N6O*+ + (qeq 04> +2hq +2hq ¢ =744 q)}

N h
(4.6.9)
We again drop third and higher order time derivative terms using the same
argument as we used with the projection method

NQ - q?
R=ah [ dt|—+ NO"+ N—=|. 4.6.10
Q / LN + + qQ] ( )

We should obtain the equations of motion from

s _ iR
SN 6N’
i _oR
50 56
5S R
== 4.6.11
0q 0q (4.6.11)

However, for not yet understood reasons, the extension of the variational
principle from eqn. (4.5.5) does not give results corresponding to those ob-
tained by the two previously discussed methods.
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4.6.4 Damping and interaction

Making the equations of motion in eqn. (4.6.7) dimensionless yields

. 2aN [ hwy, — i 1 1. 1 N
N =— 2 — 4+ -+ -+ = 4.6.12
1+a2( ho Togtaltyrt—gz ) (4612
. L. 1. 1 huwy, — 1 1 1. 1 N
f— _= 1. 0 1Ll 1o in
R4+ 51 1+a2< ho  Tog ol TR0t )
(4.6.12b)
1 [N ]
= - = 2l (4.6.12¢)
q q q
Recall from Subsection 4.4.1 that I'y, = % )
1.2 : : ‘ : n 120
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2 8 1.05] =050
£ 04f §
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Figure 4.3: In (a) and (b) are respectively plotted the number of magnons,
N, and the Gaussian width,?, against the time, wt, for different values of the
1

Gilbert damping and with I'y, = —3.

In Fig. 4.3 plots of the numerical solutions for the equations of motion
in eqn. (4.6.12) are depicted for different values of «, with I'y, = —%. We
set hwy, — 1 = 0, because we assume the system to be in a BEC. We chose
¢(0) = (14+T;,) % and ¢(0) = 0 as in correspondence with the stability analysis
done in Subsection 4.4.1. In Fig. 4.3a and Fig. 4.3b respectively the number
of magnons, N, and the Gaussian width, ¢, are plotted against the time. To
determine whether or not the depicted solutions are stable, i.e. if the density
does not diverge, we focus on qﬂg, because it provides a good measure for the
density of magnons in the valley. From the figures it can be read off that the
density converges. For o = 0 the system does not change in time. For the
other values of a the number of magnons decreases to zero and the Gaussian
width behaves like a damped oscillator that goes to ¢ = 1, thus the density
goes to zero. Hence all of these solutions are stable.
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Figure 4.4: In (a) and (b) are respectively plotted the number of magnons,
N, and the Gaussian width,?, against the time, wt, for different values of the
interaction and with a = 0.1

In Fig. 4.4 numerical solutions are shown with varying interaction, I'y,,
and fixed damping, a = 0.1. For I'y; = —% the system does not change in
time. For I';, > —% the number of magnons decreases and the Gaussian width
goes to ¢ = 1, hence the density goes to zero, thus the system is stable. For
I, < —% the number of magnons increases and the Gaussian width decreases
to 0. Hence the density, q%, diverges, which indicates a collapse of the BEC.
From the equations of motion in eqn. (4.6.12) we find that whether or not
the system is stable does not depend on the damping but depends on the
interaction.

4.6.5 A pumped BEC

Consider the equations of motion in eqn. (4.6.12), add pumping to the system
and assume that the pumping only changes the equation of motion for N as

2N [ hwy, — 1 1. 1 I'i,N
_ 2( ko N+—+—q2+—q2+
1+«

o tap Tl s p >+V, (4.6.13)

with v the pumping parameter dimensionless.

In Fig. 4.5 plots of the number of magnons and the Gaussian width
are depicted with fixed interaction, I'y, = —%, and damping, a = 0.1, and
varying pumping. We can read off that for higher pumping frequencies the
system becomes unstable but for lower pumping the system is not. Due to
the pumping the number of magnons will not go to zero but decreases to a

stable value.
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Figure 4.5: In (a) and (b) are respectively plotted the number of magnons,
N, and the Gaussian width,?, against the time, wt, for different values of the
. . 1
pumping and with o = 0.1 and I'y, = —3.
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Figure 4.6: In (a) and (b) are respectively plotted the number of magnons,
N, and the Gaussian width,?, against the time, wt, for different values of the
damping and with T', = —% and v = 0.3.

