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Introduction

Consider a scheme X of finite type over Z. For a rational prime p, denote by
Nx(p) the number of its F,-points, that is, the cardinality of X (F,). More
generally, if ¢ = p°, denote by Nx(g) the number of its F,-points.

The goal of this thesis is to understand and prove in the case of elliptic
curves the following

Theorem (see part III theorem 8.1) Let X,Y be two schemes of finite type
over Z. Assume that Nx(p) = Ny (p) for a set of primes of density 1. Then
there exists a prime number py such that Nx(p®) = Ny (p°®) for all p > po and
alle > 1.

from Serre [12, chap. 1, thm 1.3].

This theorem applies to elliptic curves, and one would expect that in proving
the theorem only for the case of elliptic curves things would get eassier. This
is indeed the case. The proof as given by Serre has two ingredients. Firstly the
Lefschetz fixed point formula for cohomology, applied to the Frobenius acting
on a variety of finite type over Z. Secondly the Chebotarev density theorem. In
this thesis a proof of theorem 8.1 in the case of elliptic curves is given in part I11
chapter 8, replacing the first ingredient by the trace of the Frobenius formula
for the number of points on an elliptic curve, and leaving the second ingredient
as it is.

In part II section 7.3 the trace formula for elliptic curves over finite fields is
illustrated with two explicit examples, constructed using SAGE. The example
illustrates that for a prime ¢, different from the characteristic of the finite field
under consideration, the ¢™-torsion group E[¢™] is two dimensional Z/¢{™Z-
module. What is more, a basis of this module can be lifted to a basis of the
(m™* 1 torsion subgroup E[¢™*1], and this in turn gives a lift of the matrix of
the Frobenius involved. Taking the inverse limit, we see that we indeed get the
number of points on E in terms of the trace of the Frobenius acting on the Tate
module T;(E) of E.

In part I the Chebotarev density theorem is treated using L-series and repre-
sentation theory of Galois groups, which are developed starting from definitions.
Also used is the Artin reciprocity law from Class Field Theory, which is stated
without a proof.

Part II contains the relevant definitions and propositions on elliptic curves.
For proofs of the latter we refer to Silverman [14], as well as for a thorough
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iv INTRODUCTION

treatment of the subject.

Part IIT contains my proof of Serre’s Nx(p) theorem in the case of elliptic
curves. We also deduce a corollary about weight-two newforms.

This thesis has two main parts: the proof of theorem 8.1 in the case of
elliptic curves and a proof of Chebotarev’s density theorem. The first can be
found in part III chapter 8 and the second in part I chapter 5. Both chapters
should be accessible to readers with the right background. In case of the proof of
theorem 8.1 in the case of elliptic curves this background consists of properties
of elliptic curves and Chebotarev’s density theorem. In case of Chebotarev’s
density theorem this background consists of some representation theory of finite
groups and properties of L-series defined on characters of Galois groups.



Part 1

Preliminaries from
algebraic number theory






Introduction

We wish to say something about the number of points of two elliptic curves over
all finite fields F,,, for every rational prime p. To do so, we need the Chebotarev
density theorem. The goal of this chapter is to state and prove that.

Theorem (Chebotarev, see theorem 5.4) Let K be a number field, E a fi-
nite Galois extension of K with Galois group G. For a place v of K that is
unramified in E let o, be the conjugacy class of the generator of the decompo-
sition group D,, for any w lying over v (this is independent of w because v is
unramified). Let C be a subset of G stable under inner automorphisms (a union
of conjugacy classes). Let

Vi.c = {v € Vi : v is unramified and o, C C},

then Vi, has a Dirichlet density (to be defined), and that density is equal to
#C/#G.

To prove this theorem we will follow the approach in Dokchitser [3].

To get an idea how the proof works before diving in all the preliminaries,
it is useful to first read chapter 5, but skip the proof of proposition 5.3. Quite
some terminology in the proof of theorem 5.4 may be unknown, but nonetheless
it should be possible to get an idea how the proof works by reading it. Two
things that might help to understand it at this stage are the following. The
indicator function C¢ is a class function on the Galois group, which means that
it is constant on conjugacy classes and has values in C. The C-space of class
functions has as an orthonormal basis (with respect to some scalar product (see
remark 3.20)) the so called irreducible characters x,. Given a character, we can
define a function on the complex half plane Re(s) > 1 by some series known
as an L-series. With some work it can be shown that these L-series can be
extended meromorphically to the half plane Re(s) > 1 — ¢ for some suitable e,
such that the resulting function is analytic everywhere except for a possible pole
at s = 1. Moreover, only if the character was the so called trivial character the
L-series will have a pole at s = 1, otherwise the L-series will be zero nor have a
pole at s = 1.

Using the fact that the irreducible characters form an orthonormal basis, we
decompose a certain series in that is defined in terms of C' as a sum over all
the characters, and consider the trivial character separately, because its L-series



has different asymptotic behaviour for s — 1 than the other characters. Then
we show that the two parts in fact behave as L series times some constant.
We divide by log(1/(s — 1)) which behaves asymptotically as the L-series for
the trival character. Hence the part of f(s) which corresponds to the non-
trivial characters goes to zero in the limit of the quotient. What remains is the
coeflicient of the part corresponding to the trivial character, which is the sought
density.

We made use of the asymptotic behaviour of the L-series of characters. They
are obtained as follows. First we study the asymptotic behaviour of the number
of prime ideals below a given norm of a number field when that norm goes to
infinity. We apply this to show that we can extend the Riemann (-function,
which is a special case of an L-series. This is then applied to show that we
can extend the L-series of characters of the ideal class group. After developing
representation theory of Galois groups, the L-series for representations of Galois
groups and the Artin formalism for these L-series, we apply Artin’s reciprocity
law to link the ideal class group to the Galois group and obtain that the L-series
of the Galois representations can also be extended. This is then applied to the
L-series of characters of the Galois group, because characters are in particular
irreducible representations.



Chapter 1

Lattice Points in
Homogeneously Expanding
Domains

The material in this section comes from Lang [9, Chapter VI, §2]. To derive the
asymptotic expression j(R,t) discussed in part I, we will use the geometry of
numbers approach of associating to fractional ideals lattices in Euclidean space.
We will then apply an asymptotic formula for the number of lattice points lying
in certain domains, which will be derived in this section. Domain will just mean
a certain well-behaved subset of Euclidean space.

Throughout the section, one can keep in mind the following special case.
Let L be the lattice (this notion is to be defined) in R? generated as a Z-
module by the standard basis vectors: L =7Z <(1)) +7Z ((1)> Let D be a subset
of R? with a sufficiently regular boundary (made precise later). For example:
D = D? = {(z,y) | ||[(x,y)|| < 1}, the unit 2-disk. Let ¢t € R~ and scale D
by a factor t. Count the number of lattice points in ¢D, that is, the number
of points of tD N L. We will develop an asymptotic formula for this number of
points as t — oo.

Definition 1.1 A lattice in R” is a discrete subgroup L C RY of rank N.
Since it is an abelian group it is a Z-module, and by the rank we mean the rank
as a Z-module, that is, the number of elements of a Z-basis of L. The next
proposition shows that this number is well defined.

The following is from Lang [8, Chapter XV, §2]

Proposition 1.2 Let M be a free module over a principal ideal domain A.
Then the cardinality of an A-basis is uniquely determined.
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PrOOF Suppose A has no irreducibles. Then by unique factorization, A is a
field. Hence M is a vector space. The A-rank is then equal to the A-dimension,
which is uniquely detrmined.

Suppose A has an irreducible, p say. Then (p) is a maximal ideal. Then
M/pM is an A/pA vector space whose dimension is the rank of M, which is
therefore uniquely determined. n

We now show that a Z-basis of a lattice is always an R-linearly independent
set. This, and a little more, is the content of the next proposition, which is from
Knapp [7, Chapter 5, section 5].

Proposition 1.3 Let L C RY be a discrete subgroup in the induced topology
(not necessarily of rank N ). Then L is a free group of rank < N. Furthermore,
L is of the form

L="Zw + -+ Zwn,

with the wi,...,wy, R-independent. The number m is the dimension of the
R-span of L. The sum is in fact direct, hence L = Zw, & - - - B Zwy, .

ProOF We first show that L is a closed set. Since L is discrete, there is an
€ > 0 such that B(0;¢) N L = {0}. Suppose zo is a limit point of L that is not
in L. Then z¢ — B(0;¢/2) (the sphere with radius €/2 around z) contains a
point of L, I say. Write b = 2o — 1 € B(0;¢/2). Then b ¢ L, for else o € L.
Furthermore, b is a limit point of L. Otherwise, there would be an open U
around b with U N L = @. This would give U +1NL = &, but U + [ is an
open containing g, so this cannot happen since x( is a limit point of L. Hence
b+ B(0;min(e/2, ||b]])) N L # &, hence it contains an element, !’ say. Then
" # 0. Furthermore,

d(l',0) <d(I',b) + d(b,0)
<e€/2+¢€¢/2

= €.

Hence 0 # I’ € B(0;¢€), a contradiction. Hence L is closed.

Since L is closed, every bounded subset of L is compact, hence finite since
L is discrete.

Let m be the dimension of the R-linear span of L. We use induction on m.
First consider the case m = 1. The set B(0;1)N L is finite. Let w be an element
of smallest norm in this set. Suppose there is a v € L that is not an integral
multiple of w. Then there exists a j € Z such that v — jw is of norm smaller
than w, a contradiction. Hence every v € L is an integral multiple of w, and the
base case is established.

