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Abstract

We study various conditions for uniqueness of Gibbs measures on a general Polish space embedded on
a countable lattice. In particular, we study the Dobrushin uniqueness condition in its original version
via two dual techniques: by a coupling argument and by averaging over observables. These are shown
to be equivalent. Furthermore, we state the Dobrushin uniqueness condition in a more general form
essentially requiring that the interaction matrix is contractive in any norm. This form also implies
a dual condition to the original Dobrushin condition, and gives a way to compare different Gibbs
measures.

Following these general ideas, we improve the Dobrushin condition to yield for any cover of
the lattice. By a simple trick the new approach is shown to extend the known Dobrushin-Shlosman
uniqueness condition beyond translation invariance and finite range. This again gives a positive an-
swer to the question whether or not a condition obtained by Lieb and Aizenman by averaging methods
is equivalent to the Dobrushin-Shlosman condition. Moreover, the proof is given by a dusting inter-
pretation as invented by Aizenman and is seen to be relatively simple.

Lastly, our new condition is compared to other existing Dobrushin-alike uniqueness conditions.
They are seen to be more or less equivalent, though our new condition extends the previous known
ones beyond finite range. Moreover, the conditions are proven by dual methods, and thus our new
results are seen to yield an important contribution to the question as to whether coupling techniques
are superior averaging techniques.

v



vi



Contents

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

1 Introduction 1
1.1 Project description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Gibbs Measures 3
2.1 The General Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 The Wasserstein Metric 9
3.1 Optimal Transportation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
3.2 The Wasserstein Metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.3 The Dual Metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.4 The Variational Metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

4 Dobrushins Uniqueness Condition 17
4.1 Uniqueness and Non-Uniquenss of Gibbs Measures . . . . . . . . . . . . . . . . . . 17
4.2 Dobrushin Uniqueness Condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

4.2.1 Proof by improving coupling . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.2.2 Proof by averaging over observables . . . . . . . . . . . . . . . . . . . . . . 22
4.2.3 Relation between the coupling approach and averaging over observables . . . 25

4.3 A third approach to Dobrushin uniqueness condition . . . . . . . . . . . . . . . . . 26
4.4 Comparing specifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

5 Extensions of Dobrushins Uniqueness Condition 31
5.1 Dobrushin-Shlosman Uniqueness Condition . . . . . . . . . . . . . . . . . . . . . . 31

5.1.1 Proof via updating coupling . . . . . . . . . . . . . . . . . . . . . . . . . . 32
5.1.2 Mixing conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5.2 Lieb-Aizenman Uniqueness condition . . . . . . . . . . . . . . . . . . . . . . . . . 36
5.3 Dobrushin Uniqueness Condition for Larger Volumes . . . . . . . . . . . . . . . . . 39
5.4 Extension of Lieb-Aizenmans Condition . . . . . . . . . . . . . . . . . . . . . . . . 41
5.5 Derivation of the Lieb-Aizenman Condition . . . . . . . . . . . . . . . . . . . . . . 44

vii



viii CONTENTS

6 Comparison of Uniqueness Conditions 47
6.1 Dynamical Approach to Dobrushin Uniqueness Condition . . . . . . . . . . . . . . 47
6.2 Uniqueness Condition Related to Disagreement Percolation . . . . . . . . . . . . . . 50
6.3 Comparison of Uniqueness Conditions . . . . . . . . . . . . . . . . . . . . . . . . . 50
6.4 Coupling vs Averaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
6.5 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

References 55



Chapter 1

Introduction

"A Gibbs measure is a mathematical idealization of an equilibrium state of a physical system which
consist of a very large number of interacting components. In the language of Probability Theory,
a Gibbs measure is simply the distribution of a stochastic process which, instead of being induced
by time, is parametriced by the sites of a spatial lattice, and has the special feature of admitting
prescribed versions of the conditional distributions with respect to the configuration outside finite
regions."1

A central issue in statistical mechanics is the co-existence of several phases and the phenomena of
phase transitions. In mathematical terms a co-existence of several phases is described by the existence
of several Gibbs measures. Hence, uniqueness of Gibbs measures in the setup of statistical mechanics
implies that no such ”strange” phenomenon is happening, and the focus of this thesis will be conditions
implying such lack of drama. We would like to emphasize that in the following presentation little or
no knowledge of statistical mechanics is needed, however much of the jargon has for historical reasons
its origin from physics. The setup is more general and is applicable to various fields, spanning from
Combinatorial Optimization and Computer Science,2 to Differential Geometry 3.

1.1 Project description

The basis for the thesis is a uniqueness condition first presented by R. L. Dobrushin in [6] and further
generalized in [7] by the same author. By estimating how a flip of the spin at a site y affects the spin
value at x, as quantified by the number αx,y, one can show uniqueness. The condition is satisfied if the
total effect of flipping the spins in the neighborhood of x is small, essentially saying that a site only
depends weakly on its neighboring sites. This is quantified by demanding supx ∑y αx,y < 1.

The original condition was proven via coupling methods and a so-called Surgery argument. How-
ever, later, different approaches appeared. In particular a dual approach via averaging over observables
(functions), as for instance seen in [22] by H. Föllmer. One of the central issues of this thesis is to
clarify and compare these two approaches, as we do in chapter 4. The theory illuminates in the The-
orem 4.4.1 where we show that the absence of several phases is implied. This holds as long as we
are working on a Polish spin space S and the interaction matrix consisting of the αx,y estimates is less
then 1 in any metric norm.

1From [23], p. 5
2For instance the papers [42] and [43]
3See for instance [28]

1



2 CHAPTER 1. INTRODUCTION

Another central issue of study is the relation between the so-called Dobrushin-Shlosman unique-
ness condition and a dual condition by Lieb and Aizenman, which were claimed to be equivalent.
The condition by Dobrushin and Shlosman was presented in [10] as a generalization of the Dobrushin
condition to larger volumes, however restricted to translation-invariant models of finite range. The
condition was only shown via coupling methods, while the Lieb-Aizenman condition was written in
a dual description. Seemingly no published version of this condition appeared other than a version
for the stochastic Ising model, as seen in [1] by M. Aizenman and R. Holley. On the other hand, we
were in possession of some lecture notes by R. Fernandez, [19], discussing this condition in more
generality. An in-depth comparison of the two conditions has, however, to our knowledge never been
put forward, and one of our main tasks is to study their relation.

This is mainly done in chapter 5 where we show that they are essentially equivalent. While
working on these issues we discovered that the condition could be pushed even further. By simple
methods the existing conditions are extended to hold even beyond translation-invariance and finite
range. Moreover, all of our techniques yield for general quasilocal systems, assuming S to be a
Polish space only. The most general statement is given in Theorem 5.4.2, which as for the Dobrushin
condition states that for an improved version of the interaction matrix being less then 1 in any metric
norm implies uniqueness.

In the paper [42] by D. Weitz some new conditions of similar character were given, seemingly
improving the previous known ones. In chapter 6 we introduce his conditions and compare them
with the conditions shown in chapter 5. As summarized in the tables 6.1 and 6.2 the conditions by
Weitz are shown to yield better estimates then already known condition, however only for Markovian
systems. On the other hand, comparing Weitz’s conditions with our new condition it is seen that they
are more or less equivalent. However, our condition extends the conditions beyond finite range and
is written via a simple statement, unifying the two conditions given by Weitz. Being proven via dual
methods, our new condition is also seen to yield a important contribution to whether coupling methods
are superior to the dual methods by averaging over observables, a question raised by A. Sokal in [35].

1.2 Preliminaries

The following paper demands a good understanding of measure theoretic probability theory, for in-
stance as presented in the Mastermath course ”MTP”4. Some familiarity with topics in topology and
functional analysis is also recommended, but not essential. We refer to the book by [14] for more on
the notions of such character mention in this paper. The theory on Gibbs measures needed for our
purpose is put forward in chapter 2 and chapter 3, where the duality between the coupling method and
the averaging method also is introduced.

4See the notes [36]



Chapter 2

Gibbs Measures

In this chapter we introduce the concept of a Gibbs Measure as it was formalized by Dobrushin, Ruelle
and Lanlord via the DLR equations in the late 60’s (see for instance [6] for one of the very first papers
on this approach). We go through the basics of what we will consider as a mathematical model of
statistical mechanics and much of the notation that we use later is for the first time introduced in this
chapter. We do not, however, attempt to give a full overview of the theory of Statistical Mechanics,
but more to serve a foundation of what follows. For a nice introduction with some emphasis on the
physical theory we recommend the first chapter of the book [4] by A. Bovier. This chapter relies
extensively on the paper [18] by A.C.D. van Enter, R. Fernandez and A. D. Sokal. Other references
we have used are mainly the standard books [23] by H.O. Georgii and [34] by B. Simon and the notes
[21] by R. Fernandez.

2.1 The General Framework

The mathematical theory of classical statistical mechanics in equilibrium as seen as a branch of prob-
ability theory is, as commented in [18], in general based on the following four ingredients:

• A configuration space Ω.

• A σ -algebra F of subsets of Ω.

• Observables, that is, real-valued F -measurable functions on Ω.

• A probability measure on µ on (Ω,F )

In this paper, however, we will restrict ourselves to models defined on a countable infinite lattice.

Definition 2.1.1. A mathematical model of statistical mechanics is a system characterized by (G,(S,TS,FS),Π)
where

• G = (L,E) is a countable locally finite graph with vertex set L and edge set E. For historical
reasons, elements of L are often referred to as sites. Induced on this graph we consider the
graph-distance between sites given by d(x,y) = inf{|r| r is a path from x to y}.

• (S,TS) is a Polish space, i.e. the topology TS is metrizable by some metric ρ for which S is
separable and complete. Often, however, we will restrict us to S being in addition compact. The
elements in S are called spins, and S the single spin space. FS is the corresponding Borel-σ -
algebra, that is, generated by the open sets.

3



4 CHAPTER 2. GIBBS MEASURES

• Π is a specification (see definition 2.1.3 below).

Based on the triple (G,(S,TS),Π), we construct Ω := SL, called the configuration space, and
equip it with the product topology T := ∏x∈L TS and the product σ -algebra F := ∏x∈L FS. As S is
a Polish space by construction so is Ω. When writing ωΛσ c

Λ
we mean the configuration which equals

ω on Λ and σ outside Λ. The phrase ”σ = ω off y” means two configurations σ ,ω ∈ Ω such that
σx = ωx for all x ∈ L\{y}. We define L as the set of finite subset of L, and for each Λ ∈L we write
FΛ ⊂F for the sub-σ -algebra corresponding to events measurable within the subset Λ. Elements
A ∈FΛ, or measurable functions f ∈FΛ, will be called local when Λ is finite. To define what we
mean by a specification Π we first need to introduce the concept of a probability kernel.

Definition 2.1.2. 1 A probability kernel from a probability space (Ω,F ) to another probability space
(Ω′,F ′) is a function π(·|·) : F ′×Ω 7→ [0,1] such that

1. π(·|ω) is a probability measure on (Ω′,F ′) for each ω ∈Ω.

2. π(A′|·) is F -measurable for each A′ ∈F ′.

Definition 2.1.3. 2 A specification is a family of probability kernels πΛ(·|·) : F ×Ω 7→ [0,1] from
(Ω,F ) to itself defined for each finite Λ⊂L , such that

i) for each A ∈F , the function πΛ(A|·) is a FΛc-measurable function.

ii) πΛ is FΛc-proper, i.e. for each B ∈FΛc , πΛ(B|ω) = 1B(ω).

iii) If ∆⊂ Λ, then πΛπ∆ = πΛ.

By the third property a specification is said to be consistent. Written out it says that for any
measurable function f ,

π
σ
Λ f = πΛ( f |σ) =

∫
f (ηΛσΛc)πΛ(dη |σ) =

∫ ∫
f (τ∆ηΛ\∆σΛc)π∆(dτ|ηΛ\∆σΛc)πΛ(dη |σΛc) (2.1)

We will often assume that by a specification Π we are indirectly also determining the whole system
(G,(S,TS),Π). Given a specification we are now in position to define what we mean by a consistent
measure.3

Definition 2.1.4. 4 A probability measure µ on Ω is said to be consistent with the specification Π =
{πΛ}Λ∈L if its conditional probabilities for finite subsystems are given by the {πΛ}Λ⊂L, that is, for
each Λ ∈L and A ∈F

Eµ(1A|FΛc) = πΛ(A|·) µ-a.e. (2.2)

We denote by G (Π) the set of all measures consistent with Π.

Thus, by a specification we assign the conditional expectations of the global measures, G (Π). Or
said the other way around, a specification Π defines the conditional expectations, and we are searching
for measures consistent with these conditional expectations. These consistent measures can further be
characterized as follows.

1Definition 3.1 in [21]
2Definition 2.5 in [18]
3In the title we referred to Gibbs measures, however we will mainly be focusing on consistent measures. Gibbs measures

are defined later as a subclass of the consistent measures, but all our results will deal with the general term of consistent
measures. In the existing literature, however, these terms are often confused, for instance in [23].

4Definition 2.6 in [18]



2.1. THE GENERAL FRAMEWORK 5

Proposition 2.1.1. 5 Let Π = {πΛ}Λ⊂L be a specification, let µ be a probability measure on Ω and
let Λ⊂ L. Then the following are equivalent:

a) For each A ∈F , Eµ(1A|FΛc) = πΛ(A, |·) µ-a.e

b) There exists a measure νΛc such that µ = νΛcπΛ

c) µ = µπΛ

Condition c), the so-called DLR-equations, is written in operator form and should be understood
similarly as condition iii) in definition 2.1.3. These will be very important for us in the proceeding
chapters. To study the class of consistent measures we need to equip G (Π) with a topology. We will
in this paper use the standard notion of weak convergence.

Definition 2.1.5. 6 We say that a sequence of measures µn converges weakly to a measure µ if µn( f )→
µ( f ) for every bounded continuous function f .

As discussed in [18] (p. 897-898) there are several other options for the choice of topology. For
instance in [23] the so-called ”topology of local convergence” is used which is to say µn( f )→ µ( f )
for all bounded quasilocal functions.

Definition 2.1.6. A function is said to be quasilocal if it is the uniform convergent limit of some
sequence of local functions, i.e. functions depending on spins in a finite volume only. That is, for each
ε > 0 there exists a local function fε such that

|| fε − f ||
∞

< ε

As further commented in [18], when S is separable and metrizable, then the weak quasilocal
topology coincides with the weak topology. Our choice of the weak topology is not, however, without
reason. There follow nice properties with this choice, one being that the set of probability measures
on Ω, M+1(Ω), is separable and metrizable (respectively complete metrizable, compact metrizable) if
and only if Ω is.

Definition 2.1.7. 7 A specification Π = {πΛ}Λ⊂L is said be quasilocal if, for each Λ∈L and bounded,
measurable and quasilocal functions f implies πΛ f is bounded and quasilocal.

A measure µ on Ω is said to be quasilocal if there exists a quasilocal specification with which µ

is consistent.

There follow one important property when assuming a specification is quasilocal. As commented
in in [18] (p. 910), if Π is a quasilocal specification, then we can weaken the DLR-equation above
slightly. Under quasilocality it is sufficient to have µ = µπΛ only for FΛ. Thus a consistent measure
can be specified by all local event only, which will be an very important property for us later. Often it
is also convenient to assume that Π is continuous in a certain sense.

Definition 2.1.8. 8[Feller property] A specification Π = {πΛ}Λ⊂L is said to be Feller if, for each
Λ ∈L ,

f ∈C(Ω) =⇒ πΛ f ∈C(Ω) (2.3)

5Proposition 2.7 in [18]
6Definition in section 9.3 in [14]
7Definition 2.9 and 2.13 in [18]
8Definition 2.14 in [18]



6 CHAPTER 2. GIBBS MEASURES

Proposition 2.1.2. 9 Let Π = {πΛ}Λ⊂L be a Feller specification. Let {Λn}n≥1 be an increasing se-
quence of finite volumes whose union is L, and let (νn)n≥1 be an arbitrary sequence of probability
measures on Ω. Let µ be any limit point (in the weak topology) of the sequence {νnπΛn}n≥1. Then µ

is consistent with Π. In particular, G (Π) is a closed subset of M+1(Ω).

Actually, it can be proven that G (Π) is a convex set and that its extreme measures are mutually
singular10. If we moreover assume S being a compact metric space then the set G (Π) have some
additional properties.

Proposition 2.1.3. 11 Let Ω be a compact metric space, let Π be a Feller specification, and let µ be
an extreme point of G (Π). Then, for µ-a.e. ω

lim
n→∞

π
ω
Λn

= µ (2.4)

in the weak topology, where Λn is a sequence of finite subsets converging to L.

A direct consequence of this theorem is the existence of a consistent measures.

Corollary 2.1.1. 12 Let Ω be a compact metric space, and let Π = {πΛ}Λ⊂L be a Feller specification.
Then G (Π) is nonempty.

In chapter 4, when studying the Dobrushin uniqueness condition, we only use properties of the
single site specification {π{x}}x∈L. The following theorem gives a sufficient condition for when the
single site specification uniquely defines the whole specification.

Theorem 2.1.1. 13 Let ν ∈ M(S,FS), and suppose Π is a specification which enjoys the following
property: For each x ∈ L there exists a measurable function ρ{x} > 0 on Ω such that π{x} = ρ{x}π{x}.
Then

G (Π) = {µ ∈M+1(Ω,F ) : µπ{x} = µ for all x ∈ L} (2.5)

2.2 Examples

It is a saying that theory without examples is useless. Luckily the framework of mathematical sta-
tistical mechanics contains lots of examples. In this section we introduce some of the simplest ones,
the Ising Model and the Hard-Core Model. Thereafter we look at some more general examples in the
form of Hamiltonians, and discuss the border of quasilocal specifications.