In Fig. 4.6 the same values for a and I';,, have been used as in Fig. 4.3
but now we have added pumping, with v = 0.3. We can read off that the
pumping causes the systems with lower damping to become unstable, while
the systems with higher damping remain stable.

The final result for the analysis of the stability of the one valley system
with pumping is given in Fig. 4.7. Shown is whether or not the system is
stable depending on the damping and the pumping for different values of the
interaction. One can read off that as the interaction becomes more attrac-
tive, i.e. I'j, becomes more negative, the region where the system is stable
decreases in area. If the interaction is strong enough then even for high
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Figure 4.7: Plotted are the regions of values for the damping and the pumping
for which the system is stable, I, and for which the system is unstable, II.

damping and low pumping the system becomes unstable. We can also read
off that the boundary between the stable and unstable regions is a mono-
tonically increasing line with a monotonically decreasing inclination. Hence
higher damping does make the system "more” stable, but the influence on
the system of increased damping decreases for higher values of the damping.

4.7 Two pumped BEC’s

Let us consider the isotropic system, but now with both valleys occupied and
also include pumping. By plugging the Gaussian ansatz of eqn. (4.3.3) into
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the energy functional of eqn. (4.4.1) and setting ¢; », = ¢i., We obtain that

h? m .,  mwiq?
€ [N1, Na, q1, g2, 01, 02] = Z [(hwgo + W + 5%2 + _%) Ni]

i=1,2 2
(a1 + a3) cos (bror + 6,) — > (414262 + @3q1G1) sin (Oror + 6,)
(@ +63)° + 25 (@2 + Gardr)?
N+ (NP N5 71— 72 N1V,
TR At
4 q1 a3 2 q7 + q;
(4.7.1)

+4v+/ N1 Naqiq2

with O,y = 61 + 0. To derive the equations of motion we use the projec-
tion method analogous to Subsection 4.6.2. We derive that the equations of
motion are

2aN; Oe 1 Oe

hN; = — — 4.7.2
1+a28]\/2-+1+04289/ ( 2)
: 1 1 1 Oe o Oe
ho; = ~md? — ~mqidi — - - 4.7.2b
oM T M T T2 9N, T 2N, (1 + a2) 06, (4.7.2b)

-
)

dg: 2" 06,

Where we have used the same arguments for the EoM for ¢; as we have used
in Subsection 4.6.2 for the EoM for g to drop higher order time derivatives
and to be able to interpret the damping term as a friction term. By making
the EoM dimensionless we obtain

. 2aN; Oe 1 Oe
N, = — —, 4.7.3
1+a28N1+1—|—CY2801 ( a)
. 1 1 1 Oe « Oe
0, = =% — ~q;i; — — —_—, 4.7.3b
2% TN T 2N, T 2N, (1 + a?) 09, (4.7.3b)
0 1.0 li
Nig; = — ‘ i QCVNz‘q— (4.7.3¢)

5"
i

og; 2",

4.7.1 Symmetric condensates

First consider the situation with the system symmetric, i.e. ¢;(0) = ¢2(0),
N1(0) = N3(0) and without pumping. This system is identical with that
considered in Subsection 4.6.4 if we would replace I'y, by I'y, + %Fex, with

