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Abstract

Inozemtsev’s elliptic spin chain and its infinite limit are interesting models from many perspec-
tives: both of these models are most likely integrable, but their precise structure is not known
yet. They form interpolating models between two prime examples of two very different classes
of spin chains, the Heisenberg XXX spin chain and the Haldane-Shastry spin chain. Moreover,
the infinite spin chain can be used to study the spectrum of the dilatation operator in N’ = 4
super Yang-Mills theory. Finally, there seems to be a strong relationship between the solvability
of these spin chains and their Calogero-Sutherland-Moser counterparts. In this thesis, we derive
the eigenfunctions of Inozemtsev’s infinite spin chain and use these eigenfunctions to study the
thermodynamic behaviour of these models by employing the Asymptotic Bethe Ansatz. Us-
ing an approach first proposed by Hulthén, we derive an expression for the antiferromagnetic
ground state and we follow a method by Yang and Yang to derive integral equations that govern
the thermodynamics at arbitrary density. Finally, we classify all the asymptotic (bound-state)
solutions of the Bethe equations of Inozemtsev’s elliptic spin chain. This leads to interesting
new phenomena and a reason to revisit the derivation of asymptotic bound-state solutions of
other models. After identifying the spectrum within the set of solutions of the Bethe equations,

we can plot the spectrum of bound states.

Keywords: quantum physics, spin chain, Weierstrafl elliptic functions, Asymptotic Bethe

Ansatz, bound states.
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Chapter

Introduction

Spin chains have been of interest ever since Heisenberg proposed his model for the magnetic
interaction of electrons in 1928 [I]. Because spin chains are one-dimensional, they are often
easier to study than similar models in higher dimensions, making them an excellent starting
point to study new phenomena in condensed-matter physics. Interestingly, research has shown
that spin chains can also be used to study more complicated models, such as lattice models
(see e.g. [2]) or even certain conformal field theories and string theories through the AdS/CFT-
correspondenceﬂ Also, the study of spin chains has triggered the development of experimental
setups that are modelled by these spin chains and prove to be a promising playground to test
applications such as quantum computing (see e.g. [6]). Finally, the development of Yang-Baxter
theory originated from the use of the Bethe Ansatz to find the spectra of spin chains and has

proved to be a promising research area in itself (see e.g. [7]).

This thesis will concentrate on spin chains that are susceptible to an exact analytic approach
to study their spectra and other properties. Models of this type are often also exactly solvable
or integrable, although the characterization of these terms, which is far from uniform in the
present literature, is usually slightly different. Loosely speaking, for the models we will study
it is possible to find the functional form of the eigenfunctions depending on a set of parame-
ters, although it might not be possible to determine the parameters for which this functional
form actually yields an eigenvalue belonging to the spectrum of the model. For exactly solvable
models, finding these eigenvalues is possible. For models that are integrable there exists a set

of conserved quantities that are in involution that allow one to trivialize the dynamics.

The study of spin chains by analytic means is most relevant: it pushes the boundaries of re-

searchers to find new methods to attack classes of models and can in this way forge a stronger

'see [3] for a general review, [4] for a review of integrability in this field and [5] for a review that focusses on

integrability and the use of spin chains in research into this correspondence.



relationship between physics and mathematics, which has been a very fruitful partnership in
the history of science. Moreover, the fact that so many aspects of these models can be studied
without the need to resort to approximation techniques enables us not only to test the mathe-

matical foundations of physics, but also to sharpen our understanding of physics itself.

The systems we will focus on are the elliptic spin chains first introduced by Inozemtsev, one
of finite length and one of infinite length [8]. The finite elliptic spin chain is in fact the most
general spin chain with only two-body interactions for which there exists a quantum Lax pair.
As such, the elliptic spin chain could very well be integrable, but of the currently proposed set
of conserved quantities it is not known yet whether they are all in involution [9]. Apart from
their relevance to the body of integrable models, the fact that these spin chains can be regarded
as deformations of existing and very well-known spin chains is notable. Indeed, Inozemtsev’s
elliptic spin chain forms an interpolation between the short-range Heisenberg XXX-model for
spin 1/2-particles, which is solvable by application of the Bethe Ansatz [10], and the long-range
Haldane-Shastry spin chain for spin 1/2-particles, which can be solved by exploiting its Yangian
symmetry [I1], [12]. Therefore, investigating the properties of Inozemtsev’s elliptic spin chains

can yield valuable insights in the relationship between these rather different types of models.

Since the study of the elliptic spin chain goes hand in hand with the study of elliptic functions,
and this subject is seldomly taught (even) at graduate level, we will devote the first part of
Chapter 2 to properly introduce what we need to know about these functions. The second part
of that chapter is used to introduce the elliptic spin chain of finite length and its related models.
In Chapter 3, we will formally introduce the elliptic spin chain of infinite length and use the
Ansatz provided by Inozemtsev to find the functional form of its eigenfunctions. Chapter 4 is
devoted to the derivation of the Bethe equations for this model and the study of its real solutions
using methods developed by Hulthén and by Yang and Yang. Chapter 5 contains a detailed
characterization of the bound-state solutions of the aforementioned Bethe equations, yielding
some interesting new phenomena. Chapter 6 finally discusses the use and the implications of

this research and provides recommendations for future research.

Most of the derivations presented in this thesis are fairly explicit. It is our hope that this aids
readers to understand all the relevant steps. Additionally, learning about the techniques used
in this thesis to derive eigenfunctions is a goal in itself, making it especially relevant to be
as explicit as possible. We have also tried to prove as many of the statements as possible in a
rigorous fashion, not only as an aid to the reader, but also to facilitate the more mathematically

inclined reader.



Chapter

Elliptic Functions and Spin Chains

In this chapter we will provide the background necessary to read Chapters 3 up until 6. The
first topic, elliptic functions, is not usually taught in university courses and can therefore not
be regarded as common knowledge. The second part of this chapter not only introduces the
language used in spin-chain research, but also reviews some examples of spin chains which are
important in the rest of this thesis. In particular, we will introduce Inozemtsev’s elliptic spin

chain, which is the central subject of this thesis.

2.1 Elliptic Functions

Historically, elliptic functions were developed first in the theory of elliptic integrals, where
they serve as inverse functions for these integrals. Later it was discovered that these functions
are very useful in the theory of modular forms and elliptic curves, which is heavily used in
algebraic geometry and number theory. Physicists also discovered their use, since they could
be used to write explicit solutions for given integrals and also cropped up naturally when
studying the Laplace equation in elliptic coordinates. In this thesis we will focus on one type
of elliptic function, the Weierstrafl elliptic functions, and mostly use their strong similarity
to trigonometric functions. We will therefore not aim to present a complete theory of elliptic
functions, but try to restrict to the necessary ingredients for this thesis. For more information

about these interesting functions see for instance [13] [14] [15].

2.1.1 Definition

In modern analysis the definition of elliptic functions usually does not start at the integrals
for which they were once developed. We will approach them beginning from the trigonometric
functions, such as sine and cosine, on the complex plane. Starting from their usual definition
on the real line the trigonometric functions can be analytically continued to the entire complex

plane in a unique fashion defined by their power series. The result of this continuation is quite
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Figure 2.1: The tesselation of the complex plane by parallellograms, induced by a doubly-
periodic function with periods wi,ws. The colored parallellogram is the fundamental parallel-

logram.

special: instead of being periodic only along the real axis in the complex plane, these continua-
tions are periodic along any line parallel to the real axis, i.e. they satisfy f(z + 27) = f(z) for
all z € C. This leads to a natural equivalence relation on the complex plane, identifying points
z and 2/ if z — 2/ = 27k for some k € Z and dividing the complex plane in strips of width 27
perpendicular to the real axis. For reasons that will become clear soon, we will call functions

satisfying f(z + w) = f(z) for all z € C and some w € R singly-periodic functions.

Of course, the above situation is quite special and it makes sense to try to generalize it. Ob-
viously, we can create singly-periodic functions with different periods by rescaling the real
coordinate, but we can actually do more: by rotating the coordinates, we can make these func-
tions periodic in any direction we want, for example along the imaginary axis, so that their
periods w € C are no longer purely real. However, we can extend our options even further by
allowing the function to be periodic in a second direction too, i.e. to be doubly periodic. Such

functions satisfy
flz+w)=f(2),  flz+w2)=f(2),

for all z € C for some wy, w9 € C with Z—; ¢ R. If we do not ask for the periods to satisfy % ¢ R,
the resulting function is not doubly periodic in the intuitive sense. Namely, Jacobi showed that
if 1 € Q then the function is singly-periodic, whereas if &I € R\ Q then it is constant. Note
that in analogy with singly-periodic functions, doubly periodicity leads to a natural equivalence
relation on the complex plane, dividing it into parallellograms (see Figure . The closed par-
allellogram defined by the four corners 0, w1, wo, w1 +ws is called the fundamental parallellogram

(the colored parallellogram in Figure . Most of the analysis of doubly-periodic functions



can be reduced to this fundamental parallellogram. We will also call this tesselation of C by

parallellograms the lattice. We can now define what an elliptic function is.
Definition An elliptic function is a meromorphic doubly-periodic function.

In particular, meromorphic functions cannot have other singularities than removable singular-
ities and poles and therefore all elliptic functions have a Laurent series at every point in their
domain. Of course, from this definition it does not follow that there actually exist elliptic func-
tions, but we will see in due course that this is the case. First we list a couple of important
theorems about and properties of elliptic functions.

2.1.2 Properties of Elliptic Functions

Probably the most important theorem about elliptic functions is Liouville’s theorem:
Liouville’s Theorem. An elliptic function without poles is a constant.

Liouville’s theorem is a direct consequence of the fact that all bounded analytic functions are
constant. It tells us that all nontrivial elliptic functions must have poles. Other theorems (to

be found in [I3], 14]) show that these poles must be such that
1. the number of poles in any parallellogram is finite.

2. the number of poles equals the number of zeros (if and only if the elliptic function is not

constant).
3. the sum of the residues for all the poles in a parallellogram is zero.
4. the leading order of the Laurent series of an elliptic function f(z) cannot be 1/z.

Property 4 is an easy consequence of Property 3.

2.1.3 Weierstraf} Elliptic Functions

Armed with these basic facts, let us now give an example of an elliptic function, the function

usually denoted by @ (called the Weierstra-P). g : C — C is given by

1 1 1
_ 1 _ 2.1
p(z|lwr,wa) o + m;ez ((z —mwy — nwa)?  (mwr + nw2)2> ) (2.1)

m24n2#£0

where wi,ws are the periods of the function, ﬁ—; ¢ R and m? + n? = 0 expresses that we do
not include the case m = 0 = n. We will supress the explicit mentioning of the periods when
it is clear which periods are being used. This function has second-order poles at the corners

0, w1, w2, w1 Fws in the fundamental parallellogram and the sum on the right-hand side converges

10



uniformly for all other points in the fundamental parallellogram. This shows that p(z|wi,ws) is
meromorphic. Proving that g is actually doubly-periodic with the given periods is a little bit
more work, but can be done using the differentiability of @ and some properties one can derive

for its derivative. From this it then follows that g is actually elliptic (see [13]).

The Weierstral elliptic function can also be defined in the more traditional way [13], as the
solution to the functional equation
[e.e]
z= / (4% — got — gg)flﬂdt,
f(z)
where f is the unknown function and g2, g3 are the invariants of the p-function and depend on

the chosen periods:

go = 60 b o -
m;EZ (mwi + nws)? mzez (mw1 + nwz)ﬁ
m2+n2#£0 m2+4n?#£0

From this one can also deduce that the p-function satisfies the differential equation

(¢'(2))% = 4p(2)* — g2p(2) — gs.

When doing computations with the p-function, two other functions are extremely important:

the Weierstral (- and o-functions. They are defined on the complex plane by the following

expressions:
1 1 z
C(Z’(,UhOJQ) T ; + Z 2 — mMwi — NWwy T mwi + nws + mwi + nway 2
m,nEL
m24+n2+£0
2
z z z
— 1= 2.2
o (2w, w2) ‘ H << mw + nw2) P {mw1 + nws " 2(mwy + nws)? })( )
m,neZ
m2+n27é0

The Weierstrafl (-function is meromorphic and quasiperiodic and satisfies ((z+w;) = ((z)+2n;
(with n; :== ¢ (%)) as long as ((2) is finite, while the Weierstral o-function is entire with simple
zeros at the lattice points mwi + nws for all m,n € Z. The o-function is also quasiperiodic,
satisfying

o(z+w;) =—exp {2172- (z + %) } o(z). (2.3)

They relate to the p-function as follows:

The (-function will be useful in our subsequent chapters, but has no other important properties,
contrary to the o-function; Indeed the latter allows for a very elegant characterization of elliptic

functions:

11



Theorem. Every elliptic function can be written as a multiple of a quotient of these o-functions
in a very simple way: given an elliptic function F' with a given set of N zeros {a,} and poles
{b,} in the fundamental parallellogram (characterized by the periods w,ws), one can write this

elliptic function as

=

B o(z —a;)
IR Tl

where A € C.

This can be proved using Liouville’s theorem quite simply, which we will do here to illustrate
the power of Liouville’s theorem.

Proof. Consider the function G(z) = Hf\il Z(é:zzg It has the same zeros and poles as F,

is meromorphic and doubly periodic as can be checked by using (2.3]). It is therefore elliptic.

The quotient function F/G is also elliptic and has no poles or zeros. By Liouville’s theorem, it
must be constant, say A. We can conclude that indeed F(z) = AG(z) for all z € C\ {b;}, thus
F=AG. O

The Weierstrafl functions have numerous properties, many of which can be found in Appendix

or in the references [13] [14] [I5]. The webpage [16] is also very useful as a reference.

2.2 Introduction to Inozemtsev’s Elliptic Spin Chain

Inozemtsev’s original paper introducing his elliptic spin chain was published in 1989 [§] and
aimed to connect the Heisenberg XXX chain to the Haldane-Shastry spin chain for the case
of spin-1/2 particles. This connection was forged through the analysis of the existing sets of
quantum Lax pairs for these spin chains, proposing a generalized quantum Lax pair depending
on a parameter £ such that its limits (i.e. K — 0,00) correspond to the Heisenberg XXX and
the Haldane-Shastry spin chains, respectively. The corresponding hamiltonians exhibit similar
behaviour, indicating that Inozemtsev’s proposal could be interpreted as a deformation of the
Heisenberg XXX and Haldane-Shastry spin chains. Additionally, Inozemtsev argued that his
elliptic spin chain, which we will consequently call Inozemtsev’s elliptic spin chain, is in fact the
most general spin chain with only two-body interactions to admit a quantum Lax representation.
Before going further into the properties of Inozemtsev’s elliptic spin chain, let us first introduce

this class of physical models in a more formal fashion.

2.2.1 What is a spin chain?

A spin chain is a one-dimensional lattice with fixed particles at the lattice sites whose only

degree of freedom is their spin. For a periodic spin chain of finite length L, the Hilbert space

12



L

L

Figure 2.2: A spin chain of length L. For simplicity, all the particles are depicted as if their

spin is precisely one of the basis vectors |1),|]).

HE) of states is the tensor product

1Y = Q) Vo, (2.4)

nez/LZ
where the vector space V,, is the spin space of the particle at the lattice site with label n and
the summation runs over Z/LZ to ensure the periodicity. For the case of spin-1/2 particles, to
which we will restrict our attention, the V;, are given by V,, = C|1) @ C||) = C2. We can use an
operator A : V — V (where V = C?) to define an operator on (%) that acts only on the jth
vector space by the L-fold product
Aj :Id¢32®"'®\4/®"'®1d@2,
Vi

where the Idg: is the identity operator on C2. In particular, we can define Pauli spin matrices

that act on the jth particle by

0 1
ot = Id(cz®---®(1 0>®~-®Id@

ol = Id@@---@(

0
o; = Id(c2®'-‘®(o _1>®~~®Idcz, (2:5)

—_—
Vi

where all the tensor products are L-fold. We will further define

oj:= (0}, U?,O‘;)T, (2.6)

such that we can use the standard inner product to write
o) 0 = 0;0; +olo) + oioj. (2.7)
Moreover, we can define the spin-flip operators ot := 1(o® +i0¥) on C|1) @ C|]), which act as

=2
follows on basis vectors:

o = 0 oy =),
W) = 1), ol =0 (2.8)



Using these operators, we can define a basis of H(L) as follows: let

0) =Dl (2.9)

L

be the so-called pseudovacuum state. By repeatedly acting with the operator o; for different
7 we can flip the spin at position j until eventually the vector in which all spins are pointing

down is reached. These vectors are defined as
0-’;10-7:2'“0-;1%‘(» = |n17n27"' 7nM>> (210)

where 1 < M < L and the n; € Z/LZ satisfy ny < ny < --- < nys. For fixed M we define
By € ZM as

By :={neZM|n <ny<--- <ny}. (2.11)

The union of these vectors for all 1 < M < L and allowed values of the n;, together with |0),
forms a basis of HL), as can easily be seen by a counting argument. If we associate |0) to the
case M = 0, then at fixed 0 < M < L the number of vectors of the form is (Af) By
extending the inner product of the individual vector spaces to H®) in the canonical way, we
see that all these vectors are orthonormal and that there are

> (1)-»

M=0 L

of these vectors. Therefore, they form an orthonormal basis of the Hilbert space. Armed with

these definitions, we can discuss the three models we have mentioned so far.

2.2.2 The Heisenberg XXX Spin Chain

On the Hilbert space HL), the periodic Heisenberg XXX chain of length L is defined by the

hamiltonian

L
J
Hxxx =~ Z (0j-0j41—1), (2.12)
=1

where J is a coupling constant. It is the first spin chain to be studied in great detail by Hans
Bethe in his famous paper Zur Theorie der Metalle in 1931 [10]. As one can see, there are only
interactions between neighbouring spins, i.e. this model is of nearest-neighbour type. While its
interpretation as a model for magnetic interactions between electrons forms an interesting story,
we will not discuss it here, but instead mention the revolution it inspired in the solvability of
spin chains and other lower-dimensional models. Bethe hypothesized that the eigenfunctions of

the spin chain hamiltonian are linear combinations of plane waves of the form

Wi =Y Y Ag(p)e TP g g, -+ ), (2.13)

neBy QEm

14



e?ﬂ'ik/L

d=2|sinn(j —k)/L|

e2mij/L

Figure 2.3: The chord distance d between two particles at €>™/L and e>™*/L is 2| sin7(j —k)/L|,

used in the Haldane-Shastry spin chain.

where 0 < M < L is fixed, m is the permutation group of M symbols, p € CM are the
quasimomenta of the plane waves and the Ag are coefficients that are to be determined. Using
this Ansatz, Bethe was able to find eigenfunctions of the XXX spin chain. Moreover, later
studies showed that this Ansatz was useful to solve lots of other models too and that many
models that are solvable by this Ansatz have a common underlying algebraic structure. This
Ansatz became known under the name Bethe Ansatz and has led to a great surge in the research
of exactly solvable quantum models. Indeed, there are many methods and topics that originate
from this discovery by Bethe, such as the Algebraic Bethe Ansatz, the Thermodynamic Bethe
Ansatz and the Nested Bethe Ansatz. More information about the research centered around

the Bethe Ansatz can be found in references [2} 17, [18].

2.2.3 The Haldane-Shastry Spin Chain

The Haldane-Shastry spin chain of length L is also defined on H(X) by its hamiltonian

L

Hpyg = % Z )/L)( Lo — 1), (2.14)

7.k= 1
J#k

where J is again a coupling constant. It is periodic due to the use of the sine function and has
a natural interpretation on the unit circle: if we locate particles at the positions e274/L (with
1 < j < L) on the unit circle, then the interaction strength sin=?(w(j — k)/L) is exactly the

2mij/L and e27rik/L (

inverse-squared potential for the chord distance between particles at e up to
a rescaling, see Figure . This spin chain was introduced and diagonalized by Haldane and
Shastry in two independent papers [I1], 12]. It is a long-range spin chain, since the interaction
energy between any two sites is nonzero, and is not solvable by the Bethe Ansatz. Through
a careful study of the higly degenerate energy levels, a Yangian symmetry was identified [19],
which allowed Bernard, Gaudin, Haldane and Pasquier to construct the transfer matrix in terms
of Dunkl operators [20]. Additionally, they established a strong connection with the spinless

Calogero-Sutherland-Moser models (CSM-models) carrying the same potential on the real line.

15
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Figure 2.4: The limits of Inozemtsev’s elliptic spin chain hamiltonian.

In Chapter 3, we will encounter a similar connection for Inozemtsev’s spin chain of infinite

length and give more details about the CSM-models.

2.2.4 Inozemtsev’s Elliptic Spin Chain

On the Hilbert space HE), Inozemtsev’s elliptic spin chain is defined by the hamiltonian

L
J .
He=5 3 ouli=H) (o o 1), (2.15)
Jik=1
J#k
where @, is the Weierstraf elliptic function with periods (L, im/k). Note that this model depends
on the parameter £ > 0 [§] through these periods. When the parameter & is sent to either infinity
or zero, the hamiltonian (2.15|) degenerates into the hamiltonians of the Heisenberg XXX and
the Haldane-Shastry spin chain, respectively (see Figure . To be more specific, in the limit
that k — 0, pr, behaves as

i pr(e) = T (L] (2.16)
rm0 PV sin?(rz/L) 3)’ '

such that in this limit, we indeed obtain the Haldane-Shastry hamiltonian up to an unimportant
shift. The limit of kK — oo is slightly more complicated to see. We use the expansion of pj, for
large values of x:

1 ) . ) )
or(j) = K? <3 +A(e72 42 e’MﬁLl)) + O (e749) (2.17)

for all j € Z with |j| < L. If we omit the constant term and renormalize the coupling constant
as

J
J — @QXP (2/4}),

then we have
. J . K2
lim -5 exp (26) | p1(j) — 5 | = 015 + 011, (2.18)

k—o00 4K 3
for all j € Z with |j| < L, where the 0 is the Kronecker symbol. This is precisely the interaction
strength of the periodic Heisenberg XXX spin chain. It is very interesting that there exists a
spin chain that interpolates between the Heisenberg XXX chain and the Haldane-Shastry spin
chain: the XXX chain on the one hand is of nearest-neighbour type and solvable by Bethe Ansatz
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and also has a well-known algebraic structure that is formalized in the Algebraic Bethe Ansatz
[17]. The Haldane-Shastry chain on the other hand is long-range and not solvable by Bethe
Ansatz. It is only solvable by using its Yangian symmetry, which makes it a fundamentally
different model. Studying Inozemtsev’s elliptic spin chain allows one to find out more about

the relationship between these models, which seem so very different.