Now assume that the proposition holds if the dimension is m — 1. Let L be
such that the dimension of its R-span is m. Let {z1,..., 2z} be an R-basis for

this R-span. Then Ly := LN (Z;”:_ll Raz;) is a discrete subgroup of RY, and



its R-span is m — 1 dimensional. By induction Lg is generated as a Z-module
by some wy, . ..,wn,_1 which are R-linearly independent. Consider the set

S=LN{cwi+...cmo1Wm-1+cmTm |0<¢ <1}

Then S is a bounded subset of L, hence finite. Note that wi,...,wm_1,Tm
are linearly independent, hence the coefficients ¢; of elements in S are uniquely
determined. Also note that S contains the element x,, which has a non-zero
zm-coeflicient. Hence by finiteness of S, there is a w,, € S with smallest non-
zero x,, coefficient, a,, say. Let v € S. Suppose its x,,-coefficient is not an
integral multiple of a,,. Then v — jw,, for a suitable j € Z has an x,,-coefficient

smaller than a,,, and after subtracting suitable Z-multiples of the wq,...,wm_1
we get an element of S with x,, coefficient smaller than a,,, a contradiction.
Let [ € L. Then [ is a linear combination of the wq,...,wmy_1,Tm. After

subtracting suitable integral multiples of these elements we get an element in .S,
. . . ) -1

I say. As we just saw, for a suitable j € Z we have I’ — jw,, € LN (375 Ray).

Hence

m—1
L:Lﬂ(z Rz;) + Zw,,
j=1

=(Zw + -+ Zwp-1) + Zwn,
& (Zw1 @ ©Zwm—1) + Zwy,

The elements wy, . . . ,wWm—1,wn are linearly independent because by assumption
the first m — 1 are and the last is the only one with non-zero x,,-coefficient.
Hence the intersection of the two summands is empty and the sum is direct:

L2Zw @ D ZLwy—1 D Lw,,
This completes the induction. n

Corollary 1.4 A lattice in RN is generated by N linearly independent elements
as a Z-module. A lattice is maximal in the sense that there are no discrete sub-
groups of higher rank strictly containing it. Fvery Z-basis of a discrete subgroup
of RN consists of R-linearly independent elements, in particular any Z-basis of
a lattice consists of such elements.

PROOF The first two statements follow immediately from proposition 1.3.

For the third statement, let L C RY be a discrete subgroup. From the
proof op proposition 1.3, the rank of L is the dimension of the R-linear span
of L, m say. By proposition 1.3, we can find an R-independent set wq, ..., wn
that Z-generates L. Every other Z-basis of L has the same cardinality by
proposition 1.2. Let p1, ...,y be such a Z-basis. Let A be the m x m matrix
with respect to the basis wq,...,w,, in the domain and the codomain that
describes the Z-linear map that sends w; to p;. Since both {w;}; and {u;};
are Z-bases, also the inverse matrix A~! exists and has coefficients in Z. But
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this implies that R-linear map that A also represents, going from Rw; + - -+ +
Rwy, to Ruy + -+ - + Ry, is a linear isomorphism, hence the {u;}; are linearly
independent.

The last statement follows immediately from the third. n

We will study lattice points in expanding sets, whence the following definition.

Definition 1.5 Let D ¢ R". By 0D we denote the boundary of D. For t € R,
tD is the set of points tz with x € D.

Proposition 1.6 Situation as in definition 1.5. Then 0(tD) = t(0D).

PROOF In the case t # 0 multiplication by t is a homeomorphism, which gives
the desired equality. If ¢ = 0 both sides become {0} so that’s also alright. ™

To get to an asymptotic estimation we will need a regularity condition on the
boundary of the expanding set under consideration. That condition is given by
the following two definitions.

Definition 1.7 Let S be a subset of some Euclidean space. A map
0: S — RN

is said to satisfy a Lipschitz condition if there exists a C' > 0 such that for
all z,y € S we have

lp(z) — @)l < Cllz —yl|

Definition 1.8 Let I* denote the unit cube in Euclidean k-space. A subset
T C RY is said to be k-Lipschitz parametrizable if there exists a finite
number of Lipschitz maps ¢;: I* — T where the images of the ¢; cover T. .

Definition 1.9 Let L be a lattice in RY, and let wy,...,wy be a basis of L.
Then the set F all all points

tiwg + -+ itnywy (0 <t < 1),
will be called a fundamental domain of L.

Proposition 1.10 Situation as in definition 1.9. The translations F; :=1+ F
with | € L cover RN and are disjoint. Every element in RN has a unique
representative in F' modulo L. Let Vol denote the volume in N-space. Then
Vol(F') only depends on the lattice L, hence is independent of the choice of
fundamental domain F.

PrOOF Let v € RY. There is a unique lattice point [ € L such that v — [ € F,
since all the t; satisfy 0 < t; < 1. Then v € [+ F = F;. Hence the F; cover RV,
and since the F) covering v was unique the F; are pairwise disjoint.

As in the proof of corollary 1.4 we let {u;}; be another Z-basis of L, and let
F’ be the corresponding fundamental domain. The N x N matrix A with respect



to the basis {w;}; in the domain and the codomain representing the Z-linear
map that sends w; to p; is invertible. Hence det(A)det(A™!) = det(AA~!) =
det(I) = 1. But note that A and A~! are matrices with entries in Z. Hence
both determinants are integers with product 1, hence they are +1. Therefore

Vol(F') = Vol(AF)
= | det(A)| Vol(F)
= VO](F). ]

Proposition 1.11 Let L ¢ R" be a lattice, R > 0. There is a K > 0 such
that for every set S of diameter < R the number of l € L NS is bounded by K.

PROOF Let {w;}; be a Z-basis for L. Let ||-||., denote the sup-norm with respect
to this basis:

||)\1w1 B >\NWN||w = sup |)\z|

Since all norms on RY are equivalent, there exists a C > 0 such that |z||,, <
C||z|| for all € RV, where the second norm is the euclidean one. Let S be of
diameter < R. Let [ € SN L. For every I’ € SN L we have

1=Vl < CllL=1]
< CR,

hence the w;-coordinates of I’ are bounded, hence the number of points I’ is
bounded by (2CR)Y. m

Proposition 1.12 Let L C RY be a lattice, F a fundamental domain of L,
R > 0. There is a K > 0 such that for every set S of diameter < R the number
of l € L such that F; NS # & is bounded by K.

PROOF Let || - || be as in the proof of proposition 1.11. Since F has a finite
diameter with respect to the || - ||,-norm, it also has a finite diameter with
respect to the Euclidean norm. Let [ € L be such that F;NS # @. Let I’ € L
also be such that Fiy NS # &. Then d(l,!") < Diam(F) + Diam(S) + Diam(F),
hence the number of such I’ is bounded by a constant that depends only on L
and Diam(S). n

Definition 1.13 A translated lattice T is a set in RY of the form x + L with
z € RN and L ¢ RY a lattice. If F is a fundamental domain of L then z + F
will also be called a fundamental domain of T

Proposition 1.14 Let T = z + L C RY be a translated lattice, x + F a fun-
damental domain of T, R > 0. There is a K > 0 such that for every set S of
diameter < R the number of | € L such that (x + F);NS # & is bounded by K.
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PROOF The proof is the same as that of proposition 1.12. Notice that in that
proof the important thing was that Diam(F') was bounded, but Diam(z + F) =
Diam(F') so that still works. m

We are now ready to prove the asymptotic formula we need for the number of
lattice points in expanding domains. Keep in mind the example at the beginning
of this subsection for intuition.

Theorem 1.15 Let L C RY be a lattice, D C RY such that dD is (N — 1)-
Lipschitz parametrizable and Vol(D) is finite. Let F be a fundamental domain
of L. Let A(t,D,L) = \(t) = #(LNtD). Then

_ Vol(D)
~ Vol(F)

A(t) tN oV

where the constant in O depends on L, N and the Lipschitz constants.

Remark 1.16 The intuition is that the first term corresponds to the points in
the interior of D, which grows like ¢V, and the second term corresponds to the
number of points on the boundary, which is of one “dimension” lower and hence
grows like tV 1,

Remark 1.17 The Lipschitzparametrizability of the boundary is really neces-
sary, as the following non-example shows.

Take L =7Z C R, D = (—1,1) \ Q. If Theorem 1.15 would hold for A(t)
in this case, then A(t) would grow linearly: we have Vol(D) = 1, Vol(F) = 1.
Hence in that case we would get

At) =t +O(t).
But note that
oD =[-1,1]\ o =[-1,1],

and [—1,1] is not 0-Lipschitz Parametrizable, since I° is just a point an [—1, 1]
contains an infinite number of points.
If theorem 1.15 would hold then there would be some C' > 0 such that
() -t < C

for all ¢ large enough. But note that for all rational ¢, A\(t) = 0. Take t > C
rational to see that theorem 1.15 does not hold.

PROOF (OF THEOREM 1.15) Define

m(t) = #{l € L | F, C Int(tD)},
b(t)=#{l € L| F,notD + @}

Then

{leL|F,cnt(tD)} cLntDcC(LNtD)U{le L|FNotD # o},
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hence
m(t) < A(t) < m(t) + b(t).

Regarding Vol(tD), we can make the following two observations. First, we can
estimate Vol(tD) from below by counting how many of the F; are completely
contained in Int(¢tD) C ¢D, and then multiply this number by Vol(F') (since
Vol(F;) = Vol(F) for every | and all the F; are pairwise disjoint). This gives:

m(t) Vol(F') < Vol(tD).

