
Utrecht University

Master Thesis

Generalized complex Geometry and
Blow-ups

Author:
Kirsten Wang

Supervisor:
Dr. G.R. Cavalcanti

Second examiner:
Dr. F. Ziltener

August 2014



Contents

1 Introduction 2

2 Preliminaries 4
2.1 Fibre bundles and structure groups . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Vector bundles and characteristic classes . . . . . . . . . . . . . . . . . . . . . 6

2.2.1 Euler class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.2 Chern class . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3 Constructions with fibre bundles and vector bundles . . . . . . . . . . . . . . 9
2.4 Connections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.5 Morita equivalences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Generalized complex Geometry 13
3.1 Linear algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.2 Brackets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.3 Dirac structures and integrability . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.4 Generalized complex structures . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.5 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.6 Local normal forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.7 Submanifolds and branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.8 Generalized Kähler . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.8.1 Deformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4 Blowing up 41
4.1 Complex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.2 Symplectic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.3 Kähler . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.4 Poisson . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.5 Generalized complex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.6 Generalized Kähler . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Appendices 61

A Determinant lemma 62

1



Chapter 1

Introduction

The procedure of blowing up is best known in algebraic geometry to create new spaces and
resolve singularities. The techniques however are not limited to algebraic geometry, they
can be applied in differential geometry as well. For example, McDuff used it in her paper
[23] to produce examples of non-Kählerian symplectic manifolds by using a blow-up in the
symplectic category. It becomes apparent from this paper that the symplectic blow-up is
not canonically defined. This is a huge difference with the canonically defined blow-up in
complex geometry.

At the same time, complex geometry and symplectic geometry are unified in so-called
generalized complex geometry (GCG), which was first considered by Hitchin, and later on
developed by Cavalcanti and Gualtieri. Besides unifying these two theories, GCG plays
an important role in physical string theory. As there is this discrepancy between complex
blow-ups and symplectic blow-ups, one starts to wonder how this generalizes to GCG. Are we
always able to blow-up? If this is the case, we already know that it cannot always be canonical.

Just as symplectic and complex geometries come together in Kähler geometry, we can also
consider generalized Kähler manifolds: manifolds with two compatible generalized complex
structures. And just as we can blow up Kähler manifolds, we expect to be able to do the
same for generalized Kähler manifolds.

For both generalized complex and generalized Kähler, Cavalcanti and Gualtieri gave a
method to blow up in so-called non-degenerate complex points, but in arbitrary dimension
the procedure has not yet been carried out. We will find some partial results on blowing-up
generalized Kähler manifolds in theorem 4.6.3, propositions 4.6.6, which uses Morita
equivalences, and in 4.6.9, which is a generalization of proposition 4.6.7, by Cavalcanti
and Gualtieri [9] to higher dimensions. Also, in theorem 4.5.3 we generalize the result of
Cavalcanti and Gualtieri, theorem 4.5.1 to higher dimensions. It will turn out however that
four dimensional manifolds are much easier to deal with than higher dimensional manifolds.
For example, we will show that if the dimension is higher than four, not all generalized
complex manifolds can be blown up, but in dimension four they can.
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This thesis is organized as follows. After a short chapter with preliminaries, we continue
with developing all the necessary theory on generalized complex structures. We discuss what
generalized complex manifolds are, what their submanifolds are, and we discuss the known
local form theorems. We end chapter 3 with a thorough discussion of generalized Kähler
manifolds. Then in chapter 4, we discuss the blow-up procedure for complex, symplectic,
Kähler, Poisson, generalized complex and generalized Kähler manifolds. We will see that,
although the idea of blowing-up is the same each time, each category has different kinds of
difficulties with complex being the easiest and generalized Kähler the most difficult.
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Chapter 2

Preliminaries

In this chapter, we will discuss some results and definitions that we need in the chapter on
blow-ups. The third chapter, the one on generalized complex geometry, uses only the final
lemma of this chapter and can hence be read almost independently.

2.1 Fibre bundles and structure groups

In this section we will discuss fibre bundles and structure groups for fibre bundles. This
will lead to the notion of a symplectic fibre bundle. We then prove Thurstons theorem,
which gives us a symplectic form on the total space of a symplectic fibre bundle under some
extra conditions. Later on, this will be used in the symplectic blow-up procedure to get a
symplectic form.

Definition 2.1.1. A fibre bundle (E,B, p, F ) consists of topological spaces E,B, F and a
surjective continuous map p : E → B such that for all e ∈ E there exists a neighbourhood U
of p(e) and a homeomorphism φ : p−1(U)→ U × F such that the following commutes:

p−1(U) U × F

U

φ

p
pr1

E is called the total space, B the base space, F the fibre and φ is called a local
trivialization.

With a fibre bundle comes the notion of a morphism of fibre bundles.
Definition 2.1.2. Given two fibre bundles pi : Ei → Bi with fibers Fi, a set of maps (f, g)
is a morphism of the fibre bundles if f : E1 → E2 and g : B1 → B2 are continuous maps such
that the following commutes:
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E1 E2

B1 B2

f

p1 p2

g

An example of a bundle morphism is given by considering the pullback bundle f∗(E) → A
of any fibre bundle p : E → B and continous map f : A → B. The base space of this fibre
bundle will be A and as a set the total space is given by

f∗(E) := {(e, a) ∈ E ×A | p(e) = f(a)}

Then we induce it with the smallest topology such that the projections on E and on A are
continous. If f∗(E) satisfies the local triviality axiom, then it is immediate that (pr1, f) is a
fibre bundle morphism.

So let (e, a) ∈ f∗(E). By the triviality of the original bundle, there exists an U ⊂ B
over which E ' U × F . Let V := f−1(U), then f∗(E) trivializes over V by sending a
(e, a) ∈ pr−1

2 (V ) to (a, ξ) ∈ V ×F where ξ is found by using the trivialization over U and the
fact that e ∈ p−1(U). Hence f∗(E) is locally trivial so that (pr1, f) is a fibre bundle morphism.

Since the majority of this thesis will be on differential geometry, we also need the definition
of a smooth fibre bundle. This is essentially the same definition, translated to the smooth
category:

Definition 2.1.3. A smooth fibre bundle (E,B, p, F ) consists of smooth manifolds E,B, F
and a surjective smooth map p : E → B such that for all e ∈ E there exists a neighbourhood
U of p(e) and a diffeomorphism φ : p−1(U)→ U × F such that diagram above commutes.

Similarly, the morphisms are expected to be smooth.
The manifolds in a fibre bundle can have even more structure than just that of a smooth
manifold. For example, we can have that the fibre F is a symplectic manifold and we might
only want to consider those local trivializations which preserve this symplectic structure in
some manner. More generally, we get the following definition:

Definition 2.1.4. Let G be a Lie group acting on the fibre F from the left. A covering
of local trivializations (Ui, φi) of the fibre bundle is called a G-atlas when for all i, j such
that Ui ∩ Uj 6= ∅ we have that φi ◦ φ−1

j = (id, hi,j) : (Ui ∩ Uj) × F → (Ui ∩ Uj) × F with
hi,j : Ui ∩ Uj → G. This G is called the structure group .

Applying this to our case of a symplectic fibre (F, σ), we want G to consists of all the
symplectomorphisms of (F, σ).

Definition 2.1.5. A symplectic fibre bundle is a fibre bundle p : E → B with symplectic
fibers (F, σ) such that the structure group is given by a subgroup of the group of symplecto-
morphisms of (F, σ).

Like mentioned before, we end this section with Thurstons theorem on symplectic fibre
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bundles.

Theorem 2.1.6 (Thurston, [28]). Let p : E → B be a compact symplectic fibre bundle with
symplectic fibers (F, σ) and connected symplectic base (B,ω). Suppose furthermore that there
exists an a ∈ H2(E) such that a restricts to [σ] on the fibers of E. Then there exists an
ξ ∈ a which restricts to σ on the fibres and an ε0 > 0 such that p∗ω + εξ is symplectic for all
0 < ε ≤ ε0.

Proof. Let β ∈ a be any representative and pick a locally finite cover (Ui)i of B consisting
of contractible trivializations φi : p−1(Ui) → Ui × F of E such that the transition functions
φi◦φ−1

j are all symplectomorphisms of (F, σ) over Ui∩Uj . Furthermore, let (λi)i be a partition

of unity subordinated to the cover and denote with pi = pr2 ◦φi : p−1(Ui)→ F the projection
on the second factor. This gives us two closed forms on p−1(Ui), namely p∗i (σ) and β|p−1(Ui).
By assumption, their classes in cohomology are the same and so their difference is exact. We
find a 1−form αi on p−1(Ui) such that dαi = p∗i (σ)− β|p−1(Ui). Now define:

ξ := β +
∑
i

d((λi ◦ p)αi).

This definition clearly gives us a closed 2−form in the class a which restricts to σ on the
fibers. We are now going to alter it a bit to get the non-degeneracy. We define for e ∈ E:

We := {v ∈ TeE | ξ(v, w) = 0 ∀w ∈ TeF} ' (TeF )ξ

Since ξ is equal to σ on the fibers, it follows immediately that it is non-degenerate on the
fibers and hence we can write TeE = TeF ⊕We. We get that p∗ is injective on We and so
that (p∗ω)|We is non-degenerate. By the compactness of the base B we find an ε0 > 0 such
that (p∗ω+ εξ)|We is non-degenerate for all 0 < ε ≤ ε0. We also find that p∗ω|TeF = 0 implies
that TeF⊥We with respect to p∗ω + εξ for these ε. For any fixed ε, we will prove that this
2− form p∗ω + εξ is indeed non-degenerate. Let 0 6= Y = v +w ∈ TeF ⊕We be such that for
all Ỹ = ṽ + w̃:

0 = (p∗ω + εξ)(Y, Ỹ ) = (p∗ω + εξ)(v, ṽ) + (p∗ω + εξ)(w, w̃)

= εξ|TeF (v, ṽ) + (p∗ω + εξ)|We(w, w̃).

By letting ṽ = v or w̃ = w, we get that

0 = ξ|TeF (v, ṽ) ∀ṽ ∈ TeF ;

0 = (p∗ω + εξ)|We(w, w̃) ∀w̃ ∈We.

Hence the non-degeneracy on the fibers tell us that v = 0 and the one on We tells us that
w = 0. So indeed Y = 0 and the 2−form p∗ω + εξ is non-degenerate.

2.2 Vector bundles and characteristic classes

In this section we will cover some basic material on characteristic classes. For a more
conceptual approach via connections, see [12].
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We start with the definition of a vector bundle. Examples of these will of course be the
tangent bundle, the cotangent bundle. Throughout, we let M be a smooth manifold.

Definition 2.2.1. A real/complex vector bundle of rank k over M is a fibre bundle π :
E → M with base space M and fibre Rk/Ck such that the fibres Ex := π−1(x) have the
structure of a k−dimensional real/complex vectorspaces and the local trivializations become
linear isomorphisms on the fibres.

Note that a vector bundle is an example of a fibre bundle with fibres vector spaces and
structure group GLn. Between vector bundles, we have vector bundle maps, which are
defined to be fibre bundle maps which preserve the Gln structure: on the fibres the total
space map is linear. Moreover, given two vector bundles E,E′ over M , we can consider their
Whitney-sum E ⊕ E′ → M . This sum has total space {(e, e′) ∈ E × E′ |π(e) = π′(e′)} with
induced smooth structure of E and E′. One can view this bundle as the pull-back bundle of
the bundle E × E′ →M ×M under the diagonal map M →M ×M .

Example 2.2.2 (Tautological line bundle). Let us consider an important example of a vector
bundle. For this, we let M = RPk and define L := {(x, l) ∈ Rk ×RPk |x ∈ l} as a topological
space with obvious projection (x, l) 7→ l. Using the trivializations of RPk we immediately
get a smooth structure on L such that the projection is smooth. Similarly, one can define a
tautological line bundle over complex projective spaces.

The idea behind characteristic classes is to assign cohomology classes on M to a vector bundle
which is an invariant of the isomorphism classes of vector bundles. Hence we can use them to
distinguish different vector bundles. We will discuss three different characteristic classes by
their axioms and recall some properties which follow from these axioms without their proofs.
For a more thorough discussion, we refer to [25, 12].

2.2.1 Euler class

For the first class, we need a bit more structure on our vector bundles, that of an orientation.
Though this limits us, we gain that the classes will not be Z2 graded, but are integral. Let
us start with defining an orientation on a vector bundle. With a frame of a vector space, we
will mean an ordered basis. Given two frames φ, φ′, we get a change of basis matrix [φ : φ′],
which is an invertible matrix.

Definition 2.2.3. An orientation on a vector space V is a choice of equivalence class of
frames, where two frames φ, φ′ are equivalent if [φ : φ′] has positive determinant.

There is an obvious way to extend this definition to a notion of orientation on vector bundles:
just choose an orientation in each fibre. But we also want the orientation to be smooth
in some sense. Hence we consider local frames of vector bundles: local smooth sections
(φ1, ..., φk) : U → E such that φ(x) := (φ1(x), ..., φk(x)) are frames for all x ∈ U . Hence we
get:

Definition 2.2.4. An orientation on a vector bundle E → M is a choice of orientations
φx of each fibre Ex such that for all x ∈ M there exists a neighbourhood U of x and a local
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frame φ on U , such that φ(x) = φx for all x ∈ U .

From now on, for this section, all our vector bundles will be oriented. Equivalent
to an orientation on a vector space V of dimension k is a choice of generator of
Z ' Hk−1(V \ {0}) ' Hk(V, V \ {0}), by considering the ordered simplex spanned
by (−

∑
i φi, φ1, ..., φk), which contains zero. Using integration, we get a generator

uV ∈ Hk(V, V \ {0}). Using this construction for a fibre bundle pointwise and using the
smoothness condition of the orientation actually gives us open sets U ⊂ M and elements
u ∈ Hk(π−1(U), π−1(U) \ s0(U)) with s0 the zero section. The following theorem gives us an
element of Hk(E,E \ s0(M)).

Theorem 2.2.5 (Thoms isomorphism, [?], theorem 10.2). Given an oriented vector bundle
π : E → M of rank k, Hk(E,E \ s0(M)) contains a unique class u which restricts to uV ∈
Hk(V, V \ {0}) on all the fibres V .

Before we can actually define the Euler class, we need to consider the projection map π of
a vector bundle a bit more. Note that M is a deformation retract of E, since any vector
space is contractible. This implies that π∗ : H•(M) → H•(E) is an isomorphism and hence
invertible.

Definition 2.2.6. The Euler class e(E) of a vector bundle π : E → M is defined as
(π∗)−1i∗(u), where u is the class of Thoms isomorphism theorem and i : (E, ∅) ↪→ (E,E0).

We end this part of the discussion of the Euler class by recalling some properties of it.

Proposition 2.2.7. The Euler class of oriented vector bundles satisfy:

• For all smooth maps f : N →M and fibre bundles E →M : e(f∗(E)) = f∗(e(E));

• For two bundles E,E′ →M , the class of their sum is given by e(E⊕E′) = e(E) ^ e(E′);

• Change of orientation on the fibres gives a minus sign in class: e(Ē) = −e(E).

2.2.2 Chern class

The classes we want to consider are the Chern classes. This time, we only consider complex
vector bundle E → M of rank k. Any such vector bundle is also a real vector bundle and it
turns out that this underlying real vector bundle comes with an orientation and hence an
Euler class. Any (complex) frame φ of Ck gives a frame φ̃ = (φ1, iφ1, ..., φk, iφk) of the real
vector space R2k. The equivalence class of this real frame turns out to be independent of the
choice of complex frame and hence for vector spaces we get a natural orientation. Using this
procedure fibre-wise gives us an orientation of the real bundle ER → M and hence we can
use the Euler class to define a Chern class.

Definition 2.2.8. The Chern classes ci(E) of a complex vector bundle E → M of rank k
are elements ci(E) ∈ H2i(M,Z) such that the following axioms hold:

(C1) If f : M → N is a smooth map and E → N a vector bundle, then ci(f
∗E) = f∗(ci(E))

for all i;
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(C2) If (E′, E,E′′) form a short exact sequence of vector bundles over M , then ci(E) =∑i
j=0 cj(E

′) ∪ ci−j(E′′);

(C3) For E → any (complex) line bundle, c0(E) = 1 and c1(E) = e(ER).

An analogue to Chern classes are the Stiefel-Whitney classes, which are defined on any vector
bundle but take value in H2(M,Z2). Whenever we consider complex vector bundles, they
are just the Z2 reductions of the Chern classes. Chern classes have the following properties:

Proposition 2.2.9. Chern classes exist and are unique, i.e. there is a unique map from
the space of vector bundles {E → M} to H∗(M,Z) such that all the axioms are satisfied.
Moreover,

1. ci(E) = 0 for all i > k, for k the rank of E;

2. If we denote the conjugate of E by Ē, then ci(Ē) = (−1)ici(E) for all i;

3. If E,E′ are isomorphic bundles over the same manifold, then ci(E) = ci(E
′) for all i.

2.3 Constructions with fibre bundles and vector bundles

In this section we will discuss some constructions on (complex) bundles to get new ones.
These bundles will be used in the construction of a symplectic blow-up.

Example 2.3.1 (Projectivisation). To a given rank k complex vector bundle E → M , we
will construct its projectivization, which will be a fibre bundle with fibres CPk−1 and base
manifold M again. For any complex vectorspace V we can consider P(V ), all the complex
lines in V . Similarly, we can do this for all the fibres Ex, since they are complex vector spaces.
Hence we a resulting total space P (E) := ∪x∈MP(Ex).
We then still have to describe the transition functions in order to P (E) to be a manifold and
the obvious projection p : P (E) → M which sends a line in Ex to x to be smooth. For this,
first pick an atlas U of M of local trivialization of E. Then for any U ∈ U we have that
E|U ' U × Ck and hence that P (E)|U ' U × CPk−1. So as open sets we can pick U × V
with V a chart of CPk−1 and the obvious charts. Obviously, this immediately shows that p is
smooth.

Most of the time, we will use that the set of complex vector bundles is the same set as the set
of real vector bundle with a fibre preserving automorphism J which satisfies J2 = −1.
Example 2.3.2 (Tautological). Given a projectivization p : P (E) → M , we can construct
the tautological bundle q : L(E) → P (E). As a total space it is exactly constructed as
the tautological line bundle over CPk−1 fibrewise: L(E) = {(r, (x, l)) | r ∈ l, (x, l) ∈ P (E)}.
Similar arguments as above show that it is indeed a line bundle over P (E).

2.4 Connections

In this section we will give the definition of a connection and recall some properties related
to metrics and complex structures.
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Definition 2.4.1. A connection is a bilinear map ∇ : Γ(TM)×Γ(TM)→ Γ(TM) satisfying
for all f ∈ C∞(M):

1. ∇fX(Y ) = f∇X(Y );

2. ∇X(fY ) = f∇X(Y ) + LX(f)Y .

Furthermore, we say that ∇ is compatible with a metric g or with an almost complex
structure I if:

X · g(Y,Z) = g(∇XY,Z) + g(Y,∇XZ);

∇X(IY ) = I∇X(Y )

respectively. The torsion T∇ of ∇ is defined as T (X,Y ) := ∇X(Y ) − ∇Y (X) − [X,Y ]
and when T∇ = 0 we say that ∇ is symmetric. The curvature K∇ of ∇ is defined as
K∇(X,Y )(Z) = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z and when K∇ = 0 we say that ∇ is flat.

Remember that for all metrics there exists a unique compatible symmetric connection ∇,
which is called the Levi-Civita connection.

Proposition 2.4.2 (Gualtieri, [15]). Suppose that g is a metric and I an almost complex
structure such that g(IX, IY ) = g(X,Y ) for all X,Y , i.e. (M, g, I) is an almost hermitian
structure. Let h be a three form and ∇ the Levi-Civita connection. Define ∇h := ∇+ 1

2g
−1h.

Then ∇h is a metric connection, with torsion g−1h and the following are equivalent:

• ∇h is compatible with I;

• The Nijenhuis tensor of I is given by 4g−1h(3,0)+(0,3) and dw(1,2)+(2,1) = i(h(1,2)−h(2,1))
for ω = gI the corresponding 2−form.

