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Abstract
Rabobank is one of the biggest banks in the Netherlands and a global leader in food
and agriculture financing. Rabobank is developing a model for Early Warning Systems
(EWS). These EWS are meant to predict if a client of Rabobank will go into default within
the next 12 months. The EWS model is created using a Decision Tree classifier trained
on time series data. To train a Decision Tree on time series data, feature engineering on
the time series data is needed. This way predictive features are created that can be used
in training the Decision Tree. Because clients of Rabobank are involved, these features
need to be interpretable.
We will propose an algorithm based on the concept of Genetic Programming (GP) which
will allow us to automate the feature engineering process for time series data. We will
study the algorithm on various types of data, including data provided by Rabobank. We
will answer the question if the algorithm can be used to create interpretable and predictive features. We will conclude that the proposed algorithm can guide as a helper to the
data scientist performing feature engineering. The new features are predictive and can be
interpreted in most cases.
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1

Problem & Introduction

Rabobank is one of the biggest banks in the Netherlands, a global leader in food and agriculture financing. Therefore, Rabobank has a lot of rural clients, which will often be referred to
as farmers. To help these farmers, Rabobank is developing a system that warns the bank that
a client will possibly have difficulty paying back their loan in 12 months. These warnings,
or triggers, are called early warning signals (EWS). The triggers are meant to give an early
warning that the client might get into financial difficulty in the coming 12 months. If EWS
returns a trigger for a client, a representative from the customer relations office gets notified.
The representative then approaches the client who was triggered. It is explained to the client
why he was triggered by the EWS model. This introduces a challenge. The trigger needs
to be explainable. If the representative would tell the client, ”You were triggered because
our neural network-based model says so”. It will most likely not have the desired effect. In
addition, Neural Networks are considered ’black box’ models and hence are very difficult to
use with all the regulations the bank faces. If instead, the relations employee would explain
to the client that he might be at risk of going into financial difficulty in the next 7-12 months
because the rainfall in the area where the client operates has dropped by 5% over the past
5 months, it will be a lot clearer why the client is at risk. Hence, Rabobank opted for an
easily interpretable and explainable model. This model is based on a Decision Tree (DT).
Additional testing was done regarding model selection and Decision Tree proved to be the
best candidate. It was chosen because Decision Tree is often interpretable. The Decision Tree
is trained on different types of data. These consist of commodity prices, meteorological data
and transaction data. For each client, various time series are created. An in-depth explanation of how the time series are created is shown in Section 5.4.1. For a specific client, we have
a vector with values that are measured at certain time points ti ∈ τ , where τ is a set of time
points that are 1 month apart.


T := xt0 · · · xtn .
In addition to this ti describes a certain month, say April 2012. We can think of xti as the
temperature at time ti for the specific client. The time series T is not directly used to train the
Decision Tree. Groups of new features are created which are based on T . This is important
because the values xti alone do not give much information. For example, the temperature of
last month alone gives way less information compared to the increase of temperature compared
to 2 months ago. In Section 5.3 we will see an example of the poor performance of Decision
Tree on time series data. It shows that creating additional features for time series data does
improve Decision Tree performance. The groups of features are created based on expert
knowledge. An example of a group of features that is created from time series T is the 1
month difference. To describe 1 month difference we have for ti ∈ τ
dti := xti+1 − xti ,
which would exactly correspond to the difference between two consecutive months. A lot more
features can be created, for example, lagged 1 month differences, % growth rates over 3, 6, 9,
12-months and lagged % growth rates over the same time periods. On top of that, the specific
features created from a time series can differ per type of data. The above illustrates the procedure for using time series in DT. One has to create features from the time series which then
5

improve the performance of the DT. As already mentioned this creation procedure is expertbased. We might ask ourselves: ’Aren’t we forgetting any important features?’, we could for
example ask ourselves whether or not it makes sense to also look at statistical measures of
time series. For example, the mean or the standard deviation. Then, another question would
be, for which time points do we calculate these statistical measures? We do not know which
are the ’best’ features to use in our Decision Tree. This thesis aims to explore a proposed
method to extract optimal features concerning a certain fitness measure. Moreover, we want
the method to be able to assist in the task of creating new features from a dataset. The
relevance of the problem is illustrated by the fact that feature creation takes a lot of time,
usually, it is the most time-consuming part of machine learning. In addition to this, there is
an importance for correctly modelling these EWS. EWS serves two main purposes, they help
the clients to prevent them from getting financial problems. But also for the bank, they help
to minimize realized credit losses.
The remainder of this section will introduce related work from which we took inspiration
in creating a solution for the feature construction problem. In Section 2 we will explain the
basics of machine learning and introduce the Decision Tree which is at the center of multiple subjects in this thesis. The Decision Tree is the preferred model for Rabobank and the
heuristics used in training a Decision Tree classifier heavily influenced our decisions made in
later sections. In Section 3 we will introduce another core concept of this thesis. Genetic
Programming (GP) will be at the base for the proposed algorithm which will be used for
creating new features. A pivotal quantity for GP is the so-called fitness. We will introduce
two main fitness functions, one of which will take heavy inspiration from the concept of Decision Tree introduced in the Section before. Furthermore, the introduction of these fitness
functions will be a setup for a crucial discussion on which fitness function will be used in
the algorithm. In Section 4 the algorithm that will be used to solve the Rabobank problem
will be introduced and we will discuss which of the two proposed fitness functions will be
best suited for our situation. In Section 5 we will go over the application of the developed
algorithm. We will compare the algorithm to a random search algorithm, a standard algorithm. In addition to this, we will be comparing different selection methods with those that
had been discussed in Section 3. We will also highlight the performance of the algorithm on
artificial data with added noise. After this, we discuss the performance of the algorithm on
meteorological data. To conclude the section we will discuss the performance and features
constructed on the Rabobank dataset.

1.1

Related work in GP and inspiration

This section will give a brief introduction to the basic principles of Genetic Programming (GP),
which is needed to give a good insight of the related work. The basic principles will, later on,
be expanded in the thesis, see Section 3. After we have introduced the basic principles we
will proceed with referencing papers that can be considered as an inspiration to our research
in this thesis. Formally GP is the evolution of programs starting from a population that
is generally unfit. It evolves the programs using genetic operators [1]. These programs can
be anything from machine learning pipelines to functions [2, 3]. GP is a technique that
offers great potential for classification problems. GP and other evolutionary techniques have
been successfully applied to different supervised learning tasks like regression, but also in
6

unsupervised learning tasks like clustering and association discovery. GP can be seen as a
probabilistic search algorithm: It searches a predefined space using evolutionary techniques
based on the Darwinian theory of evolution. In fact, GP can be seen as a program searching
for programs. The essential features shared by Evolutionary Algorithms (EA) as follows:
1. We have a population of individuals. These individuals are often called functions or
programs.
2. A generational inheritance method. Genetic operators are applied to the individuals of
a population to determine the next generation’s population of individuals. The most
often used Genetic operators are crossover (recombination) and mutation. Crossover
swaps a part of the genetic material of two individuals, whereas mutation randomly
changes a small portion of the genetic material of one individual.
3. A fitness-based selection method. The fitness function determines how fit a given individual is, a measure of quality. The better the fitness, the higher the probability that
the given individual will be chosen to take part in breeding for the next generation.
On top of this, individuals are often chosen to be represented in a certain way. The most
commonly used way is a scheme based on trees. This will be elaborated upon more clearly
in Section 3.5.1. Since flexibility is one of the biggest advantages of GP it has been used
quite extensively in the context of feature construction and feature selection. First, we will
reference papers that mainly focused on feature construction. In the literature, there are often
two main approaches to using GP in feature construction methods:
1. A filter approach [4]. Here, preprocessing is performed independently of the model’s
algorithm. In this case, the criterion on which the individuals are scored, i.e. the
fitness, is some sort of data-dependent criterion. One example would be Information
Gain or the Gini. These will be introduced in Section 2.2.
2. A wrapper approach [5]. In this situation preprocessing is done in combination with
the model algorithm. That is, the individuals are scored according to some fitness
related to the model’s performance. More clearly, the individuals could be rated by
their performance impact on the algorithm. Think about the impact of the individual
on the correctly classified instances by the model.
To summarize, the filter approach only takes the data into account, while the wrapper approach often requires models to be trained or evaluated. The filter approaches followed roughly
the same scheme. First, one defines a fitness function, then this fitness function is used in
the application of GP. The results from their GP run would be fed into a machine learning
algorithm ranging from Decision Trees and Support Vector Machines to Neural Networks.
In [6] four fitness functions are introduced, at the end of the evolutionary process there is one
feature selected as the best. These fitness functions are all filter approaches and are closely related to the Decision Tree splitting criteria. They were Information Gain (IG), Gini impurity
(GI) and a combination of IG and GI. The concept of IG and GI will be introduced in Section
2.2. When evolution ended one individual was chosen and then added to the original data.
All the individuals in the population corresponded to exactly one created feature. The original data was expanded with the constructed feature. On the expanded data various machine
7

learning algorithms were trained. These algorithms included three Decision Tree algorithms
(C5 [7], classification in a Decision Tree algorithm (CART)[7] and CHAID[7] and a neural
network.
In [8] a modified version of the Fisher linear discriminant, often called Fisher criterion, was
used as a fitness function. This fitness function measures the scattering of different classes.
Therefore, an individual was scored by how well it can scatter the two (or multiple) classes
in the dataset. Furthermore, the writers compared the modified Fisher criterion versus the
standard Fisher criterion. Afterwards features created by GP were used in a multilayer perceptron (MLP) neural network and support vector machine (SVM) classifier. Again in this
paper, the individuals corresponded to one feature.
It is often the case that the creation of new features is combined with dimensionality reduction. This is the case in [9], where a fitness function based on information entropy over class
intervals was used. First, an orthogonal transformation function was used to construct a new
variable terminal pool. The new variables were used in the GP algorithm. The constructed
features were then ranked using the information entropy measure. The new features were
then used to train a Decision Tree classifier. This approach was then compared with principle
component analysis (PCA), where final classification performances were directly compared.
This paper is also an example of a way to extract more than one feature using GP.
In [10] the authors used a completely different search algorithm. They used a gravitational
search algorithm to search the space of agents, where each agent represents a constructed feature. But the goal of this paper was mostly to reduce the amount of non-informative features
in the dataset.
The other approach from papers that we deem as related work are the papers that used
the concept of wrappers. In [11] each individual in the population corresponded to a forest
of n trees, where each tree in the forest corresponded to a different feature transformation.
The fitness function then was the classification accuracy of the transformed original dataset
by the n features in the forest. Where the classification was done by a k-nearest neighbors
algorithm.
A combination of GP and GA was used in [12]. Genetic Programming was used to construct
the features while GA performed the selection. The features were scored by various classifiers,
namely C4.5 [7], k-nearest neighbours (kNN) and a bayesian classifier. In this paper, each
individual corresponds to a forest containing n trees, and each tree corresponds to a function
that is used to construct a feature. In this paper, n was chosen to be the number of features
in the original dataset.

8

2

Machine Learning

The main problem of Rabobank is to classify, or label, if clients go into financial difficulty
in a following certain time period. For each client we are trying to label, we have a set of
characteristics called inputs. These inputs influence an output. In the case of the client
at Rabobank, the output would be equal to ’financial difficulty’ or ’no financial difficulty’.
Our goal is to make predictions based on the inputs of clients. As introduced in Section 1,
Rabobank uses a Decision Tree to make these predictions. Making a prediction based on
the inputs is called supervised machine learning. In this section, we will give an example of
supervised machine learning. Furthermore, this section will serve to introduce the concept
of Decision Tree. In addition to this, we will state the heuristics used to defining a Decision
Tree classifier. These heuristics formed the basis for developing the algorithm in Section 4.
In machine learning, the inputs are often also called predictors or independent variables. We
will often refer to these inputs as features, but all terminology can be used interchangeably.
The output is often referred to as responses or dependent variables. This section is based on
and inspired by [13] and [14].

2.1

A statistical framework for learning

In this section, we will consider the following simplified example that will guide us through
explaining how learning and supervised learning work. Suppose that we have the task of
organizing a korfball [15] tournament. To play korfball you need a korfball, and one of our jobs
is to select balls that will be used for the matches played in our tournament. So given a ball we
want to predict, or label, whether or not the ball is fit to be used as a korfball. Unfortunately,
we have no experience playing korfball and hence we have no clue how to select balls that are
fit for the matches. We do have experience with selection balls for football matches. So we
use that experience to define criteria we will judge the balls on. These criteria are exactly the
features that we will use to make our prediction. In this case, we think it is suitable to take
the measurements of the ball, and the pressure. From our football experience, we know that
footballs have specific measurements and pressure requirements. In the end, we are trying to
figure out a prediction rule, which we then use to predict whether or not a ball could be used
as a korfball. This prediction rule will be based on a dataset that we create. This dataset
consists of a range of balls. We have gathered all the relevant information on the balls in the
dataset. For each ball we know the measurements and pressure, after that we gave each ball
to a professional korfball player and they gave us feedback on whether or not the ball was
suited for playing.
Definition 1 (Instance space). An arbitrary set X is called the instance space if it consists of
all the objects we are trying to label. Points in this space are called instances and are usually
represented as a vector of features.
Definition 2 (Label space). A set Y is called a label space if the points in this space consist
of labels for a corresponding instance space X .
The labels are defined as yi which are integers. Most of the time we will consider Y to be
the set Y = {0, 1}.

9

Definition 3 (Training dataset). A training dataset is a dataset D := {(x1 , y1 ), . . . , (xn , yn )}
where the points (x, y) ∈ D ⊂ X × Y. A dataset is often defined in combination with an
instance space X and a label space Y.
With these definitions, we return to the korfball example to illustrate what they represent
Example 1 (The korfball dataset). We decided to model a ball by its measurements, which we
now assume to be the diameter. In addition to this, we also consider the pressure of the ball. If
we were to assume that all the balls we can consider have a maximum diameter of 30 cm, and a
maximum pressure of 1 PSI. Our instance space X would be given by X := [0, 30]×[0, 1] ⊂ R2 .
The label space, in this example where we predict good or bad, is often defined as the set
Y := {0, 1} or {−1, 1}. Where 0 or −1 corresponds to negative and 1 corresponds to a
positive outcome. Our dataset D would consist of the balls xi ∈ X which we have labeled by
our professional with an outcome yi ∈ Y.
Definition 4 (Prediction Rule). A prediction rule is a function h : X → Y. This function can
assign a label to every instance in the instance space X . Often h is used to label unseen/new
instances from X . The function h is often referred to as the hypothesis or classifier and is
obtained by applying a learning algorithm A to a training set D and is denoted by A(D). So
h = A(D).
Let PX be a probability distribution on X . In the case of our korfball example, this distribution would be the environment from which the balls are chosen. Thus PX describes how
likely it is that a certain korfball is drawn from the environment. We will also assume that
there exists a function f such that f : X → Y and f (xi ) = yi for all (xi , yi ) ∈ X × Y. The
assumption that such a function f exists will later on be relaxed. Assuming that there is
such a function f means that every instance can only have one label. Thus, f is the function
giving the true label. We will assume that the data in D is generated in the following way,
first we assume that the xi are sampled from PX , and then labeled by the function f . This
labeling will give us the corresponding yi .
The error of a classifier or hypothesis can be defined in various ways. We proceed in the
following way and give it the following definition. We will define the error as the probability
that a hypothesis h mislabels, or misclassifies, a certain instance. This results in the following
definition.
Definition 5 (Error of a classifier on all instances). Let h be a classifier, see Definition 4, for
the instance space X and label space Y. Let f : X → Y be the function that always returns a
correct label. Then for h : X → Y we define the error
LPX ,f (h) := PX (h(x) 6= f (x)) ,
where x ∼ PX .
From Definition 5, it follows exactly that the error is given by the probability of randomly
sampling an x from PX and then misclassifying it using h.
Remark 1. Our algorithm used to obtain h does not know what PX is, it can only get a
glimpse of the distribution by looking at the training set D. This is important to note as often
10

the quality of our classifier, which would be often seen as the error, heavily depends on the
quality of D. Often the quality of a training dataset D is considered to be how well it captures
the distribution PX . If for example, a training set consists of only 5 out of 100 different points
in X , it is very likely that the quality of the classifier h is low, which would result in a high
error.
Just like the error of a classifier, which is based on the distribution PX , we can define the
learning error. This learning error is based on the training dataset D. As we already motioned
the algorithm A returns a rule h based on some training set D. This set D is sampled from the
unknown distribution PX and labeled by the function f . We want to construct a hypothesis
hD : X → Y. This hypothesis is obtained from A(D) and we want it to have a low error on
all training instances. Therefore, we will consider the following definition of training error.
Definition 6 (Training error). Let D be a training dataset as defined in Definition 3. With
D = {(x1 , y1 ), . . . , (xn , yn )} and h : X → Y a hypothesis, the training error is given by
LD (h) :=

|{(x, y) ∈ D|h(x) 6= y}|
.
n

The training error in Definition 6 is often also-called the empirical error. In the case where
we assume the training data to be representative of the real distribution PX it makes sense
that we could search for a solution that works well on the training data, as we expect the
training data to generalize well to the real distribution PX . This way of learning, where we
come up with a hypothesis that minimizes LD is called Empirical Risk Minimization (ERM).
Below Definition 4 we had assumed that there exists a function f that will always return
the true label. As mentioned in [13], this assumption is often not feasible in practical problems. In the context of the korfball example, it is also not feasible to assume that the label is
solely based on the characteristics we measure. We only have access to the pressure and diameter of the ball. What about the material the outside of the ball is made from? The material
will also influence the label, yet we are not using it for prediction. Sometimes instances in our
limited space X can then not be correctly labeled by the function f . Instead of considering
the function f and PX we will consider Q. We will assume that Q is a probability distribution
on X × Y. Where again X is the instance space and Y is the label space. Hence Q is a
joint distribution. We assume that Q describes the probability that we sample an instance x
with a label y from X × Y. The joint distribution Q can be thought of as the composition of
marginal distribution Qx and a conditional probability Q ((x, y)|x). In the korfball example,
Qx describes the probability that we encounter a ball with a specific diameter and pressure.
Whereas Q ((x, y)|x) describes the probability that a ball given its diameter and pressure has
label y. Such way of modelling allows us to have two balls that share the same diameter and
pressure but have different labels. We will also redefine the error of a classifier on the instance
space by
LQ (h) := Q ({(x, y) : h(x) 6= y}) .
We will use this definition of error of a classifier for the next subsection about the Decision
Tree.
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2.2

Decision Tree

In this subsection, we will introduce the concept of Decision Tree (DT). The concept of DT is
used by Rabobank to create a classifier based on the meteorological data. Furthermore, the
heuristics used to determine the learning rule for Decision Trees will play a big role in Section
4. Again, this subsection is mainly based on [13]. A Decision Tree is a predictor h : X → Y,
that predicts (in the case of classification) the label associated with an input vector x ∈ X .
The input vector travels from the root of the tree towards a leaf. Let us assume that we
are in a binary classification setting, i.e. Y = {0, 1}, but it must be noted that the binary
classification setting is not the only applicable area of DT. In fact, it is a widely used learning
algorithm because of its simplicity and is also used in state of the art learning algorithms like
xgboost [16] which apply gradient boosting to DT.
At each node on the path of the input vector a decision is made. The decision to go left,
or right, is based on the decision rule in said node. Usually, this rule is based on one of the
features of the input vector x. A leaf contains a specific label and that label is used as the
prediction for the input vector x. In the context of the korfball example given in Example 1
an example of a Decision Tree is given by

Correct pressure?