Fex = % When we add pumping to the system, we can still add up
the interactions in the same way. In Fig. 4.8 the regions for values of the

damping and the pumping where the systems are stable and where they are
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unstable are depicted. In comparison with the regions in Fig. 4.7 we notice
that for the diagrams labeled with (b), (¢) and (e) the boundary line between
the two regions no longer runs through the origin. From diagrams (b) and
(c) we read off that the systems with small damping still remain stable for
higher values of the pumping compared to the diagrams (b) and (c) in Fig.
4.7. The diagram labeled with (e) in Fig. 4.8 shows a small stable region
for low damping, a < 0.1 and low pumping but for a system with higher
damping, around « = 0.1, and equal pumping it would be unstable. This
result is disputable, because one would expect that higher damping would
cause the density of magnons to be lower, hence not shift a stable system
to an unstable system. The boundary lines in diagrams (b), (c) and (d) are
all monotonously increasing as where the lines in Fig. 4.8. Indicating that
for higher damping the system becomes more stable, with an exception for
diagram (e) for values of the damping, a < 0.1.
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Figure 4.8: The regions of values for the damping and the pumping for which
the system is stable, I, and for which the system is unstable, II.
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Figure 4.9: In (a) and (b) are plotted the number of magnons and the Gaus-
sian width, respectively, against the time, wt, with I';, = —%, I = %,

a = 0.05 and v = 0.01.

4.7.2 Asymmetric condensates

We consider a system which is not symmetric. In the situation where I'oy = 0
and v = 0 the system behaves like two independent condensates, which both
behave as the BEC described in Subsection 4.6.4.

In general there is a multitude of parameters that influence the system,
among which: Ty, Tey, 0, v, N1(0), N2(0), ¢1(0) and ¢2(0). A full analyses of
the system would be rather extensive due to the high number of parameters,
hence we limit ourselves to considering a specific case which shows charac-
teristics different from the systems we have considered in this thesis so far.
In Fig. 4.9 the number of magnons and the Gaussian widths are depicted for
a system with two asymmetric condensates. The system becomes unstable
because the condensate with a relatively higher number of magnons at ¢t = 0,
indicated by the blue line, collapses. The condensate with a lower number
of magnons at t = 0, indicated by the red line, does not seem to collapse.
Unfortunately our model does not allow us to describe the behavior of the
system after one of the two condensates has collapsed. That the number
of magnons increases in the already more populated condensate and that
the number of magnons decreases in the less populated condensate can be
explained from the value of I'ex. In eqn. (4.7.1) we see that the term multi-
plying I'ex goes with N; Ny, which maximizes for N; = Ny and minimizes if
the magnons shift from the already less populated condensate to the more
populated condensate.
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Chapter 5

Conclusion

We have studied the stability of magnon BEC’s in YIG at room temperature,
which were realized in the experiment of Ref. [6]. First, in Chapter 2, we
derived the magnon quantum many-body Hamiltonian up to fourth order in
the magnon operators. We calculated that there are attractive interactions,
hence deduced that it is possible for the condensate to be unstable. In
Chapter 3 we made an estimate of the critical density by partially following
a calculation as was done in [8]. In Chapter 4 we studied the effects of
dynamics on the BEC by using a Gaussian ansatz. We specifically focused
on the influence of the Gilbert damping and the parametric pumping and
determined for several different cases if the condensate would be stable or
not.

For studying the dynamics we derived equations of motion for the func-
tions introduced by using the Gaussian ansatz. What the best method to
obtain the equations of motion is, is not totally clear. The equation of mo-
tion for the Gaussian width was obtained partially based on physical intu-
ition but a mathematically more rigorous method is desirable. The extension
of the variational principle including the Rayleigh dissipation functional for
the equations of motion for the wavefunctions, given in eqn. (4.5.5), to the
Gaussian functions is failing, but why is not well understood. It is difficult
to directly apply the theoretical model studied in this thesis to the exper-
iments performed [6], because values for several parameters amongst which
the interaction strengths and Gaussian widths are unknown.

It is interesting for future research to look for numerical solutions of the
equations of motion for the wavefunctions describing the BEC’s, instead of
introducing a variational ansatz, deriving equations of motion for the varia-
tional parameters and look for numerical solutions of those as we have done.
This approach would allow for comparison with experiment [6] more nat-
urally than our approach does. It would also be interesting to study the
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relaxation process by which pumped magnons relax into magnons forming
the BEC. This would allow for a better understanding of the effect of the
parametric pumping on the stability of the magnon BEC. Another possible
focus for future research could be to obtain a better understanding of the
methods used for the derivation of the equations of motion in the variational
ansatz.
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