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In this thesis we study functions f on SL,(R) that are periodic on the left: ¢(yg) = ¢(g) for all
g € SLy(R) and y € T for a discrete subgroup I' with the property that I'\SL,(R) is compact. To
study these functions we use techniques that can be seen as a generalization of Fourier analysis of Z
periodic functions on the real line R: a (locally integrable) Z-periodic function on R can be written as
the infinite sum of the functions x — ¢™* with n € Z.

Locally integrable periodic functions f on SL,(R) can be written as an infinite sum of special
functions as well. For this two steps are needed,

cosf  sind
—sinf cosé
every g € SLo(R) we have that 6 — f(gkg) is 2nZ-periodic. Using Fourier analysis as noted
above we may decompose f into functions f; that satisfy fi(gkg) = fi(g)e™*?, these functions
are called weight k functions. The map f — f; is given by the Fourier integral operator fi(g) =

i. The group SL;(R) contains K := SO,(R) = {Ky = ) RS R} =~ R/Z and for

fol f(gkagr)e” ™90, The Fourier integral operator does not affect the behavior of f on the left,
and the weight functions in the decomposition of f are I'-invariant on the left as well.

ii. We further decompose the functions f; into eigenfunctions of a second order differential op-

erator, the Casimir operator. One could say that the Casimir operator is a higher dimensional
version of the operator 62 on R, since the functions x +> ¢ on R are precisely the Z-invariant
functions that are eigenfunctions of 92.
The Casimir operator is a linear operator and when restricted to weight functions the operator
is elliptic. The Casimir operator commutes with the action of SL,(R), and the eigenfunctions
that decompose f; will keep the I'-invariance on the left and weight k transformation behavior
on the right.

The class of I'-invariant functions that are both weight functions and eigenfunctions of the Casimir
operators, as they occur in the above described decomposition of locally integrable I'-invariant func-
tions, are called automorphic forms. These are the proper analogue of the functions " on R.

One technique to study automorphic forms further is to look for one-parameter subgroups H
of SL,(R) such that at each g € SL,(R) the function & +— f(hg) is periodic on H and apply the
theory of one-dimensional Fourier analysis. The case when A = K has been studied extensively,
one major result is that the resulting special functions must lie in a one-dimensional space, as we
! R t> 0}. A
dimension one theorem as in the case of K is not possible, the resulting special functions lie in a two
dimensional space called the space of Fourier terms. We will use the group N(A)/ZA, where N(A)
is the normalizator of A in GL,(R), to decompose the space of Fourier term into one-dimensional
subspaces.

In the first section we will introduce automorphic forms and the Fourier analysis there of. We will
also state the main proposition of this thesis, namely [T.10]

In the second section we will review the representation theory of the Lie-algebra of SL,(R), and
review what restrictions the inner-product of L(T\SLy(R), x) lies on Ag k(T x).

In the third section we will relate the space of Fourier terms to the solution space of the hyperge-
ometric differential equation.

review in Proposition [1.14] In this thesis our focus lies on the group A = {




1 Introduction to automorphy and Fourier analysis

In the first subsection we will give a precise definition of automorphic forms and study the relationship
between the functions on the group and on the upper half-plane. In the second subsection we review
some geometry and structure theory of SLy(R). In the last section we define the Fourier map with
respect to closed geodesics.

1.1 Automorphic forms

A real analytic-automorphic form with respect to a co-compact discrete subgroup I' of SL,(R) and
unitary character y of I' is a twice differentiable function ¢ on H ={x+iy € C : x € R, y > 0} that
satisfies the following conditions

e AUTOMORPHIC TRANSFORMATION BEHAVIOR:

az+b _ a b ik arg(cz+d) a b
e FEIGENFUNCTION OF THE LLAPLACE OPERATOR:
(—yz('))zc - y28§ + ikydy) ¢ = 1 ¢, where z = x + iy, 2)

for some A € C (called the eigenvalue), k € Z (called the weight of ¢). Note that the choice of
arg(cz + d) is not important, because k € Z. The parity of k, (respectively y) is defined as the number
€ € {0, 1} such that k = € mod 2 (respectively y(—Id) = (—1)). If y and € do not have the same
parity then any function satisfying the automorphic transformation property is zero, therefore we will
assume that k and y have the same parity.

The space of automorphic forms is denoted A x(I'\ 9, x) and the space of eigenfunctions of the Laplace
operator, denoted by Ly, is denoted by E;x(9) = {¢ : Lid = s(1 — 5)¢}.

1.1.1 Automorphic transformation property

The linear fractional transformation of P!1(C) = C U {oo} is defined by

b
g-§:%, if & # o0, c&+d #0,
eo=d @ b <00 = 00 ifé =00, c#0
g _C’ O d - ’ - , € s
a b .
(c d)-g_oo, ifccE+d=0.

for any g = ( Z Z ) € SLH(R), ¢ € PY(C). The group SL;(R) has three orbits in PY(C), namely

9, PI(R) = RU{oo} and —$. The map g — g -z factors through PSL,>(R) := SL,(R)/{£Id} and defines
a double cover of the group of maps of $ which preserve the orientation and the set of hyperbolic
lined'] see [Kat92, Thm. 1.3.1].

'The hyperbolic lines of $ are the half-circles with center at R and the lines iR + x for any x € R or “the half-circles
with center at infinity”.



The transformation of weight k of a function ¢ on $ is defined for any g = ( Z b ) € SLy(R) by

d

az+b

(Blrg) () = e harelczrd)y (—) :

cz+d

, k. )
The factor e are(c+d) - (%) is called a factor of automorphy, and we denote the factor |§§i§\ by

J(g,2). If ¢ # 0 then the root of this factor is given as follows, J(g, z) = sign(c)i (— g;:j)l/z. We will
encounter this factor when we discuss Fourier terms.

The function J satisfies J(g182,2) = J(g1,g2-2)J(g2, 2). This property implies that the map g — [xg
is a representation of SL,(R) on the space of functions on 9: i.e. |xgg’ = lxglrg’-
Functions on $ with the automorphic transformation property as in (I)) are those functions ¢ such that
dlky = x(y)¢, these functions are called r,f-l“-invariant.

The stabiliser of co is P = {( S : ) € SLZ(R)}. The map p — p - iis a double cover of $ by P

as analytical varieties, a section is given by z — p(z) := y~V/ 2( Y )lc ) The stabilisator of i is

cos @ sin @
SOQ(R)Z{K9|K9 ::( _sing cosd ), HGR}.

The map k — J(k, i) is an isomorphism between SOy(R) and T ={z € C : |z = 1}.

Any element g € SL,(R) can be uniquely written as g = p(z)kg with z = g -i and € = J(g, L.
Indeed the element p(g - i)' g leaves i € $ fixed, and hence is of the form k, with ¢ = J(g, i)'

The decomposition g = p(z)ky of SLy(R) allows us to define the lift of weight k of functions ¢ on
$ to functions on SL;(R), defined by

(@) (8) = leg (D) = J(g, ) p(g - i), g € SLy(R),
= (l)(z)eikg, if g = p(2)kq.

The map o is a linear bijection onto its range. The image of o are those functions ® on SL,(R) that
satisfy the property ‘
D(gkg) = D(g)e™, Vg € SLa(R), Yky € SOL(R), 3)

or equivalently, right translation of @ by xy € SO,(R) corresponds to multiplying @ with the character
kg — ¢*?_ Functions satisfying this property are called weight functions.
The group SL,(R) acts on the space of functions on SL,(R) itself, by left- and right-translation

élg (x) = ¢(gx), p(&)(P) (x) = P(xg), 8 x € SLH(R).

Since left and right translation commute, the left translation of a weight function leaves the weight
fixed. The map o7, intertwines the weight k action |, with left translation of functions on G:

oo kg =1g ooy, g € SLo(R),

here o means composition of maps. Indeed, this follows directly from the following multiplication
rule

. a b
YP(2kg = ply Z)K(v‘—arg(cz+d)’ with y = ( ¢ d ) 4

Hence functions ¢ on $) are I)]g—F -invariant if and only if the function g — ®(g) = ¢lxg on SLy(R) sat-
isfies @y = y(y)@ forall y € I'.



Holomorphic automorphic transformation property The vector space of holomorphic automor-
phic forms My (T, x) with respect to a cocompact discrete group I" of weight k and character y of I are
functions ¢ on $ that satisfy

i. HOLOMORPHIC AUTOMORPHIC TRANSFORMATION BEHAVIOR:

az+b
cz+d

)zX(Z Z)(cz+d)k¢(z), Vze&j,V(? Z)el",

ii. HoLomMoORPHIC: 1
05 ¢ = 0, where 85 = 5(6x + zﬁy)

We denote j(g,z) = cz + d which we call the holomorphic factor of automorphy, and ¢r,t’h01g(z) =
x(@)(cz+ d)‘kqﬁ(g z) is called holomorphic transformation of weight k.

Similarly we have the vector space of anti-holomorphic automorphic forms M, (I', x), consisting of
functions ¢ on $ such that ¢ € M(I', y) is a holomorphic automorphic form.

The following lemma shows that holomorphic automorphic forms can be seen as a special kind of
real-analytic automorphic forms, namely those that are annihilated by a first order differential operator.
Note that holomorphic automorphic forms satisfy a first order differential equation, namely 9z¢ = 0
while automorphic forms satisfy a second order differential equation, namely (2).

The map J; between functions on $ defined by J;(¢) (z) = Y*/?¢(z) is an isomorphism of vector
spaces.

1.1 Lemma: The map 3, intertwines r}:’hm with r,‘g, and induces an isomorphism

Br : Mi(T, ) — A (T\D, ) N ker(Ep), Ep = ~Qiyd: +5).
27
Proor: The map J; satisfies intertwining property: (Sk(@)r,tg = Ji(9) I),g’hOIg for any function ¢ on
I
9. Indeed, from the property Im(g - z) = | n_l,_(2|2 it follows that for ¢ on $ we have
cz

(Frd)lkg (2) = Im(g - ) Pleg(2)

(lez+dl\*( Im@z) \?
_(cz+d) (|cz+d|2) 98 2)

= Im(2)"*(cz + d)*¢(g - 2) = Tu(@9) (2).

From

k/2 k k
=2y y2(0:4(2)) = (=2iyd; - £)y2¢(2) = E; (39 (2)), (5)

we see that a function ¢ is holomorphic if and only if J;(¢) is annihilated by E,. The following
relation

L - 51 - %) = @2iyo, + 52)(2iya: + %), (©6)

shows that functions annihilated by E) have eigenvalue '5‘(1 - '5‘) under L;. Hence the claimed iso-
morphism follows. O



A similar isomorphism holds for anti-holomorphic forms. Indeed, for real A and integral %,
complex conjugation of a function give isomorphisms My(I',x) = M, ([, x) and A (I'\9,y) =
Ay —(T\9,Y). Since k is real we may apply these two isomorphisms to the isomorphism in lemma|L.1|
after taken complex conjugation on both sides. This gives the following injection, after sending y to
X as well:

Bi s M, x0) — A, 51 = 5),0).

The image consists of those automorphic forms that are annihilated by E; = 2iyd; + %‘
In the next subsection we discuss the differential operators L; and E7; in more detail.

1.1.2 Differential operators

The operator
Ly = —y*0% = y*0; + ikydy = (z — 2)°0.0: + 5(z - 2)( + 02)

is called the Laplace-Beltrami differential operator of weight k. The Laplace-Beltrami is an elliptic
operator on $, that is Ly is linear and the index o7, (z,¢) = —y2||§||2 of L; doesn’t vanish on $ x (R? —
(0,0)). By elliptic regularity, see [Lan75, App. 4] the eigenfunctions of L are real-analytic functions
on . Hence the name real-analytic automorphic forms for functions in A, (I'\ 9, y).