As stated, Inozemtsev’s original paper [§] was primarily concerned with finding a quantum
Lax pair for Inozemtsev’s elliptic spin chain and showing that it can be related to the existing
quantum Lax pairs of the other two models. In fact, the derivation of the quantum Lax pair
shows that it is the most general quantum Lax pair for an integrable spin chain with hamiltonian
of the form 5
H=> hj—k) (o -or—1),

Gik=1

J#k
where h is an arbitrary function. The Lax pair i, M that obeys

— =|[H,L]=[L,M], (2.19)

where the brackets indicate the commutator, is given by

Lig = (1=8)f(j—k)(1+0j 0%)
L
Mjr = (1+0j-00)(1—81)9(i —k) =6k Y _h(G—n)(1+0;-0n), (2.20)
n=1
n#j

where the functions f, g and h can be determined and are

= 70L(x—04) exp (x(r (o
f@) = ey e ()
gl@) = ~f'@)
M) = pula), (221)

where o, and (;, are Weierstrafl functions with periods (L, im/k). The parameter a € C
is free, but has no effect on the dynamics [8]. Note that to make sure that L, M are an actual
quantum Lax pair, it is necessary to have the specific form for the exchange function h as given
in equation . However, since the models under consideration are all quantum mechanical
in nature, the existence of the quantum Lax pair does not garantuee integrability. It does not
generate a set of conserved quantities; TY(i”) does not commute with the hamiltonian. In [9],
Inozemtsev derived a set of integrals of motion for his elliptic spin chain, but was unable to
prove that this set is in involution. Therefore, the question whether the elliptic spin chain is
integrable remains open and begs to be answered. Inozemtsev did find an expression for the

wavefunctions of this model, but solving the associated highly transcendental equations for the
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quasi-momenta seems impossible [21].

Another important limit of the elliptic spin chain is the one in which we keep « finite, but send
the length L to infinity. In this limit, one of the periods of the p-function tends to infinity,
turning @ into a much simpler form. Namely, we have

/432

lim 2) = ——5—,
L—00 pr(z) sinh? kz

(2.22)
which indicates that the hamiltonian of this model, which we name Inozemtsev’s infinite spin
chain, is given by

e 3 “—2(0»-%—1). (2.23)

4 e sinh®k(j — k) 7
J#k

However, the Hilbert space H®E) does not have an obvious limit that corresponds to sending
L — oo. In the next chapter we will see whether a proper Hilbert space can be defined for this
model, but let us here comment on some interesting features. Firstly, the infinite chain is no
longer periodic, but resembles the finite chain in another way: it is still translationally invariant.
Secondly, the fact that this chain is of infinite length makes it easier to treat, as we will see
in the next chapter. And finally, there are good reasons to believe that the infinite chain can
help us understand some aspects of the finite elliptic chain. For example, when considering the
thermodynamic limit of the elliptic chain, we need to send L to infinity anyway and by being
careful about the order of limits, it might be possible to use the information about the infinite

chain to treat this limit.
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Chapter

Inozemtsev’s Infinite Spin Chain and

Its Eigenvalue Problem

To study properties of Inozemtsev’s elliptic spin chain, we turn to the study of its infinite-length
limit. As we saw in the previous chapter, the hamiltonian of this model is easily given using the
limiting properties of the Weierstraf§ elliptic functions, but the associated Hilbert space proves

to be somewhat more tricky to define. Indeed, it is not at all obvious how to define the limit of

HE = K Va

n€Z/LZ

the space

as L — oo. In the following, we will therefore first try to define a proper Hilbert space for a
spin chain of infinite length. After that, we will find eigenstates of Inozemtsev’s infinite spin

chain, along the lines of [22]]

3.1 Defining a Hilbert Space for Inozemtsev’s Infinite Spin Chain

To define the system rigorously, we must define a Hilbert space H and a representation via which
the infinite spin chain hamiltonian will act on this Hilbert space. Since the system contains an
infinite amount of sites, the Hilbert space itself will be infinite dimensional. We will consider

the hamiltonian derived at the end of Chapter 2:

P S v (0; op—1) (3.1)
= 5 . oo —1) .
4j,kEZ sinh® k(5 — k)
por:

'Our derivation of the eigenfunctions is not new. To bring new material to the subject and since our initial

interest was mainly on the methods used, we will focus on those.

19



which contains elements of a particular Pauli spin algebra, namely the algebra generated by

ok oh, o2 with n € Z and the commutation relations

3
(08,07 ] = 20,mi Z €ikon, (3.2)
k=1
where 4,5 € {z,y,2}, n,m € Z and €;;;, is the Levi-Civita symbol with €;,, = 1. The Hilbert
space will have to admit a representation of this algebra for the system to be well-defined. The
idea is to consider the sequence space £?(A), where A is some countable set that should resemble
the idea of the spin-flipped vectors we used to build a basis for the finite-dimensional
Hilbert space HL). Therefore consider the sequences (---,8-1,80,81, -+ ) where s; = £1. The

set S of these sequences is uncountable. In S, we define a pseudovacuum state |0) by
‘O>:::("'71a1a1a"')¢ (3'3)

to which we associate the vector for which all the spins are up. The subspace ST C S defined
by
St :={s € S|s, #1 for finitely many n € Z}, (3.4)

consists of all the sequences in S with a finite amount of entries of —1. S* is a countable set,

thus the sequence space ¢2(S*) with norm

D al? < oo

seS+

for an element (as) with as € C for all s € ST is well defined. Also, |0) € S*. Of course, this
space is isomorphic to the canonical sequence space £?(Z), which is well understood. From this

we deduce that, along with the inner product

S o

neA
for elements (ay), (by) € £2(ST), it forms a complete and separable Hilbert space. It is most
convenient to consider the sequences (a,,) to be functions a : ST — C. A basis of these functions
is given by the set es : ST — C defined by es(s’) := 5. From now on, we will write these basis
vectors differently: we define |ny,--- ,ny) with n € By (see (2.11))) to correspond to the ket
eswiths€S+whiChhassnj =—-1forall1<j< Mands;=1ifi#mn;jforall<j<M.
This correspondence is one to one. We define an action of the Pauli spin algebra on the basis

elements [ny,n2--- ,ny) € £2(ST) by considering the spin-flip operators O’;I: again, along with
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Uj as follows:

N 0, if 7 #£ n; for all 4
oflni, ) =
|ni, -+ ,ni—1,ni+1,- - ,na)  if j = ng, for some i
B 0, it j = n; for some ¢
Oj 7’L17"'7’I’LM> =
|ni, -4, ymar) if j #ng, forallid
|ny, -+ ,nar), if j #n; for all 4
il ) = 59
—|n1,- - ,na) i j = ny, for some i,
where in the action of o the ket |ny,---,7,--+ ,np) is ordered such that all the n; to the left

of j have n; < j and all the n; to the right of j satisfy n; > j. This representation satisfies
the commutation relations . Moreover, we can interpret the basis elements of ¢2(S¥) in
a natural way: to an element |ni,na,--- ,ny) € £2(S1) we associate the vector in which the
spin is up at all positions except n;, at which the spin is down. Therefore we have indeed
found a suitable candidate: the complete and separable Hilbert space H := ¢?(ST) admits a
representation of the Pauli spin algebra and its basis vectors have a natural interpretation as
an infinite one-dimensional lattice with a definite spin configuration. Thus Inozemtsev’s infinite
spin chain is a well-defined spin chain on the Hilbert space H = ¢?(S*) by the hamiltonian
. Since we defined the action of the Pauli spin algebra using the spin-flip operators, it is

prudent to rewrite the hamiltonian using these operators:

J K2 L
A== Z sinh?k(j — k) (2(%’ o +oj0p)+0j0) - 1) : (3.6)
7,kEZ
ik

3.2 The Eigenvalue Problem of the Infinite Chain

We will now proceed to try to find eigenfunctions and the corresponding energies of this spin

chain by solving in full generality the eigenvalue equation

Hly) = Ely),

where |¢) is an eigenvector and E the corresponding eigenvalue. Following the usual Bethe
approach, we will try to solve this equation by restricting the eigenvector |¢) to lie in subspaces
of H. For fixed M € N we will consider the finite-dimensional subspaces H s of £2(S*) generated
by the vectors

{|s) € £2(S™)|s € ST has s; = —1 for exactly M integers j}.

We call H s the M -particle sector. The eigenvalue problem is simplest for the 0-particle sector

(the pseudovacuum).
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33 M=0

The 0-particle sector consists only of the pseudovacuum |0), thus we only need to check that

this pseudovacuum is indeed an eigenstate of the Hamiltonian. We see that for j # k,
(2(ajg,; o7 of) +oiof — 1) 10) = (200 4+ 0) + 1 — 1)]0) = 0, (3.7)

thus H|0) = 0/|0), implying that the pseudovacuum is indeed an eigenstate with zero energy.

3.4 M=1

In principle, we could immediately try to tackle the eigenvalue equation for arbitrary M, but it
is insightful to treat the case of one-particle excitations first, since it is already nontrivial. We

postulate a translationally-invariant Ansatz for the eigenvectors:
) =3 en). (3.8)
neL

We must find the action of the Hamiltonian on this Ansatz. The action of the operators in the

Hamiltonian (3.6) on a basis vector |n) is as follows:

. 0, ifk=mnorj+#n
ofopln) =
0. 10), ifj=mn,k#n,
o 10), ifk=mn
00,:'|n> = i 10

0, itk £,
Zz‘> _|n>, lfk:n,];énorlfj:n’k#n (39)
O"Ukn = .
’ In), if j #mn, k#n.

Using this and the notation Aj := 1/sinh? k(j — k) and Ziy) = Z\ {n}, we can find the action

of the Hamiltonian on |n):

4
—jH]n> = Z A]k< 0’ oy +0; Uk)+0 ak—1> In) =
J,kEZ
J#k
= ZAJTL( O+o;)—0, —0 ) ZAnk (07 +0) =0, —0,)]0)
JEL[y, k€Zy
+ Y A (20040) 40, —0,)0)
]kEZ[ ]
J#k,
= 23 A (o =0 )10)+2 3 Aw (o7 — o) 10) =4 > Au (o — ) [0),
jEZ[n] kGZ[n] k‘EZ[n]
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where we use that Aj; is symmetric in j and k. We can use this formula to find an expression

for the energy using the eigenvalue equation

Hlyp) =T > P Apr(o), —0,)10) = ¢ > e™"|n). (3.11)
n,kEZ nez
k#n

To see what €, is, we apply the linear function (m| to (3.8) to obtain

=T P Ay Sk — Orim) = €™, (3.12)
n,kEZ
k#n

where we use that the {|n)},ecz form an orthonormal basis of the one-particle sector of H. This

leads to
6 = _‘]Z ip(n— m)Ank((smk ——J Z ip(n— m)Anm+J Z /-
n kEZ HEZ[T”] kEZ[m]
k;én
zpn)

= —J Pk Ao + J Aoy = J 3.13
Z ° Ok + Z Ok = Z smh2 KN ( )
k‘EZ[ 0] kGZ[O] TLEZ

where we have renamed the variable n k + m and shifted the summation variable k£ to k — m
in the first and second summation respectively. Since this approach works for any m € Z
we see that |¢) is indeed an eigenvector of our Hamiltonian with eigenvalue given by .
This expression is, however, not particularly useful. We would like to express the energy in
Weierstraf elliptic functions if possible. Our next task is therefore to find an expression for this

sum, which we will do using Laurent series.

3.4.1 Finding a Different Expression for the Energy

To find a different expression for the energy, we will have to employ a trick, which will be very
useful when we are considering the eigenvalue equation in the M-particle sector at arbitrary
M. Consider the complex function F': C — C given by

2€ipk

Flz)=S —2° (3.14)
;Z sinh? k(2 + k)

The sum is absolutely convergent for any z ¢ I', where I' C C is the lattice generated by the
periods 1 and w := % This means that F' is meromorphic, i.e. has a Laurent series at every
point in C. We can find the Laurent expansion of F' around z = 0 using contour integrals. If
we have this expansion, we know the behaviour of F' around any of its poles, since they are all

located on the lattice I', and F' is quasi-periodic on this lattice:

F(z+w) = F(z), F(z+41) = e PF(2),
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as is easy to check using (3.14]). If we choose as our contour C' the circle around z = 0 with
radius % 5 min(1,7/x), the contour does not hit any poles and has only the pole at z = 0 in its

interior. If we write F(z) = > >, anz" we see that
1 F(z)
= — d 3.15
omi 7{; P (3.15)

sinh? fel(z tn) m2<z1+ 2 3O (G4 (3.16)

equation (3.15)) will yield zero for n < —2 as well as for n = —1. Let us explicitly calculate a_g

and since

and ag:

2 zpn

2mi)a_g = dz— ke Zp"% édz
(2ri)a—s fcz 1%smh2 (n+z) Z © sinh? k(n + 2)
1 1
—_ 2 _ipn = O 2 d
ZH ?{ </<;2(z+n)2 3 + (Z )> &

nez
= Z/@Q ”mj{ %dz, (3.17)
& Jewt ey
where the only nonzero integral is the one in which n = 0, since only then there exists a pole
inside our contour. This gives
1 dz

a_9g = —
21 z

=1. (3.18)

For ag we have

etpn 1
2mi)ay = dz = Ke ”’"?é dz
(2mi)ag 7{; z Z smh2 k(n + z) Z o sinh? k(n + 2)z

. 1 1
= Z /@26”7”}1{ — dz+fi27{ —————dz
neZ (0} ¢ sinh” k(n + 2)z ¢ zsinh?(kz)
2 ipn 1 1
= 2mi Z %4—/@27{ z_1< 55 —+(9(z2)>dz
neZN(0} sinh” kn c K4z 3
. KZetPn 2i K2
= 2m >y e (3.19)
nez\{0}
So we find that around z = 0 we can write
1 KZetPn 2i K2
F(z)=—= +2 — @) . 3.20
(2) = 2 + 27 Z sinhZ o 3 + O (2) ( )

nezZ\{0}
Note that in the expression for ag we can recognize a lot of features from the original expression
(3.13) for the energy. If we can find another expression for F, preferably in terms of elliptic

functions, we can use these similarities to find a useful expression for the one-particle energy .

We introduce another function, which we will call G : C — C, given by

o2 = _Zg + :; exp (32) - {pw o)+ A @8 - g(()) - Z(()) ) } S 321
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where p, 0 and ¢ are Weierstraf} elliptic functions with periods (1,w = in/k) and 7,6 and A
are constants. The term in the curly brackets is doubly-periodic and vanishes for any values of
r and A in the limit z — r. We will show now that G is actually the same function as F' for
certain values of r and A. If we take 6 = 2((w/2) and 1, = r := —%, G becomes quasi-periodic
just like F:

G(z+w)=G(2), G(z+1) = e ?G(2),

which can be shown using the fact that
1 1
o(z+r+1)=—exp (2( <2> <z+r+2>>a(z+r), (3.22)

for the Weierstrafl o-functions (see also Appendix . To proceed we need the Laurent series
for G, which can be calculated using the known Laurent series for o, ¢’ and ¢ and the Taylor
series for o (see Appendix [E):

6() = (1+20) 2007 240 () (1402 + 5027

TN E -
L, 20)+0-28

+ <—p(7’) - AZ/((:)) +(C(r) +6/2) (—4A + 2(¢(r) + 5/2))) +0(2).

(3.23)

2

We see that the coefficient at order z~ coincides exactly with the a_s we calculated earlier for

1

F (see equation (3.18])). To get equality for the coefficients at order z~", we must set

A=((r)+0d/2.

By construction, F' and G now have equal coefficients in front of the singular parts of their
respective Laurent series around z = 0. This means that the function H = F — G does not
have a pole at z = 0 and is also quasi-periodic on the lattice I', implying it does not have
any poles on the whole complex plane. H is therefore analytic on the entire complex plane,
while the quasi-periodicity implies that H is bounded on C. By Liouville’s theorem, we see
that H must be constant. Suppose that H = ¢ € C. Then the quasi-periodicity shows us that
lc| = |H(z + k)| = |e""F||H(2)| = |e""¥||c| for any p € C and k € N, thus we must have ¢ = 0.
This shows that in fact F' = G, which in turn implies that all the coefficients of their respective

Laurent expansions must also be equal. In particular, this shows the equality for the constant

terms ag (equations (3.19)) and (3.23)):

2 ipn 2 "

DAL ERIN AL N (3.24)
sinh” kn 3

=0
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_ K
0] sinh? kn’

which can be found from the formula (3.24) above by taking the limit p — 0. The easiest way to

do this is to expand the right-hand side around p = 0, which is equivalent to expanding around

To find the one-particle energy, we also need an expression for the summation ZnEZ[

p

r=—z-=0:
(p T r ?
o(r) + Z/((T))A(r) +24% = riz - (i +0 (r?’)) (i - 2w<(w/2)> +2 (i - 2w<(w/2))

= o G2 (/2 +0 ()

= —%C(w/2) +0(r?), (3.25)
so we find that

K2 k2 2
Z GulZen 3 ;C(w/2)- (3.26)
nel Snb” K1

By plugging in equations (3.24) and ([3.26)) into our original expression for the energy given by

we find
_ ipn

s.mh2 KN
nEZ

J p(f)+<c (2)- Zewm) Z<<>) v2(c(2) - Eewm) + 2awm).
4K
(i) () ()2 ()

which is the type of expression we set out to find. The trick we used above will also prove to

€p

be useful for the cases M > 2 and can in fact also be used to solve the eigenvalue problem of

Inozemstev’s elliptic spin chain.

3.5 The M-Particle Difference Equation

Our next task is to solve the eigenvalue-problem

H|y) = Enli))

for the other sectors. Here Fj; € R is the energy and [¢)) a state in the M-particle sector.
Fortunately, for M > 2, we can treat all the sectors at once. Firstly, we can rewrite equation

(3.5) by plugging in an expansion of [¢) over the basis states of the M-particle sector given by

= Z w(nana”' ,nM)|7’Ll,TL2,“‘ ,’I’LM>, (328)

neBy
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where n = (n1,n2,--- ,na7)7. To find how the Hamiltonian acts on |¢), it is most convenient

to first consider its action on a basis state. Since we rewrote our Hamiltonian as

=—— E 20t +o; o)) +40iof — 1) /2 (3.29)
12 (1N ( 7k 7k 1Y%k ’
ez sinh” k(j — k)
J#k

we can focus on the action of a;“ak,_, aj_a,;,|r and o7oj. They read

. 0, if k =ngorj#n; Vi
ofoyning, - ) = - .
‘nla"'anﬁflakanBJrl"'ynM% lf]:n,37k7énl VZ7
I 0, if k #mn;Vior j=ng
Uj O n17n27"'7nM> = ) )
|7’Ll,"‘ yNB—1,7,MB+1 "+ anM>a itk = ng,
—|n1,ne, - ,nn), ifk=mng, j#n; Vi
—|n1,ne, - ynay, ifj=mng, k#£n; Vi
0-]2':0-/?: ny,ng,:-- ,TLM> = | > g ' (330)

|n17n2a"'7nM>7 1fk:n57]:na

|ny,ne, -+ ,na), if k, 7 # n; Vi,

where o and (8 are integers with 1 <,«a, 8 < M and « # . We can use the above to find the

action of H on the state |ny,na, -+ ,na):
4 _ _
_jH’nl’n2’ cenpy) = Z Aj,k(2(afak +0; o))+ oiof —1)|ny,na, -+ nar)
7,kEZ
Jj#k

- Z Z AJ”B |n1’. '7nﬂ_17j7n,3+17'” anM>+0)_2‘n17n27'” )nM>)
B= IJEZ[n]

+Z Z Akmﬁ O+ |n1, : 7nﬁ—lak7nﬂ+17"' ,’I’LM)) *2|’I’L1,7’LQ,"' ,TZM>)

B= 1]{:62[ n)
= 42 Z Asnﬁ |7’L1, s NB-1,8,NB+1, - 7nM>_‘n17n27"' 7nM>)a (331)
B= 1SEZ [n)
where with Z,) we mean the variety Z \ {ni1,n9, -+ ,ny}. Plugging this into the eigenvalue

equation yields

M
- Z Z Z A8n5¢(n17n27'” 7nM)(‘n17"' yNB—1,8,MNp+41, " 7nM>_’n17n27"' 7”M>):

TLGB]VJ ,8:1 SEZ[n]
En/J Z Y(n1,ng, -+ ,nar)ng, ne, -+, nar), (3.32)

'nGB]u
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where we defined Bys in (2.11). We apply the linear function (mj,mg,---,mps| to the above

to obtain

M M
DY Ag(mama, - ma) Y Y Agngtb(ma, - mpiy, s, mpg, e may) =

B=1jEL{m B=1 s€Z(m
M M
_Z Z AM5Sw(m17m27"' 7mM>_ZAmﬁm'y¢(m17m27"’ 7mM) +
p=1 SEZ[m] y=1
v#B

M
Z Z Asm/gw(mla"' yMMB—1,8,MB41, """ 7mM) =

B=1 SGZ[m]
Em
_T¢(m17 ma, - 7mM) (333)
where we use that the states {|n1,n2,- -+ ,num)},, ¢z form an orthonormal basis of the M-particle

sector. After rearranging, we arrive at the equation

M
Z Z Amgsw(mla"' yMB—1,S,MB41 " ,’I?’LM):

B=1 SEZ[m]
—p(ma,ma, - -mar) | Y Amgm, + En/J — Mro | (3.34)
By YEZL
B#Y

where 79 = ) seZy Ago. This relation is called the M -particle difference equation and holds for
all M > 2.