The second observation is that for every I € L exactly one of the following three
holds:

e F; C Int(tD),
o [ C RY \tf,
e 1N 6(ﬁD) 7é .

To see this, note that the first two are mutually exclusive. Suppose that the first
two do not hold. Then Fj is not contained in (£D)¢ (here the ¢ superscript de-
notes complement in RY), hence it has points in (£D)¢. Also F} is not contained
in Int(¢D), hence it has also points in there. Suppose F; has no points on the
boundary 9(tD). Then F; would be equal to the disjoint union of non-empty
opens (F; NInt(tD)) U (F; N (tD)), contradicting the connectedness of F.

Now the Fj satisfying the first and last condition cover tD, hence we get the
inequality

Vol(tD) < (m(t) + b(t)) Vol(F)
Combining these two inequalities gives

m(t) Vol(F) < Vol(tD) < (m(t) + b(t)) Vol(F),

hence
Vol(D) n
t) < t <m(t) +b(t
therefore |A\(¢) — Yfgll((?g tV] < b(t). Hence a good enough estimation of b(t), of

order O(tN~1) that is, would give the desired result.

Consider a finite set of Lipschitz maps parametrizing 0D, and let C' be
the maximum of their Lipschitz constants. Let ¢: IN~! — RY be one of the
parametrizing maps for a piece of 9D. Then tp parametrizes a corresponding
piece of 9tD. Cut up each side of the unit IV =1 cube into sides of length 1/[¢]
(since we want an asymptotic formula for ¢ — oo we can asume that ¢t > 0).
We then get [t]V~! small cubes. The image of each small cube under ¢ has a
diameter < C'/[t]. Hence the image of each small cube under t¢ has diameter
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< C. By proposition 1.12 there is a K > 0 such that for every set S of diameter
< C there are < K lattice points such that F; NS # &. Hence the number
of lattice points [ such that Fj intersects the image tp[IV 1] is < K[t]V1,
as we divided IV~! into [t]V~! small cubes. There are a finite number of
parametrizing maps, M say. Hence the total number of points intersecting any
one of the images is bounded by MK [t]V~!. This gives an upper bound for
b(t):

b(t) < MKV

< MK(t+ 1)Vt
< o2MKtN!

This result can be extended to translated lattices.

Theorem 1.18 Let T = x+ L C RY be a translated lattice, D C RN such that
0D is (N — 1)-Lipschitz parametrizable. Let x + F be a fundamental domain of
L. Let \(t,D,T) = A\(t) = #(T'NtD). Then

~ Vol(D)

O = o HOET

where the constant in O depends on T, N and the Lipschitz constants.

PrOOF All our formulas in the proof of theorem 1.15 still work. To estimate
b(t) we used proposition 1.12. Use in this case proposition 1.14 instead. =



Chapter 2

Asymptotic Behaviour of
the Number of Integral

Ideals of Bounded Norm
going to Infinity

2.1 Generalized ideal classes

The material in this section comes from Lang [9, Chapter VI, §1].

A special case of the asymptotic formula that we need is given by the fol-
lowing. Let K be a number field, O its ring of integers, I its group of fractional
ideals of O, P < I the subgroup of principal fractional ideals, Clg = I/P the
ideal class group of K. For a fractional ideal a denote by Na its norm. That is,
for prime ideals p we have Np = #QO/p. This is then extended multiplicatively
to all of I, which is a free group on the prime ideals. Let R be an element of
Clk. Denote by j(R,t) the number of integral ideals a in the class R of norm
Na < t. Then, as we shall see in section 2.3, j(R,t) exhibits the following
asymptotic behaviour in ¢:

J(R,t) = pt + Ot ~IK:Ql), t — 00, (2.1)

where p is some constant depending on K but not on R.

We will need such a statement in section 4.1 to show that we can extend
certain functions considered there, by analytic continuation. For that goal,
eq. (2.1) is not sufficient, for we will consider extensions of number fields. When
we do that, we need to exclude ramifying primes. Therefore we need a version
of eq. (2.1) which allows us to do this. We need a way to specify primes that
we wish to exclude. That is accomplished by the following concept.

13
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Definition 2.1 Let K be a number field. By a cycle (of K) we mean a formal
product

¢ = H ,Um(v)’

vEMg

where v ranges over My, the normalized absolute values of K (which means
for the finite ones that they restrict to a p-adic absolute value on Q), with
m(v) € Zso and m(v) = 0 for all but finitely many v. We do not care about
the complex v, and when v is real we only care whether m(v) = 0 or m(v) > 0,
hence we can take m(v) € {0,1} for real v. If m(v) > 0 we say that v divides
¢. We call m(v) the multiplicity of v in ¢. We denote by

¢, = ™)

the local v-component, and if v corresponds to a prime p also denote

We denote by

o= [ v

v finite
the finite part of c.

We wish to be able to exclude a finite set of prime ideals from consideration.
Hence the following definition.

Definition 2.2 Let K be a number field, ¢ a cycle, I the group of ideals. Then

I(c), I(K,c) and Ik (c) all denote the subgroup of the group of ideals generated

by the finite primes p that do not divide ¢. Hence it consists of all fractional
a

ideals ¢ with a and b integral such that for every finite prime p|c we have p { a

and p 1 b. We call this group the c-class group.

In definition 2.2 we have generalized the notion of the ideal group so that we
can exclude a finite set of primes. We wish to also generalize the notion of the
ideal class group. For that it is not enough to look simply at the principal prime
ideals that are in I(c), we need a little more.

Definition 2.3 Let K be an number field, ¢ a cycle, & € K. Define a = 1
(mod* ¢) to mean the following:

(1) If p divides ¢ with multiplicity m(p) > 0, then « lies in the local ring O,
and

a=1 (modm,),
where my, is the maximal ideal of O,. We also write for this

a=1 (mod”c).
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(ii) If v is a real absolute value dividing ¢, and o, is the corresponding embed-
ding in R, then

oya > 0.

Definition 2.3 allows us to define the group of principal ideals that we need.

Proposition 2.4 Let K be a number field, ¢ be a non-empty cycle (hence di-
visible by some prime of K ). Then the set of elements of K* that satisfy (i)
and (ii) of definition 2.3 form a multiplicative subgroup of K. We denote this
group by K.. The elements of this group K. are p-units for plc.

ProoF We first show that 0 ¢ K. Suppose ¢ is divisible by some finite prime
p. Then by (i) we would have for a = 0 that 0 = 1 (mod m™®)), hence that
1 € m™®) hence that m™®) = O,, a contradiction. Suppose that ¢ is divisible
by some real prime v. Then ¢,0 > 0 cannot hold. Since ¢ is non-empty, one of
the two previous cases holds. Hence 0 ¢ K.

We now verify that K. is closed under products and inverses. Let p and v be
finite and real primes respectively dividing ¢. Let o, 8 € K.. Then «, 3 € O,,
hence o = a/s,f = b/t, with a,b € O and s,t € p. Then af = ab/(ts), and
ab € O and ts & p since p is prime. Of course we also have af =1-1 =1
(mod mm(p)) Concerning the real primes we have o, > 0 and o,8 > 0, hence
oyaf3 = oy,a0, > 0. Hence K. is closed under multiplication.

We also need to check that K. contains the inverses of its elements. Let
a € K. Then a = a/s with some ¢ € O and s ¢ p. Then we must verify
that a~! = s/a also satisfies (i) and (ii). To this end, we will show that a & p.
Suppose that o € p. Then sa € my,. Hence s € mp or o € my, but the second
option is impossible since & = 1 (mod m™®). Now, m, = pO,. Hence this
implies that there is a A € p and a pu & p such that s = A\/mu, hence that
s = X\ € p. Since p is prime this implies that s € p or u € p, but as the second
option does not hold the first option must hold. But the second option also does
not hold. Hence a € p, and o~ ! lies in the local ring O, at p.

Of course, for a real embedding we have o,a~! = 1/0,a > 0. Hence K, is
closed under inverses.

Hence K. is indeed a group. In the proof we saw that if « = a/s € K. with
a € O and s ¢ p that then also a € p, hence « is indeed a p-unit. n

Definition 2.5 Let K be a number field, ¢ a cycle. Then P, is the set of
principal ideals (o) with a € K.

Proposition 2.6 The set P. from definition 2.5 is a group. It is a subgroup of
I(c).

PRrROOF That P, is a group follows immediately from the fact that K is a group,
which was shown in proposition 2.4.

Let o € K. We wish to show that (o) = aO € I(¢). Let plc. Since « is a
p-unit, the localization of this ideal is («©O) = O,. Note that by localizing at
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p, every prime ideal distinct from p gets mapped to O, and the ideal p gets
mapped to pO,. Consider the factorization with numerator and denominator
relatively prime:

Pf(pl) . .pj(pi) . _pg(ps)

aQ =

e(qu) . _e(ay)
. ;

q . qe(qr)
j r

q

with all exponents e(p;), e(q;) non-zero. Localization at a prime p is a group
homomorphism from the fractional ideals of O onto the fractional ideals of the
local ring O, . The kernel consists of the ideals that meet O —p. Suppose p|p;.
This would imply p = p; and hence (aQ), = p¢P)O,, a contradiction. Suppose
plg;. This would imply p = q; and hence (aQ), = p~¢(%)O,, a contradiction.
Hence aO € I(c). n

Definition 2.7 Let X be a set, ¢ a cycle. Whenever it makes sense we denote
by X(c) the subset of elements of X prime to ¢ and by X, the subset of X of
elements satisfying (i) and (ii) of definition 2.3.