Example. i) The Ising Model

The basic model referred to in Mathematical Statistical Mechanics is the so-called Ising Model
([34], page 3), which is a simplified model for describing certain properties of ferromagnetic
metals. In the simplest model we consider S = {−1,1} embedded on the integer lattice L = Zd ,
with Π = { 1

ZΛ(·)(e
−βHΛ(·|·))}

Λ⊂Zd ), where

HΛ(ω|σ) = ∑
y∼x:x,y∈Λ

ωxωy + ∑
y∼x:x∈Λ,y/∈λ

σyωx (2.6)

9Proposition 2.22 in [18]
10See chapter 7 in [23]
11Proposition 2.23 in [18]
12Proposition 2.21 in [18]. See also the theory leading to Corollary 1.10 in [4] for an convincing deduction of the existence

result.
13Theorem 1.33 in [23]. See also [20] for throughout study of how to construct a specification from its singletons.



2.2. EXAMPLES 7

Above, x ∼ y means the sites that are nearest neighbors. ZV (σ) = ∑ω∈ΩΛ
e−βHΛ(ω|σ) is the

normalization constant (the partition function), and the spin space S = {−1,1} is assigned the
discrete topology. This model was introduced by W. Lenz in 1920, and solved by his PhD
student E. Ising in 1925 for d = 1. He discovered that for the model only possess one consistent
measure, and claimed that this would also hold for general d > 1. In 1933, however, Peierls
gave a proof of the following theorem.

Theorem 2.2.1 (Non-uniqueness in Ising Model). 14 In the Ising model in dimension d ≥ 2, for
all β > 0 sufficiently large, the system has more then one consistent measure.

Thus Isings claim was proven to be wrong, and the question whether a mathematical model
of statistical mechanics can exhibit several consistent measures had gained its prime example.
Based on this example the study of characterizing when a model exhibit one or more consistent
measure was established. This example serve as motivation for our study in the proceeding
chapters for conditions implying uniqueness of the set of consistent measures.

ii) The Hard-core Model15

Let again L = Zd , and let S = {0,1}. Furthermore, define the potentials U{x,y}(1,1) = ∞ and
U{x,y}(s, t) = 0 otherwise, and Ux(s) =−s lnλ , where λ is the activity parameter. Then, similar
as for the Ising model we let the specification be given by Π = { 1

ZΛ
(e−βUΛ(·|·))}

Λ⊂Zd ) where we
now let

UΛ(σ) = ∑
x∼y:{x,y}∩Λ6= /0

Ux,y(σx,σy)+ ∑
x∈Λ

Ux(σx) (2.7)

The interpretation here is that a spin of 1 stands for an occupied site so that a configuration,
ω ∈Ω, specifies a subset of occupied sites. The infinite energy that the potential asigns to a pair
of occupied sites means that there is a hard constraint forbidding two neighboring sites from
both being occupied. This model serves as an simple example of a model not captured by the
generality given in iii) below.

iii) General Hamiltonian

The Ising model and the Hard-core model can be generalized further by the notions of interac-
tions and Hamiltonians.

Definition 2.2.1. 16 An interaction is a family Φ = (φA)A∈L of functions φA : Ω 7→ R such that
for each A ∈L , the function φA is FA-measurable

Note that the definition does not allow infinite values. Therefore, a ”hard-core interaction”,
e.g. as in ii), is not included. On the other hand, the Ising model is obviously included in this
framework.

Definition 2.2.2. 17 Let Φ be an interaction. Then, for each Λ∈L , the Hamilitonian Hφ

Λ,τ with
boundary conditions τ is the function

Hφ

Λ,τ(ω) = ∑
∆∈L ,∆∩Λ 6= /0

φ∆(ωΛτΛc) (2.8)

14See for instance section 1.3.2 and in particular Theorem 1.20 in [4] for a modern presentation of the proof based on
Peierls arguments.

15 Example 2 in [42]
16Definitions 2.1 in [18]
17Definition 2.3 in [18]



8 CHAPTER 2. GIBBS MEASURES

provided that this sum converges to a finite limit for all ω ∈ Ω, in which case it is called con-
vergent.

The main class of specifications are the so-called Gibbs-specification.

Definition 2.2.3. 18 Let µ0 = ∏x∈L µ0
x be a product probability measure, and let Φ be a con-

vergent, µ0-admissible interaction, that is ZΦ
Λ
(ωΛc) ∈ (0,∞) where

ZΦ
Λ (ωΛc) =

∫
exp[−HΦ

Λ (ω)] ∏
x∈Λ

dµ
0
x (ωx) (2.9)

Then the Gibbs-specification {πΦ
Λ

(·, ·)}Λ∈L on F ×Ω is defined by

π
Φ
Λ (A,ω) =

1
Zc

Λ

Φ(ωΛc)
∫

1A(ω)exp(−HΦ
Λ (ω)] ∏

x∈Λ

dµ
0
x (ωx) (2.10)

A Gibbs measure is a measure consistent with a Gibbs-specification. This terminology is often
mixed with our more general notion of a consistent measures, as for instance seen in the standard
reference book [23]. In the title we referred to the uniqueness of Gibbs measures, rather than
the consistent measures. However, all our result in the proceeding chapters will be presented
for consistent measures. To see that a Gibbs-specification indeed forms a specification follows
by showing that they satisfy the DLR-equations (see p. 906 in [18]).

Theorem 2.2.2. 19 Let Φ be a uniformly convergent interaction and µ0-admissible interaction.
Then the Gibbs-specification ΠΦ is quasilocal.

Thus a large class of Gibbs-specifications serve as examples satisfying the property of being
quasilocal. As further comment in [18], by allowing for local constraints, as in the case of the
Hard-Core model, the quasilocality is not interrupted. See the examples and comments on p.
908 in [18] for a throughout discussion.

18Definition 2.8 in [18]
19theorem 2.10 in [18]



Chapter 3

The Wasserstein Metric

In the previous chapter we introduced the concept of consistent measures. In the following chapter we
will look deeper into how we can compare these measures under the weak topology. More formally
we will introduce a distance, the Wasserstein distance, which metrizes the space G (Π). This will
equip us with vital tools for the following chapters, when investigating the unicity of the consistent
measures. Our presentation here is heavily influence by the St. Flour lecture notes [40] by C. Villani.
Other references which have been of great importance are the book [14] by Dudley, the paper [7] by
R.L. Dobrushin, and his St. Flour lecture notes [8].

3.1 Optimal Transportation

Before introducing the Wasserstein distance we will give a short introduction to the field of Optimal
Transportation, to serve as a motivation for later, and to put the Wasserstein distance in a larger context.
For a more in depth study we strongly recommend the book [39] by C.Villani and his lecture notes
[40].

Definition 3.1.1 (Coupling). 1 Let (X ,µ) and (Y ,ν) be two probability spaces. Coupling µ and
ν means constructing two random variables X and Y on some probability space (Ω,P) such that the
law of X equals µ and the law of Y equals ν . The couple (X ,Y ) is called a coupling of (µ,ν).

Equivalently, in a measure theoretic formulation, a coupling is a measure π on X ×Y with
marginals µ , and ν respectively.

We will mostly use the latter definition, and will denote K(µ,ν) as the set of couplings of the
measures µ and ν . Firstly, it is easy to see that this set is non-empty, as we always have the trivial
coupling given by π(A,B) = µ(A)ν(B). However, the importance of coupling is when one can extract
non-trivial information from it, and thus for most purposes we are in need of finding a better one. In
what sense a coupling can be better then another depends on the system one is studying. In the field
of Optimal Transportation, one is given a cost function c(x,y) and the better coupling is the one which
minimizes the cost of transporting mass from µ to ν . That is, we are interested in finding the coupling
π ∈ K(µ,ν) such that ∫

X ×Y
c(x,y)π(dx,dy) (3.1)

is minimized. As a motivation for the definition of an optimal coupling, Villani introduced in [40] the
following modern interpretation.

1Definition 1.1 in [40]

9
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”The question is how to distribute all the bread from the bakeries in Paris to its numerous cafes
most efficiently. Consider a large number of bakeries, producing bread, that should be transported
each morning to cafes where costumers will eat them. The amount of bread that can be produced
at each bakery and the amount that will be consumed at each cafe is known in advance, and can be
modeled as a probability measure on a space S (which in Villanis example is Paris). Moreover S is
equipped with a natural metric ρ such that the distance between two points is the length of the shortest
path joining them. Thus, Optimal Transportation serves to answer the question of finding the optimal
solution to distribute the breads from the bakeries to the cafes with respect to minimizing the total
distance travelled under the delivery.”2

In most cases there does even exist an optimal plan of transporting.

Theorem 3.1.1 (Existence of an optimal coupling). 3 Let (X ,µ) and (Y ,ν) be two Polish probability
spaces; let a : X → R∪{−∞} and b : Y → R∪{−∞} be two upper semicontinuous functions such
that a∈ L1(µ), b∈ L1(ν). Let c : X ×Y →R∪{+∞} be a lower semicontinuous cost function, such
that c(x,y)≥ a(x)+b(y) for all x,y. Then there is a coupling of (µ,ν) which minimizes the total cost
Ec(X ,Y ) among all possible couplings (X ,Y ).

When introducing the Wasserstein distance in the next section we will consider only cost functions
c(x,y) representing a distance function. Hence we may set a ≡ b ≡ 0 to assure that there exists an
optimal coupling. Remark that the theorem does only give an existence result, and so we may have
several optimal coupling (which is most often the case).

The next theorem states that given two couplings we can construct a new coupling (a coupling of
two couplings) which maintains the coupling property.

Theorem 3.1.2 (Gluing Lemma). 4 Let (Xi,µi), i = 1,2,3 be a Polish probability space. If π1 is a
coupling of µ1 and µ2, and π2 is a coupling of µ2 and µ3, then one can construct a measure π defined
on X1×X2×X3 such that π(·, ·,X3) = π1(·, ·) and π(X1, ·, ·) = π2(·, ·).

3.2 The Wasserstein Metric

As mentioned in the previous section we will only be focusing on optimal couplings related to a
distance function ρ .

Definition 3.2.1 (Wasserstein Distance). 5 Let (X ,ρ) be a Polish metric space, and let p ∈ [1,∞).
For any two probability measures µ , ν on X , the Wasserstein distance of order p between µ and ν

is defined by the formula

W p
ρ (µ,ν) = ( inf

π∈K(µ,ν)

∫
X

ρ(x,y)p
π(dx,dy))1/p (3.2)

The special case when p = 1 will be referred to as the Wasserstein distance only and will denoted by
Wρ(µ,ν).

The Wasserstein distance has seemingly been rediscovered through the history by many math-
ematicians and can thus be found under various names, for instance the Kantorovich distance, the

2p. 42 in [40]
3Theorem 4.1 in [40]
4ref. page 22 in [40]
5Definition 6.1 in [40]
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Kantorovich-Rubenstein distance, and so on.6. We have chosen to name it the Wasserstein distance
as this was the name R. L. Dobrushin used when introducing it to the field of statistical mechanics.7

Actually, it is more the word ”distance” one should question. The main purpose of this section is,
however, to show that the Wasserstein distance indeed is a distance, and that it in addition forms a
metric for the consistent measures under the weak topology.

Theorem 3.2.1. 8 Let (X ,ρ) be a Polish space, and let p∈ [1,∞). Then the Wasserstein distance W p
ρ

satisfies the properties for being a metric.

Proof. • W p
ρ (µ,ν) = 0 ⇐⇒ µ = ν :

Assume that W p
ρ (µ,ν) = 0, then there exists a transference plan which is entirely concentrated

on the diagonal (y = x) in X×X . Thus ν = µ .

Similarly, if ν = µ implies W p
ρ (µ,ν) = 0, by taking the coupling which is entirely concentrated

on (y = x).

• W p
ρ (µ,ν) = W p

ρ (ν ,µ):

This follows simply from the definition of the Wasserstein distance as the coupling is reflexive
when integrating over a distance function ρ .

• W p
ρ (µ,ν)≤W p

ρ (µ,γ)+W p
ρ (γ,ν):

This follows from the Gluing Lemma and the existence of an optimal coupling (Lemma 3.1.2
and 3.1.1). Let P1 be the optimal coupling of µ and γ and let P2 be the optimal coupling of γ and
ν . By the Gluing Lemma there exists a coupling P1,2 of µ,γ and ν which preserves P1 and P2.
Let P3 be the measure remaining when integrating out γ in P1,2, which by the Gluing Lemma
also is a coupling. Then we have that

W p
ρ (µ,ν)≤ [

∫
X

ρ(x1,x3)pP3(dx1,dx3)]1/p

= [
∫

X
ρ(x1,x3)pP1,2(dx1,dx2,dx3)]1/p

≤ [
∫

X
(ρ(x1,x2)+ρ(x2,x3))pP1,2(dx1,dx2,dx3)]1/p

≤ [
∫

X
ρ(x1,x2)pP1,2(dx1,dx2,dx3)]1/p +[

∫
X
(ρ(x2,x3)pP1,2(dx1,dx2,dx3)]1/p

= W p
ρ (µ,γ)+W p

ρ (γ,ν)

where we have made used of the metric inequality and the Minkowski inequality9.

To state that W p
ρ indeed is a metric, we in addition need that it is finite. For this we need to restrict

to measures within a certain subclass.

6See the notes after chapter 6 in [40] for further discussions and references)
7See [7]
8See p. 105–106 in [40]
9Theorem 4.39 in [36]
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Definition 3.2.2 (Wasserstein space). 10 Consider the space M+1(X ) of Borel-Probability Measures
on X . Then we define the Wasserstein space of order p, W p

ρ (X )⊂M1 as the set

Wp(X ) := {µ ∈M+1(X ) : ∃x0 ∈X with
∫

X
ρ(x0,x)p

µ(dx) < +∞} (3.3)

The definition above seems to rely on the choice of x0 ∈X , but this is only artificial. For any
x1 ∈X we have that ρ(x,x1)≤ ρ(x,x0)+ρ(x0,x1). Hence if

∫
X ρ(x0,x)pµ(dx) < ∞, then∫

X
ρ(x1,x)p

µ(dx)≤
∫

X
(ρ(x0,x)+ρ(x1,x0))p

µ(dx) < ∞ (3.4)

Also note that in case the distance is bounded, for instance ||ρ||
∞
≤ 1, then the Wasserstein space

contains all the Borel-Probability Measures on X .

Theorem 3.2.2 (The Wasserstein distance metrizices the weak topology). 11 Assume that the metric
space (X ,ρ) is Polish and F is the Borel-σ -algebra. Then the distance Wρ(·, ·) forms a metric in the
weak topology over the set of measures in the Wasserstein space W 1

ρ (X). Moreover, the metric space
(W 1

ρ (X),Wρ) is complete.

The proof that the Wasserstein distance with p = 1 metrizes the weak topology follows from
the characterization of weak topology in theorem 11.3.3 in [14] and equation 14.6 in [8]. In [40]
the theorem is given in more generality for every p ∈ [1,∞). However, it is done by introducing an
stronger form of weak convergence on the space W p

ρ . To our knowledge there has so far not been
any strengthen of results for proving the uniqueness by use of these methods with p > 1. Actually,
as commented by Villani (remark 6.6. in [40]), p ≤ q =⇒ W p

ρ ≤W q
ρ . In particular, the Wasserstein

distance Wρ is the weakest of all. As we do not tend to follow the lines of general p any longer, we
leave it to the reader to investigate this further.

Remark. There are also various other metrics which metrizes the weak topology, see chapter 11 in [14]
for a throughout account, and chapter 6 in [40] for a discussion of why one should use the Wasserstein
distance.

Theorem 3.2.3 (Topology of the Wasserstein space). 12 Let X be a complete separable metric space.
Then the Wasserstein space W 1

ρ (X ), metrized by the Wasserstein distance Wρ , is also a complete
separable metric space. If X is compact, then Wp(X ) is also compact. However, if X is only
locally compact, then W 1

ρ (X ) is not locally compact.

Remark. As shown in [7], theorem 2, the above theorem can be extended to separable metric spaces,
and many of our results in the proceedings hold even in this generality. However, we mainly restrict
to Polish spaces for conveniency, to assure the existence of an optimal coupling.

A major question is the calculation of the Wasserstein distance for given metric ρ . As it is given by
the optimal coupling we are also in position to give upper bounds. Simply calculate the transportation
cost via any given coupling. Hence the problem is often addressed to finding a coupling which is
close enough to the optimal coupling. For improvements of the uniqueness estimates considered later,
explicit knowledge of the Wasserstein distance could be essential. For a couple of examples one may
look at chapter 14 in [7].

10Definition 6.4 in [40]
11Proposition 14.1 in [8]. See also [40], chapter 6, for statements for general p
12Theorem 6.18 in [40]
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3.3 The Dual Metric

Recall from the definition of weak topology that two probability measure µ,ν ∈M+1(X) are consid-
ered to be equal if µ( f ) = ν( f ) for every f which is bounded and continuous. Thus another possible
metric for the space of probability measure is the one given by

D(µ,ν) = sup
f∈Cb(X)

|µ( f )−ν( f )|
|| f ||

∞

From the definition of weak topology it follows that D(µ,ν) = 0 if and only if µ = ν . The definition
is obviously also symmetric. Moreover, since for any µ,ν ,γ ∈M+1(X) and any f ∈C(X),

|µ( f )−ν( f )| ≤ |µ( f )− γ( f )|+ |γ( f )−ν( f )|

it follows that it also satisfies the metric inequality. To compare this metric to the Wasserstein dis-
tance is it convenient to restrict the metric D to a subclass of function, namely the bounded Lipschitz
functions.

Definition 3.3.1 (Lipshitz functions and norm). 13 Let (S,d) be a metric space. A function f from S
to R is called Lipschitzian, or Lipschitz, if for some K < ∞

| f (x)− f (y)| ≤ Kd(x,y) = for all x,y ∈ S (3.5)

Moreover, the Lipschitzian norm of f , || f ||L is defined as the smallest of such K, i.e || f ||L = supx 6=y
| f (x)− f (y)|

d(x,y) .

We write L(Ω) for the space of Lipschitzian function from Ω to R, and for ∆⊂ S we write L(Ω)∆

for the set of Lipschitzian functions only dependent on values in ∆. In most case it will be clear what
Ω is and thus we often only write L and L∆ respectively. The reason for introducing the Lipschitzian
functions is that they are perfectly adjusted for metric spaces, and possess many nice properties. For
instance we have the following nice relation with the Wasserstein distance, which eventually proves
that D is a finite metric, at least for the measures in the Wasserstein space.

