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Abstract

Where river water flows in to the sea a lot of entropy is created. A blue engine harvests
(blue) energy from this increase in entropy. A device to obtain this energy is a capacitive mixing
engine. This engine consists of two supercapacitor-like porous carbon electrodes immersed in
water connected to a voltage source. Brogioli designed an equilibrium cycle that extracts this
energy by changing the potential and switching the salt and fresh water accordingly. Brogioli
calculated that the work per liter of fresh water was 1.6 kJ, which equals the energy of waterfall
of 160 m. Because this is an equilibrium cycle, which takes infinitely long, the power output
is 0. This Thesis focusses on finding the maximum power output for a Brogioli-like cycle by
modeling the dynamics of a pore-reservoir system and using the Poisson and Nernst-Planck
equations. Also the equilibrium cycle is calculated and yields a work of 2 kJ per liter of fresh
water, which is in agreement with the results of Brogioli. The maximum power output is found
around a cycle time of 2.7 µs at 304 W m−2, but highly depends on the flushing times and
the length of the pore. If the flushing times are determined the maximum power output can
be calculated more accurately.
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1 Introduction

In 1954 R.E. Pattle suggested that a huge amount of energy can be harvested at river mouths
from the mixing of river and sea water. He calculated that the energy of a river flowing into the
sea equals that of a waterfall of 200 m high. He suggested to harvest this energy by using the
osmotic properties of sea and river water and he built an apparatus that obtained this energy using
membranes to proof this concept [1].

Now, sixty years later harvesting this energy source has become much more realistic. Several
different techniques have been developed to harvest this energy. This obtained energy comes from
an increase in entropy. Analogue to mixing of two different gases [2], mixing of sea and river water
will increase the entropy by huge amount. The ordered salt (sea) water and fresh (river) water
turns into a lot of disordered fresh water [3].
The first law of thermodynamics, dU = TdS−dW , points out why energy can be harvested in the
first place. In this equation U is the internal energy, T is the temperature, S is the entropy and
W is the work. If the internal energy does not change and the entropy increases by mixing, then
work is done by the system.

One of the methods that uses this increase in entropy is pressure-retarded osmosis (PRO) [3].
A large pressure vessel is filled with horizontal compartments, alternating fresh and salt water.
The fresh and salt water compartments are separated by a water permeable membrane. The dif-
ference in osmotic pressure, i.e. chemical potential, forces water to flow from the compartments
with low salt concentration to the compartments with high concentration. The difference in hy-
drostatic pressure that results can be used to drive a turbine with a generator.
Another method, reverse electrodialysis (RED), also uses this difference in chemical potential. RED
also needs the fact that salt consist of ions (Na+ and Cl−) [3]. Again a container is filled with
alternating fresh and salt water compartments, but now the membranes separating a salt water
compartment from the fresh water are different. The membranes are not permeable by water but
by the ions. One is only permeable by the positive ions (the left one) and the other by the negative
ions (the right one). Since the system wants to restore the difference in chemical potential, the
ions flow from the high to the low salt concentration. The membranes do not allow both ions to
flow, so there is a net flow of positive ions in one direction (to the left) and a net flow of negative
ions in the other direction (to the right). This gives a charge flow from one to the other (to the
left). If the walls are connected by conducting material, global charge neutrality ensures a flow of
electrons between the walls to account for the flow of ions. This flow of electrons is due to redox
reactions on the walls.

In 2009, Brogioli [4] proposed a completely different method, which is based on capacitive mixing.
The idea for this system arose, because new technologies were available to mass produce porous
carbon electrodes, vital to this system. A capacitive mixing device has two supercapacitor-like
electrodes filled with water and connected to opposing poles of a voltage source. By changing the
voltage and mixing the sea and river water in a certain way, energy is retrieved from the system.
This is the system that will be investigated in this Thesis. A lot of research has been done on the
stationary or equilibrium solutions of this system [4, 5, 6]. Unfortunately, it is not practical to have

a system that is constantly in equilibrium, since the power output
(

Energy per cycle
Time per cycle

)
will be very low

for such a system, because the time of an equilibrium cycle will be very long. Therefore the cycle
that does not take infinite time will be investigated. On the other hand, taking shorter times, not
every bit of energy is squeezed out of the mixing. This raises a new question: is there a maximum
power output for the charging time larger than zero and smaller than infinity? Hence this Thesis
will focus on finding maximal power output for a capacitive mixing engine, by investigating the
dynamics of this system.
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2 Blue engine with capacitive mixing

The capacitive mixing process is essentially adsorbing salt ions from the salt water at low potential
and releasing ions into fresh water at high potential. This adsorbing takes place in porous carbon
electrodes. Figure 1 shows the electrodes immersed in the electrolyte (water with dissolved salt)
connected to a voltage source.

Figure 1: Schematic display of the porous electrodes in electrolyte connected to a voltage source.

The electrodes consist of highly porous activated carbon. The porosity is important, because
in this way the electrodes have a large effective surface and therefore a high adsorption of ions.
When a potential is applied to an electrode, a double layer forms. In this double layer the ions
are adsorbed. Since the double layers form at the surface of the electrode, the adsorption of ions
scales linear with surface of the electrode. So the large surface of the porous carbon results in high
absorption of ions. The surface of activated porous carbon electrodes is approximately
103 m2g−1 [7]. The most common electrodes have average pore radius of 1.5 nm [8, 9].
The pores within a porous material are categorised by the International Union of Pure and Applied
Chemistry (IUPAC): micropores (R < 1 nm), mesopores (1 nm ≤ R < 25 nm) and macropores
(R ≥ 25 nm), where R is the radius of the pore [10]. The most suitable materials for the blue
engine are microporous materials (materials which contain a high percentage micropores), because
these materials have the largest surface per gram of carbon and therefore the largest adsorption.
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2.1 Previous research

In 2009 Brogioli published the first article that presented a blue engine based on capacitive mixing
[4]. He described how energy was obtained from the mixing of salt and fresh water through a cycle
analogue to the Stirling heat engine. Figure 2 displays the ABCDA-cycle in the potential-charge
ψ-Q representation, Brogioli suggested.