Proposition 2.8 FEvery class in I/P has a representative in I(c)/P(c).

PrOOF Let a (mod P) € I/P. For a prime p let m, denote an element of order
1 at p. Use the Chinese Remainder Theorem to find an a € Oy, such that

o= 7_‘_)cj)rdp a (mod pordp(u)-‘rl)

for all p|c. Then aa~?! is prime to c¢. By the proof of proposition 2.17 we can

multiply aa~! by an integer to make it an integral ideal. n

Thus
I(¢) ——

1
PNnI(c)—— P

induces an isomorphism

I(c)/P(c) = 1/P,

where P(c) = PN I(c).
Note that we have a tower

I(¢c) D P(c) D P..
Therefore we have a surjective homomorphism
I(c)/Pc — I(c)/P(c) = I/P

with kernel P(c)/P,. We will now analyse this kernel.
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Consider the map

k* — P,

)

a— ().

The kernel of this map is the group of units U. The inverse image of P, C P is
Uk, (Recall: P, is by defnition {(«): « € k.}.) Hence we have

k(¢) — P(¢)
| |

Uk. —» P,
and therefore we have an isomorphism
k(c)/Uke = P(c)/P..

Let R* denote the multiplicative group of reals > 0. If v is real, then k7 = R™,
and k}/k = {1,—1}. Consider the map

k*(¢) = [J(0p/my ™) = [T kis/ki,

pleo e
v real

where as usual m(p) denotes the order of p in ¢. Using the approximation
theorem (theorem 2.22), we see that this map is surjective. By definition, its
kernel is k..

Definition 2.9 Let ¢y be a cycle containing finite primes only. For every p|c
let

pp(c0) = #(Op /my®)),

Define the Euler ¢-function by

(o) = [ en(co)-

pleo
Note that we have the tower of groups
k(c) DUK, D ke,

hence

Uke/ke 2 U/(U N ke) = U/U..
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Putting everything together gives the diagram

I(¢c) —— I
|

E(c) P(c) P
| |

U Uk;c PC

U, — k.

)

Using this we can show, if we let h denote the cardinality of I(c)/P. and h the

class number of k (i.e. the cardinality of the ordinary class group I/P):
Theorem 2.10
(U :U)

where s(c) is the number of real v|c.

ProOF By the diagram above,

he = #1(c)/Pe
=#I(c)/P(c) - #P(c)/ P
= #(I/P) - #k(c)/Uk.
_ . TR/ ke
#Uk/k.
hep(cg)25()
T UU) .

Corollary 2.11
U:U,) < .

PRrOOF Otherwise we would have h, = 0. n

Corollary 2.12 Let V be the group of units modulo roots of unity, and let
Ve=VNk.. ThenV and V. have the same rank as a Z-module.

PROOF If the ranks were not equal, then (V' : V;) would not be finite, hence (U :
U.) would not be finite (the roots of unity have no influence on the finiteness).g

Corollary 2.13 Let {n1,...,n.} be independent roots generating U, modulo
roots of unity (here r =11 +ro — 1, where r1 is the number of real embeddings,
ro the number of conjugate pairs of complex embeddings). Then the log-vectors
{(log |ojn;|N3);}i (with N; = 1 if o is real and N; = 2 if o is complex) generate
a lattice in R".
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PROOF By the previous corollary, the log-vectors generate a subgroup of the
lattice generated by U (the last one is a lattice by the Unit Theorem, cf. Lang
[9, section V.§1]) of the same rank as a Z-module. Hence this subgroup is also
a lattice. n

Definition 2.14 We define the c-regulator R, by
R = | det(log |o;mi| 7).
Corollary 2.15 The regulator R, is non-zero.

Proor Immediate by the previous corollary. n

2.2 Ideals as lattices

We want to view fractional ideals as lattices in Euclidean space. For that we
need a few prelimenaries, which will be developed next.
The following proposition is from Cohen [1, chapter 2, section 3].

Proposition 2.16 Let L be a Z-submodule of RY . Consider the following three
conditions:

(1) L generates RN as an R-vector space.

(2) L is discrete.

(8) L is a free Z-module of rank N.

Then any two of these conditions implies the third.

PrOOF Assume (1) and (2). Then (3) follows from proposition 1.3.

Assume (1) and (3). Let by,...,bx be a Z-basis of L. Then by,...,by is
an R-basis of RY. Consider the open neighborhoud € of 0 consisting of the
x=Y"_, x;b; with |z;| < 1. Then the only element of L in 2 is 0. Hence 0 is
an isolated point of L, hence by translation of €2, every point of L is. Hence L
is discrete.

Assume (2) and (3). Let W be the R-vector space generated by L. Then
(1) and (2) hold with V replaced by W. Hence by what we have proved, L
is a free Z-module on dim(W) generators. Hence dim(W) = N by (3) and
proposition 1.2. Hence W = RY. n

The following propositions are from Sheppard and Osserman [13].

Proposition 2.17 Let K be a number field, Ok its ring of integers, a € K.
Then there is a non-zero d € Z such that do € Ok .

PRrROOF There is an equation

an@” + ap_10" P4+ ay =0
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with a; € Z and a,, # 0. Multiply it by a”~! to get:
(a4n@)" + ap_1(apa)* ' 4 +a"tag = 0.
Hence a,« is integral over Z, hence a,a € Ok. [

Proposition 2.18 Let K be a number field, Ok the ring of integers. Then
K = Frac(Ok), the field of fractions of Ok.

ProoF Note that Ox C K, and since Frac(Of) is the smallest field containing
Ok, we have Frac(Og) C K. Conversely, let « € K. Then by proposition 2.17
there is a non-zero d € Z such that da € Og. Thus o € Frac(Og). Hence
K = Frac(Ok). n

Proposition 2.19 Let K be a number field of degree N over Q. Then the ring
of integers Ok is a Z-module of rank N.

PrOOF It is well known that the ring of integers of a number field is finitely
generated as a Z-module. (See for instance Lang [9, chapter 1, §2, proposition
6].) We get an inclusion

Q@zOK‘—)K.

As rings however, Q®z Ok = Q[Ok]. The ring on the right is the smallest field
containing O . But this is equal to K. Hence Q ®z O = K. Hence Q ®z Ok
is a vector space of dimension N over Q, hence the rank of Ok as a Z-module
is V. ]

Proposition 2.20 Let K be a number field of degree N over Q, a an ideal of
K. Then a is a free Z-module of rank N.

PROOF Let d € Ok be non-zero such that da C Ok. Then a = da as Z-modules,
and as Ok is free of rank N, a must be free of rank < V.

On the other hand, let @ € a\ {0}. Then aOx C a and aOg = Of as
Z-modules. Hence the rank of a is also > N. n

Let K be a number field of degree N over Q. To apply our result of theorem 1.15
we need to be able to view an ideal a of K as a lattice in some Euclidean space.
This Euclidean space will be the product of the completions of K with respect
to its Archimedean absolute values.

Proposition 2.21 Let K be a number field, | - |1,| - |2 be two Archimedean
absolute values, corresponding to embeddings o, T respectively. Then |- |1 and
| - |2 are equivalent (induce the same topology on K ) if and only if o and T are
conjugate embeddings: o € {1,T}.

PRrROOF If ¢ and 7 are conjugate embeddings than clearly they induce the same
topology on K.
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Conversely, assume that |- |; and | - |2 induce the same topology. Then one
can show (see for instance Lang [9, page 32]) that one must be a power of the

other: there is a A > 0 such that |-|; = |- |3. Applying both norms to 2
shows that 2 = 2%, hence that A\ = 1. This shows that for every z € K we
have |o(z)| = |7(x)|. If o is real then for every = we have that o(z) is uniquely

determined by |o(x)| and |o(x) — 1|. This then implies that 7 is also real and
equal to o.

If both o and 7 are complex, let y € K be such that o(y) € C. There are
precisely two points in C with distance |o(y)| to 0 and |o(y) — 1| to 1 and they
are o(y) and o(y). Either possibility determines 7 completely, and we have that
7(y) = o(y) implies 7 = 0, and 7(y) = o(y) implies 7 = 7. n

Theorem 2.22 (Approximation Theorem) Let K be a field, and |-|1,. .., |-
|s non-trivial pairwise independent absolute values on K. Let x1,...,xs be ele-
ments of K, and € > 0. Then there exists an x € K such that

|z — x| <e
for all i.
PROOF See Lang [9, theorem I1.§1.1]. m

Definition 2.23 For a number field K, denote by S, the Archimedean abso-
lute values.

From the general theory of separable extensions we know that K has N embed-
dings in C. We know that the complex embeddings come in conjugate pairs.
Hence, if we write r; for the number of real embeddings and 275 for the number
of complex embeddings we have r; + 2ro = N.

Proposition 2.24 Let K be a number field, Sy its Archimedean absolute val-
ues, r1 the number of real embeddings and 2ry the number of complex embed-
dings. Then #So =11 + 12.