2.5 Morita equivalences

We end this preliminary with a short discussion of Morita equivalences of Poisson manifolds.
For more we refer to, [7, 10, 29, 31] . Let us start by recalling the definitions of a Poisson
manifold and that of a Lie algebroid.
Definition 2.5.1. A Poisson manifold is a manifold M together with a bivector σ ∈ ∧2TM
such that [σ, σ] = 0, where [ , ] is the Schouten-Nijenhuis bracket on multivector fields. the
Schouten-Nijenhuis bracket of σ vanishes. Secondly, a Lie algebroid over a manifold M is
a vector bundle L → M , with an anchor ρ : L → TM and a Lie bracket [ , ] on its space of
sections such that the Leibniz rule holds: [X, fY ] = ρ(X)·fY+f [X,Y ] and ρ : Γ(L)→ Γ(TM)
is a map of Lie algebras.

These objects play an important role in Morita equivalences, since the so called weak Morita
equivalence of Poisson manifolds is a Morita equivalence of Lie algebroids. A simple example
of a Lie algebroid on a Poisson manifold (M,σ) is the vector bundle L = T ∗M . Its anchor is
then given by σ, viewed as a map σ : T ∗M → TM and the Lie bracket is given by:

[α, β] := Lσ(α)(β)− Lσ(β)(α)− dσ(α, β)
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for α, β ∈ Γ(T ∗M) = Ω1(M).

In order to define weakly Morita equivalence of Poisson manifolds, we need to define Morita
equivalences of Lie algebroids. For this we need the so called pullback Lie algebroid:
Definition 2.5.2. Let π : Q→M be a surjective submersion and suppose that (L, ρ, [ , ]) is
a Lie algebroid on M . Then its pullback Lie algebroid π?(L) is defined as:

π?(L) = {(φ∗(α), X) ∈ φ∗(L)× TQ | ρ(α) = φ∗(X)}, (2.1)

with anchor map (α,X) 7→ X and bracket [(fφ∗(α), X, ), (gφ∗(β), Y )] := (fgφ∗([α, β]) +
X(g)φ∗(β)− Y (f)φ∗(α), [X,Y ]).

Finally, we get:

Definition 2.5.3. Two Lie algebroids Li → Mi are Morita equivalent if there exists a
manifold Q with two surjective submersions πi : Q → Mi with simply connected fibres such
that π?1(L1) ' π?2(L2). Moreover, we call two Poisson manifolds weakly Morita equivalent if
their corresponding Lie algebroids are Morita equivalent.

Besides this definition of weakly Morita equivalent Poisson manifolds there is a second, more
restrictive, notion of equivalence:
Definition 2.5.4. Two Poisson manifolds (Mi, σi) are Morita equivalent if there exists a
symplectic manifold Q with surjective submersions πi : Q→Mi with simply connected fibres
which are symplectic orthogonals, such that π1 is a complete Poisson map, π2 is a complete
anti-Poisson map.

This is all in the real world, but let us set up the holomorphic analogous. Since any holo-
morphic Lie algebroid L → M is equivalent to the structure of a complex Lie algebroid on
L := L⊕T 0,1M compatible with the holomorphic data, we get the following definition:
Definition 2.5.5. Two holomorphic Lie algebroids Li →Mi are Morita equivalent if there
exists a complex manifold Q with two holomorphic surjective submersions πi : Q→Mi with
simply connected fibres such that π?1(L1) ' π?2(L2).

Since for holomorphic Poisson manifold (M,σ) we also have that T ∗M is a holomorphic Lie
algebroid, the definition of weakly Morita equivalence carries over as well:
Definition 2.5.6. Two holomorphic Poisson manifolds (M,σi) are weakly Morita equivalent
if their corresponding holomorphic Lie algebroids are Morita equivalent.

The author could not find any litarature on Morita equivalence for holomorphic Poisson
structures, but in order to repeat a theorem of Weinstein, we propose the following:
Definition 2.5.7. Two holomorphic Poisson manifolds (Mj , σj) are Morita equivalent if
there exists a complex manifold X with a holomorphic, closed 2-form ω such that ωx :
T 1,0X → (T 1,0X)∗ is an isomorphism and two holomorphic maps πj : X →Mj such that:

• The πi are surjective submersions;

• The πi have simply connected fibres;

• The fibres of the πi are ω-orthogonal to each other;
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• (πj)∗ωx = (−1)j+1(σj)πj(x);

• The πi are complete maps.

Note that, this is completely analogous to the real case.

Theorem 2.5.8. Let πi : (X,ω)→ (Mi, σi) be Morita equivalent holomorphic Poisson man-
ifolds of the same dimensions and let x ∈ X such that σi(πi(x)) ≡ 0. Then the holomorphic
Poisson structures are locally anti-isomorphic around the images of x.

The proof is similar to that of the real case as in [29], for completeness we repeat the argu-
ment.

Proof. Since the πi are Poisson maps and the σi vanish at πi(x) we get that 0 = (πi)∗◦ω−1
x ◦π∗i :

T ∗πi(x)Mi → Tπi(x)Mi. Hence if X ∈ (ker(πi)∗)
⊥, then:

0 = ω(ω−1π∗i ξ,X) = π∗i ξ(X) = ξ((πi)∗X),

for all ξ ∈ T ∗πi(x)Mi, which shows that X ∈ ker(πi)∗, which is therefore co-isotropic. Because

the fibres are symplectic orthogonals to each other, we get that ker(πi)∗ are in fact Lagrangian
and equal and hence dim(X) = 2 dim(M1) = 2 dim(M2) =: 2n.
By Darboux, it is clear that we can pick a (local) Lagrangian manifold N which is transverse
to the ker(πi)∗ at x. We are going to identify a neighbourhood of the πi(x) inside the Mi

with N in order to get the local anti-isomorphism.
Let {xi} be complex coordinates on M1 and let yi := xi ◦ π1. Then the yi, when restricted to
N are independent and hence we can extend them to independent complex functions qi on a
neighbourhood of N such that they commute. Here we use that N is chosen with help of the
Darboux theorem, i.e. ω =

∑
i dpi ∧ dqi for pi functions vanishing at N . Next, pick complex

coordinates x′i on M2 such that y′i := x′i ◦ π2 restricts to qi on N as well. Then we can write
yi = qi +

∑
k aikpk and y′i = qi +

∑
k bikpk for holomorphic functions aik and bik. We compute

that on N :

{yi, yj}ω =

{
qi +

∑
k

aikpk, qj +
∑
k

ajkpk

}
ω

= aij − aji,

where we use that pk vanish on N and that we have chosen ω−coordinates. Similarly, we
compute that:

{y′i, y′j}ω = bij − bji; 0 = {yi, y′j}ω = bij − aji,

which shows that {yi, yj}ω = −{y′i, y′j}ω and therefore are we have found the anti-
isomorphism.
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Chapter 3

Generalized complex Geometry

Generalized complex geometry studies structure on TM ⊕T ∗M . It generalizes both complex
structure as symplectic structure as we will see throughout the discussion. We will first discuss
the linear algebra and then the global variant. After discussing the local normal forms, we
continue with generalized Kähler geometry. Except for the local normal form theorems, all
the important theorems will be proven.

3.1 Linear algebra

We wish to study structures on TM ⊕ T ∗M for M a smooth manifold of dimension m. As
always with new structures on manifolds, we first want to discuss them fiberwise, i.e. for
V ⊕V ∗ with V a real vectorspace of dimension m. Throughout, we will denote elements of V
by X,Y, Z, ..., elements of V ∗ by ξ, η, ζ, ... and elements of V ⊕V ∗ by a = X+ξ, b = Y +η, c =
Z + ζ, .... But before we can do this, we need to examine which structure is always available
on V ⊕ V ∗: its group of symmetries.
On V ⊕ V ∗ we can define a symmetric bilinear form 〈 , 〉 as follows:

〈X + ξ, Y + η〉 := −1

2
(η(X) + ξ(Y )) (3.1)

Clearly, this does not depend on any choice of basis, but letting {fi} a basis of V , {f i} its
dual basis, we get that

− 〈ei, ej〉 = δi,j = 〈ei, ej〉 〈ei, ej〉 = 0

for ei := fi+f i and ei := fi−f i. Hence (V ⊕ V ∗, 〈 , 〉) has signature (m,m) and has as group
of symmetries O(m,m). By picking the canonical 1 ∈ ∧2m(V ⊕ V ∗) ' R we can reduce this
to SO(m,m), which has Lie algebra

so(m,m) = {T ∈ End(V ⊕ V ∗) | 〈Ta, b〉+ 〈a, T b〉 = 0}

=

{(
A β
B −A∗

)
|A ∈ End(V ), B ∈ ∧2V ∗, β ∈ ∧2V

}
(3.2)

= End(V )⊕ ∧2V ⊕ ∧2V ∗
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Using the same notation as above, exponentiating an element B ∈ so(m,m) gives us a so-
called B-field transform and exponentiating β ∈ so(m,m) give us β−field transforms. They
act as follows:

exp(B)(X + ξ) =

(
Im 0
B Im

)(
X
ξ

)
= X + ξ + iXB; (3.3)

exp(β)(X + ξ) =

(
Im β
0 Im

)(
X
ξ

)
= X + iξβ + ξ (3.4)

In our study of generalized complex structures, isotropic subspaces and subbundle will play
an important role.

Definition 3.1.1. A subspace L < V ⊕ V ∗ is called isotropic if 〈L,L〉 = 0. Such an
isotropic is called maximal isotropic or linear Dirac if it has maximal dimension, i.e.
dimension m. We say that a linear Dirac structure L has even parity if L ∈ SO(m,m) · V
and otherwise we say that L is of odd parity.

Proposition 3.1.2. All linear Dirac structures are of the form L(E, ε) := {X + ξ ∈ E ⊕
V ∗ | ξ|E = iXε} for E < V a subspace and ε ∈ ∧2E∗

Proof. Since −2〈X+ξ, Y +η〉 = ε(X,Y )+ε(Y,X) = 0 for all X+ξ, Y +η ∈ L(E, ε) we find that
L(E, ε) is isotropic. Since it is of dimension m, it is in fact a linear Dirac structure. Now let L
be any linear Dirac structure and let E := πV (L). One easily checks that L ∩ V ∗ = Ann(E),
so define ε : E → E∗ as:

ε(X) := πV ∗
(
π−1
V (X) ∩ L

)
∈ V/Ann(E) ' E∗

This is well-defined, since if ξ, η ∈ ε(X), then X + ξ,X + η ∈ L. And hence that ξ − η ∈ L.
Now let Y ∈ E. Then by definition there exists ζ such that Y + ζ ∈ L. But this implies that
0 = −2〈ξ − η, Y + ζ〉 = ξ(Y )− η(Y ). So in fact ξ − η ∈ Ann(E). By construction, it follows
that L < L(E, ε) and since L is maximal we get an equality.

Definition 3.1.3. The type of a linear Dirac structure L(E, ε) is defined as the codimension
of E in V .

These linear Dirac structures can also be characterized using spinors as we will see in propo-
sition 3.1.10 . This different description is useful when one wants to consider manifolds, since
we cannot expect πTM (L) in general to be a subbundle of TM for L a Dirac structure on TM
and πTM : TM ⊕ T ∗M → TM the obvious projection. Let Cl(V ⊕ V ∗) := ⊗•(V ⊕ V ∗)/I be
the Clifford algebra on V ⊕V ∗, with I the ideal generated by a⊗a+ 〈a, a〉. With the Clifford
algebra comes a representation on the so-called spinors S := ∧•(V ∗) by

(X + ξ) · ψ = iXψ + ξ ∧ ψ. (3.5)

Lemma 3.1.4. There exists a non-zero element of degee 2m ω ∈ Cl(V ⊕V ∗) satisfying ω2 = 1
and S decomposes as eigenspaces of ω as S = ∧oddV ∗ ⊕ ∧evenV ∗.

Proof. Let ω = e1e
1...eme

m. Then:

ω2 = e1e
1...eme

me1e
1...eme

m = (−1)2m−1〈e1, e1〉e1...eme
me1...eme

m

= (−1)m(2m−1)〈e1, e1〉...〈em, em〉 = (−1)2m2
= 1.
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Furthermore, one can check that if ψ = f i1 ...f ir ∈ S±, then f j ∧ fk ∧ ψ ∈ S±. This
reduces the proof to ∧0V ∗ and ∧1V ∗. An easy computation shows that ω · 1 = (−1)m

and ω · f j = (−1)m−1f j . This shows that (S+, S−) = (∧evenV ∗,∧oddV ∗) if m is even and
(S+, S−) = (∧oddV ∗,∧evenV ∗) if m is odd.

Note that Cl(V ⊕ V ∗) does not preserve this eigenspace decomposition of S, but the Spin-
group

Spin(V ⊕ V ∗) := {v1...vr ∈ Cl(V ⊕ V ∗) | vi ∈ V ⊕ V ∗, 〈vi, vi〉 = ±1, r even} (3.6)

does and has therefore S± as representations and is a double cover of SO(V ⊕ V ∗) by the
morphism ρ :

ρ : Spin(V ⊕ V ∗)→ SO(V ⊕ V ∗);
ρ(x)(a) = xax−1; ∀x ∈ Spin(V ⊕ V ∗). (3.7)

Its derivative is an isomorphism and given by deρ : spin(V ⊕ V ∗) → so(V ⊕ V ∗),
deρ(x)(a) = xa − ax. Later on we will need one example of this isomorphism which we will
treat now already.

Example 3.1.5 (B-transform). Let B =
∑

i,j Bijf
i∧f j ∈ ∧2V ∗ be any element with Bij =

−Bji. The following computations shows that under the isomorphism B =
∑

i,j Bijf
jf i:

deρ

∑
i,j

Bijf
jf i

 fk =
∑
i,j

Bij(f
jf ifk − fkf jf i) =

∑
i,j

Bij(f
j(δik − fkf i)− (δjk − f jfk)f i)

=
∑
j

Bkjf
j −Bjkf j =

∑
i,j

Bijf
i ∧ f j

 (fk) = B(fk)

Denoting this inverse element of B under ρ by B̃, one easily sees that B̃ ·ψ = −B ∧ψ. Hence
exponentiating gives us that exp(B̃) · ψ = exp(−B) ∧ ψ.

Similarly, one computes that exp(β̃) · ψ = exp(iβ)ψ with β̃ =
∑
βijfjfi whenever

β =
∑
βijfi ∧ fj for a beta-transform. The spinors come equiped with a bilinear pairing, the

Mukai pairing, of which we will discuss some properties below.

Definition 3.1.6. Let α : Cl(V ⊕ V ∗)→ Cl(V ⊕ V ∗) be the map defined by the tensor map
which sends v1⊗ ...⊗ vk 7→ vk ⊗ ...⊗ v1. Then we define the Mukai pairing on the spinors as:

(φ1, φ2)M := (α(φ1) ∧ φ2)top

So this is a map S × S → ∧mV ∗ and top means taking the part in ∧mV ∗.

By picking f ∈ ∧mV \ {0}, we can describe the action (3.5) differently. One checks by a
direct computation that (x ·ψ) is the unique element in ∧•V ∗ such that (x ·ψ)f = xψf , with
the right hand side the Clifford multiplication. Using this, we find that we can describe the
Mukai pairing as follows. Let f ∈ ∧mV be non-zero. Then:

(if (ψ1, ψ2)M )f = (if (α(ψ1) ∧ ψ2))f = (α(f) · (α(ψ1) ∧ ψ2))f = α(f)α(ψ1)ψ2f = α(ψ1f)ψ2f.

This shows the following properties of the pairing.
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Lemma 3.1.7. The bilinear form is non-degenerate and symmetric for m ≡ 0, 1 mod 4
and skew-symmetric otherwise. Moreover it is invariant under the identity component of
Spin(V ⊕ V ∗).

Proof. The first two statements follow directly from the definition. The third statement
follows from 1 = 〈v, v〉 = α(v)v for all v in the identity component of Cl(V ⊕ V ∗).

Given a spinor ψ we can use the action of the Clifford algebra to consider its null-space

Lψ := {a ∈ V ⊕ V ∗ | a · ψ = 0}.

Lemma 3.1.8. The null-space of any spinor is isotropic and depends equivariantly on the
spinor under the spin representation.

Proof. For all a, b ∈ Lψ, −2〈a, b〉ψ = abψ + baψ = 0 and hence Lψ is isotropic. The equivari-
ance dependence means that for all g ∈ Spin(V ⊕ V ∗) Lg·ψ = ρ(g)Lψ. Given a ∈ Lg·ψ, we let
b := ρ(g−1)a ∈ Lψ. Then a = ρ(g)b ∈ ρ(g)Lψ. This shows the first inclusion. For the second,
let ρ(g)a ∈ ρ(g)Lψ. Then aψ = 0 and hence ρ(g)agψ = gaψ = 0 proves that ρ(g)a ∈ Lg·ψ.

Definition 3.1.9. A spinor ψ is pure if its null-space Lψ is a linear Dirac structure.

Proposition 3.1.10. Any linear Dirac structure is the null-space of a pure spinor.

Proof. First consider the linear Dirac structure L(E, 0) = E ⊕Ann(E) and let θ1, ..., θk be a
basis of Ann(E). Now, for X + ξ ∈ L(E, 0) one finds that:

(X + ξ) · (θ1 ∧ ... ∧ θk) = iX(θ1 ∧ ... ∧ θk) + ξ ∧ θ1 ∧ ... ∧ θk = 0 + 0 = 0.

HenceX+ξ ∈ Lψ for ψ = θ1∧...∧θk. By maximality of L(E, 0) we conclude that L(E, 0) = Lψ.
Next is the general case L(E, ε). Pick B ∈ ∧2V ∗ such that i∗(B) = ε with i : E ↪→ V is
the inclusion. This choice gives us that exp(B)L(E, 0) = L(E, ε). The equivariance of the
previous lemma shows us that

L(E, ε) = exp(B)L(E, 0) = exp(B)Lψ = Lexp(B̃)·ψ = Lexp(−B)∧ψ,

which proves the proposition.

We conclude this real linear algebra part with an easy way to check whether two linear Dirac
structures have trivial intersection. Having trivial intersection with some other linear Dirac
structure will become important when we define generalized complex structures in sections
3.3 and 3.4.

Proposition 3.1.11. Two linear Dirac structures Lψ and Lψ′ have trivial intersection if and
only if the Mukai pairing of ψ and ψ′ does not vanish: (ψ,ψ′)M 6= 0.

Proof. Suppose that (ψ,ψ′) 6= 0 and let 0 6= a = X + ξ ∈ L ∩ L′. This means that a · ψ =
a · ψ′ = 0. One easily checks, by first considering homogeneous ψ,ψ′, that a · (ψ,ψ′) = 0 as
well. Hence X = 0 and ξ ∧ ψ = 0 = ξ ∧ ψ′. This means that we can write ψ = ξ ∧ ψ̃ and
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ψ′ = ξ ∧ ψ̃′. Computing the Mukai pairing gives us now zero, since ξ ∧ ξ = 0, which is a
contradiction. We conclude that a = 0 and L ∩ L′ = 0.
Now assume that L∩L′ = {0}. First we consider two easy cases, namely L′ = Li = Lψi

with
ψ1 = f1∧ ...∧fm and ψ2 = f1∧ ...∧fm−1. L∩L′ = 0 implies in the first case that ψ = exp(B)
and in the second case that ψ = exp(B)∧θ for some θ ∈ V ∗ and θ /∈ 〈f1, ..., fm−1〉. So in both
cases we find that (ψ,ψi) 6= 0. For the general case, note that O(V ⊕V ∗) acts transitively on
the space of linear Dirac structures and hence for all L′ there exists a g ∈ Spin(V ⊕ V ∗) such
that L′ = ρ(g)Li for one of the two cases above. Now, L∩L′ = 0 implies that ρ(g−1)L∩Li = 0
and hence that 0 6= (g−1ψ,ψi) = ±(ψ, gψi) = ±(ψ,ψ′).

Until now we have only used real spaces. We can define a natural pairing on the complexified
spaces by demanding C−linearity. The results until now in the complex case are the
summarized by the following theorem. Proving the theorem is of course completely analogous
to the real case.

Theorem 3.1.12. Let V be a real vector space of dimension m. A linear Dirac structure of
type k = 0, ...,m is completely determined by one of the following:

1. A complex subspace L < VC ⊕ V ∗C , maximal isotropic with respect to 〈 , 〉 such that
dimC(πVCL) = m− k;

2. A complex subspace E < VC of complex dimension m−k, together with a complex 2-form
ε ∈

∧2E∗;

3. A complex spinor line UL <
∧•(V ∗C ) generated by ψL = c exp(B+ iω)θ1 ∧ ...∧ θk, where

the θi are linear independent 1−forms in V ∗C , B + iω ∈
∧2(V ∗C ) and c ∈ C \ {0}.