Proposition 3.3.1. Let µ and ν be any two functions in M+1(X), where X is some separable metric
space (S,ρ). Then

Dρ(µ,ν)≤Wρ(µ,ν) (3.6)

Proof. For any function f ∈ L(X) we have that

Dρ(µ,ν) = sup
f∈L(X)

|µ( f )−ν( f )|
|| f ||L

= sup
f∈L(X)

1
|| f ||L

|
∫

( f (x)− f (y))P(dx,dy)| for any P ∈ K(µ,ν)

= sup
f∈L(X)

1
|| f ||L

|
∫ f (x)− f (y)

ρ(x,y)
ρ(x,y)P(dx,dy)|

≤ sup
f∈L(X)

1
|| f ||L

∫
| f (x)− f (y)

ρ(x,y)
|ρ(x,y)P(dx,dy)

≤ sup
f∈L(X)

∫
ρ(x,y)P(dx,dy)

Since this holds for any P∈K(µ,ν), it also holds for the optimal one, which implies the theorem.
13Section 6.1 in [14]
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Actually, in most cases the inequality above is not strict.

Theorem 3.3.1 (The Strong Dual theorem). 14 For any separable metric space (X ,ρ) and any two
probability measure µ,ν ∈W1(X )

Wρ(µ,ν) = Dρ(µ,ν)

Definition 3.3.2 (The Dual Distance). For any two probability measures µ and ν on a separable
metric space (X ,ρ), the Dual distance Dρ is given by

Dρ(µ,ν) = sup
f : || f ||L≤1

{|µ( f )−ν( f )|} (3.7)

A slightly different version of the Strong Dual Theorem is given in [40], generalizing the notion to
the setup of optimal transportation (see theorem 5.10 and thereafter). On the other hand this theorem
is not so explicit as stated above (Villanis statement is about one and a half page long), so we omit it.
However, the following part is of importance even in our setup.

Theorem 3.3.2. 15 Let (X ,ρ) be a Polish space, and consider two measures in µ,ν ∈W 1
ρ (X ). Then

there exist a function obtaining the supremum in the definition of the dual distance. That is

D(µ,ν) = max
f∈L

|µ( f )−ν( f )|
|| f ||L

(3.8)

Thus, similar as Theorem 3.1.1, saying that there exists a optimal coupling, we also in the dual
situation have the existence of an ”optimal” function.

3.4 The Variational Metric

Another classical notion of distance between probability measures is the Total Variation.

Definition 3.4.1. 16 Let (X ,F ) be a measurable space and let µ,ν ∈M1(X ,F ). The total variation
distance between µ and ν is then given by

||µ−ν ||TV := sup
A∈F
|µ(A)−ν(A)| (3.9)

This distance is widely used in Probability theory, mostly since it often is easy to produce bounds.
Here are some equivalent definitions of the Total Variation, as shown in [23].

Proposition 3.4.1. 17 Given a measurable space (X ,F ) and two probability measures µ,ν ∈M1(X ,F ).
Then the following are equivalent notions of their total variation distance

i) supA∈F |µ(A)−ν(A)|

ii) sup{ |µ( f )−ν( f )|
δ ( f ) | f ∈F is bounded}, where f ∈F means that it is measurable, and δ ( f )= supx f (x)−

infx f (x)

14Theorem 11.8.2 in [14]
15See theorem 5.10iii) in [40]
16See page 141 in [23]. Note that some use 2TV (µ,ν) as the definition of the total variation, e.g [34] and [27].
17See page 141 in [23]
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iii) P(|g1− g2|)/2, where P is an arbitrary measure with µ � P and ν � P, and g1 and g2 are the
P-densities of µ , ν respectively.

When X is countable one have furthermore the following equivalent versions of the Total Varia-
tion distance18

||µ−ν ||TV = max
A∈F
|µ(A)−ν(A)|

=
1
2 ∑

x∈X
|µ(x)−ν(x)|

= ∑
x∈X ,µ(x)≥ν(x)

|µ(x)−ν(x)|

=
1
2

sup{ ∑
x∈X

f (x)(µ(x)−ν(x)) : || f ||
∞
≤ 1}

= inf
P∈K(µ,ν)

∫
ρ1(x,y)P(dx,dy)

As the following proposition show, the total variation distance equals the Wasserstein distance
corresponding to the (0,1)-metric ρ1 given by

ρ1(x,y) =
{

1 if x 6= y
0 if x = y

Proposition 3.4.2. 19 Let X be space metrized by the (0,1)-metric ρ1, and let µ and ν be two
probability measures on X . Then

||µ−ν ||TV = inf
P∈K(µ,ν)

∫
ρ1(x,y)P(dx,dy) (3.10)

The proposition implies the following relation between the Wasserstein distance and the Total
Variation distance

Wρ(µ,ν)≤ Diam(X ) ||µ−ν ||TV (3.11)

where Diam(X ) = sups,t ρ(s, t). In particular, for metrics bounded by 1, i.e. supx,y∈X ρ(x,y) ≤ 1,
we have that ρ(x,y) ≤ ρ1(x,y), and so the inequality follows directly by integrating. An important
question for what follows in the next chapter is whether by direct calculations such a strict inequality
can be proven.

18See [25] section 4.1 and 4.2 for nice proofs and discussion.
19Proposition 4.2 and Proposition 4.4 in [24]. A complete proof in our setting is given in [27], proof of Theorem 5.2,

where a optimal coupling is constructed.
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Chapter 4

Dobrushins Uniqueness Condition

In this chapter we introduce ways to show uniqueness of the consistent measures, in particular the
Dobrushin uniqueness condition, first introduced by Ronald Dobrushin in the paper [6] and [7]. Orig-
inally this condition was proven via an contracting coupling argument by use of optimal couplings.
We present this method and compare it to a dual approach via averaging over observables. Moreover
we introduce an even more general technique applicable for both approaches expanding the unique-
ness condition. In the last sections we discuss how these techniques can be applied to show decay of
correlation, and to compare measures consistent with different specifications. This chapter is mainly
based on the the book [34] by B. Simon, the original papers [6] and [7] by R.L. Dobrushin, the lecture
notes [19] by R. Fernandez and the paper [22] by H. Föllmer.

4.1 Uniqueness and Non-Uniquenss of Gibbs Measures

From this point on we will assume given a set of metrics {ρx} on the single site spaces Ωx. Further-
more, we assume also that for each ∆ ∈L , ρ∆ is a metric on Ω∆. A natural choice would be to let
ρ∆ = ∑x∈∆ ρx. However, we proceed in generality, and comment later on how ρ∆ can be chosen.

As shown in the previous chapter, the Wasserstein distance Wρ(·, ·), or equivalently, its dual dis-
tance, Dρ(·, ·), metrizes the weak topology on the space of measures. This leads to our first uniqueness
condition.

Condition 1. If the specification Π is quasilocal, S is a Polish space, and that for any two consistent
measures, µ and ν , and any ∆ ∈L

Dρ∆
(µ,ν) = 0 (4.1)

or equivalently,
Wρ∆

(µ,ν) = 0. (4.2)

then there exist at most one measure consistent with Π in the Wasserstein space W 1
ρ (Ω).

In particular, if ρ is uniformly bounded, the condition above holds for every consistent measure.
Moreover, if we further assume that the single site space S is compact and that Π satisfies the Feller
property, then by Corollary 2.1.1 the condition even implies uniqueness. In what follows we also want
to compare limits of specification, and are hence in need of a limit procedure of finite volumes.

Definition 4.1.1 (Covering limit of volumes). A sequence {Λn} of finite subset of L is said to eventu-
ally cover L if for every x ∈ L there exists a N ∈ N such that x ∈ Λn for each n≥ N.

17
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Under the assumption that the specification Π satisfies the Feller property, then by proposition
2.1.3 we also have the following conditions.

Condition 2 (Uniqueness condition by Wasserstein distance). 1 If S is a compact Polish space, and
Π is quasilocal specification satisfying the Feller property, then the set G (Π) contains exactly one
consistent measure if and only if for each finite Λ⊂ L

sup
τ,γ

WρΛ
(πΛn(·|τ),πΛn(·|γ))→ 0 as n→ ∞

where the sequence Λn eventually covers L.

Proof. By theorem 2.1.1 there exists a consistent measure and by theorem 2.1.3 any extreme point
of G (Π), µ , satisfies that limn→∞ πω

Λn
= µ µ-a.e. ω . Thus, if µ is the unique consistent measure, it

follows immediately as any limit procedure πω
Λn

is a consistent measure. For the other direction, recall
that by quasilocality, any µ is characterized by its local events.

We will also use an equivalent condition to show uniqueness of consistent measures. For this we
need the definition of the oscillation of a function.

Definition 4.1.2 (Oscillation of a function). For any ∆⊂ L and function f : Ω 7→R, the oscillation of
f on V , δ

ρ

∆
( f ), is defined as

δ
ρ

∆
( f ) = sup

σ=ω off ∆

| f (σ)− f (ω)|
ρ∆(σ ,ω)

(4.3)

If ∆ = {x} or ∆ = L, then we will simply write δ
ρ
x ( f ) instead of δ

ρ

{x}( f ) and δ ρ( f ) instead of δ
ρ

L ( f ).
Similarly we introduce the notation δ∆( f ) as

δ∆( f ) = sup
σ=ω off ∆

| f (σ)− f (ω)| (4.4)

that is, we do not divide by ρ∆(σ ,ω) in this case.

Remark. Note that δ
ρ

∆
( f ) actually is the Lipschitz norm of f on the space ∆ with metric ρ∆.

The definitions above will be used when showing uniqueness via averaging over observables. This
concept follows naturally when realizing that for any function f ∈ LΛ,

δ (πΛ f )≤ δ ( f ) (4.5)

Here πΛ f (ω) = πω
Λ

f = πΛ( f |ω) =
∫

Λ
f (σΛωc

Λ
)πΛ(dσ |ω) is seen as a function on FΛc . Thus the

inequalities above follows since for any ω ∈Ω,

inf
σ

f (σ)≤ πΛ f (ω)≤ sup
σ

f (σ)

and implies that for any ∆⊂ Λ and f ∈ LΛ,

δ (πΛ f ) = δ (πΛπ∆ f )≤ δ (π∆ f ).

By the consistency property of the specification it follows that limn→∞ δ (πΛn f ) exists by the mono-
tonicity and the upper bound δ ( f ). The relevant question is whether the above limit vanishes or not,
which is summarized in the following condition.

1Proposition 2.2. in [42]
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Condition 3 (Dual Uniqueness condition). 2 If S is compact and Π is a quasilocal specification sat-
isfying the Feller condition, then the set G (Π) contains exactly one measure if and only if for each
finite Λ⊂ L

sup
f∈LΛ,|| f ||L=1

{sup
τ,γ
|πΛn( f |τ)−πΛn( f |γ)|} → 0 as n→ ∞ (4.6)

where Λn eventually covers L.

Proof. If µ is a measure consistent with Π it follows that for any Λ ∈L , and local Lipschitz function
f ∈ L∆, µ( f ) = µ(πΛ f ). We prove in the following that

sup
µ∈G (Π)

µ( f ) = lim
n→∞

(sup
τ

{πΛn f (τ)}) (4.7)

and similarly
inf

µ∈G (Π)
µ( f ) = lim

n→∞
(inf

τ
{πΛn f (τ)}) (4.8)

which implies the condition.
Firstly, note that the limits above exists by the monotonicity. By the DLR equation µ( f ) =

µ(πΛn f ), and hence µ( f )≤ supτ(πΛn f (τ)) for any Gibbs measure µ and any n. Therefore

sup
µ∈G (Π)

µ( f )≤ lim
n→∞

(sup
τ

{πΛn f (τ)})

To show equality, let us consider an optimizing sequence of boundary condition, i.e. {ωn} such that
πΛn f (ωn) = supτ πΛn f (τ). Such boundary conditions exists because πΛn(·) is a continuous function
on the compact space of (boundary) configurations. The sequence of measures {πΛn(·|σn)} has one
or more accumulation points due to compactness, all of which are consistent measures. Any of these,
selected for the given f , saturates the inequality. That proves the first statement. The second statement
is proven analogously.

The proof that the two conditions above are in fact dual uniqueness conditions follows from the
next proposition.

Proposition 4.1.1. Assume S is a Polish space, Π a specification and let ∆ be a finite subset of L.
Then

sup
σ ,ω

Wρ∆
(π∆(·|σ),π∆(·|ω)) = sup

f∈L∆

δ (π∆ f )
δ

ρ

∆
( f )

= sup
f∈L∆,|| f ||L=1

δ (π∆ f ) (4.9)

Proof. For any σ ,ω ∈Ω we get from the strong Dual theorem (3.3.1) that

sup
σ ,ω

Wρ∆
(π∆(·|σ),π∆(·|ω))

= sup
σ ,ω

sup
f∈L∆

|π∆( f |σ)−π∆( f |ω)|
δ

ρ

∆
( f )

= sup
f∈L∆

sup
σ ,ω

|π∆( f |σ)−π∆( f |ω)|
δ

ρ

∆
( f )

= sup
f∈L∆

δ (π∆ f )
δ

ρ

∆
( f )

2Theorem 1.1 in [19]
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Here the supremum is taken over all non-constant Lipschitz function. For the second line, by Theo-
rem 3.3.2 there exist a function f σ ,ω obtaining the supremum for each σ ,ω ∈ Ω. The swapping of
supremums in the third line is thus allowed since Ω is a Polish space, and hence it contains a countable
dense subset.

4.2 Dobrushin Uniqueness Condition

The conditions for uniqueness of consistent measures seen in the previous section are all based on an
infinite volume analysis. In almost every system that one studies in mathematical statistical mechanics
the complexity of the specifications makes it more or less impossible to study such limits. Thus the
need for a criteria which is restricted to a finite volume analysis, and hence can be calculated in finite
time, sees its importance. The Dobrushin uniqueness condition, introduced by R.L Dobrushin in 1968
in [6], is such a criteria. It shows that weakly dependent systems also admits only one consistent
measure, by analyzing the single site specification only. The condition has historically been studied
via coupling and via averaging over observables. We present both approaches and show how they are
related.

Example. Let S be finite and consider the specifications given by the Hamiltonian Hω
Λ

(σ) = HΛ(σ) =
∑x∈Λ φx(σx), then

πΛ(σ |ω) =
1

ZΛ

e−HΛ(σ)

=
1

ZΛ
∏
x∈Λ

e−φx(ωx)

= ∏
x∈Λ

1
Zx

e−φx(ωx)

Since ZΛ = ∏x∈Λ Zx. Thus, as each µ ∈ G (Π) must satisfy the DLR equations, it follows by Theorem
5.11 in [36] that there exists only one such measure µ . Actually, the general theme is that independent
specification implies uniqueness of the consistent measures.3 The strategy of the Dobrushin unique-
ness criteria is to show uniqueness when the specification is only slightly dependent, for instance in
the Ising model when the temperature is high (small β ). This we can estimate by having a control
over how much a site x depend on a flipping of the spin at another site y.

To start our analysis we introduce the concept of an estimator.

Definition 4.2.1 (Dobrushin Estimator). The set {kx,y}x,y∈L is said to be an estimator for the specifi-
cation Π if for every σ = ω off y

Wρx(π
σ
x ,πω

x )≤ ρy(σ ,ω)kx,y (4.10)

In the dual setup, {αx,y}x,y∈L is an estimator if for every f ∈ Lx,

δ
ρ
y (πx f )≤ δ

ρ
x ( f )αx,y (4.11)

3Theorem 5.1 in [36]
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Thus, kx,y and αx,y are estimates of how much a site x depend on a flipping of a spin at a site y. If
x = y the we can always set kx,y = αx,y = 0, and we will assume so in the proceedings. We will in the
following use the notation kx,y only when we want to emphasis that we are working in the coupling
approach, but otherwise stick to αx,y. Furthermore, the optimal estimators are given by

kx.y = sup
σ=ω off y

1
ρy(σ ,ω)

Wρx(π
σ
x ,πω

x ) (4.12)

and

αx,y = sup
f∈Lx, || f ||L=1

δ
ρ
y (πx f ) = sup

f∈Lx,|| f ||L=1
sup

σ=ω off y

|πσ
x f −πω

x f |
ρy(σ ,ω)

(4.13)

Hence αx,y = kx,y, as for each σ = ω off y and f ∈ Lx,

|πσ
x f −πω

x f |
ρy(σ ,ω)

≤
δ

ρ
x ( f )Wρx(π

σ
x ,πω

x )
ρy(σ ,ω)

,

and we will in the following treat them as the same.

Condition 4 (Dobrushin Uniqueness Condition). The Dobrushin Uniqueness condition is said to hold
for a specification Π if there exists a Dobrushin estimator {αx,y}x,y∈L and a constant γ1 ≥ 0 such that

sup
x∈L

∑
y∈L: y 6=x

αx,y = γ1 < 1 (4.14)

In words the above conditions is saying that the spin value at a site x is only weakly influenced by
the spin values at other sites. In the following we will prove that it implies uniqueness of the consistent
measure.

Theorem 4.2.1. Given a system (G,(S,TS,FS),Π) where S is a Polish metric space and Π is a
quasilocal specification. If the Dobrushin Uniqueness Condition holds for a specification Π, then the
Wasserstein space W 1

ρ (Ω) contains at most one measure µ consistent with Π.

4.2.1 Proof by improving coupling

The following approach emphasis the main ideas how they were originally presented in [6] and [7].
Enumerate L by the natural numbers, let µ and ν be any two measures in G (Π), and consider

any coupling P ∈ K(µ,ν). Moreover, let fx =
∫

ρx(α,β )P(dα,dβ ), which we call the estimation
function. Then we have the following important lemma.