3.6 M=2

We can use the difference equation derived above to find an expression for the energy Es for the

case of two magnons. Filling in M = 2 explicitly into (3.34]) gives us, after defining n := (n1,n2),
Z Anlsw(& 712) + Z Angs’w(nla 5/) = _ﬂ)(nl’ 712) (An1n2 + An2n1 + EQ/J - 27—0) . (335)
5E€Z[p) §' €L

We can write

27—0 - Anlng - ATLQTbl — 2 Z ASO)

SEZ
s#0,—1
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where [ := ny — ny and we use the fact that A is symmetric in j and k. After relabeling the

summation variables in (3.35) as s — s +ny and s — s’ 4+ ny we find

1
Byf] = 2 Y Ag- Y . > Awg(s+ning)+ > Aget(ng, s’ + ny)
sEZ 1,2 SEZ s'eZ
s#£0,—1 s#,na—nq s'#n1—n2,0
— Z ASO <2_ ¢(S+nlvn2)+w(nlan2_8)> 7 (336)
= Y(n1,n2)
s#0,—1

where we renamed the summation variable s’ — —s’ to get to the last equality. In principle,
all we need to do now is to find an eigenfunction 1 (nj,n2) such that the right-hand side of the
above equation becomes independent of n; and ns. Such an eigenfunction has been proposed

by Inozemtsev in [8]:

ePimitpan2) sinh(k(ny — ng) + ) + P12 HP2M ) sinh (k(ng — ng) — )

= 3.37

W1, na) sinh k(ny — ng) (3:37)
We will see later that the phase v is related to the momentum variables pi, ps as

2k coth(y) = f(p1) — f(p2), (3.38)

where ) )
p . [im ip
N e I I (i I 3.39
1= () -<(2) (3.39)
The Ansatz (3.37)) is quite a peculiar eigenfunction for a spin chain, since the coefficients in
front of the exponentials depend on the lattice coordinates n;. The ratio of these coefficients,
which is usually called the scattering matriz, is given by

sinh(k(n1 —n2) +7)  cothr(ny —na) + cothy

sinh(k(ny —ng) —v)  cothrk(ny —ng) — cothy’
which obviously depends on the distance n; — ns on the lattice. Therefore, this Ansatz differs
crucially from the Bethe Ansatz given in ([2.13)). However, despite this unusual behaviour, we

can still check if this really is an eigenfunction. Define By (m) := sinh(km=++) and p := ps — p1,

_ (s+ni,n2)+(ni,n2—s)
- P(n1,n2)

then we can try to substitute the eigenfunction into Z(s,ny,nso) : :

Z(s,n1,n2) = [B+(n1 + 5 —ng)e!PrmA)FPm2) L B () g py)eilP2(mits)tpine)

Bi(ny — (ng — 8))e!®Prmitp2(n2=)) 4 B (n, — (ny — 5))e!P2ratri(n2=s))

sinh kK(ny — ng)

. . -1
B _ i(pinitpen2) L g _ Z(p2n1+p1n2))
% ( +(m —nz)e + B-(m = nz)e sinh k(ny —ng + s)

B (I+s5) (¢?% + e~P25) 4 B_(1+ s)ei®! (715 + €iP2%)  ginh wl
B4 (1) + B_(l)e'! snh (i + )
— [{coth k(I + s) + coth~} (e’ip1s X e‘ip?s) n

{—cothk(l + s) + coth~} el (e—ipls + eip28)]

o\ -1
X (coth kl + cothy + {— coth kl + coth~} e”’l) , (3.40)
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where we used the addition rule for hyperbolic sine to get the last equality. From this expression,
we see that Z(s,ni,ng) only depends on the distance | between ny and ng. Define D :=
coth kl + cothy + (— coth sl 4 cothy) e and note that D does not depend on s. Then we can

write for Z(s,ny,ng)
1 A A
Z(s,n1,n2) = D [ {coth k(I + s) + cothy} (e + e7'P2%) +
{—cothr(l + s) + coth} e (e7P1* + eipzs)} . (3.41)

This is a form of Z(s,n1,n2) we can work with. If we define some extra functions, we can
investigate in a concise way whether the energy FEj5 is really just a sum of the two one-particle

energies. Let Fy o : C — C be given by

ips /{262';03
) = 2 Ao = ) o
SEL SEL
s#£0,—1 s#£0,—1
: k2e™s coth k(L + s
Fy(p) = Z Apse® cothw(l + s) = Z e ( ) (3.42)
seZ scZ SRS
s#£0,—1 s#£0,—1

The function F is very similar to the function F' that we investigated when we where calculating

the one-particle energy. We immediately find

@// (Tp) ) HZ H2€7ipl
F = - —A —2A + -
1(p) o(rp) (rp) o (rp) (rp) 3 sinh2 xl
=1 —&/J + Hi(p), (3.43)
where r, = —2 and A(r,) = ((rp) — ZQC ¢), where w = im/k. We also identified the one-
P ar P P w S\2

particle energy €, in this expression and called the remainder H;(p), which is

2 —ipl

I€2 KR~€

() ="+ 2ow/2) - (3.44)

sinh? kl’
The value of F} at p = 0 can also be calculated and yields

2 K2 K2

F0) = <(%) + 3 sinh2kl

Tw
. A similar expression for F5 will be derived in the next section, but let us first rewrite the

expression for the energy (13.36]) using these functions:

Es(p1,p2)/J = 2F1(0) — % {COth(’Y) <F1(P1) + Fi(—p2) + e Py (—p1) + 6iplF1(P2))

+
Fo(p1) + Pal=p2) = €7 (Fa(~p1) + Fa(p2))] . (3.45)

3.7 Finding an Expression for F(p)

In this section we will perform the same steps as were necessary to find the expression (|3.43))

for F: firstly, we'll introduce a function F : C — C which has Fy(p) in the zeroth order of its
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Laurent decomposition. Secondly, we will propose another function G : C — C containing the
constants C1, 7p, A and ¢ and some elliptic functions and find values of those constants such
that the pole structure of G is identical to the pole structure of F. Using the same argument
as before, we then conclude that I = G and equate the zeroth orders, destillating from it an

expression for Fy(p).

Let F: C — C be given by

- Z ke coth k(1 4+ n + 2)

3.46
sinh? k(n + 2) (3.46)

nez

where [ € Z\ {0}, such that it has a pole of order 2 at z = 0[] Therefore, all the coefficients a,,
of the Laurent series of F around z = 0 are zero for n < —2 . F is quasi-periodic on the lattice
I' we defined before:

F(z+w) = F(2), F(z+1)=e PF(2),

as is easy to check using (3.46)). We calculate a_y by integrating along the contour C' as before:

(2mi)a 7{ Z 26t coth H(l +n+2) Z 2piPn j{ zcothk(l +n + Z)dz
oz 1 sinh? k(n + 2) sinh? k(n + 2)

nez nez
n#0
1 1
42 j[C zcothk(l + 2) (/~€2,22 —3 +0 (22)) dz = 2micoth Kl (3.47)

The terms for n # 0 do not contribute here because coth z has a pole of order 1 at z = 0 and
sinh™2 k(n + z) does not have a pole at z = 0 if n # 0. Calculating the coefficient a_; requires
us to be a little bit more careful, because the pole of the hyperbolic cotangent does come into

play here:

2 z n
2ri)a_, — fz i Cothﬂ(l+n+z _ oy e m}’{ cothr(l+n+2)

2 )
= sinh® k(n + 2) = ¢ sinh”k(n + z)
n#0,—1

1 1 coth kz
2 2 2 _—ipl
th s (1 ——=4+0 d P d
" 7{Cco ol +2) </€222 3 + (Z )> Fhne éjsinhQR(l+z) :
1 1

+ K2 ‘iplf ( o )d
=0 " o sinh? k(=1 + 2)) HZ+ () ) d=

2mi K> ke Pl K .
- tomi — o (e_”’l _ 1) . 3.48
x sinh? ki sinh? kl sinh? k ( )

= 0+ @di (coth k(I + 2))

To get this coefficient, we had to use Cauchy’s differentiation formula [14]

S ) = 271 ﬁ (z —a)mtt 4,

2This is a little bit stricter than the condition for I in Inozemtsev’s paper [22]; note that for [ = 0, F will have

a triple pole at z = 0, so to be able to reproduce the equality F = @ for a function G with a double pole, we
must set [ # 0.
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which will also be necessary to find ag:

N 7{2 zpncothﬁl+n+z Z 2 zpnjé cothn(l+n+z)dz

zsinh? k(n + 2) ¢ zsinh? k(n + 2)

ne” neZ
n#0,—1
1 1 . coth kz
2 2 _—ipl
+K cothk(l+2) | —5 — — +0(z) | dz + k“¢ p}{ dz
j{; ( ) (5223 3z ( )) ¢ zsinh? ( [+ 2)
2610 ooth k(] 2) d? th kil
_ o Y ECeothnllin) 22| oA
= sinh” kn 2 dz 2=0
n#0,—1
_’_KQeiplj{ 1 (1 +oq )) (3.49)
o sinh? k(—1 + 2) \ k22
We can identify the function F> in this expression and simplify to get
2 coth ki 2 coth ki d 1
2miag = 2mikF: + 2mi — 27 + 27iKZe P — <>
0 2(p) sinh? ki 3 dz \sinh? k(—1+2) /) |,
K2 coth ki 2 coth ki 2k2e~ Pl coth ki
= 2miF: + 271 — 2m /)
miF3(p) " sinh? ki 3 " sinh? ki
2e7w 1 1
= 27iFy(p) 4 2mik? coth kl <€2 - > (3.50)
sinh” xl 3

Now that we have the coefficients, we introduce a function G : C — C given by

T () - ol o)
66 = T B elod - {o(0) - oir) + 2 (SEZ008 - S0 ) @50

which has exactly the same form as the function G we used to perform this trick for the one-

particle energy, except for an overall multiplication. It therefore also has the exact same Laurent
series (compare with (3.23)))

2 5 —2A
C(Tp)t "

G(z) = 01[;2+

<—p(7“p) -A Z,/((:j)) +(C(r) + 8/2) (44 + 2(¢(r) + 5/2))) ] +0(2). (3.52)

Of course, G is quasi-periodic if we choose § = Pl(w/2) and ), = since it is at this point

ip

e
equivalent to G. To make sure G’s pole structure is exactly the same as that of F , we can fix
the other constants. Equating the coefficients of F and G at order 22 shows hat Cy = coth(kl).

To get equality at order z~! we must solve

Ch <2C(Tp) +0— 2A> = sinlllz - (efipl - 1) ,

yielding
A= el E ()
P72 90, sinh? kl
1) K ,
— v _ —ipl
Clrp) + 2 + sinh 2kl (1 € ) ’ (3.53)
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Earlier, we defined A(r,) = ((rp) — QTP ¢ (w/2), thus we can rewrite

A(Tp) = A(rp) + A(1y),
where A'(r,) == - (1 —e~*'). This allows us to rewrite part of the zeroth order term of

G to

(Cr) +6/2) (4B +2(C(r) +6/2)) = Alry) (=4 (Alry) + A (1) + 24(7y))
= —2A(rp)* — 4A(rp)A'(rp). (3.54)

This fixes G completely. By the same arguments as before, we can now argue that F =G
the function F' — G has no poles and is quasi-periodic on the lattice I'. It is therefore analytic
and bounded and by Liouville’s theorem, it must be constant. This constant must be zero due
to the quasi-periodicity, thus in fact F = G. This is in accordance with equation (22) of [8].

By this equality, we can equate the constant terms of F' and G, which are the ag-coefficients

calculated in (3.50) and (3.52)) and find an expression for Fy(p):

F>(p) = cothkl <—p(rp) — <A(rp) + A'(rp)> Z///((::’)) — 2A(rp)2
e—zpl 162
—4A(T‘p)A/( ) — 2Slnh2 Rll 3>

- 2 o' (rp) _ & K
= cothxl < ep/J + wC w/2) — A'(r,) () 40 (rp) A (rp) K2 sinh sl 3 >
- 2 o' (rp) 2% -1 &

= cothkl < ep/J + w{ (w/2) — A'(rp) <p ) + 4A(7"p)> 2 “Snh? el 3)

= cothrl 7+ Z¢w)2) -2 220" —1 | K2

= cothk (—Ep/ + C (w/2) - (rp) f(p) — & “sinh? Kkl 3)

=: cothkl(—ep/J + HZ( ) (8.55)

where we used a formula for the (-function to identify f(p), namely

16'()

2¢/(2)

We also identified the one-particle energy €, in Fy(p) and defined the remainder to be Ha(p).
With all this machinery, it should be possible to check that the eigenfunction (3.37) is correct.

((22) = 2(2) +

3.8 The Two-Particle Energy Continued

To check if formula (3.37)) is indeed an eigenfunction in the two-particle sector, we continue to
check whether the expression (3.45) is indeed just the sum of two one-particle energies ¢,, and
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€p,- Plugging in the expressions for the Fj(p) gives

w 2k2 2k2 1
Ea(p1,p2)/J = 4¢ (5) + 3 Snhlel D{COth’Y[_ €py/J + Hi(p1) — €py/J + Hi(—p2)

e (—ep, /T + Hi(—p1) — €py /T + Hi(p2)) |
+cothrl| — €, /J + Ha(p1) — €p,/J + Ha(—p2)
—eP! (—epy /T + Ha(—p1) — €y /J + Ha(p2)) ] }

(€p, + €py) (coth(v) + ! coth~y + coth kl — e’ coth ki)
D

1 w 252 252
— 4¢ | = —— ——— | D
+D{<€<2>+ 3 sinh2/<cl>

— coth~y (Hl(pl) + Hy(—p2) + P (Hy(—p1) + H1(P2))>

— coth xl (Hg(pl) + HQ(—pQ) — eipl(Hg(—pl) + HQ(]?Q))) }, (356)

where we recognize the sum of one-particle energies in the first fraction. This means that for
(3.37) to be an eigenfunction, the terms in the large curly brackets must vanish. Partially, this

is easily established. Let us redefine

K2 2 kZe— il K2 2 ~
Hi(p) = 3t ;C(W/Q) T aia 3 + ;C(W/Q) + Hq(p),
kY2 , 227 —1 g2 2 .
Hy(p) = 3 + ;C(Wﬂ) —2A'(rp) f(p) — wnhlal 3 + ;C(W/Q) + Ha(p)

(3.57)

and define C = %2 + %C (w/2). Plugging this into the second and third term of the curly brackets
yields

—2DC — coth~ (ﬁl(pl) + Hy(—p2) + P (Hy(—p1) + ﬁl(m))) -

coth l (fb (p1) + Ho(—p2) — e (Ha(—p1) + ﬁg(m))) : (3.58)

which means that the terms in the curly brackets sum up to

20D cothy (Hy(pn) + A () + P (1) + H(p2)
— coth xl (ﬁg(pl) + Ho(—p2) — P (Ho(—p1) + Ho (pg))) . (3.59)

To continue, we will have to replace all the H; (p;) by their definitions. We first treat the term
in the brackets after coth~:

2 —ip1l 2 ipal 2 ipl+ip1l 2 ipl—ipal
~ ~ il ~ ke ke K“e ke
H + Hi(—p2) + P (H (—p1) + H = — — — —
1p1) i(=p2) (Hi(=p1) 1(p2)) sinh?kl  sinh? kl sinh? k! sinh? Kl
2:‘%2 inl ;
I el ewzl) , 3.60
sinh? kl ( ( )
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using p = po — p1. Next, we consider the terms in the brackets after coth xl:
Hy(p1) + Ha(=p2) — €™ (Ha(=p1) + Ha(p2)) =
5 2eir2l — 1

/ p2¢” P —1 /
—2A (Tpl)f(pl) -k —2A (T—p2)f(_p2> — kK 3
sinh” kl

sinh? kl
. 2¢1l _ 1 e~ tp2l _ 1
o (—2A'(Tp1)f(—p1) 2 T N ) f () f#)

sinh? kl sinh? ki

= 2000) () + X))+ 202) () + 0+ B (7 -1),
(3.61)

where we used the fact that f(p) = —f(—p). The terms linear in A’(rp,) can also be put in a
nicer form. We see that

K

sinh 2kl

thus we can combine the terms linear in A’(rp,) into

_2(f(p1) - f(pz)) (1 _ etml 4 el _ e’ipgl)

which gives us for the entire expression given by (3.59))

A/(rpl) + A’(r_pl)eipl — <1 _ e*’ipll 4 eipl _ eipzl) — A/(T_p2) + A/(T’p2)€ipl,

Rk
sinh 2kl’

2k> 22 coth , , 2k coth kl , . .
D4+ g (e ) 4 T (F(p) — f(p2) (1 - e e — )

sinh? Kl sinh? ki sinh 2kl
_252 coth kl (eipl _ 1) ‘ (3.62)
sinh? kl
After rewriting
2cothrsl 2 coth kil B 1
sinh 2kl 2sinhklcoshkl  sinh? kl
we can see that most of the terms drop out; namely, we get from the above
2r2 : 22 coth : ,
—— F; (coth kl + coth~y + (— coth kI + coth ) e’pl> + &27 <eﬂpll + elp?l)
sinh” kl sinh” kl
K , , , 2k2 cothrl /
. 1— efzpll + ezpl _ €1p2l> . <ezpl o 1)
sinh? k! (F(p1) = f(p2)) < sinh? k!
2k2 . 4
= —%2[ (coth kl — e coth kl + €™ coth kl — coth Hl)
sinh”
hZ Al (26 cothy — (f(p1) — f(p2))) <—1 — el el €ip2l)
K . . .
= o (@rcothy = (f(pr) — f(p))) (~1 - P 4 e P (3.63)
This vanishes if we require v to satisfy the phase condition given by
2k cothy = f(p1) — f(p2), (3.64)

which is precisely the condition stated in equation (3.39). Under this condition the term inside
the curly brackets in equation (3.56]) vanishes, which in turn implies that the eigenfunction
given in equation (3.37)) is indeed an eigenfunction of the Hamiltonian H with energy

E(pl,pg) = €p; + €ps -
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Although we can not be certain yet, the fact the the energy in the two-particle sector is given
by the sum of one-particle energies hints that this could also be the case in general. This simple
structure would be somewhat surprising, since the interactions in our spin chain are long range,
which usually leads to a very complicated energy spectrum. To see whether this additivity
holds in the M-particle sector for arbitrary M, we turn to solving the eigenvalue problem in
full generality. As a first step, we study a Calogero-Sutherland-Moser model, which will prove

to be useful.

3.9 A CSM Model

In this section we will study some known results of a Calogero-Sutherland-Moser model (CSM-
model), which is basically the continuum version of Inozemtsev’s infinite spin chain without a

spin-dependent interaction and can be defined using the Hamiltonian

M p; K2
fﬂj:==§£:7§‘+ E:: )
j=1

e sinh? k(x; — 21,
j#h

where p; = a%] and the coordinate space is RM, i.e. all particles move on the infinite line. The
solutions to this CSM-model have been known for quite a while and where first published by
F. Calogero in 1971 in [23]. Later they where treated in the more general context of quantum
integrable models defined by Lie algebras by M.A. Olshanetsky and A.M. Perelomov (see [24]).
Finally, the solutions where described in a different way by O.A. Chalykh and A.P. Veselov in
[25]. From the latter two references, we can deduce that the eigenfunctions in the M-particle

sector can be written as

M
XI(,M)(a:) = D) exp ZZ ipjx; |, (3.65)
j=1

where p € CM and D), is a differential operator that satisfies

Dy = QM 'Dy
Qurim = Qu-im=1(y, — 9, — 2k cothr(x;, — xp))
m—1
+ Z 2k (Coth2 k(@i — 4,,) — 1) Qi+ ts—tlstlim—1 (3.66)
s=1

where the superscripts 4; are indices, n € N and the symbol without indices satisfies @, = 1.
The lowest order for Dy is Dy = (01 — 02 — 2k coth k(z1 — x2)), which can be found by solving

the two-particle problem. Also, we can write

M
XéM) (x) = H sinh™! k(z,, — z,,) exp ZZ ip;x; Q(DM) (x), (3.67)
p<v 7=1
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where (;S;M) is a pole-free function as follows from the eigenvalue equation. In principle the
recurrence relations in (3.66]) allow us to find the eigenfunctions for any M, although the amount
of work required increases vastly for increasing M. We will therefore (in line with [22]) first

find another characterization of these solutions by investigating the recurrence relation (3.66)).

3.9.1 Properties of the Recurrence Relation

We can view the symbols Q%% as functions of the z;. We can interpret the partial derivatives
as constants after we have commuted them all the way to the right of every expression, since

their action on (3.65) will yield a constant. We will prove the following theorem by induction.

Theorem. The Q! are polynomials with variables
{coth k(z; — xj)} = {coth(k(x; — z;))|i,j < M,i # j}

for all n < M and all values of the indices {is}.

Proof. Let n < M be arbitrary. First consider @, = 1. It can be viewed trivally as a
polynomial in {coth x(z;—x;)}. Suppose that for all j < I, @y " can be written as a polynomial

P’él---i]’ ({coth k(x; — z;)}). Then we immediately see that

W= P (feoth(ai — a)}) (9, — O — 26 coth k(wy, — zar))
-1
+ Z 2K2 (coth2 K(xi, — x4)) — 1) P;\}"'lkll”l“'”*l ({coth k(z; — 25)}) .

s=1
Since the polynomials P]i/l['“il_l ({coth k(x; — ;)}) also contain derivatives, we are not quite
done. We should also check that the action of an arbitrary differential operator of the form
Hi]\il 3?" (with k; € NU{0}) on coth k(x, — zs) yields a polynomial in coth k(z, — z5). This is
equivalent to checking that dd—zll (coth z)k is a polynomial in coth z for all [,k € N. We can prove
this by induction as well: we know that

di(coth 2)¥ = —k(coth 2)* sinh ™2 2z = k(1 — coth? z)(coth 2)* 1, (3.68)
z

so for [ = 1 and for all k € N, the assertion is true. We also see that the resulting polynomial is

of degree k + 1, which is useful to incorporate in our induction hypothesis. Suppose now that

&

, 77 (coth 2)¥ is a polynomial in coth z of degree k + j, then we see that

for all j <1

d
——(coth z)* = iP(coth z),

where P is a polynomial of degree k+1— 1 conform our induction hypothesis. Finally, we know
that %(coth 2)¥ is a polynomial of degree k + 1 for all k& € N by equation (3.68)), thus we see

that indeed dd—;(coth 2)* is a polynomial of degree [ + k. From this we may conclude that Q1%
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is a polynomial in {cothx(z; —z;)}. O

Specifically, this is true for the values of the indices given by i; = s for 1 < s <[ and for all
[ < M. We see that therefore

Dy = Qun-1Dy—1 = QY 'Qy M2 Q47 Ds

is also of a polynomial in {coth k(z; — z;)}, if we apply again the statement that = (coth z)"

is a polynomial in {cothx(z; — x;)} to commute all the derivatives to the right. Thus we see

that the eigenfunctions XéM) can be written in the form

M
XéM) () = R({cothr(x; — x;)})exp iZipjxj ,
j=1

where R({coth(z; —x;)}) is a polynomial. Now for y; := 2" we have

e I e ol N ot 7
coth k(z; — zj) = = : - = )
ef(@i—z;) _ er(zi—z;)) e2KT; _ p2KT; Yi — Y;

which shows that we can view R also as a rational function of the {y;} in which the denominators
have the form (y; — yj)k for i,7 < M and k € N. Since we also know by equation (3.67)) that
the pole structure of R is given by

- 1 2YuYy
1 _ _ 2
H Sll’lh :‘43(1'“ - 1'1/) - H elﬁ(l‘ﬂ—l‘y) _ e_’i('zﬂ_'rl’) - H )

pu<v pu<v p<v Yn = Yv
(M) . .
we may conclude that x, ’ is given by
M
= H sinh ™ k(x, — 2,)S({y;}) exp ZZ ipjxi |, (3.69)
pn<v 7j=1

where

SH{yi}) Z iy ma, may H Yu ', (3.70)

meZM

thus S is a regular polynomial in the variables {y;}. At this point, this is not a very convenient
way of rewriting XI(,M), since the number of undetermined coefficients d,, is not known yet.
Luckily, we have more information on the structure of XI(,M): for fixed p € CM we know that
limy, 400 R ({coth k(z; — x;)}) must be finite, since lim,, 4o cothx(z, — x5) = £1, and R
has finite degree as a polynomial, thus we have a definite maximum degree for each of the y;.

To see this, we expand the pole structure of R for the arbitrary variable x,:

H Sinh/ﬁ(xu —z,) = H (en(xu—xu) _ e—li(x,u_l’u)) — Z Ckr( Je Kxrk 7 (3.71)

p<v p<v
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where C}, . (x) are coefficients in which the subscript = indicates that they do not depend on
z,. Also, we have included some coefficients which may be 0 for certain values of r due to the
restriction of terms in the product, but including them is not a problem. Now the terms in R
that depend on z, are of the following form
-1 -1
yr Z Crp(@)e™ | = ePaner Z Crr(@)e ™ |
—(M—1) —(M—1)
where o € Z. Since there is only one such term for every given «, all these terms must have a
finite limit for all allowed values of « as z,, — £00. The denominator has powers of e*" between
—(M — 1) and M — 1, thus to ensure a finite limit we must restrict —(M — 1) <2a < M —1
and we end up with
—(M-1)2<a<(M-1)/2.