The following operators are called Maass operators and were already mentioned in Lemma [I.1]
and the ensuing comments,

k k 1
El =y0y +iydy + 5= +(z—2) 0, + 3 0, = 5(8)C — idy), @)
_ i k _ k 1 )
E; =ydy —iyd, — ) =—(z—-2) 0; - 5 0; = E(GX +i0y). (8)

These operators shift the weight by 2. Indeed, let ¢ be a function on 9, z € 9, g € G and put
w = g -z, then

Ef Gle) @) = (- 20. + £) (£4)" pw) ©)
= (24)" (- 0. = ) () (10)
= (=) (v = )0, + &) 9w, (11)

and similarly £, o |y =[xz o E; . For the last equality we used the following identities:

Im(z) dg -z 1
Im = —, = . 12
9= ap Az (cz+d)? (12)
The Maass operators decompose the Laplace-Beltrami operator as follows:
Ly =-Ef,Ef £ 51 %) (13)

From these identities it is easily verified that L is | invariant, and that E,j and Ly satisfy the following
commutation relation

Ef oLy =Ef(~E ,E{ —501+ %) = CEJE,, + 21 - B2)E} = Lio o EJ, (14)

and similarly E;, o Ly = Ly 0 E}_.



From the above relations it follows that the Maass operators shift the weight of Maass automorphic
forms by 2:

Ef :ApD\S.1) = Asrsa T\ 0,
E]f :Ss,k(g)) - Ss,kiZ(g))-

1.2 Lemma: The operator E : Egy — Esk—2 is not invertible if and only if k = 2s ork = 2 - 2s,
and E; : & — &2 Is not invertible is not invertible if and only if k = =2s ork = 2s — 2.

Proor: The composition Eii,E; : Esx(9) — Esx (D) is given by

E{LEf=-(s-50-5-%, ELE=-G+5H0-5+%), (15)

as follows from (I3). Hence if —(s ¥ ’5‘)(1 -5 F %) is non-zero then E,‘C_* D Esk(D) > Espe2(9) is
invertible.

If-(s+ %)(1 —-SF %) is zero, then the zero-space of E]'f is non-empty. Indeed, from (5) we see that
the zero-space of E, correspond to holomorphic functions on $; and similarly the zero-space of E;
correspond to anti-holomorphic functions on $. Hence if —(s F ’5‘)(1 —-SF %) is zero, then E;: can’t be
invertible. O

The differential operators L; and E,:—' on $ arise as restrictions of differential operators on SL,(R) to
fixed weight spaces. Indeed, the following operators on G

w= —))26)2C - y26§ + y0,0g (16)
E = (—iy(')x +y0, — %89) a7
E* = ¥ (iyc')x + ydy + 2%.89) (18)

satisfy Ly o 0 = o o w and Ef o 0 = 0ps2 0 E*, since 1(¢) (p(2)kg) = ¢(2)e” and hence dgoi(¢) =
ikok(¢). In particular Ly is SLo(R)-equivairant and E]f satisfy the commutation relation in (9) if and
only if w and E* commute with left translation. Such left-invariant differential operators are best
studied using the right derived action of the Lie algebra of SL,(R), this will be done in|1.1.3

1.1.3 The derived action of the Lie algebra

The Lie algebra slr(R) = {A € Mh(R) : tr(A) = 0} has a left, respectively right, action on functions
on SL,(R), given by the right, respectively left differentiation:

d d
X|p(x) = 7 0¢(xexp(tX)), respectively  ¢|X(x) := 7 B P(exp(tX)x),

1= t:

which we extend linearly to sl, := sl(R) ® C. These actions give isomorphism, respectively anti-
isomorphism of Lie algebras between sl, and first order left- respectively right-invariant differential
operators, and isomorphism of algebras between the universal enveloping Lie algebra of slr(R), U(sl,)
and left- respectively right-invariant differential operators on SL,(R), see [Lan75, X Thm.1].

The real Lie-algebra sl;(R) has the following basis

S .

8



Since [H, V] = W the elements H and V generate sl;(R) as a Lie-algebra. Now define
Ef=H=+1V,

then [E~, E*] = 2i[H, V] = 2iW and hence E* are generators of sl as a complex Lie-algebra.

In the Iwasawa coordinates the right derived action of W is given by éag. A locally integrable
functions ¢ on G is a weight k function as in definition (3) if and only ¢ is weakly an eigenfunction
of W of eigenvalue i%. In the Iwasawa coordinates the operators E* are given by the differential
operators in (I8)). Indeed simply compute the operator Px(¢) (p(z)kg) = d% =0 9(p(2) exp(tX)kp) in the
Iwasawa coordinates and invert the relations given by Px = xgXk_g, for X = H, V.

In particular equation (9) is implied by the following relation
WE* = EX(W £ 1). (19)
The Casimir operator is defined as
w=-H*-V?*+ W e U(y). (20)

In [Lan75) X, Thm 3] it is proven that w generates the center of U(g) and is bi-invariant with respect
to the action of left and right translation of functions by elements of G.

In the Iwasawa coordinates the Casimir operator is given by the differential operator in (16). It
follows that Ly is I)]:—equivariant and that Ly, E; indeed satisfy (T4).

The decomposition of the Laplace-Beltrami operator in (I3)) can also be verified using the Lie-
algebra structure, indeed we have

w:—E*E‘+—W(1—K):—E‘E+——W(1+K_). 1)

i i i i

We can now define the space of automorphic forms A (I'\G, x) on the group,

Esk(G) = Esp = {9 € CT | wg = s(1 - 5)p, Wo = ik},
Ask\G, ) = AT, x) = {9 € Esx(G) | dly = x(V)¢}.

Here we write G = SL,(R), g = sl,. Combining the properties discussed above between G and $ we
see that o : As(I'\9) = A x(I'\G, y) is an isomorphism of vector spaces.

1.2 Geometry of $ and structure theory of SL,(R)
1.2.1 Fixed points

The fixed points of +Id # g = ( j Z ) € SLy(R) in P!(R) are given by

1 _ 2
—[“ d, (“+d) —1], ife#0, (22)
c 2

ifc=0,d+a. (23)

(o]
’d—a’

If |tr(g)| = 2 then g has a single (degenerate) fixed point in P! (R), in this case g is called parabolic.
It is well-known that co-compact discrete subgroups of SL,(R) can’t contain parabolic elements,



[Kat92, 4.2.1].

If |tr(g)| = |la + d| > 2 then g is called hyperbolic and has two fixed points that lie in P!(R). One fixed
point is attracting, and is equal to lim,_« g" - z for any z € $. The other fixed point is repelling.
The repelling or starting fixed point is called &, and the attracting or final fixed point is called &7. If
¢ # 0 then examples of connected g-invariant sets in $ are (unions of) the Euclidean circle segments
through & and £, one of which is the unique fixed hyperbolic line called the axis of g and denoted /.
We give [, the orientation from &; to &.

If |tr(g)| < 2 then g is called elliptic and has one fixed point in £ and one in $~. The connected fixed
points sets of g in $ are the circles whose hyperbolic center lies at zE]

Any hyperbolic g € SL,(R) can be conjugated in SL;(R) to a unique i( ! - ) with t > 1.

Indeed if 7, satisfies

mg-00 =&, me-0=4¢ (24)

then ﬂ'ggﬂ';l fixes 0 and co with oo being the attracting point, and hence is of the stated form.

b\ . .
4 |5 an hyperbolic
element with ¢ # 0 and such that 7, maps i to the unique point &y on the axis of g whose imaginary
value is maximal.

1.3  ExampLe: We now compute the matrix 7, in the case when g =

b . : .
ELaBoRATION: Let g = ( Zl d ) and, after replacing g with —g if neccesary, assume a + d > 2.

From (22) it follows that [, is the (Euclidean) half circle in $ centered at %1 and with radius

ﬁ (a+d)? — 4, hence & = az;cd”Lﬁd (a+d?-4€9.
Let € denote the sign of ¢. The matrix 7 = ( Eff é;s ) satisfies 7w - 00 = &7, m- 0 = &;. To verify

that and 7 - i = £ and det(n) = €(&f — &) is positive we need to compute the sign of & — %.

The element g should map “Z;Cd (the Euclidean center of the hyperbolic line /) towards &, hence the
sign of & — %1 should be equal to sign of the following expression:

a b (42) - 4 = L lordis
c d 2¢ 2¢c ~ 2¢ a+d

The sign of the right hand side is equal to the sign of ¢, hence & = 5= + - ( 5 1.

It follows that 7 has positive determinant and 7 - i = &y, and projects to a matrix 7, in SLo(R) with the
required properties. O

1.4 Lemma: IfT is a discrete subgroup of SLy(R) and y,y’ € I' have one common fixed point, then
their set of fixed points is the same.

Proor: Suppose their fixed point set is not the same, but have one common fixed point say &;. Then
v,7’ must be both hyperbolic or one hyperbolic and one parabolic. Without loss of generality we may
assume that y is hyperbolic. After replacing y with y~!, if necessary, we may assume that &; is the
attracting fixed point of vy.

Euclidean circles contained in $ are hyperbolic circles and vice versa, but whose center lies at different points.

10



As before we may choose 7 € SL,(R) satisfying 7 - 00 = &, -0 = &, here &; is the other fixed
point of y. Then after conjugating y and y’ with x they are of the form

J_ra/(t):(t t‘l)’ and ip(z):y_l/z(y )16) t>1,z€89.
Note that Re(z) # 0 otherwise v, y” would have two fixed points in common. We define the following
sequence in I'™:

y x" )ﬂ—1

h(n) :=y™"y'y" = ma@) " pRa@)' 77! =x y—1/2( 1

Then h(n) is non-constant and converges to nayﬂ‘l, contradicting the discreteness of I'. Hence y and

7" must have the same fixed point set. O

1.5 Lemma: The mapl +— Stabgy,r)(€)NStabsy,®)(&”) that sends hyperbolic lines [ to the stabilisator
in SL(R) of the end points &, &’ is a bijection between

i. geodesics in 9,
ii. maximal commutative subgroups of SL,(R) consisting of hyperbolic elements.

Proor: According to [Kat92, Theorem 2.3.2] two elements in SL;(R) commute if and only if they
have the same fixed point set. Hence Stab(¢) N Stab(¢’) is a maximal commutative subgroup of
SL,(R) that contains only hyperbolic elements, and the map in the lemma is well defined.

The cited theorem also implies that all elements in a commutative subgroup H ¢ {+Id} of SL,(R) must
have the same fixed point set X. If H contains an hyperbolic element % then X consist of two points
in P1(R), see (22), to which a unique geodesic Ix corresponds. The map H + [, is the inverse of the
map in the lemma, hence these maps are bijections. O

A geodesic [ in $ is said to map to a closed geodesic in I'\$ if the projection to I'\'$ is compact.
A hyperbolic element y € I is called primitive if +y generate a maximal commutative subgroup of I.

1.6 Lemma: The following notions are equivalent
i. lifts of oriented simple closed geodesics in I'\$ of hyperbolic length p,
ii. primitive hyperbolic elements in I" (modulo +1d), with trace equal to 2 cosh(p).

Proor: As discussed before a primitive hyperbolic element y € I' defines an oriented geodesic [, in .
The element 7y identifies any pair of elements on / that are of length p apart and hence the projection
of [ to I'\'$ is compact, and since 7y is primitive the projection is closed and of length p.