Not suitable
21.75 <Diameter< 22.45

Suitable

Not suitable

Figure 1: Example of a Decision Tree in the context of the korfball example.
We will assume that every internal node (that is every node that does not contain a label)
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has two children. In other words, we will consider a binary tree. In addition to this, we
will assume that X = Rk . Then it can be shown that, see Equation 18.1 in [13], that with
probability 1 − δ, a training set D with n samples, for every Decision Tree h ∈ H with l nodes
we have that
r
(l + 1) log2 (k + 3) + log(2/δ)
LQ (h) ≤ LD (h) +
.
(1)
2n
Our goal is to find a tree h that minimizes the right-hand side of (1). Unfortunately, this is an
NP-hard problem [17]. Therefore, in practice, the search for a tree is based on heuristics. This
heuristic is a greedy approach, where the tree is constructed from the top down. At every
node a locally optimal decision is made. As described in [13] this approach cannot guarantee
globally optimal trees, but it tends to work reasonably well in practise. The heuristic of
making locally optimal decisions is what we based our algorithm, introduced in Section 4, on.
We make locally optimal decisions in the following way. We will assume
that xi ∈ X ⊂ Rk ,

1
k
and that D = {(x1 , y1 ), . . . , (xn , yn )}. We have that xi = xi , . . . , xi . Where xki corresponds
the value of instance i at feature k. For every feature 1 ≤ i ≤ k sort the instances such
that xi1 ≤ · · · ≤ xin . Then a set of thresholds is defined Θ := {Θ1 , . . . , Θk }, where Θi :=
{θ0,i , . . . , θn+1,i } such that θj,i ∈ (xij , xij+1 ). For xi0 and xin+1 we use the convention that they
are equal to −∞ and ∞ respectively. Then we define a function for each 1 ≤ i ≤ k and
1 ≤ j ≤ n. For an instance xm we define fi,j (xm ) = 1{xim ≤ θj,i }. This returns 1 if the
value of instance xm at feature i is greater than θj,i and 0 otherwise. We then let {xi > θj,i }
describe the event that a feature i is greater than the threshold θj,i . Then the locally optimal
decision rule is the decision rule which leads to the highest gain. Let p̂D (E) be the empirical
probability that an event E holds on D. For example,
Pn
j=1 1{yj = 1}
p̂D ({y = 1}) =
,
n
Pn
fi,j (xm )
p̂D ({xi > θj,i }) = m=1
.
n
For a cost function C : [0, 1] → R the gain is defined as
Gain(D, i, j) = C (p̂D {y = 1})


− p̂D {xi ≤ θj,i }C p̂D {y = 1|xi ≤ θj,i } + p̂D {xi > θj,i }C p̂D {y = 1|xi > θj,i } .
Hence the Gain function describes a way to measure the quality of splitting 1 labeled instances
in terms of a cost function C. Where


p̂D {xi ≤ θj,i }C p̂D {y = 1|xi ≤ θj,i } + p̂D {xi > θj,i }C p̂D {y = 1|xi > θj,i } ,
describes the cost of when splitting on feature i. The decision rule is given by 1{xi > θj,i },
where i and j are chosen to maximize Gain(D, i, j). There are various cost functions that can
be used
1. Information Gain [18] (IG) is a measure for which
C(x) = −x log(x) − (1 − x) log(1 − x).
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2. Gini index [18] (GI) is a measure for which
C(x) = 2x(1 − x).
In the Decision Tree created by Rabobank, the corresponding cost function is given by the
Gini index. This is also one of the reasons why we will be using the Gini-based measure in
the remaineder of the thesis. See Section 3.5.4 and Section 4.1.
Remark 2. For DT we can talk about feature importance. Feature importance is calculated as
the decrease in node impurity weighted by the probability of reaching that specific node. Since
every node corresponds to a feature, we can calculate the feature importance by considering
in which nodes the features occur. Feature importance of a feature f1 indicates how many
instances get split by f1 and how good that split is.
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3

Genetic Programming

The following section will mainly be based on [19] and [20]. The goal of this section is to give
an overview of the concept of Genetic Programming (GP). This is done by giving a historical
overview and explaining how GP is different compared to other search methods. In Section
3.5 the fundamentals of GP are introduced, and we will explain in more detail how the brute
force search method introduced in Section 3.4 will not work. The remainder of the Section
will serve to achieve the basic understanding which will be needed for the algorithm explained
in Section 4. For more information about the concept of Decision Tree see [13].

3.1

Introduction

In nature living creatures are often divided into groups called species. These species change
over time (which could be comparatively short or long), i.e. evolve. There are a few components that are essential to natural evolution. The individuals (e.g. plants or animals)
belonging to the population are different from each another. This fact has as a consequence
that some individuals live longer than others and are more likely to produce offspring that
lives to adulthood. These individuals are deemed to be fitter. They are fitter because of variations. These variations must have a genetic component. That means that these variations
can be carried onto the offspring. Consequently, after some time generations have passed, the
proportion of individuals with the beneficial inheritable variations tends to increase. In other
words, the whole group of species tends to change or evolve.
In nature, many species produce offspring whose genes only come from one adult, e.g.
think about how some plants have offspring grow from the parent’s root or how viruses
replicate [21, 22]. This produces offspring that are genetically similar to the adult where
exceptions in the genetics occur as random copy errors called mutations. In other species,
we have that two adults are needed to produce offspring. In this case, the offspring consists
of a genetic combination of the two adults (e.g., humans). The process where a combination
of the adults is used to produce offspring is called crossover. Various researchers [23, 24]
have been using the idea of natural evolution in their computer programs, called Artificial
Evolution, for many years. One of such techniques, to use Artificial Evolution, is called
Genetic Programming (GP). Genetic Programming uses Artificial Evolution to create new
computer programs, hence the name Genetic Programming. It must be noted that GP is
a generalisation of a different artificial evolutionary technique, Genetic Algorithms (GA).
Furthermore, GP is the main technique that will be used in this thesis.
It has been shown that GP can be applied to solve numerous problems in various areas,
like automatic design [25], data mining [26], and fault prediction in software [27]. Genetic
Programming is often depicted as a search algorithm, it searches in the space of all possible
programs. This search is with respect to a fitness that scores how well a program performs
on a specific problem. We will view evolution as a process of trying possibilities of programs
and determining how fit these programs are. Then this fitness, which is just a measure of
performance, will guide us through the search space to find more even fitter individuals. We
can compare it to the Gradient Descent Algorithm (GD) [28]. In GP we move towards a
locally optimal solution using the fitness (compared to the gradient in GD). We must note
that in general, we have no continuity assumptions of the search space. As opposed to GD
on a continuous differentiable surface, our fitness might make jumps. This search space is
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in practice huge or even infinitely big. Hence we cannot try all possibilities, see Section
3.5.3. As already mentioned, we cannot guarantee, that the search space is differentiable or
even continuous. We are dealing with programs instead of a subset of Rn . So traditional
numerical optimisation techniques often do not apply. Hence why we choose a stochastic
search technique [29] like Genetic Programming which does not rely on differentiability.

3.2

Why use Genetic Programming?

According to [20] GP has done well in areas with the following properties:
First, the relationship between variables or features is unknown or not well understood. In
light of the situation where Rabobank finds itself this corresponds to the features in the time
series dataset. For these time series and their variables, which are just values at specific
timepoints from the time series. We lack the information as to which timepoints have some
underlying connection. It could be that if the temperature from last month and 2 years ago
differ by a lot a client is more at risk. These connections are not clear for us the modeller.
Second, We have some basic understanding of how they interact with each other, but not indepth knowledge over longer time periods. For example, we have by subtracting consecutive
time points values xn and xn+1 a way to interpret the notion of gain (or loss) from timepoint
n to n + 1. Or when we divide the values xn and xn+1 we get a certain growth factor (or
decrease factor). How they precisely interact with each other, and what the best features
are to create these transformations is not known. This problem is often solved by the use of
expert knowledge where the data scientist creates the variables based on what they think is
the best option. Third, if we are searching for a function of a predetermined size standard
evolutionary algorithms work better. The strength of GP is that during the evolution the size
of the function, which is just a tree, can vary. In addition to this GP can be used as a feature
selection method. GP can figure out which features in the original dataset are of interest for
modelling.

3.3

History of Genetic Programming and evolutionary computing

This section will contain information about the history of Genetic Algorithms, Evolutionary
Computing, and Genetic Programming and will mainly be based on Chapters 2 and 3 in [30]
and Chapter 6 in [31].
Evolutionary Algorithms or Evolutionary Computing is an area in computer science where
certain search heuristics are applied which are inspired by natural evolution. It is applied
in various domains. One great example is parameter optimization, but also in a broader
setting, there is another good example. Namely, it is applied in machine learning pipeline
optimization. Most notably a great recent example is the papers concerning the Python package TPOT [32, 33, 34]. TPOT is a Python library that optimizes machine learning pipelines
using Genetic Programming. Before we had these recent packages and papers there was of
course a beginning.
This beginning dates back to the time when computers were completely different. They
could not fit on your desk and were as big as a room. In the paper [35] from 1950, Alan
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Turing wondered whether or not computers were able to think. At that time computers could
only execute deterministic code. Given a specific input, deterministic code always returns the
same output. There is no randomness involved in the executing the code. Turing was slightly
worried about the fact that computers might only be able to execute these deterministic pieces
of code. If this would be the case he felt like this, i.e. the execution of deterministic code, was
not sufficient to produce intelligent decisions or behaviour by the machine. He would later
describe that he expects intelligence to be achieved in a way of computing that would deviate
from the deterministic pieces of code. This deviation would be in the form of introducing a
certain random behaviour. Adding this randomness could give rise to an interesting machine
which could especially be useful when searching for solutions to problems. In the present, we
have already seen that this randomness occurs in Gradient Descent and later on we will also
see that are multiple elements of randomness in Genetic Programming. Turing later on in
[35] described that this non-deterministic way of computing could be seen as the process of
learning for computers and this process of learning he connected to biology. In [35] Turing
also took inspiration from how children learn and described the concept of a child program
which learns by an educational process which in itself would be inspired by evolution. These
notions of randomness described by Turing would, in the context of evolutionary computing
and Genetic Programming, become known as mutation and crossover.
In 1962 Holland wrote a paper about adaptive systems [36], these adaptive systems later
became Genetic Algorithms. He wrote that the ’adaption’ involved both the adaptive system
and its environment. In general, it considers how system can generate procedures, the adaptation, which allows them to adjust to their environments. This environment foreshadows the
need for a fitness function. The fitness function will be a substitute for the environment. In
[36], Holland also stresses that we should look at these adaptive systems as a population of
programs. This would have certain advantages as this would be more general. If the production of sets of populations of programs happens in a parallel fashion, opposed to only looking
at individual programs.
Hence, in 1962 there was a concrete sketch for Evolutionary Algorithms. The randomness
from Turing’s paper would later on still be considered in Friedberg’s paper [37], which introduced a variation selection loop. This is a method to select variations occurring in programs.
Around the same time, developments were also made in Evolutionary Programming and Evolutionary Strategies (ES). These ES will turn out to be a very important building block in
creating our implementation of GP. These evolutionary strategies will be explored later, see
Section 3.6.

3.4

Fitness landscape & Search

In this subsection, we will introduce the concept of a fitness landscape. That can help us
to understand the type of space we will be searching in. This space will be searched for the
optimal functions described in the introduction, Section 1. In addition to this, we will go over
different types of search methods that we could consider to search in a variety of spaces. This
section should be treated as an overview of other options for searching.
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3.4.1

Fitness landscape

Fitness landscapes are landscapes (or surfaces) of fitness. For every point in the search space,
the height at that specific point corresponds to the fitness. In general, the fitness landscape
is nothing more than the image of a function h : S → R. Where S is considered to be
the search space. The search space is dependent on the problem itself and, in the sense of
genetic algorithms, consists of combinations of genes. Consider the following example where
we illustrate an example of a search space and the fitness landscape. A definition of a fitness
function h will be given in Section 3.5.
Example 2. To give an example of a fitness landscape we consider the problem of fitting a
function of the form g(x, a, b) = ax2 + b on the true function f (x) = 2x2 − 2. Suppose that
in this specific case we know that genes are a ∈ R and b ∈ R, suppose we also know that we
can limit our search to the Cartesian product [1, 3] × [−3, −1]. In this situation, our search
space S := [1, 3] × [−3, −1] and thus the genes are points (a, b) ∈ [1, 3] × [−3, −1]. We let our
fitness be the Mean Squared Error (MSE) on the interval [−1, 1]. So the fitness landscape will
be the image of the function h : S → R where
n

1X
h(a, b) :=
(g (xi , a, b) − f (xi ))2 ,
n
i=1

where the xi ∈ [−1, 1]. Indeed, h depends on the chosen points x1 , . . . , xn . Hence we are
considering a approximation of the landscape. In this case, the fitness landscape will look, by
approximation, like this
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(b) Fitness landscape with on z-axis the MSE,
slightly rotated.

(a) Fitness landscape with on z-axis the MSE.

We say by approximation because we can only calculate the MSE for a finite amount of
points in the interval [−1, 1]. For the plots in the figure n = 10000 where all xi are evenly
spaced. The fitness is calculated for a finite subset of the Cartesian product [1, 3] × [−3, −1],
hence the grid-like structure on the surface. As we can see the MSE for the point (2, −2) is
equal to zero as that point corresponds to the exact function we are trying to determine the
values of a, b for.
Now that we have specified what a fitness landscape is, we need a way to search through
it. The fitness landscape namely corresponds to the quality of individuals. In the context of
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Example 2, we are trying to find an individual (a∗ , b∗ ) which minimizes the fitness function h.
Where again we note that h depends on the x1 , . . . , xn . There are various methods to search
through a search space.
3.4.2

Brute-force search

One way to search for the optimal solution is to simply brute-force the problem. In bruteforcing we determine the optimal solution by calculating the fitness of all the possible gene
combinations. To refer back to Example 2, if we were to assume, or know, that the optimal
gene combination (a∗ , b∗ ) lies in the set S̃ := {[1, 3] × [−3, −1]} ∩ {Z × Z} we would simply
calculate the fitness for every (a, b) ∈ S̃. Then (a∗ , b∗ ) := arg min(a,b)∈S̃ h(a, b) would be our
solution for the problem. In the case where the search space S is finite we are guaranteed
to find a global optimum as the arg min(a,b)∈S h(a, b) always exists for finite S. In general an
exhaustive search is the only certain way to always find the best solution in the search space.
3.4.3

Gradient descent

Gradient descent is an algorithm that uses the gradient of the fitness function to navigate the
landscape. The algorithm is used to find local optima of a differentiable function. So that
θ∗ := arg minθ∈S F (θ), where S is the search space. It is an iterative search method and,
relies on the fitness function (or cost function) to be differentiable. The algorithm works in
the following way. First, a starting point θ0 is chosen, random uniformly in the search space.
So that θi ∈ S for all i, where i is some index referring to the current number of iterations.
Then we apply the following iteration until we reach some stopping criterion
θn+1 = θn + γn ∇F (θn ),
where ∇F (θ) is the gradient of the function F , and γn is the learning rate. In the setting
of Example 2 it means that F (θ) := h(a, b), where θ := (θ0 , θ1 ) ∈ [1, 3] × [−3, 1]. To apply
gradient descent we would first have to calculate the gradient of F . It follows that
N

∂
2 X
∂
h(a, b) =
F (θ) :=
ax2i + b − f (xi ) x2i ,
∂θ0
∂a
N

∂
2
∂
F (θ) :=
h(a, b) =
∂θ1
∂b
N

i=1
N
X


ax2i + b − f (xi ) .

i=1

Now let θ0 = (0, 0), γn = 0.5 for all 1 ≤ n ≤ N and N = 70. Plotting the θi will then result
in the following figure
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Figure 3: Plot of all θi obtained from the Gradient Descent Algorithm.
As we can see in Figure 3 the algorithm converges towards the optimum θ∗ = (2, −2).
Now at the beginning of this subsection we motioned that gradient descent converges to a
local optimum. This is not a problem when there is only one optimum, because then the local
optimum is a global optimum. In the case when there are multiple points, say θ̂ and θ̃, for
which we have that ∇F (θ̂) = ∇F (θ̃) = 0 there is no guarantee that we will always end up
in the point θ∗ , which we defined as arg minθ∈S F (θ). In general gradient descent guarantees
to converge to a global optimum when the function F is convex (minimization) or concave
(maximization). To overcome the assumption of convexity or concavity of the function F one
could use stochastic gradient descent [28].
3.4.4

No free lunch

The no free lunch (NFL) theory was originally introduced by Wolpert and Macready in [38].
They developed a framework to explore the connection between effective optimization algorithms and the problems that they try to solve. Informally NFL means that when an
algorithm is evaluated over all possible problems, all algorithms will perform equally good or
bad irrespective of the evaluation criteria. Formally for any algorithms a1 and a2 , at iteration
step m one has that
X
X
P (dym | f, m, a1 ) =
P (dym | f, m, a2 ) ,
f

f

where dym corresponds to the ordered set of size m which contains the cost values y associated
with the input values x ∈ X where X is the search space, f is the function being optimized
where f : X → Y . In this situation Y is the space of possible cost values. The results from [38]
caused uproar in the research community. One of the assumptions of Wolpert and Macready
was to consider the set of all discrete functions. One argument of researchers dismissing the
NFL theory argued that concerning the set of all discrete functions is not applicable in the real
world, the reasoning behind this was that the set is not representative of real-world problems.
A second response to the paper was that researchers who were trying to develop the best possible algorithms for a specific use case often had to use extensive problem-specific knowledge.
The NFL theory then confirmed the intuitive idea that there is no ’best’ algorithm for all
problems.
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Considering GP and NFL there is, to the best of our knowledge, no NFL theorem that applies to GP specifically. Although it has been argued that for search spaces where there is
a non-uniform many to one genotype-phenotype mapping there is a free lunch. It can be
argued that GP search spaces have this characteristic. Namely, many different trees represent
the same function. That means, there are many genotypes (the trees) that map to the same
function (phenotype). We illustrate this with the following example in Figure 4. How to read
these functions will be shown later in Section 3.5.1.
+

x1

+

x2

x2

(a) A tree representing the syntax (+x1 x2 ).
Where x1 and x2 are children and +
corresponds to the parent.

x1

(b) A tree representing the syntax (+x2 x1 ).
Where x1 and x2 are children and +
corresponds to the parent.