So far, this is all direct translation of our earlier work in the real case. In the complex case,
however, we have conjugation of complex numbers. This gives us the following lemma and
definition:

Lemma 3.1.13. Let L be a complex Dirac structure. Then L ∩ L̄ = K ⊗ C for some real
K ⊂ V ⊕ V ∗.

Proof. Let K := L ∩ (V ⊕ V ∗). Then we have that a+ bi ∈ K ⊗ C if and only if a, b ∈ K =
L ∩ (V ⊕ V ∗), which happens if and only if a± bi ∈ L, so if and only if a+ bi ∈ L ∩ L̄.

Definition 3.1.14. Given L and K as above, we define the real index of L to be dimR(K).

3.2 Brackets

In this section we will study two brackets on the space of sections of TM ⊕ T ∗M , the
Dorfman bracket and the Courant bracket and study their symmetries. Both can be used
to express involutivity of Dirac structures. The Dorfman bracket turns X (TM ⊕ T ∗M) into
a Courant algebroid and comes naturally from derived brackets. The Courant bracket is
however historically older and is skew-symmetric and hence looks more like a Lie bracket. It
does not satisfy Jacobi, but the Dorfman bracket does. We will discuss both and start with
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the definition of a Courant algebroid.

Definition 3.2.1. A quadruple (E, 〈 , 〉, [[ , ]] , π) with E →M a vector bundle, 〈 , 〉 a fibre-wise
non-degenerate symmetric bilinear form on E, [[ , ]] a bilinear bracket and a smooth bundle
map π : Γ(E)→ X (M) to the vector fields on M is called a Courant algebroid if it satisfies
the following properties for all a, b, c ∈ Γ(E) and f ∈ C∞(M):

(C1) π ( [[ a, b ]] ) = [π(a), π(b)],

(C2) [[ a, [[ b, c ]] ]] = [[ [[ a, b ]] , c ]] + [[ b, [[ a, c ]] ]]

(C3) [[ a, fb ]] = f [[ a, b ]] + (π(a)f)b,

(C4) [[ a, a ]] = D〈a, a〉,

(C5) π(a)〈b, c〉 = 〈 [[ a, b ]] , c〉+ 〈b, [[ a, c ]] 〉,

where D : C∞(M) → Γ(E) is defined as D = 1
2κ
−1 ◦ π∗ ◦ d with π∗ the dual map of π and

κ : E → E∗ defined using 〈 , 〉.

Definition 3.2.2. Let H ∈ Ω3
cl(M) be arbitrary. Then the H−twisted Dorfman bracket

[[ , ]]H on Γ(TM ⊕ T ∗M) is defined as

[[X + ξ, Y + η ]]H = [X,Y ] + LXη − iY dξ − iY iXH (3.8)

Theorem 3.2.3. The twisted Dorfman bracket turns TM ⊕ T ∗M into a Courant algebroid
with anchor map π(X + ξ) = X.

Proof. (C1) is clear. One computes that D(f) = −df with d the exterior derivative and hence
(C4) follows:

[[X + ξ,X + ξ ]]H = [X,X] + LXξ − iXdξ − iXiXH = diXξ = −D(iXξ) = D〈X + ξ,X + ξ〉.

The rest are just straightforward computations. For (C3):

[[X + ξ, fY + fη ]]H = [X, fY ] + LX(fη)− ifY dξ − ifY iXH
= f [X,Y ] + LXfY + iX(df ∧ η) + dfiXη + fdiXη − fiY dξ − fiY iXH
= f [[X + ξ, Y + η ]]H + LX(f)(Y + η) = f [[X + ξ, Y + η ]]H + (π(X + ξ)f)(Y + η)

For (C5):

−2 (〈 [[ a, b ]]H , c〉+ 〈b, [[ a, c ]]H〉) = −2 〈 [[X + ξ, Y + η ]]H , Z + ζ〉 − 2〈Y + η, [[X + ξ, Z + ζ ]]H〉
= iZLXη + i[X,Y ]ζ + iY LXζ + i[X,Z]η = iXdiY ζ + iXdiZη

= −2LX〈Y + η, Z + ζ〉 = −2π(a)〈b, c〉

So only (C2) remains for which we remark that the vectorfield part follows from the Jacobi
identity for the Lie bracket of vectorfields and that we use that H is closed:

[[ [[ a, b ]] , c ]] + [[ b, [[ a, c ]] ]] = [[ [X,Y ] + LXη − iY dξ − iyiXH, c ]] + [[ b, [X,Z]− LXζ − i− Zdξ − iZiXH ]]

= [[X,Y ], Z] + L[X,Y ]ζ − iZdLXη + iZdiY dξ + iZdiY iXH − iZi[X,Y ]H

+ [Y, [X,Z]] + LY LXζ − LY iZdξ − LY iZiXH − i[X,Z]dη − i[X,Z]iYH

= [X, [Y,Z]] + LXLY ζ − LXiZdη − i[Y,Z]dξ − LXiZiYH − i[Y,Z]iXH

= [[X + ξ, [Y, Z] + LY ζ − iZdη − iZiYH ]] = [[ a, [[ b, c ]] ]]
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Definition 3.2.4. The H−twisted Courant bracket [ , ]H is defined as the skew-
symmetrization of the Dorfman bracket. In formulas:

[X + ξ, Y + η]H =
1

2
[[X + ξ, Y + η ]]H −

1

2
[[Y + η,X + ξ ]]H

= [X,Y ] + LXη − LY ξ −
1

2
d(iXη − iY ξ)− iY iXH (3.9)

In the following part we will discuss symmetries of the Dorfman bracket. For this, we first
discuss those of the Lie bracket. We will see that there exist in principle more symmetries of
the Dorfman bracket than symmetries of the Lie bracket since we can use B−field transforms
for B ∈ Ω2

cl(M).

Lemma 3.2.5. Let (f, F ) be an automorphism of π : TM → M such that F preserves the
Lie bracket. Then F = df .

Proof. First of all, if f is an automorphism of M then (f, df) is a pair as in the lemma. So
assume that (f, F ) is such a pair and consider (id, G) with G = (df)−1 ◦ F . This pair also
satisfies the conditions in the lemma and for such a pair and h ∈ C∞(M) we have that:

G([hX, Y ]) = G(h[X,Y ]− LY (h)X) = hG([X,Y ])− LY (h)G(X);

[G(hX), G(Y )] = [hG(X), G(Y )] = h[G(X), G(Y )]− LG(Y )(h)G(X) = hG([X,Y ])− LG(Y )(h)G(X).

Hence G = id and F = df .

Proposition 3.2.6. The map exp(B) is a symmetry of the Dorfman bracket if and only if
B is closed. Furthermore, given any orthogonal transformation (f, F ) of TM ⊕ T ∗M such
that F preserves the Dorfman bracket , F is the composition of a B−field transform with a
diffeomorphism. Hence the group of orthogonal Dorfman automorphisms of TM ⊕ T ∗M is
the semi-direct product of Diff(M) with Ω2

cl(M).

Proof. Let B ∈ Ω2(M). The first part follows from an easy computation which shows that

[[ exp(B)(X + ξ), exp(B)(Y + η) ]]H = exp(B) [[X + ξ, Y + η ]]H − iXiY dB.

Moreover, exp(B) is an orthogonal transformation since 〈X+ ξ+ iXB, Y + η = IYB〉 = 〈X+

ξ, Y + η〉− 1
2(B(X,Y ) +B(Y,X)) = 〈X + ξ, Y + η〉. Given (f, F ), define fc =

(
df 0
0 (f∗)−1

)
.

Since (f∗)−1ξ(df(Y )) = ξ(Y ), fc is an orthogonal transformation and we can consider the
pair (id, G) where G = f−1

c ◦ F . Using the same method and (C3) as in the above lemma,

we find that preserving the Dorfman bracket implies that G =

(
Im 0
∗ ∗

)
. Finally, using that

G is orthogonal we get that G = exp(B) for some B ∈ Ω2(M) which has to be closed by the
above.
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3.3 Dirac structures and integrability

In section 3.1, we have considered linear (real) Dirac structures. In this section we will
discuss Dirac structures on manifolds and define when a Dirac structure is integrable. At
the end, we will discuss four examples of Dirac structures and show that the theory of Dirac
structures unifies other theories like complex geometry and symplectic geometry.

Definition 3.3.1. A real, maximal isotropic subbundele L < TM⊕T ∗M is called an almost
Dirac structure. If L is involutive, i.e. closed under the Dorfman bracket, then we call
L integrable or a Dirac structure. Similarly, a involutive, maximal isotropic subbundle
L < TCM ⊕ T ∗CM is called a complex Dirac structure.

Note that for the integrability the type of bracket, Dorfman or Courant, does not matter.
Since [[ a, b ]]H = [a, b]H + d〈a, b〉 and L in the above definition is assumed to be isotropic, so
that on L the two brackets are the same.

Remark 3.3.2. Also note that this definition together with Proposition 3.2.6 shows that the
B−field transform of a Dirac structure is again a Dirac structure whenever B is closed.

Let us consider two ways to check whether an isotropic bundle is in fact Dirac. In the linear
case we have seen that any isotropic space is the null-space of a pure spinor. Similarly, one
sees that any almost complex Dirac structure is the null-space of a unique line subbundle
K < ∧•(T ∗M ⊗ C). In formulas, this is:

L = {X + ξ ∈ Γ(TCM ⊕ T ∗CM) | (X + ξ) ·K = 0}

Then, let L′ be an isotropic complement of L. Using this, we can define Uk := ∧m−kL ·K.
Moreover, we define the twisted exterior derivative as dHψ = dψ + H ∧ ψ. We get the
following result on integrability:

Proposition 3.3.3. Let L be a maximal isotropic subbundle of TCM ⊕ T ∗CM . Then the
following are equivalent:

• L is involutive;

• 〈 [[ a, b ]]H , c〉 = 0 for all a, b, c ∈ L;

• dH(Γ(K)) ⊂ Γ(Um−1);

• L = L(E, ε) with E ⊂ TCM involutive and dEε = H|E and dE defined as dE ◦ i∗ = i∗ ◦d
for i : E → TCM the inclusion.

Proof. If L is involutive, then [[ a, b ]]H ∈ L and hence isotropy implies the second condition.
Similarly, if the second holds, then [[ a, b ]]H /∈ L implies that L⊕C · [[ a, b ]]H is isotropic which
is a contradiction with the maximality of L.

One computes that for all a = X + ξ, b = Y + η ∈ Γ(L) and for all forms ψ:

a · b · dH(ψ) = [[ a, b ]]H · ψ − dH(a · b · ψ)− a · dH(b · ψ) + b · dH(a · ψ). (3.10)
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When we have that ψ is a local section of K, then this equation reduces to [[ a, b ]]H · ψ =
a · b · dHψ. Hence if we assume that the third condition holds, then we have that dHψ = c ·ψ
for some c ∈ Γloc(L

′)). Hence:

[[ a, b ]]H · ψ = a · b · c · ψ = −2〈b, c〉a · ψ − a · c · b · ψ = 0 + 0 = 0.

So L is therefore involutive. The other way around: assume L to be involutive. Then, by the
same computation, we find that for all a, b ∈ Γ(L) and for all ψ ∈ Γ(K):

0 = a · b · dHψ,

implying that b · dHψ ∈ Γ(K) or vanishes. Now first assume that b · dGψ = 0 for all local
sections b. But since K is unique, this implies that dHψ ∈ K. Now considering the deR-
ham decomposition of forms, we see that this is impossible. Hence there exists a b such that
b · dHψ ∈ Γloc(K) \ {0}. Since acting with L highers the degree with one, this implies that
dHψ ∈ Γloc(U

m−1). Hence condition 3 is also equivalent to integrability.
We are left to prove that the fourth condition is equivalent with integrability, the both direc-
tions will be proved at the same time in the following. First note that involutivity of L implies
involutivity of E but the definition of the bracket, hence we can assume E to be involutive.
One computes that for X + ξ, Y + η ∈ L(E, ε):

(LX(η)− iY dξ − iY iXH) |E − i[X,Y ]ε

= iXdEη|E + dEiXη|E − iY dEξ|E − iY iXH|E − iXdEiY ε− iXiY dEε+ dEiY iXε+ iY dEiXε

= iXdEη|E + dEε(Y,X)− iY dEξ|E − iY iXH|E − iXdEη|E − iXiY dEε+ dEε(X,Y ) + iY dEξ|E
= iXiYH|E − iXiY dEε. (3.11)

Now, the very first part is zero (under the assumption of involutivity of E) if and only if L
is involutive, and the final part is zero if and only if the second condition in this part of the
proposition holds. This proves the claim.

Note that allthough the third equivalent description says something about dH : Ωk → Ωk+1,
the induction argument shows that this is actually a consequence of dHψ = c · ψ for a
c ∈ Γ(L̄). Hence that we can write dHψ = iXψ + ξ ∧ ψ for some X + ξ ∈ TCM ⊕ T ∗C M .

Let us consider some examples:
Example 3.3.4 (Pre-symplectic Geometry). TCM < TCM ⊕ T ∗CM is an isotropic, in-
volutive subbundle and hence a Dirac structure. Taking a ω ∈ Ω2

cl(M), gives us the Dirac
structure

Exp(−iω)TM = {X − iω(X) |X ∈ TCM}.

Hence pre-symplectic geometry can be described by a Dirac structure.

Example 3.3.5 (Poisson Geometry). Similarly, T ∗CM < TCM ⊕ T ∗CM defines a Dirac
structure and we can consider a β−transform

Lβ := exp(β)T ∗M = {β(ξ) + ξ | ξ ∈ T ∗M}.
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In general this is only an isotropic bundle, since β−transforms do not preserve the Dorfman
bracket. We can check when it is isotropic by using the previous proposition. β defines a
bracket, as usual, by {f, g} := β(df, dg). Since L is isotropic, we find that:

〈 [[ a, fb ]]H , c〉 = f〈 [[ a, b ]]H , c〉+ (π(a)f)〈b, c〉 = f〈 [[ a, b ]]H , c〉.

Hence tensorality of this expression follows by using the skew symmetric Courant bracket
which is the same on L as the Dorfman bracket. Hence to compute whether L is involutive,
we only have to consider expressions a of the form a = idfβ+ df ∈ Γ(L). One computes that:

−2〈 [[ idfβ + df, idgβ + dg ]]H , idhβ + dh〉 = −2〈[idfβ, idgβ] + diidfβdg − iidgβiidfβH, idhβ + dh〉
= dh([idfβ, idgβ]) + iidhβdiidfβdg +H(idfβ, idgβ, idhβ)

= iidfβdiidgβdh− iidgβdiidfβdh+ iidhβdiidfβdg +H(idfβ, idgβ, idhβ)

= {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}}+H(idfβ, idgβ, idhβ)

Note that we use Cartan’s formula for the part with the Lie derivative. Now, we see that the
above expression is zero if and only if the bracket { , } is a twisted Poisson bracket. Hence
twisted Poisson brackets can be described by Dirac structures.

Example 3.3.6 (complex Geometry). Given a almost complex structure J on M , we can
form the −i-eigenbundle T 0,1M < TCM of J and a corresponding maximal isotropic bundle:

LJ = T0,1M ⊕Ann(T0,1M) = T0,1M ⊕ T ∗1,0M. (3.12)

Involutivity of LJ implies (Lie) involutivity of T0,1M and hence that J is a complex structure.
The other way around, if J is a complex structure and if H ∈ Ω1,2(M), then for X+ξ, Y +η ∈
LJ we find that

[[X + ξ, Y + η ]]H = [X,Y ] + iX∂η − iY ∂ξ − iY iXH,

which is a section of LJ again. Hence LJ is a Dirac structure and complex geometry can be
described by Dirac structures.

Example 3.3.7 (Foliated Geometry). Similarly as in the previous example, we can pick
∆ < TM , a smooth distribution of constant rank. Then clearly, L := ∆ ⊕ Ann(∆) is a
maximal isotropic subbundle of TM ⊕ T ∗M . Since the Courant bracket is zero on T ∗M and
we are dealing with Ann(∆), we find that L is involutive with respect to the not twisted
bracket if and only of ∆ is (Lie) involutive and hence integrable. So this gives a foliation on
M , described by a (real) Dirac structure.

3.4 Generalized complex structures

For defining generalized complex structures, we follow the same pattern as before: first linear
and then global. We will discuss the two main examples: complex and symplectic vector
spaces. The pattern follows more closely: in the linear case we will use a special kind of
linear Dirac structures as an alternative description of generalized complex structure, but in
the global case we again need some extra integrability conditions.
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Definition 3.4.1. A generalized complex structure (GCS) on a vector space V is an endo-
morphism J of V ⊕V ∗ such that J 2 = −1 and J ∗ = −J with respect to the natural pairing
〈 , 〉.
Remark 3.4.2. A J satisfying the first condition is called complex, one that satisfies the sec-
ond is called symplectic. Instead of the symplectic condition we could ask J to be orthogonal.

Lemma 3.4.3. Choosing a linear GCS J is equivalent to specifying a linear Dirac structure
L < VC ⊕ V ∗C with real index zero, i.e. L ∩ L̄ = {0}.

Proof. Given a GCS J , we defineL to be the +i eigenspace inside VC ⊕ V ∗C . Note that L̄ is
the −i eigenspace and hence L has complex dimension m and L ∩ L̄ = {0}. Finally L is also
isotropic, since for all a, b ∈ L:

〈a, b〉 = 〈J a,J b〉 = 〈ia, ib〉 = −〈a, b〉

and hence the natural pairing is zero on L. The other way around, we define J to be +i on L
and −i on L̄. The only thing that is left to check it whether J is orthogonal. By considering
cases and using isotropy it is clear that the only non-tricial case is on L× L̄, but then we can
use that −i · i = 1 to conclude the lemma.

In the previous section we had different ways to express a Dirac structure. The next part
will be about the extra condition on linear Dirac structures with respect to these different
collections of data.

Proposition 3.4.4. The maximal isotropic L(E, ε) has real index zero if and only if E+ Ē =
V ⊗ C and ε is such that ω∆ := Im(ε|E∩Ē) is non-degenerate on E ∩ Ē =: ∆⊗ C.

Proof. If L has real index zero, then L⊕ L̄ = VC ⊕ V ∗C and hence VC = πVC(L⊕ L̄) = E + Ē.
For the second condition, suppose that X ∈ ∆ such that ω∆(X) = 0. This is equivalent to
ε(X) = ε(X). Using a ξ such that ξ|E = ε(X) we get that X + ξ ∈ L and X + ξ̄ ∈ L. Hence
X + ξ ∈ L ∩ L̄ which is a contradiction.
The other way around, suppose that X + ξ ∈ L∩ L̄. We can assume that X is real and hence
that X ∈ ∆. But then we find that ε(X)− ε̄(X) = ξ|E − ξ|E = 0. So by assumption X = 0.
Using that E + Ē = VC we get that ξ|E = 0 = ξ|Ē and hence L ∩ L̄ = {0}.

Proposition 3.4.5. Let L be a maximal isotropic defined by its spinor line UL = C · exp(B+
iω)Ω with Ω = θ1 ∧ ...θk for k linear independent forms θi ∈ ∧1V ∗C and B + iω ∈ ∧2(V ∗C ).
Then L defines a GCS if and only if ωn−k ∧ Ω ∧ Ω̄ 6= 0. In other words, if and only if the
following two conditions hold:

• (θ1, ..., θk, θ̄1, ..., θ̄k) are linearly independent;

• ω is non-degenerate when restricted to the real (2n− 2k)−dimensional subspace ∆ ⊂ V
defined by ∆ = ker(Ω ∧ Ω̄).

Proof. Using the Mukai pairing, proposition 3.1.11 shows that L has real index zero if and
only if (exp(B + iω)Ω, exp(B − iω)Ω̄) 6= 0. One computes that:

(exp(B + iω)Ω, exp(B − iω)Ω̄) = (exp(2iω)Ω, Ω̄) =
(−1)n−

k(k+1)
2 (2i)n−k

(n− k)!
ωn−k ∧ Ω ∧ Ω̄
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So this is non-zero if and only if ωn−k ∧ Ω ∧ Ω̄ is not the zero form.