Figure 2: The blue ABCDA-cycle, proposed by Brogioli. And the red ABC’D’A-cycle, proposed
by Boon and Van Roij. Both cycle are in the ψ-Q representation and are counterclockwise.

The cycle consists of four steps. In step AB the electrodes are in salt water, the potential increases
and the charge builds up. In the next step (BC) the electrodes are disconnected from the voltage
source and they are flushed with fresh water. The potential increases because the screening is less
for fresh water then for salt water. Then the electrodes are discharged (CD) in fresh water and the
potential decreases because of the decrease in charge. In the last step (DA) the system is flushed
with salt water. The potential decreases due to the higher screening of salt water. The enclosed
(blue) area equals the work obtained from one cycle.

The engine from Brogioli [4] looks a lot like the Stirling heat engine, but this Stirling engine
is not the most efficient heat engine. The most efficient heat engine is the Carnot engine. Boon
and Van Roij [5] described a new cycle that can be mapped onto the Carnot cycle. The cycle of
this engine is also in shown Fig. 2, where it is the ABC’D’A-cycle. This Carnot capacitive mixing
cycle differs in two steps from the Brogioli-Stirling engine: BC’ and D’A. The third step (C’D’)
looks different, but is only shifted and is also discharging at fixed concentration (ρL). In the two
other steps the supply of salt and fresh water is cut off during (dis)charging. These canonical steps
(fixed number of ions) cause for the bulk concentration (ρs) to change from one salinity to another,
by either extracting ions from the solution (BC) or releasing them (DA).

Both articles only describe the statics of this system. My predecessor, Kempkes [11], already put
some effort into describing the dynamics, but he concluded that his 1D model of planar electrodes
could not represent the porous carbon electrodes properly.
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2.2 Poisson-Nernst-Planck Equation

The first equation that will be discussed is the Poisson equation. This equation relates the charge
distribution in a system to the potential. In this case, the changes in concentration of positive and
negative ions play the role of charges. In the electrolyte of the engine the Poisson equation is

∇2φ = −4πλB(ρ+ − ρ−). (1)

In this case φ = eψ
kBT

is the dimensionless potential, with ψ the potential, λB = e2

4πε0εkBT
the

Bjerrum length, with ε0 the permittivity in vacuum and ε the relative permittivity of water, e the
electron charge, kB the Boltzmann constant and T the temperature in Kelvin. The concentrations
of the positive and negative particles are ρ+ and ρ− respectively. This Poisson equation holds
only inside the electrolyte, because there are no other sources of charge. On the other hand on
the surface of the electrode there is an additional term for the charge, −4πλBδ(~r − ~rsurf)σ (σ
surface charge density). Note that the Poisson equation is an electrostatic equation, which causes
no problems because the speed of the moving charges is much lower than the speed of light, so
magnetic effects and retarded potentials can be neglected. Thus the system is electrically static.
The dynamics come in by the equations for the concentration distribution. The Nernst-Planck
equation describe the relation of the potential and concentration with the change in concentration:

~J± = −D(∇ρ± ± ρ±∇φ), (2)

∂ρ±
∂t

= −∇ · ~J±. (3)

Here ~J± are the fluxes of the ions, D is the diffusion coefficient, D = 1
6πβηa , with β = 1

kBT
, η is

the viscosity in water and a the radius of the particle. For simplicity, in all the models D will be

the same for both ions (Na+ and Cl−), though
DCl−
DNa+

= 1.5 [12]. In the 2D system it saves a lot of

computational effort to assume there is antisymmetry between the two electrodes, which requires
DCl− = DNa+ .
These five Eq. (1), (2), (3) have five unknowns (φ, ρ+, ρ−, ~J+ and ~J−) so with the right boundary
conditions this is a closed set of equations. Note that the ions are assumed to be point particles
and including particle size would require Modified Poisson and Modified Nernst-Planck equations
or Dynamical Density Functional Theory (DDFT).

2.3 Poisson-Boltzmann equation and the Gouy-Chapman model

Even though this Thesis focusses on the dynamics the blue engine, at first it is good to take a look
at the stationary/equilibrium equations, because it helps developing the more complex models. In
equilibrium the time derivative of all quantities is 0. Hence Eq. (3) becomes ∇ · J± = 0. On the
walls the flux is 0, so Eq. (3) even reduces to J± = 0. Equation (2) then becomes ∇ρ± = ∓ρ±∇φ.
Which returns the Boltzmann equation for point-like ions in a solvent with boundary condition
ρ±(φ = 0) = ρs:

ρ± = ±ρse∓φ (4)

In this equation (and throughout the whole Thesis) ρs is the bulk density of the ions. Combining
Eq. (1) and (4), the one equation for φ in the stationary state is:

∇2φ = −4πλBρs
(
e−φ − e+φ

)
= κ2 sinh(φ) (5)

The constant κ−1 = 1√
8πλBρs

introduced in this equation is called the Debye length, the typical

length for decay of the potential.

In one dimension the Poisson equation can be solved analytically in the stationary case. This
solution is called the Gouy-Chapman model (GC). Consider a potential on a plate (dimensionless
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potential φ0) at z = 0, with a salt solution for z > 0.

In the one-dimensional stationary state Eq. (5) becomes ∂2φ
∂z2 = κ2 sinh(φ(z)). This second order

differential equation requires two boundary conditions. Under the assumption that the potential
vanishes far from the plate the first condition is φ(z →∞) = 0. The second equation is simply the
potential on the wall φ(0) = φ0. This leads to the following set of equations for z > 0:

∂2φ

∂z2
= κ2 sinh(φ(z))

φ(z →∞) = 0

φ(0) = φ0

In Appendix A the following solution is derived for φ:

φ(z) = 4 arctanh
(
γe−κz

)
(6)

with γ = tanh
(
φ0

4

)
. This results shows that κ−1 is the length over which the potential decays to

zero. With λB = 0.72 nm for water, for salt water with a salt concentration of ρH = 0.6 M, the
Debye length is κ−1 = 0.39 nm. For fresh water with a salt concentration of ρL = 0.024 M, the
Debye length is κ−1 = 2.0 nm. Where M=mol L−1 and equal to 6.022 · 1023 L−1 or 0.6022 nm−3.