PrOOF This is almost immediate by proposition 2.21. Two absolute values are
equivalent if and only if they come from a pair of conjugate embeddings. n

When v is an Archimedean absolute value of K we can form the completion of
K with respect to v. We denote this by K,. If v is real then K, = R, if v is
complex then K, = C. The Euclidean space we will embed our ideals in will be
the following

Ag(o0) = [ Ko=R".
VES

Let o, denote an embedding in C for every Archimedean v (fix one if v is
complex). We have the inclusion

K < H K,

VES
x> (04(2))y-
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We will show that under this inclusion, every fractional ideal a of K gets mapped
to a lattice in Ax(00). We will also consider the subset of A (co) defined as

Jr(0) = [[ K;

VES

Proposition 2.25 Let K be a number field, a a fractional ideal of K. Then
the image of a under the above inclusion is a lattice in Ag(00).

PROOF Note that the inclusion is a morphism of Z-modules. Hence the image
of a is a Z-module of rank N by proposition 2.20.

We have the following equality (see for instance Lang [9, chapter III, §3,
prop 13])

Dijq(a) = (NG (0))*Dr;q(2)
= (Ng(a))2AK.

The right hand side is a non-zero ideal. The left hand side is the ideal generated
by all discriminants Dy /q (W) where W ranges over the bases of K over Q with
W C a. In particular, there exists such a basis W = {w;};.

This implies that
DK/Q(W) = Det(aiwj)z 7£ O,

where o; ranges over the embeddings of K in C. Hence {(o;w;);}; is a basis of
CN. We will show that this implies that {(c,(w;)),}; forms a basis of RV.

Let 01,...,0,, be the real embeddings of K. Let 7y,...,7,, and their con-
jugates be the complex ones. Write 7w, = x;, + v —1y;, with z;,,y;, € R.
We need to show that the following determinant is non-zero:

ojwy - O1WN
Op, W1 - Opr, WN
T11 T1IN
Det1 =
Y11 YIN
TN1 TNN
IN1 INN

To do so, we use that Dy, ,q(W) # 0. This means written out that the following
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determinant is non-zero:

o1w1 O1WN
Op, W1 ce Opr, WN
T11+wir 0 TIN T UAN
Detg = : :
TN1+1iYN1 -+ TNN TIYNN
T11 — Y11 cee TIN — Y1IN
TN1—1tYN1 -+ TNN —IUYNN

The determinant is of a matrix which first has r; rows corresponding to the real
embeddings and then twice ro rows corresponding to the complex embeddings.
After adding the last set of 7o rows to the first, and then subtracting again, we
see that up to sign Dety = 2" Det;. In particular, Dety # 0.

Hence the image of the lattice a is a Z-module of rank N and R-linearly
spans all of R, This implies by proposition 2.16 that the image of a under the
inclusion is a lattice. n

2.3 Asymptotic Behaviour of the Number of In-
tegral Ideals of Bounded Norm going to In-
finity

We will need the volume of a fundamental domain of a viewed as a lattice in R™.
We can continue where we left off in our previous proof to show the following.

Proposition 2.26 Let a be an ideal of K, and let F' be a fundamental domain
of a, as a lattice in RN. Then

VOI(F) = 2_7”2\/ |DK/Q(CI)| = 2_”Na\/ |AK|

PRrROOF Let W be the basis of a from the proof of proposition 2.25. We then have
Dy q(a) = (Dety)? = (27 Dety)?. But Dety is the determinant for a set of basis
vectors of the lattice a. Hence Dety = Vol(F') and we obtain \/|Dg/q(a)] =
272 Vol(F).

The second equality in the proposition is a direct consequence of the formula
Dg/q(a) = (N§ (a))*Ag. (Note that Na = N§a for every ideal a of K.) m

Let K be a number field, U C Ok be the group of units. Then U acts on K by
multiplication. But U also acts on Ag(c0) as follows:

u- (gv)v = (Uvu . gv)v
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for all u € U, (&), € Ak (00).
Let £ € K. We then have the following identity (see for instance Lang [9,
chapter I, §7, proposition 22] ):

N(€) = ING (©)I-

On the left hand side we have the norm of the principal ideal (£). On the right
hand side we have the norm of field extensions [[, o(§) where o ranges over
the elements of the Galois group. The right hand side satisfies (see for instance
Lang [9, chapter II, §1, corollary 2]):

ING (©)

I &k

v Archimedean

I &k

v Archimedean

where &, = 0,£ where o, is a fixed embedding corresponding to v. This identity
allows us to define the following function N which on Ag (00) restricts to the
usual norm on K:

N((gv)v) = H |£v‘v-

v Archimedean

Note that for u € U we have Ng (u) = £1 . Hence the function N is constant
on orbits of U and therefore factors through Ag (c0)/U.
We will now extend the definition of A (00) to be able to exclude primes.

Definition 2.27 Let K be a number field and ¢ a cycle. Then Ak (0o, ¢) is the
subset A (00) consisting of those (£,), such that &, > 0 if v real, v|c. Likewise
we define Jg (00, ¢) as the subset of Jx (c0) of thise (§,), such that & > 0 if v
real, v|c.

Proposition 2.28 Let K be a number field, U C Ok the group of units, U, =
UNK, (as usual). Then Jg(o0o,¢) is stable under the action of U..

PRrROOF Let uw € U, € = (&) € Jr(00,¢). We will show that u - & € Jx (00, ¢).

Clearly o,u # 0 for every v real, v|c. Hence o,u - &, # 0 for all such v.
Furthermore o,u > 0 and &, > 0 hence o,u&, > 0. Hence indeed u - £ €

JK(OO, C). ]

Definition 2.29 If a group G acts on a set X then a subset D C X will be called
a fundamental domain for the action if it contains a unique representative of
every orbit of the action.

Let V be the free part of the group U, (the torsion part being the roots of
unity in U). Then the action of U, on Jg (oo, ¢) restricts to an action of V
on Jg(oo,¢). For this action there is a fundamental domain with some nice
properties.
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Proposition 2.30 There exists a fundamental domain D for the action of V
on Jg (00, ¢) such that tD = D for allt > 0 and such that D(1) (the subset of D
of those & such that N¢ < 1) has a (N — 1)-Lipschitz parametrizable boundary.

PrOOF We will postpone the proof. The proof of this proposition will be given
in the proof of theorem 2.33. First we will show some of the implications. g

Let R be a class of I(¢)/P.. Let t > 0 We wish to count the number of integral
ideals a € R such that Na < ¢. Denote this number by j(R,t).
Let b € R~!. Then b has a factorization:

b PLPs

ql"'qT‘

and all ideals in this factorization are prime to ¢. The ¢-class group is finite, say
of order h.. Then (q; - --q,.)" = () for some a € K.. Hence
()b =pr--polar---a.) <"
Hence we have found an element of R~! that is an integral ideal. Hence we can
assume without loss of generality that b is integral.
Consider the map

a—ab=({)—~¢ (modU.) € K./U,
from integral ideals of I(¢) to U.-equivalence classes of elements ¢ satisfying

E=1 (mod*c),
£=0 (mod b).

This is well defined because certainly these £ € K, (i.e. £ =1 (mod*c)). Fur-
thermore if (£) = (¢’) then there is a w € U such that £ = u{’. But this shows
that uw = £/£, hence that u € K, hence that u € U,. And lastly a and b are
integral ideals hence ab = (¢) implies £ =0 (mod b).

We will show that this map is in fact a bijection.

Suppose a and b get mapped to the same element of K,./U,. That implies
that ab = a’b. Multiplying by b~! shows that a = a’. Hence the map is injective.

Lastly let £ =1 (mod*c), £ =0 (mod b) represent an Uc-equivalence class.
Then () is an integral ideal in P.. Hence a(§) € R, and this gets mapped to
ba(¢) = (£). Hence the map is surjective. Note that Na < ¢ if and only if
Nab = N(§) < Nb - £.

Proposition 2.31 Let K be a number field, U, the group of c-units, V the free
subgroup. Let D be a fundamental domain for the action of V. on Jx(oo,¢).
Let w. be the the number of roots of unity in K., that is the cardinality of the
torsion part of U.

Then every U.-class has ezxactly w, representatives in D.
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PrOOF Note that U, acts transitively on Jg (0o, ¢). Write U, = p X V; where
e are the roots of unity in U, and V, is the free part. Let C be a U,-class. Let
Eed.

C= U U{va}

repveV

:U<Ume

rep \veV
—_———
V-class
Hence C is the disjoint union of V-classes, one for every r € p. Every one
contains precisely one element of D, hence we get w, representatives in D in
total. n

Hence we see that if we count the number of elements of D satisfying section 2.3
and N(§) < t we get w.j(R,t). That is, w.j(R,t) is equal to the number of
elements ¢ satisfying

£EDb,
¢E=1 (mod ¢p),
¢ € D(Nb-t) = (Nb-t)/ND(1).

We actually need ¢ =1 (mod*c), but £ =1 (mod ¢p) is enough, since the third
condition implies £ € D, hence £ € Ji (o0, ¢), hence ¢,& > 0 if v is real, v]c.
The two congruences

£€=0 (modb)and E=1 (mod cg)

define a translation of the lattice given by the ideal bey in RY = Ay(c), by the
Chinese Remainder Theorem. To be precise, if &y is a solution to the system
above, then

=& — &

gives a bijection between these congruences and bep (note that the Chinese
Remainder Theorem applies since b and ¢y are relatively prime). Thus we see:

Lemma 2.32 Let L be the lattice obtained by translating the lattice of bey by
the solution &. Then w.j(R,t) is equal to the number of elements in

(Nb - )YV D(1).