Lemma 4.2.1 (Surgery Lemma). Assume we are given an estimator {kx,y}x,y∈L. Then for any x0 ∈ L
there exists a coupling P̃ of µ and ν with corresponding estimation function f̃ such that

f̃x

{
= fx if x 6= x0
≤ ∑y 6=x fykx,y if x = x0

(4.15)

Proof. For any τ,η ∈Ω there exists a coupling Pτ,η ∈ K(πx0(·|τ),πx0(·|η)) which satisfies∫
ρx(α,β )Pτ,η(dα,dβ )≤ ∑

y 6=x0

ρy(τ,η)kx,y
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This follows by Theorem 3.1.1, saying that the optimal coupling exists, and as Wρx(π
τ
x ,πη

x )≤∑nWρx(π
τn
x ,π

τn+1
x )

by the metric inequality, where {τn} is a set of telescoping configuration, that is, τn
x = τx if x≥ n, and

otherwise it is equal ηx.
Now, define our coupling P̃ to be the measure characterized by P̃ = P for all events outside Ωx0 ,

and with P̃x0(·, ·|τ,η) = Pτ,η(·, ·). That is, for every continuous function f we let

P̃( f ) =
∫ ∫

f (α,β )Pσ ,ω(dα,dβ )P(dσ ,dω)

As µ and ν are consistent measure, and hence satisfies the DLR equations, P̃ is indeed a coupling
of µ and ν . Moreover, we have that

1. For any x 6= x0, f̃ (x) =
∫

ρx(α,β )P̃(dα,dβ ) =
∫

ρx(α,β )P(dα,dβ ) = f (x)

2. f̃ (x0)=
∫ ∫

ρx(α,β )Pτ,η(dα,dβ )P(dτ,dη)≤
∫

∑y6=x0 kx0,yρy(τ,η)P(dτ,dη)= ∑y 6=x0 kx0,y f (y).

Given a coupling P ∈ K(µ,ν) we can hence improve it by letting UxP be the coupling which min-
imizes the estimation function of P and P̃ where P̃ is updated at x by use of the Surgery Lemma. That
is, (Ux f )y = min( fy, f̃y). Furthermore, we introduce the limit operator UP := limn→∞UnUn−1 ·U1(P).
For any local event this definition indeed makes sense, and since every measure we are considering
is characterized by local events by assuming that the specification is quasilocal, even the limit is well
defined. Moreover, the operator U satisfies the following bound.

Proposition 4.2.1. Let (U f ) be the estimation function of UP. Then supx∈L(U f )x ≤ γ1 supx∈L fx

Proof. By construction the estimation function (U f ) satisfies the inequality from the Surgery Lemma
for every x ∈ L. Hence, for any x ∈ L

(U f )x ≤ ∑
y 6=x

fykx,y ≤ ∑
y 6=x

kx,y sup
x∈L

fx ≤ γ1 sup
x∈L

fx. (4.16)

which implies the claim.

Finally, by iterating U we get that supx∈L(Un f )x ≤ γn supx fx, and hence, under the assumption
that supx fx < ∞, which is the case for measures in the Wasserstein space, the estimation function
converges to 0. Hence, this implies that the Wasserstein distance of µ and ν equals 0, and so µ = ν .
As this holds for any µ,ν ∈ G(Π), there can exists at most one measure consistent with Π.

4.2.2 Proof by averaging over observables

We continue by proving the same uniqueness result, only now by averaging over observables. The
following approach is an adapted version of the proofs of Theorem V.1.3 and V.3.1 in B. Simons book
[34]. We start of with introducing the concept of a spread estimator, which will be important also in
the following chapters.

Definition 4.2.2. Given two measure µ and ν , the set {λx}x∈L is said to be a spread estimator for µ

and ν if for each quasilocal Lipschitz function f

|µ( f )−ν( f )| ≤ ∑
z∈L

δ
ρ
z ( f )λz (4.17)
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It is important that the definition is restricted to quasilocal functions only. To see why this is
crucial let S = {0,1} and let µ(A) = 1−ν(A) = 1 where ω ∈ A if it contains only finitely many 1’s.
Thus, |µ(1A)− ν(1A)| = 1, while δ

ρ
x (1A) = 0 for each x ∈ L. Hence there does not exist a spread

estimator in this situation. As the consistent measures forms a convex set, and the extreme points are
mutually singular, the above examples shows why the concept of quasilocality is important. Note that
for any local function f , the definition indeed make sense. This can be seen by telescoping. Let f
depend only on the sites {1, · · · ,n}. Then for any σ = ω off {1, · · · ,n},

| f (σ)− f (ω)| ≤
n+1

∑
i=1
| f (σ i−1)− f (σ i)|

where σ i
x = σx if x≥ i, and otherwise equal to ωx. Hence it follows that

δ ( f )≤ ∑
x∈L

δx( f ) (4.18)

As δx( f ) = 0 if and only if δ
ρ
x ( f ) = 0, this proves that the definition of the spread estimator is indeed

meaningful for local functions, hence also quasilocal functions.
We continue with a new Lemma, the Dusting Lemma, which shows how we can apply πx as a

”duster”, where a function f is seen as the ”dust”.

Lemma 4.2.2 (Dusting Lemma). 4 Given an estimator {αx,y}x,y∈L, then

δ
ρ
y (π{x} f )

{
= 0 if y = x

≤ δ
ρ
y ( f )+δ

ρ
x ( f )αx,y if y 6= x

(4.19)

for every Lipschitz function f .

Proof. Let σ = ω off y and let f ∈ L. If y = x, then obviously δ
ρ
y (π{x} f ) = 0 since π{x} f does not

depend on site x. Moreover, for y 6= x we have that for any σ = ω off y,

|π{x}( f |σ)−π{x}( f |ω)|
ρy(σ ,ω)

=
|π{x}( fσ |σ)−π{x}( fω |ω)|

ρy(σ ,ω)
where fτ(η) = f (ηxτ

c
x )

≤
|π{x}( fσ |σ)−π{x}( fσ |ω)|

ρy(σ ,ω)
+
|π{x}( fσ − fω |ω)|

ρy(σ ,ω)

≤ δ
ρ
y (π{x} fσ )+δ

ρ
y ( f )

≤ δ
ρ
x ( f )αx,y +δ

ρ
y ( f ) as fσ ∈ Lx

The name ”Dusting Lemma” comes from the interpretation that by applying πx we are dusting the
function f at the site x. The Dusting Lemma tells us that when doing so we manage to clean the site x
completely, while some of the dust spreads to the other sites. Hence, the dust at y 6= x increases with
the amount of dust at x, δ

ρ
x ( f ), times the dust parameter αx,y. The Dobrushin uniqueness condition

4Lemma 1.3 in [19]
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then states that dusting at any site x ∈ L with the duster πx reduces the total amount of dust since
∑y∈L αx,y < 1.

Now combining the Dusting Lemma with the concept of a spread estimator we are able to update
the spread estimator, similar as in the Surgery Lemma 4.2.1.

Lemma 4.2.3 (Updating Lemma). Let {λz}z∈L be a spread estimator for µ and ν . Then for any x ∈L
there exists a spread estimator {λ̃z} such that

λ̃z

{
= λz if z 6= x
≤ ∑y 6=z αz,yλy if z = x

(4.20)

Proof. We have that for any local Lipschitz function f that

|µ( f )−ν( f )|
= |µ(πx f )−ν(πx f )| by DLR equations

≤ ∑
z∈L

δ
ρ
z (πx f )λz

≤ ∑
z6=x

(δ ρ
z ( f )+δ

ρ
x ( f )αx,z)λz by Dusting Lemma

= δ
ρ
x ( f )(∑

z 6=x
αx,zλz)+ ∑

z6=x
δ

ρ
z ( f )λz

As this holds for any such f completes the proof.

The above Updating Lemma shows how to improve the spread estimator by dusting a site x. To
prove uniqueness we need to show that by doing so iteratively over the whole lattice all the dust
vanishes. This goes similar as in the coupling approach. Enumerate L by the natural numbers, and
introduce the operator Tn := π1 . . .πn( f ). Then by applying Tn we have the following proposition.

Proposition 4.2.2. For any local function f ∈ L

|µ(Tn f )−ν(Tn f )| ≤ ∑
z/∈{1,··· ,n}

δ
ρ
z ( f )λz +

n

∑
i=1

δ
ρ

i ( f )γ1 sup
z∈L

λz (4.21)

Proof. This follows by induction. For n = 0, the statement simply follows by the definition of a spread
estimator. Now, assume it holds for n−1. Then we have

|µ(Tn f )−ν(Tn f )|
= |µ(Tn−1πn f )−ν(Tn−1πn f )|

≤ ∑
z/∈{1,··· ,n−1}

δ
ρ
z (πn f )λz +

n−1

∑
i=1

δ
ρ

i (πn f )γ1 sup
z∈L

λz by induction hypothesis

≤ ∑
z/∈{1,··· ,n}

(δ ρ
z ( f )+δ

ρ
n ( f )αn,z)λz +

n−1

∑
i=1

(δ ρ

i ( f )+δn( f )αn,i)γ1 sup
z∈L

λz by Dusting Lemma

= ∑
z/∈{1,··· ,n}

δ
ρ
z ( f )λz + ∑

z<n
δ

ρ
z ( f )γ1 sup

z∈L
λz

+δ
ρ
n ( f )( ∑

z/∈{1,··· ,n}
αn,zλz +

n−1

∑
i=1

αn,iγ1 sup
z∈L

λz)

≤ ∑
z/∈{1,··· ,n}

δ
ρ
z ( f )λz +

n

∑
i=1

δ
ρ

i ( f )γ1 sup
z∈L

λz



4.2. DOBRUSHIN UNIQUENESS CONDITION 25

Thus, by defining T := limn→∞ Tn, which is well defined for every local Lipschitz function, and
since µ(T f ) = µ( f ) by the DLR equations, the proposition implies the following corollary.

Corollary 4.2.1. For every local function f ∈ L

|µ(T f )−ν(T f )≤ ∑
x∈L

δ
ρ
x ( f )γ1 sup

x∈L
λx (4.22)

Assuming that the Dobrushin uniqueness condition is satisfied and that supx∈L λx =C < ∞ it hence
follows that

|µ( f )−ν( f )|= |µ(T f )−ν(T f )| ≤ γ1 ∑
z∈L

δ
ρ
z ( f )C

for each local function f ∈ L. By iterating the operator T n-times it implies further that |µ( f )−
ν( f )| ≤ γn

1 ∑x∈L δ
ρ
z ( f )C which converges to 0 as n→ ∞. Hence |µ( f )− ν( f )| = 0 for every local

Lipschitz function f , which by condition 1 means that there can at most exists one measure consistent
with Π.

4.2.3 Relation between the coupling approach and averaging over observables

We have now seen both the coupling approach and the approach by averaging over observables. There
are many similarities between these approaches, and they can be seen to be more or less equivalent.
In the coupling approach, given an estimator function f , we obtain from the Surgery Lemma a new
estimator function f̃ given by

f̃x ≤ ∑
y 6=x

fykx,y

On the other hand, by averaging over observables we obtain from the Updating Lemma the new spread
estimator

λ̃x ≤ ∑
y6=x

αx,yλy

Knowing these inequalities, the proofs were more or less identical, and did not essentially involve any
application of methods based on coupling techniques or averaging operators.

In the coupling approach we needed supx∈L fx < ∞, while in the averaging procedure we needed
supx∈L λx < ∞. The estimator function f depended on a ”good” choice of a coupling P of µ and ν ,
i.e. fx =

∫
ρx(η ,τ)P(dη ,dτ). For λ on the other hand we have that for any quasilocal function f ∈ L,

|µ( f )−ν( f )|

≤ |
∫

f (η)− f (τ)P(dη ,dτ)|

= |
∫ ∞

∑
i=1

f (ηx<iτ)− f (ηx≤iτ)P(dη ,dτ)|

≤
∞

∑
i=1

∫
| f (ηx<iτ)− f (ηx≤iτ)|P(dη ,dτ)

≤
∞

∑
i=1

δ
ρ

i ( f )
∫

ρx(η ,τ)P(dη ,dτ)
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Hence the bound for the estimator function fx can also be used as a bound for the spread estimator λx.
For instance, if we assume that the set of metrics ρx are uniformly bounded, say ρx ≤ 1, then this gives
us the trivial bounded λx ≡ fx ≡ 1. However, this is not a necessary condition and may be weakened
a bit. Even the requirement that the estimator function or the spread estimator are uniformly bounded
can be weakened. This is best seen by how we proceeded in the proof by coupling where we after the
Surgery Lemma obtained that f̃x = ∑y 6=x kx,y fy for every x ∈ L (notice that we could have proceeded
similarly in the dusting proof). Hence, rather than assuming that fy is uniformly bounded, we may
assume that it decays sufficiently such that ∑y 6=x kx,y fy < ∞. There do exists results for models which
does not need supx∈L ρx < ∞.5 From the requirement that γ1 < 1 it is immediate that αx,y decays as
d(x,y) grows to infinite, hence for translation invariant systems6 with L = Zd an exponential decay is
sufficient.

4.3 A third approach to Dobrushin uniqueness condition

In the following we will consider an estimator α = {αx,y}x,y∈L as a L×L matrix, with each element
on the diagonal equal to 0. Moreover, we use the notation [ 1

1−α
]x,y for the sum ∑k≥0[αk]x,y.

In the arguments in the previous section we did our analysis directly on the consistent measures. In
this section we provide an similar analysis to compare finite volume specifications by using condition
3. Hence we have to limit ourself to quasilocal specifications on a compact Polish space having the
Feller property. The following approach will go deeper into what is required of the matrix α , which
in particular will give uniqueness under a dual condition. Another consequence of this approach is
that we will be able to easily show several results showing decay of correlation under the Dobrushin
uniqueness condition. The section is based extensively on the notes [19] by R. Fernandez, but many
of the ideas originated already in the paper [22] by Föllmer.

We start of by showing that the uniqueness statement follows from the next theorem.

Theorem 4.3.1. 7 Assume Ω is a compact Polish space. Given a quasilocal specification Π satisfying
the Feller property, let Λ ∈L and let {αx,y}x,y∈L be an estimator for Π. Let y /∈ Λ. If [α]n → 0 as
n→ ∞, then

δy(πΛ f )≤ ∑
x∈Λ

δ
ρ
x ( f )[

α

1−α
]x,y (4.23)

for every f ∈ LΛ.

For the uniqueness it is thus sufficient that [ α

1−α
]x,y→ 0 as d(x,y) grows. For this to happen we

may assume that the specification has finite range R, i.e. that πΛ f ∈F∂RΛ meaning that it only depend
on spins in a radius R from Λ. In this case αx,y = 0 whenever d(x,y) > R, and moreover αn

x,y = 0
whenever d(x,y) > nR. Furthermore, the Dobrushin uniqueness condition implies that αn

x,y→ 0. By
assumption αx,y ≤ γ1. Assume αn

x,y ≤ γn
1 , then

α
n+1
x,y = ∑

z
αx,zα

n
z,y ≤∑

z
αx,zγ

n
1 ≤ γ

n+1
1

5See for instance Theorem V.3.4 in [34] for an example were S = R.
6In [10] instead of measures in the Wasserstein space one studies measures that has exponential growth. That is, all

measures µ such that for some s ∈ S and g,G < ∞,

ρx(P) =
∫

Ω

ρx(ω,s)P(dω)≤ Gexp(g ||x||)

7Theorem 1.6 in [19]
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Hence, when d(x,y) > nR, by induction [ α

1−α
]x,y ≤

γn
1

1−γ1
, which converges to 0 as the distance between

x and y grows.
For the uniqueness statement consider now any local f ∈ L∆, with ∆⊂ Λn. Then,

δy(πΛn f )≤ ∑
x∈∆

δ
ρ
x ( f )[

α

1−α
]x,y (4.24)

Let {Λn} be a sequence eventually covering L, then this implies that δy(πΛ)→ 0 as n approaches
infinity. As δ (πΛ f )≤ ∑y/∈Λ δy(πΛ f ) condition 3 is satisfied implying the uniqueness statement.

Corollary 4.3.1. Given a quasilocal specification Π of finite range R on a compact Polish space
satisfying the Feller property. Let α be an estimator for Π. If α satisfies the Dobrushin uniqueness
condition, then |G (Π)|= 1.

For uniqueness above we need that [ 1
1−α

]x,y→ 0 as d(x,y)→ ∞. The Dobrushin uniqueness con-
dition was shown to be a sufficient condition for this. Another sufficient condition for such a conver-
gence is that supy ∑x 6=y αx,y = γ2 < 1, which we will call the Dual-Dobrushin uniqueness condition8.
Hence the above corollary can be seen as an extension of our previous uniqueness theorems. In words
the condition says that if the effect of flipping any spin y ∈ L has a small effect on the other spins in
L, then we also have uniqueness.

Condition 5. We say that the Dual-Dobrushin uniqueness condition holds if

γ2 = sup
y

∑
x 6=y

αx,y < 1 (4.25)

Note that what was essential above was that αn
x,y ≤ γn

1 . Similar as for the Dobrushin uniqueness
condition we have that αn

x,y ≤ γn
2 under the Dual-Dobrushin uniqueness condition, and hence the

uniqueness result follows.
We proceed with the the proof of the main theorem, Theorem 4.3.1. For this we re-introduce the

concept of a spread estimator.

Definition 4.3.1. Given Λ ∈L and a specification Π, then a corresponding spread estimator is a set
{λx,y}x∈Λy/∈Λ of non-negative numbers satisfying

δy(πΛ f )≤ ∑
x∈Λ

δ
ρ
x ( f )λx,y (4.26)

for any f ∈ LΛ

Similar as for the Dusting Lemma we can then prove the following Lemma.

Lemma 4.3.1 (Spread Lemma). For any g ∈ L(Ω)

δy(πΛ f )≤ δy( f )+ ∑
x∈Λ

δ
ρ
x ( f )λx,y

Proof. For any Lipschitz function g and configurations σ = ω off y,

|πσ
Λ f −π

ω
Λ f |

≤ |πσ
Λ fσ −π

ω
Λ fσ |+ |πω

Λ ( fσ − fω)|
≤ δy(πΛ fσ )+δy( f )
≤ ∑

z∈Λ

δ
ρ
z ( f )λz,y +δy( f )

8In [42] this is referred to as Dobrushin-Shlosman condition
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Assuming a bound for the spread estimator is given, which can be found in the same way as in the
previous section, we continue with showing how the spread estimator can be updated.