3 Model

The GC description is excellent for non-dynamical purposes. For the dynamical model that is
required for this system it is not useful. First the 1D model will be addressed, because this is an
intermediate step to solving the 2D case. Both the 1D and 2D models use the same numerical
scheme, further explained in Section 3.2.2 and Appendix C. In the model a few assumptions have
been made, the first one has been mentioned above:

• The diffusion coefficient is the same for the positive (Na+) and negative (Cl−) particles.

• The temperature is constant in the whole system and equals the room temperature
(T = 298 K).

• No chemical/redox reaction occurs on the electrodes.

3.1 1D model

First the one-dimensional system has been solved as an intermediate step, to verify the numeri-
cal scheme for this system. This in spite of the fact that the one-dimensional model cannot be
used to answer the question posed in this thesis as my predecessor showed [11]. Great advantage
of the one-dimensional model is that it can be verified with analytical results of the GC. The
system for the one-dimensional model contains two oppositely charged plates (φ(plate) = ±φ0)
at a distance L = 20κ−1 from each other with dimensionless potential φ0 = 2. In this case

κ−1 =
√

8πρsλB
−1 ≈ 3 nm, since λB = 0.72 nm and the bulk ion concentration ρs = 0.01 M (mol

L−1). The diffusion coefficient is D = 1.1 ·109 nm2s−1. The numerical scheme for this model is ex-
plained in Appendix C. The solutions to this model together with the analytical solution following
from the GC are shown in Fig. 3. The time τ = 1

κ2D is a typical time for the system, the time it
takes for ions to travel over κ−1, since the typical velocity of the ions is 1

κD . For large t the model
and the analytical stationary solution are in excellent agreement, so the computer code works fine
in one dimension.
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Note that the GC from Section 2.3 was the solution for one charged plate with a half space
with salt concentration. In Fig. 3 the GC solution is for oppositely charged plates is shown. This
can be done because for either plate the center line between them is practically at infinity. The
solution of the GC then becomes

φGC = −4 arctanh

(
tanh

(
1

2

)
e−(κz+L/2))

)
+ 4 arctanh

(
tanh

(
1

2

)
e+(κz−L/2)

)
(7)
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Figure 3: GC compared to the 1D model. The red line is the GC, where the system is in equilibrium
(t = ∞). The other lines are solution derived from the model for t = 0τ (Orange), 10τ (Green),
100τ (Purple), 1000τ (Blue).

3.2 2D model

The 1D model is very simple and effective for oppositely charged plates. Unfortunately the blue
engine is not just two oppositely charged electrodes. Both electrodes are porous (see Fig. 1), which
makes the dynamics much more complicated. Therefore the system that will be investigated in
this part contains one pore with a reservoir attached to it.

3.2.1 Geometry

In Fig. 4 the geometry of the system with reservoir attached to a pore is displayed in 2D and 3D.
The system has two different kinds of electrodes, one with a positive potential (ψ0) and one with
a negative potential (−ψ0). The one with the positive potential will be modeled and, because of
antisymmetry, results apply to the whole system. The 2D geometry will be used in the model, the
3D image is to clarify the 2D model. In Fig. 4a boundary conditions for the potential and the ion
concentrations are also given. The dotted line on top of the reservoir is expected to be so far away
that this can be considered as the bulk, where ψ = 0 and ρ± = ρs. The electrode is attached to
the positive potential, so the potential in the electrode is ψ0, therefore also the potential on the
edge of the electrode is ψ0. The electrode is rigid so there is no flux through the electrode, hence
~J± = 0 in the electrodes.
Figure 4a also gives a boundary condition for the potential and the concentrations on the dashed
lines. These lines are symmetry lines, so ~∇ψ · n̂ = 0 and ~J± · n̂ = 0, so there is no electrical
and particle flux through this surface. This is not obvious at first. These conditions follows from
looking at multiple pores. Figure 5 shows several pores like the one in Fig. 4a next to each other.
This is very schematic and assumes all pores are of the same size and are equally distributed. For
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(a) (b)

Figure 4: (a) The geometry of system with reservoir attached to pore, with the boundary conditions
in the electrode, far away from the pore an at the symmetry lines. (b) Three-dimensional display
of the pore-reservoir system.

one pore this can be seen as a average approximation for all the other pores. This becomes very
useful in the model. Symmetry on the dashed lines then gives that all the physical quantities
have a vanishing spatial derivative perpendicular to this line, which means that ~∇ψ · n̂ = 0 and
~∇ρ± · n̂ = 0. Therefore also ~J± · n̂ = −D(~∇ρ± ± ρ±~∇ψ) · n̂ = 0.

Beside the boundary conditions, the sizes of the system are also denoted in in Fig. 4a. Because
the electrode is microporous, the width of a pore (R) is 1.5 nm and this represents approximately
the average micro- and mesopore size. Furthermore half of the volume is occupied by the pores
[8], so one can argue that together with Fig. 5, the radius of the reservoir (Rres) should be twice
the radius of the pore: 3 nm. The length of the pores is a little more difficult, because it strongly
depends on the thickness of the electrode. The model uses an equidistant grid, so to be able to
model the double layers the distance between two points in direction of the length of the pore
cannot be to large. This would give to large numerical errors. On the other hand to restrain the

Figure 5: Multiple equal pores next to each other, showing the symmetry of physical quantities at
the dashed lines.
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calculation time, the number of points has to be small enough. This restricts the length of the
pore (L) to 20 nm. The length of the reservoir (Lres) is half the length of the pore, so 10 nm. This
is because of two reasons. First, for the same reason as for L, to shorten calculation time. Second,
the concentrations ρ± are close to ρs at such a short range, i.e. the reservoir quickly becomes part
of the bulk solution and modeling part of the bulk is not necessary.