Figure 4: Two trees that are the same function.
As can be seen, by the figure, both trees represent a different syntax. Whilst both function
represent the same function f (x) = x1 + x2 .

3.5

Genetic Programming fundamentals

In this subsection, we will further specify some of the terminologies which were introduced in
the introduction of this chapter and give the fundamentals of Genetic Programming in general
which is needed to understand the remaining parts about Genetic Programming of this thesis.
Definition 7 (Individual). Let X be a sample space, i.e. a set of instances. Then an individual I is a function I : X → R.
Definition 8 (Population). A population P is a set of individuals. So P can also be considered
as a set of functions. The population size is given by |P|.
Remark 3. As mentioned in Definition 8 we denote with P the set of individuals. Which is
not to be confused with the population from which D is sampled. Here D is referred to as the
training dataset introduced in Section 2. In particular, D is sampled from the space X × Y.
D is sampled according to a probability distribution on X × Y, which is Q.
Now that we have the definition for individuals and the population we can define a fitness
function
Definition 9 (Fitness function). Let I be the set of all possible individuals and P ⊆ I a
population. A function f is called a fitness function if f : I → S, with S ⊆ R and where
the outcome of the function quantifies the optimality of an individual I ∈ P ⊆ I. These
values can be used as a ranking to compare individuals in the population. Fitness functions
can either be minimized or maximized. In both cases, we use to convention that rank 1 is the
best regardless of minimization or maximization.
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We will now give an example of these three definitions in the context of Example 2.
Example 3 (Example 2 in the context of Genetic Programming). A specific example of
an individual would be a pair (a, b), where a ∈ [1, 3] and b ∈ [−3, −1]. An example of an
individual would thus be (2, −2). Each pair (a, b) would uniquely refer to a function g(x, a, b),
in the case of (2, −2) it corresponds to the function (2, −2) = g(x, 2, −2) = 2x2 − 2. In
the referenced example we have not defined a concept which compares to a population. An
example of a population in this specific setting would be a set P = {Ii }ni , where each Ii is
sampled uniformly from the Cartesian product [1, 3] × [−3, −1]. The set of all individuals is
given by I = {(a, b)|a ∈ [1, 3], b ∈ [−3, −1]} and the corresponding fitness function is given by
the function h which corresponds to a Mean Squared Error. For this particular fitness follows
that when it is minimized, i.e. equal to 0, the individual is more optimal compared to one
with higher fitness. So in particular the individual (2,-2) has lower fitness and thus lower rank
than the individual (2,-1).
3.5.1

Representations

In Genetic Programming, the individuals/programs are often represented as trees. This is
not only limited to a visual graph of a tree but also to the so-called syntax trees. Take for
example the individual describing the function f (x, y) = x2 y + y 2 + y. We could represent
this in a textual form by writing it in the following syntax +(+(∗(∗xx)y)(∗yy))y or we can
just use x2 y + y 2 + y. Often also a graph of the tree is used which in this case would result
in the following figure
+

+

*

y

*

x

y

*

y

x

y

Figure 5: f (x, y) = x2 y + y 2 + y in tree form.
Although the tree representation is mostly used, there are also other representations.
Depending on the problem at hand researchers sometimes choose Linear Genetic Programming
(LGP)[39]. Linear Genetic Programming is an example of a situation that would introduce
different representations, see [39]. Going back to the function f (x, y) = x2 y + y 2 + y. The
function is made out of building blocks. These building blocks come from two sets. Namely
T = {x, y} and F = {+, ∗}. The set T is called the terminal set and the elements terminals.
The set F is the function set that contains functions as elements. These sets are called
building blocks because they are all we need to create and describe individuals. The choice
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for representation is often based on the programming language. As we will be using Python
for this thesis we will be using the tree representation. In addition to this, we make use of
the Python library DEAP[40]. This library will take care of the tree representation and will
allow us to create our own algorithm which will be introduced in Section 4.
3.5.2

The initial population

Before we start the Genetic Evolutionary process we need an initial population. In most Evolutionary Algorithms this initial population is generated randomly. For Genetic Programming
this is not different, although in some specific cases one might choose to use a specifically generated population but that is not the case in this thesis. In general, there is a lot of different
approaches to generate the initial population. We will introduce, and make use of, three easy
methods to generate the initial population. These three methods used are a full method, a
grow method, and a combination of full and grow called Ramped half-and-half.
Definition 10 (Arity of a function). The arity of a function corresponds to the number of
input variables of a function.
Consider addition, it needs two values. Hence addition has arity 2. The logarithm operator
needs only 1 value. Hence the logarithm operator has arity 1.
Definition 11 (Root). A root is the node in a graph that has no outgoing edges. Furthermore,
the incoming degree needs to be equal to the arity of the function f ∈ F that is the label of the
root. In the special case that the root is the only node in a graph, it will contain an element
from T .
Definition 12 (Leaf). A leaf is a node in a graph that has no incoming edges. Leaf nodes
will be labeled with elements from T and will always have degree 1. A leaf node will only have
outgoing edges. A leaf node is a root if it is the only node in the graph.
Definition 13 (Inner node). An inner node is neither a root nor a leaf. Inner nodes will be
labeled with elements from F. The degree of the node will be determined by the arity of the
function f ∈ F. The degree of an inner node will be 1 + n, where n is the arity of f .
Now that we have definitions for the building blocks of a tree we can define what a tree is
Definition 14 (Tree). A tree is a directed graph G = (V, E) where the orientation is towards
the root. The tree G consists of at least a root as defined in Definition 11. Furthermore, we
say a tree is admissible if the inner nodes have correct degrees if it has any.
The depth of a tree is often also referred to as length. These two terms will be used
interchangeably. The following figure illustrates examples of trees that are admissible and
inadmissible. For the remainder of this thesis, we will only consider the case where the trees
are admissible. Namely in the case when they are admissible they represent functions that
can be used as a mapping f : X → R. Where X is the original feature space.
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(a) Example of an inadmissible tree. The tree (b) Example of an admissible tree. Where (r)
is inadmissible because the ∗ operator takes corresponds to the root node, (in) to the inner
two inputs.
node and (l) to a leaf node.

Figure 6: Overview of two trees. One of which is inadmissible and one is admissible
Definition 15 (Node depth and Tree depth). The depth of a node is defined as the length of
the path to the root. The depth of the tree is defined as the maximum over all the node depths.
Hence a tree with only a root, which then automatically is also a leaf, has depth 0.
There are two ways to create trees. These are called full and grow methods. The full and
grow methods are similar in the sense that they both create admissible trees that fall in a
certain depth range. For example, if we let the minimum depth be 1 and the maximum depth
be 7, both methods will create trees that have a depth in the set {1, 2, . . . , 7}. The full method
is called ’full’ because it creates only full trees. Examples of full trees is given in Figure 4.
An admissible tree is full when all the leaves are at the same height (or depth). It creates the
trees in the following way. It selects, uniformly at random, elements from the function set F,
and proceeds to repeat this until the maximum defined depth is reached. Then for the leaves
it selects, uniformly at random, elements from the terminal set T . Below follows the pseudo
code for the full method, where for simplicity we assumed all functions to have arity 2.
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Algorithm 1: Full method
Input: A depth d, function set F, terminal set T
initialize array A;
initialize tree T ;
max depth = d ;
if max depth 6= 1 then
select node uniformly from F;
add node to A;
add node to T as root;
while max depth−1 is not reached do
parent = A[0];
remove A[0];
nr child = 0;
while nr child 6= of parent do
select child from F;
add child to back of A;
nr child = nr child + 1 ;
add child to T connect child and parent with edge in T ;
end
end
while A 6= ∅ do
parent = A[0];
remove A[0];
nr child = 0;
while nr child 6= of parent do
select child from T ;
nr child = nr child + 1 ;
add child to T connect child and parent with edge in T ;
end
end
else
select node from T ;
add node to T as root
end
return T
From this method, we can see that it creates very static trees. This depends on the arity of
the nodes in the function set, but as we will see, compared to the grow method the shapes of
the full trees are rather limited. Now the grow method allows for the creation of fewer static
trees. Grow trees do not have all leaves necessarily on the same depth. The grow method
works by selecting nodes from the primitive set, which is P := F ∪ T . Below follows the
psuedo-code for the grow method.

25

Algorithm 2: Grow method
Input: A depth d, function set F, terminal set T
initialize array A;
initialize tree T ;
max depth = d ;
select node uniformly from P = F ∪ T ;
add node to A;
add node to T as root;
while A 6= ∅ and max depth is not reached do
parent = A[0];
remove A[0];
nr child = 0;
while nr child 6= of parent do
select child from P ;
add child to back of A;
nr child = nr child + 1 ;
add child to T connect child and parent with edge in T ;
end
end
return T
In other words, it keeps selecting nodes until the maximum depth is reached at which only
terminals are selected. A terminal may be selected before we reach the maximum depth. In
this case, the creation of the tree is stopped, as terminals have arity 0. Hence a shorter tree
is returned.
On their own the full and grow methods do not create a very different set of trees. A population
created with only full trees will have similar-looking trees. The same holds for a population
created with grow trees. We want to use both of them. This way we can ensure a variety of
different looking trees. Koza [23] proposed a method that uses a combination of the two. This
method is called Ramped half-and-half (RHH). Half of the population is created using the full
method and the other half using the grow method. Ramped indicates that this is done for a
wide range of depths. We vary the depths such that we obtain trees of all different kind of sizes.
The depth is varied uniformly on a predefined interval. This interval is usually given by [1, m]
where m corresponds to the max depth. This max depth corresponds to the maximum size the
created trees will have. The depth d which is used as input for the algorithm is thus varied and
sampled from the interval [1, m]. Note that d is an integer. So we sample an integer uniformly
from [1, m]. There is a small remark about using RHH, although it is very easy to implement,
it is clear that the grow method is very much influenced by the proportion of terminals in the
primitive set P. If, for example, the fraction of terminals is 0.9 we would have a very high
probability that the tree created with the grow method would be very short, regardless of
the predetermined maximum depth. This could be a problem if one wants to have an equally
distributed population with a high maximum depth. Below follows the pseudo-code for RHH.
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Algorithm 3: Ramped-half-and-half
initialize array A;
set pop size = p;
set max depth d;
set i = 0
while i < p do
sample ui from U ∼ U(0, 1);
sample integer di from U ∼ U(1, d);
if u < 0.5 then
create Ii with full method with depth di ;
else
create Ii with grow method with depth di ;
end
add Ii to A;
i = i+1;
end
return initial population A
3.5.3

Possible trees

For this subsection, we will consider binary trees. This section is to illustrate the complexity
of the Genetic Programming problem. We also show the sheer size from which the initial
population introduced in Section 3.5.2 is sampled from. The assumption of only binary trees
translates to the situation where all the functions in F have an arity of 2. That means that
we consider only functions in the function set F that take two arguments. For example, the
logarithm operator is not considered for this analysis. We let T again be the terminal set.
Then how many binary trees are possible?
Proposition 1. A binary tree with n inner vertices has n+1 leaves.
Proof. This proof is done by induction. Let n = 0, then the statement in Proposition 1 is
true. Namely, a tree without inner vertices has exactly 1 vertex which is automatically a leaf.
So a tree T with 0 inner vertices has 1 leaf. Now we assume the statement to be true for all
n ≤ k − 1 where k ∈ N. This is the induction hypothesis. Now let T be a tree with k > 0
inner vertices. We will now show that T has k + 1 leaves.
Since T is a tree with k inner vertices and since k ≥ 1 we know that the root r has two
sub-trees T1 and T2 . Let k1 and k2 be the inner vertices of T1 and T2 respectively. Since every
inner vertex in T is either a root or in T1 or T2 we conclude that T has 1 + k1 + k2 inner
vertices. Since k1 ≤ k − 1 and k2 ≤ k − 1, namely T has k inner vertices and the root is not
in T1 or T2 . It follows that we can use the induction hypothesis and conclude that T1 and T2
have k1 + 1 and k2 + 1 leaves respectively. Now since every leaf in T must be included in T1
and T2 we conclude that, with the fact that k = 1 + k1 + k2 , that T has k1 + 1 + k2 + 1 = k + 1
leaves.
Now using the Catalan numbers we can determine the amount of unlabeled binary trees.
An unlabeled tree is a tree for which the inner nodes have not been filled with elements from
F. In addition to this, the leaves have not been filled with elements in T . Hence unlabeled
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trees are different purely by the structure of the nodes. A labeled tree is a tree for which the
inner nodes and leaves have been labeled with their respective elements from F and T .
Proposition 2. Let T be a binary tree with n inner vertices and n ∈ N, then the amount of
different unlabeled binary trees that can be constructed is equal to
 
1
2n
Cn =
.
(2)
n+1 n
Let L ≥ 2 be the length of tree T , we can write


2
L−1
C̄L =
,
L − 1 L+1
2

(3)

where C̄L gives the number of trees for a corresponding depth L (or length).
Proof. For 2 see Proposition 11 in [41]. For 3 it follows from an application of Proposition 1.
Namely, the inner vertices n and total length of a binary tree L are described by the equation
L = 2n + 1.
Using Proposition 3 we now can determine how many different unlabeled trees there exists
with a certain length. Take for example the tree length 7. We now know by Proposition 2
that there exist precisely 5 different binary trees of that length. Now we were only talking
about unlabeled binary trees. To now calculate how many different trees there exist, note
that this is not equal to the different functions the trees represent. Let |T | the set cardinality
of the terminal set, idem for |F|. Now for every inner vertex, we have a choice from F and
for every leaf, we can take an element from T . So for a tree with n inner vertices, we know
that we have n + 1 leaves. So to label one possible binary tree with n inner vertices we have
|F|n · |T |n+1 options. In other words, the total possible labeled binary trees with n inner
nodes are equal to |F|n · |T |n+1 · Cn . In terms of length of the binary tree, we would obtain
|F|(L−1)/2 · |T |(L+1)/2 · C̄L . So suppose that we would have that F = {+, −, ∗, /}, so that
|F| = 4. Let |T | = 50, suppose that we would like to check all functions up to L = 11, this
would work out to be at least 6.72 · 1014 trees. So assuming we could calculate the fitness of
all these functions really fast, say 1µs, this would still take years assuming we will not omit
duplicates. As this is something to keep in mind, functions can be represented in different
ways in tree form.
Remark 4. What we mean by duplicate functions are the trees that reduce to the same
function. Let T = {x1 , x2 }, and F = {∗, +}. The following trees are equal based on the
commutative properties of operators.
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(a) A tree that represents the function
f (x) = x1 x2 + (x1 + x2 ).

*

x1

x2

x1

(b) A tree that represents the function
f (x) = x1 x2 + (x1 + x2 ).

Figure 7: Two trees that represent the same function.
Indeed by making use of the commutativity of the addition and multiplication operator
we have that both trees represent the same function. In addition to this, depending on the
Terminal set T we can also have another way to represent different functions. For example
assume that also 0 ∈ T and 1 ∈ T , then we could have the following
+

x1

*

+

0

x1

*

x2

x1

(a) A tree that represents the function
f (x) = x1 .

1

(b) A tree that represents the function
f (x) = x1 .