Lemma 4.3.2 (Update of spread estimator). Given a spread estimator {λx,y}, then for any x ∈ Λ one
can construct another estimator Txλ defined by

(Txλ )z,y

{
= λz,y if z 6= x
= min(λz,y,αz,y +∑u∈Λ,u6=z αz,uλu,y) if z = x

Proof. Consider any function f ∈ CΛ. Then this follows by applying the Spread Lemma and the
Dusting Lemma as follows

δy(πΛ f ) = δy(πΛπ{x} f ) by the DLR equations

≤ δy(π{x} f )+ ∑
x∈Λ\{x}

δ
ρ
z (π{x} f )λz,y by the Spread Lemma

≤ δ
ρ
y ( f )+δ

ρ
x ( f )αx,y + ∑

z∈Λ\{x}
[δ ρ

z ( f )+δ
ρ
x ( f )αx,z]λz,y by the Dusting Lemma

= δ
ρ
x ( f )[αx,y + ∑

u∈Λ\{x}
αx,uλu,y]+ ∑

z∈Λ\{x}
δ

ρ
z ( f )λz,y

Hence, Txλ is indeed a spread estimator.

Thus, by applying the operator Tx to each site x ∈ Λ and improving successively we get that
{λ 1

x,y}x∈Λ,y/∈Λ given by
λ

1
x,y = αx,y + ∑

z∈Λ\{x}
αx,zλz,y

also forms a spread estimator. Similar as α , consider λ 1 as the L×L matrix where λx,y = 0 if x /∈ Λ

or y ∈ Λ. Thus, written in matrix notation the above equation can be written as

λ
1 = PΛαPΛc +PΛαPΛλ (4.27)

Here PΛ is the projection matrix, i.e. it equals the identity matrix inside Λ, and is 0 outside Λ.
Iterating this process leads to the spread operator λ n given by

λ
n ≤ (

n−1

∑
i=0

(PΛαPΛ)i)(PΛαPΛc)+(PΛαPΛ)n
λ (4.28)

Hence, by passing to the limit and assuming that limn→∞(PΛαPΛ)n = 0 we get the spread estimator

λ
∞ = [

PΛαPΛc

1−PΛαPΛ

].

This proves Theorem 4.3.1.
Remark. An obvious question is whether it is possible to improve our bound for the spread estimator.
We will show in the next chapter that this indeed is possible.

Next we show how our new result implies a strong mixing condition.

Condition 6. The estimator α is said to satisfy the decay property if there exists some m > 0 such
that

γ := min(sup
x∈L

∑
y 6=x

αx,yemd(x,y),sup
y∈L

∑
x 6=y

αx,yemd(x,y)) < 1 (4.29)

Having a estimator satisfying the decay property implies the next lemma.

Lemma 4.3.3. 9 If α is a matrix with αx,y ≥ 0 for x,y ∈ L, satisfying the decay property for some
9Lemma 1.8 in [19]
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m≥ 0 and some metric d on L, then

[
α

1−α
]x,y ≤

γ

1− γ
e−md(x,y) (4.30)

Proof. By the assumption either supx ∑y αx,y < 1 or supy ∑x αx,y < 1 (or both), and hence each αk
x,y is

well defined. Moreover, αx,yemd(x,y) < γ for any x,y ∈ L. Assume αk
x,yemd(x,y) < γk for every x,y ∈ L.

Then we have for any x,y ∈ L that

α
k+1
x,y emd(x,y) = ∑

z
α

k
x,zαz,yemd(x,y)

≤ ∑
z

α
k
x,ze

md(x,z)
αz,yemd(z,y)

≤ γ
k+1

Thus, for any k ≥ 0, αk
x,y ≤ γke−md(x,y) which proves the claim.

The decay lemma implies that for any Λ ∈L and f ∈ LΛ

δy(πΛ f )≤ γ

1− γ
∑
x∈Λ

δ
ρ
x ( f )e−md(x,y) (4.31)

This inequality further implies that δy(πΛ f )≤Cδ
ρ

Λ
( f )e−md(Λ,y) for some constant C, which in [10] is

referred to as ”the strongest decay property” (equation 3.11 in [10]). We will discuss these notions
in more depth after introducing the Dobrushin-Shlosman uniqueness condition considered in the next
chapter.

4.4 Comparing specifications

More or less the same analysis as in the previous section can be used when comparing two specifica-
tion, say Π and Γ, on the same configuration space Ω. In the following we compare two measures,
rather than the specifications directly, to deduce more general statement from the section above (e.g.
we do not need the Feller assumption, nor the compactness). Thus we follow the lines of Föllmer in
[22].

Let µ and ν be two measures, µ consistent with Π and ν consistent with Γ. To compare µ and ν

we assume that α is an estimator for Π. Given a spread estimator {λx}x∈L for µ and ν , this can be
updated in the following way.

Lemma 4.4.1. Let λ be a spread estimator for µ and ν , and let f be any local function in L. Let x be
any site in L. Then there exist an spread estimator λ 1 given by

λ
1
x = bx + ∑

z 6=x
αx,zλx (4.32)

where bx =
∫

Wρx(π
ω
x ,γω

x )dν(dω).
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Proof. For updating the spread estimator, let f be any local function in L. Then for any x ∈ L the
following holds

|µ( f )−ν( f )|
= |µ(πx f )−ν(γx f )|
≤ |µ(πx f )−ν(πx f )|+ |ν((πx− γx) f )
≤ ∑

z 6=x
δ

ρ
z (πx f )λz +δ

ρ
x ( f )bx

≤ ∑
z6=x

δ
ρ
z ( f )λz +δ

ρ
x ( f )(∑

z6=x
αx,zλz +bx)

Hence, by enumerating L and updating at each site by taking the minimum as seen in previous
updating lemmas, the result follows.

In matrix notation the lemma tells us that λ 1 = αλ + b. Iterating this updating Lemma we thus
obtain that λ n = αnλ +∑

n−1
i=0 α ib. Hence we obtain the following.

Theorem 4.4.1. 10 Given two measures µ and ν , consistent with the quasilocal specifications Π and
Γ respectively, and defined on the same configuration space Ω, a Polish space. Let α be an estimator
for Π. If the matrix αn→ 0, then for any f ∈ LΛ, Λ ∈L ,

|µ( f )−ν( f )| ≤ ∑
x∈Λ

∑
z∈L

δx( f )[
1

1−α
]x,zbz (4.33)

Moreover, the Wasserstein space W 1
ρ (Ω) contains at most one measure µ consistent with Π.

The uniqueness result follows since bx ≡ 0 whenever Π = Γ. The above theorem is hence the
strongest uniqueness statement under a Dobrushin-like condition we have seen so far, only assuming
Π to be quasilocal. As seen from the analysis, there are no particular assumption on the estimator
α other than αn → 0 and so the requirement that Π has finite range is not necessary. Moreover,
αn→ 0 is satisfied both under the Dobrushin uniqueness condition and the dual-Dobrushin uniqueness
condition. Actually the situation is even more general. In [30] and [15] this question is treated in more
generality, and the uniqueness condition is shown to hold if ||α||M < 1 for any norm ||·||M on countable
infinite matrices.

In the paper, [22], Föllmer also proved the following general correlation inequality, which we
include for completeness.

Theorem 4.4.2. 11 Suppose that µ is consitent with the specification Π, with estimator α satisfying
αn→ 0, and that

sup
k

∫
ρk(σ ,ω)2

µ(dσ) < ∞

for some ω ∈Ω. Then

|µ( f g)−µ( f )µ(g)| ≤ c2
∑
x,y

δx( f )[
α

1−α
]x,yδy(g) (4.34)

for any Lipschitz functions f and g, where c = supk
∫
[infs∈S

∫
ρk(σ ,s)2µk(dσk|σ)]µ(dσ).

10Theorem 2.4 in [22]
11Theorem 3.7 in [22]



Chapter 5

Extensions of Dobrushins Uniqueness
Condition

In the mid eighties Dobrushin and Shlosman introduced in a series of papers an improved technique
for uniqueness of consistent measures, following a similar approach as the coupling earlier used by
Dobrushin (see for instance [10], [11],[12] and [13]). These were however only stated for translation
invariant systems on the underlying graph Zd . In the following years, several related conditions by
averaging over observables appeared (for instance [37] and [1]), which were claimed to be equivalent
to the one by Dobrushin and Shlosman. In the first two sections we go into the details of the techniques
of Dobrushin and Shlosman and a similar condition by Lieb and Aizenman. We first present a detailed
proof of the Dobrushin-Shlosman condition and discuss a bit about its properties, before we show that
the two conditions are more or less equivalent. In the search for a rigorous proof of the Lieb-Aizenman
we first obtain a condition which generalizes Dobrushins original condition to larger volumes. In
the last section, however, we derive a new condition extending the one by Lieb-Aizenman beyond
translation invariance and finite range, and improving.

The main references for the following chapter are the original paper [10] by Dobrushin and Shlos-
man, and the lecture notes [19] by R. Fernandez, were an introduction to the technique by Lieb and
Aizenman is given. 1 The last section proving the Lieb-Aizenman condition from our extended ver-
sion is also influenced by the paper [42] by D. Weitz.

5.1 Dobrushin-Shlosman Uniqueness Condition

In this section and the following one on Lieb-Aizenman uniqueness condition we assume that the
underlying graph is the integer lattice Zd for some constant d > 0. Moreover, we also assume that we
are given a specification Π which is translation invariant and has finite range R. That is, we assume

π∆(·|σ) = π∆+t(·|θtσ) (5.1)

where t is any vector in Zd and (θtω)x = ωx−t . Finite range means that for every f ∈ LΛ, πΛ f ∈F∂RΛ,
and is hence a local function. Lastly we also assume that the set of metrics {ρx}x∈L is uniformly
bounded, and that ρΛ = ∑x∈Λ ρx for any Λ ∈L .

1The technique by Lieb and Aizenman have apparently never been published, but been cited in several papers. In [1] a
theorem claimed to follow from Lieb and Aizenmans approach is proven, though in the setting of Stochastic Ising model
only.
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The strategy of Dobrushin and Shlosman was to extend the original technique to larger volumes.
In their paper, [10], two consistent meaures are compared and the result is valid for any Ω being a
separable metric space. 2 However, to compare it to the Lieb-Aizenman condition as presented in [19]
it is necessary to write the condition for measures seen as limits of specification.

Definition 5.1.1 (DSV Estimator). Given a finite volume V ⊂ L, the set {kV,y}y∈L\V is said to be an
DSV estimator if for every y ∈ L\V and for all σ = ω off y it holds that

WρV (πV (·|σ),πV (·|ω))≤ ρy(σ ,ω)kV,y (5.2)

where ρV = ∑x∈V ρx.
Equivalently, in the dual setup, this is the same as saying that for every y∈L\V and any functions

f ∈ LV the DSV estimator αV,y satisfies

δ
ρ
y (πV f )≤ δ

ρ

V ( f )αV,y (5.3)

Remark. By translation invariance it follows that αV,x = αV+s,x+s and kV,x = kV+s,x+s for any trans-
lation s ∈ Zd . This is important for the original proof which we present in the following subsection.
Also the proof of the Lieb-Aizenman condition as seen in [19] uses this relation extensively.

Assuming that we are given a DSV estimator, the condition for uniqueness is the following.

Condition 7 (DSV Uniqueness Condition). The DSV uniqueness condition is said to hold for a speci-
fication Π if there exist a DSV estimator αV,y such that

1
|V | ∑

y∈L\V
αV,y = γ3 < 1 (5.4)

Hence, what we intend to show is that under this condition the following theorem holds.

Theorem 5.1.1. Let Π be a quasilocal specification satisfying the Feller property, and Ω a compact
Polish space. If the Dobrushin-Shlosman uniqueness condition holds for some volume V ∈L , then
there exists exactly one measure µ consistent with Π.

We will later comment on the improvements this new condition imposes. Actually, as discussed
in [10] the above criteria is so strong that it for a large class of models converges to the boundary
of phase transition as the volume V approaches Zd . However, the bad news are that calculating an
estimator when V becomes large demand highly increasing computation power and the complexity is
beyond reach. On the other hand, for simple cases, and for not too large volumes, the above criteria
gives a deterministic way to exploit the region of uniqueness by doing a finite time calculation. This
was for instance exemplified in [13] were they applied the above criteria to a 3× 4 box for a certain
Hamiltonian model, extending previously known uniqueness bounds.

5.1.1 Proof via updating coupling

The following proof is a rewriting of the proof given in [10] with some extended details. It was
originally shown via the following two lemmas.

2As commented on earlier, they refer to a space slightly more general measure space than our Wasserstein space.
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Lemma 5.1.1. Let V be any finite volume in Zd and suppose we are given a DSV estimator {kV,y}.
Let Λ be any given volume, let σ ,ω ∈Ω, and let T (Λ) := {t ∈ Zd : (V ∪∂RV )+ t ⊂ Λ}.

Then for any δ > 0 there exists a measure P ∈ K(πΛ(·|ω),πΛ(·|σ)) such that for all s ∈ T (Λ).

∑
t∈V

ft+s ≤ ∑
t∈∂rV

kV,t ft+s +δ (5.5)

where ft is the corresponding estimator function.

Remark. Recall from last section that the estimator function was defined for every t ∈ Λ as

ft :=
∫

Λ

ρt(σ ,ω)P(dσ ,dω).

Lemma 5.1.2. Suppose the DSV uniqueness condition holds. Let Λ ⊂ Zd and ft ≥ 0 be given such
that equation 5.5 above holds for all s∈ T (Λ). Let ∆⊂Λ be given and define c(t) := exp(−g0d(t,∆)),
defined for every t ∈ Zd . Then for some constants C and c (not depending on Λ) we have that

∑
t∈Λ

ftc(t)≤C ∑
∂̄V Λ

ftc(t)+δ
|Λ|
c

(5.6)

where ∂̄V Λ := {t ∈Λ : d(t,Λc)≤ diam(V ∪∂rV )}, i.e. those points in distance V ∪∂rV to the boundary
of Λ.

Remark. Here g0, c and C are some positive constant, depending on γ3, and which will be specified in
the proof.

We next proceed by first showing how these two lemmas implies the main theorem.

Proof of theorem. Let ∆ ⊂ Λ for some finite Λ ⊂ Zd . Combining the two Lemmas we get that for
every τ,γ ∈Ω there exist a measure P ∈ K(πΛ(·|τ),πΛ(·|γ)) such that

∑
t∈Λ

ftc(t)≤C ∑
∂̄V Λ

ftc(t)+δ
|Λ|
c

,

where c(t) is defined for all t ∈ Λ with respect to ∆. Furthermore, by construction we have that

∑
t∈Λ

ftc(t)≥∑
t∈∆

ft ≥Wρ∆
(πΛ(·|τ),πΛ(·|γ))

Now, let Λ = Dn, the n-cube, and choose δn in such a way that limn→∞ δn|Dn| → 0. Moreover, as n
goes to infinity, c(t) becomes arbitrary small for t ∈ ∂̄V (Λ) and hence ∑t∈∂̄V Λ

ftc(t) converges to zero.
This is so since ft is bounded by 2Diam(S) which is finite by the compactness assumption on S. This
follows by applying the metric inequality, ie. for any coupling P and s ∈ S we have that

ft =
∫

ρt(α,β )P(dα,dβ )≤
∫

ρt(α,s)+ρt(s,β )P(dα,dβ )≤ 2Diam(S).

Thus, limn→∞Wρ∆
(πΛn(·|τ),πΛn(·|γ)) = 0 for any sequence {Λn} eventually covering L. Since this

holds for any ∆,τ and γ , by taking supremum over γ and τ this implies the uniqueness via condition
2.

We now continue with the proofs of the two lemmas.
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Proof of Lemma 5.1.1. The following proof is a simple extension of the Surgery Lemma for the Do-
brushin uniqueness condition.

Let s be any element of T (Λ), and let P be a coupling of K(πΛ(·|τ),πΛ(·|τ)) such that ∑t∈Λ ft ≤
WρΛ

(πΛ(·|τ),πΛ(·|γ))+ δ . Such a measure exists by definition of WρΛ
as the optimal coupling, and

since ∑t∈Λ ft =
∫

Λ
ρV (ω,σ)P(dω,dσ).

Remark. We have earlier seen that the optimal coupling exists. The δ allows us to take a coupling
which is not necessarily the optimal, and hence extending the condition to hold for separable metric
spaces.

By the possession of a DSV estimator we can construct a measure Pσ ,ω(·, ·)∈K(πV+s(·|σ),πV+s(·|ω))
for any σ ,ω ∈Ω such that∫

V+s
ρV+s(τ,γ)Pσ ,ω(dτ,dγ)≤ ∑

t∈∂rV+s
kV,tρt(σ ,ω)+δ

This can be seen by introducing a sequence of configurations {σi}i≥0 which converges to ω , where
σ0 = σ , and σi = σi−1 on all sites exept at site i where we flip and let it equal ωi. Then we have
that WρV+s(πV+s(·|ω),πV+s(·|σ)) ≤ ∑iWρV+s(πV+s(·|σi),πV+s(·|σi+1)) by telescoping and using the
metric inequality.

We now perform what is often referred to as the surgery operation by applying the measures Pσ ,ω

as probability kernels. More formally, we define the measure P̃ by

P̃( f ) =
∫ ∫

f (η ,τ)Pσ ,ω(dη ,dτ)P(dσ ,dω) (5.7)

Now, P̃ is in K(πΛ(·|τ),πΛ(·|γ)) by the self consistency of the specification Π.
We define f̃t similarly as ft , only now with respect to our new coupling P̃. Thus, ft+s = f̃t+s for

all t ∈ Λ\V and ∑t∈V f̃t+s ≤ ∑t∈∂rV kV+s,t+s f̃t+s +δ . By translation invariance this is equivalent to

∑
t∈V

f̃t+s ≤ ∑
t∈∂rV

kV,t f̃t+s +δ

Hence, by considering the measure of P and P̃ which minimizes ∑t∈Λ ft shows the existence of
such a measure for a given s ∈ T (Λ). Applying the same procedure to the minimal measure to each
s ∈ T (Λ) completes the proof.