3.2.2 Numerical scheme

This section is an overview of the scheme with little mathematical support. Its main objective is
explaining the numerical scheme. For more details see Appendix C.
The focus will be on the 2D model, which describes the pore reservoir system. Because the pores are
rotationally symmetric, the rotation dependence (θ) drops out of all equations and two dimensions
suffice for modeling the system. The 1D system is very similar, only simpler, because the matrices
become vectors etc.
The first step is discretising the volume of the geometry. This discretisation is a equidistant grid
in both directions, i.e. the spacing between two grid points is constant in both directions. In fact
the model has two grids, one grid for the scalars (ρ±, φ) and one grid for the vectors J±. Figure
6 shows both grids. A grid point of the vectors is in the middle of two grid points of the scalars
in both directions. So the vector grid points are in the middle of every rectangle of grid points of
the scalar and visa versa. This choice of alternating grid and the appropriate numerical scheme
ensures particle conservation if the system is closed, which is desired (see Appendix B).

After discretising, all the parameters turn into vectors, with the values at all the points as coordi-
nates. The ∇2 operator can be discretised and Eq. (1) becomes a matrix equation

M~φ = rhs

This right hand side (rhs) is a vector with mostly −4π(ρ+ − ρ−), some entries are different
depending on boundary conditions. For further explanation of rhs and details of the following
see Appendix C. By solving this matrix equation, the dimensionless potential (φ) comes out for
certain concentration distributions. With this φ, the particle fluxes J± = −D (∇ρ± ± ρ±∇φ)
are calculated with the discretised equation. The last step is to calculate the new concentration
distribution using the Euler forward method:

ρ±(t+ ∆t) = ρ±(t)−∆t~∇ · ~J±, (8)

which is a discrete version of Eq. (3).

Figure 6: The grid for the scalars (φ and ρ±) in black and the grid for vectors (J±) in green.
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3.2.3 Cycle

This section will consider a cycle similar to the cycle Brogioli proposed. The Brogioli cycle is
easier to model than the one Boon and Van Roij proposed, because the canonical steps of the
latter give more instabilities in the model. The Brogioli cycle consists of four steps. The two
flushing steps are not modeled, because that requires hydrodynamics and is beyond the present
scope. In fact they can be assumed to happen instantly, since the flushing happens much quicker
than the charging and discharging. Therefore only the two grand canonical charging (at ρs = ρH)
and discharging (at ρs = ρL) steps will be modeled. The upper left part of Fig. 7 schematically
shows the Brogioli cycle. It also shows the whole curves (black) that belong to the φ-Q relation for
an electrode at a high (ρH) and low (ρL) salt concentration in equilibrium. From these curves the
cycle is constructed by connecting these lines with the dashes black lines. So the ABCDA-cycle
along these curves represents the equilibrium cycle, with charging (AB) and discharging (CD)
grand canonically and flushing with a fresh water (ρL) at high charge (BC) and flushing with salt
water (ρH) at low charge (DA). Note that the enclosed area is equal to the work per cycle. The
lower picture represents what is expected when the charging (AB) and discharging (CD) steps are
not done in equilibrium but in a finite time. In this figure red curve is fastest, blue is the slowest
and green is the intermediate charging. Hence it is expected that the enclosed area and therefore
the work per cycle shrinks. If the charging is too fast the curves might even cross and the cycle
will cost energy. On the other hand, the time per cycle also decreases, for some finite charging
time.

Figure 7: Schematic overview of the Brogioli cycle. The black curves are the equilibrium for charg-
ing at high and discharging low concentration. The red, green and blue curve are the dynamical
charging and discharging curves.

In the model the potential will be changed over time, the charge follows the potential. The start
and end potential for the charging and discharging determine the cycle. Since this model does not
take the particle size into account, the concentration of the negative ions at the electrode could
rise to undesirably high values. Hence the potential φ0 should not be too high. It is safe to say
that the concentration should stay below 10 M. The maximal bulk saturation of NaCl in water
at room temperature is 360 g L−1 or 7 M [16], so in this pore the concentration should definitely
stay below 10 M.
In the equilibrium state the system is maximally adjusted, therefore this gives a maximal value
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for the negative ion concentration at the (positive) electrode. In equilibrium the concentrations
satisfy the Boltzmann equation, so ρ− = ρse

φ0 . This gives a constraint on the maximal potential
at the electrode:

φ0 = log

(
10

[ρs]

)
, (9)

with [ρs] in M. For salt water (ρs = 0.6 M) φ0 can get up to 3. For fresh water (ρs = 0.024 M) the
maximal allowed φ is 6.

4 Results

At first the equilibrium relation between charge and potential is constructed. From these relations
the potentials and charges at the four points of the cycle (ABCD) can be determined. Then the
process can speed up and finite-time cycles are calculated. From now on the potential on the
electrode is φ in stead of φ0 for notational convenience.

4.1 Equilibrium

The first step is to calculate the charge for a range of φ for both salinities. In practice it turns
out that this model is not suitable for the calculation of the equilibrium at different φ, because
it is using a dynamical route towards equilibrium. The system starts out at φ = 0 and then φ
is increased with a step function. The system is considered to be in equilibrium when the flux
into the pore is below a certain value. The time to reach equilibrium is called the relaxation time.
This relaxation time is plotted in Fig. 8 for several consecutive potentials φ for the equilibrium
calculation at ρs = ρL. The fit through these points (1.1e0.64φ − 1.1) shows that this model is
not suitable for equilibrium purposes, since the calculation time per point increases exponentially
and the calculation up to φ = 4 already takes over a day. For this reason the equilibrium charge-
potential relation has only been determined up to φ = 4.
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Figure 8: The relaxation times for the system (ρs = ρL) as a function of φ. The potential is
increased with 0.25 e.g. from 3.00 to 3.25. The time before relaxation is the time after the system
is adjusted to the new potential.
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w = 0.26 kBT nm-2

= 1.1 mJ m-2
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Figure 9: The charge number density (σ) potential (φ) relation for ρH = 0.6 M and ρL = 0.024 M.
The dashed lines are the flushing steps and close of the system. The work per unit area per cycle
is 0.026 kBT nm−2 = 1.1 mJ m−2.