Hence we can apply theorem 1.18. Hence we have, save for the construction of
the fundamental domain D of the action of V' on Ji (0o, ¢) and the computation
of its volume,

Theorem 2.33 Let ¢ be a cycle of k, R a class of I(c) modulo P.. Then

J(R,t) = pet + Ot ~H/N),
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where
_on (2m)™2 R,

Pe we/|Ag|Ne

and:
o R, is the c-regulator,
e Nc¢ = 25(9 Ny,
e 5(c) is the number of real v,
o w. is the number of roots of unity in U,
o Ay is the discriminant of k.

PrOOF By lemma lemma 2.32, the only thing that remains is to construct a
fundamental domain D of the action of V' on Ji (oo, ¢), such that tD = D, 0D
is (N — 1)-Lipschitz parametrizable, and

Vol D(1) = 2" ~*I7r™2 R,

First we shall construct D. Let g be the map

g: Ji(oo,¢) — H R,,

VES
160l
(&v)o — <10g W o
Then the image of g is contained in the hyperplane of those z such that

E Zy =21+ Zpy g, = 0.

VESs

Let {n1,...,n-} be generators for V, the group generated by U, without the
roots of unity. Set y; = g(n;). Then by the corollary 2.13, {y1,...,y,} is a basis
for a lattice H (note that Nn; = 1). Let F' be the fundamental domain of H
given by the linear combinations

cayr + -+ ey 0<c, <L

Set D = g~ }(F). Then D is a fundamental domain for the action of V' on
Ji (00, ¢), for for (&), € Jx(00,¢),

9((77/f1 Tt nfr)(gv)v) =g(&) +kiyr + - kryp

Let ¢t > 0. Then
( 5. ):<||§U||>
N(tEN/N ), N¢ ),

hence (£,), € D if and only if g((&,),) € F if and only if g((t&,),) € F if and
only if t(&,), € D. Hence tD = D.
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For £ € D we have

lel™ 5.
Nva/N —

where B is the maximum of the |y,|. Hence we get

log

€] < max(1,[€,|¥) < max(1, NEVN )
Hence D(1) is bounded, and for £ € D(1) we get, if we let B > 1:
|£v| < eBT.

What is left to do is to show that 9(D(1)) is (N —1)-Lipschitz parametrizable,
and to compute Vol D(1). We use polar coordinates (p,v;) (i =1,...,r1 +73)
to do this. We let 0 < p; for all ¢ and 9; = 1 ifi = 1,...,ry, but ¥; = 1
if vile. i =mr +1,...;71 +7r0 welet 0 <9 <27, Map ((p;, %)) to
(pie'’?);. The inverse image of D(1) in polar coordinate space is given by those
(&0;)j = (&) = (pje”7); such that

ri+r2 N,
[T <]
{0< S (2.2

r1+ra

log pj — % log [T:] ol = a—1 Caloglogmg|l G =1,...,r1 + 2.

The first condition is equivalent to N¢ < 1, the second condition (or actually,
the next r; +r2 conditions) is (are) equivalent to & € D. Hence both conditions
together are equivalent to & € D(1). Note that none of the equations from
eq. (2.2) involve any of the angles ¥;. Let P denote the set of (p1,..., pr 4ry)
that satisfy eq. (2.2). then

Vol D(1) = / Ldéy -+ dbpy i,

D(1)
2m 2m
- // // / // PR
P 0 0 {£1} {£1} J{1} {1}

d'ﬂl T d’l?s(c) dﬁs(c)Jrl T dﬁrl d’19T1+1 T d19r1+rz dPl to dpr1+r2

= 2T1_S(C)(2ﬂ.>r2/ o /pm C Pritre dpl o dp?‘1+2'
P

We change variables again. Consider the cube S in (71 472)-space with variables
(u,¢1,...,c¢) such that

0<u<l,
0<¢ <1 (g=1,...,7)

We have a bijection f: S — P between this cube S and P, given in one direction

by
pj = uN exp <Z Cq 10g|0j77q|> .

q=1
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That the image of f is indeed contained in P follows from first considering the
product

ri+rs N T 1472
H p;’ = uexp Zcqlog H |‘7j7711|Nj
j=1 q=1 Jj=1
r
= uexp (Z Cq 10g|N8(77q)|>
q=1
= U7

since Ng (ng) = %1, since 7, is a unit. Since 0 < u < 1, the first condition of
2.2 is satisfied. As a direct consequence, the second condition is also satisfied.
(Apply log to the expression of p; and use the identity above for w.) Hence the
image of f is indeed contained in P.

To show that it is a bijection, we show the existence of an inverse. We
already saw that

T1+72

N
II o7 =u
j=1
The numbers ¢, are uniquely determined by (p1, ..., pry+r,) because
det(log |o;1,"7) 4 = R
eLlog19;Mql" 7 )ja ¢
does not vannish (corollary 2.15)

We compute the Jacobian determinant. First compute the partial deriva-
tives:

O _ L pi g 90

e = N u e, log |57
Hence the Jacobian determinant of f is
rodors p1log || s p1log|o1ny, v, |
%pr’l% Pri+ra 10g.|0r1+r2771| "t Pro+r, lOg ‘0.-7“1+r2777"1+7"2
I 1 10g|<'f1771| 10g|‘71'77m+r2|
i log |0T;+T2771| o log “77’1+'7“277r1+r2|

Adding the first r = r1 + ro — 1 rows to the last after multiplying the j-th row
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by N; shows that this is equal to

1 logloym]| -+ log|oiny
1 —ry | : :
Npriv1- Pritrs 1 loglom:| -+ log|omn.|
N 0 0
1 )
27" R..

Npri 11 Pritr

Hence:

Vol D(1) :2”—5(0(%)%/2%}2( du
S

_ 2r175(c)7_rr2Rc

where p is the Lebesgue measure.

As to Lipschitz parametrizability, a continuously differentiable map from the
cube S to P would suffice, since the closed cube S is Lipschitz parametrizable.
The only non-continuously differentiable aspect we encountered along the way
of our reparametrizations was the exponent 1/N of u. But we can remedy this
by doing one more reparametrization: reparametrize the unit cube S by a copy
of itself S’ with variables (u/,c},...,c.) and mapping this to (u'~,c;,...,c.).m

- )y ~r



Chapter 3

Representation theory of
finite groups

We will use some representation theory of finite groups, which will be developed
here. G will always be a finite group. Our vector spaces will be over C and
finite dimensional. The references for this section are Serre [11] and Lang [8].

Definition 3.1 Let G be a finite group and V' a C-vector space. A represen-
tation of G in V is a homomorphism

G — Aut(V).
We call dim V' the degree of the representation.

Example 3.2 Let G be a group. Let R be the free C-vector space generated
by basis elements e, with ¢ € G. Define the regular representation of G by
po(er) =eqr forall o,7 € G.

Definition 3.3 Let p: G — Aut(V') be a representation. We also denote p(g)v
by gv. The map p(g) will also be denoted by p,. We define C[G] to be the set
of expressions of the form

S oo

ceG

with a, € C and all but finitely many a, = 0. With the natural addition and
multiplication and multiplication with C this is a C-algebra.

Proposition 3.4 There is a 1-1 correspondence between C-algebra homomor-
phisms

C[G] = End(V)
and representations

G — Autc(V).

31
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PRrROOF Restricting a C-algebra homomorphism C[G] — End(V) to G gives a
representation and extending a representation G — Aut(V) gives a C-algebra
homomorphism, and these operations are inverse to each other. n

We will also call C-algebra homomorphisms C[G] — End (V') representations of
G. This is justified by proposition 3.4.

Notation 3.5 We will sometimes abuse notation and for a representation
p: G — Aut(V)

write p for the vector space V and V for the map p. This will cause no confusion.

Theorem 3.6 (Maschke’s Theorem) Let p: G — Aut(V) be a representa-
tion. Let W C V be a G-stable linear subspace. Then there exists a complement
WO of W (i.e. W & WY =V ) which is also G-stable.

PROOF Let W’ be an arbitrary complement of W in V. Let 7: WoW' =V —
W be the projection. Define 7° by averaging this projection:

1
0 _ -1
T = g PoTPy -

ceG

Since m maps V into W, and m preserves W, we see that myp maps V into Wj.
We have 7, 'z € W for z € W, hence

7p; te = p la, hence

-1
PoTPy T =X,

0 0

hence 7’2 = x. Hence 7" is a projection of V onto W, corresponding to some
complement WP of W. One readily verifies that p,m° = 7%, for all ¢ € G. If
z € W% and ¢ € G then %z = 0, hence m°p,2 = p,m’z = 0, i.e. p,z € WY,
i.e. W9 is stable under G. =

Definition 3.7 Suppose p: G — Aut(V) is a representation. Suppose W C V
is a G-stable subspace. We then have a representation p"¥': G — Aut(W) by re-
stricting each p(c) to W. The representation p" is called a subrepresentation
of p.

Definition 3.8 A representation p: G — Aut(V) is said to be simple or ir-
reducible if V' ahas no invariant subspaces other than 0 and V itself. By
theorem 3.6 this is equivalent to saying that p is not the direct sum of two
representations.

Theorem 3.9 Fvery representation is a direct sum of irreducible representa-
tions.
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ProOOF Induction on dimV. If dimV = 0 then p is the empty direct sum of
irreducible representations. Suppose dimV > 1. If p is irreducible, then we
are done. Otherwise, V can be decomposed by theorem 3.6 as V & V', both
G-stable and of dimension smaller than dim V. By induction both summands
are the direct sum of irreducible representation, hence the total direct sum is.m

Definition 3.10 Two representations p: G — Aut(V) and p': G — Aut(V’)
are called isomorphic if there is a linear isomorphism 7: V' — V' such that for
all o € G:

vV —=V

JP(S) lp’(S)

vV —=V
commutes.