We continue with the proof of the second lemma. Remark that in the proof the coupling does not
play any role. What is essential is that we possess an inequality similar to the one obtained in Lemma
5.1.1. Moreover, it is the following argument which is in need of the finite range property.

Proof of Lemma 5.1.2. By assumption ∑t∈V ft+s ≤ ∑t∈∂rV kV,t ft+s + δ . Now, multiply with c(s) and
sum over all s ∈ T (Λ) to get

∑
s∈T (Λ)

c(s) ∑
t∈V

ft+s ≤ ∑
s∈T (Λ)

c(s) ∑
t∈∂rV

kV,t ft+s + ∑
s∈T (Λ)

δ

By reordering the summation this is equivalent to

∑
t∈Λ

ft( ∑
s∈Zd :t−s∈V

c(s)− ∑
s∈(T (Λ)c) :t−s∈V

c(s))

≤ ∑
t∈Λ

ft( ∑
s∈Zd :t−s∈∂rV

kV,t−sc(s)− ∑
s∈(T (Λ)c) :t−s∈∂rV

kV,t−sc(s))+ ∑
s∈T (Λ)

δ
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Which implies the following inequality

∑
t∈Λ

ft( ∑
s∈Zd :t−s∈V

c(s)− ∑
s∈Zd :t−s∈∂rV

kV,t−sc(s))

≤ ∑
t∈Λ

ft( ∑
s∈(T (Λ)c) :t−s∈V

c(s)− ∑
s∈(T (Λ)c) :t−s∈∂rV

kV,t−sc(s)))+ |Λ|δ

We want to use the last inequality to show the wanted bound. For this we introduce the quantities
MAX and MIN given by

MIN := exp(−g0Diam(V ∪∂rV )≤ exp(g0(dist(t,∆)−dist(s,∆)))≤ exp(+g0Diam(V ∪∂rV ) := MAX

For the expression on the left hand side of the inequality we have that for any t ∈ Λ

∑
s∈Zd :t−s∈V

c(s)− ∑
s∈Zd :t−s∈∂rV

kV,t−sc(s)

≥ c(t)|V |MIN−|V |γMAXc(t) = c(t)|V |(MIN− γ3MAX)

by applying the DSV condition. By tuning g0 we may let MIN become so close to MAX that MIN−
γMAX > 0 (e.g. let g0 ∈ (0, − lnγ3

2Diam(V∪∂rV ))). For the right hand side we have for every t ∈ Λ that

∑
s∈(T (Λ)c) :t−s∈V

c(s)− ∑
s∈(T (Λ)c) :t−s∈∂rV

kV,t−sc(s)

is non-zero only for t ∈ ∂̄V Λ. Moreover, similar as for the left hand side we can bound this from above
by c(t)|V |(MAX− γMIN) giving us the inequality

∑
t∈Λ

ftc(t)|V |(MIN− γ3MAX)≤ ∑
t∈∂̄V Λ

ftc(t)|V |(MAX− γ3MIN)+δ |Λ|

By dividing by |V |(MIN− γMAX) we obtain the claimed inequality with C = MAX−γ3MIN
MIN−γ3MAX and c =

1
MIN−γ3MAX .

5.1.2 Mixing conditions

An issue with the Dobrushin-Shlosman uniqueness condition, versus the Dobrushin uniqueness condi-
tion, is the concept of Mixing. Recall that in the Dobrushin regime we could prove that if the estimator
α satisfied the decay property with constant γ , then for every f ∈ LΛ

δy(πΛ f )≤ 1
1− γ

G1e−md(Λ,y)

for some m > 0 and constant G1. However, as discussed in [10] this does not hold under the Dobrushin-
Shlosman condition. There they prove that only a ”very strong decay property” (see equation 3.10) is
satisfied under the DSV condition, that is,

δ (πΛ f )≤ G2 ∑
t∈∂̄V Λ

e−gd(t,Λ) (5.8)

for some g,G2 > 0 (depending on Λ and γ2), where ∂̄V Λ = {u∈Λ : d(u,Λc)≤Diam(V ∪∂RV )}, hence
only those sites well inside the Λ, and depending on the range R and the volume V .
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Originally we believed that we could improve this inequality substantively and give a relation
more similar to the strong mixing relation, even in the Dobrushin-Shlosman regime. The idea was
that the finite range property should not matter in the mixing condition, only the size of the volume V
should play a role, giving a inequality similar to

δy(πΛ f )≤ 1
1− γ

δ
ρ

Λ∗( f )G3e−md(Λ∗,y) (5.9)

for some g,G3 > 0 with Λ∗ = {z ∈ Λ | d(z,Λc) > |V |} and f ∈ LΛ∗ . However, it appeared in the final
writings that our proof of such a statement contained a vital mistake, and we have so far not been able
to correct this mistake.

In a preliminary paper to the Dobrushin-Shlosman uniqueness condition, [9], the mixing condition
we have seen were confused and assumed to be the same. The Czech models were introduced by the
Czech PhD-student Navratil, in the context of criticizing this paper, and given as a counterexample.
The prototype of such models have a unique measure in the full space, but non-uniqueness in a half
space (for instance, if Ω = Zd , the set of positive vectors forms a half-space, see [31]). These models
also showed that the uniqueness criteria is not exhausting, as first claimed in [9]. This was however
corrected in [10], were they prove that for a large class of models, the Dobrushin-Shlosman uniqueness
criteria indeed is exhaustive, in that by taking larger volumes V , the range of models satisfying the
uniqueness condition approach the phase transition boundary. Moreover, in [11] a large class of
models are classified under the term complete analyticity which is highly related to the issue of strong
mixing properties.

5.2 Lieb-Aizenman Uniqueness condition

In the dual approach the DSV estimator for the Dobrushin-Shlosman uniqueness condition is written
as δ

ρ
y (πV f ) ≤ δ

ρ

V ( f )αV,y. In [1] a similar uniqueness condition appear, however only shown for
the Stochastic Ising model (see for instance [26] for a detailed introduction to this model), and to
our knowledge never directly compared with the coupling approach originally taken by Dobrushin
and Shlosman. The condition originates from unpublished work by Lieb and Aizenman, hence the
name Lieb-Aizenman uniqueness condition. A throughout derivation of the Lieb-Aizenman condition
for general models, i.e. not only restricted to the Stochastics Ising model, were in our hands by the
unpublished lecture notes [19]. In this section we take a closer look at this condition and investigate its
relation with the Dobrushin-Shlosman uniqueness condition. A proof of the validity of the condition
follows from the derivation in the remaining sections were we even provide an extended version of
the Lieb-Aizenman condition. The technique relies on the following variant of the estimator.

Definition 5.2.1 (Lieb/Aizenmann Estimator). Given a finite volume V ⊂ L the set {αV
x,y}x∈V,y∈L\V is

said to be an AV estimator if for every y ∈ L\V and every function f ∈ LV it holds that

δ
ρ
y (πV f )≤ ∑

x∈V
αx,yδ

ρ
x ( f ) (5.10)

Given a AV estimator, we similarly as in the Dobrushin-Shlosman case have the following condi-
tion which implies the uniqueness of the consistent measures.

Condition 8 (Lieb-Aizenmann Uniqueness Condition). The Lieb-Aizenmann uniqueness condition
is said to hold for a specification Π if there exist an AV estimator {αV

x,y} such that

1
|V | ∑

x∈V y∈L\V
α

V
x,y = γ4 < 1 (5.11)
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Theorem 5.2.1. Let Π be a quasilocal specification satisfying the Feller property, and Ω a compact
Polish space. If the Lieb-Aizenman uniqueness condition holds for some volume V ∈L , then there
exists exactly one measure µ consistent with Π.

Seemingly, the Lieb-Aizenman uniqueness condition contain some more flexibility concerning
the choice of estimator then the Dobrushin-Shlosman uniqueness condition as it may also depend on
sites x ∈V . However, we will see that this flexibility is mainly artificial.

Lemma 5.2.1. Let Λ ∈L and let f ∈ LΛ. If ρΛ ≥maxx∈Λ ρx, then

δ
ρ( f )≤ ∑

x∈L
δ

ρ
x ( f ) (5.12)

Moreover, if we let ρΛ = ∑x∈Λ ρx, then

δ
ρ

Λ
( f ) = sup

x∈Λ

δ
ρ
x ( f ) (5.13)

for any f ∈ LΛ.

Proof. Enumerate Λ = {1,2, . . . ,n}. For any σ = ω off Λ let {σ j}n+1
j=0 be a sequence of flippings from

σ to ω such that σ0 = σ and σ j = ωx< jσx≥ j. The inequality follows by telescoping as shown next

δ
ρ( f ) = sup

σ=ω off Λ

| f (σ)− f (ω)|
ρΛ(σ ,ω)

≤ sup
σ=ω off Λ

∑
j

| f (σ j)− f (σ j+1)|
ρΛ(σ ,ω)

= sup
σ=ω off Λ

∑
j

| f (σ j)− f (σ j+1)|
ρ j(σ ,ω)

ρ j(σ ,ω)
ρΛ(σ ,ω)

≤ sup
σ=ω off Λ

∑
j

δ
ρ

j ( f )
ρ j(σ ,ω)
ρΛ(σ ,ω)

≤ ∑
j

δ
ρ

j ( f )

Hence δ ρ( f ) ≤ ∑x∈L δ
ρ
x ( f ). In case ρΛ = ∑x∈Λ ρx it also follows that δ

ρ

Λ
( f ) = maxx∈Λ δ

ρ
x ( f ). This

can be seen from the second line from below, as ∑
n
i=1 δ

ρ

i ( f ) ρi(σ ,ω)
ρΛ(σ ,ω) forms a convex combination.

Taking the supremum thus yield δ
ρ

Λ
( f ) = maxx∈Λ δ

ρ
x ( f ).

The lemma above essentially imply that the Lieb-Aizenman uniqueness condition is equivalent to
the condition obtained by Dobrushin and Shlosman, as shown next.

Proposition 5.2.1. For the optimal choice of {αV
y }y/∈V satisfying Dobrushin-Shlosman uniqueness

condition and {αV
x,y}x∈V y/∈V satisfying Lieb-Aizenmans condition we have that for any y /∈V

α
V
y = ∑

x∈V
α

V
x,y (5.14)

Moreover, given an estimator for Lieb-Aizenman condition, then we also have an estimator satisfying
Dobrushin-Shlosman criteria
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Proof. For any f ∈ LV , let x0 ∈V be a site such that δ
ρ
x0( f ) is maximized. Then

∑
x∈V

δ
ρ
x ( f )αV

x,y

= δ
ρ
x0

( f )(αV
x0,y + ∑

x 6=x0,x∈V

δ
ρ
x ( f )

δ
ρ
x0( f )

α
V
x,y)

≤ δ
ρ

V ( f )(∑
x∈V

α
V
x,y) as δ

ρ

V ( f ) = max
x∈V

δ
ρ
x ( f )

Furthermore, by considering a function f ∈ LV with the property that δ
ρ
x ( f ) = δ

ρ
z ( f ) for all x,z ∈V ,

we see that the above inequality actually is an equality, which proves the claim.

Remark. Above we did not need {αV
x,y} to be optimal. The lemma tells us that given an estimator

αV
x,y, then ∑x∈V αV

x,y = αV
y is also an estimator in the setup of Dobrushin and Shlosman. Moreover, the

optimal estimators satisfies this equality. Note that here it is essential that we use ρV = ∑x∈V ρx. On
the other hand, the setup by Lieb/Aizenman does only depend on the single site metrics and can thus
be seen to be a generalization.

Remark. The optimal DSV estimator is given by

αV,y = sup
σ=ω off y

1
ρy(σ ,ω)

WρV (πσ
V ,πω

V ),

and is hence unique. The definition of the optimal AV estimator on the other hand is not so straight
forward, but an estimate can be found as follows. Enumerate V = {1, . . . ,n}. Let σ = ω off y, then
for every f ∈ LV

|πσ
V f −π

ω
V f |

≤
∫
| f (τ)− f (η)|µ(dτ,dη) for any µ ∈ K(πσ

V ,πω
V )

≤
n

∑
i=1

∫
| f (τx≥iη)− f (τx>iη)|µ(dτ,dη)

=
n

∑
i=1

∫ | f (τx≥iη)− f (τx>iη)|
ρi(τ,η)

ρi(τ,η)µ(dτ,dη)

≤
n

∑
i=1

δ
ρ

i ( f )
∫

ρi(τ,η)µ(dτ,dη)

Hence
α

V
x,y = sup

σ=ω off y

1
ρy(σ ,ω)

inf
P∈K(πσ

V ,piωV )

∫
ρx(η ,τ)P(dη ,dτ) (5.15)

is more or less the best estimator one can have. Any approximation of αV,y by applying a suitable
coupling procedure immediately yields an AV estimator too. However it is worth noticing that, unlike
for the DSV estimator, the optimal αV

x,y is not unique as the optimal coupling in general is not.

In the proceeding we will continue in the formulation similar to Lieb-Aizenman. This will be con-
venient when generalizing the tools given in the former chapter for extending the results of Dobrushin
and Shlosman beyond translation invariance and finite range. It should however be emphasized that
the techniques we will use does not depend essentially on whether we use the coupling approach or
by averaging over observables. The essential is that we obtain an inequality similar to the first Lemma
above, a generalization of the Surgery Lemma.
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5.3 Dobrushin Uniqueness Condition for Larger Volumes

We proceed by generalizing the results obtained in the previous chapter. To obtain the strongest
results concerning uniqueness we assume given a quasilocal specifications, Π, on a Polish space Ω,
with µ and ν two corresponding consistent measures. As earlier we assume that we are given a spread
estimator {λz}z∈L such that

|µ( f )−ν( f )| ≤ ∑
z∈L

δ
ρ
z ( f )λz (5.16)

Let Θ = {θn}n≥1 be any partition of L, consisting of non-overlapping sets such that each site x ∈ L is
contained in exactly one element θn. Then we have the following generalized version of an estimator
for Π.

Definition 5.3.1. Given a partition Θ of L, then we say that αΘ = {αΘ
x,y}x,y∈L forms an estimator for

Π if for each θ ∈Θ

δ
ρ
y (πθ f )≤ ∑

x∈θ

δ
ρ
x ( f )αΘ

x,y (5.17)

for every f ∈ Lθ .

Similar as the original Dobrushin estimator where each θ only contained a single site, the operator
πθ can be seen as a duster over all of θ .

Lemma 5.3.1 (Dusting Lemma). Let Π be a specification. Given a partition Θ of L and a corre-
sponding estimator {αΘ

x,y}, then for every g ∈ L we have that for any θ ∈Θ

δ
ρ
y (πθ g) =

{
= 0, if y ∈ θ

≤ δ
ρ
y (g)+∑x∈θ δ

ρ
x (g)αΘ

x,y, if y /∈ θ
(5.18)

Proof. For y ∈ θ , supω=σ off y |πθ (g|σ)−πV (g|ω)|= 0 since σ = ω on the boundary of θ .
For y /∈ θ we have that for any σ = ω off y

|πθ (g|σ)−πθ (g|ω)|
ρy(σ ,ω)

=
|πθ (gσθc |σ)−πθ (gωθc |ω)|

ρy(σ ,ω)
where gσθc (ω) = g(ωθ σθ c)

≤
|πθ (gσθc −gωθc |σ)|

ρy(σ ,ω)
+
|πθ (gωθc |σ)−πθ (gωθc |ω)|

ρy(σ ,ω)

The first term is bounded by δ
ρ
y (g) since, after integrating the functions only differs at y. The sec-

ond term is bounded by δ
ρ
y (πθ gωθc ), which, since gωθc only depends on values in θ , is bounded by

∑x∈θ δ
ρ
x (g)αΘ

x,y.

The interpretation is that by applying the duster πθ we clean the sites inside θ . However, by doing
so some dust is spread to the neighboring sites. αΘ

x,y is thus a measure of how much dust spreads from
x to y when cleaning with the dusters πθ , θ ∈Θ. The next lemma shows how we can update the spread
estimator by use of the estimator αΘ, i.e., how to make it cleaner.
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Lemma 5.3.2. Let λ be a spread estimator for µ and ν , and let f be any quasilocal function in L. Let
θ ∈Θ. Then there exist an spread estimator λ̃ given by

λ̃x

{
= λx if x /∈ θ

= ∑z/∈θ αΘ
x,zλz if x ∈ θ

(5.19)

Proof. For updating the spread estimator λ , let f be a quasilocal function in L. Then for any θ ∈Θ it
follows similar as in previous updating lemmas that

|µ( f )−ν( f )|
= |µ(πθ f )−ν(πθ f )| by the DLR-equations

≤ ∑
z/∈θ

δ
ρ
z (πθ f )λz

≤ ∑
z/∈θ

δ
ρ
z ( f )λz + ∑

x∈θ

δ
ρ
x ( f )(∑

z/∈θ

αx,zλz) by the Dusting Lemma

For the single-site Dobrushin condition we could proceed by a taking the site-wise minimum
spread estimator. For a larger volumes θ , however, we have no guaranty that this actually yield a
spread estimator. Assume θ = {x,y}, and let λ̃ be the updated spread estimator. Then it may be the
case that λ̃x < λx and λy < λ̃y, and hence the analysis tells us nothing about whether or not the site-wise
minimum is a spread estimator. To overcome this problem we instead proceed as in the second proof
of the Dobrushin uniqueness condition (see section 4.2.2), hence introducing the following condition.