Next, we discuss the two most important examples of GCS: complex and symplectic vec-
torspace.
Example 3.4.6 (Complex vectorspaces). Given a complex structure J : V → V on V ,
we can define a generalized complex structure JJ which we will write in matrix notation with
respect to the direct sum V ⊕ V ∗:

JJ :=

(
−J 0
0 J∗

)
(3.13)

Its corresponding Dirac structure is given by LJ = V0,1 ⊕ V ∗1,0 with V0,1 the −i eigenspace of

J , similar to example 3.3.6. Its spinor line is generated by any element ψ ∈ Ωm,0. Using a
(−B)−field transform gives us the following equivalent data:

J−b = exp(−B)JJexp(B) =

(
−J 0

BJ + J∗B J∗

)
; ψ−B = exp(B)ψ;

L−B = {X + ξ − iXB |X + ξ ∈ V0,1 ⊕ V ∗1,0}

Example 3.4.7 (Symplectic vectorspaces). Like in the previous example, a symplectic
structure ω : V → V ∗ on V gives a generalized complex structure Jω:

Jω :=

(
0 −ω−1

ω 0

)
(3.14)

Its corresponding Dirac structure and spinor line are given by

Lω = {X − iω(X) |X ∈ VC}; ψω = exp(iω) (3.15)

Using a (−B)−field transforms again gives us a so-called B−symplectic structures, which
have the following equivalent data:

J−B = exp(−B)Jωexp(B) =

(
−ω−1B −ω−1

ω +Bω−1B Bω−1

)
; ψ−B = exp(B + iω);

L−B = {X − iω(X)−B(X) |X ∈ VC}

Having done all the linear theory, we continue with manifolds.

Definition 3.4.8. A generalized almost complex manifold (GACM) is a manifold M , to-
gether with an endomorphism J of TM ⊕ T ∗M , which is almost complex and orthogonal
with respect to the pairing 〈 , 〉.

Of course, we have seen a lot of different descriptions of this information. This is captured
in the following proposition whose proof is just a pointwise application of the linear story.

Proposition 3.4.9. A generalized almost complex structure on a manifold M is equivalent
to both of the following:

• A subbundle L < TCM ⊕ T ∗CM which is maximal isotropic and of real index zero;
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• A line subbundle K < T ∗CM consisting of pure spinors such that (ψx, ψ̄x) 6= 0 at every
point x ∈M and ψx ∈ Kx

Definition 3.4.10. We call a generalized almost complex manifold (M,J ) a (twisted) gen-
eralized complex manifold (GCM) if the +i- eigenbundle L < TCM ⊕ T ∗CM of J is a Dirac
structure with respect to the twisting.

With the work we build up in the previous sections, we already exactly know when an
generalized almost complex manifold is in fact a generalized one. Proposition 3.3.3 is the key
proposition here.

Theorem 3.4.11. A generalized almost complex manifold (M,J ) is a generalized complex
manifold if and only if one of the following holds:

• 〈 [[ a, b ]]H , c〉 = 0 on the +i−eigenbundle L < TCM ⊕ T ∗CM ;

• dH = ∂ + ∂;

• L = L(E, ε) with E ⊂ TCM involutive and dEε = H|E.

In [11], proposition 2.2, Crainic shows that any generalized complex structures can be written

as a matrix J =

(
A π
B −A∗

)
and finds equivalent conditions for a matrix of this form to

be generalized complex in terms of the entries. A consequence of this proposition is the
following:
Corollary 3.4.12. Let

J :=

(
A π
B −A∗

)
be a generalized complex structure on M . Then π is a Poisson bivector.

This is the first time one notices a close relation between Poisson geometry and generalized
complex geometry. It turns out however, that there is a far more closer relation between
them, as we will see in paragraph 3.6. But first, we will discuss some examples.

3.5 Examples

Throughout, we have discussed the complex and symplectic examples. Now we will discuss
two more examples. The first one shows that although we could define the type in the
linear case, the type of a generalized complex structure can change from point to point. The
second example will be necessary for the next section on local normal forms. Besides these
examples, one should always keep in mind that B−field transforms give new generalized
complex structures as well.

Example 3.5.1 (Type change). We consider M = R4 ' C2 with complex coordinates z1, z2.
Let J be the generalized almost complex structure defined by ψ := z1+dz1∧dz2. One sees that
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along z1 = 0 this structure is complex and everywhere else it is given by ψ = z1 exp
(
dz1∧dz1

z1

)
,

which is B−symplectic. Moreover,

(ψ, ψ̄) = −dz1 ∧ dz2 ∧ dz̄1 ∧ dz̄2 6= 0

and

dρ = dz1 = −i ∂
∂z2

ρ = (− ∂

∂z2
) · ρ.

From the proof of proposition 3.3.3, one sees that this induces an integrable Dirac structure
and the first computation shows that it has index zero. SO this is indeed a GCS.

In [8] Cavalcanti and Gualtieri show that any generalized complex structure on a 4-dimensional
manifold which has a complex point which is non-degenerate looks like this.

The next section will show that the following example is important.
Example 3.5.2 (Holomorphic Poisson). Let σ := Q+ iP be a holomorphic Poisson structure
on (M,J). Then Jσ is a integrable generalized complex structure where

Jσ :=

(
−J 4P
0 J∗

)
. (3.16)

Using that for holomorphic Poisson structure I ◦P = P ◦ I∗ it is easy to show that J 2
σ = −1.

Moreover, I ◦ P = Q which is skew-symmetric, which shows that Jσ is orthogonal as well, as
a computation shows that:

〈Jσ(X + ξ),Jσ(Y + η)〉 = 〈X + ξ, Y + η〉+
1

2

(
η(IP (ξ)) + ξ(IP (η))

)
The integrability is much harder to prove and for this we refer to [21] and [27]. In fact, they
show that σ is holomorphic Poisson if and only if Jσ is generalized complex.

Example 3.5.3 (Holomorphic Poisson in dimension 4). Let us see what the (local) equivalent
data is when our manifold is just 4−dimensional.
Let us pick local complex coordinates z1, z2 and write σ = f∂1∧∂2 with f holomorphic. Also
assume that f 6= 0. If it was zero, then we would just have a complex structure, what we do
not want to study right now. We will determine the +i-eigenbundle of Jσ and its spinor line.

Assume that X + ξ ∈ Lσ, i.e., Jσ(X + ξ) = iX + iξ. The form of Jσ shows that we
get the following equations:

J∗ξ = iξ; JX − 4Pξ = −iX. (3.17)

The first of these show that ξ ∈ 〈dz1, dz2〉, so we can write it as adz1 + bdz2 for a, b smooth
functions on a neighborhood U of any x. Since σ is holomorphic Poisson, we have that
Q = P ◦ I∗ and hence that:

f∂2 = σ(dz1) = Q(dz1) + iP (dz1) = 2iP (dz1);

− f∂1 = σ(dz2) = Q(dz2) + iP (dz2) = 2iP (dz2).
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Hence the second equation in (3.17) shows that if we write X = ã∂1 + b̃∂2 + α∂1 + β∂2 that:

−iX = JX − 4Pξ = −iX + 2i(α∂1 + β∂2)− a2f

i
∂2 + b

2f

i
∂1.

From this we conclude that α = −bf and β = af . Now define:

ψ := f + dz1 ∧ dz2. (3.18)

We will prove that Lψ = Lσ by showing that (X + ξ) · ψ = 0 for all X + ξ ∈ Lσ. Using the
notation as above, we compute that:

(X + ξ) · ψ = fξ + 4ξ ∧ (dz1 ∧ dz2) + 4iX(dz1 ∧ dz2)

= (fadz1 + fbdz2) + 0 + 4(αdz2 − βdz1) = (fa− af)dz1 + (bf − bf)dz2 = 0.

Note that ψ = eσ(dz1 ∧ dz2) and similarly, one shows that for any dimension ψ has this form.

3.6 Local normal forms

It is always important to know how the defined structure looks locally. In [15] Gualtieri
showed that there is a local normal form around so called regular points in a generalized
complex manifold. Later, in [2], Baileys showed that there exists a local normal form around
each point, with help of a result of Abouzaid and Boyarchenko on [1]. We will now discuss
these results and prove the result of Gualtieri, which he calls generalized Darboux. For the
other proofs, we refer to [2, 1].

Definition 3.6.1. A point x ∈ (M,J ) is called regular if the the type of J is locally
constant around x.

Since this definition only considers neighbourhoods, we can assume that H is exact and use a
B−field transform to get to the untwisted case. So from now on, we assume that H = 0. The
generalized Darboux theorem will make use of the following theorem, which is an application
of the Newlander-Nirenberg theorem:
Proposition 3.6.2. Let (L, [, ], π) be a complex Lie algebroid on a real manifold M such that
π(L) = E and E + E = TCM . Then the generalized foliation deterined by ∆ ⊗ C = E ∩ E
has transverse complex structure around regular points.

Theorem 3.6.3 (Generalized Darboux,[15]). Around regular points of type k, generalized
complex structures are isomorphic, via symmetries of the Courant algebroid TM ⊕ T ∗M ,
to the product of an open in (Ck,Ji) with an open in (R2m−2k,Jω0) with ω0 the standard
symplctic structure and i the standard complex structure.

Proof. Let x be a regular point of (M,J ). Since the type of J is constant around x, we can
express the structure around x in terms of L(E, ε) with E < TCM a involutive subbundle of
complex codimension k and dEε = 0 as in proposition 3.3.3. The previous proposition applied
to L and E give us a foliation with transverse complex structure around x. Hence we get
coordinates {xi}2m−2k

i=1 and {zi}ki=1 of R2m−2k and Ck respectively such that E is spanned by
the ∂

∂xi
. Now let B + iω be any 2−form such that i∗(B + iω) = ε. We have seen that ψ is
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independent of the choice here, so we can assume that i ∂
∂zi

(B+ iω) = 0 = i ∂
∂z̄i

(B+ iω). Then

the spinor line of L is generated by ψ := exp(−(B + iω))Ω with Ω = dz1 ∧ ... ∧ dzk.

Since i∗d(B + iω) = −dEε = 0 shows that d(B + iω)|E = 0 and

dψ = exp(B + iω)d(B + iω)Ω

is zero if and only if d(B + iω)Ω = 0, we find that ρ is indeed closed.

Now let φ be a leaf preserving diffeomorphism such that φ∗ω|R2m−2k = ω0. Then φ∗Ω = Ω
and call A := φ∗(B+ iω) = φ∗B+ iφ∗ω. Let us introduce a three degree for differential forms,
for the components in the following decomposition:

p∧
(R2m−2k)∗ ⊗

q∧
(Ck)∗1,0 ⊗

r∧
(Ck)∗0,1

and also decompose d = df + ∂ + ∂ with respect to this decomposition. Then A has six
components. Of these components only the following ones affect Ω, which is a form of degree
(0, k, 0):

A2,0,0 A1,0,1 A0,0,2

Also, since the imaginary part of A200 is just −ω0, we get that A200−A200 is closed. We have
seen that d(B + iω) ∧ Ω = 0, but this implies that A ∧ Ω = 0. Using the three components,
we get the following conditions:

∂A002 = 0; (3.19)

∂A101 + dfA
002 = 0; (3.20)

∂A200 + dfA
101 = 0; (3.21)

dfA
200 = 0.

In order to show that the theorem holds, we will construct a real closed form B̃ such that
φ∗ψ = expB̃ exp−iω0 Ω. Remembering that 1

2(A200 − A200) = −iω0, tells us that we have to

use a B̃ of the form:

B̃ =
1

2
(A200 +A200) +A101 +A101 +A002 +A002 + C,

with C a real (011) form so that B̃ − iω0 = A. Since we need a closed form, we get some
extra conditions that we must meet:

0 = (dB̃)012 = ∂A002 + ∂C; (3.22)

0 = (dB̃)111 = ∂A101 + ∂A101 + dfC. (3.23)

(3.19) shows that locally, we can write A200 = ∂α for a (001) form α. Then (3.22) changes
into ∂(C − ∂α) = 0 which shows that C has to be of the form:

∂α+ ∂α+ i∂∂χ
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for some real function χ. Equation (3.20) implies that 0 = ∂(A101 − dfα), so that locally we
can write A101 = dfα+ ∂β for some (100) form β. Then equation (3.23) is equivalent to:

∂∂(β − β) = −idf∂∂χ.

Hence we can solve this, i.e., find an appropriate χ if and only if df∂∂(β − β) = 0. Proving
this, then proves the theorem.

(3.21) shows that 0 = ∂(A200 − dfβ) and like before, we write A200 = dfβ + γ with γ as
∂-closed (200) form. Then:

df∂∂(β − β) = ∂∂(dfβ − dfβ) = ∂∂(A200 − γ −A200 − γ)

= ∂∂(A200 −A200) = −2i∂∂ω0 = 0.

So indeed, χ exists and hence the theorem holds.

It is possible to get the Gualtieri’s result as a consequence of the following result by Abouzaid
and Boyarchenko. In this theorem, they do not assume any regularity, but in order to get
Gualtieri’s result back again, we certainly need the regularity condition.
Theorem 3.6.4 (Theorem 2, [1]). Around any point, generalized complex structures are
isomorphic, via symmetries of the Courant algebroid TM⊕T ∗M , to the product of a symplectic
generalized complex manifold with another generalized complex manifold which is of complex
type at the image of the point.

So to get a complete local model, the remaining question was how complex points locally
look. This question is then answered in [2] by Bailey, in his theorem:
Theorem 3.6.5 (Main Theorem, [2]). Around points of complex type, generalized complex
structures are isomorphic, via symmetries of the Courant algebroid TM⊕T ∗M , to one induced
by a holomorphic Poisson structure and some complex structure.

3.7 Submanifolds and branes

Whenever a new kind of manifolds are introduced, it is important to decide on a good
notion of submanifolds. In this section we will define submanifolds, which will be generalized
complex on their own again. Also, we will discuss branes, which are an analogue of
Lagrangian submanifolds in symplectic manifolds. Like usually, we start with the linear
theory. Throughout, we let W < V be a p−dimensional real vector subspace and we let V
be endowed with a generelized complex structure. We start with the most important kind of
subspace.

Definition 3.7.1. W is called a generalized complex subspace of V if LW ∩ L̄W = {0}, with

LW := {X + ξ|WC |X + ξ ∈ L ∩ (WC ⊕ V ∗C )} (3.24)

The following lemma shows that LW is always a linear Dirac structure, so the extra condition
is just the condition of a linear Dirac structure being generalized complex.
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Lemma 3.7.2. LW is always a linear Dirac structure of W ⊕W ∗.

Proof. Isotropicy follows from:

〈X + ξ|WC , X + ξ|WC〉W = −ξ|WC(X) = −ξ(X) = 〈X + ξ,X + ξ〉V = 0,

where the final equality is due to X + ξ ∈ L. The dimension is computable, define K :=
{ξ|W⊗C | ξ ∈ L}. Then the following two sequences are exact:

0 K LW πVC(L) ∩ (WC) 0
πWC

0 L ∩Ann(WC) L ∩ V ∗C K 0
restr.

Also, by maximality of L, L ∩ V ∗C = Ann(πVC(L)) which has complex dimension m −
dimCπVC(L). Similarly, we have:

L ∩Ann(WC) = L ∩ V ∗C ∩Ann(WC) = Ann(πVC(L) +WC) (3.25)

Which gives that:

dimC(L ∩Ann(WC))
(3.25)

= dimC(Ann(πVC(L) +WC)) = m− dimC(πVC(L) +WC)

= m− p− dimC(πVC(L)) + dimC(πVC(L) ∩WC) (3.26)

Finally, the exact sequences give that:

dimC(LW ) = dimC(πVC(L) ∩WC) + dimC(K)

= dimC(πVC(L) ∩WC) + dimC(L ∩ V ∗C )− dimC(L ∩Ann(WC))

(3.26)
= dimC(L ∩ V ∗C )−m+ p+ dimC(πVC(L)) = p.

In the following examples, we will consider complex and symplectic spaces again with their
induced generalized complex structures. We will show that a subspace is complex/symplectic
if and only if it is generalized complex. This shows that the definition of a generalized
complex subspace is exactly what we expect.

Example 3.7.3 (Complex subspaces). Let (V, J) be a complex vector space and let W <
V .
First assume that W is a generalized complex subspace, i.e. LW ∩ LW = 0. Now suppose
that Y /∈W and X := JY ∈W . Write:

V = 〈X〉 ⊕ 〈Y 〉 ⊕W ′

for a complement W ′. Note that JW ′ = W ′. Define ξ ∈ V ∗C to be 1 on X and zero on
〈Y 〉⊕W ′. One computes that J (ξ− iJ∗ξ) = J∗(ξ− iJ∗ξ) = i(ξ− iJ∗ξ) so that ξ− iJ∗ξ ∈ L.
Hence (ξ− iJ∗ξ)|W ∈ LW , but this is equal to the real ξ since J∗ξ vanishes on 〈X〉 ⊕W ′ and
Y /∈W . Hence ξ ∈ LW ∩ LW = 0 which gives a contradiction. We conclude that Y does not
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exist, W is closed under J and hence that W is a complex subspace of V .
For the other way around, assume that W is closed under J and assume that X+ξ ∈ LW∩LW .
This implies that we can extend ξ to ξ1 and ξ2 such that X + ξ1, X + ξ2 ∈ L. But this
implies for X that JX = −iX and JX̄ = −iX̄. Writing this out as X = X1 + iX2 gives
that X1 = JX2 = −X1 and hence that X = 0. Next we consider the conditions on the ξi,
namely that (ξ1 − ξ2)|W = ξ − ξ = 0 and J∗ξ1 = iξ1, J∗ξ2 = −iξ2. Hence we find that
i(ξ1 + ξ2)|W = J∗(ξ1 − ξ2)|W = 0 = (ξ1 + ξ2)|W . But this implies that ξ1|W = ξ2|W = ξ = 0.
We conclude that LW ∩ LW = 0 and hence that W is a generalized complex subspace of V .

Example 3.7.4 (Symplectic subspaces). Let (V, ω) be a symplecetic vector space and let
W < V . Since L = {X − iω(X) |X ∈ VC} we get that LW = {X − iω|W (X) |X ∈ WC}.
Hence LW ∩ LW = {X ∈WC |ω|W (X) = 0}. But this implies that LW ∩ LW = 0 if and only
if ω|W is non-degenerate. We conclude that W is a generalized complex subspace of V if and
only if it is a symplectic subspace of V .

If W < V is a generalized complex subspace, then it is represented by a pure spinor as it is
a generalized space on its own. The following proposition shows how this pure spinor can be
related with the pure spinor of V .

Proposition 3.7.5. Let Lψ be a GCS on V and j : W ↪→ V a real subspace. Then we can
choose ψ = exp(B+ iω)θ1∧ ...∧θk such that {j∗(θi)}li=1 is a basis of Ann(πVC(L)∩WC) ⊂W ∗C
and {θi}ki=l+1 one of Ann(πVC + WC). Furthermore, ψW := exp(j∗B)j∗(θ1) ∧ ... ∧ j∗(θl) is a
pure spinor for LW .

Proof. Using Theorem 3.1.12, we see that ψ = c · exp(B + iω)θ1 ∧ ... ∧ θk where the θi form
a basis of L ∩ V ∗C = Ann(πVCL) and for any non-zero c. Since choosing a different basis gives
only a sign, we can choose the basis however we want. Letting j∗(ξ) = ξ|WC ∈ W ∗C and i an
inclusion, we get the following short exact sequence:

0 Ann(πVC(L) +WC) Ann(πVC(L)) Ann(πVC(L) ∩WC) 0
i j∗

This shows that we can choose a basis splitting Ann(πVC(L)) as Ann(πVC(L) ∩ WC) ⊕
Ann(πVC(L) + WC) via j∗ like stated in the proposition. We are left to prove that ψW
defined in the proposition is a pure spinor for LW . So let X + ξ|WC ∈ LW , we compute that:

(X + ξ|WC) · ψW = j∗(X + ξ) · j∗(ψ) = j∗((X + ξ) · ψ) = j∗(0) = 0,

where we use that ψ is the pure spinor of L and X + ξ ∈ L. But then by maximality, we find
that ψW is the pure spinor for LW .

Corollary 3.7.6. W < V is a generalized complex subspace if and only if 0 6= (ψW , ψ̄W ).