If a hyperbolic line / projects to a closed geodesic of length p, then there exists an element y € I’
that maps a given point z € [ to a point 7 with d(z,z’) = p and preserving the orientation of the
geodesic. Let s denote the segment of / joining z and z’. Then s and y(s) must join smoothly at z’,
otherwise the projection of / to I'\H would have a corner. Hence [ is invariant under y,and / = [,. O

From the above lemma it follows that closed geodesics in I'\$ corresponds to the conjugacy
classes of y and y~! for primitive hyperbolic elements y € I. Since y and ™' may belong to the same
conjugacy class, this correspondence does not respect orientation in general.

11



1.2.2 Group of symmetries of A

In Lemma [I.5] we’ve seen that geodesics can be described using maximal commutative subgroups of

SL>(R). We will use this fact to define the group of symmetries of a geodesic using the algebraic

properties of the group SL,(R). We will later compute how this group acts on geodesics, see (34).
The following group is called the symmetry group of A

Symm = N(A)/A.

Here A denotes the projection of A = {( * . ) € SLz(R)} to PSL,(R), and N(A) is the normalizator

of A in PGL,(R). We chose the following set of representatives in PSL,(R) of the cosets in Symm:

Symm =N(A) N POy(R) = {e, h,v,w}, ez[ ! ! } hz[ ! 1 ] (25)

S T

Here PO;,(R) denotes the projection of the orthogonal group O,(R) of GL,>(R) to PGL,(R). Note that
the representatives all satisfy x% = e in PGLy(R).

We now consider the action of PGL,(R) on SL,(R) given by conjugation g — c.(g) = xg¥™!, g €
SLy(R), x € PGLy(R) and x¥ € GL,(R) a lift of x; note that the action does not depend on the choice
of lift of x.

The group Symm leaves the groups A, B and K = SO, (R) invariant, where

B = k(~mt/4)Ax(x/4) = {( C ) L P-=1,c> 0}. @7)
Indeed, the restriction of Symm to these groups is given by:
A B K
-1 -1
hoama vV KK acA veB, keK. (28)
w oaba vV KK

1

v abpal vy ke k!

For x € Symm we denote by x* the pullback of x to ¢ functions on G, x*¢(g) = ¢(Xgx~'). The maps
V¥, h* restrict to maps E;x — Sk, while w* : E;x — E; k. Using E* = H + iV the following
commutation relations between E* and the elements of Symm are easily verified:

h*Ei — E¢h*, W*Ei — _Eiw*’ V*Ei — Eiv*. (29)

The map #* is an involution of &;. We denote the decomposition of &; into the eigenspaces of
h* as follows:

Bio =850 @850 e G R 0} (30)
Elg =10 €8 1 ' =0}, a1

Note that (anti-)holomorphic forms cannot be eigenfunctions of 4*, as h* sends holomorphic functions
to anti-holomorphic functions.

12



If k = 1, then A* is no longer an involution. Indeed, 4™ sends weight one functions to weight minus
one functions. To remedy this, we look at the operator E* o ¥, which is a linear map of &;,;. We have
for ¢ € &; 1, using (13), that

(E*h*Y¢ = EYE"(h*y’¢ = E'E ¢ = (s — 1)°¢.

Hence if s # % the operator s—_ll/zE * o h* is an involution of &;,;. We denote the decomposition of E;
into the eigenspaces of this involution as follows:

8&1 = 8;—’1 &, (32)

s,1°

E5 =l €& 1 pEG = +¢). (33)

Note that (anti-)holomorphic forms have spectral parameter s = %, hence these do no occur in the
above decomposition.

In section we will show that, under some restrictions on s, k, there exists similar definitions
of & . If 25 # k mod 2 then &, = E*-9/2g, , see Proposition m We call elements of &7,
symmetric functions.

The action of Symm on the whole of SL,(R) is given in the Iwasawa coordinates as follows:

hp(@keh = p(=2)K, ",

__1 _
= p(-1 .
W p@kew = p(=1/2)k, L arg(_ : )+

’

5 (34)

ip@Key = pL/DK! oy
9+% arg(—§)+%

The transformation by /4 follows by a direct computation, the transformation by w follows from equa-

tion (@) and the transformation by v = hw follows from combining the first two.

1.2.3 Orientation reversing isometries and reflections

In this section we review reflections in a given geodesic on the upper halfplane. Examples of reflec-
tions can be derived from (34). Indeed for the map p(z) — hp(z)h = p(-Z) we see the map z — Z,
which is the reflection in the geodesic iR.o. Reflections are orientation reversing isometries. First we
will review orientation reversing isometries. Secondly we will review reflections in a given geodesic,
a subclass of orientation reversing isometries. Lastly we will review how reflections associated to a
given hyperbolic y € I" act on automorphic forms in A (I, x).

Orientation reversing isometries The group SL;(R) :={g € GLy(R) | |det(g)] = 1} = GL(R)/Rs¢
has an action on $ and P'(R) = R U {oo}, for g = ( Z Z, ) € SL;(R) and z € §, £ € P'(R) given by

az+b
———, if det 0
wxd | et(g) > 0,
g-2=
az+b
, 1if det 0,
cz+d it det(g) <
eo=d a b <00 = 00 ifé =00, c#0
g _C’ O d - 9 - 9 ]
a b .
(C d)-f_oo, ifcE+d=0.

13



To see that this defines an action, note that the above map & — g - £ is a composition of the Moebius

b if det 0
aéé;‘ + - and the map & — { g i ¢ dZtg; z 0" and that both are commuting

transformation & +—

actions of SL3(R) on PY(C).

The map g — g - z factors through SL;(R) /{zxId} = PGL,(R) := GL,(R)/R* and defines a double
cover of the group of isometries of $. The matrices in SL3(R) with negative determinant corresponds
to orientation reversing maps.

1.7 ExawmpLe: [Fixep poinTs] Let g = ( j Z ) € SL3(R) with det(g) = —1 and ¢ # 0. The fixed
points of g in R are given by
2
a-d 1 a+d
+ - +1 35
2c c ( 2 ) (3)

If tr(g) # O then g does not have fixed points in . If tr(g) = O then all points on the unique geodesic
connecting the two fixed points in R, as given by the above equation, are fixed points of g.

ErLaBoration: If det(g) < O then the fixed points of g are given by solutions of the equation
clz* +dz—az - b =0,

Hence on P!(R) the fixed points of g are given by (33).

By looking at the imaginary part of the above equation we see that: (d + a)lm(¢) = 0. Hence if
tr(g) # O then g has no fixed points in $. If tr(g) = 0, then plugging a + d = 0 back into the equation
we find the quadratic equation defining the axis of g. O

Following the example p(z) — hp(z)h we extend the action of left translation of SL;(R) on itself
to an action of SL; (R) on SL>(R) as follows, let g € SL; R), x € SLr(R):

{ gx, if detg =1,

gx( -1 1), if detg = —1. (36)

g x=

Note that the conjugation by w and ¥ as in [34] give different maps from the above action, indeed these
are shifted on the right by an element of K.

Similarly to () the actions on the upper half-plane and on the group can be related using the
Iwasawa decomposition. Indeed, after combining () and the conjugation by 4 in (34) we find, for
geSLi(R), z€%:

a b .
g P ko = p(g - 2) (Ko—(cz+a)™> g= ( . d ), + 1 = sign(det g).
We denote the pullback of ¢ by left translation with g € SL3(R) by |g, ¢|g(x) = ¢(gx). Suppose

det(g) = —1 then the map |g is not g-equivariant, indeed let X = ( Ccl _ba ) € slp(R) then:

—a

Xo|g:|gthh:|go( _“C -b )

and hence Wol|, = —Wol,and E* o |, = E¥ o|,. Combining W o |, = =W o |, with the bi-invariance
of w we see that:

g : Esk = Es—ts if det(g) = —1. (37

14



Reflections In the introduction we already noted that / : z — —Z is a reflection in the geodesic iR.q.
The map 4 is the unqiue reflection in iRy, as can be easily verified by computing the matrices that
have 0,7 and oo as fixed points. From Example it follows that g € SL3(R) is a reflection if and
only if det(g) = —1 and tr(g) = 0.

Let g € SL>(R) and define s, = ﬂghﬂgl, recall that 77, denotes a (chosen) matrix that satisfies (24)),
then s, is the unique reflection in the axis of g, as introduced in subsection @ It is easily verified
that a reflection s, commutes with /2 : z = —Z modulo +Id if and only if g = horif g =v:zm 1/Z.
Hence two reflections commute in PGL,(R) if and only if they are the same or if their axis intersect
perpendicularly.

1.8 Lemma: Let g € SL(R) be an hyperbolic element, then the reflection s, in the axis of g is given
by:
g-g!

Proor: Let g = ( Z’ Z ) thendet(g—g™") = —(a—d)> —4bc = 4—(a+d)* < 0. Since tr(g—g 1) =0

Sg=

it follows that \/‘5;_(;;21_4 has order two. Furthermore (g—g ')g = g(g—g~ '), hence g = (g—g™ ) 'g(g—

g~ "). It follows that the fixed points of g are fixed points of (g — g~!), and since

g—g"!
Vau(e)

it is the reflection in the axis of /. O

has order two

Let y € I" be an hyperbolic element. Combining and the fact that the Casimir operator w is a
bi-invariant differential operator, we find that

|sy : As,k(re)() - As,—k(syrsy,/\/)-

Hence |s, is a map between automorphic forms related to I' if s, normalises I, s,I's,, = I'. For such y
andfork=0ork=1, s # %Wedeﬁne:

ATV x) = {p € AT, x) © dlrg € E5). (38)

Tbe condition that an hyperbolic y € I satisfies s,I's, = I' is very strong. Therefore we study
the following slightly weaker property, but which will still be useful for our analysis, namely y and I'
such that I' and s,I's, are commensurable. Two Fuchsian groups I'y and I'; are commensurable if

I'y NI, is of finite index in both I'y, I';.

For such I'; the group I'} N I'; is a Fuchsian group as well. We define the commensurability group of
I' as follows:

Comm(T') = {y € SL3(R) : yI'y~! is commensurable with I'}.

If y € Comm(I') then A (', x) € Agx(I",x) for I" = T'n s,I's,. For such y and k = 0 or
k=1, s# % the space A (I, x) has a decomposition into symmetric automorphic forms with respct

to sy, as follows. Let Egg = Id, B, = s—ITE+~

Ak(T) CAZT )@ A (T, x), ¢ 5 (@ + 15yEsi)d. (¢ = 15yEsi)9)

Note that in general I # I'” and hence in the above equation equality doesn’t always hold.
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1.2.4 Group decompositions

Now we review two group decompositions of SL,(R). We know that any element g € SL,(R) may be
written as p(z)kg, where z € $. On $ the coordinates z = x + iy — (x,y) € R X R, on $ have already
been used. These coordinates may be lifted to SLo(R), indeed we have p(z) = n.«,, where

1 x 1/2
Ny = 1 , @y = y_1/2 , x eR, yeR,y.

Any element g € SLo(R) may be written as n,a,kg With x+iy = g-i, e = J(g, i), the triple g — (x,y, 6)

is called the Iwasawa coordinate of SLy(R). Furthermore SL>(R) = NAK with N = {( (1) >1k )} , A=

{( (t) t91 ) D> 0} which is called the Iwasawa decomposition.
The Iwasawa coordinates have the property that the map g — 7, g corresponds to the map (x,y, ) —
(x + x’,y,6). We now look for a decomposition that has a similar property with respect to the map
g > a,g, in order to study the left translation of automorphic forms by hyperbolic elements.