M=1)zr * which gives for the allowed powers « that

We can also factor out the quantity e’
0 <a< M-—1. If we do the above procedure for every variable z;, we end up with the

following Ansatz for the eigenfunction of the CSM-model in the M-particle sector:

M) () = H sinh™! k(z,, — ,,) exp Z ipj — k(M —1))x; | S{vi}), (3.72)
u<v j=1
where
M
S{yi}) : Z iy, (P) €XP Qﬂijxj (3.73)
meDM Jj=1

and we define D := {0,1,--- ,M — 1} and the coefficients dy,,...m,,(p) are to be determined.
We will sometimes abbreviate by writing dp, 1= dp,...m,, (p). Plugging in the Ansatz into the
eigenvalue equation (Hog — E)XI()M)(:r) = 0, where the energy F = %Zi‘il p? leads to the

following equation:

0 0 ) 7
g (yg—— + —pg— M +1) — —pg(M — 1
> <yﬁayﬁ <y58yﬁ+,{pﬁ +> HPB( ) +

MDD () -

BEZ M
Yysg+y 0 P
Z I8 T Yp - p ( Bouvs P o + (pﬂ pp)) S{y:}) = 03.74)
B, PEL y/B y/B yp
B#p

where Zpr := {1,2,--- , M}. Plugging in the definition of S({y;}) leads to the following:
M . ,
. 2 1 2M -1
S L5 dme) 3 (m3+ Zppms = (2ma+ Lps - 2L - 1)

meDM j=1 BEZ s
ys +y i
Z B p< 5—mp+%(p5—pp)>}20 (3.75)

B,pEL N Ys —
B#p
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The first summation in (3.75)) yields a polynomial in the {y;}, whereas the second summation
might lead to a nontrivial denominator. This implies that for every solution to this equation,

we must have for all 5, p € Zj; with 8 # p that
0 0
(3950~ + 303 =) SC{wD

is divisible by (ys — y,). What does this imply for the coefficients dy,?

3.9.2 Divisibility Requirement

By plugging in the definition of .S we find that

> Ay (P) (mﬂ—mp+2'pg—pp> Iy = DY dnmule [ u"

meDM 1€Z0 meDM USYAY,
; 5 m
= > I0u™ > dumu®uysvp” (3.76)
{m;}yeDM =2 i€y mg,mpED
i£Bp  VEBp

should be divisible by (yg — y,), which is equivalent to saying that the polynomial

Z iy ey (P )ygﬁy;np
mg,mpeD
should be divisible by (yg — y,). There is a very simple way to see what this implies for the
coefficients: the fact that (yg —y,) divides our polynomial essentially tells us that when viewed

as a polynomial in yg, it has a root at yg = y,. This means that

+
Z dm1~~~mM (p)y;n/j " =0. (3.77)
mg,mpeD
Since the sum must vanish for every order in y,, this implies that the coefficients belonging to

a fixed sum mg + m, = N should sum up to zero. Formally, this can be written as

D oy tnemy—nma (P) =0, (3.78)
TLGZ@P

where Zg , indicates the subset of all n € Z such that 0 < mg +n,m, —n < M — 1. However,
this does not give us any information on the remainder after dividing by (ys — v,). Therefore,
we will proceed in explicitly factoring this polynomial. For notational simplicity, we suppress
the subscripts of the czm(p) that are not mg or m, and omit the dependence on p, thus we

write dmﬁmp. We can factorize as follows: first we write

Z dmgmpygm yglp = (yb’ - yp) Z dmgmpy;n y;np +
mg,mpED mg,mpeD
’ 0
1 1
Do mamets” T A YD domyyp”s (379)
mg,mpeD mpED
mg#0

40



where we added a counterterm to make sure we are not overcounting. Repeating this step gives

~ ot 1 2 +1
Z dmgmpygqjﬁyglp = (y,é’ - yp) Z dmﬁmpyg 2 ymp + Z dmﬁmpygm ylr)np

mg,mpeED mg,m;ED mg, n;pED
mpg7#0 mg#0,1
mg—2 mp+2 mp+1
+ Z m[gmpyﬁ + E : dlmp + E dOmpyp . (380)
mg,mpeD mp€D mp€ED
mpg#0,1

We can continue to rewrite our polynomial using this step until we reach

1 —k mp+k—1 s +
> dmgmpyy v = (s — yp) Z Yo dmgmeys” U A Y dingmyp

mg,mpeD k=1 mg,mpeD mg,mp€EZ N
mpg>k

(3.81)

It is obvious from this expression that if the second term on the right-hand side vanishes, the
polynomial is divisible by (y3 —y,). This yields exactly equation , thus we reach the same
conclusion, namely that equation should hold for all g8, p € Zjys with 5 # p. We will see
later that this has great consequences for the number of nonzero coefficients. First, however, it
seems prudent to continue to rewrite our eigenvalue equation using the remainder of the

polynomial. To continue, we need the product

k +k— 1
(ys + Yp) Z Z mﬁmpygw y;np (3.82)
k=1 mg,mpeD
mg>k

Investigating the terms belonging to a specific product y;nﬁ y;n” shows that it equals

M-1 Ap.p Ag,p
> (24 +2_d 5 U
mg-+kmp—k mg—+k,mp—k yﬁ Yp
mg,mp=0 \ k=1 k=0
M-1 Agp
5 5 mg m
= Z 2 Z mg+kmp—k + dmﬁ,mp yﬂ yp g
mg, mp:0 k=1

= Z > sign(k)dmg 1 kmp-kYs Up” (3.83)

mg,mp=0keZg,,

where we used the condition (3.78) to get the last equality and we defined Ag , := min(M —1 —

mg,mp). To get the eigenvalue equation in its final form, we can use the following relations:
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for any M-dimensional vectors k and m, we have

M M M 1
Zkzimi:M_l Zmz kj+§ Z (ki — kj)(mi —m;)
i=1 i=1 j=1 1,J€LnN
i#]
M M 2
2> mi=M"| > (mi—mj)’+2 (Zm) : (3.84)
i=1 i,jE€Ly i=1

i#j

which is straightforward to check. Using these to rewrite the first term of (3.74)), we end up
with

mg—my, [ % M+1
5 { e ®) ("5 (L0 )+ =, ) + 2

IB:PEZM
B#p

_ Z sign(k) (mﬁ —m,+ 2k +
k‘EZgyp

i

2H(p5 - pp)> dmﬁk,mpk(p)} =0. (3.85)

Since every term in the summation occurs exactly twice, once for 8 < p and once for g > p, we
may also take the sum over 3, p to cover only those tuples for which 8 < p, because the overall
factor two drops out. Also, it is important to note that this formula is slightly different than its
analog written down in [22]@ The nice thing about the equations and is that they
completely determine the solutions to the CSM-eigenvalue equation and are algebraic. Even

more, they are linear equations.

In principle, this is all we need. The fact that we know that there exists a solution to the
eigenvalue-equation shows that there must exist at least 1 solution to the linear system (3.78)),
(3.85). However, there are some interesting facts to discover: there is a very nice argument to

show that most of the coefficients d,, vanish and we will see that the equations (3.78]) and (3.85))

are not as independent as they might look. We will therefore now try to solve these equations.

3.9.3 S is Homogeneous

Luckily, most of the MM coefficients d,,, are zero, as we will prove now.
Theorem. S is a homogeneous polynomial of degree M (M — 1)/2.

Proof. Let us investigate (3.78): it tells us that every coefficient dy,,...,m,, can be written as a

3Checking some of the solutions we will find in the next section in this equation shows that the original
equation written down by Inozemtsev was wrong, albeit only slightly. The equation presented here is the correct

one
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linear combination of other coefficients

iy omngmpmy(P) = = > Ay tnemy—nmay (P)- (3.86)

n€Zs,p\{0}
In particular, since the summation runs over all integers such that 0 < mg+mn,m,—n < M —1,
we see that all coefficients for which at least two of its indices are either 0 or M — 1 vanish, be-
cause when expanding over those two indices the summation on the right-hand side of equation

(13.86|) simply does not contain any termsﬂ

Now take a coefficient dy,,...m,, () which does not belong to a term of degree M (M —1)/2, i.e.
the sum of its indices satisfies Zf\i 1m; # M(M —1)/2. This implies that at least two of the in-
dices are equal, since if all where different, the sum would be exactly Zf\i (G—=1)=M(M —-1)/2.
If we would express this coefficient using equation , the right-hand side coefficients

Jml...m snemp—nemay (p) have exactly the same sum for their indices, since the only difference is
in the Sth and pth coefficient and their sum changes from mg+m, to mg+n-+m,—n = mg+m,,.

We can use this fact to devise an algorithm to express Jmlm v (P) in terms of other coefficients:

1. From amongst the coinciding indices, choose two indices with the lowest occurring values,

say mg = m, = m.
2. Express dp,...m,, (p) using (3.86) by expanding in those two indices.

3. Repeat the above two steps for every coefficient in the expansion. This is possible precisely

because there must again be a set of coinciding indices, because the sum of indices does
not change when applying (3.86]).

Of course, it is not obvious at all that this procedure terminates in a finite number of steps.
However, we can prove that this is the case by investigating the quadratic sum of the indices.
Before applying to a coefficient with coinciding indices mg = m, = m, the quadratic
sum equals Qg , = m?+ -+ m% 4+ m% 4+ m?w, where m% + mg = 2m?. After this

application, each of the new coefficients has quadratic sum

mi 4+ (mg+n)? 4 4 (mp —n)® 4+ miy = Qpp + 20" + 2n(mg —my,) =

Qpp+2n° > Qp,, (3.87)

which follows because n # 0 for all the new coefficients and mg = m, = m. Thus this tells
us that the quadratic sum of the coefficients increases strictly when applying equation (3.86|).
Also, the quadratic sum of the indices has an obvious maximum, namely M (M — 1)? when

all indices equal M — 1. Moreover, once at least 2 of the indices have value M — 1 we know

*Formally, we still do not know what the value of dm,...ms-.m,--.my (P) (Without the tilde) is at the point
p for which (mg —my + i(pg fpp)) = 0. However, continuity of the eigenfunction in p dictates that

dmy--mg--m,--my (P) Must be continuous as well, hence also zero at that point.
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that the coeflicient is zero. Since the quadratic sum increases strictly, such a situation must
occur within a finite number of steps, so we can express dp,...m,, (p) as a finite combination of
coeflicients that are zero, from which we see that cfml.‘.m v (p) must be zero. This implies that

the polynomial S is homogeneous.[]

We can apply this algorithm to an even wider class of coefficients. If a given coefficient
dyy -y, (P) has a subset of indices {miy,---m,,, } with M" < M for which Zé:l my, <
M'(M’ — 1)/2, then that subset must contain a set of coinciding indices. Since the sum of
the indices does not change when applying equation , this must be true also after applica-
tion, so we can use the algorithm to rewrite this coefficient. By the exact same line of reasoning,
we can write this coefficient as a finite linear combination of coefficients which are zero, implying
that the coefficient itself must be zero. It might seem as if this argument shows that all the
coefficients must be zero, except those for which all the indices are different. However, already
at M = 3, there exist other coefficients which are not excluded from being nonzero by the above

argument, namely dj11(p). In the next section ,we deal with all the nonzero coefficients.

3.9.4 The Nonzero Coefficients

We can also find very useful information about the nonzero coefficients. For example, equa-
tion (3.85) tells us that all the coefficients depend on x and p through factors of the form
Tij = K H(p; — pj), where i, j € Zys. For a particular subset of the coefficients, we can actually

do even more.

Consider a coefficient dy,...m,, (p) for which all the indices are different. Then we can compactly

write dp, where P € my; and m; = Pi — 1. For every duo of indices satisfying m, = m, + 1,

equation (3.86|) tells us that

7 7
Ay ey (P) <1 + 2"”1/#) = iy -y, -mar (P) <1 + 27“W> ,

from which one can deduce that, up to a p-dependent normalization factor dy, the coefficients
are uniquely given by .

dp(p) = do H <1 + ;TPlA,Pl,u> . (3.88)

A<p

Although this gives an expression to many of the nonzero coefficients, we already saw that this
does not cover all the possibilities. The number of other nonzero coefficients increases quite
rapidly for increasing M, there are already 2112 such coefficients at M = 6. However, it can be
seen from the equations that all these coefficients are uniquely determined from the coefficients
of the form dp using . Therefore, we can conclude that the eigenvalue equation has only

one functionally-independent solution at each M.
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3.9.5 Solution

The fact that we were able to conclude that there is only one functionally-independent solution
to the eigenvalue equation at each M is somewhat peculiar, since we did not use equation (3.85)
to reach this conclusion. However, we have verified in a few simple cases that the solutions

extracted from satisfy . In addition, the fact that has to be satisfied for
every solution to indicates that if has a unique solution, it must also solve .
This implies that in fact cannot be an independent equation and must be derivable from
(3.78]). This was also noticed by Inozemtsev, but unfortunately the direct derivation remains

unknown.

3.10 Spin-Chain Solutions at Arbitrary M

Now that we know most of the details about the solutions to the CSM-eigenvalue equation at
arbitrary M, we can return to our initial pursuit, solving the M-particle difference equation
(3.34) for Inozemtsev’s infinite spin chain. To solve it, we use the following Ansatz, conform

[22], which is very reminiscent of the Ansatz for the CSM-model:

M
b ng) = [ sinh ™ e(n, —n,) 3 (1P exp | (ipp; — w(M ~ 1))n,
W VEL N Pemy Jj=1

p<v

M
Z Cmy--myy (P) €XD 2ﬁZmpjnj ,

meDM Jj=1

where the factor (—1)F indicates the sign of the permutation P and the coefficients ¢y, (p) are
to be determined. Omne can view this Ansatz as the totally anti-symmetrized version of the
CSM-Ansatz. Note that this Ansatz is symmetric under the exchange of n; and n;, reflecting
the fact that the quasi-particles described by these wavefunctions (usually called magnons) are
bosons. Plugging this Ansatz into the left-hand side of the M-difference equation yields

the impressive expression

Z Z Z (-1)F H sinh ™! k(n,, —n,)(—1)°" Z Cmy-may (P)

s€Zn) BELM Pemy wvE€ZM\{B} meDM
pu<v

2
K* ex ,m
exp E (ippy + K(2mpy — M + 1))n, ph(z pPB Pﬁ | I sinh™! k(ny — s), (3.89)

V#B A£B
where q(p,m) := ip + k(2m — M + 1), but we will suppress the arguments from now on. To
make it easier to treat this summation, we wish to switch the order of the summations and bring
the summation over s all the way to the right. This can be done if the sum converges in both

cases, which is the case if |Im(p;)| < 2k for all 4, as can be shown using an argument similar to
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the one we used previously to prove that the polynomial S had to have finite degree. For now
we will not worry about the consequences of restricting the imaginary parts of the momenta to
obey |Im(p;)| < 2k for all ¢ and simply proceed to change the order of the summations. The
left-hand side of reads

Z Z (*1)P H Sinh_l K;(TLM *nv)(*l)ﬁ_l Z le---mM(p)

BEZLN Pemy €L \{B} meDM
p<v
exp | Y (ippy + K6(2mpy — M + 1)n, | W(ppg,mpg, {n}, B), (3.90)
YEZp
V#£B

where we defined

K’ exp (¢(p)) -
W(p,m,{n},B) = Z m H sinh™ k(ny — s). (3.91)
sE€Zn] A;fé/f

To continue, we will have to find an explicit expression for W, so we will do this first.

3.10.1 Finding an Explicit Expression for W

We will perform the exact same steps as were necessary to find explicit expressions for the func-
tions we encountered in the one- and two-magnon problem. We will investigate the periodicity

and the Laurent expansion of function W : C — C given by

K2els
W(z) = inh ™! —5—2). 3.92
(2) SGZZ sinh? k(s —ng+ z) A!Z[M St iy —s = 2) ( )
MEB

We will first show that W is quasi-periodic on the lattice I' we encountered before. Since the
sum over s is infinite, it is immediate that W(z 4+ 1) = e”9WW(z) by relabelling the summation
variable. From

oh(ztw) _ o—rletw)  orzgtin _ o—kzgFir

sinhk(z +w) = = = —sinh kz
2 2

we see that

K2els

H sinh ™' k(ny — s + 2)(=1)M~1 = mM=Dyy (),

ANEZL v
A

W(z+w) =)

inh2
= sinh k(s —ng+ z)
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In a similar fashion as before, we can find the Laurent expansion of W up to its constant term
by contour integration along C'"

2mia_o :j{ W(z)zdz =
C

1 —1 s —1
Z "526(18% H Sl?lh el — zdz+ Z K e‘““f sinh_w(ny = 1y = 2)

5 — zdz
seZny C retns sinh® k(s —ng + 2) T C retins sinh® k(ny —ng + 2)
A A5
11 )
_/{eqnﬁ CHSlnh )\—S—Z)<H222—3+O(Z)>Zd2
ANEZ
XAB
1 1
+ Z RQeq”V% — H sinh ™ k(ny — ny + 2) (— +0 (z))) zdz
Ty sinh” k(ny —ng + 2) NeZing Kz
#£8 AFEBY
= 2mie?"s H sinh™! k(ny — ng). (3.93)
AEZ

\AD

Since 2mia_1 = §, W(z)dz, it is not difficult to see from (3.93) that

d 1
a_ = el — sinh ™! k(ny —ng — 2z — K Kk2ed™ sinh ™! k(ny —n
| [ R p el | (L R TS
ANEZ 2=0 YEZ g AEZ
NAS 7#B AFEBY
=K{a_g Z coth k(ny —ng) — Z e sinh ™! Kk(ng — ny) H sinh ™ K (ny — n,)
YELn YEZL AEZpp
v#B v#B AFEY
(3.94)
Finally, the constant term ag can be seen to equal
Z /i exp H h ) 1 ang d2 H . h_l ( )
ag = _— sinh™" k(ny —s) + —e?" —; sinh™ k(ny —ng — 2
’ sinh? k(s — nﬁ A 2 dz2 A B
SEZ[n] ANEZ ANEZ g z=0
AAB A#B
h—1! _
Ko T sinh (s —ng) — 30 L T[S wm o —2)
\ sinh” k(ny —ng + z)
EZnr ’VGZM )\EZ
A£B V#B AEvB
= k% a_s —1+ +1 Z coth k(ny — ng) coth k(ns — ng) Zsmh Ny — ng)
- 3 9 9 B B B
¥,0€Z g YEZ
7,078 V#B
PN
_ Z sinb (g — ) H sinh ™! n, —ny) | cothk(ng —ny) Z coth k(ny —ny)
AEZp PELM YELNM
A£B P T#A
+ W(p,m, {n}, B). (3.95)
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Next, introduce the function U : C — C given by

A G2 ) DTS SR P'(z) —p'(r) _ ¢"(r)
1) = = 2 e 0n2)- {ol) - ptr) + A (S5 =50 - ZENL a0)

in which A,,,, dys, 7 and Aps are constants which will be determined. Our aim is to fix them in

such a way that we have W = U. We can find r and §;; from the periodicity requirements on
U

U(z+1) =™ VU(z),  U(z+w)=eU(2),

using equation and by solving the set of linear equations
1
4¢ () r+éu = —q(p)
A ( ) Pt Wy = im(M —1). (3.97)

We can do this by using the Legendre relation of the Weierstrass zeta-function, namely that

wC @) —¢ (%) — i, (3.98)

yielding dp; = fi(M—l)—MT(mC (%) and r(p) = — (% + %) We fix Ap; and Ay by demanding
that the singular part of the Laurent series of U match that of W. Using the expansion given
in , we find the equations

Ay = a_o

Anm (C(rp) + 60 —2AM) = a1, (3.99)

which give a unique solution for Ay; and Ajps. By the usual argument, we can conclude that U
evaluated using those values for its four parameters equals W. Therefore, its zeroth order term
in its Laurent expansion must match that of W, giving us an expression for the summation

W(p,m,{n},B) from the M-particle difference equation:

K 2W (p,m, {n}, ) = — (M +Q{n},B)+ Z sinh 2 —ng) + K 2&(p)

ANEZ
A8

_H—lf Z coth k(n~, — nﬁ)) +E(p), {n}),

ANEZ
AF#p
where
1
Q{n},B) = B g coth k(ny — ng) coth k(ns — ng) (3.100)
NOEL
A 6B, AFS

To avoid awkward notation, we again use 7 as a parameter, but distinguish between r,, which will continue

to be defined as 7, = 52 andr(p), defined here.

48



fp) = [f(p)—s(2m+1-M),
2

&p) = elp) —k(m+1— M)f(p)+ %(Qm T 1 M) (3.101)

with f(p) is defined in (3.39) and €(p) := %2 — 20(2rp) + 3 f2(p), which looks suspiciously similar

to the expression for the one-particle energy ¢, and

- et L1
=(p tn}) = Z sinh k(ng — n,) sinh sy =)
PEL N AEZ g
e p
cothk(ng —n,) + Z cothk(n, —n,) — k1 f(p) | . (3.102)
YELM
YF#P

Since the M-particle difference equation is linear in W, we can plug in parts of the expression

for W and see what they give us. If we plug in

Z sinh ™2 k(n, — ng) + £ 2e(p),
NEZ
A£P

where we use the € without the tilde into the eigenvalue equation, we get

Li({n}) = —¢(n1,-- nar) | Y elpg)+ D sinh ™2 k(ny —ng) | . (3.103)

BEZM A,BEL
M£B
This term equals the right-hand side of the M-particle difference equation if we choose

Eyv(p1, - spm)=J Z €pss (3.104)

BEZm
thus FEjs is simply the sum of one-particle energies. This shows additivity of the energy in
the general M-particle case, which is usually the first sign of integrability. In particular, If the
energy of a particular model is additive, this model often exhibits factorized scattering. We will
show later that this is indeed the case. First we must show that all other terms cancel under

suitable choices for the coefficients ¢y,
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If we plug in Z(r, {n}) into the difference equation we get

L) = 3 S (0" [ sioh sl — m) (-1 Y gy ()

BEZLN Pemy wveZp\{B} meDM
pn<v

exp | Y (ippy + 5(2mpy — M+ D)ny | Z(p. {n})

YEZL
Y#B
= K2 H sinh ™ k(n, —ny) Z H sinh ™ k(ny — ng) Z (-1)F Z Cmy-may (P)
wVELp BEZn AELpm Pemy meDM
p<v NAB

> exp | D (ippy + £(2mpy — M +1))ny | exp ((ipps + ipp, + 26(mpg +mp, — M + 1)) n,)
PEZL g YEZL

p#B Y#B:p
sinh™! k(ng —n,) | cothk(ng —n,) + Z coth k(n, —n,) — &~ f(ps) H sinh™! k(ny — n,)
YEL M OXSYAY:
7¢p AFp
= H sinh ™! k(n, —ny) Z (-DF Z Cmy -y (P)
;,L,VEZ]\/[ PETI']M mGDM
n<v

Y exp| Y (ippy +K(2mpy — M+ 1)ny | exp{(ippg + ippy + 26(mps +mp, — M +1))n,}
BypEL N YEZL
B#p v#B.p

sinh k(ny — ng)

sinh™! k(ng —ny) H coth k(ng —n,) + Z coth k(ny —n,) — Ii_lf(plg)
NEZ YELZM
A#Bp VEP

sinh k(ny —n))

(3.105)

This can be written more compactly by defining

Fy(P,B,p) =exp | > (ippy + £(2mpy — M + 1))n,

YEZ M
V#B.p

. ) L sinhk(ny —n
exp {(ippp + ipp, + 26(mpg +mp, — M + 1)) n,}sinh ™ k(ng — n,) H o /{Em\ — nﬁ§ .
P

ANEL
A#£B.p
1 -1
3 coth k(ng —n,) + E cothk(ny —mn,) — k" f(pg) +2mpg +1 - M| . (3.106)
YE€LM
V#Ep
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We now have

Ly({n}) = —x> J] sinh 'k(ny—m) D> cmpemy(®) Y. (=17 > 2Fy(P,B,p).