Besides this natural definition of a generalized complex subspace, we also have the following
definitions of special subspaces of V . These subspaces are called after the analogous
subspaces of symplectic vector spaces.
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Definition 3.7.7. Let J be a GCS on V and W < V a subspace. We call W a gener-
alized isotropic subspace if J (W ) ⊂ W ⊕ Ann(W ), a generalized co-isotropic subpace if
J (Ann(W )) ⊂ W ⊕ Ann(W ) and a generalized Lagrangian subspace if it is both isotropic
as co-isotropic.

Let us see what these definitions are for the easy examples.

Example 3.7.8 (Complex subspaces). The complex case is not that interesting. Given
a W ⊂ (V,JJ), we see that W is generalized isotropic or co-isotropic if and only if it is a
complex subspace and hence a generalized complex subspace.

Example 3.7.9 (Symplectic subspaces). For the symplectic case, letW < V be a subspace
with (V,Jω) symplectic. Then W is generalized isotropic if and only if for all X ∈ W ,
ω(X) ∈ Ann(W ). But this happens if and only if ω|W = 0, so if and only if W is isotropic.
Similarly, W is generalized co-isotropic if and only if −ω−1(ξ) ∈ W for all ξ ∈ Ann(W ),
which is equivalent to for all W⊥ ⊂ W by considering −ω(X) for X ∈ W⊥ and −ω−1(ξ)
for ξ ∈ Ann(W ). Hence W is generalized co-isotropic if and only if it is co-isotropic. We
conclude also that W is generalized Lagrangian if and only if it is Lagrangian.

Next is the global picture of subspaces: submanifolds. Given a smooth submanifold N ⊂M ,
with M generalized (almost) complex, we can consider its tangent space TN . Of course, at
all points x ∈ N , TxN < TxM is just a subspace and we can construct LTxN . This pointwise
construction gives us a distribution LN ⊂ TCN ⊕ T ∗CN . By the pointwise procedure, we see
that at each point this distribution is a maximal isotropic subspace . A different way to get
this distribution LN is by considering general Courant algebroids and reductions of them and
of Dirac structures as in [6]. This gives us a global description of the distribution LN as
follows:

LN ' i∗ (L ∩ (TCN ⊕ T ∗CM) + Ann(TCN)/Ann(TCN)) (3.27)

Definition 3.7.10. Given a submanifold N of a generalized almost complex manifold M , we
say that N is a generalized almost complex submanifold if LN ⊂ TCN ⊕T ∗CN is a subbundle
and satisfies LN ∩ LN = {0}. Moreover, if M was generalized complex to start with, then N
is called a generalized complex submanifold .

Similarly, we globalize the other kinds of subspaces:
Definition 3.7.11. A submanifold N ⊂ M is called a generalized isotropic submanifold
if J (TN) ⊂ TN ⊕ Ann(TN), a generalized co-isotropic submanifold if J (Ann(TN)) ⊂
TN ⊕ Ann(TN) and a generalized Lagrangian submanifold if it is both isotropic and co-
isotropic.

One notes however, that applying a B-field transform to the GCS on M does not respect
being a generalized Lagrangian submanifold. We can modify the definition a bit of a
Lagrangian submanifold a bit, so that the result is respected by B−field transforms. This
gives us the so-called branes.

Definition 3.7.12. A submanifold i : N ↪→ M of an generalized complex manifold M ,
together with a 2-form F ∈ Ω2(N) which satisfies dF = H|N is called a brane if the bundle

τFN := {X + ξ ∈ TN ⊕ T ∗M |N | ξ|TN = iXF} (3.28)
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is preserved by J .

Now a B−field transform changes a couple (N,F ) into (N,F +B|N ). And since dB = 0, we
find that this new couple is still a brane. Of course, for a generalized complex submanifold,
applying a B−field transform transforms the submanifold by i∗(B). With the discussion we
have had in the linear case, we exactly see that generalized complex submanifolds of complex
or symplectic manifolds are again complex or symplectic. Also, a generalized Lagrangian
submanifold of a symplectic manifold is a Lagrangian manifold.

3.8 Generalized Kähler

Now that we have seen the definition of (twisted) generalized structures, their submnaifolds
and have explicitly seen that generalized structures are a generalization of symplectic and
complex structures, one begins to wonder how Kähler geometry fits into this picture. Kähler
geometry usually contains a symplectic and a complex structure which are compatible, but
now we know that these structures are in fact generalized structures as well. This leads us
to the following definition:

Definition 3.8.1. A (twisted) generalized Kähler structure (J1,J2) on a manifold M con-
sists of two commuting, (twisted, with respect to the same twist) generalized structures J1,J2

such that G := −J1J2 is a positive definite metric on TM ⊕ T ∗M . If J1,J2 are only almost
generalized complex, then (J1,J2) will be called an almost generalized Kähler structure .

The most obvious example is of course that of a a Kähler manifold (M,J, ω, g). Then
J1 := JJ , J2 := Jω and J1J2 the anti-diagonal matrix with entries g and g−1.
We will now discuss how generalized Kähler geometry relates to bihermitian geometry. This
correspondence turns out to be quite helpful in the blowing up procedure.

Definition 3.8.2. An (almost) bihermitian structure on M is a triple (g, I+, I−) consisting
of a Riemannian metric g and two (almost) complex structures I± such that g preserves both
complex strucutres, i.e.

g(I±X, I±Y ) = g(X,Y ), ∀X,Y ∈ TM.

Theorem 3.8.3. The map sending a bihermitian structure (g, I±) together with a 2−form b
satisfying

∓dc±ω± = H + db, (3.29)

with ω± := gI±, to the generalized complex structures:

Jj :=
1

2

(
1 0
b 1

)(
I+ − (−1)jI− −ω−1

+ − (−1)jω−1
−

ω+ + (−1)jω− −I∗+ + (−1)jI∗−

)(
1 0
−b 1

)
(3.30)

is well-defined and induces a bijection between such bihermitian structures with specified
2−form and the generalized Kähler structures.
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Proof. We start with showing that the Jj of equation (3.30) are almost generalized Kähler.
Then we will tell how the inverse map is constructed and we end with relating the integrability
conditions of the I± and equation (3.29) with the integrability conditions of the Jj .
The inner matrix of (3.30), which we will denote by Aj from now on, clearly squares to
−2 Id. Since the outer two are each others inverse, we find that the Jj are complex. A
tedious computation also shows that:

〈Aja,Ajb〉 = 〈a, b〉,

and since the outer matrices of (3.30) are also orthogonal, the Jj are. Since:

A1A2 = A2A1 =

(
0 −4g−1

4g 0

)
,

we get that:

−J1J2 =

(
−g−1b g−1

g − bg−1b bg−1

)
(3.31)

which is indeed a metric. Hence the Jj form an almost generalized Kähler pair.
Let us continue with the inverse map. Suppose we have a Kähler structure Jj . Since the
Ji commute and square to −Id, we see that G squares to the identity. Hence it has ±1-
eigenbundles C± ⊂ TM ⊕ T ∗M which are orthogonal to each other with respect to the
natural pairing and are both m−dimensional. Since the pairing is zero on T ∗M , the projection
πTM : TM ⊕ T ∗M → TM is an isomorphism when restricted to the C±. Hence we can write
the C± as a graphs of α± : TM → T ∗M . Denote the symmetric part of α+ by g and the
skew-symmetric part by b. Since:

〈X + (b+ g)X,X + (b− g)X〉 = 〈X,X〉+ 〈(b+ g)X, (b− g)X〉+ 2〈X, bX〉 = 0, (3.32)

we see that α− = b− g. Finally, we can let:

I±X := πTMJ1(α±(X)). (3.33)

Since the C± are closed under J1, we get that:

I2
± = πTM ◦ J1 ◦ α± ◦ πTM ◦ J1 ◦ α±

= πTM ◦ J 2
1 ◦ α± = −Id

So the I± are complex. It is an easy computation to show that this map is indeed the inverse
of the map formulated in the theorem.
So we are left to tackle integrability issues. Let Lj denote the +i-eigenbundle of Jj and
L±1 := L1 ∩ C± ⊗ C. Then we can write:

L±1 = α±(T 1,0
± M) = {X + (b∓ iω±)X | I±X = iX}

Now the lemma below proves the integrability if we are able to show that the condition that
iY iXH = iY iXd(b ∓ iω±) holds for all X,Y is equivalent to (3.29), since L1 = L+

1 ⊕ L−1
and L2 = L+

1 ⊕ L̄
+
1 . That the two conditions are equivalent follows from a straightforward

(p, q)−decomposition of forms with respect to the I±. This concludes the proof of theorem
3.8.3.

34



Now let us state the lemma we needed in the above proof:
Lemma 3.8.4. A bundle {X + cX |X ∈ E}, for E ⊂ TCM and c a complex 2−form, is
closed under the twisted Dorfman bracket if and only if E is Lie integrable and c satisfies:

iY iXH = iY iXdc

Having a generalized Kähler structure induces more than just the bihermitian structure: it
induces a holomorphic Poisson structure for each of the complex structures. This we will
discuss now and we will use these structures later on in the generalized Kähler blow-up in
section 4.6. Although there is an apparant way in which the Poisson structures are formed,
by using Bauer sums as in [17], we will now just give the Poisson bivectors and prove that
they are indeed holomorphic Poisson. But first we need an application of proposition 2.4.2
to our case:

Lemma 3.8.5. Let ∇ be the Levi-Civita connection with respect to g and let h = db + H.
Then:

∇± := ∇± 1

2
g−1h (3.34)

preseves the metric, is compatible with I± and has torsion ±g−1h.

Proof. Following the proposition, we need to prove that h has no (0, 3) and (3, 0) part with

respect to both I± and that dω
(2,1)+(1,2)
± = ±i(h(1,2) − h(2,1). Remember that ∓dcω± =

db+H = h. Moreover, ω± is of type (1, 1) since if X,Y are in the same eigenbundle of I +±,
then:

ω±(X,Y ) = g(I±X,Y ) = ±ig(X,Y ) = ±ig(Y,X) = g(I±Y,X) = ω±(Y,X) = −ω±(X,Y )

This shows that h is of type (2, 1) + (1, 2). This also show that dω
(2,1)+(1,2)
± = dω and since

dc± = i(∂± − ∂±) and d = ∂± + ∂± we get that:

h(2,1) = ±i∂±ω±; h(12) = ∓i∂±ω±

which implies that dω± = ±i(−h(2,1) + h(1,2)) as we want.

Proposition 3.8.6. Let Q := 1
2 [I+, I−]g−1. Then the bivectors

σ± := Q− iQI∗± (3.35)

are holomorphic Poisson structures on (M, I±).

Proof. To simplify notation, we will just prove that σ+ is holomorphic Poisson. Let {zj} be
complex coordinates. Then we compute that:

σ+(dzj , dzk) = Q(dzj , dzk)− iQ(I∗+dzj , dzk) = 2Q(dzj , dzk)

= dzk([I+, I−]g−1(dzj)) = I∗+(dzk)(I−g
−1(dzj)) + dzk(I−g

−1I∗+(dzj))

= 2idzk(I−g
−1(dzj)),
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where we use that I± are hermitian so that I∗±gI± = g. At the same time, we have that for
all ξ:

σ+(dz̄j , ξ) = Q(dz̄j , ξ)− iQ(I∗+(dz̄j), ξ) = 0,

Since dzk(I−g
−1(dzj)) = g(g−1(dzk), I−g

−1(dzj)) = −g(I−g
−1(dzk), g

−1(dzj)) =
−dzj(I−g−1(dzk)), we get that:

σ+ = i
∑
j,k

dzk(I−g
−1(dzj))∂j ∧ ∂k (3.36)

We will start with proving that the functions dzk(I−g
−1(dzj)) are holomorphic. We have that

the previous lemma shows that:

∂r ·
(
dzk(I−g

−1(dzj))
)

= ∂r ·
(
g(g−1(dzk), I−g

−1(dzj)
)

= g
(
∇+
r̄ g
−1(dzk), I−g

−1(dzj)
)

+ g
(
g−1(dzk),∇+

r̄ (I−g
−1(dzj))

)
,

(3.37)

where we write ∇+
r̄ as a short hand for ∇+

∂r
and ∇+

r̄ (I−)(Z) := ∇+
r̄ (I−Z)− I−∇+

r̄ (Z) we find

that this is equal to:

g(∇+
r̄ g
−1(dzk), I−g

−1(dzj)) + g(g−1(dzk),∇+
r̄ (I−)g−1(dzj)) + g(g−1(dzk), I−∇+

r̄ g
−1(dzj))

One checks that since ∇ has no torsion that for all 1−forms ξ:

dξ =
∑
r

dzr ∧ g∇rg−1ξ + dz̄r ∧ g∇r̄g−1ξ.

Applying this to ξ = dzj we get that:

0 =
∑
r

dzr ∧ g∇rg−1(dzj) + dz̄r ∧ g∇r̄g−1(dzj)

=
∑
r

dzr ∧ g
(
∇+
r −

1

2
g−1h(r)

)
g−1(dzj) + dzr ∧ g

(
∇+
r̄ −

1

2
g−1h(r̄)

)
g−1(dzj) (3.38)

Note that since dzj is a (10)-form, we have that g−1(dzj) is a (01)-form and hence g∇Zg−1(dzj)
again a (10)-form. Let us now consider the (11)-component of the above equation. This gives
us that:

0 =
∑
r

2dz̄r ∧ g∇r̄g−1(dzj)− dzr ∧ h12(∂r, g
−1(dzj))− dz̄r ∧ h12(∂r, g

−1(dzj)).

We conclude that (∇+
r̄ (g−1(dzj)) = g−1h(∂r, g

−1(dzj)). Moreover, we compute that:

(∇+
r̄ (I−)(Z) = (∇−r̄ (I−)(Z) + g−1h(∂r, I−Z)− I−g−1h(∂r, Z) = [g−1h(∂r), I−]Z.

Hence the above shows that (3.37) is equal to:

= g(g−1h(∂r, g
−1(dzk)), I−g

−1(dzj)) + g(g−1(dzk), g
−1h(∂r, I−g

−1(dzj)))

= h(∂r, g
−1(dzk), I−g

−1(dzj)) + h(∂r, Iig
−1(dzj), g

−1(dzk)) = 0.
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Hence the bivector is holomorphic. So we are left to prove that it is in fact Poisson. For this,
we once again write σ+ a bit differently, using that ω− = gI−, we get that:

σ+ = −i
∑
j,k

dzk(ω
−1
− (dzj)) ∂j ∧ ∂k (3.39)

So up to a factor, it is just ω−1
− on the holomorphic forms. Hence we get that we can write

(up to a factor) ω−1
− + ω−1

+ = h+ σ+ + σ+ for some (11)−bivector h. Here we use that ω+ is
a (11)-form itself.

Using (3.31) and corollary 3.4.12 we have that ω−1
− + ω−1

+ is a Poisson bivector so that:

0 = [h+ σ+ + σ+, h+ σ+ + σ+].

Now, using that σ+ is holomorphic and that I+ is integrable, we get that the only (30)-part
of this expression is given by [σ+, σ+] so that σ+ is Poisson itself.

The next lemma shows that although types can change of generalized complex structures,
there exists a relation between them. This will be in particular useful when one of the GCS
is complex, that is, of type m. The other one is then B−symplectic.
Lemma 3.8.7. If (J1,J2) is a generalized Kähler pair on a vectorspace V of dimension 2n,
then type(J1) + type(J2) ≤ n

Proof. We compute that:

type(J1) + type(J2) = 4n− (dimCπVC(L1) + dimCπVC(L2)) (3.40)

and hence it is enough to prove that dimCπVC(L1) + dimCπVC(L2) ≥ 3n. Note however that:

dimCπVC(L1) + dimCπVC(L2) = dimC(πVCL1 + πVCL2) + dimC(πVCL1 ∩ πVCL2) (3.41)

In the previous part, we have seen that VC⊕V ∗C = L+
1 ⊕L

−
1 ⊕L

−
1 ⊕L

+
1 and C±⊗C = L±1 ⊕L

±
1 .

Moreover, by definition we have that L1 +  L2 = L+
1 ⊕L

−
1 ⊕L

−
1 and hence contains C−. Hence

VC ⊃ πVCL1 + πV CL2 = πVC(L1 + L2) ⊃ πVC(C−) = VC (3.42)

This showes that dimC(πVCL1 +πVCL2) = 2n and that we are left to prove that dimC(πVCL1∩
πVCL2) ≥ n. Since πVC(L1 ∩L2) ⊂ πVCL1 ∩ πVCL2 we will show that πVC(L1 ∩L2) has at least

complex dimension n, which finishes the proof. Remember that C+⊗C = L+
1 ⊕L

+
1 and hence

we have that:

2n = dimC(VC) = dimCπVC(C+ ⊗ C) ≤ dimCπVCL
+
1 + dimCπVCL

+
1 = 2 dimCπVCL

+
1 (3.43)

By definition L+
1 = L1 ∩ L2 so the lemma follows.
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3.8.1 Deformations

Now that we have introduced generalized Kähler structures and some useful properties on
them, we are going to discuss deformations of generalized Kähler structures. They will be
necessary when we are going to consider the blow-up of a generalized Kähler manifold in
section 4.6.

Since the generalized Kähler structure can be described by the bihermitian data, together
with 2−form b, we can deform the bihermitian structure in order to get a new generalized
Kähler structure. In the following deformation we describe, we will be summing the
holomorphic Poisson structures in some manner. But first we need the following, which we
use in section 4.6 on the Kähler blow-up:

Theorem 3.8.8. Given a holomorphic Poisson structure (I0, σ0) with real part Q and a closed
non-degenerate 2−form F such that:

FI0 + I∗0F + FQF = 0, (3.44)

then if we define:

I1 := I0 +QF ; (3.45)

g := −1

2
F (I0 + I1); b :=

1

2
F (I1 − I0), (3.46)

we find that I1 is an almost complex structure, g is symmetric, b is a 2-form and they satisfy

dc0ω0 = −dc1ω1 = db.

for ωj := gIj for j = 0, 1.

Proof. First of all, we compute that:

I2
1 = (I0 +QF )2 = I2

0 +QFQF + I0QF +QFI0 (3.47)

= −1−Q(FI0 + I∗0F ) + I0QF +QFI0 = −1 + (I0Q−QI∗0 )F = −1, (3.48)

where we use that Q = re(σ0) at the final equality, see proposition 2.6 of [21]. Hence I1 is an
almost complex structure. Note that we can express g and b simpler as:

g =
1

2
(I∗0F − FI0); b = −1

2
(I∗0F + FI0). (3.49)

Hence the symmetry of g and anti-symmetry of b are obvious. Next we check whether I0 and
I1 preserve g:

2I∗0gI0 = I∗0 (I∗0F − FI0)I0 = −FI0 + I∗0F = 2g,

2I∗1gI1 = (I0 +QF )∗g(I0 +QF ) = 2g + (QF )∗g(QF ) + (QF )∗gI0 + I∗0g(QF )

The following computation shows that (QF )∗F = FQF :

(QF )∗F (X,Y ) = F (X,QFY ) = −F (QFY,X) = −FQF (Y,X) = (I∗0F + FI0)(Y,X)

= F (Y, I0X) + F (I0Y,X) = −(I∗0F + FI0)(X,Y ) = FQF (X,Y )
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and hence that (QF )∗ = FQ : T ∗M → T ∗M . Using this, we get that (...) is equal to:

2g + (QF )∗FI0QF + (QF )∗I∗0FQF + (QF )∗I∗0FI0 − (QF )∗F − FQF + I∗0FI0QF

= 2g + FQFI0QF + (QF )∗I∗0 (FQF + FI0)− 2FQF − (FQF + FI0)I0QF

= 2g + (QF )∗F − FQF = 2g

Now note that ω0 := gI0 = 1
2(F + I∗0FI0). We will show that db = −dc0ω0 by first considering

X,Y, Z ∈ T 0,1
0 M and then X,Y ,Z̄ ∈ T 0,1

0 M . The two other cases are then analogous and the
result will follow by anti-symmetry and linearity. We compute that:

2dω0(I0X, I0Y, I0Z) = d(I∗0FI0)(I0X, I0Y, I0Z) = (I0X) · F (Y,Z)− (I0Y ) · F (X,Z) + (I0Z) · F (X,Y )

+ F (I0[I0X, I0Y ], Z)− F (I0[I0X, I0Z], Y ) + F (I0[I0Y, I0Z], X)

which is in the first case just idF (X,Y, Z) = 0. In the second case, it is equal to:

i (dF (X,Y, Z)− F ([X,Z], Y ) + F ([Y,Z], X)− 2Z · F (X,Y ))− F (I0[X,Z], Y ) + F (I0[Y, Z], X)

= −2iZ · F (X,Y )− iF ([X,Z], Y ) + iF ([Y, Z], X)− F (I0[X,Z], Y ) + F (I0[Y, Z], X)

At the same time, we see that:

−2db(X,Y, Z) = X · (F (Y, I0Z) + F (I0Y, Z))− Y · (F (X, I0Z) + F (I0X,Z)) + Z · (F (X, I0Y ) + F (I0X,Y ))

− F (I0[X,Y ], Z)− F ([X,Y ], I0Z) + F (I0[X,Z], Y )

+ F ([X,Z], I0Y )− F (I0[Y,Z], X)− F ([Y, Z], I0X)

which also reduces to idF (X,Y, Z) = 0 in the first case and in the second case to:

2iZ · F (X,Y ) + F (I0[X,Z], Y ) + iF ([X,Z], Y )− F ([I0[Y,Z], X)− iF ([Y,Z], X)

= −dω0(I0X, I0Y, I0Z)

Finally we prove that dc1ω = −db. Since 2g = I∗0F − FI0 = I∗1F − FI1, the compuatations
above also show that:

dω1(I1X, I1Y, I1Z) = −1

2
d(I∗1F + FI1)(X,Y, Z)

= −d(b+ FQF )(X,Y, Z) = d(b+ I∗0F + FI0)(X,Y, Z) = −db(X,Y, Z).