Condition 9. Given a partition Θ of L. The Dobrushin uniqueness condition is said to hold for Θ and
a specification Π if there exists an corresponding estimator {αΘ

x,y}x,y∈L and a constant γ1 ≥ 0 such that

sup
x∈L

∑
y∈L: y 6=x

α
Θ
x,y = γ1 < 1 (5.20)

Assume further that the spread estimators are uniformly bounded, say by the constant c, which is
the case for every measure in the Wasserstein space, and let λx ≡ c. By applying the updating lemma
over a set θ we get the new estimator λ̃ which equals c for each x /∈ θ , and where

λ̃x = ∑
z/∈θ

α
Θ
x,zλz ≤ cγ1 (5.21)

Hence, this implies that the updated spread estimator also is the site-wise minimum, and so we can
proceed as in the single-site Dobrushin condition. Enumerating the elements of the partition Θ and
applying the updating rule to each of them we thus obtain the new spread estimator T (λ ), given by

(T (λ ))x ≤ cγ1

Iterating this procedure further thus provides us with a sequence of spread estimators converging
uniformly to 0.

Theorem 5.3.1. Given two measures µ and ν , consistent with the quasilocal specifications Π, defined
on a Polish space Ω. Let Θ be any partition of L and let αΘ be an estimator for Π. If the general
Dobrushin uniqueness condition is satisfied, then the Wasserstein space W 1

ρ (Ω) contains at most one
measure µ consistent with Π.
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Remark. For the single-site Dobrushin uniqueness condition we gave in theorem 4.4.1 a more general
condition. Whether [αΘ]n → 0 as n→ ∞ is a sufficient condition for absent of several consistent
measures is still an open question.

As seen in the previous section, the Lieb-Aizenman uniqueness condition considers the average
over all x ∈ θ , and hence is still a better condition when it is applicable. The initial approach to show
its validity, as seen in [19], was simply by taking a convex combination of such spread estimators.

Lemma 5.3.3. Let {λ j}1≤ j≤n be a set of spread estimators. Then any convex combination ∑
n
i=1 ωiλ

j

is also a spread estimator.

Proof. Let ∑
n
i=1 ωi = 1 with each ωi ≥ 0 and let {λ i

x} be a set of n spread estimators for µ and ν .
Then

∑
z∈L

δx( f )
n

∑
i=1

ωiλ
i
x =

n

∑
i=1

ωi ∑
x∈L

δx( f )λ i
x ≥

n

∑
i=1

ωi|µ( f )−ν( f )|= |µ( f )−ν( f )| (5.22)

However, one is once again put up against the dilemma whether or not one can update the spread
estimator site-wise.3 Hence we are lead to proceed by other methods, which actually will turn out to
yield an improvement of the Lieb-Aizenman uniqueness condition.

5.4 Extension of Lieb-Aizenmans Condition

Let Θ = {θi}i≥1 be a collection of finite subsets of L such that each site x ∈ L is contained in at least
one of the elements. We call such a collection a cover of L. Assign to each element θi a weight ωi > 0
such that ∑i ωi = c < ∞. If not otherwise stated we will assume c = 1.

Definition 5.4.1. Given a cover Θ of L, then we say that αΘ = {αΘ
x,y}x,y∈L forms an estimator for Π

if for each y ∈ L,
δ

ρ
y (∑

i≥1
ωiπθi f )≤ ∑

x 6=y
δ

ρ
x ( f )αΘ

x,y (5.23)

for every f ∈ L∂yΘ, where ∂yΘ = {θ ∈Θ : y /∈ θ}.

In the definition above δ
ρ
x ( f ) = 0 for each x /∈ ∂yΘ. Hence the corresponding αΘ

x,y may be chosen
arbitrarily, and we will in the proceedings assume that it equals 0. The reason why they are included
is only to lighten the notation.

Lemma 5.4.1 (Dusting Lemma). Let Π be a specification. Given a cover Θ of L and a corresponding
estimator {αΘ

x,y}, then for every g ∈ L we have that for any y ∈ L,

δy(∑
i≥1

ωiθig)≤ δ
ρ
y (g)(1−ωy)+ ∑

x 6=y
δ

ρ
x ( f )αΘ

x,y (5.24)

where ωy = ∑i :y∈θi ωi.

3The proof in [19] of Lieb-Aizenman depends seemingly on taking a site-wise spread estimator
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Proof. For any σ = τ off y we have

1
ρy(σ ,τ)

|∑
i≥1

ωi(πσ

θi
(g)−π

τ
θi
(g))|

=
1

ρy(σ ,τ)
|∑

i≥1
ωi(πσ

θi
(gσ )−π

τ
θi
(gτ))| where gτ(σ) = g(σ∂yΘτ(∂yΘ)c)

≤ 1
ρy(σ ,τ)

|∑
i≥1

ωi(πσ

θi
(gσ )−π

τ
θi
(gσ ))|+ 1

ρy(σ ,τ)
|∑

i≥1
ωiπ

τ
θi
(gσ −gτ)|

≤ δ
ρ
y (∑

i≥1
ωiπθigσ )+

1
ρy(σ ,τ)

| ∑
i: θi∈∂yΘ

ωiπ
τ
θi
(gσ −gτ)|

≤ ∑
x 6=y

δ
ρ
x (g)αΘ

x,y +δ
ρ
y (g)(1−ωy)

Where the last line follows as ∑i: θi∈∂yΘ ωi = 1−ωy.

Assuming as earlier that we are given a spread estimator for µ and ν we get the following updating
lemma.

Lemma 5.4.2. Given a spread estimator {λx}x∈L for µ and ν . Then {λ 1
x }x∈L given by

λ
1
x = (1−ωx)λx + ∑

y 6=x
α

Θ
x,yλy (5.25)

also forms a spread estimator.

Proof. Similar as for the other updating lemmas we have that for any quasilocal f ∈ L

|µ( f )−ν( f )|
= |µ(∑

i≥1
ωiπθi f )−ν(∑

i≥1
ωiπθi f )|

≤ ∑
z∈L

δ
ρ
z (∑

i≥1
ωiπθi f )λz

≤ ∑
z∈L

[δ ρ
z ( f )(1−ωz)λz + ∑

x 6=z
δ

ρ
x ( f )αΘ

x,zλz]

= ∑
z∈L

δ
ρ
z ( f )[(1−ωz)λz + ∑

y6=z
α

Θ
z,yλy]

Thus, if there exists a uniformly bounded for the spread estimator such that we may consider
λx = c < +∞ for each x ∈ L, then similar as in the first approach in this section we get the following
natural condition.

sup
x∈L

1
ωx

∑
y∈L: y 6=x

α
Θ
x,y = γ5 < 1 (5.26)

Hence, under this condition, by implying the updated spread estimator we get that

λ
1
x = (1−ωx)λx + γ5ωxc (5.27)
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for any initial spread estimator λx. We claim that by implying the updating lemma successively yield
the spread estimator {λ n

x }x∈L given by

λ
n
x = (1−ωx)n

λx +ωxγ5c
n−1

∑
j=0

(1−ωx) j (5.28)

This follows simply by induction. It clearly holds for n = 0. Assume it holds for k−1, then we have
that

λ
k
x = (1−ωx)(1−ωx)k−1

λx +ωxγ5c
k−2

∑
j=0

(1−ωx) j)+ γ5ωxc

= (1−ωx)k
λx +ωxγ5c

k−1

∑
j=0

(1−ωx) j

Hence, by taking the limit as n→ ∞ implies that λ ∞
x = ωxγ5c 1

ωx
= γ5c. As this holds for any x ∈ L,

this shows that we can improve the uniform bound on the spread estimator by the factor γ5. Iterating
the whole process thus leads to a geometric convergence of the spread estimator, implying that the
optimal spread estimator is the zero vector, and hence also that µ = ν .

Theorem 5.4.1. Given two measures µ and ν consistent with the quasilocal specifications Π and
defined on a Polish space Ω. Let Θ be a cover of L and let αΘ be a corresponding estimator for Π. If
supx

1
ωx

∑y 6=x αx,y < 1, then the Wasserstein space W 1
ρ (Ω) contains at most one measure µ consistent

with Π.

Actually, we can get more out of this condition. Recall from the update lemma that

λ
1
x = (1−ωx)λx + ∑

y 6=x
α

Θ
x,yλy

In matrix notation this thus yields
λ

1 = α
Θ

λ (5.29)

where α is the interaction matrix with αx,x = (1−ωx). Iterating thus yields λ n = αnλ , given the
following generalization.

Condition 10. Given a cover Θ of L and corresponding set of summable weights. The extended Lieb-
Aizenman condition is said to hold for a specification Π if there exists an corresponding estimator
{αΘ

x,y}x,y∈L such that
lim
n→∞

[α]n = 0. (5.30)

Theorem 5.4.2. Given two measures µ and ν consistent with the quasilocal specifications Π and
defined on a Polish space Ω. If the extended Lieb-Aizenman condition is satisfied for some cover Θ

with corresponding summable, then the Wasserstein space W 1
ρ (Ω) contains at most one measure µ

consistent with Π.

The extended Lieb-Aizenman put in the dusting interpretation tells us that it may also be sufficient
to apply a duster which does not completely clean the sites which it is dusting. What is more important
is that the total amount of dust decreases in the long term. It should also be noted that we could apply
local dusters such as 1

2 πx + 1
2 πz for some sites x,z ∈ L in the same way. However, one then needs

several different dusters such that in the end one cover the whole space.
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5.5 Derivation of the Lieb-Aizenman Condition

We claimed that the new condition is an extension of the Lieb-Aizenman uniqueness condition to
systems which may not be translation invariant and are not restricted to have finite range only. For
this we need an estimate of the optimal estimator under the extended version. For any σ = τ off y and
f ∈ L∂yΘ we have that

|∑
i≥1

ωi(πσ

θi
f −π

τ
θi

f )|

≤ ∑
i≥1

ωi|πσ

θi
f −π

τ
θi

f |

= ∑
i≥1

ωi|
∫

f (α)− f (β )Pσ ,τ
θi

(dα,dβ )| where Pσ ,τ
θi
∈ K(πσ

θi
,πτ

θi
)

≤ ∑
i≥1

ωi

∫
| f (α)− f (β )|Pσ ,τ

θi
(dα,dβ )

For each θi and α = β off θi consider a telescoping path from α to β , i.e {α j}|θi|
j=0 where α0 = α and

α|θi| = β . Then we have further that

∑
i≥1

ωi

∫
| f (α)− f (β )|Pσ ,τ

θi
(dα,dβ )

≤ ∑
i≥1

ωi

∫ |θi|

∑
j=1
| f (α j−1)− f (α j)|Pσ ,τ

θi
(dα,dβ )

= ∑
i≥1

ωi

|θi|

∑
j=1

∫ | f (α j−1− f (α j)|
ρ j(α,β )

ρ j(α,β )Pσ ,τ
θi

(dα,dβ )

≤ ∑
i≥1

ωi

|θi|

∑
j=1

δ
ρ

j ( f )
∫

ρ j(α,β )Pσ ,τ
θi

(dα,dβ ).

Reordering the terms we see that this is equivalent to

= ∑
z∈L

δ
ρ
z ( f ) ∑

i∈B(z)
ωi

∫
ρz(α,β )Pσ ,τ

θi
(dα,dβ )

where B(z) = {i : z ∈ θi}. Hence by taking the supremum of σ = τ off y we see that an estimate of
αΘ

x,y is to set

α
Θ
x,y = sup

σ=τ off y

1
ρy(σ ,τ) ∑

i∈B(z)
ωi

∫
ρx(α,β )Pσ ,τ

θi
(dα,dβ )

This estimate is less than ∑i∈B(z) ωi supσ=τ off y
1

ρy(σ ,τ)
∫

ρx(α,β )Pσ ,τ
θi

(dα,dβ ), which is seen to yield
a convex combination of optimal estimators in the Lieb-Aizenman case (see equation 5.2 ). Hence
our new condition is an improvement of the Lieb-Aizenman condition. On the other hand, we require
that the weights are summable, while in the setting of Lieb-Aizenman the weights are constant. How-
ever, in the special case of L being the integer lattice we may overcome this problem by a simple
approximation argument.4

4We learned the following argument from the derivation of Dobrushin-Shlosman uniqueness condition in [42]
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Let L = Zd and let V be some finite volume in L. Assume Π is translation invariant and con-
sider Θ as the collection of all translations of V in Zd . From the derivation above α

Θ,1
x,y ≤ ∑u αV+u

x,y ,
where αV+u

x,y is the the estimator from the Lieb-Aizenman condition and α
Θ,1
x,y means that we are

considering weights of 1 only. Hence, assuming that the Lieb-Aizenman condition holds, i.e. that
∑x∈V ∑y/∈V αV

x,y < |V | we get that

∑
y6=x

α
Θ,1
x,y ≤ ∑

y6=x
∑
u

α
V+u
x,y = ∑

u∈V
∑
y6=x

α
V
x−u,y−u = ∑

x∈V
∑
y/∈V

α
V
x,y < |V |

Consider now the same systems, but assign to each Vi ∈Θ the weight ωi = (1+ε)−d(0,Vi) for some
ε > 0. The weights are clearly summable. Indeed, there are exactly 4n elements in Zd of distance
n≥ 1 from the origin, and so ∑i≥1 ωi ≤ |V |(1+∑

∞
n=1 4n(1+ ε)−n) < ∞. Moreover,

∑
i∈B(x)

ωi

∫
ρx(α,β )Pσ ,τ

θi
(dα,dβ )

≤ 1
|V |

ωx(1+ ε)r
∑

i∈B(x)

∫
ρx(α,β )Pσ ,τ

θi
(dα,dβ )

where r = Diam(V ). Hence,

∑
y6=x

α
Θ,ω
x,y ≤ ∑

y6=x

1
|V |

ωx(1+ ε)r
α

Θ,1
x,y ≤ ωx (5.31)

for some ε > 0 under the Lieb-Aizenman condition as ∑y 6=x α
Θ,1
x,y < |V |. Thus we have proven that

the Lieb-Aizenman condition implies our claimed extended version. Moreover, the proof above also
holds beyond finite range specifications, extending the condition to what was previously known.

Remark. As seen from the derivation above, it seems convenient to compare the optimal estimators
in a coupling perspective. This perspective will be made more explicit in the next chapter. Note also
that our estimate αΘ

x,y is not the optimal one, since we have taken the supremum inside the summation
of ∑z∈L.

Remark. It should be noted that what was essential above is that we can approximate the extended
Lieb-Aizenman condition to hold beyond summable weights. Indeed, what we used was that ∑y 6=x α

Θ,1
x,y <

|V |, which is even stronger than the original Lieb-Aizenman condition. Moreover, for this we did not
make use of the assumed translation invariance. It should be noted that a similar approach as above
also could have been put forward for the column sum, that is under the condition supy ∑x 6=y α

Θ,ω
x,y < ωy.
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Chapter 6

Comparison of Uniqueness Conditions

In this chapter we introduce some other known uniqueness conditions and compare them to our various
conditions seen in the previous chapters. First we introduce two uniqueness conditions given by D.
Weitz in [42] following similar ideas as the initial one by Dobrushin, however written in a more
dynamical approach. Next we discuss yet another uniqueness condition introduced in [3] by J. van
den Berg and C. Maes which displays a relation between uniqueness of consistent measures and
the critical probability for site-percolation. These ”new” conditions are then compared to our ”old”
conditions seen in the previous chapter, and in particular the relation between a coupling approach and
an averaging approach is highlighted. In the end section we review some of the unanswered question
in this paper, and sketch areas which are in need of further investigation.

6.1 Dynamical Approach to Dobrushin Uniqueness Condition

In the original paper [42] by D. Weitz, the spin space S is assumed to be finite. Moreover, only speci-
fications of nearest-neighbor type are considered, that is, specifications constructed via a Hamiltonian
given by

HΛ(σ) := ∑
x∼y:{x,y}∩Λ 6= /0

Ux,y(σx,σy)+ ∑
x∈Λ

Ux(σx) (6.1)

for some pair potential Ux,y : S× S 7→ R∪{∞} and self-potential Ux : S 7→ R∪{∞}. Remark that the
potential may be infinite, and so the hard-core model is for instance included in the set up. From the
Hamiltonian the specification is then given by

πΛ(σ |τ) :=

{
1

Zτ
Λ

exp(−HΛ(σ)) if σ = τ off Λ

0 otherwise
(6.2)

Moreover, these are only defined for so called feasible boundary conditions so that also Non-Gibbsian
models, such as the Hard-core model, is within the range of models considered.

As we know, the given specification satisfies the DLR conditions πΛπ∆ = πΛ for any ∆⊂ Λ ∈L .
In Weitz dynamical approach this is seen as a stationary condition on the random process which at
each instance of time picks a finite subset at random and updates the configuration. Thus, the DLR
condition can be restated as saying that choosing a configuration according to πΛ and then by π∆ is
the same as choosing a configuration according to πΛ only.

Similar as for the extended Lieb-Aizenman condition we introduce a collection of finite blocks
(regions) {θi}i≥1, which cover L finitely many times. Assign also a positive weight ωi to each block
θi. The update rule is then defined as follows.

47
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Definition 6.1.1 (Local Update Rule). κ = {κτ
i } is said to be a local update rule for Π with respect

to {θi}i≥1 if

1. For every τ and i ∈ N, κτ
i is a probability distribution that agree with τ of θi.

2. For every feasible τ and i, πτ
θi

is stationary under κi.

3. κτ
i and κσ

i projected on Sθi are the same whenever τ = σ on θi∪∂θi.

A natural choice would be to let κτ
i = πτ

θi
. However, by condition 3, κτ

i is also allowed to depend
on the value of τ inside θi, and so other possibilities exists, such as the Metropolis update (see [42]
page 5 for more details and section 5.3 for an example of a more sophisticated coupling).

From the definition of a Local Update Rule, the coupled update rule {Ki}i≥1 is defined, where
Ki(τ,η) is a coupling of κτ

i and κ
η

i (often taken as the optimal coupling). In the following we let
ρx(Ki(η ,ξ )) be the integral over ρx. Based on the Local Update Rule the following two definitions
are given.

Definition 6.1.2 (Influence of a site). For a given coupled update rule K, the influence of a site y on
site x, Ix←y, is defined as the smallest constant for which, for all η = ξ off y

∑
i∈B(x)

ωiρx(Ki(η ,ξ ))≤ ρy(η ,ξ )Ix←y (6.3)

where B(x) = {i ∈ N : x ∈ θi}.