1.9 Lemma: On SL,(R) we have the following group decomposition, recall for the definition
of B,
SLy(R) = Ak(-n/4)AK = ABK,

and for each g € SL,(R) the notation g = affk with @ € A, B € B, k € K is unique.

Proor: Claim: let z € 9, then there exist ungiue ¢, ¢ > 0 such that

z=a(g""*)B, - i, where:

V[ A2 412 2 _ 12
Bi = k(=n/4)ax(r/4) = 5( A2 _ 12 12 12

Define g = |7), t = 'Z%, and note that r~! = 'ZlT_" Then ;i = % = 5 and hence z = a(qg' B, -i.
Uniqueness follows from the fact that the map ¢ — g, is a bijection between R.gand {z € $ : |z] = 1}.

Now set z = g - i. Then (a(q'/?)B;)"' g fixes i, and hence is a unique element Kk of K. Hence every
element ¢ € SLy(R) is of the form g = @ ,128(t)k(—n/4)a(t:)k(n + n/4) for unique g,7,7. Hence

SLo(R) = Ak(—n/4)AK. O

It turns out that the variable ¢ is not suitable for our study. To introduce the parametrization which
we will use in Lemma and subsection [3.2] we will first review the corresponding coordinate
system on $. Any z € $ is uniquely defined by g > 0, r € T\ {1}, T={ze€ C : |z] = 1} as follows

Z=qr', gq=[F e€Ru T=2eT-{1).

This is well-defined since the map z — z?
can be expressed directly in terms of g, T by z = ig'/*(-7)~
according to our choice of argument in ] — 7, 7[.

The Maass operators on $ in terms of ¢ and 7 are given as follows:

is an isomorphism between $ and C — R, . Elements z € $
172 the minus sign in front of 7 is included

20, = =10 + q0y4, Z0; = T0r + q0, 39)
Ef =(1-1)(q0, —10)+ %5, E; =(1-1"")(gd, +70;) - &. (40)
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On SL,(R) we define the following coordinate system:

g = alq"BIx) - (g, 7,1). 1)

If g = p(2)x(0) then the above parameters are given as follows:

. 2
r—1
q =P r=(—) -

29 I

o , n:6+}1arg(—§).

1/2 -
For the last equality note that § = 1 + arg(J(8;,i)~') = n + arg (—ié—l) ? n- }L arg(—%).

1.3 Real-analytic function theory
1.3.1 Fourier analysis of periodic functions

In this section we review how to decompose the following set of periodic functions in Ey,

0/2
Psilpx) = (6 € i = da(e)g) = x (&)} a(e) =( L ) (42)

relative toa y € C, |y] = 1 and p > 0. Here y is a constant, which we will later relate to the character
x of I.

From the above periodicity condition on functions ¢ € P;x(p, x) it follows that for n € C(p, x) = {n €
C : y = €} the integrand t > e P'¢ (a(e'?)g) is Z-periodic for every g € G. The elements of
C(p, x) are called the Fourier term orders and we define the n'" Fourierterm of ¢ as follows:

1
Fu(®)(8) = f e " p(a(e)g)dt.
0
From Fourier analysis, [Rud87, Chapter 9], it follows that the following sum converges point-wise

6= D, Fu@). (43)

neC(p,x)

Since ¢ is smooth and the integral is over a compact set, we have for any left-invariant differential
operator D that D¢ = 3,.cc(p.,) Fn(D¢) converges point-wise too. Hence (43) converges absolutely on
compact sets, and since ¢ is bounded the sum is absolutely convergent on the whole of .

The map F, satisfies the following,

Fu(9) (a(e")x) = ™ F(¢) (),

N N (44)
EZ Fn(¢) (x) = Fu(E™ ¢) (), for g € SLa(R)

because the integral in the definition of F,(¢) is over a compact set and the operator E* is left-
translation invariant. In particular it follows that F,(¢) is an element of the following linear space,
called the space of Fourier terms on G

Wspn = (& € Ei(G) | Yla(e’) = e™y). (45)

We denote the pullback of the action of x € Symm on functions on G by x*. From equation (28]
we see that 2" and v* send weight k functions to weight —k functions, and Fourier terms of order » to
order —n. Since Symm commutes with w we have maps between spaces of Fourier terms as follows:
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h* :Ws,k,n - Ws,—k,na
w :Ws,k,n - Ws,k,—na (46)
¥

v Wskn = Wk —n.

Similarly we derive the following commutation relations between F, and action of Symm,
hWoF,=F,oh", wWoF,=F_,ow", VoF,=F_,0V". a7

Fork=0ork=1and s # § we define W&, _ = Wy, N &%, following (30) and (32). We define

furthermore F; := F,, o (Id £ Eg4h*) = (Id = Eg4h*) o Fpy, recall Egp = Id and E ; = S__11/2E+ then:

Fy  Px(p.x) —» Wi

s,k.n®

1.10 ProrosiTion: The space Wi, is 2-dimensional, and fork = 0 andk = 1, s # % the space W;—“’k’n
are one-dimensional. A basis w*(s, k, n) for W:—tk,n can be chosen by: in the case k = 1 by normalizing
their values at the identity, and in the case of k = 0 by normalizing the values at the identity and the
values of the derivatives at the identity.

In subsection [3.2] we will relate Wy , to the solution space of a Gaussian hypergeometric differen-
tial equation and prove the above proposition. For the normalisation in the case of k = 1 see Lemma
[3.14] and for the case of k = 0 see [BLZ13] A.18].

1.11 Exawmeie: If E-¢ = 0 then E*F,¢ = F,E* = 0 as well. And F,¢ can be related to holomorphic
functions as in section [I.I.1] Indeed, we have F,¢(z,0) = y*¥(z) with ¢ a holomorphic function on

. in_k
$ satisfying y(e'z) = ™ */2"y(z). Hence ¢ must be a multiple of the function z > 7"~ 2, and the
Fourier decomposition of ¢ is given as follows

#(2) = Z a,7" 2 a,€eC.

n

1.3.2 Fourier analysis of automorphic forms

Given a hyperbolic element y € I, tr(y) > 2, then any ¢ € A (I, x) satisfies a periodicity condition
similar to equation @2)). If ©, € SLy(R) is a matrix satisfying (24) then the left translation of ¢ by
ny, 8§ & ¢(m, 8) = ¢lmy (g) satisfies @2) with y = x(y) and p such that tr(y) = 2 cosh(p). Hence for
given m,, we have n™-Fourierterm map at y:

F,o |7Ty : As,k(r’/\/) - Ws,k,na

where n € C(y,x) :={n € C : x(y) = e")}.

The following theorem shows that each automorphic form has a Fourier decomposition along
any hyperbolic y € I" using the two basis Fourier terms w;k’n(x) and w:—:k,n(x). If s, belongs to the
commensurator group of I, then each of the two Fourier series corresponding to the (anti-)symmetric
Fourier terms defines an automorphic form.

1.12 THEOREM: [LOCAL DIMENSION ONE THEOREM FOR THE WEIGHTS ZERO AND ONE]
Letk=0ork=1ands # %, and let ¢ € Alylf (T, x) see (38). Then the Fourier decomposition of ¢
allong a primitive hyperbolic elementy € I is given by:

b= D awd,(x)

neC(y.x)

where the sum is absolutely convergent on G.

18



This is a local dimension one theorem: if an automorphic form ¢ is an eigenfunction of s, then
the Fourier terms of ¢ must lie in a one-dimensional subspace of W ,. The locality comes from the
fact that a non-zero automorphic form can’t be, in general, an eigenfunction of s, for more then one
v at the same time.

1.3.3 Review of Fourier analysis along interior points

Similarly we can define a Fourier integral operator allong the group K. Let ¢ € &y, then we define
the n'"-Fourier term of ¢ at i as follows:

1
Fl(¢)(g) = fo e M p(k(0r)g)d,

where n = k mod 2. Because the integral is over a compact set, we may change the differentiation
with integration, and hence F¢' maps into &;. Furthermore the image of F&!! is contained in

Wse,lllc,n = {¢ € 83,]{ : ¢W = ln¢}
Similarly as before, the following sum is absolutely convergent on $:

o= F.

nez

1.13 ExampLE: [HoLomorPHIC FOURIER TERMS] If ¢ € &, satisfies E~¢ = 0, then E"F,¢ =
F,E=¢ = 0 as well. Hence F,¢(z,0) = y*y¥(z) with ¢ a holomorphic function on $ satisfying
WY(koz) = (= sin()z + 008(9))"!#({,)6-

Using the identity xp - z + i = Z + 1) we see that ¢y must be a multiple of:

¢ (
—sin(#)z+cos(d)

i\ (n1=k)/2
Z—1
N e N

Z+1
1.14 ProrosiTioN: The space W;’lll , 1s one-dimensional.

Proor: A basis for functions on G \ K satisfying oW = ing and W¢ = ik, we = s(1 — s)¢ is given
in [Bru94, 4.2.9]. One function has singularity at 1 and the other function extends to a function on G
and is an element of &y, see [Bru94, 4.2.11]. O

1.15 THEOREM: [DIMENSION ONE THEOREM FOR THE ELLIPTIC CASE] If ¢ € A ([, x) and z € $ then

(Fy o |p(2)) ¢ is an element of the one-dimensional space Wflli 0

This a local dimension one theorem, since automorphic forms ¢ € A (T, ) are regular on the
whole of $ the image of the Fourier map F,, ; = F, o|p(z) will always be in the same one-dimensional
space of bounded Fourier terms no matter at which point z it is taken.

2 Representation theory

In the first subsection we review the space L>(I'\G, x, k) and what restrictions the inner product lies on
the space A x(I', x). In the second subsection we review the representation theory of Lie-algebras and
we consider the decomposition of A*-invariant g-modules into modules of (anti-)symmetric vectors.
In the last subsection we relate the representation theory of the Lie algebra s, to the representation
theory of the group SL,(R).
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2.1 Unitary structure
2.1.1 Invariant integration

Since the weights are real and characters y unitary, complex conjugation ¢ — ¢ sends I)lg—F invariant

-1
functions on $ to ¥ . -1 invariant functions. In particular for any pair of r,:—l" invariant functions ¢, ¥
the function ¢y is |o-I'-invariant, and may be integrated over the coset space I'\$.

The measure u on $ defined by:

_dxNdy 2,dz/\a’Z

d —2i ,
K y? (z—2)?

is a SLy(R)-invariant measure, as can be seen from (12).

Any continuous ['-invariant function f on £ is determined by it’s values on a fundamental region
¥, that is an open connected set 7 such that: ¥ N (I" - z) contains at most one point for any z € $ and
the complement of I' - ¥ in Hhas zero volume. See [Kat92, 3.2.2] for a construction of fundamental
regions. The integration over the coset space I'\$ of f is defined as follows

f f(@) du(z) = f f(2) du(z).
ns 7

From measure theory [Kat92, 3.1.1] we know that this integral does not depend on the choice of
fundamental regions. The integral is invariant with respect to left translation: fm} f(g-2)du(z) =
fg g f(@) du(z) = fr\sj f(2) du(z) since if F is a fundamental set for I then so is g~! - F for any
g € SLy(R).