Figure 9 shows the numerical results for this equilibrium charging, where σ = Q/A is the number
charge (Q) per unit area of electrode (A). The work (W ) obtained from the cycle is

∫
edQψ,

because Q is the number charge. In other words W = kBT
∫

dQ eψ
kBT

= kBT
∫

dQφ (recall that

φ = eψ
kBT

). Hence the work per unit area is w = kBT
∫

dσ φ, is the area of the enclosed surface

(blue surface in Fig. 9) multiplied by kBT . This gives a work per unit area of 1.1 mJ m−2 or
0.27 kBT nm−2. The surface area per gram electrode is approximately 103 m2g−1 and the pore
volume per gram electrode is 10−3 Lg−1 [8]. Under the assumption that half of the water flows
through the pore, the harvested energy per liter of fresh water is 2 kJ L−1 (1 kJ L−1 per liter
water, salt+fresh). This corresponds approximately to Brogioli’s [4] estimate for energy per liter
of fresh water of 1.6 kJ L−1 and Pattle’s [1] guess of 2 kJ L−1.

4.2 Dynamics

As suggested in Fig. 7 the dynamical solutions for the high and the low concentration have the
same start and end point as the equilibrium solution of Fig. 9. Reaching the end point would in
fact take infinitely long, so the dynamics end points do not really coincide with the equilibrium
end points. The potential is gradually increased (or decreased) until 99% of the gain (or the loss)
of charge for the equilibrium solution is reached. The potential is increased using a hyperbolic
tangent. The charging occurs with φcharging and the discharging with φdischarging.

φcharging = φA + (φB − φA) tanh

(
5
t

t∆φ

)
(10)

φdischarging = φC + (φD − φC) tanh

(
5
t

t∆φ

)
(11)

Here φi (i = A,B,C,D) is the imposed electrode potential at state point i in the equilibrium
solution. Note that φB > φA and φD < φC, so φcharging and φdischarging indeed have the right sign.
The time t∆φ is the transition time which determines the speed of the charging and discharging.
In this case the transition time is the same for charging and discharging. At t = t∆φ the 99.99%
of the potential difference is bridged, so the end potential is practically on the electrode. This
time (or twice this time) is different from the time for one cycle. The time for one cycle contains
the whole time for the system to reach the (quasi)-equilibrium endpoints. This time is generally
longer then t∆φ, because the system needs to relax (ionic charge needs to follow) after the (non
quasi-equilibrium) change in potential. In points A and C the system starts from the equilibrium

13



position. This is not entirely accurate, but since the flushing cannot be calculated with this model,
starting from equilibrium is the best option.

In this work only small t∆φ will be investigated, smaller than 1 µs. This is for two reasons.
First of all, the system size is small, probably much smaller than in an experiment, where the
pores are of the order of the thickness of the electrode (242 µm see, Ref. [14]). If t∆φ is too
large the system would constantly be in quasi-equilibrium, which is not an interesting dynamics
regime. The second reason is, that the enclosed surface area of the cycle can never become very
small, because φD > φB. The charging and discharging curves can never cross and the difference
is at least φD − φB. It turned out that therefore a maximum might only appear for small t∆φ
[15]. The cycle is modeled for t∆φ = 0 ns, 84 ns, 168 ns, 252 ns, 420 ns, 840 ns. These values
might seem odd, since they are not nice decades or centuries. This is because they are actually
0τ, 10τ, 20τ, 30τ, 50τ, 100τ , where τ = 8.4 ns. This τ = 1

κ2D is not for either the high or low salt
concentrations used in these cycles, but it is a residue of an earlier stage of the model and cannot
be overcome anymore at this stage. It belongs to ρs = 0.01 M.

4.2.1 Time dependence of the surface charge per unit area and the potential and
dynamical Brogioli cycles
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Figure 10: Potential (φ solid lines) and surface charge (σ dashed lines) for charging at ρH = 0.6
M (a) and discharging for ρL = 0.024 M (b) and for several different transition times: t∆φ = 0 ns
(Purple), 84 ns (Blue), 168 ns (Green), 252 ns (Orange), 420 ns (Red), 840 ns (Brown). The arrow
crossing the graphs points in the direction of increasing t∆φ.

Figure 10 shows the time dependence of φ (solid) and σ (dashed) for the high (ρH = 0.6 M, Fig.
10a) and low (ρL = 0.024 M, 10b) salt concentration. The surface charge density σ = Q

A is the
total charge on the electrode (Q) divided by the surface area of the electrode (A).
In both cases φ is the tanh described as above. These figures show that the electrode charge sub-
stantially lacks behind the potential on the electrode. They also show that charging takes much less
time (≈ 500 ns) than discharging (≈ 2500 ns). Apparently the system responds much quicker to
raising the potential then to lowering. This is caused by the different typical velocities in both cases.
As described in the definition of τ = 1

κ2D , the typical velocity of this system is vs = 1
κD ∝

1√
ρs

.

This gives the ratio vH
vL

=
√

ρH
ρL

=
√

25 = 5. So discharging in fresh water takes five times as long as

charging in salt water. This corresponds to charging and discharging times found in the calculation.