Figure 8: Making use of T to create similar functions.
As we can see the addition of certain terminals also influences the different representations
of trees, which in fact will lead to the same function. In Figure 8 we see that in sub figure
(a) we have a tree that represents the function fa (x1 , x2 ) = x1 + (0 ∗ (x1 + x2 )) which reduces
to fa (x1 , x2 ) = x1 . Something similar happens with the multiplication in sub figure (b), which
also reduces to fb (x1 , x2 ) = x1 .
3.5.4

Fitness functions

A crucial part of Genetic Programming is the choice of fitness function. The fitness function
will be our indication for which individuals perform well in the evolution, and will thus
help guide us to a good solution. An important observation, which will influence the fitness
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functions considered, is that our functions need to be beneficial for the Classification And
Regression Trees algorithm (CART). The Decision Tree algorithm tries, at every split, to
split the data into two buckets. These buckets need to have a low average Gini impurity, or
high Information Gain, see Definitions below. We will mostly consider the situation where the
algorithm finds low average Gini impurity. Assume for now that the dataset is balanced in
the sense that we have an equal proportion of class 0 and class 1 instances. If our individual,
which is scored by the fitness function, achieves to separate the class 0 and class 1 instances
this will lead to a low average Gini impurity. Hence we are searching for individuals which
separate the class 0 and class 1 instances well. Therefore we will consider two different fitness
functions. We note that for now, we assume to deal with binary classification problems, that is
Y := {0, 1}. Furthermore, we again let X be the sample space and D = {(x1 , y1 ), . . . , (xn , yn )}
a training dataset, where the xi ∈ X , on which we perform GP.
Definition 16 (Fisher fitness). Assume we are in a Genetic Programming setting. That is
we have a function set F and a terminal set T . Now let I be an individual. Then given a
training dataset D as defined in the paragraph above. We let i ∈ {0, 1} and n := |D|, first we
define
n
1X
µi (I) =
I(xj )1{yj = i},
ci
j=1

P
where ci := nj=1 1{yj = i}. This is exactly the average of I at points with label i. Furthermore, we define
n

σi (I) :=

1 X
(I(xj ) − µi (I))2 1{yj = i}.
ci − 1
j=1

Which is exactly the population variance of the values of I at points with label i. Given these
quantities the Fisher fitness for an individual I is given by
|µ0 (I) − µ1 (I)|
f (I) := p
.
σ0 (I)2 + σ1 (I)2
The Fisher fitness is often also referred to as the Fisher criterion.
The Fisher fitness is based on Fisher’s linear discriminant [42], which describes the separation between two distributions, in this case, the class 0 and class 1 instances. Besides the
Fisher criterion, we will also consider a fitness based on the Gini impurity. This Gini impurity
is often directly used in Decision Tree algorithms and hence we deem it a good candidate for
possibly finding good individuals. First, we define the Gini impurity for a dataset D
Definition 17 (Gini-impurity). Let D = {(x1 , y1 ), . . . , (xn , yn )} be a dataset as defined in the
section above. Let n := |D| then we define
n

pi (D) :=

1X
1{yj = i}.
n
j=1
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(4)

Which is the fraction of elements from D that have label i. Then the Gini impurity of dataset
D is given by
X
G(D) := 1 −
pi (D)2 ,
i

which in the case of binary classification reduces to the convenient form G(D) = 2p1 (1 − p1 ).
This is exactly twice the variance of a Bernoulli random variable with parameter p1 .
Definition 18 (Gini fitness). Let D = {(x1 , y1 ), . . . , (xn , yn )}. We define


I(D) := I(x1 ), I(x2 ), · · · , I(xn ) ,
which is the mapping generated by I on the instance values in the training dataset D. We
assume that I(xi ) ≤ I(xi+1 ) for all i, and thus that the values are sorted. Now we define a
set of thresholds ΘI := {θ0 , . . . θn+1 } such that θi ∈ (I(xi ), I(xi+1 )), which is exactly the onedimensional case of what we discussed in Section 2.2. Thus we notice θi ∈ R for i ∈ {1, . . . , n}.
We use the convention that θ0 = −∞ and θn+1 = ∞. Furthermore, let n := |D|, and for
θ ∈ ΘI we define the following
θ
D<
(I) := {(I(xi ), yi ) |I(xi ) < θ} ,
θ
D≥
(I) := {(I(xi ), yi ) |I(xi ) ≥ θ} .
θ and n := D θ . Then the Gini fitness of an individual I is given by
Let n1 := D<
2
≥

f (I) := min

θ∈ΘI

n


 n 

2
θ
θ
G D<
(I) + G D≥
(I) .
n
n
1

We must note that we have defined both fitnesses in the case of binary classification but
they generalize well to n-ary classification. Both fitness functions have their benefits. Which
will result in an interesting discussion regarding which fitness we will be using in the remainder
of the thesis.
Remark 5. The fitness of a function will not be the only measure which we will use to
determine if a function performs well on the data. Remember how we also want the functions
(or extracted features) to be interpretable. For us, the interpretability of a function f is related
to the number of nodes in the corresponding tree Tf . If a function f1 and f2 have the same
fitness, but Tf1 has fewer nodes than Tf2 , we will prefer function f1 . This is exactly why we
introduced the NSGA-II selection operator in Section 3.5.5, as this selection operator will let
us minimize both the fitness and the number of nodes in the corresponding trees.
3.5.5

Selection methods

The first step in Genetic Programming would be to initialize the population as we discussed
in Section 3.5.2. The second step is scoring every individual with the fitness function, which
we explained in Section 3.5.4. The next step in Genetic Programming (or Genetic Evolution
in general) would be to select the individuals that we deem fit for reproduction methods
like crossover and mutation. One can choose the best performing individual, and use this
individual for reproduction. This would induce a strong selection pressure. Selection pressure
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is a concept which describes the favouritism the selection method has for individuals. Strong
selection pressure indicates that the selection method favours more fit individuals while a weak
selection pressure does not discriminate much between lower and higher fitness individuals.
The situation we described where we only take the fittest individual is an extreme case of
strong selection pressure. A natural question to ask is what is the consequence of strong
selection pressure? If we only choose the fittest individual from our initial population, it will
be the only possible parent for reproduction. This will then lead to a rapid decrease in the
diversity of children. Less diversity makes it harder to explore the search space and hence
can lead to a local optimum. So ideally we want selection methods that do favour more fit
individuals but not in a way that causes the diversity of the population to decrease extremely
fast.
Definition 19 (Tournament selection). Let k ∈ N and Pk := {I1 , . . . , Ik } where Ii are
sampled with replacement from P. Where P is a population. Thus Ii is a random individual
selected from P. Then the individual chosen by tournament selection, Ic , is given by
Ic := arg max f (I),
I∈Pk

where f : P → R is the corresponding fitness function.
As we can read from Definition 19 tournament selection first samples candidates, uniformly
at random from the current population P, then it proceeds to select 1 individual which is
the best according to the fitness value of all sampled individuals. This random sampling, if
k is small enough, ensures that mediocre individuals also have a chance at survival. This,
compared to the selection of the best individual(s), has the effect that there is more diversity
in the population after selecting candidates for reproduction. We expect that for k > 1
the selected subset population has a ’better’ average fitness than the whole population, but
not necessarily by much. Effectively this selection method rescales the fitness such that the
selection pressure remains constant. It will not occur that a single best individual becomes
the main resource of genetic material for the next generation, hence the reduction in loss of
genetic diversity. The caveat of this method lies in the randomness of the selection method.
This is inherent to noise, which causes the best individual to not necessarily survive or even
reproduce. So on average, we expect the fitness to improve. But there might be a few
generations that experience a setback in fitness gain. Tournament selection has been used
often in the literature [43]. Another selection method that is often used in the literature is
the following.
Definition 20 (Roulette selection/Proportionate fitness selection). Consider a population P,
where n := |P|. Let Ii ∈ P be individuals where i ∈ [n]. Let F be the set of corresponding
fitnesses where fi ∈ F corresponds to the fitness of individual Ii . We note F is not to be
confused with F which is a set of function operators. Hence for fitness function f (Ii ) = fi .
Consider the following random variable X with probability distribution given by
fi
P(X = Ii ) = Pn

j=1 fj

,

then in roulette selection the individuals are sampled from X.
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Definition 19 and Definition 20 are great examples of how to select individuals for reproduction. They are stated to inform the reader about possible options one could use to select
individuals for reproduction. In Section 5.2.1 we will discuss tournament selection in a bit
more detail and compare it to only selecting the best individual. As we will see tournament
selection performs well for obtaining better fitness. Unfortunately, it also has its drawbacks
in the form of extracting very complex features, for this see Section 5.2.1. To overcome this
we introduce the following selection method based on Non-Dominated Sorting Genetic Algorithm (NSGA-II) [44]. NSGA-II can group individuals based on multiple objectives, these
objectives could be the fitness and length of the corresponding tree. Since we are trying to
limit the size of the function and optimize the fitness, the number of objectives would be 2.
Hence using a NSGA-II selection method we can select individuals based on both objectives
which would help us to optimize for both. The NSGA-II algorithm assigns individuals to
groups called fronts, where individuals in front 1 are regarded as the best. Inside these fronts,
individuals are ranked according to a crowding distance. For more information, we refer to
[44] which has an excellent explanation of the algorithm. All we need to explain the selection
using NSGA-II is that we have several fronts F1 , · · · , Fn , and inside each front Fi we have kj
individuals ranked in order where 1 is the best. These fronts are all that are returned by the
NSGA-II algorithm, again how the algorithm works exactly can be read in [44]. We create
the following ordering of individuals
O = {I1F1 , · · · , IkF11 , I1F2 , · · · , IkFnn },
where IjFi is the j − th ranked individual in front Fi . Now to select ξ individuals using the
NSGA-II algorithm we will select the first ξ individuals from O. This selection method will
be our preferred one because it allows us to optimize for two (or more) objectives. Hence it
will be used in the algorithm introduced in Section 4.1.
3.5.6

Genetic operators

We now know how to select individuals for reproduction. But how do we perform these
genetic reproductions? For this, we use genetic operators. In Genetic Programming and
Genetic Algorithms there are various ways to define genetic operators. The most common
operators are crossover and mutation but stating that you use crossover or mutation is not
precise enough. There are namely a lot of different ways to define crossover and mutations
themselves. In this section, we will give few examples of how to define crossover and mutation
operators. We start with crossover and its most used variant, subtree crossover. But before
that, we give a small remark,
Remark 6. Note that all the operators shown in this section are merely only applicable to the
Genetic Programming situation where a tree representation is chosen. It might be however
that they are indeed applicable to a more general situation with small changes in the definition
or pseudo code.
In subtree crossover, two parents are selected as candidates to produce offspring. Parents
are represented as individuals in a population P. Then for both parents, a node is chosen.
This process is done independently from both parents so not necessarily the same node is
chosen for the parents. When the node is chosen for each parent subtree crossover creates
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a new individual by swapping the subtrees of both nodes. Then randomly, one of the new
individuals, as there are two, is chosen to be selected as offspring. However it is possible to
define a version of subtree crossover where two individuals are returned, but this is not done
commonly. As we have seen in Proposition 1, there are more leaves than inner vertices. This
would lead to a problem when we use uniform selection of the nodes where the subtree will be
swapped. Namely roughly 50% of the time we would select a leaf. So a lot of our crossovers
will just be swapping leaves, to overcome this obstacle Koza [23] defined an improved version
of subtree crossover which has a 0.9 probability of selecting a function node or inner vertex,
and 0.1 probability of selecting a leaf. The is improved variant of subtree crossover is still
widely popular in Genetic Programming [45] and will also be used in this thesis’ results. From
now on the improved subtree crossover by Koza with the 0.9/0.1 probabilities will be referred
to as standard crossover. An example of subtree crossover is given in Figure 9.
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Figure 9: Example of sub-tree crossover happening on the yellow nodes.
Remark 7. We want to elaborate on the fact that in Figure 9 we have made use of convention
regarding subtree crossover. As we mentioned subtree crossover is often defined to return only
one new individual. The convention we used is that the modification of parent 1 is returned,
in the case of the Figure. This is exactly the individual that is right of the arrow. The other
individual which is created shown in the figure below is discarded.
-
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Figure 10: The individual that got discarded.
As we have already mentioned there are many different ways to perform mutation in Genetic Programming. We will shed a light on the most often used ways to define the concept of
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mutation. The most commonly used form of mutation is what is often referred to as ’subtree
mutation’. In subtree mutation a random node is selected, from an individual I, as the point
of mutation, we call this node N . Then the subtree starting at node N is replaced by a
completely new and randomly generated subtree. This is shown in Figure 11. Sometimes
subtree mutation is viewed in the context of crossover, where the crossover acts on node N
in individual I and the newly generated subtree. An example is given in Figure 12.
Another form of mutation is the so-called one-point mutation, which is equivalently the Genetic Programming variant of the bit-flip mutation used in Genetic Algorithms. In one-pointmutation a random node N is selected in the tree, and replaced by a node, i.e. function or
terminal, with the same arity. It is replaced by a node with the same arity to preserve the
admissibility of the tree. If no candidate exists to replace the selected node with, nothing will
happen and the individual will stay the same.
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Figure 11: An example of subtree mutation.
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Figure 12: Subtree mutation viewed as a crossover, where the second parent is the randomly
generated individual.
In general, genetic operators are considered to be mutually exclusive. That is, we consider
only one of the operators to happen to an individual. So it is for example not possible for an
individual to be first affected by mutation and later on be used in a crossover. The only way
this would be possible is if the mutated individual survives to the next generation and is then
used in a crossover. The corresponding probabilities crossover rate and mutation rate indicate
how often each operator will be chosen. In the case where the crossover rate, cr , and mutation
rate mr do not add up to 1. There is a probability of 1 − cr − mr that none of the operators
will be chosen and the operator that will be applied will be reproduction. Reproduction is
nothing else than just applying some identity operator on an individual. What we mean by
this is that the individual gets mapped on itself, hence nothing happens to its genetics (or
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tree nodes).

3.6

Algorithms & Evolution strategies

Now that we have all the basics down, we will talk about the strategies that can be used
to perform evolution. In this section, we will formally introduce the basic pseudo-code of a
genetic algorithm. Using this basic pseudo-code we will state Evolutionary Strategies that
are often used in GP.
To use Genetic Programming we often also have to speak about Genetic Algorithms. The two
are very similar, whereas their biggest differences occur in the representation choices. Genetic
Algorithms often have a fixed length and are represented using a fixed length of bits. Genetic
Programming can take on various representations as we introduced earlier. Often the genetic
operators are influenced by these representation choices. For example, the subtree crossover
only makes sense in the domain of tree representations and is therefore not applicable to the
fixed-length bits representation that is often used in Genetic Algorithms. The same principle
holds for the mutation operators and other genetic operators. That is not to say that we
cannot use similar algorithms for both. If in these algorithms we, for example, only refer
to crossover and mutation in the sense that they have to be applied it does not matter how
these operators are applied. If we keep these algorithms vague enough, to the point it works
for various representations. These Genetic Algorithms can then be applied in the context of
Genetic Programming. The basic algorithm in pseudo-code for Genetic Algorithms can be
found below. First of all, let P(t) denote the population at time point t. So that P(0) is the
initial population.
Algorithm 4: Basis of Gentic Algortihm
set t = 0 choose fitness function f ;
set N GEN = n ∈ N;
randomly create P(t) using initialization operator;
assign fitness to every individual in P(t) by using f ;
while t < n do
t = t+1;
select individuals from P(t − 1) and place them in P(t);
apply genetic operators on the individuals in P(t);
assign fitness to every individual in P(t) by using f ;
end
return P(t) and best individual found during the evolution;
In the context of DEAP, Algorithm 4 corresponds closely to the implementation of the algorithm ’eaSimple’. As stated in the pseudo-code an initial population is created and scored.
Then a 1:1 selection is made by the selection operator, and the selected individuals are placed
in the next Population P(t). Then genetic operators like crossover, mutation, and reproduction are applied to all individuals in population P(t). Various variations from this basic genetic
algorithm have occurred. The two main variations we will consider are the so-called (µ + λ)
variant and the (µ, λ) variant. These variants have been extensively used in the literature [46].
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Algorithm 5: (µ + λ)-algorithm
set t = 0 choose fitness function f ;
set N GEN = n ∈ N;
randomly create P(t) using initialization operator;
assign fitness to every individual in P(t) by using f ;
while t < n do
t = t+1;
use genetic operators to create λ individuals from P(t − 1) and place them in
P 0 (t − 1);
assign fitness to every individual in P 0 (t − 1) by using f ;
T (t) = P(t − 1) + P 0 (t − 1);
select µ individuals using the selection operator from T (t) and place them in P(t);
end
return P(t) and best individual found during the evolution;
Algorithm 6: (µ, λ)-algorithm
set t = 0 choose fitness function f ;
set N GEN = n ∈ N;
randomly create P(t) using initialization operator;
assign fitness to every individual in P(t) by using f ;
while t < n do
t = t+1;
use genetic operators to create λ individuals from P(t − 1) and place them in
P 0 (t − 1);
assign fitness to every individual in P 0 (t − 1) by using f ;
select µ individuals using the selection operator from P 0 (t − 1) and place them in
P(t);
end
return P(t) and best individual found during the evolution;
As we can read from the pseudo-code, the (µ + λ) and (µ, λ) algorithms are extensions of the
basis genetic algorithm. It is an extension in the sense that we allow for different amounts
of created children. Also, we can influence the selected amount of individuals that move on
to the next generation. The biggest difference between (µ + λ) and (µ, λ) is found in the
selection part. In (µ + λ) selection is applied on (µ + λ) individuals, where we select exactly µ
individuals and there is a connection with the last generation in the sense that µ individuals
are from the previous generation. In (µ, λ) selection is applied on λ individuals where these λ
individuals are created from µ individuals in the previous generation. So with respect to the
last generation, it is not necessarily a subset of the temporary population on which selection is
applied, which is the case in the (µ + λ) algorithm. The consequence of this subtle difference
is that the (µ + λ) leans more to the convergent side, whereas (µ, λ) is more exploratory.
This means that for (µ + λ), the average fitness of the population will gradually go down
until a local optimum is reached, whereas (µ, λ)’s average fitness of the population is more
fluctuating. Since (µ, λ) is more fluctuating in fitness we will be opting to use the (µ + λ)
algorithm in the remainder of the thesis. One other consequence of the (µ + λ) is that it
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can be dominated by a single individual. If one individual that performs exceptionally well
appears in the population, it will likely stay there. This also depends on the chosen selection
operator.
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4

The algorithm and its pitfalls

In this section, we will introduce the GP algorithm. This algorithm will make use of the
fundamentals discussed in Section 3.5 and the (µ + λ) algorithm introduced in Section 3.6.
Furthermore, we will elaborate on why we choose Gini fitness as our preferred fitness function.