We conclude that dc0ω0 = −dc1ω1 = db.

If in the above theorem the constructed g is also positive definite and I1 is integrable, then
we get a bihermitian structure (g, I0, I1, b) satisfying the conditions of theorem 3.8.3. Hence
we get a generalized Kähler pair (J1,J2). For J2, we compute that ω−1

0 +ω−1
1 = −2F−1 and

hence that:

J2 =
1

2

(
1 0
b 1

)(
I0 − I1 −2F−1

g(I0 + I1) FQ

)(
1 0
−b 1

)
=

1

2

(
I0 − I1 −2F−1

2F 0

)(
1 0
−b 1

)
=

(
0 −F−1

F 0

)
,
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so that J2 is symplectic with symplectic form F . Also, we compute that:

[I0, I1] = I0(I0 +QF )− (I0 +QF )I0 = I0QF −QFI0 = 2Qg,

so that σ0 is equal to σ+ as in proposition 3.8.6.

The following theorem, by Hitchin and Gualtieri, shows us how we can use the previous
theorem.
Theorem 3.8.9. Let (I0, σ0) be a holomorphic Poisson structure with Q := re(σ0) and let f
be a real-valued function. If we let X := Q(df) and ψt the flow of X, then Ft defined as:

Ft :=

∫ t

0
ψ∗s(dd

c
0f) ds (3.50)

satisfies the (3.44) with f = Ft. Moreover, It := I0 +QFt is integrable.

Proof. Let G0 := ddc0f and Gt := ψ∗tG0. Since ddc0 = i(∂0∂0− ∂0∂0) we see that G0 is of type
(11) for I0 and hence if we let It := dψ−t ◦ I0 ◦ dψt we get that Gt is of type (11) for It. One
checks that by the definition of Gt and the Liederivative that İt = LX ◦ It = QGt. Then we
have that:

It − I0 =

∫ t

0
QGs ds = QFt

from which we conclude that It = I0 + QFt. Since F0 = 0, we get that 0 = FtIt + I∗0Ft at
t = 0. Moreover,

∂

∂t
(FtIt + I∗0Ft) = ḞtIt + FtĠt + I∗0 Ġt = GtIt + FtQGt + I∗0Gt

= GtQGt − (I∗t − I∗0 )Ft = FtQGt − FtQGt = 0.

Here we use that GtIt = −I∗tGt since it is of type (11). Hence Ft satisfies the conditions.
Moreover, by the construction of It, we find that it is integrable as a direct result of the
integrability of I0.
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Chapter 4

Blowing up

The main focus of this thesis is extending the known technique of blowing up on complex and
symplectic manifolds to blowing up on generalized complex manifolds. To do this, we first
discuss the blowing-up procedure in other known categories.

4.1 Complex

Let us first start with the most easy complex manifold M = ∆ ⊂ Cm open and connected
and the most easy submanifold N = {0}. We will do this to get some intuition in what is
happening. After this, we will generalize this intuition to general manifolds M,N .

Definition 4.1.1. We define the blow-up of ∆ at 0 to be ∆̃ ⊂ ∆× CPm−1 as:

∆̃ := {(z, l) ∈ ∆× CPm−1 | z ∈ l}

Note that this space is exactly the complex analogue of the tautological line bundle L defined
in example 2.2.2. In fact, we see that ∆̃ is an open subset of L and we have an obvious
projection map ∆̃→ ∆ which is an biholomorphism outside the exceptional divisor π−1(0).

Generalizing this to manifolds, we have the following definition:
Definition 4.1.2. Let M be a complex manifold of dimension m and let x ∈ M . We then
define the blow up of M at x to be:

M̃ := M \ {x} ∪φ χ̃(U), (4.1)

where (U, χ) is a chart centerd at x and the gluing map is given by φ = χ−1 ◦ π, i.e. the

map φ : χ̃(U) → U induces a equivalence relation ∼ given by y ∈ U \ {x} is equivalent to

(χ(y), [χ(y)]) ∈ χ̃(U) with [y′] denoting the unique line through y′ and then:

M̃ = M \ {x} ∪ χ̃(U)/ ∼ .
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Although we have picked a chart, it turns out that the resulting manifold is independent of
the choice of chart:

Proposition 4.1.3. Let x ∈M and let (U, χ), (U ′, χ′) be two charts centered at x. Denote the
blow ups of M with respect to these charts as M̃ and M̃ ′ respectively. Then M̃ is biholomorphic
to M̃ ′. Moreover, the biholomorphism comes naturally, i.e. there are no choices involved.

Proof. Throughout, we will denote with [y′] the unique line through y′ 6= 0 and if l is a line,
then (l1, ..., ln) is any non-zero point in l.
First note that it is obvious that we can restrict the open sets inside M and hence we can use
U ∩ U ′, which we will denote by U from now on. But this implies also that we can assume
the open sets to be connected. Moreover, since the charts are both centered at x we get an
isomorphism ψ := χ′ ◦ χ−1 : χ(U) → χ′(U) which satisfies ψ(0) = 0. Now we define the
following map:

ξ : χ̃(U)→ χ̃′(U);

(y, l) 7→
{

(ψ(y), [ψ(y)]) if y 6= 0;
(0, l′) if y = 0.

Here l′i :=
∑

j
dψi

dzj
(0)lj . We only need to check whether this is a well-defined map in order to

conclude that M̃ ' M̃ ′ since ξ is the identity under the gluing in U \ {x}.
To check whether it is well-defined, we need to use some charts. Let Uk := {(x, l) |lk 6= 0} ⊂ C̃n

and let Vk := Uk∩χ̃(U). Then these Vk cover χ̃(U) and we have coordinate maps χk : Vk → Cn,
which are defined as:

χk(z, l) :=

(
l1
lk
, ..., zk, ...,

ln
lk

)
.

This gives us that χr ◦ ξ ◦ χk is given by:

z 7→


(
ψ1(w)
ψr(w) , ..., ψr(w), ...., ψn(w)

ψr(w)

)
if zk 6= 0; w := (z1zk, ..., zk, ..., znzk);(

l′1
l′r
, ..., 0, ..., l

′
n
l′r

)
if zk = 0

Using l’hoptial one sees that in the limit zk → 0 these expressions are exactly the same. We
conclude that M̃ is independent of choice of neighbourhood of x.

Now that we know how to blow up in a point, we would like to do the same for a compact
submanifold. Like above, we will first do the procedure for a submanifold of ∆ ⊂ Cn and
then use a finite number of charts for the global case.

Definition 4.1.4. We define the blow-up of ∆ along the submanifold Z = {z ∈ ∆ | z1 = ... =
zk = 0} of complex codimension k to be ∆̃Z ⊂ ∆× CPk−1 as:

∆̃Z := {(z, l) ∈ ∆× CPk−1 | (z1, ..., zk) ∈ l}

Again, this is clearly a smooth complex manifold of dimension m and we are left to
extend this procedure to manifolds. Hence let N ⊂ M be a compact submanifold of
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complex codimension k and cover it by a finite number of charts (Ui, χi)
r
i=1 such that

N ∩ Ui = {z ∈ Ui |χ1
i (z) = ... = χki (z) = 0}. Using this, we define:

Definition 4.1.5. Let M be a complex manifold of dimension m and let N ⊂M be a complex
submanifold of codimension k of M . Then we define the blow up of M at N to be:

M̃N := M \N ∪φi χ̃i(Ui)Zi
(4.2)

with Zi := χi(N ∩ Ui) for the charts (Ui, χi) as above and the gluing maps given by φi =

χi
−1 ◦ πi : χ̃i(Ui)Zi

→ Ui \N for the πi the maps of the local blow up.

Let us check explicitly that this has the structure of a m−dimensional complex mani-
fold.
Theorem 4.1.6. The blow-up M̃N of a m−dimensional complex manifold M in a compact
complex submanifold N of codimension k is a complex manifold, which is biholomorphic to
M outside the exceptional divisor π−1(N). Moreover, M̃N is unique up to biholomorphism.

Proof. Throughout, we will denote with [y′] the unique line through y′ 6= 0 and if l is a line,
then (l1, ..., ln) is any non-zero point in l.
In order to show that M̃N is a m−dimensional complex manifold we are going to give the
charts and check that the transition functions are indeed holomorphic. First of all, we use
charts of M , which do not meet N . For such a chart, we get a chart of M̃N by using the
gluing.
Secondly, to cover the exceptional divisor, we use the following charts:

χij : Vij := {(χi(z), l) | z ∈ Ui, lj 6= 0, (χi(z)1, ..., χi(z)k) ∈ l} → Cm;

(χi(z), l) 7→
(
χi(z)j ,

l1
lj
, ...,

lj−1

lj
,
lj+1

lj
, ...,

lk
lj
, χ1(z)k+1, ..., χ1(z)m

)
Clearly, if a chart (U, χ) does not meet N , then on U ∩ φi(Vij) we have that for (a, b, c) ∈
C× Ck−1 × Cm−k:

χ ◦ φi ◦ χ−1
ij (a, b, c) = χ ◦ χ−1

i (b1a, ..., bj−1a, a, bja, ..., bk−1a, c1, ..., cm−k),

which is hence holomorphic. Secondly, if we fix i and let j 6= n, then we have on Vij ∩ Vin:

χij ◦ χ−1
in (a, b, c) =


(
abj ,

b1
bj
, ...,

bj−1

bj
, 1,

bj+1

bj
, ..., bn−1

bj
, 1
bj
, bnbj , ...,

bk−1

bj
, c1, ..., cm−k

)
if j < n;(

abj−1,
b1
bj−1

, ..., bn−1

bj−1
, 1
bj−1

, bn
bj−1

, ...,
bj−2

bj−1
, 1,

bj
bj−1

, ...,
bk−1

bj−1
, c1, ..., cm−k

)
if j > n.

And finally, we consider the difficult part: the gluing of different local blow-ups. Like

in proposition 4.1.3 we let U = Ui ∩ Un and construct the map φin ˜χi(Ui ∩ Un)Zi∩Zn
→

˜χn(Ui ∩ Un)Zi∩Zn
as follows:

(χi(z), l) 7→
{

(χn(z), [χn(z)1 : ... : χn(z)k]) if z /∈ N ;
(χn(z), l′) if z ∈ N,

with l′i =
∑k

r=1
d(χn◦χ−1

i )
dzr

(χi(z))lr. Then fixing j one shows with exactly the same argument

as before that χnj ◦χ−1
ij is complex as well. So M̃N is indeed a complex manifold. The above

argument also shows that it does not depend on the choice of charts .
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4.2 Symplectic

This part is mainly based on the work of McDuff in [23]. Throughout, we let (M,ω) be a
symplectic manifold of real dimension 2m and N ⊂M a compact symplectic submanifold of
real codimension 2k, with k ≥ 2. Although we can define blow-ups for k = 1, it turns out to
be isomorphic to the original manifold and hence not interesting. To define the blow-up of M
along N , we first define the manifold. The second step will then be to define the symplectic
form on the manifold. The result is the following theorem:
Theorem 4.2.1. Given a symplectic manifold (M,ω) and a compact symplectic submanifold
(N,ωN ), for each neighbourhood of N the blow-up M̃ of M along N carries a symplectic
structure which is the pullback of ω outside the neighbourhood.

Our approach of proving this theorem will be a bit different than in the previous section: we
will immediately do everything globally and without charts. The reason why we can do this
is that we have the following theorem by Weinstein [30]:

Theorem 4.2.2 (4.1, [30]). Let N ⊂ M be a submanifold, ω1, ω2 symplectic structures on a
neighbourhood of N such that ω1 = ω2 on N . Then there exists a diffeomorphism of an open
neighbourhood of N such that f |N = idN and f∗ω2 = ω1 on this neighbourhood.

In order to define the blow-up as a manifold, we first need to introduce some notation.
Throughout, we let:

I - any fixed almost complex structure compatible with ω;

E → N - normal bundle ;

i : Z ↪→ E - the zero section of N ;

E0 := E \ Z;

W - a compact tubular neighborhood of N in M ;

V - a compact neighborhood of Z in E diffeomorphic to W ;

As I is compatible with ω, it restricts to a fibrewise linear complex structure on E. Hence
using the constructions of section 2.3 we also have:

p : P (E)→ N - the projectivization of E → N ;

q : L(E)→ P (E) - the tautological line bundle;

ψ : L(E)→ E - ψ(r, l) := r for r ∈ l ⊂ Ex;

L(V ) := ψ−1(V );

L(E)0 := L(E) \ ψ−1(Z);

All these spaces fit in the following commutative diagrams:

L(E)0 L(E) P (E)

E0 E N

q,C

π̃ψ,C∼=
π

p,CPk−1
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and:

ψ−1(Z) L(V ) L(E)

Z V E

N W N

M

ψ ψ ψ

' ' π

Then we get:
Definition 4.2.3. The blow-up M̃ of M along N is defined as:

M̃ := (M \N) ∪φ L(V ), (4.3)

where the gluing map φ is defined by glueing points in L(V ) \L(Z) via ψ and the diffeomor-
phism between V and W to points in W \N .

In order to prove theorem 4.2.1 we need a couple of lemma’s. In the first one, we construct a
symplectic form on P (E) in lemma 4.2.4. The second one, lemma 4.2.6, will give us a closed
2−form on E and then in lemma 4.2.9 we find a symplectic form on L(V ). Finally, we will
use these lemma’s on page 49 to prove the theorem.

Let ωFS be the Fubini-Study Kähler form on CPk−1, which pulls back to a 2−form on the
tautological line bundle L (Example 2.2.2). By the choice of normalization, we have that
[ωFS ] = −c1(L → CPk−1) ∈ H2(CPk−1,Z). Hence the pullbacks agree as well, resulting in a
cohomology class a|L ∈ H2(L).
Lemma 4.2.4. There are ξ ∈ Ω2

cl(P (E)) and ε0 > 0 such that [ξ] = −c1(L(E) → P (E)) ∈
H2(P (E)) and ξ restricts to ωFS, the Fubini-study form, on the fibres of P (E)→ N . More-
over, for all 0 < ε ≤ ε0: p∗ωN + εξ is symplectic.

Proof. For the proof, we are going to use Thurstons theorem, theorem 2.1.6., with the fibre
bundle P (E) → N . In order to use this theorem, we are left to show that a restricts to a|L.
So pick x ∈ N and consider the pullback diagram:

L L(E)

CPk−1 P (E)

φ̄x

q0 q

φx
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with φx is the fibre inclusion of P (E)→ N and φ̄x fibre inclusions of L(E)→ N . Since it is
a pullback diagram we find that φ∗x(a) = −c1(L) = a|L, exactly what we need.

Remark 4.2.5. Note that the proof of theorem 2.1.6 actually shows that q∗ξ|L(E)0
is actually

exact.

We continue with the second lemma: a closed form ρ on E. Since N is a symplectic sub-
manifold, the normal bundle E is given by (TxN)ω. Therefore, all the fibres of E carry a
symplectic form, which we will denote by σx for x ∈ N and which are just the restriction of
ωx.
Lemma 4.2.6. There exists a closed form ρ on E such that for all x ∈ N it restricts on the
fibre Ex to σx and on Z it restricts to ωN . Moreover, TZ is ρ−orthogonal to the tangent
space of each fibre.

Proof. Let (Ui, λi)i be a cover on N , together with a partition of unity such that E trivializes
over every Ui. Let xj be the coordinates on Ui and Vj the coordinates of Ck in E|Ui = Ui×Ck
and we can pick a 1−form βi on E|Ui such that βi = 0 on Z and η∗xdβi = σx on the fibres,
with ηx is a linear symplectic inclusion of a fibre Cn ↪→ E. Note that this involves a choice
and is not canonical. Now define:

ρ := π∗ωN +
∑
i

d((λi ◦ π)βi). (4.4)

We only need to check the final part of the lemma: given an element (di)x(X), (dηx)0(Y ) ∈
T(x,0)E:

ρ(x,0)((di)x(X), (dηr)0(Y )) = (ωN )x(d(pi ◦ i)x(X), d(π ◦ ηr)0(Y )) + 0 = (ωN )x(X, 0) = 0

So TZ is indeed ρ−orthogonal to the tangent spaces of the fibres.

Remark 4.2.7. As ρ is just ωN on Z, it is symplectic in a neighborhood of Z. We can
also consider the symplectic form ω on W ⊂ M and hence on the diffeomorphic V ⊂ E.
Since ω also restricts to ωN on Z, we can use Weinsteins theorem, theorem 4.2.2 and assume
that the (V, ρ) and (W,ω), by shrinking them, are actually symplectomorphic and not only
diffeomorphic.

For the proof of the third step, which is in lemma 4.2.9 we need to have some estimations
which we will take care of first. To this end let, for any y ∈ L(V ) \L(Z) = ψ−1(V \Z):

W̃y := {v ∈ TyL(E) |ψ∗ρ(v, w) = 0∀w ∈ TyL} = (TyL)ψ
∗ρ ⊂ TyL(E) (4.5)

This definition gives the splitting TyL(E) = W̃y ⊕ TyL.
Lemma 4.2.8. Let g̃ be a Riemannian metric on L(E). Then, for any metric g, the norm
on ∪xW̃x induced by ψ∗g is equivalent to the norm induced by g̃. I.e., there exist constants
c1, c2 such that for all x ∈ L(V ) \ L(Z) and all w ∈ W̃x:

c1||w||g̃ ≤ ||ψ∗(w)||g ≤ c2||w||g̃ (4.6)

Proof. Define Wx := (TxF )ρ, the orthogonal complement of the fibres of E → N with respect
to ρ, and let W := ∪x∈EWx be the corresponding smooth subbundle of TE. By the previous
lemma, we see that along Z this bundle is just TZ and W̃x̃ = ψ∗(Wψ(x)) by construction for
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all x̃ ∈ L(V ) \ L(Z). We will now prove that ∪x̃∈L(V )\L(Z)W̃x̃ contains no non-zero vectors
which are tangent to the fibres of π̃ : L(Z) → N . Afterwards, we will show that the lemma
follows from this.
Around (0, e1) ∈ L we have the following coordinates:

(z1, w2, ..., wk) 7→ ((z1, z1w2, ..., z1wk), [1 : w2 : ... : wk]).

So here ψ : L → Ck is given by (z1, w2, ..., wk) 7→ (z1, z1w2, ..., z1wk). Hence by picking
suitable trivializations of L(E), we can assume that L(E) is covered by open sets U on which
ψ looks like:

ψ : U × L→ U × Ck;
(y1, ..., ym; z1, w2, ..., wk) 7→ (y1, ..., ym, z1, z1w2, ..., z1wk). (4.7)

Since W = ∪xWx is a smooth subbundle and Wx = TxZ for all x ∈ Z, we know that we can
write for x close to Z:

Wx =

v ∈ TxE | dζi(v) = −
∑
j

bij(y, ζ)dyj(v) ∀j = 1, ..., k

 , (4.8)

where (y, ζ) are coordinates of U ×Ck, bij suitable smooth functions which tend to zero when
ζ → 0. Hence W̃x = dψ(Wψ(x)) is defined by the equations:

dz1 +
∑
i

b1i(ψ(x))dyi = 0;

wjdz1 + z1dwj +
∑
i

bji(ψ(x))dyi = 0 j = 2, ..., k.