The space C(I'\ 9, k, x) of continuous I’]t—l“—invariant functions has an inner product, given for ¢, €
C(T\9, k) by

GRS f P(Y(2) du(z).
ny

The completion of C(I'\9, &, x) with respect to this inner product is denoted L*(T\$, k, X)-

From the isomorphism p — p-i between the analytical varieties P and $ it follows that the measure

dp = d)y‘fy on P in the Iwasawa coordinates is left invariant for the group P. From the commutation

relation i@, = a1y, it follows that the modular character Ap of P is given by Ap(p(z)) = y‘l. On
K := SOy(R) we denote the Haar measure by df8/2x, normalised such that SO,(R) has volume 1.
The unique Haar measure on SL,(R) that restricts to the above Haar measures of K and P and such
that K has measure 1 is given by dg = dp% = %g—ﬁ. Left invariance is easily verified using the
commutation relation (). The measure is also right invariant, because the group SL,(R) is unimodular
since there exists no group homomorphisms of SL,(R) into the positive reals.

Similarly there is a inner product (,) on C(I'\G, y) on the space of integrable |¥-I"-invariant func-

tions
(p,4) = fr \G¢<g>@dg= L fK PPV (P Ldu(z), ¢, ¥ € CM\G,y),  (48)

The completion with respect to this inner product is denoted L>(I'\G, y). The subspace of weight k
functions inside LZ(F\G, ) is denoted L*(T\G, X-k). Since I'\G is compact we have A, (I'\G, x) C
L*T\G, y).
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The action of SL>(R) on L>(T'\G, x) by right translation is unitary with respect to this inner prod-
uct:

&lp, gly) = <&, ¥), Vg € SLa(R), glg(x) = ¢(xg). (49)
2.1 ProrosriTioN: The space A (I, x) is finite-dimensional.

Proor: The proof is taken from [Bor97, Theorem 8.5].

According to [Bor97, Lemma 8.3] closed subspaces of L>(I'\ $, x) consisting of essentially bounded
functions must be finite dimensional. Since |y| = 1 the space A, (I, ) consists of bounded functions
on 9.

To see A;x(T, x) is closed in the L2-topology, let ¢, be a sequence in A (T, ) converging to
¢ € L*(I'\G, k, ) in the L>-topology. Then since I'\G has finite volume, the sequence ¢, converges to
¢ as distributions on the space C°(G). Hence if ¢, € A (I, x) then wo = A9, W¢ = ik¢ weakly.
By elliptic regularity ¢ is real-analytic, and is an element of A, (I, x). Hence A, (T, x) is closed in
the L*-topology. O

2.1.2 Spectral restrictions for unitary g-modules

If the space A x(I'\G, y) is non-empty then (s, k) must belong to a certain set, which we will review
now.

The derived action of g on L*(G) is unitary, indeed after replacing g with exp(¢X) in equation (@9)
we find for differentiable ¢:

(Xo,¢) + (¢, X¢) = 0, VX € sh(R).

From the unitary property it follows that (E*)* = (H +iV)* = —H + —i(-V) = —E~. It follows
that —E*E™ is a non-negative operator and from the decomposition (I3) it follows that w — @(1 - @)
when restricted to weight k functions is non-negative too.

Iterating the Maass operator on a function ¢ € &, (9), we see that for any / with / = k mod 2 the
function

(EH)7, whenl—kz=0,

= (50)
(E7)Z, whenl-k<0.

Lk 1=k
Vl(¢)::E2¢7 E2:{

is an element of &;;(9).

2.2 Lemma: Suppose ¢ € A (I\G, x) then

s 7+ RU o), ife=1,
3 +iRUIZ(0U10,1[,  ife=0.
with € the parity of k and Zo(k) ={{€Z : [ =k mod 2, || < |k|}.

Proor: Let € denote the parity of k. If ve(¢) = O then there is an [/ € (k) such that vi(¢) # O but
E¥v(¢) = 0 with + = sign(/). This shows that A = (1 ¥ £) and hence s € {5, 1 F £} € $Zo(k).

If ve(¢) is non-zero then it is a non-zero eigenfunction of the positive operator L, — 54—2, and hence
A> . It follows that s € (§ +iR) U [0, 1 - e]. o

In Theorem [2.15| we will prove that for each pair (s, k) satisfying the above conditions, there is a
unitary g-module V and a ¢ € V such that ¢ has weight k and eigenvalue s(1 — s) with respect to w.
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2.1.3 Discreteness of the spectrum for automorphic g-modules

In this section we study the following integral operator on the space L2(I'\G, x, k), let ¢ € C°(G) and
define

(P(@®)f)(g) = fG () f(gh) dh = ( fG o(h) (p(h) f) dh) (&)

This is a bounded operator on L*(T'\G, X, k):

@) fII* = (o) £.0(8) f)
= fG fG $(2)p(h)p(g) fp(h) fHdgdh,

< fG fG 162800 [o(g) f.0(h) fldsgdh,

2
2
< ( fG |¢<g>|dg) AP

since [{p(g) f,ph) )] < llp(g) flllle(h) fIl = IIfI> by the Cauchy-Schwarz inequality and the fact that

p(g) is unitary.
The operator p(¢), ¢ € C°(G) satisfies the following identities, which we leave to the reader to

verify,

p(®)* = p(¢"), where ¢*(g) = ¢(g™"),
~X(p(®)f) = p(¢X)f, VX € sh(R), f € LAT\G,x,k),
w(p(@)f) = p@)(wf), Vf e CO(T\G,x, k).

2.3 Lemma: The operator p(¢) is a Hilbert-Schmidt operator.

Proor: We have
(0()f)(g) = fG FUidig™"h) dh,

= [ 3 romots™ v n

yell

= f (WK (g, h) dh.
F

Where

K(g.h) = Y x()e(g"'yh), g.heG.
yel

Since ¢ is compactly supported it follows that for fixed g, 4 € G the sum is non-zero for only a finite
number of y € I', hence K is a continuous function on I'\'G X I'G and Lz—integrable since I'\G is
compact. O

2.4 Tuaeorem: For each ¢ € C.(G) the space L*('\G, x. k) is a countable direct sum of eigenspaces
of p(¢), the eigenspaces for nonzero eigenvalues are finite-dimensional.
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Proor: In [Bum97, Theorem 2.3.2] it is proven that Hilbert-Schmidt operators are compact, and hence
p(¢) is a compact operator. The result follows from the spectral theorem for compact operators,
[Bum97, Theorem 2.3.1]. O

A Dirac-sequence is a sequence of functions ¢, such that
i. ¢, =0onG, forall n,

ii. [, @a(g) dg) = 1, forall n,
iti. for each neighborhood V of e there exists an N such that supp(¢,) C V for all n > N.

Then, [Bor97, 13.1.iii],

pGu) f = f. (51)
We may choose a Dirac-sequence such that all the ¢,, are self-adjoint.

2.5 Tuaeorem: The space L*(T'\G, y, k) has a Hilbert space basis consisting of countably many
eigenfunctions of w. In particular the automorphic forms lie dense in the space L>(T'\G, y). The
spectrum of w in L>(T'\G, , k) is countable with finite multiplicities.

Proor: [Bor97][13.4] Let ¢,, be a self-adjoint Dirac-sequence. Then the finite dimensional eigenspaces
of the ¢,, n € N span L*(I'\G, y, k), otherwise there exists f € L*(I'\G, x, k) satistying p(¢,) f = 0
for all n, but this contradicts (5.

Let E be a finite dimensional eigenspace of a ¢,. Since w commutes with p(¢,), w leaves E
invariant and since w is self-adjoint E has a basis of eigenfunctions of w. Because E consists of
weight k functions E has a basis of automorphic forms. Hence L*(I'\G, x, k) has a countable basis of
automorphic forms.

The linear space of automorphic forms in L*>(I'\G, y, k) of a given eigenvalue are finite-dimensional
by Proposition [2.1] hence the spectrum of w has finite multiplicities. O

2.2 Admissible modules

In this section we review representations of g by means of the right derived action of smooth functions
on G, especially functions that are I" invariant on the left.

In this thesis we only consider g-modules V that are admissible, V is admissible if V is spanned by
its weight spaces V; :={p eV : W¢ = i%([)}, | € Z and that the weight spaces are finite dimensional.
An automorphic g-module is a g-submodule V of L*(T'\G, ) which is admissible.

2.2.1 Cyclic g-modules

For a weight eigenfunction ¢ € &;x(G) the space (lef = U@Q) f ={Xf : X € U(g)}is an
automorphic g-module, with the same parity and spectral parameter as ¢ and if ¢ is automorphic then
so is VK.

A g-module of the form V = U(g) ¢ for some ¢ € V is called cyclic. If a g-module contains no nonzero
g-invariant submodules it is called irreducible. Irreducibility is stronger than the cyclic property,
indeed a module is irreducible if and only if every vector is cyclic.
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Every unitary g-module V can be decomposed into a direct sum of cyclic g-modules. Indeed, the
Casismir operator restricts to a self-adjoint operator of each weight space V. Hence Vi decomposes
into an eigenspaces Vi(s) of w of eigenvalue s(1 — s), and

V= EB @ V(s,e), V(s,€) = @ Vi(s).

s =0l kzeker%od 2

It now suffices to give cyclic vectors for the spaces V(s, €). If 25 ¢ Z then any set of basis vectors ¢;
of a weight space V;, [ = € mod 2 is a set of cyclic vectors for V(s, €), and V(s, €) = @Vg If2seZ
then one needs to consider weight spaces Vi and V_; such that £ > max(s, 1 — s).

If all the functions in an admissible module V have the eigenvalue s(1 — s) with respect to the
Casimir operator and weights with parity € we call s the spectral parameter of V and € the parity of V.

Let V be an admissible module module with spectral parameter s and parity €. If 2s ¢ Z then E*
is an inverible operator on V. If 0 < 2s = [ € Z and € = [ mod 2, then the operator E (respectively
E*) is not invertible on V; and V;_; (respectively V;_, and V_;. The latter situation is described in the
following picture:

ker(E +\ ker(E +\

Vlz

T e T T T
er(E7) er(E™)

2.6 Lemma: Let f € Egy, then

V§ = span(vi(f) : [=k mod 2),
=C-v(f)

Proor: From (Z1) it follows that E*E™ = iTW(l F %) — w. Since each function of the form Y7 ...Y, f
with Y; € {W, E*, E™} is an eigenfunction of both W (see (I9)) and w it follows that the function is
also an eigenfunction of E*E*. Suppose ¢ = Y;...Y, f is such a function and there is a j < n such
that Yj = Wor Yj_le = E*E™", Then ¢ = VYl...Yj_le+1...Ynf0rl// = VY]...YJ'_QYj+1...Ynf,
where v is the eigenvalue of W or E*E™ depending on whether ¥; = W or Y; = E¥ with respect
to Yj,1...Y,f. Repeating this process of removing occurrences of W and E*E¥ shows that ¢ is a
complex multiple of v;(¢) for some / = k mod 2. This shows that (fo is the complex linear span of
the v;(f).

The nonzero v;(f) are linearly independent for different /, since they are eigenfunctions of W
with distinct eigenvalues. It follows that non-trivial finite linear combinations of the v;(f) cannot be
eigenfunctions of W and that the eigenspace of eigenvalue / of W inside ‘fo is equal to Cv;(f). O

If 25 # k mod 2 then E* is always invertible on &, see (2I). For such f the module ij is
always irreducible, since it is generated by E' f, [ € Z. But if 2s = k mod 2 then V;( may contain
proper g-invariant sub-module, since E* may have a non-trivial kernel. For irreducible (ij with
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€ Ex and 25 =k mod 2, it follows that 20-(W|VEK) is either one of the following sets:
f , i f £

St=ineZ: 120 n-120)
07 _9) — .9 _
-2 =(neZ : 1Zn [1-nl <),

SD=neZ: 12n n+l<0)

Note that the operator E* is not invertible in a g-module V if and only if s € %Z, vectors v € V for
which E*v = 0 are called highest respectively lowest weight vectors. The operator E* is an invertible
operator if and only if s # % and Re(s) = % or 0 < s < 1 in this case the module V doesn’t have any
lowest or highest weight vectors.