IRZSYAY: meDM Pemy B,pELM
u<v B#p

(3.107)

One can see that the final summations of this expression can be rewritten as

Y0P Y 2Fu(PB )= > | D (D FM(P B0+ Y (=) Fu(P,B,p)

Pemyy B,pEL B,pEZLyr \PEmps Pemy
B#p B#p
= > | D 0PEu® B+ D> (—D)FRE(PQ.B.p) | =
B.p€Zy \PETM PempyQ~1
B#p
B,p€Zpr \PETM
B#p

where Q) :=

(Bp) is the transposition flipping the indices 3 and p. Note that mpQ~! = mpy,

because 7y is a group and (—1)P? = —(—1) because @ is a transposition. If we look care-

fully at the dependence of Fj; on P, we see that the only difference between Fy;(P, 3, p) and
Fy(PQ, B, p) is in the square brackets of equation (3.106). Therefore we get

Ly({n}) = —&? H sinh™! k(n, —ny) Z Cmymay (P) Z (-1)F Z

IRAYAY: meDM Pemy B,pE€L s
pu<v B#p

exp | Y (ippy + K(2mpy — M + 1))y, | exp {(ippp + ippp + 26(mpg +mp, — M +1)) n,}
YEL N

Y#Bp
sinh ™" k(ng —n,) [] Sin el - ag) mpg —Mpp — : (f(pg) = f(pp))| - (3.109)
r sinh k(ny —n,) P2k r
ANEZ g
AEB.p
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Finally, all that is left for us to do is rewrite the summation over D™ . Abstractly, we can find

that for a function Z depending on the sum and difference of mpg and mp,

Z Cmy-—mpr (p)Z(mPﬁ + mpp, mpg — mPp)

meDM
= Z Z Cmy-mpp (p)Z(mPB +mpp, mpg — mPp)

{mi}ED mpg,mPPGD

i#PB,Pp

2M—2 2M—2

= > D > cumemy@Z(smpg—mpy) = Y >

{m}eD =0 mpgmp,ED {mJeD =0

i#PB,Pp mpgtmpp=s i#PB,Pp

Z (M — ‘S — (M — 1)‘)71 Z Cmyimpg+l--mp,—l-—m (p)Z(S,mpg —mpp+ 21).

mpg,mppeD ZGZPE»PP

mpg+mp,=s

(3.110)

We could introduce the last summation over Zpg p, by compensating for overcounting, which
is why the term (M — |s — (M —1)|)~! has been introduced. If we now use this equation ([3.110))
to rewrite La({n}) we find

sinh k(ny — ng)

Ly({n}) = —&* H sinh ™ K (n, — ny) Z (-1)F Z sinh ™! k(ng — n,) H

sinh k(ny —n,)

W VEL N Pemyy B,pELM AEZ
u<v B#p A#£B,p
2M—2
Soexp| D (ippy+ECmpy - M+ D0y [ > > (M —[s—(M-1))7"
{m;}eD YEL M s=0 mpg,mp,€D
i#Pj,Pp v#£B.p mpg+mp,=s

exp {(ippg + ippp +26(s — M + 1)) n,}

1

D Copempgtiomp,—tema (P) [mPﬁ —mpp = 20— 5 (f(ps) - f(pp))] - (3.111)

l€Zpp,Pp

If we compare this to equation (3.78)), we see that La({n}) = 0 precisely when we choose

Cmy-mpg (p) = dpymy (Zf(p))

, where the dp,,..m,, (p) are a solution to (3.78). Uniqueness of this solution therefore follows
directly from the investigations into the CSM-model. This correspondence is quite astonishing,
but we will first have to prove that the remaining terms in the M-particle difference equation

cancel to appreciate this fully.
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If we plug in the remaining terms into the the M-particle difference equation, we end up with

Ly(fnp)=—* > > (1" J[ s sy =)D Y7 cmpemy (P)

BEZypy Pemy wvEZp\{B} meDM
u<v

exp Z (ippy + K(2mpy — M + 1)), e(PPptr(2ma+1=-M))ng H sinh™! k(ny — ng)

’YEZM )\EZ]M
V#£B N
M-1

_ 1
— & ' (2mpg + 1 — M) f(pps) + = (2mpg + 1 — M)*—

2 2

H_lf(pg) Z coth k(ny —ng) + Q({n})|.
i

Since it is true that
> z(i) =) Z(Pi)
iel iel

for an index set I of cardinality N and P € 7wy, we can rewrite L3 as

Ly(fn}) = =2 ] sinh ™ rln ) 30 (-DF S ooy ()

u,uiZM Pemy meDM
u<v

exp Z (ipy + £(2my — M +1))np-1,
YELM

M-1 1
> K 1(2mPﬁ+1—M)f(ppﬁ)+§(2mpﬁ+1—M)2—

2

BELMm

£ f(pg) Y cothr(n, —ng) +Q({n})|.
YEZL M
v#B
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We can symmetrize the summation over 5 and ~

k1 g f(pg) coth k(ny —ng) = E (/flf(ppg) + M — 1 —2mpg) coth k(n, —ng)
V#B Y#£B

= Z (k7 f(pg) + M — 1 — 2mg) coth K(np-1, —np-1p)

'YvﬁEZM
v#B
1 _ _
=3 Z (k1 f(py) — k™ f(pg) — +2mp — 2m,) coth k(np-145 — np-1y)
V,BELM
v#B
1
= D (mg—my— o (f(ps) = f(py)) cothi(np-15 = np-1,), (3.115)
v,B€LMm
v#B
while the summation ( \( )
M(M—-1)(M -2
> Q({n},B) = G (3.116)
BEZs

is proved in Appendix [A] If we plug in all this and collect similar terms, we get

L3({n}) = —&* H sinh™! k(n, —ny) Z (—1)F exp Z (ipy — k(M —1))np-1,

;L,VEZM Pemy YEZ
u<v

Z Cmy--my (P)exp | 2k Z Np-1,\My

meDM ANEZ g
[ S {2 20 tmaf(o) - 01 = 1) (2ma = n 7 0s) - 25 ) -
BEZM
> (ms—my — 5 (F(3) — S(ps)) cothsnp-rs - np—w))] . (3.117)

After writing 25 := exp(2knp-15) we get finally

Lz({n}) = —&? H sinh ™ k(n, —ny) Z (—1)F exp Z (ipy — k(M —1))np-1,

H,VEL N Pemy YEZL M
u<v
Z Cmy-mpy (p) H Z;u
meDM ANEZ
_ _ 2M —1
[ Z {zmg — 25" Ymp f(pg) — (M —1) <(2m5 —w L f(pg) — ; >} _
BEZLn
zg + 2z 1
> 725 —(mg —my — 2, (f(ps) = f(Pv))] : (3.118)
6 Z»y K
V,BEZL
v#B

From this expression, it is quite easy to see that the condition L3({n}) = 0 is the same as the

condition (3.75)) for the coefficients of the Ansatz for the CSM-model. In fact, if the coefficients
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cm/(p) are chosen as ¢pmy...omy, (P) = dmy.omy, (0f(P)), we immediately get that Ls({n}) = 0 for
all z € RM.

From this we can conclude the following: If a set of coefficients d,,,(p) gives a solution for the
CSM-model using the Ansatz (3.72)), then the set of coefficients ¢, (p) satisfying

Cmy g (P) = Ay, (£ (D)) for all m € DM

give a solution to Inozemtsev’s infinite spin-chain using the Ansatz (3.89)). This strong rela-
tionship is somewhat unexpected (although maybe not too surprising after reading the previous
sections) and begs to be explained. One might wonder whether Inozemtsev’s infinite spin chain
can be considered as a zero-temperature limit of the CSM-model, conform the freezing trick
introduced by Polychronakos in [26], but the complicated form of the phase function f seems

to make it unfeasible to make this claim precise.

3.11 Factorized Scattering

One of the most interesting questions about the solutions we found previously is whether or not
they describe factorized scattering. This would hint towards an algebraic structure such as exists
for the Heisenberg XXX-spin chain and allows to study the spectrum of Inozemtsev’s infinite
spin chain more closely. In this section, we will therefore investigate whether or not the solutions
exhibit this feature. In general, a model exhibits factorized scattering if the eigenfunctions have
the following asymptotic behaviour: if P € mj; and the variables x1,- -,z tend to infinity as

Tp(ip1) — Tpi — 00 for 1 < i < M, the wavefunction tends to

Yy, am) =0 Y, (=) exp (i Y poana | [[ Sporupory), (3.119)

Qemym AEZ M JIRZSYAV
pu<v

where S(popu,PQpy) is just some function and g is a constant. We will try to show that this

is the case for the eigenfunctions of the Inozemtsev’s infinite spin chain.

Suppose that P € mys and the variables ny,-- -, nps tend to infinity as npq1) —np; — 0o. We
will find an explicit form for the wavefunction in this limit. The proof of the case P = Id has

been sketched in [22], but we will treat the case for general P here:

We will try to find the asymptotic behaviour of the term

M M
H sinh ™! k(n,—n,) exp Z(inj — k(M —1))n; Z Cmyma (D) €xp | 2K Z mQ;n;
W/EZM Jj=1 meDM Jj=1
u<v

(3.120)
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where ) € mys is arbitrary. After reordering the summations such that the summation over mys
is on the outside, this is the summand of the summation over 7y in the Ansatz (3.89) for the

eigenfunction. The product over the inverse hyperbolic sines can be rewritten as

[T sinh'wln,—n)=(-2"" = ][ (en(nrm)_eﬂ(nufw).

W VEL N 1 VEZL N
pu<v pu>v

In the limit we are discussing, precisely one of the terms survives. Also, the parity (—1)P of the
permutation P equals the parity of the number of inversions, i.e. the number of pairs u,v € Zys

such that p < v but Pu > Pv [27]. Therefore the product yields

: _M@M-1) k(ng—ny) K(ny—ny)
H sinhk(n, —n,) ~ (-2) 2 H elfi\itn—mw H —el\ T
wVEL N W VEL N wVELN
p<v P lu<P~ v, u>v P lu<P ly, u>v
M(M—1)

= (R I et [ etmened

/‘L?VEZM /‘L’VEZM
u<v, Pu>Pv v<u, Pu>Pv

M(M—1)
- 2

= (-2 (—1)Pexp K Z (npy —npy)

HVEL N
pu>v

M(M—1)
2

= (2"

(—D)Fexp | =k > npu(M —2u+1)|.  (3.121)
WEZ g

In the limit, the entire term given in (3.120]) can be written as

M(M—1)

(-2)" = (-1” Z Cmy-my (P)
meDM
1
exp [ 2+ ‘Z (mjn; — 5K(M — 1)ng) + > npu(M—2u+1) | . (3.122)
JE€EZLNM MEZ N

Using equation (3.113]), this becomes

(=277 (=) Y g (D)

meDM

1
exp | 2k Z (mpgjnp; — Qm(M —1)npj) + K Z npy(M =2u+1) | =

JE€Zpr WEZLpg
M(M-1) )

=(=2)" 2 (=D > cmpemy @) exp | 26 > (mpg;j+1—d)np; | - (3.123)

meDM VIS4

After defining
J
gi(m) == (mpg; +1—j) (3.124)
A=1
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and noticing that g; — gj—1 = (mpg; +1 — j) we can rewrite this expression as

M(M—1)

(=272 (=D > empmu@)exp | 26 Y (g5 — gj-1)np;
meDM JELM
M(M—1)
=(=2)" 7 (D" Y coemy @ exp [ =26 Y (npi1) —npj)g; | - (3.125)
meDM J€Tar

In this expression, we recognize np(;1) — npj, which we assume to tend to infinity. Therefore,
we need to investigate the sign of g;(m), to find out if this expression converges: from the

definition of g; we see immediately that g;(m) < 0 if
J
AA—1
Somy < 22D

but as we saw in Section all the coefficients ¢y, ...m,, satisfying this condition are zero by
virtue of the relation . Therefore divergence of our expression cannot occur. If on the
other hand g;(m) > 0 for some j, the expression tends to zero. Therefore, the only remaining
term is the one for which g;(m) = 0 for all j, which implies mpg; = j — 1, or equivalently
m; = Q~'P~'j — 1. Using the notation and expressions from Section we find that we can
write the expression from as

M(M—1) 1

(—=2)" 2 (=1)Pdg-1p-1(if(p)) = (—1)"do [ [ M4 (1 — 5, (f(prou) — f(pPQV)>> ,
(3.126)
where dj is a normalization. Therefore in the limit where n P(i+1) — np; — 00 for some P € myy,

the eigenfunction tends to

. 1
d(ny, - onan) =vo D (=) exp (i Y poana | ] (1 = 5, (f(prou) — f(PPQu))> ,
Qemy ANEZ W VEL Ny
p<v
(3.127)
for some normalization 1y, which proves that factorized scattering is a feature of our model.

Although this is not unanticipated, it is very nice to see it explicitly.

3.12 Conclusion

In this chapter, we have found eigenfunctions for Inozemtsev’s infinite spin chain in all the
sectors of the Hilbert space. We found out that the energy is additive, a very nice property
which is usually associated to integrable systems. In addition, we managed to show that the
model displays factorized scattering, which hints even stronger in this direction. It would be
interesting to know whether this set of eigenfunctions is complete, but in general questions

about the completeness of sets of eigenfunctions is extremely complicated for models with
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infinite degrees of freedom. We will therefore not pursue this goal here. Instead, to find out
more about its structure, we will focus next on the spectrum of this chain through an analysis

of its behaviour in the thermodynamic limit.
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Chapter

Thermodynamics of Inozemtsev’s

Spin Chain

An interesting aspect of spin chains is their behaviour in the thermodynamic limit. While it is
often possible to find the finite-size ground state of short-range models, finding this state for
long-range models can be very complicated due to the complexity of the model. In passing to
the thermodynamic limit (sending both the length L and the number of quasi-particles M to
infinity, while keeping M/L fixed), it is often possible to write down integral equations that
determine the behaviour in exact form. In this chapter, we aim to study the thermodynamics

of Inozemtsev’s spin chains. As a first step, we derive a set of Bethe equations.

4.1 Bethe Equations

In Chapter (3] we have found the eigenfunctions of Inozemtsev’s infinite spin chain. Or, to be
more precise, we have derived the functional form of the eigenfunctions, |1)p, depending on the
complex momentum vector p. We never checked whether the |¢), are proper eigenfunctions for
all p € CM. Indeed, we did already note that the sum in converges only for momenta
that satisfy |Im(p;) < 2k for all 4, but this restriction arose because of the ordering the sums
we chose in . We will postpone a more detailed analysis of the summation order until we

know more about the spectrum of the hamiltonian H.

However, even if we would accept this limit on the momenta, the remaining set of momenta
still seems to be too big to parametrize the spectrum of this infinite model. For the (finite-size)
periodic chain, the periodicity condition on the wavefunction quantizes the momenta, resulting
in a discrete spectrum. When passing to the infinite chain the spectrum does not have to stay
discrete: H is an operator on an infinite-dimensional Hilbert space and therefore its spectrum

can have a continuous part. However, there is a strong similarity between the finite-size and
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infinite chain. The finite-size chain has translational invariance because it is periodic. When
taking the limit L. — oo the hamiltonian loses its periodicity, but stays translation invariant
as its state space consists of states on an infinite line. Therefore, it can be expected that the
spectra of the finite and the infinite spin chain resemble this close relationship and should not
differ too muchl

It is in the light of the remarks above that the Asymptotic Bethe Ansatz can be best understood.
It hypothesizes that the spectrum of the infinite chain can be found by imposing periodic
boundary conditions on the asymptotic form of the wavefunction of the infinite chain and
solving the resulting set of equations in the limit that L — oco. To be more precise, we consider

the hamiltonian ;

1
J#k

and impose periodic boundary conditions on its eigenfunctions:
¢(nlan27”' 7TLM):¢(TL2,"' ,nM,TL1+L). (42)

We assume that in the asymptotic regime the eigenfunctions of this model are the same as
those of Inozemtsev’s infinite spin chain. If we now take L to be large and consider the periodic
boundary conditions for the case where n; < ny < --- < nyy, we can use the asymptotic form

of the eigenfunctions of the infinite chain to derive a set of equations. These functions were
given in (3.127) and read (plugging in P =1d)

¢(n1’ T 7nM) = 1o Z (_1)Q exp | ¢ Z P H S(le“pQV)v (4'3)

Qemm AEZ s [IRAYAY:
u<v

where

S(p,q) = (1 —i(¢(p) — 0(q))) (4.4)
and ¢ : C — C is defined as

Let us first define the permutation R € mpr as R = (12)(23) --- ((M — 1)M) or alternatively as

i+1, ifi<M
Ri = (4.6)
1, ifi=M

! Admittedly, the term ”too much” is not very precise, but at least it motivates us to study the spectrum more

closely.
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and note that its sign is (—1)M~1

asymptotic form given in (4.3) into the boundary conditions (4.2) yieldsﬂ

since it is the sum of M — 1 transpositions. Plugging in the

o =D%xp (i Y poxma | [ S pouwpar) =

QEm M ANEZ wVEZL g
pu<v
Z (—1)%exp | i Z PQANRA + ipom L H S (PQus Pquv) - (4.7)
Qemr AEZ g M:VEZM
pn<v

If we concentrate on the right-hand side, we see that we can rewrite this as follows:

> (-1%xp (i > poanantipouL | [ S (pouspor) =
Qemn AEZ MJ/EZM
u<v

S (-1D)%xp | i Y por-umatipouL | [ S (oupor) =
QET N ANEZ ,u,,l/iZlW
u<v

S (-D)%exp [i Y poana+iporuL | [ S oruspoRy) =

QET N ANEZ W VEL N
pu<v
S (=M terel(—1)@exp [0 Y poana | [ S orwpory) (4.8)
Qemn ANEZ g ,u,,lliZ]u
n<v

where we have used the fact that RM = 1 and have that 7y, R = wps. We can now compare
the left- and right-hand side of by considering the coefficients in front of the different
exponents. Note that the exponents exp <z > AEZas pQ)\n)\> are assumed to be all different if the
permutations () are not the same, since the momenta p; are all different. Therefore, they are

functionally independent and we can equate the coefficients of all these exponents. This leads

to
(DM teral T S (poruwpers) = ] S (pou rav) (4.9)
N7V€ZM ,UJ/EZM
u<v p<v

for all @ € mpr. We consider the equations for which @ = (15), j € Zys. Most of the terms
in the product on the left-hand side also occur on the right-hand side and if we assume them
to be nonzero, we can divide them out. Namely, if we take u < v such that Ry < Rv, then
to S (PQRus Pory) on the left-hand side there corresponds a term on the right-hand side. After

dividing these terms out, the remaining terms have v = M on the left-hand side and 4 =1 on

2The derivation presented here is quite general: indeed, any spin chain for which the eigenfunctions have an
asymptotic form as in equation (4.3) has the same functional form of the Bethe equations, i.e. this derivation

would work for most spin chains with a known scattering matrix.
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the right-hand side:

( M ! ’LpJL H S P(1y) R/,L?pj = H S(pjvp(lj)y) . (410)
WEZ s vEZL
u<M 1<v

After reordering the product on the left-hand side to get rid of the R we get

(—1)M-lewit | | S (pajyupi) = I | S (pj>pajw) (4.11)
WEZ nr VvELM
pu>1 1<v

which is equivalent to

(_I)Mfleipj[/ H S (pﬂ7p]) — H S (p],py) X (412)
HEZL M vEZNg
W#EJ v#j

Therefore, if we assume that the products are nonzero, we end up with the following set of

equations:

ip; L _ M 1 Pjapu _ 1 —i(¢(py) — ¢(pu)):
‘ I 3 11 356, — o) - 1

HEZL p’“ p]) HEZLpm
M#J BT
H O(p;) = #py) i (4.13)
weZns p]) pu) -1
BET

These are the Bethe equations of our model and we will study them most thoroughly in the

next chapters.

4.2 Antiferromagnetic Ground State

As a first application, we will use the Bethe equations to find the antiferromagnetic ground
state of the infinite chain in the thermodynamic limit, following an approach first proposed by

Hulthén in [28]. A similar study was published by Dittrich and Inozemtsev in [29).

mnh ()

We choose the interaction parameter of the hamiltonian as J = , such that the hamil-

tonian reads

L . 1.9
1 sinh? (k)
Hp =~ Z —————~(oj o —1) (4.14)
4 = sinh® k(5 — k)
J#k

and define the length L of the spin chain to be even. Note that a rescaling does not alter the

appearance of the eigenstates we found earlier. We can use the known formula

| 1—x 9% arct
o) = —27arctanx
& 14z
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to take the logarithm of the Bethe equations, choosing a proper branch, to arrive at

im(M — 1)+ 2miQ; + ip; L = 20y arctan (¢(px) — $(ps)), (4.15)
keZn
k#j
where the (); are integers. We can redefine Q; — Q; — % to combine all the integers into

the (), which are now either elements of Z or Z + % depending on whether M + L — 1 is even
or odd. This leads to the following form

% = u Z arctan 525(]9@))’ (4-16)
zEZM
i#£]

which we will name Logarithmic Bethe Equations (LBE). Due to the fact that ¢ is 27-periodic,
it is obvious from this equation that we can restrict the p; to lie in the interval [0, 27 if we
require them to be real in the first place. Moreover, all the p; should be different to obtain a
nontrivial wavefunction. We can also define a unique inverse of the function ¢ for all p; if we
omit p; = 0. Since magnons with zero momentum carry zero energy in this model (since ¢y = 0),
this implies that we only omit descendant states. Using the inverse of ¢ we can achieve a one-
to-one correspondence between a set of numbers A\; € R and the p; via the relation \; = ¢(p;),

allowing us to rewrite the LBE in terms of the \; as

Qi m—o
—_ =~ 7 E arctan (\; — \;) . (4.17)
L 2 zeZM

i#]

The sets {\;} that solve this equation for a set of noncoinciding @;’s in the case M = L/2
correspond to antiferromagnetic eigenstates of the infinite Inozemtsev model. To be able to find

these sets, it is most useful to first find the allowed range for the @;.

4.2.1 Restricting the Q);

In the context of the previous section, we will prove the following theorem.

Theorem. There exists an A € R such that for all L > A, the Q; form a string of (half)-integers
satisfying
Q; = L/4—1/2(j - 1).