Now suppose that v ∈ ∪x∈L(V )\L(Z)W̃x such that dyi(v) = 0 for i = 1, ..., k. Then dz1(v) = 0
and z1(v) = 0 or dwj(z) = 0 for all j = 1, ..., k. Since v does not lie in the fibre over Z, we
get that z1(v) 6= 0 and hence we find that v = 0. But, since bij → 0 as ζ → 0, we get that
bij(ψ(x)) = O(|z1|) as x → Z. We conclude that the functions dz1, dwj , dyi are uniformly
bounded. Hence the same conclusion holds for the closure.
Now that we have proven this, let us see that the lemma follows. Define f :

∪x̃∈L(V )\L(Z){v ∈ W̃x | ||v||L(E) = 1} → R>0 as :

f(v) := ||dψ(v)||E .

Note that since ker dψ is given by the tangent space of the fibres of π̃ : L(Z)→ N , the above
shows that f does not vanish on the chosen space. Now f is indeed a smooth function from
a compact space to R>0 and hence has a minimum c1 and a maximum c2 both bigger than
zero. Clearly, these constants are the constants of the lemma.

Using this, we can find the following non-degenerate form:
Lemma 4.2.9. There exists an ε1 > 0 such that for all 0 < ε ≤ ε1 the form ρ̃ε, defined as:

ρ̃ε := ψ∗ρ+ εq∗ξ, (4.9)

is non-degenerate on L(V ).
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Proof. Let x ∈ N and let φx, φ̄x be the inclusion of a fibre of L(E) → N and P (E) → N .
Then we have the commutative diagram:

(Ck × CPk−1, (ω0, ωFS))

(Ck, ω0) (L, pr∗(ωFS)) (CPk−1, ωFS)

(L(E), ρ̃ε) (P (E), ξ)

(E, ρ) (N,ωN )

i

ψ0

ηx

q0

φxφ̄x
q

ψ p

π

Note however that the forms are not always mapped to each other, but are included just to
recall. Then:

φ̄∗x(ρ̃ε) = (ψ ◦ φ̄x)∗ρ+ ε(q ◦ φ̄x)∗ξ = (ηx ◦ ψ)∗ρ+ ε(φx ◦ q)∗ξ
= ψ∗0(ω0) + ε q∗0(ωFS) (4.10)

Showing how ρ̃ε reduces by the fibre inclusion. Note that ψ∗0ω0(v, Jv), q∗0ωFS(v, Jv) ≥ 0 for
all v ∈ TL, where J is the standard almost complex structure on J . Also, ψ∗ω(v, Jv) = 0
if and only if dψ(v) = 0. But, we have seen that this happens exactly when v lies in the
tangent space of the fibres of L(Z) → N . Moreover, q∗ω0 is non-degenerate on these fibres,
so we conclude that φ̄∗x(ρ̃ε) is non-degenerate on TxL for all ε > 0.

Now let g be a metric on E, which is compatible with the symplectic form ρ̃1 = ψ∗ρ + q∗ξ
on the fibres. We will use the norms to estimate ρ̃ε over L(V ).
The non-degeneracy on the fibres shows that we can find a K such that for all ε, all y ∈ L(V )
and all t ∈ TxL for x = π̃(y):

max
||t′||=1,t′∈TxL

ρ̃ε(t, t
′) ≥ Kε||t||L(E) (4.11)

Note that ψ∗ρ restricts to p∗ωN on P (E). Hence here ew have the form of lemma 4.2.4.
Using that it is also non-degenerate along the fibres, we get that ρ̃ε is non-degenerate over
ψ−1(Z) as long as 0 < ε ≤ ε0.

We are left to show the non-degeneracy on L(V ) \ ψ−1(Z). Note that we can write
TxL(E) = TxL ⊕ W̃x over L(V ) \ L(Z) since ψ∗ρ is non-degenerate there. We already have
an estimation on TxL, now we will find one on the W̃x part.
Remember that V is compact. Hence if we define Kv := max||v′||E=1 ρ(v, v′), we can again
take a minumum over all v with length 1 to get K ′ := minv∈TxV,||v||=1Kv. Then for all v we
have:

max
||v′||E=1

ρ(v, v′) = ||v|| · max
||v′||E=1

ρ

(
v

||v||
, v′
)

= ||v||K v
||v||
≥ ||v||K ′ (4.12)
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Hence for all x ∈ L(V ) \ L(Z) amd all w ∈ W̃x we find that:

max
||w||L(E)=1

ψ∗ρ(w,w′) = max
||w||L(E)=1

ρ(dψ(w), dψ(w′)) = max
||w||L(E)=1

||dψ(w′)||Eρ
(
dψ(w),

dψ(w′)

||dψ(w′)||E

)
≥ K ′c1 · ||dψ(w)||E ≥ K ′c2

1||w||L(E), (4.13)

where the c1 is from the previous lemma. But this means that for ε2 small enough here exists
a c such that:

max
||w||L(E)=1

ρ̃ε(w,w
′) ≥ c · ||w||L(E) (4.14)

for all x ∈ L(V ) \ L(Z), 0 < ε ≤ ε2 and all w ∈ W̃x.
Now let C be such that:

|q∗ξ(v, v′)| ≤ C||v||L(E)||v′||L(E). (4.15)

Finally, let ε1 := min
(
ε0, ε2,

kc
2C2

)
and let v = t+w ∈ TxL⊕W̃x be arbitrary. We will consider

two cases. First one is that ||w||L(E) <
K||t||L(E)

C . Then, pick t′ ∈ TxL such that ||t′||L(E) = 1
and ρ̃ε(t, t

′) is maximal and hence bigger than K. This gives that:

|ρ̃ε(t+ w, t′)| = |ρ̃ε(t, t′) + ρ̃ε(w, t
′)| ≥ εK||t|| − |εq∗ξ(w, t′)| ≥ εK||t||L(E) − εC · ||w||L(E)

> Kε||t|| −Kε||t|| = 0. (4.16)

In the second case we have that ||w|| ≥ K||t||
C . Now pick w′ ∈ W̃x such that ||w′||L(E) = 1 and

ρ̃ε is maximal and hence bigger than c||w||L(E). Then:

|ρ̃ε(t+ w,w′)| = |ρ̃ε(t, w′) + ρ̃ε(w,w
′)| ≥ c||w||L(E) − ε|q∗ξ(t, w′)| ≥

K||t||c
C

− εC||t||

≥ Kc

2C
||t|| > 0. (4.17)

In both cases, we have found an element v′ such that ρ̃ε(v, v
′) 6= 0. We conclude that ρ̃ε is

also non-degenerate over L(V ) \ L(Z).
With this we conclude lemma 4.2.9.

Finally, we can prove the theorem.

Proof. (of theorem 4.2.1)
Using remark 4.2.5, let α be a 1−form on L(E)0 = L(E) \ ψ−1(Z) such that q∗ξ = dα on
L(E)0. Moreover, let λ be a bump-function on L(V ) which equals 1 on ψ−1(Z) and vanishes
outside the chosen neighbourhood of Z. Then we define on L(V ):

ρ̃ :=

{
ρ̃ε on ψ−1(Z);
ψ∗ρ+ εd(λα) on L(V ) \ ψ−1(Z).

And on M̃ we define the form:

ω̃ :=

{
ω on M \W ;
ρ̃ on L(V )

(4.18)
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By remark 4.2.5 ρ̃ is actually a smooth form on L(V ) and by lemma 4.2.9 we see that if ε is
small enough, then ρ̃ε is non-degenerate. Moreover, by remark 4.2.7, we have that ω̃ is smooth.
We conclude that ω̃ is a symplectic form on M̃ which equals ω outside a neighbourhood of
the exceptional divisor.

Remark 4.2.10. Note that besides picking an ε we have also chosen tubular neighbourhoods.
Hence the blow-up is certainly not canonical.

4.3 Kähler

Given a Kähler manifold, the two previous sections show that we can blow up a Kähler
submanifold to get either a complex manifold or a symplectic manifold. A classical result by
Blanchard shows that we can do both at the same time when our ambient manifold M is
compact. Since there is no holomorphic tubular neighborhood theorem, we start with the
complex blow-up:

Definition 4.3.1. Let M be a compact Kähler manifold and let N ⊂M be a compact Kähler
submanifold of codimension k of M . Then we define the Kähler blow up of M at N to be

M̃N := M \N ∪φi χ̃i(Ui)Zi
(4.19)

with Zi = χi(N ∩ Ui) for charts (Ui, χi) covering N for which Zi = {z ∈ χi(Ui) | z1 = ... =
zk = 0} and the Kähler form ω is given by ω|Ui = i∂∂fi.

The rest of this section is the construction of a compatible symplectic form on M̃ so that M̃N

is indeed Kähler itself. For compact Kähler manifolds, we have that:
Lemma 4.3.2. Let u be an form of type (p+ 1, q) + (p, q+ 1) on a compact Kähler manifold
which is cohomologous to zero . Then there exists a form u0 of type (p, q) such that du0 = u.

Using this lemma, we get that:
Theorem 4.3.3 ([5], theorem II.6). Given a Kähler manifold M and a compact Kähler
submanifold N , the blow-up of M along N admits a Kähler structure for which the blow-
down map is an isomorphism of Kähler structures outside a neighbourhood of the exceptional
divisor.

Proof. We start with writing the Kähler form ω on χi(Ui) as ωi =
∑

j,k ajkdzj ∧ dz̄k where
the ajk satisfy akj = ajk and ajj > 0 real. Hence we can form:

ρim := log

 ∑
j,k 6=m

aj,k(0, zk+1, ..., zm)(χim)j(χim)k


on Vim as in section 4.1.. Note that since amm > 0 and ajk = akj the above is well-defined
and smooth. Then we can let Qim := i∂∂ρim which glues to a form Qi which is Kähler at E.
Hence for small enough ε the form ω̃i := π∗i (ωi)+ εQi is a Kähler form. By picking a partition
of unity λj subordinated to an open cover containing exactly the Ui as open sets meeting N ,
we can form:

ω̃ :=
∑
j

λj ◦ π · ω̃j
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where we denote with tildeωj just π∗(ωj) whenever Uj ∩ N = ∅. Note that the Qj are the
pull-backs of the forms:

Q′i := i∂∂ log

∑
j,k

aj,kzjzk


and hence on overlaps Ui ∩ Uj , we find that Qi − Qj is a well-defined form which vanishes
at N . Since d

∑
j λj ◦ πQ′j =

∑
j d(λj ◦ π) ∧ Q′j , and hence vanishes at N and outside a

neighborhood ∪jUj of N . This shows that we can apply the previous lemma, in order to find
a (11) form Q0 such that dQ0 = d

∑
j λj ◦πQj . Hence if we pick small enough ε, we find that

π∗(ω) + ε(
∑

j λj ◦ π ·Qj −Q0) is not only closed, but also non-degenerate and of type (11).
This concludes the theorem.

Note that, just as in the symplectic world, the blow-up is not canonical as there is still a
choice of ε.

4.4 Poisson

Whether a (holomorphic) Poisson manifold can be blown up to another is fully answered
by Polishchuk in [26] and the proves can be found in paragraph 8. He uses an algebraic
viewpoint, which does give results for the smooth and holomorphic case. In order to state
the theorem, we need some language. If N is a complex submanifold of the Poisson manifold
(M,σ), then on a chart U , N is the zero set of some ideal IU ⊂ C∞(U,C).

Definition 4.4.1. An ideal I ⊂ C∞(M,C) is called Poisson if {f, g} ∈ I for all f ∈ I and
all g. A Poisson ideal is called degenerate if ∀f, g, h ∈ I:

{f, g}h+ {g, h}f + {h, f}g ∈ I3

for { , } the Poisson bracket.

Using this language, we get that:
Theorem 4.4.2 ([26]). Let M be a holomorphic Poisson manifold and N a holomorphic
Poisson submanifold such that IU is degenerate for all open sets U . Then there exists a
unique Poisson structure on M̃ , the complex blow-up of M along N such that π : X̃ → X is
holomorphic Poisson.

An inverse theorem is true for the smooth case:
Theorem 4.4.3 ([26]). Suppose that N is a smooth submanifold of the Poisson manifold M
and that M̃ → M is a Poisson map. Then N is Poisson itself and IU is degenerate for all
open sets U .

One sees easily that this theorem extends to the holomorphic case:
Theorem 4.4.4 ([26]). Suppose that N is a complex submanifold of the holomorphic Poisson
manifold M and that M̃ → M is a holomorphic Poisson map. Then N is holomorphic
Poisson itself and IU is degenerate for all open sets U .
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Proof. First consider the smooth Poisson manifolds (X̃, σ̃re) → (X,σre). Then by the the-
orem of polishchuck (N, σre) is Poisson. Since N is a complex manifold, σ = σre − iσreI

∗

restricts to N , which is therefore holomorphic Poisson.

The most important example for us will be N = {x} ∈ X a point for which σ(x) = 0.
Clearly, this is a holomorphic Poisson submanifold with genereating ideal I = 〈z1, ..., zn〉 in
a chart. Hence if σ has no linear terms, then we can already blow it up. There are however
also examples which have linear terms and are still possible to blow up. An example is
σ =

∑n−1
i=1 zi∂i ∧ ∂n, since {zi, zj}zk + c.p. vanishes completely for this bivector.

Polishchuck actually shows something strongers in his paper. In fact if we are in the case
of the above two holomorphic theorems, then either the holomorphis Poisson structure is
abelian, i.e., it has no linear terms, or there exist coordinates zi such that σ =

∑n=1
j=1 zjdzj ∧

dzn + higher order terms.

4.5 Generalized complex

In this section, we will blow up a generalized complex manifold (M,J ) in a complex point
x ∈M . Let us start with stating what was already known:
Theorem 4.5.1 ([8], Theorem 3.3). For any non-degenerate complex point x ∈ M for M
4-dimensional generalized complex, the blow-up M̃ is again generalized complex and isomor-
phic to M outside the exceptional divisor π−1(x). Moreover, M̃ is unique up to canonical
isomorphism.

In this theorem, only non-degenerate points are considered. Although we have not yet
discussed what this degeneracy condition is, we will see that we get the same result without
this condition in corollary 4.5.4.

From Bailey’s local normal form theorem, theorem 3.6.5, we may assume that in a neigh-
bourhood U of x we have complex coordinates z1, z2, ..., zm centered at x and J = Jσ for σ
a holomorphic Poisson structure which vanishes at x, for Jσ see (3.16). Since σ vanishes at
x, N := {x} is a holomorphic Poisson submanifold and we can use the Poisson blow-up if we
have on U that {zi, zj}zk + {zj , zk}zi + {zk, zi}zj is a polynomial with term of lowest degree
at least of degree three.
Definition 4.5.2. The blow up M̃ of (M,J ) at a complex point x is defined as:

M̃ := M \ {x} ∪π Ũ , (4.20)

with U a complex neighbourhood of x in which J is induced by the holomorphic Poisson σ,
Ũ the complex blow up of U at x and π : Ũ → U the projection of the complex blow-up.

We have seen in section 4.4 that blowing-up Poisson structures is uniquely defined. Hence the
uniqueness of the above blow-up completely depends on the uniqueness of the holomorphic
Poisson structure at x of theorem 3.6.5. It turns out, as Bailey and Gualtieri discuss in
the paper [3], that the choice of holomorphic Poisson structure is unique up to holomorphic
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equivalence of the germs of the holomorphic Poisson structures.

Note that, since the map π : Ũ → U is holomorphic Poisson and also a complex isomorphism
outside the exceptional divisor, we see that the gluing does no disturb the generalized
complex structure. The definition leads immediately to the following theorem:

Theorem 4.5.3. The blow-up M̃ is a generalized complex manifold, which is isomorphic to
(M,J ) outside the exceptional divisor π−1(x) whenever {zi, zj}zk + {zj , zk}zi + {zk, zi}zj is
a polynomial with term of lowest degree at least of degree three.

Proof. We define J̃ to be J on M \ {x} and Jσ̃ on Ũ , where σ̃ is the unique holomorphic
Poisson structure on Ũ such that π : Ũ → U is Poisson. Since on π is a isomorphism on
Ũ \ π−1(x) → U \ {x} we see that it is just the pull-back of σ there. Hence Ũ \ π−1(x)
and U \ {x} are therefore isomorphic as holomorphic Poisson structures, so isomorphic as
generalized complex structures. This implies not only that we can extend Jσ̃ to J̃ by using
J , but also the isomorphism statement of the theorem.
We are left to show that the blow-up does not depend on our choices. We do this by showing
that if we have an orthogonal transformation (φ,B) of (U,J ), it then lifts to one of (Ũ , J̃ ).
Since x is a complex point, we see that dXφ : TxM → TxM is a complex linear map.
Hence we can extend φ to a differomorphism φ̃ on Ũ by using dxφ on the exceptional divisor
π−1(x) ' CPn−1 ' P(TxM). Hence if we let (φ̃, B̃ := π∗B), which is closed since B is, we get
an orthogonal transformation which commutes with π. Moreover, since U \ {x} is dense, we
find that (φ̃, B̃) is an automorphism.

This theorem shows that it is imporant to know when the associated holomorphic Poisson
structure of (M,J ) is of the form that is possible to blow up. In dimension 4, we immediately
see that {zi, zj}zk + c.p. = 0 ∈ J3 since there are only two different z′is. Hence we get the
following corrollary:
Corollary 4.5.4. Any 4-dimensional generalized complex manifold can be blown up in com-
plex points.

Of course, using example 3.5.3, we could have shown this directly as well. Also, any
generalized complex manifold which is locally induced by an Abelian Poisson structure will
be possible to blow up. Hence the interesting question is when the Poisson structure has
linear terms and the manifold is of dimension 6 or higher. In dimension six there are already
cases which do not apply to the previous theorem as is seen in the following example:

Example 4.5.5. A direct consequence of the previous section shows us that we cannot
blow up all generalized complex structures. Any generalized complex structure induced by a
holomorphic Poisson structure which cannot be blown up, cannot be blown up. For example:
let M = C3 and J = Jσ for σ = z1∂2∧∂3. Then σ is obviously holomorphic and one computes
that:

[σ, σ] = [z1∂2, z1∂2]∂3 ∧ ∂3 − 2[z1∂2, ∂3]z1∂2 ∧ ∂3 + [∂3, ∂3]z2
1∂2 ∧ ∂2

= 0.
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This shows that σ is indeed holomorphic Poisson. Moreover, we compute that:

{z1, z2}z3 + c.p. = z2
1 /∈ J3.

Therefore, the theorem does not apply.

4.6 Generalized Kähler

Unlike the case of generalized complex blow-ups, the generalized Kähler blow-up uses an
approach more following the complex blow-up than using the local normal form theorem of
Bailey, theorem 3.6.5.
Like in the case of generalized complex manifolds there is already a result of blowing-up
generalized Kähler 4-manifolds by Cavalcanti and Gualtieri in [9]:
Theorem 4.6.1 ([9], Theorem 5.8). For any non-degenerate complex point x ∈ M for M
4-dimensional generalized Kähler, the blow-up M̃ is again generalized Kähler.

Here the non-degeneracy condition is the same, not specified condition as in the previous
section. We will define the blow-up of a generalized Kähler manifold as the blow-up of one of
the holomorphic poisson structures that is around, as we have seen in section 3.8:
Definition 4.6.2. Let (M,J1,J2) be a generalized Kähler manifold and let (g, b, I±) be the
corresponding bihermitian data with holomorphic Poisson structures σ±. Suppose further-
more that x ∈M is a complex point of J1 such that (I+, σ+) can be blown up in x. Then we
define the blow-up M̃ of M in x ∈M as the blow-up of (M, I+, σ+).

The result we will get on constructing the generalized Kähler structure on the blow-up is the
following theorem. After this theorem, we will examine the strong conditions of this theorem,
which will lead to some more partial results.
Theorem 4.6.3. Let (M,J1,J2) be a generalized Kähler manifold and let (g, b, I±) be the
corresponding equivalent data of theorem 3.8.3 with holomorphic Poisson structures σ± of
proposition 3.8.6. Suppose that x ∈ M is a complex point of J1 in which we can blow up
(M, I+, σ+) such that (I−, σ−) can be lifted to the blow-up as well. Then, there exists a
generalized Kähler structure on M̃ which restricts to (J1,J2) outside a neighbourhood of the
exceptional divisor.