Definition 3.11 Let p': G — Aut(V?) and p?: G — Aut(V?) be two repre-
sentations. We then define the following.

(1) The direct sum representation p' © p?: G — Aut(V' @ V?) by
(' @ p*)o = py @ p2
for all o € G.

(2) The tensor product representation p' ® p?: G — Aut(V! @ V?) by
(' @ p%)o = ph @ p2
for all o € G.

Proposition 3.12 (Schur’s Lemma) Let p': G — Aut(V1!) and p*: G —
Aut(V?) be two irreducible representations of G. Let f: V1 — V2 be a linear

map such that

v v

lp%s) Lﬂ(s)
v v

commutes. Then

(1) If p* and p? are not isomorphic, then f = 0.

(2) If VI = V2 and p' = p?, f is a homothety (i.e. a scalar multiple of the
identity).

PROOF (1) The case f = 0 is trivial. Suppose f # 0. For x € ker f, we have
folz = p?fx =0, hence plz € ker f. Hence ker f is G-stable. Since V; is
irreducible, this implies ker f = 0 or V!, but the second case is excluded by

f#0.

A similar argument shows that Im f = V2.

Hence f is an isomorphism.
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(2) Suppose V! = V2 pl = p%. Let A be an eigenvalue of f (this exists because
we work over C.) Put f/ = f — X. Since A is an eigenvalue of f, ker f’ # 0.
On the other hand, by linearity of the p,, we have p2o f’ = f'opl. By part
(1) this implies that f" = 0, that is, f = A. =

Corollary 3.13 Let h: V' — V2 be linear. Put
-1
> (02) oy
#G ceG
Then:
(1) If p' and p? are not isomorphic, h® = 0.

(2) If VI =V2=V, pt = p? = p, then h° is a homothety of ratio %’I‘rh, with
n=dimV.

PRrROOF We have p2h® = hOpl, because

(p2)~"h0p) = #G > (02 2otk
T€G

#G Z pTO’ 1hp’7'0'

TEG
—po

Apply Schur’s lemma to f = h°. We see in case (1) that k% = 0, and in case (2)
that h° is equal to some scalar A. In the second case we have

Trh Tr((pr) "t hp,
0= #GT;; (pr) pr)

=Trh
and since Tr A = n\, we get A = %Tr h. u

Remark 3.14 Computations with matrix coefficients can lead to enormous
amounts of indices. We give a short description of what happens when one
computes with matrix coefficients so that in what follows the focus can be on
the conceptual things. We write the coefficients of a matrix A as Aj;, where the
J indicates the row and the ¢ the column. If By; is then another matrix we have

BA kz ZBkj i

If Cy is another matrix still we have

(CBA); =Y CixBrjAji.

k,j

This should make the pattern clear.



Fix bases of V! and V2 and write all matrices with respect to these bases

By definition of h° we have

1 _
Toiy = T > iy (T2 i (7).

T,J2,J2

35

. Then

The right hand side is a linear form with respect to z;,;,. In case (1), this form

is trivial, whence all its coefficients are zero. Therefore:
Corollary 3.15 In case (1) we have
1 -1
el Z Ti1j2 (T )rjlil (r)=0
#G TG

for arbitrary iy,1i2, j1, j2.

In case (2) we have h® = X, i.e. 2, = Ad;,i, (where § is the Kronecker delta

1211

symbol), with A = L Tr(h). That is
1
A= n Z Ojajr Tjaga -
J2,J1
Hence
1 1 1
e D iy (T D, (7) = - > BirinGia Tiogy -
T,J1,J2 Ji,J2
Equating coefficients of x;,;, we obtain:
Corollary 3.16 In case (2) we have
1 _ 1
el Tisjo (T 1>rj1i1 (T) = 76i2i16j2j1
75 2 ;

TG

_ [ & ifii=is and ji = ja,
0 otherwise.

Definition 3.17 Let p: G — Aut(V) be a representation. Pick a basis of V'
and write p, as a matrix with respect to this basis. Define the character x,

of the representation p as the map

Xp(a) = Tr(pg)

This is independent of choice of basis of V. It is the sum of eigenvalues of p,,

counted with multiplicities.
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Proposition 3.18 If x, is the character of a representation p of degree n then

(1) x(1) =n,

(2) x(c=') = x(0) for allo € G,

(3) x(tor=t) = x(0) for o,7 € G.

PrOOF (1) The sum of the diagonal elements of the n x n identity matrix is n.

(2) Since p, has finite order, its eigenvalues A1, ..., A, have finite order as well.
Hence they have absolute value 1. Hence

x(o) = Tr(po)
-y X
- Z)\i—l
= Tr(p, )
=Y Tr(ps)
=x(o7h).

(3) We can also write this as y(vu) = x(uv) with u = 70 and v = 771. It then
follows from

Tr(ab) = Tr(ba). n
Proposition 3.19 Let p': G — Aut(V?!) and p?: G — Aut(V?) be two repre-
sentations of G and let x1 and x2 be their respective characters. Then:
(1) The character x of the direct sum representation V1 @ V? is x1 + xa.
(2) The character 1 of the tensor product representation VI @ V2 is x1 - Xa2.

PROOF Write p!, p? in matrix form: R., R2. The representation Vi @ V5 is then
given by the matrix
RL 0
Ha = ( 0 R?,) :

Hence Tr(R,) = Tr(RL) + Tr(R2), that is x (o) = x1(0) + x2(0).

For (ii) we do a similar thing. Let (e;,) be a basis for V! and (e;,) be a basis
for V2. Let (ri,j,(0)), (1iy;,(0)) be the matrices of p' and p? with respect to
these bases respectively. We then have

pfly(ejl) = Zriljl (s)ei,
i1
pi(eb) = Z Tigjo (S)6i27

i
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which implies
po ® po’ ej; @ e]z Z T11J1 le]z )eil @ €4,
11,12
Hence
Tr(py @ p2) = D Tirin ()i (0)
1,12

= x1(o)x2(0). [ |

Remark 3.20 If ¢ and w are complex—valued functions on G, we set
(o Dol D el
#G TEG #G TEG

We have (p,v¢) = (¥, ). Moreover, (p,v) is linear in ¢ and . With this
notation, corollary 3.15 and corollary 3.16 become, respectively,

1
(Tigga>Tinin) = 0 and (riyj,, 7j,0,) = 552-21-1(%2;-1.

Definition 3.21 Let ¢, ¥ be complex—valued functions on G. Define

(ele) = #G > o)

TEG

This is a scalar product: it is is linear in ¢, semi-linear in ¢, and (p|p) > 0 for
all ¢ # 0.

Definition 3.22 For a complex valued function ¢ on G define ¢V (1) = ¢(7=1).

Remark 3.23 We then have (¢[y) = (p,¥"). If x is the character of a repre-
sentation, we have y = x by proposition 3.18 (2). Hence (¢|x) = (¢, x) for all
p on G.

Theorem 3.24 (1) If x is the character of an irreducible representation then
(xIx) =1 (x has “norm 17).

(2) If x and x' are characters of non-isomorphic irreducible representations
then (x|x’) =0 (x and X' are “orthogonal”).

PrOOF (1) Let p be an irreducible representation with character x and matrix
representation p; = (r;;(7)). We have x(7) = r;;(7). Hence
() = (xlx) = D (ria, )
2]

But by corollary 3.16 we have (r;,r;;) = d;;/n. Hence

(xho) = Z&j /n=n/n=1.
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(2) Proved in the same way as (i), but by applying corollary 3.15 instead of
corollary 3.16. -

Theorem 3.25 Let V' be a linear representation of G, with character ¢, and
suppose V' decomposes into a direct sum of irreducible representations:

V=W, & W

Then, if W is an irreducible representation with character x, the number of W;
isomorphic to W is equal to (¢|x) = {(¢|x)-

PrOOF Let x; be the character of W;. By proposition 3.19, we have
p=X1F ot Xke

Hence (¢]x) = (x1lx) + -+ + (xx|x)- But by theorem 3.24 (x;|x) is equal to 1
or 0, depending on whether W; is or is not isomorphic to W. n

Corollary 3.26 The number of W; isomorphic to W is independent of the de-
composition.

PROOF (¢|x) is independent of the decomposition. n
Corollary 3.27 Two representations with the same character are isomorphic.

ProOF Corollary 3.26 shows that they contain every irreducible representation
the same number of times n

Hence if x1,...,xn are the distinct irreducible characters of G and Wy, ..., W),
denote corresponding irreducible representations then each representation V' is
isomorphic to a direct sum

V=mW & & mipWy with m; integers > 0.
The character ¢ of V is equal to

mix1+ -+ MEXk

and
m; = (plx:)
By orthogonality:
k
(elo) =D m;
i=1

Hence
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Theorem 3.28 If ¢ is the character of a representation V, then (¢|p) is a
positive integer, and (p|) = 1 if and only if ¢ is irreducible.