If all eigenvectors of iW in V have the same parity € then we call € the parity of V. Similarly, if
all vectors in V are eigenvectors of w of eigenvale s(1 — s) then we call s the spectral parameter of V.

All unitary admissible g-modules can be decomposed into g-modules of the above form. From the
commutation relation in equation (I9) it follows that E* : V; — V.. Hence Ve 1= @r=¢ mod 2 Vk is
a g-submodule of V and V = Vy @ V. Since w lies in the center of T(g) it is a map between weight
spaces, w : V; — V,. Since w is self-adjoint and V; is finite dimensional the space V; is spanned
by the eigenvectors of w and therefore V is spanned by the eigenvectors of w. Since eigenvectors of
different eigenvalue of w are linearly independent it follows that V is the direct sum of the submodules
{peV : wp=s(l-s)p}inV.

2.2.2 Symmetric functions in &

In this section we consider functions in & that are symmetric with respect to 4 € Symm. The map h*
is not a linear map of the space &, for non-zero k, therefore we consider the map Ek. Esk = Es—k
as WGHEI We define the space of (anti-)symmetric functions as follows. Let € denote the parity of :

Eip=1p €& o ¢ = B0}, Esx = (-1 9”B(s)"'E™, and:

() (1= ) .
Bi(s) = ] 3 ] 5 ] 1. 1§ even,
T (4~ s (5~ D
7S 2 2
where (a), is the Pochhammer symbol defined by: (a), = a(a+1)...(a+n—-1), ap =1foraeC, n e
Zso. Compare with E; and &; as defined in (30) and (32).
Note that By(1 — s) = (=1)¢By(s) and hence we have

Sik = ST—s,k if k is even,
Sik = 8-1T—s,k if k is odd.
In the following we will prove that the spaces 8: k and 8; X decompose &,y and that this decom-

position is equivariant for the action of the Maass operators E*. First we will need the following
technical lemma.

3Recall the convention introduced in (50).
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2.7 LemMmA: Letk € Z and denote by e the parity of k. We have, as an operator on &g, that:

_ 2e
E'E™ =(s-3) [sIj[1 - sly,  where:
n-2
la,:= [] @+, lao=1, Va € C, n € Zso, and € the parity of n.

m=¢’
m=n mod 2

Proor: We will need the following identities on the space &, for / > 0, as follows from (I3),

EY(E) = —<s+§—1>(1—s+2 1)(E~ >“=—<s—i>(1—s—§>(E‘>l“

52
E(ENY =-s+5-DA-s+i-DEH " =-(s-H1 - s-LEH! 62)

If k = 0 then E°E™® = Id and [s]o[1 — s]o = 1 by definition. If k = 1 then E*E~ equals —(s — 3)(1 —
s — %) = Bi(s) on &;,1. Hence the result holds for k = 0, 1.
To start induction suppose the claim holds for k£ — 2.

If E* : Egp—2 — &y is not invertible, then (s — ’5‘)(1 -5 - %) = 0 as follows from (I3). Hence
Bi(s) = 0 and from (52) it follows that on E;; we have EXE™* = E¥YEYE* = —(s - %)(1 -5 -
EYESIEL — k = 0. Hence EXE™* = By(s)

Now assume that E* : E;4-2 — &gy is invertible. Then E;x = E*E;x—» and we may write any
Wy € Egpasy = ET¢ with ¢ € E;x—o. For such ¢ = E*¢ we have:

E'E ™y = ETETEDY (ETP) = (s - 51 - s - HEFTEF(EYg),  according to (52),
= (—(s - )(1 -5 - 2)) EYEF2E> kg according to (I3),

= (s = B)1 = s = B E*(s = LTl - 5T p0
= (s = )" [sIi 1 = sTy.

Hence by induction E¥E~* = [s] [1— sl on Egk.
If k < O then, since h*E* = E¥h* and (h*)? = 1, we have

The number [a],, can be related to the Pochhammer symbol as follows

2
[al, = I_I(Cl +m)=(a)n, if k is even,

m=0 2

n—1
n—1 2

lah= [] @-i+H=[J@-1+0. if k is odd,

m70m=1§od2 =1

=(a-Ha -1
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2.8 ProrosiTioN: The maps h* and E ;. satisfy

Es_xh* ifk is even,

* 2 _ * =
(WEsp)” =1, hEgy = { —Ey_yh* ifkis odd,

Proor: We have:

W = (DB W E™

= (=D)*92B_ (s) L EFR*, since Bi(s) = B_i(s), i"E* = E¥I",
[ Es—h* ifkiseven, since (—1)K/2 = (=1)7%/2,
N { —E,—«h* if kis odd, since (—1)*D/2 = —(—1)k=D/2,
And hence:
(B*Esi)” = (B*)(=1)Bs 4By
= Bi(s)2EFE7K, since (h*)? = 1,
=1, since EXE™* = Bk(s)z.

Note that from the above proposition it follows that
h ka — 8?,{, if k is even,
h* e Ss—k - ka, if k is odd.
29 Lemma: We have &y = 8+ EBS‘ .

Proor: The elements of &* Sk are precisely the eigenvectors in &, of the operator h*E ;. of eigenvalue
1, henceSJr N&,, {O} and &7 ®E ;€S

Let ¢ € & and deﬁne ¢ ¢+hE‘k¢ . Then ¢* € 8+k since (h*Ex)*> = 1 and ¢ = ¢* + ¢~. Hence
Esk =&, 0E . m]
2.10 ProrosiTion: The Maass operators act as follows
E*: &5 — &
Proor: We have for k > 0 on the space E;
EsisnE" = (=D*292B () (ED)EY
= (s + 51 =5+ HEDE2 BT ED, see (T3),
= E-(-D)"92By(s)"(ED) = EEyy
E'Egx = (-D* 2By EX(ED)
= (s =51 -5 - 5H(-DER2 g EH, see (52),
= (D" 2B () T HED TPET = ~EgpaE

Hence E* commutes with the operator /*Eyy, and since &7, is the +1-eigenspace of this operator the
lemma follows. O

Now we can define W+ , and F;; for all weights: if Bi(s) # O then we define W+ = 8+ N Wik
and F; := F, o (Id £ Ej, kh ) We can now state the extension of Proposition _ to all welghts

2.11 ProrosiTion: If Bi(s) # O then the space Ws—kn is one-dimensional.

This will be proven in subsection[3.2]
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2.3 Classification of g-modules

In this section we review a bijection between admissible g-modules and G-representations, which will
be used to apply the classification of G-representations to that of g-modules.

2.12 ProrosIiTION: Let H be a unitary representation of G. Then H has a decomposition as a Hilbert
space direct sum @z Hy, where Hy = {f € H : p(kg)f = e f}.

[Bum97., Proposition 2.3.2]
If H is a representation of G then we define

H™ = {f € H : K f generates a finite dimensional subspace of H}.

A unitary representation H of G is called admissible if the weight spaces Hj are finite dimensional.
For admissible unitary representations H we have H™" = eazlegZHk, here @'2 means the algebraic direct
sum: the space of vectors in H whose projection on only a finite number of Hj is non-zero, see
[Bum97, Proposition 2.4.4].

2.13 Prorosition: The following mutually inverse operations define a bijection between g-modules
and group representations.

i. If'V is a unitary admissible g-module on G then the closure of V in the norm topology induced
by the inner product is an unitary admissible group representation.

ii. If H is an unitary admissible group representation then the set of K-finite vectors in H is an
unitary admissible Lie algebra representation.

Proor: The closure of a unitary admissible g-module is G-invariant, see [Lan75, VI.1 Theorem 1],
and hence is a G-representation. The set of K-finite vectors is the set of weight functions, see [Lan75,
VI.1 page 25], hence the G-representation is admissible.

See [Bum97, Prop. 2.4.5] for the second part. O

2.14 Prorosrtion: Irreducible unitary g-modules correspond to irreducible unitary G-representations,
under the bijection described in the previous proposition.

Proor: Irreducible unitary G-representations are admissible, a proof may be found in [Lan75, II.1
Theorem 2]. Hence the bijection of the previous proposition are well-defined on the set irreducible
unitary G-representations.

Suppose H is an irreducible unitary G-representation and let V # H'™ be a g-invariant subspace.
Then the closure of V is a proper G-invariant closed subspace of H and hence must be {0}. Hence H'™"
is irreducible.

Similarly one proves that if V is an irreducible unitary g-module then the closure is an irreducible
unitary G-representation. O

If H is an irreducible unitary G representation then, since the g-module has a parity and w has a
unique eigenvalue s(1 — s) in H, H has a parity and a spectral parameter. In the following theorem we
will review that the pair (s, €) modulo s — 1 — s is a unitary isomorphism invariant for representations
of G.

2.15 Taeorem: The following is a complete list of the isomorphism classes of irreducible unitary
representations of SL,(R)
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i. The unitary principal series, of both even and odd parities and Re(s) = %, s # %
ii. The complementary series, of even parity and0 < s < 1, s # %

iii. D7 The holomorphic and anti-holomorphic discrete seriesﬂ of both even and odd parities, 2s =
€ mod 2.

iv. F1 The 1-dimensional representation.

The case e = 1 = 2s is the only class of representations that doesn’t have a representative inside
L?(G), for this reason some authors call this representation class the mock discrete series, for example
[Lan75].

The one-dimensional representation class 9 is the only unitary finite dimensional representation of
G.

See [Bum97, Theorem 2.6.7]
The following table shows which weights occur for the holomorphic and anti-holomorphic dis-
crete series D7 and the finite dimensional representation #7:

In Lemma [2.2] we’ve seen that in a representation of G the eigenvalues of W and w must satisfy
certain rules. The above theorem states that for every (s, k) satisfying those rules there exists an
irreducible unitary representation. Only countably many unitary representations of SL,(R) will occur
as a representation in L?(I'\G, ), as proven in Theorem

3 Fourier terms

In this section we analyze the space of Fourier terms W , in more detail. In the first section we will
review the theory of boundary behavior and how this defines a splitting of Wy ,. In the last section
we related the space W, to the solution space of a hypergeometric differential equation and give a
proof of Proposition|1.10

3.1 Splitting of W, ,
3.1.1 Boundary behavior

Let I c R be an open subset. We define the space of boundary eigenfunctions as follows

Esk(D: D) ={p € Ex(H) : 7+ y () extends to a neighborhood of 7 in C in a real-analytic way},

(53)

Esi(l) = {p € Esk(G) 1 2 P(p(2)) € Ei(D; D} (54)
The Maass operators maps boundary functions to boundary functions:

E* 1 E (D) = Egpan(D). (55)

“Note that in this case we have two non-isomorphic representations corresponding to (é, €)
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Indeed, suppose a is a real-analytic on a neighborhood of /, then from the following relation
Efy'az) =y (s £ % £ (2 - 205)a(2), ot =0,, 07 =0, (56)

we see that E* maps y* times real-analytic functions to y* times real analytic functions. Because E*
generate g it follows that & E; (1) is a g-submodule of & E; .