From the results in the two time-dependence plots (Fig. 10) a σ-φ-diagram is constructed and
shown in Fig. 11. The figure shows the dynamical Brogioli-Stirling cycles for charging and dis-
charging in finite time and the equilibrium result. It clearly demonstrates that the enclosed surface
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Figure 11: Brogioli-like cycles for dynamical charging and discharging for several different transi-
sition times: t∆φ = 0 ns (Purple), 84 ns (Blue), 168 ns (Green), 252 ns (Orange), 420 ns (Red),
840 ns (Brown).

area, and therefore the work, decrease with decreasing time. The enclosed area is bounded from
below by the enclosed area of the t∆φ = 0 solution, which has a positive work. So for every charging
and discharging speed work is extracted from this system using this cycle. There is also a slight
offset in the beginning of the charging and the end of the discharging. This is probably caused by
the way the potentials and equilibrium states where calculated for these points.

4.2.2 Work and power
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Figure 12: (a) Work per unit area per cycle (w) and in the inset the time per cycle (tcycle) as a
function of t∆φ. (b) Power output per unit area (p = w

tcycle
) a function of t∆φ.

As in Section 4.1 the work per unit area of electrode (w) for the dynamical Brogioli-Stirling cycles
is the area of the enclosed surface of Fig. 11 in units of kBT (= 4.11 ·10−21 J). In Fig. 12a the work
is plotted as a function of t∆φ. In order to determine the maximal power output more accurately,
two extra calculations were done to find the work at t∆φ = 126 ns, 210 ns. The work is clearly
decreasing for decreasing t∆φ as one would expect, but also the time per cycle (tcycle) is decreasing
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as Fig. 12a also shows in the inset. Combining the two graphs of Fig. 12a gives a power per unit
area (p = w

tcycle
), which is shown in Fig. 12b. From this figure it is clear that for t∆φ large enough,

p decreases to 0. Besides, p is not maximal for t∆φ = 0, so because this function is continuous
(even C∞) there has to be a maximum for t∆φ ∈]0,∞[. It looks like the maximum is somewhere
around t∆φ = 125 ns with a power output of approximately 304 W m−2. From these results it is
not possible to determine where the maximum is exactly. More research should be done to get a
better result and understanding of this maximum.

4.2.3 Flushing time

This maximum also depends on the flushing time (tflush). In Fig. 12 and up to now tflush is taken
to be 0. Obviously the power output per unit area decreases for all t∆φ when tflush increases,
because w stays the same and tcycle increases as tflush increases. What happens to p is less obvious,
Fig. 13 shows the movement of the maximum in p for increasing tflush. The work plotted in these
graphs ∆p = p(t∆φ)− p(t∆φ = 0), in order to get all the graphs aligned. The maximum starts to
shift to higher t∆φ. It is hard to say how much the maximum shift is, but for tflush = 1000 ns the
maximum seems to be close to t∆φ = 400 ns or higher.
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Figure 13: Power output per unit area as a function of t∆φ, with p(t∆φ = 0) for several flushing
times, tflush = 0 ns (Purple), 100 ns (Blue), 200 ns (Green), 300 ns (Orange), 400 ns (Red), 500 ns
(Brown). The arrow points in the direction of increasing t∆φ.
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5 Conclusion and discussion

A capacitive mixing blue engine harvests work from the increase in entropy that occurs when salt
and fresh water mix. A capacitive mixing device consists of porous electrodes, supercapacitor like
carbon electrodes, filled with electrolyte (water with positive and negative ions). Brogioli [4] and
Boon and Van Roij [5], both described an equilibrium cycle by which this work can be obtained.
These equilibrium cycle delivers finite work, but zero power output, because the time per cycle
is infinite for equilibrium. Therefore the dynamics of the blue engine were investigated, to find a
maximal power output for a blue engine. The electrodes were simplified and assumed to consist of
many equal pores attached to a reservoir. One of these pore-reservoir systems was subject of this
Thesis.

The dynamics were modeled using the Poisson(1)-Nernst(2)-Planck(3) equation on an equidistant
grid by matrix inversion and the Euler forward method. For a cycle similar to the one Brogioli [4]
proposed, the work and the power was calculated for several transition times for the potential and
for equilibrium for a pore of 20 nm length and 1.5 nm in radius and a reservoir of 10 nm length
and 3 nm radius. The flushing steps in this cycle were considered to happen instantaneously. The
work per unit area per cycle was much larger for equilibrium (1.1 mJ m−2) than for dynamical
cycles (∼0.82 mJ m2). The equilibrium engine is the most efficient and speeding up the cycle costs
energy. But the equilibrium of course did not play a role in maximal power output, because the
equilibrium cycles take infinitely long. For transition times around 125 ns, the power output per
unit area (p) was maximal. For this transition time p was approximately 304 W m−2. Because of
the lack of data points the maximum could not be located more accurately. Also, this maximum is
probably not the maximum for a real blue engine system, because the real pores are much longer,
so the distance from the reservoir to the end of the pore is longer, hence the charging time is
longer. However, the results show that the maximal power output per unit area can be found for
a simplification of the blue engine.

On the way some interesting findings came to light. In the dynamical cycles the charging hap-
pened a lot quicker than the discharging in the dynamical system. This was due to the fact that
the typical velocity scales with

√
ρs and the charging happens in ρH = 0.6 M and the discharging

in ρL = 0.024 M. It also turned out that the transition time at which the maximal p is found
strongly depends on the flushing time (which was considered 0 at first). For tflush = 1000 ns, which
is not a long flushing time, the maximum moves to t∆φ = 400 ns. Maybe a flushing time of 1000
ns is too large for this system, considering that the time of the cycle is several orders smaller than
in a real system due to the short pore and reservoir length.