Definition 6.1.3 (Total influence of a site). For a given coupled update rule K, the total influence of
site y i, I←y, is defined as the smallest constant for which, for all η = ξ off y

∑
i≥1

ωiρθi(Ki(η ,ξ ))≤ ρy(η ,ξ )I←y (6.4)

The first definition( 6.1.2) combined with the following theorem is a rewriting or generalization
of what we have called the Dobrushin uniqueness condition.

Theorem 6.1.1. If a specification Π admits a coupled update rule K together with a bounded collec-
tion of metrics ρ , i.e. supx∈L supσ=τ off x ρx(σ ,τ) < ∞, for which

sup
x
{ 1

ωB(x)
∑
y

Ix←y}= sup
x

Ix←
ωB(x)

< 1 (6.5)

where ωB(x) = ∑i∈B(x) ωi and Ix← = ∑y Ix←y, then there exists exactly one Gibbs measure consistent
with Π.

Similarly, the second definition (6.1.3) combined with the next theorem is a generalization of what
we have called the dual-Dobrushin uniqueness condition, and in [42] referred to as a version of the
Dobrushin-Shlosman condition.

Theorem 6.1.2. If a specification Π admits a coupled update rule K together with a summable col-
lection of metrics ρ , i.e. ∑x∈L supσ=τ off x ρx(σ ,τ) < ∞, that satisfy supy ωB(y) < ∞, infωB(y) > 0 and

sup
y
{ 1

ωB(y)
I←y}< 1 (6.6)

then there exists exactly one Gibbs measure consistent with Π.



6.1. DYNAMICAL APPROACH TO DOBRUSHIN UNIQUENESS CONDITION 49

Remark. As shown in section 5.2 of [42] the condition of the set of metrics being summable is essen-
tial. Thus the theorem does not apply in general when each distance are the same, e.g. ρx = ρ for all
x. However, by a similar argument as we used to show the Lieb-Aizenman condition in the previous
chapter it can be shown to be valid for graphs with subexponential growth, e.g. like Zd . Another
way to look at this statement for fixed site-metrics is that the weight most be summable, rather than
the metrics. Lastly, in [43] the condition was improved to be correct without assuming infy ωB(y) > 0.
However, that supy ωB(y) < ∞ is necessary, as shown in [42].

In proving the above stated theorems, Weitz uses the path coupling technique. The path coupling
technique was formalized by M.E. Dyer and R. Bubley in [5] to construct couplings depending on
two configurations, say σ and ω , based on a sequence of flippings (i.e., a path from σ to ω). It is
essentially the same technique as originally used by Dobrushin in the Surgery Lemma, though put in
a more general context. Weitz uses the path coupling technic to construct general couplings based on
the single flipping coupling Ki(τ,η) (where τ = η off y for some y∈L). Given a coupling, Q, he then
constructs a new coupling, FS(Q) given by

FS(Q) =
∫

KS(η ,τ)Q(dη ,dτ),

where KS(η ,τ) = ∑i∈S
ωiKi(η ,τ)

ωS
. Based on this he proofs

Lemma 6.1.1. Given a coupled update rule K and a collection of metrics ρ . Let Q be any coupling,
x any site and S any finite subset of N such that B(x)⊂ S. Then, letting ρx(Q) =

∫
ρx(τ,η)Q(dτ,dη),

ρx(FS(Q))≤ (1−
ωB(x)

ωS
)ρx(Q)+

Ix←
ωS

sup
y∈φ(B(x))

ρy(Q) (6.7)

where φ(B(x)) = ∪i∈B(x)(θi∪∂θi). Let ∆ be any finite region, and S be such that B(∆)⊂ S, then

ρ∆(FS(Q))≤ (1−MAX +MIN
2

)ρ∆(Q)+
MAX

ωS
ρφ(B(∆))(Q) (6.8)

where MAX = maxy∈φ(B(∆)){I←y} and MIN = miny∈φ(B(∆)){ωB(y)− I←y}.

The lemma can be seen as a version of what we have called the updating lemma adapted to Weitz
settings. For instance, given a coupling Q with estimation function fx, the first inequality tells that the
updated coupling FS(Q) has estimation function f̃x satisfying

f̃x ≤ (1−
ωB(x)

ωS
) fx +

Ix←
ωS

sup
y∈φ(B(x))

fy.

By applying the two lemmas Weitz shows, by use of induction, that for any finite Λ ⊂ L there ex-
ists for any σ ,ω ∈ Ω a coupling Qm ∈ K(πσ

Λn
,πω

Λn
) such that ρΛ(Qm) ≤ c|Λ|αm, where α < 1 and

c = maxx∈Λn sups1,s2
ρx(s1,s2), which proves uniqueness under the Dobrushin uniqueness criteria (To-

tal influence on a site). Moreover, for the dual uniqueness result (Total influence of a site) Weitz
proves similarly that there exists a coupling Qm ∈ K(πτ

Λm+1
,πη

Λm+1
) such that ρΛ(Q) ≤ Cαm, where

C = maxω,σ ρΛm(σ ,ω).

Remark. In [42] it is also commented that the proof should be valid for general finite range mod-
els. Moreover, by simply introducing the Wasserstein distance, rather then the Total Variation, the
condition should easily be extendable beyond finite single spin space S.
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6.2 Uniqueness Condition Related to Disagreement Percolation

In [3] another uniqueness condition was introduced, sort of similar to those we have seen, with con-
nections to site-percolation.1 For this we introduce the following estimator.

Definition 6.2.1. Given a specification Π, then the set {αx}x∈L is called a disagreement-estimator for
Π if it satisfies

δ (πx f )≤ δ
ρ
x ( f )αx (6.9)

for every f ∈ Lx. Equivalently, if for each σ ,τ ∈Ω

||πσ
x −π

τ
x ||TV ≤ αx (6.10)

Thus, αx represent the influence on x of flipping possibly all spins outside x. In [3], the following
uniqueness condition is given

Theorem 6.2.1. 2 Assume S finite and Π a specification of nearest neighbor type (i.e. only depend on
the spin values at the boundary). Then, if

sup
x∈L

αx < pc

where pc is the critical probability for the site-percolation on the underlying graph, then the exist
exactly one measure consistent with Π.

Thus the above condition depend on a good estimates of pc, which in many situation can be
very difficult to obtain itself. However, in [3] several examples are given, and in particular, for the
Hard-Core Model the condition is shown to be better then the at that time known estimates by the
Dobrushin-Shlosman condition.

6.3 Comparison of Uniqueness Conditions

In this section we summarize all the condition for uniqueness we have seen so far, and study which
gives the better estimate. We do so by first looking at updates on single sites before looking at larger
volumes. As we saw in the first section of this chapter, the coupling description by Weitz is more
general then what we have studied so far. To be able to compare at this stage we thus restrict ourselves
to so-called ”heat-bath” updates, i.e. couplings of πσ

θ
and πτ

θ
. By assigning the weight 1 to each

subset containing exactly one element, then the optimal conditions for only single-site updates can be
summarized as shown in table 6.1.

The table contains four conditions. First is the original Dobrushin uniquness condition. Next is a
condition by Weitz, the total influence of a site y on a site x. Third is the second condition by Weitz,
the total influence of y. Last we have the condition by van den Berg and Maes. Comparing the optimal
estimators, it is seen from the table that the first condition of Weitz is contained in the formulation of
Dobrushin uniqueness condition. However, the second condition by Weitz is seen to be stronger then
what we earlier called the dual-Dobrushin condition. This follows as

I←y = sup
σ=τ off y

1
ρy(σ ,τ) ∑

y 6=x
Wρx(π

σ
x ,πτ

x )≤ ∑
y 6=x

sup
σ=τ off y

1
ρy(σ ,τ)

Wρx(π
σ
x ,πτ

x ) = ∑
x 6=y

αx,y

1A short introduction to site-percolation is given in their paper. [3]
2Corollary 2 in [3]
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Optimal Estimator Condition Requirements
αx,y = sup f∈Lx

supσ=τ off y
δy(πx f )
δ

ρ
x ( f )

αn→ 0 S Polish, Π quasilocal

Ix←y = supσ=τ off y
1

ρy(σ ,τ)Wρx(π
σ
x ,πτ

x ) supx ∑y 6=x Ix←y < 1 S discrete, Π finite range

I←y = supσ=τ off y
1

ρy(σ ,τ) ∑y 6=x Wρx(π
σ
x ,πτ

x ) supy Iy < 1 L≡ Zd , S discrete, Π finite range
αx = supσ 6=τ Wρx(π

σ
x ,πτ

x ) supx < pc S finite, Π finite range

Table 6.1: Uniqueness conditions for single site

The extended Lieb-Aizenman condition should also be consider. It says that for L = Zd and any
estimator satisfying

δy(∑
x∈L

πx f )≤∑
z6=y

δ
ρ
z ( f )αx,y

implies uniqueness if limn→∞[α]n→ 0. We saw earlier that for any σ = τ off y

|∑
x∈L

(πσ
x f −π

τ
x f )| ≤∑

z6=y
δ

ρ
z ( f )

∫
ρz(α,β )Pσ ,τ

x (dα,dβ )

where Pσ ,τ
x ∈K(πσ

x ,πτ
x ). Thus the requirement that ∑y6=x αx,y ≤ 1 is better then the original Dobrushin

condition, however difficult to write explicitly. On the other hand, ∑x 6=y αx,y = I←y, and so the extended
Lieb-Aizenman condition is a generalization of Weitz two conditions, at least for subexponential
graphs.

Remark. The condition by van den Berg and Maes is somewhat different then the others and its hard
to compare directly. An simple calculation shows that for the Ising model the Dobrushin uniqueness
condition holds as long as β < ln3

4 ≈ 0,275, and by symmetry the conditions by Weitz yields the same.
The condition by van den Berg and Maes on the other hand is satisfied whenever e8β−e−8β

2+e8β +e−8β
< pc. As

commented in [3], pc is expected to be less than 0,6. Hence their condition applies only when for β

values at least smaller then 0,175 (exact estimates depends on knowledge of the critical probability for
site percolation, which is an industry in itself). Hence, for this model, the Dobrushin-like conditions
are seen to be better. However, as shown in [3] there are also models where their argument is better
then the Dobrushin-like estimate, especially for models with hard-core constraints.

We continue to compare the conditions for general volumes. It is not known whether the condition
by van den Berg and Maes can be extended to such cases, and it is therefore not included in the
following. Assume given a finite cover Θ = {θi}i∈N with corresponding weights ωi. Moreover, we
use the same notation, ρx(πσ

θ
,πτ

θ
), for the integral of ρx by the optimal coupling.

Optimal Estimator Condition Requirements
αΘ

x,y = supσ=τ off y
1

ρy(σ ,τ)ρx(πσ

θx
,πτ

θx
) supx ∑y 6=x αΘ

x,y < 1 S Polish, Π quasilocal
αV,y = supσ=τoffy

1
ρy(σ ,τ)WρV (πσ

V ,πτ
V ) 1

|V | ∑y/∈V αV,y < 1 S Polish, Π finite range and TI.

Ix←y = supσ=τ off y
1

ρy(σ ,τ) ∑i∈B(x) ωiρx(πσ

θi
,πτ

θi
) supx

∑y Ix←y
ωB(x)

< 1 S discrete, Π finite range

I←y = supσ=τ off y
1

ρy(σ ,τ) ∑i: θi∈∂R{y}ωiWρθi
(πθ σ

i
,πθ τ

i
) supy

Iy
ωB(y)

< 1 L≡ Zd , S discrete, Π finite range

Table 6.2: Uniqueness conditions for general volumes



52 CHAPTER 6. COMPARISON OF UNIQUENESS CONDITIONS

In table 6.2 we first have the original Dobrushin condition for larger volumes, then the Dobrushin-
Shlosman uniqueness condition, and then the two conditions by Weitz. It is seen that the Dobrushin
condition holds for the largest class of models, for general Polish spaces and beyond finite range. The
Dobrushin-Shlosman condition is known to hold under translation invariance and finite range, but
with a Polish spin space. On the other hand, the conditions by Weitz is shown to hold only for finite
spin space and nearest neighbors models, though claimed to be extendable to finite range and Polish
spin space. Moreover, the second condition, the total influence of y, is seen to hold only for summable
metrics, though an approximation argument extends beyond this for subexponential graphs. Under
assumptions such that all the conditions are applicable, the Dobrushin condition is seen to be the
weakest and then the Dobrushin-Shlosman. The two conditions conditions by Weitz are both better,
though as they are dual in nature they are hard to compare with each other.

Lastly, we have the extended Lieb-Aizenman condition which is not included in the table as the
optimal αΘ

x,y is difficult to write explicitly. As seen in section 5.4 the condition is valid for general
quasilocal specifications on Polish spin space. Moreover, it extends the Dobrushin-Shlosman condi-
tion and when comparable with the Dobrushin condition, i.e. for subexponential graphs, it is also seen
to be better. An upper bound of the optimal estimator was seen to be given by

α
Θ
x,y = sup

σ=ω off y

1
ρy(σ ,τ) ∑

i∈B(x)
ωiρx(πσ

θi
,πτ

θi
) = Ix←y.

Moreover for the column sum the optimal is seen to yield,

∑
x 6=y

αx,y = sup
σ=τ off y

1
ρy(σ ,τ) ∑

x 6=y
∑

i∈B(x)
ωiρx(πσ

θi
,πτ

θi
) = I←y.

Hence the Lieb-Aizenman condition is seen to contain both of Weitz’s condition, and moreover extend
them to Polish spin spaces and beyond finite range. However, the condition is restricted to a summable
weight set, which should be seen in relation to the summability condition of the metric in Weitz case,
though the direct relation has not yet been put forward. As no such requirement is needed for Weitz’s
first condition, the total influence on x, this condition may yield better estimates in some cases (i.e.
beyond subexponential graphs). On the other hand, the Lieb-Aizenman condition does not depend on
a specific choice of the metrics on finite volume other than the single sites, as both Weitz’s conditions
and the Dobrushin-Shlosman condition does by assuming ρV = ∑x∈V ρx.

6.4 Coupling vs Averaging

A central question in this paper has been the relation between the coupling approach and the averaging
approach. In 2000, in the paper [35], A. Sokal raised the question whether one of the approaches is
superior the other for showing Dobrushin-alike statements. Some years later Weitz presented his pa-
per, [42], extending previous known results on the Dobrushin condition, moreover by using coupling
arguments only. His approach was studied by several people, in particular by S. Winkler who in his
PhD thesis, [43], conducted a comparison of the coupling approach and the averaging approach (or
analytic approach as he calls it). It was there claimed that the question seemed to have a tendency
towards the coupling method. With our results, in particular the extended Lieb-Aizenman condition,
we claim to how balanced out this ”competition”. Indeed, it is our opinion that each approach by the
coupling method can be described via averaging, and vice versa, as a result of the dual theorem for the
Wasserstein metric. On the other hand we find it more natural to write the optimal estimators in the
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language of coupling, rather than the dual description. Moreover, as seen in the paper by Weitz, by
the coupling approach one can extend the results beyond so-called ”heat-bath” coupling. How such
an extension can be written in the averaging approach is not clear. Also for computational reasons
the coupling approach seems to be favored, though this does not imply that it is better by theoretical
means.

6.5 Future Work

The theory concerning uniqueness of consistent measures and the application of Dobrushins technique
for uniqueness is far from being settled. There are still many open questions and connections which
are ready to be explored. In this section we review some of the challenges which remains in our
approach, and where we believe new discoveries possibly can be found. Moreover, we also give a
short guide into topics in much relation with what is presented in this paper.

The main questions directly related to the research conducted while writing this paper are pre-
sented next.

1. Given a condition written by means of coupling, how to describe it by means of observables,
and visa versa? Is there a natural way to translate such statements?

2. Given the interaction I of the elements Ix←y from Weitz first condition. Is the condition limn→∞[I]n =
0 sufficient for having uniqueness of the consistent measures?

3. What is the relation between the optimal estimators αx,y for single site volumes, and αV
x,y for a

volume V ? Can we estimate one of them by the other in an efficient way?

4. What is the relation between Total Variation distance and Wasserstein distance for general Pol-
ish spaces. Which one is preferable to use for computations? Can one improve the calculation
of the conditions by using the Wasserstein distance for some models?

Another question which we have been dealing with is the mixing conditions the different unique-
ness conditions impose. It was for a long time our belief that we could improve the mixing condition
in the Dobrushin-Shlosman region, but our initial approach contained an vital mistake and is hence not
included. For more on these issues one has to take into consideration the existence of exotic models,
such as the Czech models seen in [31]. Moreover, the notion of complete analyticity will play a vital
role, as seen in [11]. We next summarize other fields with connections to the Dobrushin uniqueness
condition which would be of interest to study more deeply in the future.

1. There are deep connections between the Dobrushin uniqueness condition and so-called Loga-
rithmic Sobolev Inequalities (LSI) as seen in [38] by D. Stroock and B. Zegarlinksi and [41] by
B. Zegarlinski. Moreover, as for instance considered in [2] by F. Barthe and A. V. Kolesnikov,
the LSI’s are in much relation to newly developed theory in the field of Optimal Transportation.

2. Another issue is if one can improve the condition in specific cases by use of various cost func-
tions instead of restricting to a metric as in the Wasserstein distance. In particular, the Wasser-
stein distance of order 2 is mainly used when studying Ricci curvature from differential geom-
etry via Markov chains theory, see for instance [40] by C. Villani, [28] by Y. Ollivier and [29]
by Y. Ollivier and A. Joulin.
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3. A variant of the Dobrushin condition has also been written for interacting particle systems and
probabilistic cellular automata, especially the ε-M criteria in [26] by Liggett, and the papers
[32] and [33] by Shlosman and C. Maes.

4. The new conditions by Weitz is motivated by problems in Combinatorial Optimization and the
search for improved mixing condition for various algorithms. There have been published many
papers on these topics the last decade. We mention in particular the paper [16] by M. Dyer, L.A.
Goldberg and M. Jerrum, and the paper [17] by M. Dyer, A. Sinclair, E. Vigoda and D. Weitz.
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