3.1 Lemma: Ifs # % the two spaces E; ; (1) and &1 x(I) have zero intersection.

Proor: Suppose ¢(p(2)) = y*a(z) = y'=*b(z) with a and b(z) = real analytic on a neighborhood of 1.
Let xo € I and consider the power series expansion of a(z) = 33, @nm(z — X0)"(Z — xp)™ around xo,
similarly for b. After replacing s with 1 — s, if needed, we may assume that Re(2s — 1) > 0. Then
lim,_,o [y**~1| € {0, 1}. From the relation y**~'5(z) = a(z) evaluated at z = xq it follows that

a(x0) = a0 = im y*™' 3" by u(z = x0)'"(z = x0)".
X0

n,m

The limit on the right hand side equals a(xp) and hence must exist, but since 2s — 1 # 0 the only
possible limit is zero. Hence agg = 0.
Let r,l € Z5(, we will now repeat the above technique to show that a,; = 0. We have,

Zl(Z) — (E+)r(E—)l|9:0a(Z)eik9 — (E+)V(E—)l’6:0yzs—] b(z)eike — y2S—1 E(Z)eike,

where b is a real analytic function on a neighborhood of I as follows equation (56).

Again we evaluate this equation at z = x9. We have a(xp) = Ca,; where C is a non-zero
constant depending on a,k,r,l. And the right hand side equals zero, since only possible limit of
lim,_, yzs_ll;(z) is zero. Hence a,; = 0 for any r,/ € Zyg it follows that a is zero, and hence ¢ is
zero. O

3.1.2 The spaces WX, and W&, .

We define Wf’k’n as the intersection of Wy, and &;x(R.p), and WSL’k,n as the intersection of Wy , and
Esk(Roo).

3.2 PROPOSITION:
If 25 ¢ Z<o then the space Wfkn is one-dimensional and there exists a unique function uX(s, k, n) in

Wfkn such that
li_r)l}y_suR(s, k,n)=1.

Similarly for WSLk 0
This proposition will be proven in section [3.2]

— R R
- Wl—s,k,n ® Ws,k,n'

® Wk

s.k.n

3.3 CoroLrarY: If2s ¢ Z then Wy, = WlL_S n

L
1-s.k.n

Proor: According to Proposition both spaces W and Wstn are non-empty and according

to Lemma , have zero intersection. And similarly for Wf_s ., and Wfkn. The space Wiy, is
two-dimensional, as will be proven in Lemma [3.12] the lemma follows. i

3.4 LemmaA: Let2s ¢ Z<g then

E* (s, k,n) = (s + %),uR(s,k +2,n), E*ul(s,k,n)=(s+ %),uL(s,k +2,n).
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Proor: From equation (36) it follows that y*E*1R/L(s,k,n) = s + & + O(y), hence

lirrll YO E* R (s,k,n) = s+ £
—

Since EiuR(s, k,n) € WfkiZ ,» We have according to Propositionthat EiuR(s, k,n)=(s =+ %),uR(s, k +2,n).
Similarly for u!(s, k, n). O

3.5 CororLLArY: If2s =k mod 2 and 0 < s < |k| then
WR(s,k,n) = Wh(s, k,n) c s (R).

Proor: If | = 2s then according to the previous Lemma E‘,uR(s, Ln) =0 = E‘yL(s, [,n). Then,
following the discussion on holomorphic Fourier terms on page[I.T1] both functions are a multiple of
yl/zzi”_l/zeile. Therefore WR(s, I,n) = Wh(s,I,n)if 2s = I > 0. Now suppose k > s > 0. Since E* is an
invertible operator on & if 0 < s < k we have that WR(s, k,n) = EX'WR(s,1,n) = EX'WE(s,1,n) =
WL(s, k,n).

The case k < —s follows similarly, using anti-holomorphic Fourier terms. O

3.6 Lemma: The following is a list of bounded Fourier terms:
i. 0 <Re(s) <1, in which case all functions in W, are bounded on 9,
ii. ifRe(s) >0 and2s =k mod 2, 2|s| < |k| then uR(s, k,n) = u*(s, k, n) is bounded on $.

Proor: In the proof of this lemma We will work with functions on $. The function z — y* is bounded
near R if and only if Re(s) > 0.

The fourier term /J"i kn is the product of a bounded function near R.o and the function z — y*.
Hence ,uf, kn is bounded near R if and only if Re(s) > 0. Similarly for ,uf, ., Dear Rop.

IfO<Re(s) <1, s# % then both ,uli kn and ,u’f_s’k’n are bounded near R, since these functions
are a basis of Wy, all functions in Wy, are bounded near R.o. Similarly using the ul-functions one
argues that all functions in Wy, are bounded near R.y. Hence all functions in Wy, are bounded
near R*, and since V¢ > 0 we have |¢|a(?)| = |§| for any ¢ € Wi, it follows that all functions in Wy,
are bounded on $.

If Re(s) > 1 then ,ulff I;’k’n is not bounded on $. Hence p’i kn is bounded on the whole of & if
and only if it is a complex multiple of ,uf gn In view of Lemma this is only possible if 2s = k
mod 2, 2|s| < |k]. O

3.1.3 Symmetry group

We now compute the action of Symm, see (1.2.2)), on the X and u” functions. Recall that we denote
the pullback action of x € Symm on functions on G by x*.

3.7 LEMMA:
* ., R L
Wt (s, k,n) — (s, —k,n), 67
w* s uR(s, k,n) — ™2l (s, k, —n), (58)
v uR(s, k n) — e 2R (s, -k, —n). (59)
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Proor: From (34) we see that & interchanges the boundary components R and Rg. Let yia(z)e e

E;sk(R5p), then since Im(—Z) = y we have
h*(y’a(2)) = y'a(-2)

and z — a(—7) is real analytic on a neighborhood of R.y. Hence /" is a map E;x(Rs0) — E;-r(R<o)
and from (#6) it now follows that 2* : WX~ — WE
Similarly w interchanges the boundary components R.o and R.y. We have for y*a(z)e®® e
Esk(R>0)

w* (¥'a(p(2))) = Im(=1/2)" a(p(-1/2) (‘%)m
S |1.1—=28 z\k/2
=y 17 (=) a(p(=1/2)).

Hence if a is real analytic on a neighborhood of R.q then y™* h*(y*a(p(z))) is a real-analytic on a
\k/2
neighborhood of R, since 2|72 (—ﬁ) / is real analytic on R*, and w* is a map E; x(R>0) — Esx(R<o).

If a(1) = 1 then w*(a) (—1) = ¢”*/2, and the result follows from the second equation of (@6).
The case v* = (hv)* = h*v* now follows after combining #* and w*. O

3.8 Lemma: If2s ¢ Z.q and By(s) # 0, then
R (s, k,n) £ (s, kon) € W, (60)

Proor: Using Lemma [3.4) we see that E*uf/L(s, 7l,n) = (s — H)uR/E(s, %(1 - 2),n), and hence for
k> 0:

k
E¥* Rt (s, xk, n) = (s — DY u®E (s, Tk, n) (61)
2
Izk[7??d2
k k=2
=| [ 6=-D|| [] e+ s 5mn (62)
I=k mod 2 I=k mod 2
1=2-€ I=€
k=2
=| [ - =s+DH|ishe™ s, 5k, (63)
I=k mod 2
I=—€
= (=D%92(s = D1 = sllsle (s, %k, ) (64)
= (=D®O2By(s) (s, %k, n) (65)

Hence for k € Z we have Es,k,uR/L(s, k,n) = yR/L(s, —k,n) and h*,uR/L(s, k,n) = yL/R(s, —k,n), see
Lemma Hence (" (s, k,n) £ u*(s,k,n) € W¥_ . o

3.2 Hypergeometric functions
3.2.1 The hypergeometric differential equation
Recall {#3) that elements ¢ in Wy, satisfy

¢(exp(tH)g exp(8W)) = ™ ¢(g)e™”. (66)
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The space of all (real-analytic) functions ¢ on G that satisfy the above transformation condition is
isomorphic to the space of (real-analytic) functions on T — {1}, T = {z € C : |z| = 1}. Indeed define

Dk n(p(2)kg) = Zin(g)seikg

then @ is nowhere zero on G and W® = ik®, O|H = in®, hence ¢ = @F for some unique F which in
the coordinates (@1)) is a function of 7 alone.

The function @ has been chosen in such a way that the action of w — s(1 — 5) on ¢ can be related to
the action of

Dyc(a,b,c) = (1 — 7)6% +(c—-1(1+a+b)d.—ab 67)

on F, as will be shown in the next proposition. The operator Dgg(a, b, c) is the well-known Gaussian
hypergeometric operator.We define

Hyin = {F € CXT\{1}) : Dug(s—in,s =% 1—in-%)F =0}.
3.9 ProrositioN: The map Lo(s,k,n) : Hypn — Wik, defined by
Lo(s,k,n)(F) (2,6) = Dy yu(z. O)F(2)
is a linear bijection.
Proor: Using (56) it is easily verified that @, , satisfies:
E Qspn = (5= 5)Psh20n
E*®, 4 u(p@)Kg) = (& + in+ (s = in)2) Dy geran(p(2)Ke).

Combining these two equations we also get:

(68)

(@ =51 = $)Dypn = (~EYE" = (s = 5)(1 = 5 = §)) @ = (s = §)(s — in)(1 - $)0.
Hence, using equations (39), we have for any smooth function F on C \ [0, co] that
(@ = 51 = $Dlg=0PypnF = (PspnE3 Eg — E{OspnEf — EfyynEy + (L — (1 = $)Dy i) F
= —(1 = D)@y, (10:(1 = T)0; — (s = $)70: + & +in + (s — in)7)70-
—(s=5(s—in)F

= —(1 = QgD (s = in,s = 4,1 —in— §) F.

Hence Lg intertwines the action of (7 — 1)Dgg(s, k, n)(1) with w — s(1 — s), and the image of Lg is

contained in Wy ,. Since @y, is nowhere zero on T — {1} it follows that L is a bijection. m]

3.2.2 The w-series of Fourier terms

If ¢ ¢ Z<o the following sum converges absolutely for |z| < 1,z € C,

N\ @b 2"

(©n nV’

Wi(a,b,c)(z) := 2 F, [ a’cb H : (69)

n=0
If a or b is a negative integer [ then the above defines a polynomial of degree /; if this is the case then
¢ € Z«, that is ¢ a negative integer smaller then /, is allowed as well.

This function satisfies the hypergeometric equation see [Luk75l 6.1], and has an analytic continu-
ation to C —[1, oo, see [Luk75l 6.5]. In particular W, (s —in,s — %, 1—in- %) restricts to T — {1} and
hence defines an element of Hyy .
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3.10 Lemma: For generic values of the parameters (following the rules after (69)) the following 4
functions are in W,

wi(s.k,n) (z,0) = 2"(1 = £)*,F [ Sl—_mms_—; g] ik

wrls. ko) (2,60) = (-2)"(1 = DD | SIS *;5 §] e
w3(s, k,n) (z,0) = (=2)"(1 —g)szpl[ Sl‘_’”m S+ +§§ z ik
i(s.km) (2.6) = (1 — DD F | ;--llrnm . —é’% g]eike

These functions are invariant under s — 1 — s.