4.1

The algorithm

In this subsection, we will introduce the algorithm in further detail. We must note that the
algorithm, i.e. the algorithm to create new features, depends on multiple concepts. We will
first describe the algorithm in words. First, we start with a dataset D for which we want to
create data-driven features. We then proceed with applying GP on the dataset D, this will
result in a function f0 . The function f0 , which is a mapping from X → R can be applied on
the dataset D. For which we assume that D = {(x0 , y0 ), . . . , (xn , yn )} We will denote


f0 (x0 )


..
f0 (D) := 
.
.
f0 (xn )
Then accompanied with the function f0 we also know its fitness using Gini, as it was obtained
by the GP algorithm. Hence we know a θ̂ such that
 n 

n1  θ̂
2
θ̂
G D< (f0 ) + G D≥
(f0 ) ,
n
n
is minimized. Where n1 and n2 are the same constants as discussed in Section 3.5.4. Now
θ̂ and D θ̂ , rename these datasets to
we also have obtained two new datasets. Namely D<
≥
be respectively D1 and D2 . Then we continue applying GP on these datasets for Di where
G (Di ) 6= 0. In pseudo-code:
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Algorithm 7: Feature Creation
Input: D, GP algorithm GP
initialize an array A;
initialize an array B;
set D0 = D;
set i = 0;
for dataset = D in A do
if G(D) 6= 0 then
remove D from A;
apply GP on D and get function fi ;
add fi to B;
get θ̂ for which fitness of fi is minimal;
θ̂ (f ) and D θ̂ (f );
get D<
i
≤ i
θ̂ (f ) and D θ̂ (f ) into D
rename D<
i
2i+1 and D2i+2 respectively;
≤ i
add D2i+1 and D2i+2 to A;
else
remove D from A;
end
i = i+1;
end
return B;

There are some subtleties in the pseudo-code of Algorithm 7. First of all, we take as input
a GP algorithm. Which could also have been called an Evolutionary Strategy. We require
this strategy to return a function f , just like Algorithm 5 and Algorithm 6. Furthermore, we
implicitly assume that the fitness used is the Gini fitness, which was discussed in Section 3.5.4.
The reason why we assume this will be discussed in Section 4.2. Since the GP algorithm is of
such big importance in Algorithm 7 the rest of this subsection will be devoted to explaining
in detail what the operators are that occur in Algorithm 5 and Algorithm 6. As already
mentioned we assume the fitness to be the Gini fitness. Secondly, the operators that need to
be defined are
• Initialization operator.
• Genetic operators.
• Selection operator.
For the initialization operator, we will use the Ramped half-and-half method discussed in
Section 3.5.2 Algorithm 3. For the genetic operators, we will use the subtree crossover and
subtree mutation described in Section 3.5.6. Our selection operator of choice will be the
NSGA-II selection method as it will allow us to use multi-objective optimization. Hence we
can optimize for the Gini fitness and the length of the individual. Now that we have clarified
exactly which operators we will be using in our GP algorithm we must specify what our GP
algorithm will look like. It turns out that our GP algorithm (or Evolutionary Strategy) is
very similar to the (µ + λ) and (µ, λ) strategies discussed in Section 3.6. Below we give the
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pseudo-code with a little more detail compared to Algorithm 5, that is since we specifically
know the operators we can also specifically denote what we require as input to the algorithm.
Algorithm 8: GP algorithm
Input: D, max gen, initial pop size, µ, λ, cxpb, mutpb
set t = 0
randomly create P(t) using RHH of size initial pop size;
assign fitness to every individual in P(t) by using the Gini fitness on D;
while t < max gen do
t = t+1;
for 1 → λ do
sample u from U ∼ U(0, 1);
if u ≤ cxpb then
create individual I using subtree crossover;
add I to P 0 (t − 1);
end
else if cxpb < u ≤ cxpb + mutpb then
create individual I using subtree mutation;
add I to P 0 (t − 1);
end
end
assign fitness to every individual in P 0 (t − 1) by using f ;
T (t) = P(t − 1) + P 0 (t − 1);
select µ individuals using NSGA-II from T (t) and place them in P(t);
end
return P(t) and best individual found during the evolution;
The pseudo-code above also describes the procedures used to how we exactly create the
functions based on a dataset D. It must be noted that Algorithm 8 can be easily changed
into a version that makes use of the (µ, λ) Algorithm. In the following remark, we dive a little
deeper into the small changes that can be made to Algorithms 7 and Algorithm 8.
Remark 8. Note how in Algorithm 7 the variable i is used to labelling the datasets. In
addition to labelling the datasets obtained by applying the split of the function fi it can also be
used to track how many splits we have made. Hence this variable can also be used as an early
stopping threshold, say we only want to extract 5 functions, then we can limit the process by
moving the whole for loop into a while loop, conditioned on the fact that i < 5. But similarly,
we can also influence the datasets D on which GP is applied. One example would be to only
look at datasets D for which we have that |D| > k, where k ∈ N. But these types of early
stopping are not only applicable to Algorithm 7. In fact, for Algorithm 8 we can also define
an early stopping threshold. In this thesis, we choose to stop GP when the best individual that
has occurred in the evolution has not been changed for k ∈ N generations.
In the remainder of the thesis, we will often refer to a standard GP algorithm, this standard version of the algorithm will be defined based on the following standard values for the
parameters.
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parameter
max gen
initial pop size
µ
λ
cxpb
mutpb
early stopping
# functions

value
1000
1000
100
200
0.9
0.1
100
1

Table 1: Overview of what we refer to as the standard parameters for our GP algorithm.
Unless stated otherwise the set F = {+, −, /, ∗} and T will be the set with all the input
variables as well extended with the set C = {−1, 0, 1} so that T = {x1 , · · · , xn , −1, 0, 1}.
We stress that the parameter ’early stopping’ refers to the number of generations after which
the evolution stops if we have not found a better individual. Furthermore, the ’# functions’
refers to how many splits we will do on a dataset D. These base values for the parameters
were chosen from a trial and error perspective. The max gen parameter is based on a run
time perspective. Often running for a maximum of 1000 generations will never be reached
as the evolution has already converged to an optimum it cannot easily escape. The initial
population size is subject to change, it does not impact the total run time of the algorithm,
and the impact on the results is negligible, which will together be explained with the choices
for µ and λ in Section 5.2.2. The crossover and mutation probabilities are chosen to be 0.9
and 0.1 respectively. For most of the research discussed in Section 1.1 the probabilities for
crossover ranged from 0.7-0.9 and mutation from 0.1-0.3. Based on this we decided to go with
0.9 and 0.1, but they can be changed according to preferences.
Remark 9 (Dealing with imbalanced data). It might be the case that dataset D contains
heavily imbalanced data. A dataset is imbalanced if one of the two classes occurs far more
often than the other. A great example of an imbalanced data problem is the question of whether
or not mail is spam. This is because only a fraction of the mail is often spam. To deal with
imbalanced data we will use weights for certain labels. The weights given to each label are
inversely proportional to the class frequencies in the data. That is, let |D| = N and let the
number of classes be k. Then the weight wi of label yi will be defined as
wi =

N
k·

PN

j=1 1 {yj

= i}

.

These weights will then be used in evaluating the Gini-fitness of the individuals, which means
that in 17 Equation 4 will be changed in
n

1X
pi (D) :=
wi 1{yj = i}.
n
j=1

Note that these weights are calculated at the beginning of the GP algorithm and will then not
be re-evaluated for the rest of the algorithm, it is purely a way to weigh the importance of
certain classes.
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For the remainder of the thesis, the feature creation algorithm in Algorithm 7 will be
referred to as the GP algorithm. Where the standard GP algorithm will make use of the
parameters defined in Table 1.

4.2

Fisher versus Gini

One very important aspect of the algorithm is the fitness function we choose to use during the
evolution. We are focusing on data-driven options, the so-called filter approaches, opposed to
the wrapper approaches we have seen in related works. The decision to choose a fitness will
be based on the following observation. We will show that the Fisher fitness is more prone to
overfitting, which is why we will prefer to use the Gini fitness. This is the last step before we
can use Algorithm 7 and apply it in Section 5.
Suppose that we have an individual I that perfectly splits the data. With this, we mean
that all the class 0 instances belong to the same split, and all the class 1 instances belong to
the other split. This is equivalent with assuming that there exist θ0 , θ1 , ε0 , ε1 ∈ R such that
I : D → R maps all class 0 instances to an interval I0 = [θ0 − ε0 , θ0 + ε0 ] and similarly for the
class 1 instances to I1 = [θ1 − ε1 , θ1 + ε1 ]. Furthermore, we assume without loss of generality
that θ0 < θ1 and state the obvious consequence that [θ0 − ε0 , θ0 + ε0 ] ∩ [θ1 − ε1 , θ1 + ε1 ] = ∅.
Then from Definition 16 we obtain that for a given dataset D, where for simplicity we also
assume that D contains no duplicates, that we have that the Fisher fitness of the function is
given by
|µ0 (I) − µ1 (I)|
f (I) = p
,
σ0 (I)2 + σ1 (I)2

(5)

where the constants are exactly as in Definition 16. Since we have that all class instances are
mapped in their respective interval we can choose ε0 and ε1 such that additionally
∃j : I(xj ) = θ0 + ε0 ,
I(xj+1 ) = θ1 − ε1 ,

(6)

This shows that for θ̂ ∈ (θ0 + ε0 , θ1 − ε1 ) we have that, using Definition 18,




θ̂
θ̂
G D<
(I) = G D≥
(I) = 0.


θ̂ (I) is either 0 or 1 because of the
This follows directly from the fact that in both p1 D<


θ̂ (I) . Now since the Gini fitness is bounded from
perfect split. The same follows for p1 D≥
below by 0, we have that θ̂ minimizes the Gini fitness, and hence fg (I) = 0. Let us define
µi := µi (I) for i ∈ {0, 1}. We will now define a new individual I 0 which will have the same
µ0 and µ1 as I but a smaller σ0 and σ1 . This will prove useful later on in our analysis. We
proceed by defining the new individual I 0 , which is given by




1
1
0
I (x) = √ (I(x) − µ0 ) + µ0 1{I(x) ∈ I0 } + √ (I(x) − µ1 ) + µ1 1{I(x) ∈ I1 }.
2
2
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We will now calculate µ0 (I 0 ) and show that is equal to µ0 for the given dataset D. It follows
that
n
1 X 0
µ0 (I ) =
I (xj )1{yj = 0}
c0
j=1

n 
1 X 1
√ (I(xj ) − µ0 ) + µ0 1{yj = 0}
=
c0
2
j=1
0

n
n
1 X 1
1 X
√ (I(xj ) − µ0 ) 1{yj = 0} +
=
µ0 1{yj = 0}
c0
c0
2
j=1
j=1

(7)

n
n
n
1 X
µ0 X
µ0 X
√
I(xj )1{yj = 0} − √
1{yj = 0} +
1{yj = 0}
c0
c0 2 j=1
c0 2 j=1
j=1
µ0
µ0
= √ − √ + µ0
2
2
= µ0 .

=

Where we made use of Definition 16 and the fact that
1{I(x) ∈ I0 }1{yj = 0} = 1{yj = 0},
1{I(x) ∈ I1 }1{yj = 0} = 0.
This follows from the assumption that I perfectly separates the labeled instances. Similar
computations wills how that µ1 (I 0 ) = µ1 . Now we proceed with calculating σ0 (I 0 ), let again
σi := σi (I) then it follows that

σ0 I 0 =

n
2
1 X 0
I (xj ) − µ0 (I 0 ) 1 {yj = 0}
c0 − 1
j=1

=

=

=

1
c0 − 1
1
c0 − 1
1
c0 − 1

n
X
j=1
n
X

I 0 (xj ) − µ0

2

1 {yj = 0}


I 0 (xj )2 + µ20 − 2µ0 I 0 (xj ) 1 {yj = 0}

j=1


n
X

I 0 (xj )2 1 {yj = 0} +
j=1

µ20

n
X

c0 − 1

j=1

1 {yj = 0} −

2µ0
c0 − 1

n
X


I 0 (xj )1 {yj = 0} .

j=1

(8)
Where again the parts containing 1{yj = 1} vanish similarly as before. Using the result from
(7) and the quantities in Definition 16 we have that
n

µ20 X
µ2 c0
1 {yj = 0} = 0 ,
c0 − 1
c0 − 1
j=1

2µ0
c0 − 1

n
X
j=1

2µ20 c0
I 0 (xj )1 {yj = 0} =
,
c0 − 1
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(9)

Furthermore, we have that
n

n

1 X 0
1 X
I (xj )2 1 {yj = 0} =
c0 − 1
c0 − 1
j=1

1
=
c0 − 1



j=1
n 
X
j=1

1
√ (I(xj ) − µ0 ) + µ0
2

2
1{yj = 0}


√
1
2
2
(I(xj ) − µ0 ) + µ0 + 2µ0 (I(xj ) − µ0 ) 1 {yj = 0} .
2

Splitting the terms up gives us that
n

1 X1
1
(I(xj ) − µ0 )2 1 {yj = 0} = σ0 ,
c0 − 1
2
2
j=1

n

1 X 2
c0 µ20
µ0 1 {yj = 0} =
,
c0 − 1
c0 − 1

(10)

j=1

n

1 X√
2µ0 (I(xj ) − µ0 ) 1 {yj = 0} = 0.
c0 − 1
j=1

Where the last equality follows from the fact that
√
√ 2 n
n
n
1 X√
2µ0 X
2µ0 X
2µ0 (I(xj ) − µ0 ) 1 {yj = 0} =
I(xj )1 {yj = 0} −
1 {yj = 0}
c0 − 1
c0 − 1
c0 − 1
j=1
j=1
j=1
√ 2
√ 2
2µ0 c0
2µ0 c0
−
=
c0 − 1
c0 − 1
= 0,
where we used Definition 16 and our definition of µ0 . Now using the results from (9) and (10)
in (8) we conclude that
1
σ0 (I 0 ) = σ0 .
2
Now following similar calculations, we can show that σ1 (I 0 ) = 12 σ12 . Hence we have shown
that for the individual I 0 we have achieved a mapping that still has the same mean for the class
0 and class 1 instances, but a smaller variance or standard deviation for both class instances.
Since both class instances still fall in their respective intervals. Namely for class 0 instances
only we first note that we must have by construction
θ 0 − ε0 ≤ µ 0 ≤ θ 0 + ε0 .

(11)

Furthermore, this observation leads to the following equation which holds only if I(x) ∈ I0 ,
for readability we omit the indicator
θ0 − ε0 ≤ I(x) ≤ θ0 + ε0 ,
which is by elementary operations equal to




1
1
1
1
0
√ (θ0 − ε0 ) + 1 − √
µ0 ≤ I (x) ≤ √ (θ0 + ε0 ) + 1 − √
µ0 .
2
2
2
2
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Now when we use (11) this results in
θ0 − ε0 ≤ I 0 (x) ≤ θ0 + ε0 .
Now if we would restrict ourselves to I(x) ∈ I1 we would find similar bounds in the sense that
then θ1 − ε1 ≤ I 0 (x) ≤ θ1 + ε1 . The fact that I 0 (x) maps all the instances to the same interval
means that the Gini fitness we have that
fg (I) = fg (I 0 ),
by taking the same θ̂ ∈ (θ0 + ε0 , θ1 − ε1 ). But when we calculate the Fisher fitness it follows
that
√ |µ0 (I) − µ1 (I)|
|µ0 (I) − µ1 (I)|
< 2p
= ff (I 0 ).
ff (I) = p
2
2
2
2
σ0 (I) + σ1 (I)
σ0 (I) + σ1 (I)
This perfectly illustrates what we wanted to show. In the specific case where the individual I
already perfectly separates the data perfectly the Gini fitness alone cannot deem an individual
I more important, or better, than individual I 0 . In case of the Fisher fitness the algorithm
would keep trying to find individuals with higher fitness. This, while the data is already
perfectly separated. Therefore the Fisher fitness is more prone to overfitting. Now the specific
transformation we proposed would not necessarily impact the accuracy and performance of
the newly created individual, it does show that it is fairly easy to create individuals that seem
better but are just only more complicated. Where overfitting could occur is the case when
the algorithm would pick up noise from the data and use that noise to create new individuals.
If these newly created individuals behave similarly to the situation we just described, i.e.
have a higher Fisher fitness but not create a better split, this will likely impact the general
performance of the created individual on unseen data.
Remark 10. The issues of the Fisher fitness described in this section are not limited to
individuals that already perfectly split the data. In theory, it is possible for individuals that
do not perfectly split the data to behave similarly. In general for every new individual Iˆ for
which we have that
|µ0 − µ1 |
|σ0 − σ1 |
<
,
|µˆ0 − µˆ1 |
|σˆ0 − σˆ1 |
ˆ So as long as the spread of the classes between the individuals
will result in ff (I) < ff (I).
decreases faster than the mean of the classes this will result in a higher fitness. If this new
individual does not result in a better Gini impurity it might be an indication that the individuals
are overfitting.
Since we deal with automatically generated functions we have to carefully consider our
operators. The genetic programming implementation of DEAP only considers the arity of
the functions when creating individuals, only when evaluating the mapping the program will
find out if the function is admissible. What we mean with this is if a function selects a
division operator in one of the inner nodes and the input for the denominator is equal to
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0 for some instances x ∈ D our mapping becomes inadmissible. For example consider the
one-dimensional problem where X = R, the individual corresponding to the function
f (x) = √

1
.
x−2

(12)

For it to be an admissible function, it must have a domain that is equal to [2, ∞). We do not
consider complex values as we defined in Definition 7 individuals as mappings from X → R.
But this illustrates a problem, we must have that all the individuals that are created are
well defined on X . In the example of the division, we can circumvent this problem of the
well-defined property by defining a new division operator. Let the new division operator for
genetic programming be
(
x
y 6= 0
newdiv(x, y) = y
.
0 y=0
However, while we have solved the problem of the mapping from the individual in (12) not
being well defined we have introduced a new problem. Therefore we refer back to the observation we made earlier in this section. Suppose again that we have an individual I that
perfectly separates the class 0 and class 1 individuals, again into the intervals I0 and I1 . We
define a new individual I 0 as


I(x)
I(x)
0
I :=
1 {I(x) ∈ I0 } + 1 +
1 {I(x) ∈ I1 } .
0
0
We have now created an individual for which all class 0 instances get mapped on the value
0, whereas the instances of class 1 all get mapped to the value 1. This leads to σ02 = σ12 = 0,
and therefore the Fisher fitness is undefined. We could define the case where σ02 = σ12 = 0 as
a Fisher fitness of ∞, but this would not solve the most apparent issue. This issue is, and
the Gini fitness is also subject to this, that during the evolution the algorithm will make use
of the fact that dividing by zero returns a constant. This makes it easy, compared to the
ordinary situation, to create individuals that have instances mapped onto one line. We will
consider two ways in which this issue can roughly materialize itself:
1. The algorithm picks up, early in the evolution, individuals that make use of this newly
defined operator to deliberately use it to separate instances. Then these individuals and
their subtrees are represented during the remainder of the evolution. This will most
likely lead to individuals which are full of this new operator.
2. This specific way is maybe a little more of a concern to the Fisher fitness. When
we have an individual I it was already shown that we can improve the Fisher fitness
while keeping the Gini fitness constant, and hence it would not be of benefit to the
classification problem. Self-defined new operators can work this particular behaviour in
the hand as we will show in Example 4 and therefore is not only limited to division.
We do not want the first to happen because it can limit the interpretability of the individuals.
Namely, what does it even mean in the real world to divide by zero? One could argue that it
certainly would not be a mapping to zero, you could choose to let it map to infinity. If that
would be the case we would need to redefine our concept of individual and let them map to the
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extended reals R̄ := R ∪ {−∞, ∞}. But remember we are trying to create new features. What
would it mean for a feature to be infinite? Division by zero from a mathematical standpoint is
undefined and for good reason. All in all, we have to be careful with defining new operators.
Another example of being careful with defining new operators is given in the example below
Example 4. Let I be an individual who corresponds to the mapping
f (x) = log(log(x)).
Assume we have redefined the logarithm such that it can take negative values. Where we
defined it in the following way
(
log(x) x > 0
log(x) =
.
0
x≤0
This has as a consequence that all x ≤ e get mapped to the values in R≤0 , whereas all values
in the interval [0, 1] get mapped to the value 0. Consider the following easy dataset D :=
{(0, 0), ( 21 , 0), ( 13 , 0), (3, 1)}. It is not hard to show that individual I 0 which corresponds to the
function g(x) = x achieves the same Gini fitness as function f (x). Whereas the Fisher fitness
of both functions are different, even so much that f (x) has an undefined Fisher fitness.
The above example gives another illustration of how we should be careful with defining new
operators. Even so that the example clearly shows how that can impact the interpretability
of the individuals created. In the example, individual I tells us a story. That is, we want to
split the instances at either the point x = 1 or x = e. Whereas individual I 0 exactly shows the
same but does it via an identity function. Now this example is based on a very easy dataset
D so that individual I is somewhat interpretable, but the excessive use of compositions of
logarithms could lead very fast to less intuitive transformations. It also shows that when we
again consider both fitness candidates, that the Gini fitness in the specific example is less
influenced by these self-defined operators.
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5

Application of the developed algorithm

In this section, we will look into applications of the newly developed algorithm. First, we
will introduce our testing procedures. Given a dataset D on which we want to apply GP
or any other machine learning technique, we will divide D in a test and train set. This
split will be done on a 70/30 basis. This is done using the ’train test split’ function from
the sklearn library [47]. Every time a train-test split is made this is done by specifying a
’random state’. This random state is chosen to be equal to 12 for all train-test splits, this
is to ensure consistency by comparing different runs. When referring to the accuracy of a
classifier h we will be talking about the fraction of data that is correctly classified from the
test dataset. That is, for xi ∈ Dtest and let |Dtest | = n, then the accuracy of a classifier h is
given by
Pn
1{h(xi ) = yi }
A(h) := i=1
.
n
The accuracy of the GP algorithm will be the performance of the Decision Tree trained on
the created features by the algorithm. That is we train the Decision Tree on a dataset Dtrain
as shown later on in Section 5.4.2. We note that this notation of accuracy is only useful
when we have a balanced dataset. That is, each label occurs equally often. In the case of the
Rabobank dataset this will not be the case and hence accuracy in that specific dataset will
be the Area Under the Curve (AUC) of the Receiver Operating Characteristic (ROC). For
more information about the AUC-ROC concept of accuracy, we refer to [48]. In addition to
this we note that the Decision Trees created with the Rabobank data are created in Dataiku,
so for exact details as to how Dataiku trains its Decision Trees we refer to the documentation
of Dataiku DSS 9.0 https://doc.dataiku.com/dss/9.0/. The parameters on which the
Decision Trees were trained using Dataiku are a maximum depth of 3,4,5 and a minimum
samples per leaf in the interval [1,4000] where a grid search was done using 100 values. The
optimization metric for the hyperparameters was the AUC score.