Proof. We consider the right-hand side of equation (4.16)) and look at its limiting behaviour.

Consider the Q; as a function of p;, namely

Q;(p;) = ”_pﬂ = § " arctan ( — $(p1)). (4.18)
ZGZ]W
(&
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This function is differentiable and its derivative is clearly continuous on the open interval (0, 27).
We would like to show that Q’(p;) < 0 for all p; € (0,27) when we restrict L to be greater
than some number. To see whether this is can be done, we investigate the derivative of the
summation in (4.18]), which reads

1 o
D)= 2 T o) oty P

(1]

i#]
B zEZZ;J I+ (¢(pj)1— d(pi))? (2;&( <;7;> ™ 41?@ <z2p/i>> . (4.19)
i

This function is finite for all values p; € (0,27) and its limits p; — 0 and p; — 27 are equal,
since 2 is the derivative of an odd function around p; = 7, hence even around p; = 7. The limit
pj — 0 is easily found using the known Laurent expansions for the Weierstra8 functions (see
Appendix [E) and equals —(M —1), since all the summands reduce to —1 in this limit. So Z(0) is

finite and we see that Q; (0) = —% + ]‘{rzl, which is negative for all M < L. Therefore, we know

that Q; is negative close to the endpoints of [0, 27]. Also, since we know that Z is finite at both
endpoints, we know it is bounded and continous on the compact interval [0, 27] and therefore has
a maximum A. If we restrict L > 2|A[, we find that Q}(p;) < —L£+ LAL' < 0 for all p; € (0, 2m).
So for L > 2| A|, we know that Q;(p;) has its maximum at p; = 0 and its minimum is approached
going towards p; = 27. These values are easily calculated: since @); is an odd function around
pj =T, Qmin = —@max. Furthermore, using the limit lim, 4 arctan(z) = £7/2,

L M-1n L L L 1

Quax =5 = —5=q =1ty
So for the antiferromagnetic ground state, we have —Qmax < @; < Qmax, because both p; =0
and p; = 27 are excluded values for p;. The total number of Q; is M = L/2, which implies

that the allowed Q; form a string from —Qmax + 1 to Qmax — 1, i.e. are of the form

Qj = L/A=1/2(j - 1),

since the fact that the p; should be different also implies that the @; should be different through
equation (4.18)). This is the usual assumption for the antiferromagnetic ground state and the

above reasoning shows that this is also correct for this case. [

4.2.2 Passing to the Thermodynamic Limit

So we take Q; = L/4 —1/2(j — 1). We again consider equation (4.17). We fix the ratio
M/L = 1/2 and consider the limit that L — oo, i.e. the thermodynamic limit. In this limit,
the numbers Q);/L becomes a continous variable z and the summation becomes an integral.

Thereefore, equatio (4.17) becomes

™ — -1 €T 00
W o % / arctan(A(z) — Ay))dy, (4.20)

—0o0
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where there is a relation between the z and the A which can be formalized by defining o(\) = %.

This allows us to get rid of the x-variable all together and write

2 T

=67 = /)\g()\’)d/\’ + 1 /OO arctan(A — X)o(\)dN, (4.21)

—0o0
where the first integral is a primitive of o. By differentiation with respect to A we see that

i d¢_1 1 [ O'()‘/) /
"“)—cun/oouu_mad”

We can solve this integral equation for o via a Fourier transformation and find

[ ei)\k e ]
o(A) = —/_ (2d:)21+e—k/_ AN (¢71) (N)e ¥, (4.22)

where the prime on ¢! indicates differentiation with respect to A\. Using this we can find the

energy per site as given by the formula

27 0
e :/ epdp:/ €5-1(n)T(A)dA,
0

—00
where we used the one particle energy e, from (3.27). Unfortunately, this Fourier integral cannot

be solved exactly.

4.3 The Yang and Yang approach

Instead of looking at the case of half-filling (M = L/2), we also consider the case of arbitrary
fixed density n = M /L. This means that instead of postulating M = L/2 and deriving a
fixed set of Q;’s, we can also look at the occupation of the numbers Q;/L, following a famous
derivation by Yang and Yang [30]. For the antiferromagnetic ground state we only used the
numbers Q; = L/4 —1/2(j — 1), which form an equidistant string symmetric around zero and
exhaust the entire domain of the @; in the limit L — oco. Since now we do not specify M = L /2,
the allowed range of the @); becomes larger and we can get strings with ’holes’ in them. We
associate particles to the (); that do occur in our solution and holes to those that do not.
After going to the thermodynamic limit, this defines two densities, one for occupied numbers
(particles) and one for unoccupied numbers (holes). We have a one-to-one correspondence
between p’s and A’s, so we can and will use the \’s to analyze this. To make this more precise,

define the function
™ — ¢ H(N)

Z(\) = 27

- TrLL Z arctan (A — \;), (4.23)

SYAY:
usually called the counting function. We define holes to be at A,, € R such that Z(\,) = Q/L,
where () is an unoccupied integer. Similarly, particles are situated at those A, € R such that
Z(A\n) = Q/L, where @ is an occupied integer. In the thermodynamic limit, this defines the
density of particles p(\) and density of holes p(\). Note that the particle density corresponds
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exactly to the relation o between x and A in the previous section. In thermal equilibrium we
must have that \
Z(\) = / (p(X) + ph(X)) N
By differentiation, we see that
—o) ) 1 e\
A hA) = (7 — / ———d\. 4.24
We can immediately write the energy per site using the particle density:

e= / €s-1(n)P(A)dA, (4.25)

If we can also define the entropy per site, we can actually give a formula for the Helmholtz free
energy per site. Luckily, this is the case: If we look at an interval between A and A 4 d\, we see
that the logarithm of the number of orderings of particles and holes is given by

(L(p(N) + p"(N))dN)!
log ((Lpu)dn!(Lph(A)dA)!) ’ (4.26)

which in the thermodynamic limit reduces to the entropy per site:
oo
s= [ (P + £00) oglo() + ")) = p(N) loglp(N) — ") og(p" (W) d (427
— 0o
for the entropy per site, where we used the Stirling formula. Now we can give the free energy
per site frr :=e —Ts. To find the state of thermal equilibrium for a state of particle density
n = [%_p(A\)dX, we should minimize the free energy under the constraint that n is constant.

This amounts to minimizing the following functional, in which A is a Lagrange multiplier:

o0
S::eTsAn:/

—00

{(eg-109 = W) =T ((p(N) + p"(N)) Tog(p(A) + p"(N)
—p(N)1og(p(N)) = p"(A) log(p"(\)) } . (4.28)

Due to equation (4.24)), the variations with respect to the particle and hole densities are not

independent and we can write for the variation of .S

" (q)

00 h
_ A pt(A) T/
(55—/Ood)\ €p—1(N) A Tlog(p()\) ) + . 7oodq 1+()\_q)2

Therefore, in thermal equilibrium, when §S = 0, we must have, after defining

E(X) :=Tlog (%)

w log (p(q)+ph(q) )

Sp(N).  (4.29)

E()\) :€¢—1(/\) —A—f—; dq

T o8} log (1 + e_E(Q)/T)
IR ()

As in analogous cases [30], it is probably possible to prove that one can find E()\) by iteratively
solving this equation. Numerical results have been obtained and are displayed in Figure It
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Figure 4.1: Plots of the numerical result for Y'(A) for various values of A and T'. It is clear from
these that increasing the density with respect to the temperature increases the inhomogeneity

in the particle-hole density.

is clear from this figure that increasing the density with respect to the temperature increases
the inhomogeneity in the particle-hole density. It seems unlikely that an exact result exists,

due to the complicated structure of €4-1(y). With the new definition for £, we can also rewrite
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equation [£.24] to read

p() (14 ¢PVIT) = (_qu;) N _ % /_ h A E’iﬁ) Y (4.31)

If we plug this expression back into the free energy per site f = e — T's, we end up with the

following rather simple looking expression

T [ “EW/TY (41} 2T dp —B(¢(p))/T
fu=An+ — log(l—l—e )(d) ) (AN)dA=An—T —log(l—i—e p )
2w —50 0 2
(4.32)
Finally, there is standard notation in the physics literature, in which the variable Y (\) :=

e~ EN/T ig used. In terms of this variable, we have

€41 — A o0 o
~log(r () = =S 2 [ dqllgf(jfgy (4.33)

to solve for Y and the free energy is given as

27
f:An—T/O ;l—ilog(l—i—Y(Mp))). (4.34)

Since the best we can do at this stage is to numerically approximate Y, there is nothing more

to gain from this analysis.

4.4 Conclusion

It is possible to obtain some insights into the thermodynamics of Inozemtsev’s infinite spin
chain by applying the methods of Hulthén and Yang and Yang. Indeed, we could find a Fourier
integral for the particle density at half-filling of the antiferromagnetic ground state, but solving
it analytically seems impossible. By generalizing to arbitrary fillings, we were able to derive
a set of integral equations that govern the particle to hole ratio. These equations were solved
numerically. We will now shift our attention and start to study the multi-particle bound-
states of this model, which could perhaps shed some light on the mechanisms involved to reach
thermodynamic equilibrium. This analysis is much more involved than the one followed in this

chapter and contains several very interesting features.
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Chapter

The Spectrum of Inozemtsev’s
Infinite Spin Chain

5.1 Motivation

In the previous chapter we have been investigating the thermodynamic behaviour of Inozemt-
sev’s infinite spin chain by looking at the real solutions of the Bethe equations in the thermody-
namic limit. This led to an unsolvable Fourier integral for the energy of the antiferromagnetic
ground state. Moreover, we found integral equations that govern the behaviour of the particle
density on the spin chain at fixed density n, but due to the complicated form of these equations,
we were unable to consider the spectrum of excitations. There is, however, still another way
to find out more about the spectrum of this spin chain: we can consider solutions of the Bethe
equations consisting of complex momenta. These solutions can be interpreted as bound states
and can be used to study the thermodynamic behaviour of the model by invoking the unproven
String Hypothesis, which stipulates that the thermodynamical behaviour of an integrable model
is completely determined by the behaviour of its strings [10]. These strings are the asymptotic
(or infinite-length) bound-state solutions of the Bethe equations of the model and can usually
be depicted as strings, hence their name. For now, we will refrain from going too deep into
the details of the string hypothesis, since its application for this particular case will at the very

least be extremely difficult.

Interestingly, there are more reasons than just an interest in the thermodynamics of this model
to study its bound states. Indeed, the wavefunctions of the bound states are the starting point
to form a basis of eigenstates of the Hilbert space of the infinite spin chain and hence give access
to the eigenvalues of the hamiltonian. There are various applications of spin chains in which

the eigenvalues of the spin-chain hamiltonian play a crucial role.
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Figure 5.1: One can map certain (2+40)-dimensional lattice models onto (1+1)-dimensional spin
chains and find the partition function Z by analyzing the spectrum of the spin-chain hamiltonian
T.

For example, (2 + 0)-dimensional lattice models can sometimes be mapped to a (1 + 1)-
dimensional spin chain [2] (this is illustrated in Figure [5.1)). This allows one to write the

partition function Z of the lattice model in the following form:
Z =T (TY),

where M is the number of rows in the lattice and T is called the transfer matriz that relates
rows in the lattice and can be interpreted as a spin-chain hamiltonian. By calculating the
spectrum of T, for example using the Bethe Ansatz, one can actually access the exact form of
the partition function Z, because it depends only on the eigenvalues of T'. A great example of
applying this method is the six-vertex model, which can be mapped onto the Heisenberg XXZ

spin chain [2].

A more recent application of spin chains — and in particular of Inozemtsev’s infinite spin chain
— can be found in the context of the AdS/CFT-correspondence [31]: the primary operators of a
conformal field theory (CFT) are eigenfunctions of the dilatation operator D. These operators
are given by

O=Tr(®;, --;,), (5.1)

where the ®’s are fields of the underlying gauge theory. Minahan and Zarembo showed in [31]
that these operators can be thought of as states of a spin chain and the dilatation operator as a
spin-chain hamiltonian. Therefore, to find the primary operators of the CFT, one only needs to
find the spectrum of the spin chain. However, this might be very difficult in practice, because
the associated spin chain can be complicated and one has to resort to approximations to obtain
results. In the particular case of N' = 4 super Yang-Mills theory, the dilatation operator can be
expanded in the form

o0
D = Z Dn—loop7

n=0
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where the Dn—loop are the contributions at the n-th loop order. Serban and Staudacher showed
in [32] that up to third order, the spectrum of D coincides with the spectrum of Inozemtsev’s
infinite spin chain. The question what the exact spectrum of this spin chain actually is remained

open and we will try to answer it in this chapter by characterizing all the bound states.

5.2 Bound-State Solutions

Bound states are modelled by wavefunctions that vanish in the limit that the spatial distance
between the particles tends to infinity. These wavefunctions are parametrized by sets of M

complex momenta {p;} such that their sum is real, i.e.

M
ij eR
j=1

and that the corresponding energy is also real. Since we can associate a real momentum to the
collective of particles associated to this set of momenta and these particles must be relatively
close together, bound states can be thought of as quasi-particles moving along the spin chain.
In the following we will first classify all the asymptotic bound-state solutions to the Bethe
equations and then analyze their structure to see whether these solutions can tell us something
about the thermodynamics of Inozemtsev’s spin chains. In addition, we will try to conclude

whether these solutions describe the spectrum of the hamiltonian of this spin chain.

5.2.1 Properties of Asymptotic Bound-State Solutions

The solutions we are looking for are sets of M complex momenta {p;} that form a bound state
and also solve the Bethe equations we derived earlier in (4.13))

M .

ot Oy) — (o) T

=1L g st -7 (52
n#£j

in the limit that L — oo. This means the following: for each p;, there is a sequence (pEL)>,
indexed by the length L, that solves the Bethe equations for finite L and has limit p; as L — oo.
To avoid clutter, we will not write the superscript (L) and will simply talk about p; as L — oo.
In order to find all the solutions sets, we will first derive a set of properties that every solution

must obey. Suppose we have a solution set S = {p;}. We treat three cases:

Case 1. Suppose p; € S has Im(p;) > 0. The left-hand side of the Bethe equation for p; will
tend to zero as L — 0, which implies that the right-hand side should also tend to zero. This
means that at least one of the terms in the product should tend to zero, which means that there
must exist a p; € S such that ¢(p1) — ¢(p;) + ¢ — 0. This p; must have Re(o(pi)) =Re(é(p1))
and Im(¢(p;)) =Im(¢(p1)) — 1.
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Case 2. By a similar argument, we know that if Im(p;) < 0, there must exist p; € S such that
o(p1) — ¢(pi) — i — 0. Indeed, since the left-hand side of the Bethe equation for p; diverges,
so must the right-hand side, which implies that one of the denominator in the product must

vanish.

Case 3. The case in which p; is real is special and is treated in Appendix D} for a consistent so-
lution to the Bethe equations, the real momentum p; should be such that Re(¢(p1)) =Re(o(p;))

for any j.

From these considerations we see that the properties of the {p;} that determine whether they
form a solution to the Bethe equations are their images under ¢ (thus {¢(p;)}) and the sign of
their imaginary parts. We will use this fact to simplify the problem of finding solutions, but

first we need some notation.

In the cases discussed above, we also say colloquially that p; helps to satisfy the Bethe equation
of p1. Inspired by our observation in the previous paragraph, we introduce a graphical notation
to write down solutions. In Figure [5.2] we depict the first two cases treated above. If p; helps
p1, we draw an arrow from the point ¢(p;) to the point ¢(p1) in the image space of ¢, which we

will name ¢-space. The points in ¢-space are simply image poz’ntsﬂ To simplify even further,

o(pi) o(p1)

o(p1) o(pi)

Figure 5.2: A graphical way of depicting the simplest dependence between momenta in a solution

S of the Bethe equations.

we represent the points in ¢-space by +, — or a 0, depending on whether the imaginary part
of p1,p; is positive, negative or zero respectively. This leads to the following allowed building
blocks for a configuration of a solution in ¢-space (Figure . Note that these building blocks
preserve exactly all the relevant aspects of the p;. We have therefore split the problem into two
parts: we can first investigate what the allowed configurations of the building blocks in ¢-space
are and consequently try to find the momenta sets that correspond to such a configuration.
In principle we do not even need information about ¢ to study the allowed configurations, al-
though in general we can expect that some configurations might not have a corresponding set

of momenta because of the exact behaviour of ¢.

1One could be tempted to call these points rapidities and their space the rapidity space, but since the function

¢ is not bijective, this would be an abuse of nomenclature.
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Figure 5.3: The five allowed building blocks.

Our first task is therefore to classify all the allowed configurations in ¢-space. From the analysis

of the cases, we can deduce that a configuration of a M-particle solution is such that
e all its image points ¢; have the same real part.
e it is built up from the 5 building blocks given in Figure [5.3

e it consists of exactly one connected component. We will call (a component of) a con-
figuration connected if and only if between any two points there exists a path along the
(undirected) arrows connecting the two points. To avoid overcounting, we consider only
those configurations that consist of one connected component. This will allow us later to

build all the solutions.

e the image points form an equidistant string with distance i, i.e. of the form
{&r + (i +j—1)i|1 < j < m}, where m € N and ¢,, ¢; € R.

e it consists of M — k signs (plusses, minusses), each with at least one arrow in its direction,
and k zeroes, where k = 0,1. This follows from the fact that the equation ¢(p) = c € R

has a unique solution for p € [0, 2x[.

The treatment given above is quite standard (see e.g. [33]), but for our case incomplete. It
will be necessary to take the rate with which all the various limits (L — oo) are reached into
account. We associate to each p; a §; > 0 that indicates how fast the solution converges to p;
in the following sense: the sequence we associate to each p; gives rise to the sequence in ¢-space
<q§ <p§.L))) with limit ¢;. Since the left-hand side of the Bethe equations converges to 0 (or
diverges to infinity) exponentially, the right-hand side should do the same, implying that the

image point sequence should converge exponentially. We say that for large L
L 5
<b(p§- )> :¢j+0<€ 5JL>-

Although we saw that it is possible to classify all the allowed configurations in ¢-space without
considering ¢ at all, we will now first study ¢, to make sure that to every allowed configuration

there corresponds at least one set of momenta.
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Im(¢(x + ir)) = —1/2

Re(¢(z £ ik))
(4’,*) 3 (777) ¢)crit7
3¢ = (0,0) 0 ‘ 4 2n
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(_h +) i (—, —I—) _¢crit—

Im(p(x +ir)) =1/2

Figure 5.4: The range of ¢ as it distributes over the domain: The signs in brackets indicate the
sign of (Re(¢),Im(¢)) in that part of the domain. The behaviour of the real part of ¢ on the
top and bottom domain boundary is explicitly shown in the plot on the right.

5.2.2 Characterization of ¢

We are considering the function ¢ : [0, 27[ @ iR — C defined by

o(p) = 2;:”@4 (;D - ic (;i) : (5.3)

This function is odd and quasiperiodic, satisfying

¢(p) = —é(-p), é(p + 2m) = ¢(p), o(p + 2ik) = ¢(p) — i,

which means that its behaviour on the fundamental region [0,27[ & i|—k, k| completely deter-
mines its behaviour on [0, 27[ @ iR. In Appendix B} we show using the argument principle and
the fact that ¢ has one pole in the fundamental region at z = 0 that ¢ : [0, 27[ B i[—k, k] — C is
almost bijectiveﬂ It is certainly surjective, but attains some values twice, namely those o € C
for which Im(a)) = £1/2 and — ¢, < |Re(@)| < @erie, where ¢ > 0 depends on the parameter
k. The preimages of these values lie on the top and bottom boundary of the fundamental region,
i.e. where Im(p) = £k. This behaviour is illustrated in Figure Note in particular that in
the fundamental region it is true that if Im(p) < 0, Im(¢(p)) > 0 and vice versa.

2With almost bijective we mean that the restriction of ¢ to a domain differing from the fundamental region

by a set of measure zero is bijective.
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Because ¢ is almost bijective on the fundamental region and quasi-periodicity allows us to find
all values of ¢ from its behaviour on that region, we introduce a partition of the domain of ¢
into regions as follows: region 1 is the fundamental region defined before and for n > 2, region
n is defined to consist of all those p = p, + p;i € [0, 27 @ iR with (n — 1)k < |p;| < nk (see also
Figure . It is most interesting that the restriction qﬁ‘i to region i is almost bijective for every

2K -
Region 2

L
Region 1

0 27

Region 1

Kl
Region 2

=2kt

Figure 5.5: The complex strip and its partition into regions. The dashed lines at nxi belong to

the inner regions.

1. In particular, all the (b‘i are surjective. This implies that for every image point «, there is a
solution p € Region i such that ¢(p) = « for every i, i.e. every image point o has a countably
infinite set of preimages. For now, this is enough information on ¢, but more information can

be found in Appendix [C]

5.2.3 Building Solutions

Now we know more about ¢, we can start to classify all the allowed configurations in ¢-space

and find all the associated sets of momenta. We start from a set of m < M image points
{¢j =dr 4+ (di +7 — 1)ildr; €R, 1 < j <m}

forming an equidistant string. We will say that a momentum p that has ¢(p) = ¢; in this
set is associated to level 5. For all the known models, such as the Heisenberg XXX model or
the Hubbard model, the relation ¢ between the image points and the momenta is a bijective
function and thus this set of image points specifies a unique set of momenta, a string solution
[33]. Since our ¢ is not bijective — and in fact all the image points have an infinite number of
preimages — the set specified by this configurations of image points is far from unique. Moreover,
we can associate several momenta to each image point, which makes the analysis much more
complicated and allows for more complicated configurations. It is therefore really necessary to
investigate which configurations of the image points are allowed, using the graphical language

we introduced before.
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String Solutions

As a first case, let us restrict ourselves to the (traditional) string solutions, i.e. solutions with M
levels and M momenta. For even M, the only allowed sign configuration consists of m,, plusses
and m,, minusses, both nonzero, such that m, + m, = M and the
plusses form the lower part of the string (see Figure . This is simply
because there cannot be a connection between a plus and a minus in a
configuration where the plus sits at level j 41 while the minus is at level
J (see Figure . For odd M, the configuration is the same, except MTm
that then the topmost plus is changed into a zero. The treatment of so-

lutions containing a real momentum can be completely contained in the

treatment for solutions without a real momentum as we will see in the —
next section. We will therefore not treat them explicit in the remainder.

Thus Figure [5.6] specifies all the allowed string configurations we want

to consider now, along with an integer M and two real parameters: ¢, -

specifies the common real part of all the image points and ¢; specifies

the imaginary part of the sign lowest in the configuration. +
mp

The next step is to find all the sets of momenta that correspond to such

a configuration. As we saw in the previous paragraph, ¢ is such that we

can find both positive and negative momenta as preimages of any set 4

of image points. By construction, all the sets of momenta correspond-

ing to this configuration satisfy the Bethe equations, but we wanted Figure 5.6: The

our solutions to have extra properties. We wanted the momenta in the
general structure

solution to sum up to a real value and the sum of the energies should . .
of a string-solution
also be real. The easiest way to make sure that these restrictions are

for even M.

met is to make the set self—conjugateﬂ The only values of m,, and ¢;

for which this can hold are m,, = M/2 and ¢ = —%. If we then

choose momenta corresponding to the plusses and add all the complex conjugate momenta to
the set, the result is a true bound state. So even in this restricted case there are infinitely many
solutions: we can choose any value for ¢, and choose M/2 regions in which we want to the

momenta to lie in. An example of this string solution can be seen on the left in Figure

These self-conjugate solutions are very special, but also very important. We will return to them
in Section and see that these solutions can be related to the string solutions of the Heisen-
berg XXX model. But contrary to the Heisenberg XXX model, we can build more solutions.