The equidistant grid forced the system to be small, because the double layer had to be mod-
eled as well, which requires a high grid point density (> 1 nm−1). Implementing a boundary layer
or another non-constant grid would make it possible to enlarge the system. Furthermore it would
make it possible to get to higher potentials, because these calculations crashed at high potentials
(φ > 6). The spacing was not small enough to account for the high values and gradients in ρ−,
which gave instabilities in the numerics and made the model unreliable. This problem can also be
solved by taking the particle size into account. This is either by using Modified Poisson-Boltzmann
and Modified Nernst-Planck equations or Dynamical Density Functional Theory.(DDFT)

DDFT would also make it possible to implement different ion sizes and therefore different dif-
fusion coefficients. The diffusion coefficient D was taken the same for both ions, but for Na+Cl−

this is not the case and might affect the calculations. Furthermore, the diffusion coefficient used
in the model was determined for bulk solution. It is not necessarily true that in such a small
compartment, like a pore, this D is the bulk diffusion coefficient, due to frictional or capillary
forces.
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5.1 Outlook

For further research it would surely be interesting to solve some of the problems above. Some
require little effort, like expanding the data set around the maximum, some require a little more,
like implementing DDFT. Another interesting follow-up research subject, could be finding a more
optimal charging path. As Kooiman [17] proposed charging and discharging path for which the
power output is maximal for the oppositely plates model for the Brogioli-Stirling blue engine. She
showed that the charging should happen linear in time (constant current, I) and the discharging
should follow a certain prescribed relation to φ. Even thought this was derived for opposite plates,
this may also apply for the pore-reservoir system.
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A Gouy-Chapman model

As described in Section 2.3 the Gouy-Chapman model solves the equilibrium system for a half

space (0 < z < ∞) with a potential at z = 0. The Poisson equation in one dimension (∂
2φ
∂z2 (z) =

−4πλB(ρ+(z)− ρ−(z))) and the Boltzmann equation (ρ±(z) = ρse
∓φ(z)) apply.

These two equations can be combined into:

∂2φ

∂z2
(z) = κ2 sinh(φ(z)) (12)

The two boundary conditions are:

φ(0) = φ0

φ(z →∞) = 0

Equation (12) can be converted:

∂2φ

∂z2
= κ2 sinh(φ)

∂φ

∂z

∂2φ

∂z2
=
∂φ

∂z
κ2 sinh(φ)

∂

∂z

1

2

(
∂φ

∂z

)2

=
∂

∂z
κ2 cosh(φ)

So there is a C ∈ R such that 1
2

(
∂φ
∂z

)2

−κ2 cosh(φ) = C. Since limz→∞ φ(z) = limz→∞
∂φ
∂z (z) = 0,

C = −κ2. This leads to ∂φ
∂z = ±κ

√
2(cosh(φ)− 1) = ±2κ sinh(φ2 ). The derivative of the potential

at the boundary cannot be the same sign as the potential at the boundary, so only the ’-’ solution
is valid. The equation is now 1

2 sinh(φ2 )
∂φ
∂z = −κ and:

∂

∂z
log

(
tanh

(
φ

4

))
=

1

tanh
(
φ
4

) 1

4 cosh2
(
φ
4

) ∂φ
∂z

=
1

4 cosh
(
φ
4

)
sinh

(
φ
4

) ∂φ
∂z

=
1

2 sinh
(
φ
2

) ∂φ
∂z

So ∂
∂z log

(
tanh

(
φ
4

))
= −κ or φ(z) = 4 arctanh (γe−κz), with γ an integration constant. The

other boundary condition gives φ0 = 4 arctanh(γ), so γ = tanh
(
φ0

4

)
.

If the system consists of two oppositely charged plates, at some distance L from each other with
L� κ−1, then the plates do not affect each others screening and the solutions can be added up.
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B Conservation of particles

This appendix provides a prove that numerical scheme described in Section 3.2.2 and Appendix
C, ensures particle conservation in a closed system (no particle flux through the boundaries). This
scheme uses an alternating grid and the Euler forward method. The two coordinates are x and y
discretised by xi and yj , with i = 1, 2, . . . , n and j = 1, 2, . . . ,m. For short notation ρ+ and ρ−
are ρ in this derivation. Conservation of particle means∑

i,j

∂ρ

∂t

∣∣
i,j

= 0. (13)

The Nernst-Planck equations give

∂ρ

∂t
|i,j = −~∇ · ~J |i,j = −

(
∂J i,jx
∂x

+
∂J i,jy
∂y

)
. (14)

Using the discretisation, the second term of Eq. (14) becomes

−

(
∂J i,jx
∂x

+
∂J i,jy
∂y

)
= −J

i,j
x + J i,j−1

x − J i−1,j
x − J i−1,j−1

x

∆x
−
J i,jy + J i−1,j

y − J i,j−1
y − J i−1,j−1

y

∆y
.

(15)

Note that in the summation over i of −J
i,j
x +Ji,j−1

x −Ji−1,j
x −Ji−1,j−1

x

∆x all terms drop out except for the

first and last one, because the next one cancels the one before. Thus only −J
n,j
x +Jn,j−1

x −J0,j
x −J

0,j−1
x

∆x .

Similar for the summation over j, the second term becomes −J
i,m
y +Ji−1,m

y −Ji,0y −J
i−1,0
y

∆y . For this
alternating grid, the grid for J has only n− 1 grid points in the x-direction and m− 1 grid points
in the y-direction. Since the system is closed, all J outside the system are 0. Therefore the following
terms vanish:

Jn,jx + Jn,j−1
x − J0,j

x − J0,j−1
x = 0 (16)

J i,my + J i−1,m
y − J i,0y − J i−1,0

y = 0 (17)

Therefore
∑
i,j

∂ρ
∂t

∣∣
i,j

= 0, so there is particle conservation for this grid and numerical scheme in a

closed system. �

C Numerical Scheme

Equations (1),(2),(3) are discretised by using ∂f
∂x (xi) = f(xi+1)−f(xi−1)

2∆x and ∂2f
∂x2 (xi) = f(xi+1)−2f(xi)+f(xi−1)

∆x2 .
Then the Poisson equation is solved by matrix inversion. From that using equation (2) the flux is
calculated. And in the last step the new ρ+ and ρ− are determined using (3) for time t+dt. Then
the cycle repeats.