5.1

The algorithm vs random search

In section 3.4.2 we discussed the brute-force search method. This search method can also be
used to go over all possible functions that GP can find, where we then would exhaustively
search the space of all possible functions. For this to be possible we must have a limit on
the maximum tree size and we must have that the sets F and T are finite. If this were not
the case we would have an infinite amount of possible trees. In practice, this means that the
set T cannot contain uniform random variables, which is often used to add real values from
intervals to the building blocks of the functions. In practice, it will almost always happen that
the tree size is finite. This happens because of the limitations in the programming language
Python and the obvious memory/space requirements. Most of the time brute force is not a
viable solution to searching for functions. This is due to the possible amount of trees we can
construct using rather limited sized T and tree size. We refer back to Section 3.5.3 for a more
in-depth look at this. One of the most approachable solutions to searching functions would
be a random search method, which will be the main comparison we will be comparing our
new algorithm with. First, we discuss how we will be applying random search, there are two
different ways to randomly searching the space.
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First, we could select a maximum and then uniformly select a tree size, and then create
a tree of that size. For example, let the maximum be 5. In the case of binary trees only,
we sample a length from [1, 3, 5]. Then create a tree of the given sampled length. This will
create a uniform distribution over all the lengths. This uniform distribution heavily favours
the lower-length trees. That is, they are way less possible trees of lower lengths. What we
mean by this is that the amount of different trees that can be constructed for length 3, is
way lower than the number of different binary trees that can be constructed with for example
length 11. As an example, take |T | = 20 and |T | = 4. Then using Proposition 2. It follows
that
206 · 45 · 42
= 204 · 44 · 42 = 1.72032 · 109 ,
202 · 41 · 1
where we have divided the different amount of function of length L = 11 by the number of
functions of length L = 3. Hence there are 1.72032 · 109 more functions of length 11. If
then both lengths have equal probability to be created, it is clear that length L = 3 has
the advantage. This advantage is that more of its functions have a probability to occur in
the search process. Furthermore, this affects the quality of the results too. If the optimal
function has a lower length, for example, L = 3. Then it has a way higher probability of being
discovered compared to an optimal function of length L = 11. One possibility to circumvent
this is to let the probability of selecting a certain length L = l be proportionate to the
possible functions of length l. Let the max length be k ∈ N where k ≥ 3 is odd. Let the
Ξ = {n ∈ N : n odd and n ∈ [3, k]} which is the set of all possible lengths for the trees where
the length is greater than 1. Let L then be the random variable from which we sample the
length of a tree we will be creating, then we define

| F |(l−1)/2 · | T |(l+1)/2 · C̄l


l>1

P

| T | + ξ∈Ξ | F |(ξ−1)/2 · | T |(ξ+1)/2 · C̄ξ
P (L = l) :=
,
|T|



l=1
P

| T | + ξ∈Ξ | F |(ξ−1)/2 · | T |(ξ+1)/2 · C̄ξ
where l ∈ {1} ∪ Ξ. In the figure below we can view a sample of the sampled lengths l from L
for both distributions. Both where sampled n = 10000 times
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(b) Sample from the proportionate distribution of L.

(a) Sample from the uniform distribution of L.

Figure 13: Sample distributions of both sample methods.
As we can see in the figure, when we sample from the proportionate probability distribution
the sampled value is almost always equal to 21. This is because the sheer size of different
trees with size 21 is so much higher than the other possible sizes. If the perfect function (or
tree) is of smaller size the proportionate creation method will most likely not find it. First, we
will compare the three on an artificial dataset that was created by using the sklearn Python
library. The function ’make classification’ is a Python adaptation of the code described in
Appendix B in [49]. The parameters to create the dataset are
n samples
n features
n informative
n redundant
shuffle
random state

1000
300
5
0
False
420

Table 2: Overview of the parameters of the ’make classification’ function from the sklearn
library.
We note that the parameters in Table 2 are a baseline for the dataset. We will most of the
time not use all 300 features in the dataset. Most of the time, like in this case, we will select
the first 100 columns from the dataset such that we have 100 features in total. From these 100
features, there are 5 features that are deemed informative to classify the instances to a certain
class 0 or 1. The shuffle parameter influences whether or not the features are shuffled, in the
case of ’False’ this means that the first 5 features of this dataset will be the informative ones.
We will now proceed to apply the search algorithms on this created dataset with 100 features.
The GP algorithm parameters are equal to those in Table 1 but the max gen parameter was
set to 300. For the random algorithms, we created 100000 individuals each run and selected
the best performing one based on fitness. The algorithms were repeated 100 times where the
result was the fitness of the extracted feature. This gave us the following results
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algorithm
GP
Random uni
Random prop

avg fit±std
0.262 ±0.0480
0.298 ±0.000627
0.335 ±0.0377

Table 3: Results of the search algorithms on the artificial (sklearn) dataset.
Over 100 runs the functions got extracted by the GP algorithm were
f (x) = x4 − x2 ,
g(x) = x4 + x5 ,
h(x) = x3 + 2x4 + x5 ,
where f (x) was the most frequent. So it shows that the GP algorithm was able to explicitly
extract the informative features and use them to create new functions. Since these functions
have short trees, the random uniform search obtained similar functions but occasionally added
with a noisy feature. This shows that the random uniform search is not able to distinguish
between informative and noisy features. Although we must note that this artificial dataset
does not show that the GP algorithm can extract intuitive features. We will explore this
further in 5.4.2. From the table, we see that there is a marginal improvement in fitness when
using the GP algorithm. Although it has a higher standard deviation. This is due to the fact
that sometimes the GP algorithm gets stuck in a local minimum and is not able to escape it.
The random search algorithms are not prone to this behaviour. But as we know these search
algorithms have other caveats. First of all, we have noticed during our initial exploration
of the data. There are many short functions of the first 5 features that perform reasonably
well on splitting the data. These functions are of around size 3, which is heavily favoured
for the uniform random search algorithm. The results from Table 3 are very interesting but
they do not tell the whole story. Eventually, we want these functions to be used in a Decision
Tree algorithm. Therefore the trees found by the algorithms must consist of only the first 5
features. If for example feature number 50 occurs in the tree it means that the function is
picking up noise, which will not benefit the classification performance of the Decision Tree. To
get better insight we proceed to use the same algorithms but change the number of functions
that they extract. In all cases, it will be that we extract three functions. Then we proceed to
fit a Decision Tree on the train set with these three functions, the Decision Tree will have a
max depth of 2. Then we evaluate the accuracy on the test set, the whole procedure is then
repeated 100 times. This leads to the following results
algorithm
GP
Random uni
Random prop

avg acc±std
0.880 ±0.0270
0.859 ±0.0326
0.817 ±0.0163

Table 4: Results of the search algorithms extracting three functions on the artificial (sklearn)
dataset.
In the table, we see similar behaviour to the results obtained earlier. Although we must
note that the GP algorithm now has way less deviation, as the standard deviation of the
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results has decreased.
Since we know that the artificial dataset created with the sklearn library has certain benefits for the random uniform search method, we will proceed to also introduce a self-created
artificial dataset. This is so that we can have more influence on which instances get which
label. We create the following data


 0

x1,1 · · · x01,95
x1,1 · · · x1,5
 , X0 = 
,
···
···
X=
0
0
xn,1 · · · xn,5
xn,1 · · · xn,95
where each xi,j is sampled from a discrete uniform distribution Xi,j ∼ U [0, 10] and each x0i,j is
0 ∼ N (0, 1). Let x = [x , . . . , x ]. We then proceed
sampled from a normal distribution Xi,j
i
i,1
i,5
by creating a new matrix X̂ which will be the following




x1,1 · · · x1,5 x01,1 · · · x01,95
x1



..
..
..
..
..  .
X̂ :=  ...  , or X̂ =  ...
.
.
.
.
. 
xn

xn,1 · · ·

xn,5 x0n,1 · · ·

x0n,95

We then proceed by defining the labeling function


5
X

yi = 1
xi,j > 25 .


j=1

Hence we get a dataset D = {(x1 , y1 ), . . . , (xn , yn )}. On D, we will apply the aforementioned algorithms to compare them in a more controlled environment. We note that the
matrices X and X 0 were created using a predetermined seed. The seed in question was
’np.random.seed(1)’, which is needed to reproduce the results. If we then run the algorithms
on this new dataset, where we use the standard parameters and create only one split we get
the following table
algorithm
GP
Random uni

avg acc±std
0.925 ±0.0750
0.743 ±0.0255

Table 5: Results on the artificial dataset with self-created labeling function. Average is taken
over 10 runs.
In many cases, the GP algorithm was able to correctly find the rule. However again in
some cases, the algorithm got stuck in some local optima and was not able to escape. On
average most runs found the correct labeling rule. It does show that the GP algorithm can
build functions from the ground up. Hence across the board, we see that it indeed makes sense
to use our algorithm as opposed to the random search algorithm. This is however specific
to these datasets, and thus there is no guarantee that it will always outperform the random
search algorithm.
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Furthermore, we want to shed a light on the functions that were extracted by the algorithms. In particular, the functions extracted on the first dataset we discussed in this section.
The random uniform search algorithm often found functions containing 1 or 2 informative
features, but in addition to this often other features were present as well. An example of
functions that were extracted in different runs on the first split are
f1 (x) = −x2 + x4 + x41 ,
f2 (x) = −x2 + x4 + x59 x91 − 1,
whereas the pick-up of the noise features was never present in the GP algorithm. This means
that the features xi , where 6 ≤ i ≤ 100, were never present in the functions extracted by the
GP algorithm. This is due to the fact when the GP algorithm picks up a function like f1 (x)
it will search for functions that are close to f1 (x), where close refers to similar. In this particular situation, it would disregard the 41-st feature and obtain the function g(x) = −x2 + x4 ,
which is not prone to any noisy variables. Namely, we see that none of the noisy variables
xi , where 6 ≤ i ≤ 100, are present in the function. Thus in the context of this particular
dataset it would mean that the extracted function better describes the interactions between
the variables.
Another benefit of using the GP algorithm is that it takes way fewer calculations. Remember
that every individual that ever gets created needs to be scored with a fitness. In the GP
algorithm fewer individuals had to be scored compared to the random search algorithm which
caused the run-time of the GP algorithm to be lower.

5.2
5.2.1

Artificial Data
The effect of selection methods

In this subsection, we will compare the effect of various selection methods introduced in
Section 3.5.5. These tests will be conducted on the artificial dataset. First, we ran a few tests
with the ’selBest’ method using the (µ + λ)-algorithm. We did this by selecting 2 individuals
with the highest fitness and created 200 children using our standard crossover and mutation
probabilities. We ran the evolution for 200 generations. The initial population had size 1000,
and was initialized with the RHH method with a min depth of 1 and max depth of 5. The
results are shown in Figure 14 and Figure 15.
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(c) Graph of average fitness per generation and average size of the functions per generation on the
third split.

Figure 14: Overview of the ’selbest’ selection method.
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X[0] <= 0.485
gini = 0.5
samples = 700
value = [350.0, 350.0]

X[1] <= -0.268
gini = 0.291
samples = 358
value = [294.16, 63.181]

X[2] <= -0.188
gini = 0.273
samples = 342
value = [55.84, 286.819]

gini = 0.314
gini = 0.154
gini = 0.494
gini = 0.08
samples = 46
samples = 312
samples = 81
samples = 261
value = [8.974, 37.106] value = [285.185, 26.074] value = [44.872, 36.103] value = [10.969, 250.716]

Figure 15: A Decision Tree that got created by using the features created by the algorithm.
The test performance of the Decision Tree was trained on 3 extracted functions. The test
accuracy of the Decision Tree with max depth 2 was equal to 0.84. We must note that this
particular run, for which we received the above graphs was done with a random seed. The
seed used was the number 64. Doing the run without the seed results in different graphs and
results. Although the graphs were different every time, the behaviour was the same. The population converged really fast to an optimum. The genetic diversity, that is the unique count
of terminals and functions in the population, became very low. This in itself made it very
difficult for the population to escape the local optimum. If you only have two possible parents
and create 200 children there is a high likelihood that the children will be similar. This is
especially true when the size of the parents is small. The only possibility to create children
that are completely new to the population is by mutation. As we have set this mutation rate
to 0.1, mutation will not happen often. In fact, we expect it only to happen 2 times. Since
the mutation operator creates a random subtree in a parent, there is a very high likelihood
that it will contain multiple of the 295 noise variables (terminals). Hence the low probability of escaping the local optimum. Although it might sound like this approach is not useful
at all we must note that the accuracy was decent ranging from an accuracy as low as 0.80
to somewhere around 0.88, with an average of 0.85. The features extracted were short and
could easily be explained. Only the function for the first split contained multiple terminals,
namely f1 (x) = x4 + x5 . The other two splits were just terminals, in this case f2 (x) = x2 and
f3 (x) = x4 . The function fi corresponds to the variable X[i] in the Decision Tree in Figure
15. This means that only the first split was not able to be achieved from the original dataset.
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In this specific case, this leads to an 0.02 test performance increase. On average a marginal
improvement of 0.03 was achieved this way. This indicates to us that indeed the ’selBest’
selection method, where k = 2, is heavily susceptible to the initial population and so the local
optima where it converges towards. As the initialization of the population using the RHH
method mostly creates functions with a shorter length for this dataset. The convergence to
the local optimum is most of the time of shorter size, resulting in shorter functions to be
extracted. Sometimes the population, which had size k, was able to escape the local optimum
via mutation or crossover but we did not see this happen after 50 generations. In Appendix A
we can find another figure which shows that indeed there is similar behaviour for independent
runs.
Another selection method we discussed was tournament selection as defined in Definition
19. We will mainly discuss this selection method to elaborate on the fact that the ’selBest’
selection method has strong selection pressure which leaves almost no room for genetic diversity. To illustrate this we first limit the number of features in the artificial dataset to be 20
in total. This is purely an aesthetic choice. Otherwise, the figures get cluttered. The rest of
the parameters are not changed. So the population size where the features are counted is still
equal to 2.
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(a) Occurrence of features in generations 0,1,2,3,4 (The non-visible colors are
behind the purple lines).
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(b) Occurrence of features in generations 0,50,100,150,200 (The non-visible
colors are behind the purple lines).

Figure 16: Visualization of the low diversity of ’selBest’.
For this analysis, we will limit ourselves to the first split only. We see that in this figure
the diversity of gen 0 is completely gone in any of the other generations. For a second run,
done with a random seed of 128, we see that early on in the generation there is still a -1 in
some of the functions, see Figure 28 in the appendix. This is easily explained by the fact that
multiplying or adding/subtracting -1 has little to no influence on the split quality. This is
because -1, just flips or moves the data points equally in the space. In the picture regarding
the 50 delta generational information, we see that eventually by chance the functions mutate
to contain an x2 , as this then leads to a lower Gini it directly swamps the population. If we
now compare this selection method with the tournament selection we find the following plots.
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(a) Graph of average fitness per generation and average size of the functions
per generation on the first split.

Figure 17: Figure of average size of the population vs average fitness.
We took an average of 100 runs, and a tournament size of 2. So in this graph, we can find
the average fitness of a population in generation x averaged over 100 runs and the average size
of the population. This would give us an idea of how the selection method would behave on
average. We see that this selection method behaves differently from the selBest method which
is shown in Figure 14. As we already illustrated below Definition 19, mediocre individuals
also have a chance at survival. This effectively makes the average fitness improve over time
(=generations). Simultaneously we see that, as the fitness improves, the average size of the
individuals increases. This illustrates another problem that occurs in genetic programming
which is the effect of bloat. Bloat is a phenomenon in Genetic Programming where the size of
the individuals gradually increase. In addition to this, the fitness of the individual improves
way slower or even not at all. This is problematic as it hinders the efficiency of the individuals.
Furthermore, the individuals are less likely to be interpretable. For more information on bloat
we refer to [50].
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(a) Occurrence of features in generations 0,1,2,3,4 for tournament selection.
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(b) Occurrence of features in generations 0,50,100,150,200 for tournament
selection.