The assumption that both holomorphic Poisson structures can be blown up implies that
σ± = σ0

± + σrest± where σrest± is of higher order by section 4.4 and σ0
± is given by:

σ0
± :=

m−1∑
j=1

u±j ∂
±
j ∧ ∂

±
n (4.21)

for I± holomorphic coordinate {u±j }. The blow up M̃ then has two complex structures Ĩ±

and we can define g̃ := π∗g and b̃ := π∗b. The quadruple (Ĩ±, g̃, b̃) however do not have to
be bihermitian, since we do not yet know whether g̃ is not positive definite along π−1(x). So
the most important part of the proof of the theorem is on how to remedy this.

The proof of the theorem is based on flowing via a vector field. To explain this, we need the
following: since x is a complex point of J1, lemma 3.8.7 implies that there exists a B such
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that J2 is B−symplectic on a chart U centered at x, which we use to define the blow-up, i.e.
it is a complex chart for I+ as well. Remember that on U we have that I− = I+ +Qω for ω
the symplectic form of J2 and since π−1(U \ {x}) lies dense in Ũ we conclude that we also
have that Ĩ− = Ĩ+ + Q̃ω̃ where we let

Q̃ := re(σ̃±)

. Since E := π−1(x) ' CPn−1, it has a Kähler form, the Fubini-Study form ωE . We are
going to use Theorem 3.8.9 with (I0, σ0) := (Ĩ−, σ̃−) to get new complex structures Ĩt−.

Let Vk = {l | lk 6= 0} be the standard open covering of Ũ as in section 4.1 with coordinate map
χk which is defined as χk(u−, l)i = li

lk
if i 6= k and χk(u−, l)k = (u−)k. CPm−1 has Kähler

form ωFS with Kähler potential ρ which is on Vm and Vk given by:

ρm := log

1 +
∑
j 6=m
|(χm)j |2

 ; (4.22)

ρk = log

(
1 +

∑
j 6=k |(χk)j |2

|(χj)m|2

)
(4.23)

which is smooth on Ũ \ {(z, l) | zj = 0, j = 1, ...,m − 1}. Although ρ, is not smooth, we do
have the following:
Lemma 4.6.4. Q̃(dρ) is smooth.

Proof. We compute that

dρ =

∑
j 6=m(χm)jd(χm)j + (χm)jd(χm)j

1 +
∑

j 6=m |(χm)j |2

Hence for σ0
− we get that:

σ̃0
−(dρ) =

∑
j 6=m

(χm)j∂(χm)j ∧ ∂m(dρ) =

∑
j 6=m |(χm)j |2

1 +
∑

j 6=m |(χm)j |2
∂m

Similarly, for the rest part of σ−, we have that:

σ̃rest− (dρ) =
pm∂m +

∑
i 6=m pi∂(χm)i

1 +
∑

j 6=m |(χm)j |2

with pi polynomial in zm and the (χm)j . Both expressions are clearly smooth and hence so
are the real parts of it. We conclude the lemma.

Using this lemma, we can prove the theorem.

Proof. (of Theorem 4.6.3)
Let λ be a bump-function on U , which vanishes in a neighbourhood U1 of x and is 1 outside
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a bigger neighbourhood U2 of x and let Ũi := π−1(Ui) from now on. Then we define ρλ as
follows:

ρλ := λ ◦ π · log

|(χm)m|2
1 +

∑
j 6=m
|(χm)j |2


and let:

fε := ε(ρ− ρλ).

Since ρλ is smooth, by virtue of λ, Xε := Q̃(dfε) is a smooth Poisson vectorfield and
i∂∂fε = εωFS on Ũ1 and zero outside Ũ2. Finally, let δ be small enough such that there exist
open sets U2 ⊂ U3 ⊂ U3 ⊂ U4 ⊂ U for which the flow ψt = ψεt of Xε is well defined on Ũ4 for
all t ∈ (−δ, δ) and ψt(Ũ2) ⊂ Ũ3. Then ψ∗t (i∂∂fε) is smooth and has compact support in Ũ3.
Finally, we can apply Theorem 3.8.9 to get (Ĩ−, Ĩ

t,ε
− , g̃

′
tε, b̃
′
t,ε) = (Ĩ−, Ĩ

t
−, g̃

′
t, b̃
′
t).

In the previous part we have constructed the (degenerate) bihermitian data (Ĩ+, Ĩ−, g̃, b̃)
and (Ĩt−, Ĩ−, g̃

′
t, b̃
′
t). We will now compose these to get a degenerate bihermitian quadruple

(Ĩ+, Ĩ
t
−, g̃t, b̃t) and show that in fact g̃t is positive for small enough t. We have now:

Ĩ− = Ĩ+ + Q̃ω̃, Ĩt− = Ĩ− + Q̃Ft;

Ĩt− = Ĩ+ + Q̃(Ft + ω̃);

g̃ = −1

2
ω̃(Ĩ+ + Ĩ−), g̃′t = −1

2
Ft(Ĩ− + Ĩt−);

b̃ =
1

2
ω̃(Ĩ− − Ĩ+), b̃′t =

1

2
Ft(Ĩ

t
− − Ĩ−)

which satisfy:

(Ft + ω̃)Ĩ+ + Ĩ∗+(Ft + ω̃) + (Ft + ω̃)Q̃(Ft + ω̃)

= ω̃Ĩ+ + Ĩ∗+ω̃ + ω̃Q̃ω̃ + FtĨ+ + Ĩ∗−Ft + FtQ̃Ft = 0.

So we finally we can define (Ĩ+, Ĩ
t
−, g̃t, b̃t) with:

g̃t = −1

2
(Ft + ω̃)(Ĩ+ + Ĩt−) = g̃ + g̃′t,ε −

1

2
(ω̃Q̃Ft − FtQ̃ω̃);

b̃t =
1

2
(Ft + ω̃)(Ĩt− − Ĩ+)

and we are left to show that if we choose epsilon and t small enough, that g̃t is positive. We
start by fixing ε0. Let ωt := ω̃Q̃Ft − FtQ̃ω̃, which goes as ω̃ on E and note that g̃ and ω̃
vanish along E. Moreover since F0 = 0 and Ĩ0

− = Ĩ− we get that:

lim
t→0

1

t
g̃′t = −1

2
lim
t→0

Ft(Ĩ− + Ĩt−)

t
= − lim

t→0

Ft − F0

t
Ĩ− = −(ddc−fε)(Ĩ−)

which is just εωFS on Ũ1 and zero outside Ũ2. Hence this is positive for some small t and
small neighbourhood Ũ0 ⊂ Ũ1 of E. Since g̃t = g̃ outside Ũ2, we are left to show that it is
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positive on Ũ2 \ Ũ0. Obviously, the positivity on Ũ0 now holds for all ε ≤ ε0 and since g̃ is
positive on Ũ2 \ Ũ0 and independent of ε, we can pick a small enough ε < ε0 such that g̃t is
indeed everywhere positive for small enough t.
Then theorem 4.6.3 is concluded by considering the generalized Kähler structure associated
to the (Ĩ+, Ĩ

t
−, g̃t, b̃t) of theorem 3.8.3.

Remark 4.6.5. In the above construction, we start with blowing-up one of the holomorphic
Poisson structures that is around. At first glance this sounds unnatural since this data is not
equivalent to the generalized Kähler data. However, one knows by proposition 3.8.6 that if
M̃ is again generlized Kähler that it also admit two holomorphic Poisson structures. Hence it
is not that strange that we assume that we can blow-up the holomorphic Poisson structures
σ±.

In this theorem, the condition that both holomorphic Poisson structures can be blown-up
simultaneously does not always hold. We have however three partial results on this topic, of
which one was proven by Cavalcanti and Gualtieri in [9].

The first partial result is when we have Morita equivalent Poisson structures.
Proposition 4.6.6. Suppose that (M,J1,J2) is a generalized Kähler manifold and x ∈ M
is a complex point for J1 for which (I+, σ+) can be blown up. Suppose furthermore that the
holomorphic Poisson structures σ± are Morita equivalent. Then (I−, σ−) can be lifted to M̃
which is therefore generalized Kähler.

Proof. Theorem 2.5.8 shows that the holomorphic Poisson structures are locally anti-
isomorphic, so that we can use this isomorphism to lift (I−, σ−).

Although being Morita equivalent is quite a strong assumption, it is not completely un-
grounded. In [16] Gualtieri shows that as long as J2 is B−symplectic around x, the two
holomorphic Poisson structures are already weakly Morita equivalent. Note that lemma
3.8.7, together with the assumption that x is a complex point for J1 implies that J2 is indeed
B−symplectic.

The second partial result is by Cavalcanti and Gualtieri in [9]:
Proposition 4.6.7. Suppose that σ± = u±1 ∂u±1

∧∂u±2 for complex coordinates (u±1 , u
±
2 ). Then

(I−, σ−) can be lifted to M̃ which is therefore generalized Kähler.

Proof. Gualtieri shows in [16] that if ψi generates Ji , then ψT1 ∧ψ2 generates eσ+(du+
1 ∧ ...∧

du+
n ) and ψT1 ∧ ψ2 generates eσ−(du−1 ∧ ... ∧ du−n ). Using this in this four dimensional case

and that ψ2 = expB+iω for a symplectic form ω, we get that if β := B + iω, then:

g exp(−2iω)(u+
1 + du+

1 ∧ du
+
2 ) = u−1 + du−1 ∧ du

−
2

For a nowhere vanishing function g. Hence u−1 = gu+
1 and du+

1 ∧ du
+
2 − 2igu+

1 ω = du−1 ∧ du
−
2 .

Using our found u−1 , we get that if we consider the du+
1 ∧ du

+
1 and du+

1 ∧ du
+
2 respectively,
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then we get that around zero:

∂
+
1 u
−
2 =

u+
1

(
∂

+
1 g∂

+
1 u
−
2 − 2igω11̄

)
g + u+

1 ∂
+
1 g

;

∂
+
2 u
−
2 =

u+
1

(
∂

+
2 g∂

+
1 u
−
2 − 2igω1,2̄

)
g + u+

1 ∂
+
1 g

.

Hence they satisfy a theorem by Malgrange in [22], which proves that we can lift complex
structure. Finally, since any Poisson structure in dimension 4 can be lifted, we conclude the
theorem.

Remark 4.6.8. In [9] the assumed non-degeneracy condition implies the linear form of the
two Poisson structures assumed in the above proposition. But as this non-degeneracy con-
dition is not easily generalized to higher dimensions and the linear form is, it is decided to
formulate the propositions with the linearity condition.

Finally we see that we can repeat this argument for higher dimensions as long that we have
that σ± can be written in a nice linear form, which is the same as the above for n = 2, namely
as σ0

± =
∑m−1

j=1 u±j ∂
±
j ∧ ∂±m. This assumption is non-trivial, since even if we know that the

holomorphic Poisson structures are non-abelian and possible to blow up , then by Polishchuk
we only know that the linear part is of this form. And since the isotropy lie algebra at x is
clearly not semisimple linearizing is not possible. Remembering that this nice linear form is
one of the local forms for holomorphic Poisson structures that we can blow up, we get the
third partial result:
Proposition 4.6.9. Suppose that σ± are both linear holomorphic Poisson structures which
we can blow up at x, i.e. there exist coordinates u±j centered at x such that σ± = σ0

±. Then

(I−, σ−) can be lifted to M̃ which is therefore generalized Kähler.

Proof. We repeat the proof of the proposition above, adjusted for higher dimensions. We
have that:

g exp(−2iω)eσ
0
+(du+

1 ∧ ... ∧ du
+
m) = eσ−(du−1 ∧ ... ∧ du

−
m).

Once again we will use the Malgrange equations. Let J = {1, ...,m− 1}, then above equation
simplifies to

gdu+
J,m − 2ig(−1)m+1ω ∧

m−1∑
j=1

(−1)ju+
j du

+
J\j + g(−1)m+1

m−1∑
j=1

(−1)ju+
j du

+
J\j

= du−J,m + (−1)m+1
m−1∑
j=1

(−1)ju−j du
−
J\j (4.24)

By letting du−j =
∑m

k=1 ∂
+
k u
−
j du

+
k + ∂

+
k u
−
j dū

+
k and considering the du+

J\j part, we get the
following equations:

gu+
j =

∑
σ∈Sm−1

sgn(σ)u−σ(j)

∏
k 6=j

∂+
k u
−
σ(k) (4.25)
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Now, we claim that u−j := m−1
√
gu+

j is a solution of this PDE. Note that ∂+
k ( m−1

√
gu+

j ) =

1
m−1g

2−m
m−1 zj∂

+
k g + δj,k m−1

√
g and that the right hand side of (4.25) is just a determinant. We

will prove the claim for j = 1, since the expression is symmetric in all indices lower than m.
For simplicity, let f := m−1

√
g. We get that we have to prove that:

gu+
1 = det


fu+

1 fu+
2 . . . fu+

m−1
1

m−1f
2−mz1∂

+
2 g f + 1

m−1f
2−mu+

2 ∂
+
2 g . . . 1

m−1f
2−mu+

m−1∂
+
2 g

...
...

. . .
...

1
m−1f

2−mu+
1 ∂

+
m−1g

1
m−1f

2−mu+
2 ∂

+
m−1g . . . f + 1

m−1f
2−mu+

m−1∂
+
m−1g


(4.26)

Dividing each row by f gives a fm−1 = g in front and hence the lemma in the appendix
proves the claim.
So, we have found that all the u−j with j < m satisfy the Malgrange equations and we are

left to compute the u−m equations. For this we consider the dū+
k ∧ du

+
J component of (4.24).

This gives us the equation:

2ig
m−1∑
j=1

ωk̄,ju
+
j =

∑
σ∈Sm−1,k̄

sgn(σ)∂
+
k u
−
σ(k̄)

m−1∏
j=1

∂+
j u
−
σ(j)

where we denote with Sm−1,k̄ the permutation group of {k̄, 1, ...,m− 1} which includes Sm−1

naturally. Hence, if we use our explicit description of the u−j we get that:

2ig
m−1∑
j=1

ωk̄,ju
+
j = ∂

+
k u
−
m

∑
σ∈Sm−1

m∏
j=1

sgn(σ)∂+
j u
−
σ(j) +

∑
σ∈Sm−1,k̄\Sm−1

sgn(σ)u−
σ(k̄)

∂
+
k f

m−1∏
j=1

∂+
j u
−
σ(j)

Note that
∑

σ∈Sm−1

∏m
j=1 sgn(σ)∂+

j u
−
σ(j) is again a determinant:

∑
σ∈Sm−1

m∏
j=1

sgn(σ)∂+
j u
−
σ(j) = g det

1 + 1
m−1

1
gu

+
1 ∂

+
1 g . . . 1

m−1
1
gu

+
m−1∂

+
1 g

...
. . .

...
1

m−1
1
gu

+
1 ∂

+
m−1g . . . 1 + 1

m−1
1
gu

+
m−1∂

+
m−1g


= g

1 +
m−1∑
j=1

1

m− 1

1

g
u+
j ∂

+
j g


This shows that around zero, we have that:

∂
+
k u
−
m =

2ig
∑m−1

j=1 ωk̄,ju
+
j −

∑
σ∈Sm−1,k̄\Sm−1 sgn(σ)u−

σ(k̄)
∂

+
k f
∏m−1
j=1 ∂+

j u
−
σ(j)

g + 1
m−1

∑m−1
j=1 u+

j ∂
+
j g

(4.27)

But this exactly shows that u+
m also satisfies the Malgrange equations and hence we can lift

I−. Now finally, since the σ0
± are in such a nice form, it is obvious that we can blow them up.

This proves proposition 4.6.9.
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So, there are some partial results on blowing up a generalized Kähler manifold, but the main
difficulty remains in lifting the second holomorphic Poisson structure. It remains interesting
to know when two holomorphic Poisson structures are Morita equivalent and whether one can
conclude such a thing easily by considering the generalized complex structures. Also, since
linearizing is not possible in general, one might want to examine this some more in particular
examples.
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Appendix A

Determinant lemma

The following lemma is completely proven with simple linear algebra and is used in paragraph
4.6.
Lemma A.0.10. Let a ∈ C, m ∈ N≥2, g ∈ C∞(Cm−1,C) be non-vanishing where Cm−1 has
coordinates z1, ..., zm−1 and let A be the following matrix:

A(n) :=



z1 z2 z3 . . . zm−2 zm−1
a
g z1∂2g 1 + a

g z2∂2g
a
g z3∂2g . . . a

g zm−2∂2g
a
g zm−1∂2g

a
g z1∂3g

a
g z2∂3g 1 + a

g z3∂3g
a
g zm−2∂3g

a
g zm−1∂3g

...
...

. . .
...

a
g z1∂m−2g

a
g z2∂m−2g

a
g z3∂m−2g 1 + a

g zm−2∂m−2g
a
g zm−1∂m−2g

a
g z1∂m−1g

a
g z2∂m−1g

a
g z3∂m−1g . . . a

g zm−2∂m−1g 1 + a
g zm−1∂m−1g


Then: det(A) = z1.

Proof. We will proof this by induction. In case that m = 2, A = (z1) so it is trivially true for
all a and all g. Now let us assume that it holds for k ≥ 2 and let m = k + 1. Then we get
that:

det(A(m)) = z1 det(A1) +

m−1∑
j=2

(−1)j−1a

g
z1∂jg · det(Ai),

where the matrix Ai is the matrix we get after deleting the first column and i′th row of A,
i.e., we use expansion in the first column. One notices that A1 = Im−2 + c · r, with:

c :=


a
g∂2g

...
a
g∂m−1g

 ; r :=
(
z2 . . . zm−1

)

Hence Silvester’s determinant theorem shows us that det(A1) = 1 + r · c = 1 +
∑m−1

j=2
a
g zi∂jg.

62



So we are left to compute the Ai for i ≥ 2. We see that:

det(Aj) = det



z2 . . . zi . . . zm−1

1 + a
g z2∂2g . . . a

g zj∂2g . . . a
g zm−1∂2g

...
...

...
a
g z2∂j−1g . . . a

g zj∂j−1g . . . a
g zm−1∂j−1g

a
g z2∂j+1g . . . a

g zj∂j+1g . . . a
g zm−1∂j+1g

...
...

...
a
g z2∂m−1g . . . a

g zj∂m−1g . . . 1 + a
g zm−1∂m−1g



= (−1)j det


zj z2 . . . zj−1 zj+1 . . . zm−1

a
g zj∂2g 1 + a

g z2∂2g . . . a
g zj−1∂2g

a
g zj+1∂2g . . . a

g zm−1∂2g
...

...
...

a
g zj∂m−1g

a
g z2∂m−1g . . . a

g zj−1∂m−1g
a
g zj+1∂m−1g . . . 1 + a

g zm−1∂m−1g


= (−1)jA(m− 2),

where at the final equation we use the coordinates (zi, z2, ..., zi−1, zi+1, ..., zm−1) and the func-
tion g which now does not depend on z1 any more. Hence det(Aj) = (−1)jzj and we get
that:

det(A) = z1

1 +
m−2∑
j=2

a

g
zj∂jg

+
m−1∑
j=2

(−1)2j−1a

g
z1zj∂jg = z1
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[21] C. Laurent-Gengoux, M. Stiénon and P. Xu, Holomorphis Poisson manifolds and Holo-
morphic Lie Algebroids. International Mathematics Research Notices, 1994.

[22] B. Malgrange, Ideals of differentiable functions. Tata Institute of Fundamental Research
Studies is Mathematics, No. 3, Bombay, 1967.

[23] D. McDuff, Examples of simply-connected symplectic non-Kählerian manifolds. J. Diff.
Geom. 20 (1984), 267-277.

[24] D. McDuff and D. Salamon, Introduction to Symplectic Topology. second ed., Oxford
Mathematical Monographs, The Clarendon Press Oxford University Press, New York
(1998).

[25] J.W. Milnor and J.D. Stasheff, Characteristic Classes. Princeton University press and
University of Tokyo press, Princeton, New Jersey (1974)

[26] A. Polishchuk, Algebraic geometry of Poisson brackets. J. Math. Sc., Vol. 84, No. 5 (1997)
1413-1444.
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