For the first step the discretisation of comes in. A 1D or 2D geometry can be discretised in one
or two coordinates respectively. So therefore the scalar φ(~r, t) turns into the vector ~φ(t). The
Poisson equation then becomes a matrix equation M ·φ = rhs. In the 1D case this is a tridiagonal
matrix and the equation can be solved using the Thomas algorithm. For the 2D case this matrix
M turns out to be a tridiagonal block matrix. In order to solve this equation, LU-decomposition
is necessary.

C.1 Inversion of a tridiagonal block matrix by LU-decomposition

The general form of this tridiagonal block matrix equation is:

Mx = b (18)
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Where the matrix M looks like

M =



Y0 Z0

X1 Y1 Z1

X2 Y2 Z2

. . .
. . .

. . .

Xn−1 Yn−1 Zn−1

Xn Yn


(19)

C.1.1 LU decomposition

LU-decomposition constructs matrices L and U such that M = LU , where the matrices L and U
are of the form:

L =



I
L1 I

L2 I
. . .

. . .

Ln−1 I
Ln I


U =



U0 Z0

U1 Z1

U2 Z2

. . .
. . .

Un−1 Zn−1

Un


(20)

It can easily be checked that Ui and Li (i = 0, 1, 2, . . . , n) have to be of the following form:

U0 = Y0

Li = XiU
−1
i−1 = Xiβi−1

Ui = Yi − LiZi−1

This definition of βi will become clear later.

C.1.2 Solving LUx = b

Solving this equation requires two steps, first:

Ly = b

Then:

Ux = y

First note that b = (b0, b1, . . . , bn), y = (y0, y1, . . . , yn), x = (x0, x1, . . . , xn) are composed of vec-
tors (bi), (yi) and (xi), with dimensions equal to the dimension of the columns of the matrix.

The first few lines of the first equation can now be written as:

Iy0 = b0
L1y0 + Iy1 = b1

L2y1 + Iy2 = b2

Hence y0 = b0 and the other lines give yi = bi − Liyi−1.
Now the last few lines of the second equation are:

Unxn = yn
Un−1xn−1 + Zn−1xn = yn−1

Un−2xn−2 + Zn−2xn−1 = yn−2

So xn = βnyn and xi = βi(yi − Zixi+1).
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C.1.3 Calculation before loop

Before the loop starts, the ’inversion’ has to be done:

β0 = Y −1
0

Li = Xiβi−1

βi = (Yi − LiZi−1)−1

C.1.4 Calculation in the loop

The first step in the loop is:

y0 = b0

yi = bi − Liyi−1

and the second step:

xn = yn

xi = βi(yi − Zixi+1)

C.2 Example: Pore with reservoir

The case of Fig. 4(a) will now be further explored. The r direction is discretised by i = 1, 2, . . . , n
and the z direction by j = 1, 2, . . . ,m. So we have φji = φ(ri, z

j) etc.

For notation: φ = (φ1
0, φ

1
1, . . . , φ

1
n, φ

2
0, φ

2
1, . . . , φ

2
n, . . . , φ

m
0 , φ

m
1 , . . . , φ

m
n )ᵀ. Note that ∇2φ = ∂2φ

∂r2 +
1
r
∂φ
∂r + ∂2φ

∂z2 in cylindrical coordinates. This gives:

∇2φ =
φji+1 − 2φji + φji−1

∆r2
+

1

ri

φji+1 − φ
j
i−1

2∆r
+
φj+1
i − 2φji + φj−1

i

∆z2
(21)

= φji+1

(
1

∆r2
+

1

2ri∆r

)
− 2φji

(
1

∆r2
+

1

∆z2

)
+ φji−1

(
1

∆r2
− 1

2ri∆r

)
+ φj+1

i

1

∆z2
+ φj−1

i

1

∆z2

(22)

= aφj−1
i + b−i φ

j
i−1 + cφji + b+i φ

j
i+1 + aφj+1

i (23)

As said the matrix M is:

M =



Y0 Z0

X1 Y1 Z1

X2 Y2 Z2

. . .
. . .

. . .

Xm−1 Ym−1 Zm−1

Xm Ym


(24)

Inside the reservoirs it is clear that:

Xi = Zi =



0 0 0 0 . . . 0
0 a 0 0 . . . 0
0 0 a 0 . . . 0

0 0 0
. . .

. . . 0
...

...
...

. . . a 0
0 0 0 . . . 0 0


Yi =



−1 1 0 0 0 . . . 0
b−1 c b+1 0 0 . . . 0
0 b−2 c b+2 0 . . . 0

0 0 b−3 c
. . .

. . .
...

0 0 0
. . .

. . .
. . . 0

...
...

...
. . .

. . . c b+n−1

0 0 0 . . . 0 −1 1


(25)
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The 1 and -1 in the upper and lower row say that in the rhs the derivative of the potential
perpendicular to the wall vanishes. The wall at which φ = 0 is the potential fixed, so Y0 = I and
Z0 = 0. At the height of the pore the Xi and Zi have no entries inside the electrode. There the
potential is determined, so in the electrode Yi = Ielectrode. The surface of the electrode belongs
also to the inside. The value of the potential is given in rhs. Only on the surface of the electrode
φ = φ0 and inside it is φ = 0. This does not matter for the calculation, although physically it is
expected that φ = φ0. This latter would increase storage and run time:

Xi = Zi =



0
. . .

0
a

. . .

a
0

. . .

0


Yi =



1
. . .

1
b−j c b+j

. . .
. . .

. . .

b−k c b+k
1

. . .

1


(26)

At the bottom of the pore the potential is specified, because this is also part of the electrode.
Therefore Xm = 0 and Ym = I and in the rhs the potential is determined.

So all matrix elements are determined. The only thing one has to be careful about is the elements
of the rhs, which are (by construction of M) not all equal to −4πλB(ρ+ − ρ−).
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