Figure 18: Visualization of the diversity for tournament selection.
As we can see in the earlier parts of the evolution we have a lot more genetic diversity
compared to the ’selBest’ method. This way, we expect the tournament selection to be more
robust over different runs. That is, more likely to find the same solution over different runs.
The selection methods can be compared in the following way. The ’best’ selection method
can be viewed as the population jumping from local optimum to local optimum, where the
tournament selection can be viewed as the population moving more ’smoothly’ from local
optimum to local optimum. This behaviour coincides with what we expected from it in
Section 2. As we already mentioned the occurrence of bloat in the tournament selection
method is the reason why we introduced the NSGA-II selection method in Section 3.5.5. In
the figure below we find an overview of the NSGA-II selection method on the before discussed
concepts.
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(a) Occurrence of features in generations 0,1,2,3,4 for NSGA-II selection.
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(b) Occurrence of features in generations 0,50,100,150,200 for NSGA-II
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(c) Size vs fitness over 100 runs for NSGA-II.

Figure 19: Visualization of the diversity for NSGA-II.
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We see that NSGA-II is indeed less prone to bloat. In addition to this, we see that the
NSGA-II selection method also seems to have a bit of diversity after 3 generations. But in
general, this selection method was already in a local optimum shortly after the evolution
started. From the figure, however, we see that it was also able to escape this local optimum.
Namely, the feature x1 came back into the population. But being less prone to bloat was the
most important characteristic as to why we choose to use the NSGA-II selection method.
5.2.2

The impact of the parameters µ and λ and the initial population size

When setting parameters the most important parameters are µ, λ, and the initial population
size. The value for µ and λ are important as they play a big part in the evolutionary process.
Therefore we decided to perform a big comparison. We compared the artificial dataset with
20, 40, and 100 features for various combinations of µ, λ, and the initial population size. We
ran the algorithm 100 times and took the average accuracy over these 100 runs.
parameter
max gen
initial pop size
µ
λ
cxpb
mutpb
early stopping
# functions

value
200
n
µ
λ
0.9
0.1
100
1

Table 6: Parameters used in obtaining the data for comparison.
We note that the max gen parameter is set to 200 because of run time constraints. Furthermore, the values of µ0 and λ0 are from the pair (µ0 , λ0 ) where the pair is from the set
{(µ, λ) : µ ∈ [10, 20, 40, 60, 80, 100, 150, 200], λ ∈ [10, 20, 40, 60, 80, 100, 150, 200, 300, 400]}.
For every combination of (µ, λ) we ran the algorithm with n ∈ {100, 200, 400, 800}. The
results for 20 features follow from Figures 29,30,31,32 in Appendix B. The results for 40
features follow from Figures 33,34,35,36 in Appendix B. The results for 100 features follow
from Figures 37,38,39,40 in Appendix B. There are a few things that stand out when viewing
the results. The triangle, in Figures 29 to 40, represent the average accuracy whereas the
corresponding colored line is the standard deviation of the accuracies. We see across all
figures that when λ increases the average accuracy increases with it. Remember that λ was
the amount of offspring created from the population at a certain time in the evolution. So
from the results, it seems that creating more offspring will result in a higher average accuracy
of the algorithm. In addition to this if λ is small, i.e. λ ∈ {10, 20}, the results are very
inconsistent and on average way lower compared to higher values. This behaviour seems
to be independent of the value for µ. Furthermore, we conclude that when λ is high, i.e.
λ = 400, the performance is about the same regardless of the initial population size. Since
our Rabobank dataset will contain a lot of features, we will mainly base our conclusions on
the results from the artificial dataset with 100 features. We conclude that higher λ on average
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increases the accuracy of the created feature. Where the choice of µ has little to no impact.
We also conclude that there is no harm in choosing a high initial population size. This is
how we concluded upon most of the standard values in Table 1 where the value of λ is mostly
determined by run-time restrictions.
5.2.3

Performance of features on noisy data

We created a dataset X and a label set Y using the function make classif ication()1 . We
proceed in the following way. First, we apply our standard form of GP on the dataset X,
and obtain a set of transformations τ . We then define a new dataset Xγ := X + γZ where
γ ∈ [0, 1] and Z is a matrix of the same dimension as X, and where the values zij ∼ N (0, 1).
We then apply our transformations from the set τ on the new dataset Xγ for various γ ∈ [0, 1].
We then obtain a new dataset Xγτ , which contains all the transformed rows of Xγ . We then
do a 70/30 split on Xγτ and train a Decision Tree classifier on the training set. We do this for
every γ ∈ [0, 1] and plot the corresponding accuracy on the test set. We do the same on the
70/30 split of the non-transformed dataset Xγ and again plot its test accuracy. This results
in the following plot
Transformed dataset + noise

Original dataset + noise
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(a) Out of the box DT performance on Xγτ .
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(b) Out of the box DT performance on Xγ .

From the data, we conclude that the GP features are more sensitive to noise. This can
be seen by the spike behaviour compared to the original datasets performance on the noise.
It also looks like it is decreasing a bit earlier, around γ = 0.1 compared to γ = 0.3 for the
original dataset. In general, the behaviour of both datasets is similar in the sense that the
accuracy decreases at the same rate. The transformed dataset had 9 features.

5.3

Time series data

One of the initial goals for developing this algorithm would be to automate the feature extraction for time series. Where we want the features to either already be very discriminative
or give us insights into which types of features are interesting. Therefore we will consider
an artificially created time-series dataset. We will proceed as follows, let X be the dataset,
1

The parameters are as following n samples = 1000, n f eatures = 30, n inf ormative = 5, n redundant =
0, shuf f le = F alse, random state = 420
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consisting of time series xi . Where each xi = [xi,1 , . . . , xi,100 ] such that we have that




x1
x1,1 . . . x1,100


,
...
X =  ...  , or X = 
xn,1 . . . xn,100
xn
Furthermore, each xi,j is sampled from a discrete uniform distribution such that Xi,j ∼ U[0, 42]
and thus xi,j is a realisation of Xi,j . Now we define the vector Y to be the vector containing
the labels of each time series. This label will be based on statistical information of the time
series. We define


100
 1 X

yi := 1
xi,j > 21 ,
 100

j=1

where yi is the label associated with time series xi . Hence we have now created a dataset
D = {(x1 , y1 ), . . . , (xn , yn )}. Below we find a figure of two differently labeled artificially
created time series
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Figure 21: Picture of two time series, with different labels. The orange is label 1, whereas the
blue is label 0.
Let us take n = 10000, and apply our standard version of the GP algorithm. That is, let
the maximum of generations be equal to 1000, µ = 100, λ = 200, the crossover probability
equal to 0.9, and the mutation probability equal to 0.1. Besides that we apply various early
stopping criteria, we extract 1 feature and stop the evolution when for 100 generations the
best individual has not been changed. We also stress that our function set F = {+, −, ∗, /},
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with our specifically defined division operator. Ideally, when we run the algorithm we want
to obtain a function of the form
f (xi ) =

100
X

xi,j .

j=1

If this were the case, the Decision Tree will be able to split the data, perfectly, by using the
rule f (x) < 2100. When running the algorithm the function that is returned is precisely
f (x) = x1 + x12 + x13 + x18 + x2 + x20 + x21 + x23 + x24 + x45 + x48 + x5 + x50 + x51 +
x52
.
x54 + x56 + x60 + x62 + x66 + x70 + x80 + x81 + x88 + x89 + x9 + x91 + x92 + x95 + x99 +
x45
Of course we must note that this varies from run to run. The idea, however, is clear. The
algorithm finds that adding the original time points/features results in better fitness, but
unfortunately is not able to correctly obtain the whole function. This is far from ideal, as the
fitness of the function f (x) was only 0.40 and the length of the individual was 61. This is an
illustration of the problems that can occur with GP. The problem of not being able to find
the correct describing function can have various reasons. The reasons can be limited function
size, too high or too low selection pressure, and many more. In this case, we think we can
do better by leveraging the knowledge we have about the type of data we are dealing with.
Since we are working with time series, and in this case the classification of said time series,
there are various ways to use statistical measures for time series to classify them [51]. One of
them is, as maybe expected, moment measures. In particular, the first moment is exactly the
function we are searching for in this example dataset. We now want to leverage these moment
functions on the time series, and luckily there is an easy way to achieve this. We can just add
a new function to the set F, in this case, the consecutive mean. We will consider a function
m(a,b) (xi ) defined on a time series xi as follows. Let a, b ∈ N then m(a,b) (xi ) is given by
1
m(a,b) (xi ) :=
|a − b| + 1

max(a,b)

X

xi,j .

j=min(a,b)

We note that in this specific situation with D, the values of a and b are limited to N ∩ [1, 100].
With this new function added to our function set we can define new individuals, that were
hardly possible before. See the figure below as an example
m

1

50

Figure 22: A new individual making use of the new function.
The individual given in Figure 22 represents
the function m(1, 50), which for a time series
1 P50
xi corresponds to the m(a,b) (xi ) := 50
x
j=1 i,j , which exactly represents the first 50 time
points average. We must note that in addition to the enlarged set F, we note that the set
T is also enlarged. By the addition of function m, we must have a way to select the random
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integers, to give as input to m. Therefore, we extend T with a discrete uniform random
variable U ∼ U[1, 100]. We choose U ∼ U[1, 100] because we have 100 features total. If
we now apply GP with the newly defined function set F = {+, −, ∗, /, m}. We obtain the
following function
g(x) = m(1,100) (x).
Hence we see that GP is able, with the correct function set, to extract the true learning rule.
This is an important observation, for GP to work well we need to have appropriate function
and terminal sets. By working well, we mean that the algorithm can extract well performing
features and is fast. We illustrate this with an example
Example 5 (GP working well). Normally to prevent overfitting and bloat we would limit the
number of nodes that a certain tree can have in Genetic Programming. Let us sayPthis limit is
set to 21, then it is clearly impossible to achieve a function of the form f (x) = 100
j=1 xi,j , as
when representing this function in tree form it will have far more than 21 nodes. So assume
for now that the tree size is unlimited, or at least set high enough such that the function
f (x) can be represented in tree form where we assume the latter to be the case. As we have
shown in this section the algorithm was not able to extract the true labeling rule with the given
parameters λ, µ, and number of maximum generations. Although since we assume that the
function f (x) can be represented in tree form, there is a probability which is greater than 0,
that the said function f (x) will eventually occur in the population. One of the easiest ways
to see this is that the probability that f (x) is created by subtree mutation is greater than 0.
Hence when performing subtree mutation, which has a probability of 0.1 of happening, there is
a probability that the newly created individual will exactly be f (x). So eventually with enough
time, the algorithm will find the correct rule. Compared to the case where we add the function
m to F though, the process of finding the function f (x) or equivalent in terms of the Gini
fitness is way easier. As we said, which can be checked by running the program yourself, with
the expanded F the algorithm can find the correct labeling rule with the same parameters.
Which in this case we refer to as GP working well.
Now that we have seen that the algorithm is able to construct the correct labeling function
using the dataset D we ask ourselves how well the algorithm will perform when we add noise
to the dataset D. We proceed in the following way, again consider the matrix X created in
the same manner. Again we have that each label for a time series xi is given by


100
 1 X

yi := 1
xi,j > 21 .
 100

j=1

Now we define a new matrix Xγ in the following way
Xγ := X + γZ,
where Z is a matrix of the same dimensions as X, but where each zij is a realization of
Zij ∼ N (0, 1). In other words, we can write that




z1
z1,1 . . . z1,100


.
...
Z =  ...  , or Z = 
zn,1 . . . zn,100
zn
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Thus it follows that


x1 + γz1


..
Xγ = 
,
.
xn + γzn


or

x1,1 + γz1,1

Xγ = 
xn,1 + γzn,1

Compared to 21 the two time series, with γ =

√


. . . x1,100 + γz1,100
.
...
. . . xn,100 + γzn,100

10, now look like the following
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Figure 23: Picture of two timeseries, with different labels where γ =
1, whereas the blue is label 0.

√

100

10. The orange is label

√
In fact, doing a small analysis for this specific value of γ = 10. If we were to relabel the
time series using our labeling function the time series corresponding to the blue line would
actually get label 1 instead of 0. So for γ larger, we expect the classification problem to
become tougher. Namely, we feed the algorithm data that contains noise. Thus to test the
robustness of the Genetic Programming algorithm. We will let the algorithm extract a feature
and compare how well this function compares to the ’real’ labeling function. The new dataset
we use will be defined in the following way
D̂ = {(x1 + γz1 , y1 ), . . . , (xn + γzn , yn )}.
Furthermore, we stress that the parameters for the algorithm have not been changed. We
have only used the enhanced function set F. We have tested various values of γ, and for every
γ ∈ [0, 10] the algorithm was able to extract the same function being
100

f (xi ) = m(0,100) (xi ) =

1 X
xi,j .
100
j=1
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After this, we tried more extreme values of γ. For example, the value of γ = 40 returned
the function h(x) = m(3, 100). So it did not quite find the true function. Nonetheless what
we can take away from this experiment is that when the data is induced with some Gaussian
noise the algorithm is still able to find the correct labeling function/splitting function. It does
this by finding a function that isolates, or creates a split, on a specific subset of the dataset.
This subset is given by the xi for which it holds that


100
 1 X

yi = 1
xi,j + γzi,j > 21 .
 100

j=1

In other words, the time series for which relabeling would not differ from their original label.
Hence this shows that the GP algorithm is able to still find rules on noisy data, as long as
the noise is not too extreme and causes the input to be labeled differently. When we tried to
train a Decision Tree just on the time series data we obtained an accuracy of 0.57. It shows
that the GP algorithm can extract better features that really do benefit the Decision Tree
performance-wise. Furthermore, this is a great example of how Decision Tree need feature
transformations to have a good performance on time series data.

5.4
5.4.1

Rabobank data
Construction of the Rabobank data

The models are trained on different types of data. These types of data are commodity prices,
meteorological data, and transactional data. For each category, these data are made out
of time series for every client. So for client 1 who operates in the cattle market, we know
what the prices of cattle have been over time. Then, based on time series we try to predict whether or not a client will go into default (or financial difficulty) in the next twelve
months. First, all the clients are segmented based on their main North American Industry
Classification System (NAICS) [52] activity. In short, NAICS can be thought of as giving the
industry type a client will be belonging to. Examples of this would be CattleRanchingandFarming, OilseedandGrainFarming, etc. Then these industry types are grouped by industry sectors. CattleRanchingandFarming will belong to Animal Production and Aquaculture,
whereas OilseedandGrainFarming will belong to Crop Production. How these groups are
composed can be seen in Figure 24.
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Figure 24: Overview of NAICS segmentations with Industry Sector.
Furthermore, in addition to this segmentation, the clients will also be grouped in which
rural area they operate. These rural areas are Australia, Brazil, Chile, Rabo Agrifinance
(RAF), and New Zealand. Hence our final grouped segmentations will be Australia Animal
Production Aquaculture, Brazil Crop Production, Australia Crop Production, etc. We will
now explain how the time series are created. The time series are, as aforementioned, created
using meteorological data and commodity price data. Consider the meteorological data. Suppose we have a certain area in which we have clients. For example, a region in New Zealand,
this area is divided into a partition of smaller regions ri , where each ri has a middle point mri .
A lot of clients in the portfolio for which this EWS model is created are from New Zealand.
Hence the choice for New Zealand.

Figure 25: Example of a grid being divided up in different sub grids.
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A partition of the area is created such that every client in the specific area belongs to
exactly one grid/square. The middle points mri correspond to coordinates given in longitude
and latitude. Hence for the meteorological time series, every client will belong to a square ri
and will then be identified by the corresponding middle point mri . Furthermore, we have a
collection of time stamps which we call T = {t1 , . . . , tn }. This collection (or set) of timestamps
corresponds to all the time points for which we have the meteorological data. This is roughly
data from 2012 to 2018. Hence the meteorological data looks like
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where for every middle point mri we have, for every timestamp tj , information about the
meteorological circumstances. Typical dimensions of this dataset are, for all clients in New
Zealand, 124925 × 91. First follows an explanation of what these values represent.
• T2M represents the average air temperature at 2 meters above the surface of the earth.
• P ET is an index that measures the potential evapotranspiration. That is, the evaporation from the ground that would occur when a nearby crop has enough access to water.
The evapotranspiration is modelled from the Thornthwaite equation. We will omit the
location subscript for readability, keep in mind that all these values are location bound.
For a month ti we have that

P ETti = P ET (ti ) := 16

L(ti )
12



N (ti )
30



10T (ti )
I(ti )

α(ti )
,

Where:
– L(ti ) is the average day length in hours for a month ti .
– N (ti ) is the number of days in month ti .
– T (ti ) is the average daily temperature in month ti .
P
– α(ti ) := 3j=0 Cj (I(ti ))j where Cj are numerical constants.