We will treat a first extension now.

3A solution S is self-conjugate if p € S implies that p € S.
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Figure 5.7: Configurations of string solutions. The left configuration corresponds to a self-
conjugate string solution. The string solution in the middle is the first extension we are
considering and consists of two connected components. For completeness, we also give the

configuration of a string solution for odd M, in this case M = 9, with a real momentum.

A First Extension

Starting from the string configuration with in the previous paragraph, we can try to find more
solutions. We consider more values for ¢; for a fixed value of even M and some choice of

1 <my, < M. Specifically, suppose that ¢; € R}, where

3

. 1 1

Then the set {(ﬁ?} of complex conjugates of the image points obeys
{05} N {1 =0.

This allows for the following construction: choose ¢, € R and ¢; € R}, and select momenta
for each of the signs in the configuration. Then simply add the complex conjugates of these
momenta to the solution set. By construction, all of the momenta in the resulting set will be

distinct. This results in a configuration as depicted in the middle of Figure 5.7, As one can
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see, it consists of two connected components. This is precisely the case we referred to in the
previous section and we can now make this more precise: all the solutions consisting of two
connected components are such that the components and the associated momenta are complex
conjugates. Note that for every allowed value of ¢; it is easy to determine how we can build a
proper bound state from the given configuration: either we do not have to add anything or we
add all the complex conjugates of the momenta. To simplify the discussion, we will not mention

this doubling in the remainder, but always consider ¢; € Rjs, where we define

. 3 1
RM:R\{Q_M72_M7'”7

M+3 M-1 1

This new type of solutions has much more freedom than the usual string solutions: we can
choose any value of 1 < m,,, < M and allow ¢; € Ry, which is an uncountable set. To make

this discussion slightly more tangible, we treat an example.

Example. Consider some four-particle solutions of the Bethe equations with ¢, = 0.6. We
let Im(p;) > 0 for j = 1,2 and p3s = p1, p4+ = P2 and set k = 1.26 arbitrarily. If we choose

p1, p2 € region 1, the solution is
{0.704 + 1.26¢,0.202 + 0.5637, 0.704 — 1.26,0.202 — 0.563i },

with energy Fy = —1.279 (after setting J = 1), while if we set p; € region 4 and py € region 6,

we end up with
{0.202 + 4.478i,0.202 + 6.9977,0.202 — 4.478i,0.202 — 6.9974},

with energy Ey = —13.634. As one can see, both these solutions consist of two connected
components and are self-conjugate. Moreover, we had two choices for the momentum regions
for both of these solutions. By choosing Region 1 in the first and Region 4 and Region 6 in the

second, we ended up with two different solutions.

Now we have treated the string solutions in detail, we are ready to try to tackle the general

problem of classifying the allowed configurations and their corresponding momenta sets.

Tree Solutions

Until now, we allowed only one momentum at each level. However, we can use the nonbijectivity
of ¢ to associate any number of momenta to any particular level. Moreover, in many cases we
can associate momenta with both positive and negative imaginary part to each level (see Figure
. We will call solutions which are not of string type, i.e. have at least one level to which
we associate more than one momentum, tree solutions. To be able to draw these solutions, we
place the signs belonging to the same image point on a horizontal line (the level). This means

that we can no longer regard ¢-space to be the configuration space. Also, to avoid clutter, we
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Figure 5.8: Due to the nonbijectivity of ¢, we can any number of momenta to any sign in the

configuration. We omitted the arrows to avoid clutter and annotated the position of ¢, and ¢;.

wil usually omit the arrows from now on. In this way, we that a general tree solution is of
the form depicted in Figure level j contains P; plusses and M; minusses, where the total

number of levels is now m. These numbers satisfy

m

> (P +M;) =M. (5.6)
j=1

Thus in Figure there are P; momenta with positive imaginary part associated to the image

point ¢, + ¢;7 with smallest imaginary part, P, momenta with positive imaginary part to the

image point ¢, + (¢; + 1)i and My momenta with negative imaginary part, etc. Although we

My — - ... _
Py_1,My—x + + - + = = e =
Py, My + + -+ = = e =
P1 —+ —+ +

Figure 5.9: The sign configuration of a generic tree solution. We have omitted the arrows for

clarity and have written the number of plusses and minusses on each level on the left.

have omitted the arrows, it is not difficult to deduce the dependencies of all the signs from the
observations made before: a positive momentum on level j receives help from all the signs on
level j + 1, whereas a negative momentum on level j receives help from all the signs on the

level j — 1. From now on, we will leave it to the reader to confirm that the sign configurations
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shown indeed satisfy the arrow rules. Finally, we can treat the solution sets containing a real
momentum within the same picture: any allowed sign configuration with plusses and minusses
with P; = 1 can be used to define a solution with a real momentum by replacing the plus on
the lowest level by a single zero and use complex conjugation to form the complete solution.
This does not alter the convergence properties of the solution and still obeys all the rules we set
up. Since their treatment follows directly from the configurations with plusses and minusses,

we will leave the existence of these solutions implicit in the remainder.

To sum up, tree solutions are specified by the following: we fix an integer M and an m < M and
choose a configuration conform Figure Then we choose ¢, € R and ¢; € Ry and choose
regions for all the momenta. This is a lot of freedom to build solutions with. Let us treat some

examples.

Example. Since tree solutions are a new phenomenon, let us give some examples of possible
solutions of this type. Two examples of configurations are depicted in Figure [5.10 To find
momentum sets corresponding to these configurations, we set k = 1.26 and ¢, = 1.4 arbitrarily.
For example (a), we can choose ¢; € R}, so let us pick ¢; = 0.89 arbitrarily. We choose regions
2,4,6 for the plus signs and region 1 for the minus sign. We must add the complex conjugates

to make the solution a bound state and we end up with
{0.244 + 2.175¢,0.132 4+ 4.7614,0.080 + 7.33344,0.244 — 0.345i} + complex conjugates,

with energy Eg = —1.57.234 (again J = 1).

For example (b), we can also choose ¢; € R}, and we pick ¢; = —0.4. For the lower two plus
signs we use regions 1 and 2 and for the one on level 3 we choose region 2 as well. We use region

1 for the momenta of all the minus signs. We again have to add complex conjugates to end up

_ 7N
JUN <
. 7N

(b)

Figure 5.10: Two examples of tree configurations.
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BE o(H) @

Figure 5.11: The spectrum o(H) of a spin-chain hamiltonian can lie entirely inside the solutions
to the Bethe equations (BE) (left), partially overlap (middle) or contain BE as a subset (right).

The omitted limiting cases in which o(H) = BE are of course also possible.

with a bound state. The solution is

{0.687 + 0.213¢,0.618 — 2.2324,0.156 + 2.2227,0.618 — 0.288i,0.300 — 0.3614,0.156 — 0.298:}

+complex conjugates,

with energy Fg = 0.211.

5.3 Pruning the Set of Solutions

At first glance we are done now: to any possible configuration of signs of the type illustrated in
Figure we can associate infinitely many sets of momenta and all of these sets form solutions
to the Bethe equations. However, the resulting set of solutions is gigantic and most likely not
all solutions are physical, i.e. not all of these sets of momenta parametrize a wavefunction
that is an eigenfunction of Inozemtsev’s infinite spin-chain hamiltonian. This is illustrated in
Figure in which we see that the set BE of solutions to the Bethe equations can be much
larger than the spectrum we are trying to find. The set of solutions is parametrized by two
real parameters ¢, and ¢;, an integer M, M choices of regions and a sign configuration of M
symbols. The bound-state solutions of the Heisenberg XXX model are parametrized by only one
real parameter ¢, and an integer M [18]. Since we know that in the limit kK — oo, the Heisenberg
limit, Inozemtsev’s infinite spin chain degenerates into the Heisenberg XXX spin chain, it seems
reasonable to expect that the physical solutions to their respective Bethe equations are also
related. More directly, we see that in the Heisenberg limit, the Bethe equations of Inozemtsev’s
infinite spin chain actually become of exactly the same form as the Bethe equations of the
Heisenberg XXX spin chain [I§]:

M ) v |
ip; L _ P(p;) — d(pn) +1i il _ cot(p;/2) — cot(pn/2) + 2i
‘ g o(pj) — d(pn) — i 7 };Il cot(p;/2) — cot(pn/2) — 2i (5.7)
n#d n#j
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However, the existence of the extra real parameter ¢; in particular seems to spoil this at present:
many solutions are mapped onto the same solution in the Heisenberg limit, which means that
the limit of the set of solutions of Inozemtsev’s infinite spin chain does equal the physical set of

solutions to the Bethe equations of the Heisenberg XXX spin chain.

Additionally, the existence of two real parameters also suggests that the set of eigenfunctions
belonging to the momenta from the set of solutions might be overcomplete, i.e. they form an
overcomplete basis of the Hilbert space. Therefore, we should analyze this huge set of solutions
to see whether there are subsets of solutions that we can discard. As a first step, we will take

a closer look at the convergence rates of the tree solutions.

5.3.1 Convergence of tree solutions

As we have seen in Section the Bethe equation associated to a plus sign on level j is
satisfied if the right-hand side goes to 0, which is achieved by the existence of signs on level
j + 1, which we dubbed helping signs. On the other hand, the terms on the right-hand side
of the Bethe equation associated to the signs on level j — 1 go to infinity. We call these signs
counteracting. It seems that the right-hand side of the Bethe equation has the right limit only if
the terms associated to helping signs converge faster than those associated to the counteracting
signs. However, for minus signs, the situation is exactly opposite: the signs on level j — 1 are
helping, those on level j + 1 are countaracting. With this idea in mind, we will now analyze
how fast all the momenta should reach their limiting values as L — oo.

()

Call the momenta associated to the nyth & on level £ p; e

. Their convergence rates are denoted
by 5,(€in)k Consider the n;th plus sign on level j in a tree solution. The Bethe equation of the

momentum associated to this plus sign reads

M .

. (v+) P —+ 1
6zp]’njL _ H ¢g,n] (bk .’ (5.8)

=1 ij,nj - ¢k —1

k#j

where we defined ¢;,,; 1= ¢(pjn,;) and ¢ is the rapidity belonging to level k. As L — oo, the
left-hand side converges to 0. Most of the terms on the right-hand side converge to finite values
and are irrelevant for the behaviour. The interesting terms are those belonging to level j 4 1.

They form the product
Pjn; = Pit1 i Djn; = P41 T Pjmy — Pj-1+i Pimy — Gj-1 i
Gjm; — Gjr1 =1 Pjn; — Gjr1 — 1 Pjn; — Qi1 — 1 Pjn; — Pj—1 — i

Pjy1+M;j41 Pj1+Mj

(5.9)

However, to each momentum we have associated a convergence rate and we can let all the

fractions in this product converge to their limiting value with different rates. In the infinite-L
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limit, the term belonging to p(i)

i1 OO the level 7 + 1 behaves as

Pjn; — Pj+1 +1i (s 5
P; nJ i1 —i © (eXp [_ i <5jv"j’5j+1v”a‘+l> LD ’ (5.10)
Ui
while the term belonging to pgj_t)l 1 behaves as
Pjn; — Pj—1 +1 (500 5
; n] R © (eXp {mm (6jv"j’5j—1v”jfl)LD ' (5:11)
Ui
From now on, we write (z,y) := min(z,y). In total, the product of terms belonging to level
7+ 1 converges as
& 0 ) 50
+) o+ +) (-
O exp |- Z <5J ng’6]+1 ";+1) - Z (5j:nj’5j+1vnj+1)
7’Lj+1:1 nj+1:1

and combining this with the similar result for the level j — 1 we see that the right-hand side of
the Bethe equation (/5.8]) behaves as

T & S0
+ + + _
O R Zl<5j7nj’6j+1,nj+1) Zl<6j,nj’6j+1,nj+1>
Nj+1= nj+1=
M;_1
* Z (6](—;)’ —1m;— )+ > (5]“;),5](_)1”J 1) (5.12)
nj—1= =1 TLj_1:1

and therefore goes to zero only when the convergence rates obey

Pjy1 Mja

J
Z . (6](;i’5j(i)17n]'+1> o Z ) (53(;)3'76§;)17n,7+1)
nj+1= Nj41=
M;_
+ Z (650850, ) + 21(5§;§,5§_}7nj_1) <0. (5.13)
nj_1=1 nj_1=

In a similar fashion, one can derive that the Bethe equation corresponding to the momentum

(=)

Pjm, is satisfied only when

Pit1 Mj4
— Z (5](71i7 j+1n]+1> Z (]nﬁ ]+1nj+1>
nj1=1 1=1
M;_
CX (G, ) S (i, ) s 510)
nj_1=1 nj_1=1

For a valid tree solution of the Bethe equations, equation ({5.13) must be satisfied for all plus
signs, while equation ([5.14)) must be satisfied for all minus signs. Note that these restrictions
arise simply because there is more than one term that exhibits vanishing or divergent behaviour

and we should include more information to find the behaviour of the product. This problem
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already exists in many of the previously known cases (such as the Hubbard model or the
Heisenberg XXX model, see [33] [18]), but as far as we know, this has never been addressed.
Fortunately, in these cases in which all the solutions are of string type (as in Figure , the
restrictions , simplify drastically and can easily be solved. The system of restrictions

for a string solution without a real momentum involves read

67,67 - @57, 87) <o

(5(-1-) 5(+) - (5(—1—) 5(—) ) <0

Mp > “Mp— mp ? “mp+1

(55@)—%1»57(71;)) - (57(71;)—%1’65;1,)—&-2) >0

(83187 0) = (031, 87) > 0 (5.15)
and is solved by the ordering
01 <02 < - <Oy, = Omps1 > Omyy2 > -0 > O (5.16)

However, determining whether the system of equations consisting of (5.13) and (5.14) for a
general tree solution can be solved is a much more complicated question. In the next section, we
treat some cases and include an example from which it follows that not every sign configuration

has a consistent set of convergence rates.

Examples

A tree solution consists of at least 2 levels. The 2-level case (illustrated in Figure|5.12)) can also

be solved in general, because the inequalities are trivially satisfied. However, already the 3-level

Figure 5.12: (a) A generic 2-level tree solution. (b) A 3-level tree solution that does not admit

a consistent set of convergence rates.

case harbours an example of a configuration that cannot have a consistent set of convergence

rates. Consider the example in Figure [5.12] The relevant set of equations is
(057.,81) = (857,83) < 0
(857, 61) — (657,85) > 0, (5.17)
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Figure 5.13: The energy of a two-particle bound state (¢, = 1, kK = 2.236) as a function of the

number of the region from which the momenta are taken.

where we omit the superscript (4) when it is not necessary. We first try to deduce which of the
¢’s should be the smallest one of these four. From the upper equation, we conclude that neither
(5§+) nor 03 can be the smallest, while the lower equation tells us that neither 5&7) nor d; can
be the smallest. Therefore, none of the 4 rates can be the smallest, thus no solution can exist.
Note that this example can be extended: if we include P, > 0 plusses and Ms > 0 minusses
on level 2, the resultant set of restrictions has the system as a subsystem and cannot
be solved. In particular, this shows that example (b) we treated in Section is not a valid
bound state after all, although we could find momenta to match the configuration. Moreover,
any sign configuration that contains this 3-level structure cannot be solved. However, all other

3-level configurations do admit a consistent solution as a careful analysis of the cases will show.

We have not been able to find a general algorithm to solve these complex coupled sets of
inequalities or prove the existence (or absence) of a solution. The only configurations we found
that lead to inconsistent inequalities were of the type described in the previous paragraph. In

any case, the structure of the solutions is complicated.

5.3.2 Two-Particle Bound States

Perhaps a closer look at the smallest bound states, consisting of 2 particles, can be illuminating.
Generically, the two-particle bound states consist of momenta p1, p2 with Im(¢(p1)) = 1/2 and
Im(p(p2)) = —1/2. To ensure that the total momentum is real, we must have p; = p3 and to
get a consistent set of Bethe equations, we must have Im(p;) < 0. Even with this restriction,
there exists a 2-particle bound state for every region i. However, a first problem arises when
we assume that all these bound states are physical: the set of energies corresponding to these

bound states is not bounded from below, as is illustrated in Figure More strongly, we can
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actually show that the wavefunction parametrized by pi,p2 € region ¢ that form a bound state

does not vanish at infinity for ¢ > 2: this wavefunction is given by
Y(ni,ng) = 2sinh ™! k(ny — ny) (ei(p1n1+p2n2)+n(n1—n2) — ei(p2”1+p1"2)+“(”2_”1)> . (5.18)
The amplitude of the wavefunction is then

[v(n1,n9)|? = 4] sinh ™2 k(ny—ngy)| (62“(”1_”2) + e~ 2r(ni—n2) _ gi(ni—n2)(p1—p2) _ e—i(m—n2)(P1—P2)> 7
(5.19)

and since p; — pa < 0, we see that this only tends to zero in the limit |n; — ng| — oo if

Im(p1)| < K, i.e. only the bound state formed out of momenta from region 1 converges. Thus

physical two-particle bound states must have all their momenta in region 1.

This suggests that we should exclude all the regions except region 1 from the momentum
domain to build physical bound states. However, this might only be the case for 2-particle
bound states. Unfortunately, the complicated form of the wavefunction makes it impossible
to prove an analogous statement for bound states consisting of more than 2 particles. To get
a better idea of the part of the set of solutions that belongs to the spectrum of Inozemtsev’s
infinite spin chain, we will try to relate the Bethe solutions of the Heisenberg XXX spin chain

to the solutions in our solution set.

5.3.3 Relationship with the Heisenberg XXX Strings

Due to the fact that the Heisenberg XXX spin chain can be obtained from Inozemtsev’s elliptic
spin chain by sending k to infinity, it is natural that there should exist a close relationship
between several properties of the models: the energies, eigenfunctions and phasefunctions of the
Heisenberg XXX model can all be obtained from Inozemtsev’s elliptic spin chain [8]. We will
investigate here whether we can relate the Heisenberg XXX string solutions to the complicated
structure of solutions we have found in the previous sections. We must therefore first investigate
the string solutions of the Heisenberg XXX model, which has already been done by Bethe himself
[10]. The Bethe equations of this model are

Py n .
Jinil _ H cot & — cot B 4+ 24 (5.20)

bj Pn _ 9;°
cot 5 — cot 5 21

n=1,- M
n#j
Note that due to the limit
. 1 p
Jim ¢(p) = 5 cot 3,

the Bethe equations (5.2)) of Inozemtsev’s elliptic spin chain reduce to those of the Heisenberg
XXX model. These equations only yield solutions of string type. Moreover, the structure of the
XXX string solutions is very simple. For each M, there exists only 1 string solution of length

M, which can be most conveniently described in terms of the rapidities A\; = 1/2cotp;/2 and
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is given by Aj = X+ 1/2(M + 1 — 2j)i, with A € R. We can give these solutions in terms of
rapidities because the rapidity function p + %cot £ is bijective as a function from the complex

strip [0, 27 @ iR to C.

To relate the solutions of Inozemtsev’s infinite spin chain to the XXX string solutions, we will
first focus on the domain of ¢. Since k measures the quasiperiod of ¢ in the complex direction
it tells us the size of the regions (see Figure , between which there exists a quasiperiodic
relationship. In the limit x — oo, the only region that remains on the complex strip is the
fundamental region (region 1), whose boundaries now lie at infinity. This suggests that all the
solutions that lie at the boundary of the fundamental region for finite x will vanish in this limit.
An interesting question is now, whether we can identify the solutions at finite x which converge

to the Heisenberg solutions. The answer turns out to be yes.

Identifying the Heisenberg XXX Strings

To make the aforementioned claim more precise, let us first state what we mean when we say
that an Inozemtsev solutiorﬁ goes to a Heisenberg solution in the limit Kk — oco: it means that

when we specify a solution of the Bethe equations by choosing
e ¢, the real part of the image points
e a sign configuration
e ¢;, the imaginary part of the image point associated to the lowest level of the configuration

e the regions in momentum space in which all of the momenta belonging to the signs can

be found conform Figure [5.5

and consequently find the associated momenta as a function of x, the limiting values of the
momenta as kK — oo yield a valid Heisenberg solution. This means that we define a solution by
specifying all of the above instead of an explicit set of momenta. Moreover, it implies that the

image points of an asymptotic solution do not depend on k.

From this perspective, it is not difficult to find all the solutions that have a Heisenberg limit. The
fact that the fundamental region fills the entire complex strip in the limit kK — oo implies directly
that any string solution which has one or more momenta lying outside of the fundamental region
will not converge to a Heisenberg limit, because all of these momenta will have infinite imaginary
part in this limit. We can therefore focus on solutions lying in the fundamental region. Since
we know that ¢ is almost bijective on this region,almost all of the tree solutions cannot exist
entirely in the fundamental region. In fact, the only tree solutions remaining must have image

points with imaginary part +1/2 and can have at most 2 signs on the levels corresponding to

4i.e. a solution to the Bethe equations of Inozemtsev’s infinite spin chain
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(a)

Figure 5.14: (a) The general structure of a tree solution in the fundamental region. The dashed
line indicates the real axis, thus this solution is self-conjugate. (b) The path that is traveled
by the two 2-string solutions in momentum space with ¢, = 0.6 as we increase k. The arrows

indicate the direction of increasing k.

those image points. To make sure that the total momentum is real, all these solutions must be

self—conjugatdﬂ A picture of this general structure is shown in Figure

The basis for all these tree solutions is the existence of at most 4 possible sets of 2-particle

bound states with |@,| < @ei, due to the fact that the equation
6(p + ki) = 6, — /2

has exactly two solutions, p; and py (see Figure . We can therefore build four two-particle

bound states, by combining these solutions as follows:

{pl +7;K'7p1 _I’Q}v {p2+il€7p2 _lﬁ"}v
{p2 + ik, p1 — 1K}, {p1 + ik, pa —1Kk}. (5.21)

All four of these combinations give rise to bound states with real energy, but the options

on the first line should not be considered. Namely, the wavefunction corresponding to these

options vanishes, as follows from a direct computation: using the known form of the two-particle

SFor some models, the self-conjugacy of its Bethe solutions can be traced back to the underlying algebraic
structure [34]. In the case of Inozemtsev’s infinite spin chain, it cannot be proved that the solutions must be

self-conjugate, but all the numerical evidence points in this direction. We will therefore assume that this is true.

88



wavefunction (3.35) we find after plugging in momenta p + ix

Y(ni,ng) =

= sinh™! k(ny — ny) (eip(”1+"2)_(”1_”2)“ [cosh(7) sinh k(n; — ng2) 4 cosh k(n1 — n2) sinh(7y)]

+ePratn2)H(m=n2)k [eosh (y) sinh k(g — ng) — cosh k(ng — ng) sinh(’y)])

= sinh(y)eP(m+n2) (e_“(m_M)(l + coth k(ny —ng)) + "M~ (1 — coth k(ng — ng)))

e—ﬁ(nl—ng) _ en(nl —n2)

_ Sinh(’y)eip(nﬁm) <2 cosh k(ny —ng) + sinh k(ny — n2)

cosh k(ny — n2)>

= 0.