Proor: The function w; is of the form w (s, k,n) = (2i)*®W; where W; € H,y,, as in (69). From
equations [Luk75, 6.4(1-2)] it follows that w is invariant under s — 1 — s.
Using equations (34) the action of Symm on the w; may be computed as follows,

h*wi(s9 k’ n) = (,()i+2(s, _ka n),
wiwi(s,k,n) = e 2wy _i(s,k, —n), (70)
vwi(s,k,n) = e w3 (s, -k, —n),
where i = 1, ...4 and the subscripts is to be read modulo 4.
Hence for i € {2, 3,4} we have w;(s, k,n) = x*cwi(s, k, n) for some x € Symm, k’,n" € R and ¢ € C*.
In view of equation (46) it follows that w;(s, k,n) € Wy, as well. Since both x*, w;(s, k,n) and the

constant ¢ are invariant under s — 1 — s it follows that w;(s, k, n) is invariant under s — 1 — s as
well. O

3.11 Lemma: The action of the Maass operators on the w; Fourier term series is given as follows

s=5H1-s-%)

E~wi(s,k,n) =
! l—g—in

wi(s,k—2,n), E*wi(s,k,n) =& +inwi(s,k+2,n),

(s+5HA-s5+%)
1+ 4 +in
s+5H0-5+%

k .
1+§+m

wr(s, k+2,n),

E”wy(s,k,n) = (=5 —inwa(s,k=2,n),  E*wa(s, k,n) =

E”w3(s,k,n) = (in = Hws(s,k=2,n),  ETws(s,k,n) = w3 (s, k+2,m),

(s=5H1-5-%)

E~w4(s, k,n) = wa(s, k=2,n), Etws(s, k,n)=(in—- %)w4(s, k+2,n),

+in
here assume that k, n, s are such that both sides of the equation are well-defined.

Proor: We will first compute how the action of the Maass operators on W, correspond to an action
of Hyy . after the Lo(s, k, n) operator. Using (39)), (68) we compute

E ®uuF =Dgpnn(s— 5+ EVF =0y n,(s— 5 - (1 -1)0,)F,
E* Qi F = Ogpinn(t +in+ (s —in)d: + ENF = Oy pi00(5 +in + (s — in)d; — 7(1 - 1)0;)F
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Using [Luk75l 6.2.1 (8), (9)] we can verify that the Lemma is true for the case w;. The other cases
can be derived using the action of Symm and the commutation relations in (29). m]

3.12 Lemma: The following gives a full list of when the w; series of Fourier terms are well-defined
and when linear dependencies arise.

i. Ifn # 0 ork is odd then all w;(s, k,n) are well-defined and any pair w(s, k,n), w;(s,k,n), i # j
are linearly independent except in the cases:
(a) w; and wg ifk =2s mod 2 and £ > min(s, 1 — s),

(b) wy and w3 ifk =25 mod 2 and & < —min(s, 1 - 2).
ii. Ifk is even andn = 0 then a basis for Wy, is given by

(a) for positive k by w, and w3,

(b) for negative k by w; and w;.
Note that if k = 0 = n then w| = w; and w3 = wy.
iii. Ifk and 2s are even, |k| > max(2s,2 — 2s) and

(a) if k positive then w| = w4 is well-defined and is linearly independent of w, and of w3,

(b) if k negative then w, = w3 is well-defined and is linearly independent of w; and of wy.

Proor: The w; are of the form

w = ) OW,, wy = 2)OW,,  Wala, b, c) = ™ DWa(a, b, c)
w3y = 20 OWs, ws = (20 OW.

Where the W; are the hypergeometric functions given in [Luk75, 6.4]. Now, two w; functions are
linearly dependent if the corresponding hypergeometric functions are. Two hypergeometric are lin-
early dependent if and only if their Wronskian [Luk75| 6.6 (16)] is zero. In [Luk75l 6.6 (18)-(23)]
the Wronskian’s are given in terms of I'-functions. It is easily verified that for k € Z, n € R and
s(1 — s) € R the Wronskians are zero if and only if the above conditions are satisfied. O

3.13 Prorosrtion: If By(s) # O then the decomposition Wy, = W;’k LO W, isasplitting of Wy,
into the one-dimensional subspaces W, .

Proor: We have for k > 0 such that: (n # 0 if k even) that

k=2
o=k =| [ in+%|ei®

I=—k
I=k  mod 2

= (=1)* 92 By (in) wy (k)

1 bk
s=3)(1=s—%
Efoit=| || =% |-
i l—m—i
I=k mod 2
—€)/2 Bi(s)
= (-1 RLL ) (—k)
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If k even and n = O then

-2 k-2 1 1
s+50-54+5)
Eo-h=| [] i [] 2 |wn(k)
I=—k =0 1+ 2
I=k mod 2 I=k mod 2

(~1) 2By (5) wa k)

k
. s——)(l D)
Efoty=| || -4 | | 2 wi(=k)
1=k :modz 1= kl 2m(l)cdz

= (=1)* 92 By (s) w1 (k)

Hence if n # 0 if k is even we have:

w*(s,k,n) := Br(imw (s, k, n) £ Br(s)ws(s, k,n) € Wi, ,

Hence if £k > 0 is even and n = 0 then

wr (s, k,n) = wa(s, k,0) + w3(s, k, 0)

Note that w*(s, k, n) is a non-zero function, since w; and w3 are linearly independent. |

The following Lemma shows that the functions in W5, = may be normalized by their value at (i, 0)

the unique fixed point of Symm in SL,(R), this will be used to compute the inverse to the map defined
in Lemma[3.8]for the case k = 1

3.14 Lemma: We have forn € R and Re(s) = % s # % that:

.1

) . [(1-in+3)

w* (s, 1,n) (i,0) = 21— 2
F(E(l—s—in))r(j(l—in+s))

o1

_ . : I'(l-in+7)
w (s,1,n) (i,0) = 2"\ . lln 2 )
l"(i(s—in))l"(i(l—inﬂ—s))

In particular these values are non-zero.

Proor: If we seta = s — in, b—s—zwehave

. ) s B a, b 1l a, b+ 1 _
a)(S,l,")(l,O)—Z((a b)zFl[a b‘ 1] szl[a_bH‘ 1])
b
b

a, b+1
+b2F1[ a—b+1 ‘—ID
The Lemma follows after combining the following identities, taken fromhttp://functions.wolfram.
com/HypergeometricFunctions/Hypergeometric2F1/03/03/01/

w (s,1,n)(i,0) = 2° ((a — b),F, [ :‘

a, b B —a B 1 1
(@=bnkj ‘_ 1} = Va2 Ta-b+ 1)(r(a/z)r((l Ta—2b)2) T +a)/2)F(a/2—b))
a, b+1 3 —a B 1 B 1
b2F1[ a-(b+1)+2 ‘_1] = V2T b+1)(F(a/2)F((l+a—2b)/2) r<(1+a)/2)r(a/2—b))

O
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3.2.3 The u-series of Fourier terms
3.15 Lemma: For2s ¢ Z<g the following defines a function on the set {p(z)ky : Re(z) # 0}

. - ] - I_c
ﬂ(s’ k, n)(Z, 0) = Zm (%)S ZF] [ s m2’ss ’

1- 2] ko z€ 9, Re(z) 0.

This function satisfies:
i. wi(s, k,n)(z,0)=s(1—s)i(s,k,n),
ii. the boundary condition for I = R* as introduced in (53)),
iii. the normalisation conditions lim,_,; y~*u®(s,k,n) = 1 and lim,_,_; y~*uf(s, k,n) = 1
Proor: We have ji(s, k, n)(z) = Qg xnWi(s—in, s—%, 25) (1—%). The function M(a, b, o)) =Wia,bya+b+1-c)(1 -
is a function defined on T \ {—1}. Hence ji(s, k, n) is a well-defined function on the set
S\ iRso = {q"*(-0) % 1 >0, TeT-(1,-1}}.

The change of variables n = 1 — ¢ on the Hypergeometric differential operator shows that
Dyc(a,b,c)€) = Dyg(a,b,a + b + 1 — ¢)(i)), hence M satisfies Dyg(a,b,c)M = 0. According to
Proposition [3.9 we have that wjfi(s, k, n)(p(2)kg) = s(1 — s)fi(s, k, n)(p(z)kg) for Re(z) # 0. This proves
the[] part of the proposition.

Now for part[i] We extend the function fi(s, k, n)(z, 0) to a function (s, k, n)(z,0) on C \ (R U iR)

as follows:
f(s, k,n)(z,0), if Im(z) > 0,

(s, k,n)(-z,0), ifIm(z) <O0.

1—5],
Z

which is a real-analytic function. Hence [i(s, k, n)(z, 0) satisfies the boundary condition for / = R*.
The normalisation condition in [zl follows from the fact that

k
of -1

s—in, S— 5
> 2
2F [ 2
The following proposition shows that the restriction of fi(z, 6) to Hre-o (respectively Hre<p) may
be extended to functions on G u¥ (respectively ul) that lie in Esk-

a(s, k,n)(z,0) = {
Then on C \ iR we have

s —in, s—%

PN _ _in—s
y s, k,n)(z,0) = 2" Fy [ 2

O

3.16 ProrosiTion: The following functions

pE(s, k,n) == TRHCA = 5 — in)i* (Lkwl(s, k,n) + — S w(s, k, n))

r(s+§)r(1—in—§) F(s—%)l“(l—in+§)
uR(s, k,n) ;== T2sT(1 — s — in)i * (%wl(s, k,n) + ————ws(s, k, n))
l"(s+§)l"(1—in—§) l"(s—i)l"(l—in+§)

satisty:

b (s, k,n)(z,0) = € (s, k,n)(z,0), forRe(z) < 0,uR(s, k,n)(z,6) = (s, k,n)(z,6), forRe(z)> 0.
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Proor: The following Kummer-relations as given in [Luk75l 6.5 (5)] give M, and M}, in terms of W
and W,

_ _ Il -c] Fle =11 ie-n
Ma,b,c)=Tla+b+1-c] (F[b - dfa+1-d Wi(a,b,c) + —F[a]F[b]e Ws(a, b, c)),

_ _ Il = c] Ile =11 iri-) ina
Ma,b,c)=Tla+b+1-c] (F[b T T—ca+1-d Wi(a,b,c) + —F[a]r[b]e Wo(a, b, c)) e,

The following Kummer-relation, as given in [Luk75} 6.5 (3)], denotes the linear dependency be-
tween Wy, W, and Ws

Ws(a, b, c) = T(a— b + 1) (ropiesn W@, b, ©) + fem=k Wa(a, b, ¢))

If we solve the above equation for W, and plug the result in the above equations for M,, M, the
Lemma will follow after applying the definitions for Fourier terms in terms of the hypergeometric
functions. m]

Proof of Proposition Suppose 2s ¢ Z<g. The functions X and u are in &, since the w; are.
The functions u® and u* satisfy the stated properties in for I = R respectively I = Rg, since ji
does and these properties are local.

If 25 ¢ Z then according to Lemma the functions u® and ,u’f_s are linearly independent and
hence span the 2-dimensional space Wi ,. Uniqueness follows.

3.17 Lemma: If2s ¢ Z.q then uR(s, k, n) and u*(s, k, n) are linearly independent, except in the cases:
i. 25 =k mod 2 and s < |4|, that is if there exist | € Z such that E'uf/"(s, k,n) = 0,
ii.n=0ands€Z

Proor: Following the proof of Lemma the uR(s, k,n) and u’(s, k,n) are linearly independent
if their Wronskians are non-zero. The Wronskian uR(s, k,n) and uL(s, k,n) may be computed using
Lemma[3.16and the Wronskians of W; and Ws. o

3.3 Concluding remarks

In this thesis we have proven that automorphic form ¢ € A, (I, y) has a Fourier decomposition with
respect to a hyperbolic y € I':

¢i = Z anwi(sa ka n)
n
where ¢ = ¢* + ¢~ and ¢* are (anti-)symmetric functions with respect to the reflection in the axis of

Y.
We also used the symmetry group of A to study the space of Fourier terms.
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