1.514
P
T (ti −j)
– I(ti ) = 11
.
j=0
5
For more information and detail about the numerical constants, we refer to [53, 54].
• PRECTOT is exactly the total precipitation per month, which is calculated as the sum
of precipitations per day in that specific month M.
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• SPEI is an index measure for drought/water surplus in a month ti . It is defined from
the PET index and the monthly rainfall.
SP EIti = SP EI(ti ) = Γ−1 (s, D(ti )) .
Where
– Γ−1 is the inverse regularised Gamma function.
– s is a shape parameter determined by fitting a Gamma distribution to D(ti ) for
each location mri
– D(ti ) = P (ti ) − P ET (ti ) with P (ti ) the total precipitation in month M .
For more information about the SPEI index we refer to [55].
Now the prediction we are trying to make is, at a certain timepoint, if a client will go into
default in the next 12 months. For each client, we have some information. We already
discussed that each client k belongs to a middle point mri , we also have a subset of timestamps
Tk which consists of timestamps tki where for each timepoint we know if a client goes into
default within the next 12 months. This is visualized in the following way


client timestamp default12
 1

t11
0

.
1
 1

t2
0
1
1
t3
1
So from the matrix above, we know that client number 1 is not going into default in the
next 12 months counting from t11 and t12 , but when measured from t13 client 1 does go into
default in the next 12 months. Thus, from a classification standpoint, we want to label client
1 at timestamps t11 and t12 with a 0. Whereas, we want to label him with a 1 at timestamp
t13 . Therefore to create a classification problem we need information for each client. This
information will be the time series based on the meteorological data. We proceed in the
following, let us return to considering client 1 at a certain timepoint t1j . For client 1 we know
that they belong to a certain grid with middle point mrk . Furthermore, we have that a certain
timestamp t1j belongs to a timestamp in T say tk . This is because T is the collection of all
time stamps. Then we create the following feature vector for client 1 at time point tk .
h
i
mrk
mr
mrk
mr
T 2Mtk−24
, · · · , T 2Mtk k , · · · , SP EItk−24
, · · · , SP EItk k .
In words, this means that for every timestamp corresponding to a client in a certain area we
create a time series going back
n = 24 months for the specific
middle point a client belongs
h
i
mrk
mrk
to. So in this specific case T 2Mtk−24 , · · · , T 2Mtk
is a time series based on the T 2M
values of 24 consecutive months in the grid with middle point mrk . Each of those created
time series, where the number of consecutive months can change, are then stacked after each
other in the feature vector. Each feature vector then has a corresponding label based on the
information for client 1 at timestamp t1i . For example in the case of t11 the label of the feature
vector would be 0. Then, as mentioned in the introduction of this thesis, new features will
be created based on these time series. We will be applying the GP algorithm on a training
dataset D which will consist of the aforementioned feature vectors for clients.
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Remark 11. We must note that since we have made a partition of the location such that
every client belongs to a middle point mri it has as a consequence that every client belonging
to that middle point has the same time series and thus instances vector. That means that if
clients have an overlapping collection of timestamps, the dataset will have instances that are
exactly the same. However, it can be that the labels of these instances are different. Think of
this as your neighbour farmer have financial probabilities in the same period whereas you have
not. Hence instances that are the same should be labeled differently. So all clients belonging
to the same grid with the same timestamp t will get the same output. All will be in default or
all are not in default. Obviously, this is a serious problem. This problem can be circumvented
by adding more client-specific data to the instances. However, at the time of running the
algorithm this was not yet fully possible. For example, the commodity price data was not
yet fully tested and had some calibration problems. This is why we ended up not using the
commodity price data in our algorithm. Hence the results on this dataset should be treated
carefully.
5.4.2

Results on the data

For this subsection, we created a dataset based on meteorological data for the New Zealand
animal production and aquaculture clients. This dataset was created based on the procedure
described in Section 5.4.1. Thus for every client in the segmentation of New Zealand animal
production and aquaculture, we have time series consisting of meteorological data at certain
time points. In the total dataset, that is, before the split. There are 124925 rows of data, and
all the data is labeled. For the labels, we have that 124187 of the rows have label 0, whereas
738 rows have label 1. This means that about 0.6% of the instances are going into default in
the next 12 months. Imbalanced data is known to cause issues in various machine learning
techniques. Not addressing for this would cause issues for the GP-algorithm. This can be
seen by the impact of imbalanced data on the Gini fitness. Rabobank will also be using the
algorithm on datasets that have a higher percentage of defaults. We expect the GP-algorithm
on imbalanced data to pick up more noise in the created features. Unfortunately, while writing
this thesis the datasets with a higher percentage of defaults was not yet available. Hence the
data is very imbalanced, and thus we must use the weights given in Remark 9 on page 41.
Furthermore, we note that the 70/30 split is created in such a way that a client can only
belong to either of the two. The GP algorithm is used with our standard sets for F and T .
We do enlarge them so that we can add the function m to F as we did in Section 5.3. For
running the algorithm the following parameters were used
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parameter
max gen
initial pop size
µ
λ
cxpb
mutpb
early stopping
# functions

value
1000
1000
100
500
0.9
0.1
100
31

Table 7: Overview of what we refer to as the standard parameters for our GP algorithm.
These parameters are based on the parameters in Table 1. We have increased the value for
λ because we have more processing power in the dataiku environment. Using the parameters
in Table 7 we create 31 new features. We choose 31 as that is the maximum amount of splits
that occur in a Decision Tree of depth 4. Depth 4 is chosen because of the interpretability
discussed in the next paragraph and from a run-time constraint. These features are then used
0
0 . Let f be equal to feature i created from the
to create two new datasets Dtrain
and Dtest
i
algorithm. Then we define


f1 (x1 ) f2 (x1 ) · · · f31 (x1 )


..
..
..
..
0
Xtrain
:= 
,
.
.
.
.
f1 (xn ) f2 (xn ) · · ·

f31 (xn )

where xi is equal to xi from the training dataset. Now the training dataset
0
Dtrain
= {(ξ1 , y1 ), · · · , (ξn , y1 },
0
where ξi is the i-th row from Xtrain
. Similarly, the test dataset is created. Then a Decision
Tree is trained on the train dataset, this Decision Tree is trained for various depths, namely
depth 3, 4, and 5. These limits are chosen because a route in the Decision Tree must be
interpretable. In general, it holds that the longer the route (which happens more often with a
higher depth) the less interpretable the decision rules are. This means a longer route has more
decisions. More decisions make the reason why a client gets a certain label more complicated.
Hence they are less interpretable for the customer relations office. Since the run-time of the
algorithm was high, 6+ hours, it was very tough to get statistical results. In all our runs the
0
AUC-ROC accuracy of the Decision Trees created with the newly defined training set Dtrain
was at least as high as the results obtained before by Rabobank. For reference the ROCAUC score of the Decision Tree created with expert-based features scored 0.656, whereas
0
the Decision Tree created from the Dtrain
dataset had a score in the range of 0.657 − 0.703.
The results of our algorithm are not necessarily better, they are different. We noted very
interesting behaviour when comparing the confusion matrix of the Decision Tree created by
Rabobank and the Decision Tree that was eventually created by our algorithm. For this, we
used a Decision Tree that scored 0.703, but the behaviour was similar between the runs
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actually 1
actually 0
Total

predicted 1
39
4054
4093

predicted 0
83
18172
18255

Total
122
22226
22348

(a) Confusion matrix for Rabobank DT.

actually 1
actually 0
Total

predicted 1
13
859
872

predicted 0
109
24475
24584

Total
122
25334
25456

(b) Confusion matrix for the GP algorithm.

Figure 26: Overview of confusion matrices.
From Figure 26 it becomes clear what we mean by the word ’different’ from the last
paragraph. The fraction of clients that get triggered by the GP algorithm Decision Tree is
about 1.4% vs about 1 % in the Rabobank Decision Tree. The difference is most likely due to
run-to-run variance. Although, the GP algorithm Decision Tree achieves this precision while
classifying way fewer clients as 1. This behaviour was constant over different runs of the GP
algorithm. We think that this is because of dataiku doing under the hood optimizations to
achieve optimal ROC-AUC scores. However, more research should be done if this is really a
consequence of using the GP algorithm with dataiku. It could be beneficial to achieve higher
precision while labeling fewer clients as a 1. Although, it can be considered to be a doubleedged sword. If the GP algorithm Decision Tree would get used to flag clients, there is less
pressure on the local office for checking every flagged client. On the contrary, more clients
go unnoticed and so fewer clients might get the help they need. It is also worth noting that
the original dataset on which we applied the GP algorithm had a few more entries compared
to the dataset that was originally used by Rabobank. This is since the original datasets get
updated with new data often. In addition to this, we note that to use the GP algorithm no
features had to be created. However, the values in Table 7 had to be chosen before the runs.
This can be compared with the choices Rabobank had to make while creating their features
from the time series data.
Now that we have seen that the results of the Decision Tree created by the new algorithms
were interesting we proceed with the features that the algorithm extracted. We first have to
define some notation. For example, for the variable P ET we have in total 12 months of data.
Where P ET0 , is the value at a certain place 12 months before the timestamp and P ET11 is
the value of the last month before the timestamp of the client. All other variables have 24
months of data. Some examples of the types of functions that got extracted by the algorithm
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on the first split are
−x12 − x39 + 2x42 + x61 − x74
,
−x12 + x38 + 2x39 + x63
x74 m(62, 64)
g(x) =
,
x12 m(62, 64) − x54 x8
h(x) = x47 + x49 − x54 − x67 + x70 .

f (x) =

We stress again that these functions were obtained from different runs. We highlight the first
split because it is the most important split of the Decision Tree. Namely, all instances have
to go through this decision rule. We have consistently seen that the feature importance of
the first 3 functions extracted by the GP algorithm has accounted for 50% of the feature
importance. Remember, this means that 50% of the total decrease of Gini has been reached
after only 3 decision rules. Therefore we have added a section with various examples of
the first 3 features that were extracted by the GP algorithm in Appendix D. The cut-off
of three features was chosen because of its correspondence to 50% of the total decrease in
Gini. Moreover, we think it gives an interesting snapshot of the types of functions that get
extracted. Now for the interpretation of the extracted feature, we highlight the function h(x).
Using Table 8 we can read which meteorological variables correspond to a certain xi . We see
that h(x) consists of two different components which are added together. We see that a part
where
h1 (x) = SP EI10 + SP EI12 − SP EI17 ,
and a part where
h2 (x) = T 2M9 − T 2M6 .
In the case of h(x) the SP EI value of 7 months before the time of prediction, is subtracted
from the sum of two SP EI values at 12 months and 14 months before the prediction. In addition to this, the increase (or decrease) of the temperature at 2 meters is also evaluated. This
evaluation takes place over the 15th and 18th months before the prediction. This procedure
of interpreting can then be repeated for every function extracted by the algorithm. This helps
gain more insight into what functions are interesting for modelling on the time series data.
The finding of the function h(x) is particularly interesting when we consider what functions
Rabobank used in constructing the Decision Tree. In their Decision Tree the first split was
created on the function T 2Mdiff4 which corresponds to the difference between the latest T 2M
value and 4 months before. The T 2M values are also occurring in the functions f (x) and
g(x). Thus Rabobank might want to explore a more in-depth analysis on features containing
T 2M . For example, looking at the lagged differences.
For the last part of this section, we want to highlight why the functions are so different.
First of all, this is due to the fact that the GP search algorithm is stochastic. Secondly, it
is due to the data. The functions f (x), g(x) and h(x) all have very similar fitness. They
achieved a similar quality of split while using, mostly, different variables. This leads us to
conclude that there are many different ways to achieve these types of splits. This however
makes sense as we have a lot of information in the data to make a function to use for the
split.
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6

Future Research

At the time of writing this thesis, we only had access to meteorological data. In the future,
one could research the use of the algorithm on a combination of multiple types of time series
data. For example, the transaction data or commodity price data. We expect that this would
benefit the algorithm in different ways. More information on clients specific would alleviate
the problem where multiple clients had the same feature vector. It could also be that this
addition would help with the inconsistency of the features extracted. Hence why exploring
this addition is interesting for future research.
The addition of the time series discussed above could introduce a run-time problem. In
its current state, the algorithm run-time scales with the number of columns the training
dataset has. Of course, the rows also influence the run-time of the algorithm. However, way
less than the columns. This is due to how DEAP is implemented in Python. One of the
future research that could be done on this subject would be to make DEAP more efficient for
dataset with lots of columns. Furthermore, one of the most taxing parts of the algorithm is
the computation of the fitness for individuals. Currently, this is implemented to use a CPU.
It would be interesting to research whether or not the fitness evaluation can be offloaded to a
GPU. Then more individuals can be evaluated in parallel, which would improve the run-time
of the algorithm.
As we have mentioned various times in the thesis, the features are originally created using expert-based knowledge. In the future, it would be interesting to be able to seed the
initial population using this expert-based knowledge. Let us say that a data scientist thinks
that a certain combination of features is interesting, it would be interesting to see what would
happen when the GP algorithm starts with a population that is heavily biased towards these
combinations of features. In this way, the search of the GP algorithm can be combined with
expert knowledge. Predetermining what population a GP algorithm will start with is called
seeding. Seeding a population based on expert knowledge would be an interesting future research question.
In Section 3.5.5 we introduce the NSGA-II selection method. We introduced this because
the tournament selection method was prone to bloat. This was shown in Section 5.2.1. In this
Section, we also saw that the tournament selection had high diversity over multiple generations. It would be interesting to see if the occurrence of bloat can be limited in tournament
selection. There are various ways this can be done. One could penalize the fitness if the
individual gets too big. Also one could limit the size of all individuals appearing in the evolution. What would be the best way to apply these size limiting procedures? How would
this influence the features extracted by the algorithm? These are all questions that can be
answered in future research.
In Section 5 we have seen that the GP algorithm each run extracts different features. Hence
the high standard deviation in the artificial tests and the different functions found in the
Rabobank dataset. It would be interesting to see how the GP algorithm can be made more
consistent. For example, how would one extract the most prominent functions from 100 different runs? In most datasets we expect this to return more consistent features. Doing 100
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different runs would take a lot of time, so either the run-time of the algorithm needs to be
improved, or a different approach has to be taken. One could also do the runs in parallel, but
then often a lot of machines are needed.
We think that there is still a lot of research to be done before the GP algorithm we introduced in this thesis can be used on its own. For now, we would advise using the algorithm
to get an idea of functions and features that benefit classification in a DT.
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7

Conclusion

While creating predictive features for time series, Rabobank was wondering if their approach
was complete, in the sense that they did not overlook any important predictive features. To
answer this question we developed a search algorithm that would search for good predictive
features. Our approach was based on our knowledge of the concept of Decision Tree introduced
in Section 2. Together with the concept of Genetic Programming introduced in Section 3 we
created a search algorithm which was introduced in Section 4. In Section 4 we also highlighted
the most important choice we had to make for the algorithm. We concluded that a fitness
based on the Gini was less likely to overfit compared to the Fisher fitness. Which was beneficial
for the interpretability of the extracted features. The first part of Section 5 functioned as
an exploration of how the algorithm behaved in certain circumstances. It was also a setup
for the second part of the Section. This second part was written in Section 5.4.2. In Section
5.4.2 we ran the algorithm on data provided by Rabobank. This again highlighted the issues
corresponding to a stochastic search algorithm. The extracted features are different for each
run. However, the functions that were extracted by the algorithm gave an indication of types
of features that are interesting to explore more in-depth. Where we specifically mentioned
that features with meteorological variable T 2M could be explored more in-depth as they came
up multiple times in the extracted features. Our created algorithm can be used to create new
features for many types of data, not only time series. We conclude that the algorithm is useful
in determining which features of the original dataset are of interest and can help indicate how
the original features relate to each other. The algorithm can be used to automatically create
features that can be used to create better-performing Decision Trees. Furthermore, it can
serve as a guide for a data scientist or modeller in the feature extraction part of modelling to
create better predictive models.
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Appendix on Selection methods
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Figure 27: Second run for ’selbest’ method.
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(b) Occurrence of features in generations 0,50,100,150,200.

Figure 28: Visualization of the low diversity of ’selBest’ in a second run.
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Appendix images from Section 5.2.2
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Figure 29: Accuracy of the GP algorithm on 20 features for the first 20 combinations.
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Figure 30: Accuracy of the GP algorithm on 20 features for combinations 20-40.
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Figure 31: Accuracy of the GP algorithm on 20 features for combinations 40-60.
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Figure 32: Accuracy of the GP algorithm on 20 features for combinations 60-80.
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Figure 33: Accuracy of the GP algorithm on 40 features for the first 20 combinations.
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Figure 34: Accuracy of the GP algorithm on 40 features for combinations 20-40.
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Figure 35: Accuracy of the GP algorithm on 40 features for combinations 40-60.
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Figure 36: Accuracy of the GP algorithm on 40 features for combinations 60-80.
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Figure 37: Accuracy of the GP algorithm on 100 features for the first 20 combinations.
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Figure 38: Accuracy of the GP algorithm on 100 features for combinations 20-40.
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Figure 39: Accuracy of the GP algorithm on 100 features for combinations 40-60.
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Figure 40: Accuracy of the GP algorithm on 100 features for combinations 60-80.
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Overview of name conversion

theenumivcc
name
P ET 0
P ET 1

variable
x1
x2

90

P ET 2
P ET 3
P ET 4
P ET 5
P ET 6
P ET 7
P ET 8
P ET 9
P ET 10
P ET 11
P RECT OT 0
P RECT OT 1
P RECT OT 2
P RECT OT 3
P RECT OT 4
P RECT OT 5
P RECT OT 6
P RECT OT 7
P RECT OT 8
P RECT OT 9
P RECT OT 10
P RECT OT 11
P RECT OT 12
P RECT OT 13
P RECT OT 14
P RECT OT 15
P RECT OT 16
P RECT OT 17
P RECT OT 18
P RECT OT 19
P RECT OT 20
P RECT OT 21
P RECT OT 22
P RECT OT 23
SP EI 0
SP EI 1
SP EI 2
SP EI 3
SP EI 4
SP EI 5
SP EI 6
SP EI 7
SP EI 8
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x3
x4
x5
x6
x7
x8
x9
x10
x11
x12
x13
x14
x15
x16
x17
x18
x19
x20
x21
x22
x23
x24
x25
x26
x27
x28
x29
x30
x31
x32
x33
x34
x35
x36
x37
x38
x39
x40
x41
x42
x43
x44
x45

SP EI 9
SP EI 10
SP EI 11
SP EI 12
SP EI 13
SP EI 14
SP EI 15
SP EI 16
SP EI 17
SP EI 18
SP EI 19
SP EI 20
SP EI 21
SP EI 22
SP EI 23
T 2M 0
T 2M 1
T 2M 2
T 2M 3
T 2M 4
T 2M 5
T 2M 6
T 2M 7
T 2M 8
T 2M 9
T 2M 10
T 2M 11
T 2M 12
T 2M 13
T 2M 14
T 2M 15
T 2M 16
T 2M 17
T 2M 18
T 2M 19
T 2M 20
T 2M 21
T 2M 22
T 2M 23

x46
x47
x48
x49
x50
x51
x52
x53
x54
x55
x56
x57
x58
x59
x60
x61
x62
x63
x64
x65
x66
x67
x68
x69
x70
x71
x72
x73
x74
x75
x76
x77
x78
x79
x80
x81
x82
x83
x84

Table 8: Overview of features and corresponding xi .
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D

More functions extracted by the algorithm

For the second split various functions were
f2 (x) = x62 − x73 − m(47, 48),
g2 (x) = m(67, 74) − m(61, 73),
x3
x2
−
.
h2 (x) = x3 − x6 −
x63 x61
The functions correspond each to f (x), g(x) and h(x) being their second split. For the third
split the algorithm obtained
x6 + x37 + 2x51 + x57 + 4 ∗ x78
,
x57 + x65
g3 (x) = m(44, 51)m(75, 80),
(x62 − x75 )
h3 (x) = (x20 + x24 (x56 + x77 ))
.
x24
f3 (x) =

Again various of these functions can be interpreted and give an insight in what meteorological
variables are interesting to explore more in-depth.
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