So the bound states parametrized by the momenta p; 2 i are not part of the spectrum. More-
over, the calculation above suggests that whenever a set of momenta contains two momenta p;, p;
satisfying p; = pj + 2ki, the corresponding wavefunction vanishes. Numerical analysis of the
wavefunctions up to M = 4 corroborates this. If we assume this is in fact true for all the
bound states, also the last tree solutions must be omitted from the set of physical bound states.
Indeed, any tree solution of the type depicted in Figure must contain a subset of momenta
pi, p; satisfying p; = p; + 2ki. Therefore, we no longer have tree solutions left! Instead, the two
remaining combinations give rise to two types of bound states for every M for |¢,| < ¢ei. And
since ¢ — 0 as k — oo, for larger and larger x the solutions on the boundary form a smaller
and smaller part of the total solution set, until they vanish in the Heisenberg limit. From an
other perspective, we can state this as follows: for a fixed value of ¢,, there is a finite value
for k that marks the boundary between the existence of two types of bound states living on
the boundary of the fundamental region and the existence of one type of bound state living in
the interior of the fundamental region. For example, in the case illustrated in Figure this

value is Kk ~ 1.3352.

We see now that indeed any physical bound state of Inozemtsev’s infinite spin chain that lies
entirely in the fundamental region converges to a Heisenberg solution. Moreover, our conclu-
sions concerning the two-particle bound states are in exact correspondence with the results

presented in [35], which studied the two particle bound states exclusively using the two-particle

wavefunction (3.37]).

5.3.4 Restricting to the Fundamental Region

In the previous sections, we have seen several different arguments why it seems reasonable to
restrict the set of solutions in several ways. Firstly, we saw that not all the structures in ¢-
space can be allowed, because there is no sensible way to take the limits. Secondly, we saw that
the two-particle bound states built up from momenta outside of the fundamental region have

several difficulties: allowing them all leads to the unwanted feature that the energy of bound
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Figure 5.15: (a) The one-particle energy Ej, the energy of the 3-particle bound state and the
energies of the 2 types of bound states consisting of 2 and 4 particles. (b) The rescaled energies

E; (p) = W of bound states consisting of up to 4 particles. In both pictures, k = 1.23.

states is unbounded from below and the corresponding wavefunctions are not bounded. Thirdly,
half of the two-particle bound states in the fundamental region have a vanishing wavefunction,
also excluding the possiblity of a tree solution in the fundamental region. Finally, the string
solutions of the Heisenberg XXX model all correspond to bound states of Inozemtsev’s infinite

spin chain that are built up from momenta in the fundamental region.

Although the enumeration of arguments in the above is not a complete proof, it does strongly
indicate that the momenta of physical bound states should lie in the fundamental region (region
1). We therefore assert that this is the case. The set of bound states built up from these momenta

can be characterized as follows:

e for fixed M, there is only 1 configuration of image points that has real energy and this

solution is self-conjugate.

e if M is odd, there is only one set of momenta corresponding to such a configuration after

fixing ¢,

e if M is even, there is one set of momenta corresponding to such a configuration if |¢,| >

¢erie and there are two sets if || > Gy

Thus, the complete bound-state content of this model consists of 2 types of bound states for M
even and 1 type of bound state for M odd. We can use numerical methods to extract a plot for
the spectrum of these bound states. On the left-hand side of Figure [5.15] we plotted the energy
of the bound states of up to 4 particles. To check that these energies make sense, we should
check whether the inequality

ME(p) > Ex(Mp), (5.23)

90



in which F); is the energy of an M-particle bound state, holds for all p. It reflects the fact that
the bound state of M particles should not have more energy than M unbounded particles. We
have plotted the rescaled energies Ejs/M on the right-hand side of Figure from which we
see that these states are in fact bound states. Numerical analysis indicates that these spectra

transform into the spectrum of the Heisenberg XXX-model in the limit K — oco.

5.3.5 Connection to the Haldane-Shastry Spin Chain

Up until now we have not tried to connect the solutions of Inozemtsev’s Bethe equations to the
spectrum of the Haldane-Shastry spin chain. The spectrum of the Haldane-Shastry spin chain
was investigated by Haldane et al. in [19], in which they concluded that the spectrum of the

infinite-length limit of this chain, the inverse square exchange model with hamiltonian

L
Hisp = —% Z S (0j-0j41—1), (5.24)
contains no bound states. However, there are special solutions to the Bethe equations named
squeezed stm’ngﬂ which are sets of coinciding real momenta that can be treated as quasi-
particles [36]. In this paper [36], Ha and Haldane proposed a set of Bethe equations for these
squeezed strings and proceeded to show that the solutions form a complete basis of the asso-
ciated Hilbert space. They also refer to an unpublished paper in which they would treat the
thermodynamics of Inozemtsev’s infinite spin chain, but as far as we could find out, this paper

was never published.

The solutions we found for Inozemtsev’s infinite spin chain after restricting to the fundamental
region are consistent with the findings in the references [19] 36 [37]: all the bound-state solutions
have momenta p; with |Im(p;)| < x, which implies that in the limit x — 0, all the momenta p;

must be real.

5.4 Conclusion

As we have seen, it is possible to completely classify the solutions to the Bethe equations of
Inozemtsev’s infinite spin chain. There are several reasons to suspect that not all of these solu-
tions can be physical: the cardinality of the set of solutions is much larger than for comparable
models and the only well-behaved two-particle bound states are those built from momenta in
the fundamental region. Therefore, we proposed to consider only solutions lying in the funda-
mental region, which solved many issues. We were able to show that all the remaining solutions

converge to bound states of the Heisenberg XXX model and found the spectrum of these bound

5This name originates in the fact that the complex momenta of string solutions of the Haldane-Shastry spin

chain get squeezed onto the real line in the infinite length limit.
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states. The connection to the spectrum of the Haldane-Shastry spin chain also seems to be as

it should.

One of the remaining questions is whether or not these bound state are the entire particle
content of Inozemtsev’s infinite chain. Unfortunately, proving completeness of these solutions
is extremely complicated. It would, however, be helpful to consider the finite size hamiltonian
and diagonalize it numerically. A good correspondence between the solutions we found and
the eigenvalues of this model would corroborate the conclusions of our analysis. Also, it would
be interesting to see whether it is possible to write down the integral equations that govern
the behaviour of these bound states in the thermodynamic limit using the string hypothesis.
However, this would require finding an analytic expression for the bound-state energy, which

we have not been able to find yet.
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Chapter

Conclusion and Outlook

This thesis has concentrated mostly on the study of Inozemtsev’s infinite-length spin chain. In
Chapter 3, a detailed derivation of the eigenfunctions has been presented, indicating a deep
relation between the dynamical Calogero-Sutherland-Moser model with inverse hyperbolic ex-
change and Inozemtsev’s spin chain. The derivation was in agreement with the one presented
by Inozemtsev in [22]. Moreover, we derived the asymptotic form of the wavefunctions and
concluded that the model exhibits factorized scattering, one of the harbingers of integrability.
In Chapter 4, we derived Bethe equations of the model using the Asymptotic Bethe Ansatz
and used a method introduced by Hulthén to analyze the antiferromagnetic ground state of the
chain. Unfortunately, the particle density could only be expressed in a Fourier integral that is
most likely not exactly solvable. Trying to circumvent this problem, we proceeded by using a
strategy first used by Yang and Yang to write down integral equations that govern the ther-
modynamics of the model. Although we could solve these equations numerically using Picard

iterations, an analytic solution to these equations seems to be out of reach.

In order to get a better idea of the thermodynamics, we analyzed the bound states of the chain.
We characterized all the solutions to the Bethe equations and discovered an interesting gen-
eralization of the usual string structure of these solutions. This spurred a closer analysis of
the convergence properties of the asymptotic solutions, which led to intriguing sets of inequal-
ities that seem very difficult to solve. For the simpler case of string solutions, we proved that
these inequaltities do have solutions, putting the existing research on string solutions on more
solid ground. Nevertheless, by focussing on other aspects of these solutions, we found many
arguments to locate the physical bound states in the huge set of solutions. These solutions
have the expected string structure and can be connected to the results on bound states for the
related Haldane-Shastry spin chain and Heisenberg XXX chain, although the connection to the

Haldane-Shastry spin chain can be further strengthened.
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To have independent confirmation of the bound-state results, it would be useful to perform nu-
merical diagonalization of the finite-size spin chain and see whether the spectrum corresponds
to the one we found. Hopefully, we can perform this study in the near future. Also, fur-
ther research could be conducted to better establish the relationship to the spectrum of the
Haldane-Shastry spin chain. Relating our results to the work of Barba et al. in [38], in which
they calculate the spectrum of Inozemtsev’s infinite chain in the presence of a Morse potential,
would also be interesting. From a broader perspective we recognize that the most tantalizing
questions concern the existence of a Yang-Baxter structure for this model and a proof that the

proposed set of conserved quantities is indeed in involution.
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Appendix
Proof of a Mysterious Formula

While deriving the eigenfunctions for Inozemtsev’s infinite spin chain, we came across a formula
(3.116)) that looked quite complicated, but a closed expression was needed to proceed. Here we

show the proof that this closed expression indeed exists and is fairly simple.

Theorem. Let x > 0 and {n;}i<i<y with n; € Z and n; # n; if i # j. Then

M(M — 1)(M — 2)
. .

Z coth k(n; — nj) cothk(ng —nj) =
l,j,keZ
i)k

(A1)

Proof Define % := coth k(n; — n;) and write t; := t;0. Consider the sum

11,1 L (st | (=t (= t) |, (L tit) (1 i)
tijtiy  titk Gt (ti—t)(te — t)) (tj — ti)(tr — ti) (ti = t)(tj — t)
(ti — te) (1 — tity) (L — trty) — (t5 — tr) (L — tit) (1 — tite) + (85 — ti) (1 — it ) (1 — tjty)

(tj — ti)(t; — t)(ti — t)

where we used the addition formula for the hyperbolic tangent. Expanding the numerator yields

(A.2)

tjtj(ti - tk) + titi(tk» — tj) + tktk(tj — ti),

wheras the denominator can be expanded to give t;t;(t; — tx) + tit; (tx —t;) + txtr(t; — t;), which
is exactly the same. So the sum given in (A.2) equals 1. This already shows why the right-hand
side of (A.1)) does not depend on « or the chosen set of integers. Now we see that

)R- 1D SINED DIRTD DIETD DINED IS D e

P P
ijkez 9 UK iGKEL i KEZ i kEL  ijkel  ijkel ijkez | 9 7k
iLj LRt i<j<k i<k<j j<i<k j<k<i k<i<j k<j<i

11 11 11
1,7,k€EZ

tijte;  tiwtie it
gk ij Lkj ik Uik gt Vki i.,jJ‘cEZ
j<i<k j<i<k
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where we used the relation found above in . All that remains now is determining the
number of terms in this sum. For M =1 or M = 2, it is not difficult to find that this number
equals %M(M — 1)(M — 2) by an explicit listing of the terms. For M > 2, note that, given a
value of j € {1,2,--- ;M — 2}, the total number of possibilities for i, k equals the number of
elements in the lower triangle of a square matrix of dimension M — j — 1. Therefore, the total

number of terms equals

DI DIED DEIVET RIS R EE b LA

which can be found using the formula 2521 n? = w. Combining the above result

with equation (A.3)) proves that

M(M — 1)(M — 2)
3

E coth k(n; — nj) coth k(ng —n;) =
i,J,k€Z
i EkAi

(A.4)

like we claimed.[]
We have used this equation to rewrite the difference equation in the M-particle sector (more
precisely to rewrite equation (3.115))) to relate it to the difference equation of the CSM-model

with the same interaction.
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Appendix
Bijectivity of the Function ¢

Here we investigate the behaviour of ¢ on the fundamental region. Consider the contour C
depicted in Figure which travels around the fundamental region counterclockwise on the
edge. In its interior, there is 1 pole, at z = 0. Note that due to the periodicity of ¢ in the real

direction, the small deviation around the pole does not affect the analysis.

We can also find the imaginary part of ¢(z)

on the top and bottom edge of this contour tm(p)
by a simple observation: let x € R, then

O(x —ik) = ¢(x +ik) = ¢(x — ir) — i and

we havdll

Kif========-=======--- .

P
P

dx —ik) — ¢z —ik) =1 h

which implies that Im(¢(x —ik)) = —i/2 E
and that Im(¢(x +ik)) = i/2. Thus on !
the top and bottom edge of this contour,

Kit-=-=-=--=-=-=------ '

the imaginary part of ¢(z) is constant. Let

a € C be arbitrary, but such that ¢(z) = « ) ) .
Figure B.1: The contour around which we inte-
has no solutions when ¢ is restricted to the

- grate to find the number of zeroes in the funda-
contour. Then the function ¢(z) = ¢(z)—«

mental region for ¢(p).
has no zeroes or poles on the contour and

we can use the argument principle to state that

: q;((j)) dz = 27i (N — P), (B.1)

where N is the number of zeroes and P the number of poles of ¢ in the interior of the contour,

which is the fundamental region of ¢. In this case, we have P = 1. We can calculate the integral

Lé(2) = ¢(2) follows from the oddity of ¢ in the definition of ¢.
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Re(¢(X+ik))
2,

1t

Figure B.2: A plot showing the behaviour of Re(¢) along the top boundary of the fundamental
region for values of k = 0.5,1,1.5,2,2.5. For larger s, the graph of Re(¢) approaches the real

axis.

on the left-hand side: the contributions from the vertical parts of the contour cancel each other

due to the periodicity of ¢. For the contributions of the top part, we see the following:

27 1 - 27
/0 de = /0 % log (qg(az + m)) dx = log (qg(m)) —log (QZ;(QTF + m)) =0, (B.2)
because (5 is 2m-periodic in the real direction. Note that we could evaluate the integral using the
logarithm, because we know that the imaginary part of ¢ is constant along the path, allowing
us to find a holomorphic branch for the logarithm on a neighbourhood of the top part of the
contour. In a similar fashion, one can show that the contribution from the bottom part vanishes,
thus we end up with
¢ (2)
¢ 6(z)

implying that for all the a we considered, ¢ has exactly 1 zero in the fundamental region, thus

dz =0,

¢(z) = a has exactly 1 solution in this region.

On the boundary of the fundamental region, the following holds. The restriction x — ¢(ix) to
the imaginary axis (with = € [—k, k]) has positive derivative everywhere, except at the pole at
zero where it is undefined. Moreover, since ¢(+ki) = Fi/2, we can conclude that this restriction
maps bijectively onto i[—oo, —1/2] U i[1/2, 00]. This shows that ¢ : [0,27] & i| — k,k[—> A C C
maps bijectively onto its image A. On the top part of the contour we can write x — ¢(x+ik) for
the restriction. A plot of this function is shown in Figure which shows that this restriction
is not bijective onto its image. In fact, all image values are attained exactly twice. We call
the graph’s maximum ¢.,;, and by symmetry, its minimum is —¢.;. The value of p for which
Re(é(p + 1K) = Gee We call pey. By symmetry, the minimum is attained at 2m — p.;.. The

behaviour of the real part of ¢ along the bottom boundary is exactly the same.
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We can now conclude that ¢ is surjective onto C and almost injective: the only values it attains
twice are those of the form ¢ 4+ i/2, where |¢| < ¢.. We will see, however, that this small
deviation from bijectivity will have a profound effect on the allowed solutions solutions to the

Bethe equations.
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Appendix
Location of preimages under ¢

For each region, we can specify whether there exists a positive solution (a solution p with positive
imaginary part Im(p) > 0, indicated by a +) or a negative solution (a solution p with negative

imaginary part Im(p) < 0, indicated by a —) to the equation

d(p) = a € C,

as shown in tables The tables show that if |¢,| < ¢, the solution distribution is
quite complicated, but regularizes as ¢; increases. The seemingly irregular pattern is caused by
an ’extra’ negative solution that lives close to the boundary between regions and travels across
several boundaries before settling down. Note that we can extract the distribution for ¢; < 0

from these tables by interchanging all plusses and minusses.

101



2 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5
Region
1 ek -1-1-1-1-1-1-
2 e e G e

\Y

3 == =1 =1 =1 =
4 =+ +-|+-|+-+ [X-5-] + | +
5 R
6 +7_ +7_ +7_ +7_ +7_ +7_ +a_ +7_ +7_ —)+

Table C.1: Characterization of the solutions of the equation ¢(p) = ¢, + ¢;i for different values
of ¢; for all |¢r| < ¢ei. The structure does not change in the intervals |k/2,k/2 + 1/2] with
k € N. The arrows indicate the direction of travel of the ’extra’ negative solution. Obvious

arrows have been omitted.

¢ 0.25 | 0.5 | 0.75 1 1.25 | 1.5 1.75 2 225 | 2.5
Region
1 — — _ — — — _ — — _
2 Sl Sl Sl & Sl G e e B N
3 _ _ _ _ _ _
4 +7_ +7_ +a_ +7_ +7_ y y )y + +
5 N _
6 +7_ +7_ +a_ +7_ +>_ +7_ +7_ +7_ +>_ __fa_

Table C.2: Characterization of the solutions of the equation ¢(p) = ¢, + ¢;i for different values
of ¢; for all |@y]| > Peie-
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Appendix

Why the Bethe Equation of a Real

Momentum is Always Satisfied

Suppose S is a self-conjugate solution to the Bethe equation. If p € S is real, its Bethe equation

'LPOL H ¢0_¢k‘+’t
Wl o — P — 1
KAO

is trivially satisfied in the infinite-length limit. Namely, as L — oo, the norm of the left-hand

side remains 1, while the norm of the right-hand side is

H ¢k + 7 _
G0 — @i — i

kEZ kEZn
k;ﬁo k#0

ﬁ Go — Pr+i G0 — Pp +i

bo—r—1 do—or —i| (D-1)

where the star indicates that the product runs only over all the conjugate pairs. The terms in

this product can be rewritten as follows:

$o—dr+i do—¢pti| _ |po—Re(dpr) —i(Im(¢r) — 1) |po — Re(¢p) +i(Im(¢x) +1)|
Po— Pk —1 Po—p—1i [0 — Re(or) —i(Im(¢x) +1)| |po — Re(dx) +i(Im(¢y) — 1)
[¢0 — Re(¢p) — i(Im(dx) — 1)| |do — Re(¢r) + i(Im(¢p) + 1))

[0 — Re(éx) +i(Im(dx) — 1)| [po — Re(¢r) — i(Im(¢g) + 1)|°

= 1 (D.2)

Since we also know that the ¢; converge as L — oo, the right-hand side must have a well-defined
value on the unit circle, say ¢'®. For finite L, this implies that pg = 7k/L +«a/L, with o € [0, 7]
and k an even integerﬂ However, in the limit . — oo, we can choose any value for pg in the
interval [0, 27[. More precisely, for every py € [0, 27| we can build a sequence {p“)} in which
each p) € [0, 2| satisfies p'¥) = 7k/L + a/L with k even and such that ptX) — py as L — oo.

So the Bethe equation for pg is satisfied regardless of its value.

"Here we assume that the Bethe equations at finite L also obey an equation such as (D.2).
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Appendix

Properties of Weierstraf3 Elliptic

Functions

Here we list the most important properties of the p-,(- and o-function (which can be found
in references [13], 14, [I5] 16]. First we define the lattice L that defines the periodicity of these
functions:

L :={z € C|z = nwy + mwa,n,m € Z}, (E.1)

where the w; are the periods of the lattice and obey Im(w;/wa) < 0. The definitions of the

Weierstrafl elliptic functions can now be written as

@ - 2 ()

w€eL
w#0

@ = eE(gde )

welL
w#0

oo = I ((1-2)ew (2+55)). (E2)

w€eL
w#0

where all these series converge absolutely and uniformly if z € A C C and A is compact and
ANL = (). Moreover, @ is even and meromorphic with double poles with residue 0. ¢ is odd and
meromorphic with simple poles with residue 1. ¢ is entire and odd, with simple zeroes at all
the lattice points. Note that formally, ( and o are not doubly periodic and hence not elliptic,
but together with @ they are usually called the Weierstraf$l elliptic functions.

These functions satisfy

((z) = (E.3)




for all z ¢ L. In the rest of this chapter, we will assume that all the quantities in the expressions

are finite, so we will often tacitly assume that z & L.

E.1 Periodicity

These functions obey the following:

plz+wi) = p(2)
Wi
CEtw) = )+ (5),
o(z+w) = —624(%)(”"”/2)0(2) (E.4)
for i = 1,2. Also
@,(wi) = 0,
o' (2w;) = —eX (T, (E.5)
If we define w3 := —w; — wa, then we get the extra properties

3 .
Se(2) - o
() (2= () nc(L)es = <(2)en—(2)or-T60

This last identity is called the Legendre relation.

E.2 Derivatives and Their Relations

We can define the lattice invariants as follows:

gs = 6OZW_4

which can be used to write down the following relations for o and its derivatives:

() () = 46°(2) — g2p(2) — g3

o'(z) = 69%(z) =%
¢"(z) = 120()¢/(2) (ES)
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E.3 Series

iTwi /w2

By defining ¢ := e we can state that

(2) + 1 ¢ (wg) T 9 [ T2 2m i ng*" nTz
2)+—Cl—=)——5csc” | =— | = —= ——-cos| — |,
& wo 2 4w? 29 w3 1— g2 wo

oo
z w2> s T2 2w q . [(nmz
——(|—=)—=—cot | — = — . E.9
¢(2) W1C<2 500 © <2w2> w2n:11_q2nsln<w2> (E.9)

A little more useful in our context our the expansions in terms of cosecant and cotangent:

2

B | 2 & o ((T(z 4 2nwr)
ple) = O.)QC ( 2 ) + 4w§ n;()o ose < 2wa ’

((2) = C‘%C (%) + (:;nioo cot <W> . (E.10)

The most important series, however, are the Laurent series of p and (:

1 [e.e]
o) = D e

n=2

J e
C(z) = - = T 122 ! (E.11)
n=2

where the ¢, are given by

g2
20’
93

28’

Cy =

Cc3 =

(E.12)

3 =2
G = (2j+1))n—3);2cmcj‘m’

where 7 > 2. We can give an explicit expression for the Taylor series of p and also of o:

1 92 2 93 4 6
p(z) = 22+2OZ +282 +(’)(z),

5 7 2.9
g2z g3z 937 11
— — + . E.1
o(2) 7240 T 840 161280 (=) (E-13)

E.4 Addition and Duplication Theorems

To be able to manipulate expressions containing these functions, the following identities are

indispensable:
() — o (v 2
olute) = 1 (Z9=28) o) - oto)
Gluto) = ¢lu)+60)+ D SIS,
et
(€ +¢0) + Cu =) = () = (o)~ ¢(—u—v). (5.14)



1"y 2
20+ (75)
2 + 5 e

—¢'(2)o(2). (E.15)
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