PROOF > m? is equal to 1 if and only if one of the m;’s is 1 and the rest is 0.m

Let
X1y+-+yXh

be the irreducible representations of a group G, of degrees
Nyy..o.y Nk

. (Then n; = x;(1).) Let p: G — Aut(R) be the regular representation. Then
po(er) = esr, hence the diagonal of the matrix representation of p, consists of
zeroes if o # 1 and it consists of 1’s if ¢ = 1. Hence Tr(p,) = 0 if o0 # 1 and
Tr(p;) = dim R = #G. Hence we have

Proposition 3.29 The character rg of the reqular representation is given by

ra(l) = #G,
ra(o) =0ifo # 1.

Corollary 3.30 Every iredducible representation W; is contained in the reqular
representation with multiplicity equal to n;.

PRrOOF By theorem 3.25 this is equal to

axi) = 2 3 1ol (o)

ceG
1
= %#Gm(l)
=n,;. ]

Corollary 3.31 A group has a finite number of non-isomorphic irreducible rep-
resentations. Consequently it has also a finite number of irreducible characters.

Corollary 3.32 (a) The degrees satisfy

k
an = #Q.
i=1
(b) If o #1 then

k
Z nixi(o) =0
i=1
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PRrROOF By corollary 3.30:

rg(o) = ZniXi(U)~

Taking o = 1 we get (a), taking o # 1 we get (b). n

Definition 3.33 A function f: G — C is called a class function if it is con-
stant on conjugacy classes. Equivalently it factors through G/ C1 G, where C1G
denotes the set of conjugacy classes of G.

Proposition 3.34 Let f be a class function, p a representation. Put py =
> orec f(T)pr. If p is irreducible, of degree n and with character x, then py is
a homothety of ratio

A= 13 )

TEG

= 911,

ProOOF We have

pz:lpfpff = Z f(T)pL:lp.,.pa
TEG

= Z f(T)pO'_lTG"

T€EG

Putting v = ¢~ !70, this becomes:

po'prpo =Y flous™")p,
ueG

=Y fwpu

ueG
= pf.

So we have pfp, = psps. By Schur’s Lemma, this shows that p; is a homothety
A. We have Tr A = n\ and

Trps =Y f(7) Tr(ps)

TEG

= > f)x().

T€G
Hence

A= 3 )

TG

- 79 %) .

n
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Definition 3.35 H is the set of class functions. It is a vector space over C.

Theorem 3.36 The irreducible characters x1, ..., Xxn form an orthonormal ba-
sis of H.

PrROOF Theorem 3.24 shows that the y; form an orthonormal set. It remains
to show that they generate H. It is straightforward to verify that the ¥; are
also the irreducible characters . Hence it is enough to show that every f € H
that is orthogonal to all the X; is zero.

For p a representation of G, put

pr=Y_ f(1)p-

TEG

as in the proof of proposition 3.34. Since f is orthogonal to all %; proposi-
tion 3.34 shows that p; = 0 if p is irreducible. Every representation is the sum
of irreducible representations, hence py = 0 for every representation. Apply this
to the regular representation R. Compute

pre1 =Y  f(T)p-er
TEG

=Y f(Per.

TEG

Since py = 0, we have pre; =0, hence f(7) =0 for all 7 € G. Hence f =0. m

Theorem 3.37 The number of irreducible representations of G is equal to the
number of conjugacy classes of G.

PRrROOF Every class function is determined by its values on the conjugacy classes,
and for those values there is a free choice. Hence the number of conjugacy classes
is equal to the C-dimension of the space of class-functions.

But theorem 3.36 shows that the C-dimension of the space of class functions
is also equal to the number of irreducible characters. This is equal to the number
of irreducible representations. Hence the number of conjugacy classes is equal
to the number of irreducible representations. n

Proposition 3.38 Let s € G, ¢(s) the cardinality of the conjugacy class of s,
X1, -, Xhn the irreducible characters of G. Then

(a) Yizixi(s)"x(s) = £5.

(b) Fort not conjugate to s, we have Z?Zl xi(8)*x:i(t) = 0.

PROOF Let 1, be the indicator function of the class of s. This is a class function.
By theorem 3.36 it can be written

h
L= Nixi,
i=1
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with A; = (15|x:) = c(s)/#Gx*(s). For each t € G we then have
(s) §
1y(t) = Pl ;Xi(s) Xi(t)-

This gives (a) if t = s and (b) if ¢ is not conjugate to s. n
Theorem 3.39 Let G be a group. The following are equivalent:

(i) G is abelian.

(ii) All irreducible representations of G have degree 1.

PROOF Let nq,...,n, be the degrees of the irreducible representations. We
know that h is the number of conjugacy classes by theorem 3.37, and that
#G = n? +---ni by corollary 3.32. Hence #G is equal to h if and only if all
n; = 1, hence G is abelian if and only if every representation is of degree 1. g

Let p: G — Aut(V) be a representation, H < G, pp the restriction of p to H.
Let W be a subrepresentation of pg (i.e. W is a subpace of V and psWW = W
for all t € H). Denote this representation by ¢: H — Aut(W). Let s € G.
Then psW only depends on the coset sH. Thus for a coset o can define W, as
psW with any s € 0. The W, are mapped to one another by the ps, s € G.
Hence their sum ZUGG/H W, is a subrepresentation of V.

Definition 3.40 We say that the representation p of G in V is induced by ¢
from H in W if V is equal to the sum of the W, (¢ € G/H) and if this sum is
direct.

Remark 3.41 This means in particular that dimV = (G : H) dim W.

Recall that G-representations correspond to C[G]-moduls. Let V' be a C[G]-
module, W a sub-C[H]-module. Then V is induced by W if and only if

V=P ow

o€G/H

(Where oW = sW for some s € o, which is independent of the choice made.)

Proposition 3.42 V is induced by W if and only if the homomorphism
ClGl®@cimW =V

s an isomorphism.

PROOF Let R be a system of representatives of G/H. Then

C[G] = P sClH],

SER
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hence

C[G] @cim W = @) sCIHIW
sER

z@sW m

SER

Remark 3.43 This makes it obvious that the induced representation always
exists and is unique: it is

ClG] @cim W.
We will denote it by Ind$ (W) or Ind(W).
Remark 3.44 If F is a C[G]-module we have a canonical isomorphism
Homgg1(W, E) = Homgg (Ind W, E)

where both Hom-sets are considered as C-vector spaces, and F on the left hand
side is considered as a C[H|-module.

Remark 3.45 By associativity of the tensor product this also shows that in-
duction is transitive: if H < G < K and W is a sub-C[H]-module then

Indg; (Indf (W) = CIK] @cia (C[G] @cpm W)
~ (CIK] ®cm C[G]) ®cim W
= CK] ®cim W
= Indf (W).

Proposition 3.46 Let V be a C|G]-module, and suppose V' decomposes as V =
D Wi. Suppose furthermore that the W; are transitively permuted by G. Let
ig €1, W=W,;,. Let H be the stabilizer of W in G.

Then W is stable under H and the C[G]-module V is induced by the C[H]-
module W.

PROOF Let R be a system of representatives of G/H. W is stable under H by
definition of the stabilizer. By the orbit-stabilizer theorem we have #(G/H) =
#I. Hence for every ¢ € I there is a unique s € R such that sW = W;. This
shows that V = @,.; Wi = D, sW. n

Remark 3.47 In order to apply proposition 3.46 to an irreducible represen-
tation V' it is enough to check that the W; are permuted among themselves:
transitivity follows since each orbit defines a subrepresentation.

Theorem 3.48 Let H < G, (W,9) a H-representation, (V,p) the G-represen-
tation induced by W, xy and X, their respective characters. Let R be a system
of representatives of G/H. Then for each u € G:

= S b ) = g 3 (s ),

reR seG
r~lureH s tuseH
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We have

V=W

reR

P permutes the p,. W among themselves: if we write ur = r,t with r, € R and
t € H we see that p,p,W = p,, W. To determine x,(u) = Try (py), use a basis
of V' which is the union of bases of the p,.W. The indices such that r, # r give
zero diagonal terms. The others give the trace of p,, on p,W.

Denoting by R, the r € R such that r, = r we obtain

Xp(u) = Z Trer(pu,r)

reR,
where p, , denotes the restriction of p, to p,W. Observe that

reR, << ur=rtwithte H
— r~lure H.

We have, with ¢ = r—ur,
Pur = Py O pipy

= p:lﬁtpTv

hence Tr, w (pu,r) = Trw (¥¢) = x9(t) = xo(r~'ur). Hence:
Xp(u) = Z xo(r~tur).

r€R,
The second formula follows from the first.
Definition 3.49 Let H < G, f a class function on H. Define f’ on G by

1
Fs) =27 > [t 'st).
#H teG
t~lsteH

We say that f’ is induced by f and denote it by Indf[(f) or Ind(f).
Proposition 3.50 (i) Ind(f) is a class function on G.

(ii) If f = xv where (W,8) is a representation of H then Ind(xy) is the char-
acter of Ind(W).

PROOF (ii) was the content of theorem 3.48. (i) follows from direct calculation
or from (ii) and the observation that every class function is a linear combination
of characters. n

Definition 3.51 If V; and V5 are C[G]-modules, we set

(V1, V)@ = dimc Homcg(V1, Va).
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Lemma 3.52 If 91 and @9 are the characters of V1 and Vo we have

(p1,02)a = (V1, Va)a.

PROOF Decomposing V7 and V5 into direct sums, we may assume that V; and V5
are irreducible, in which case the lemma follows from theorem 3.24 and Schur’s
lemma. u

If ¢ (resp. V) is a function on G (resp. a representation of G), we denote by
Res ¢ (resp. Res V) its restriction to the subgroup H.

Theorem 3.53 (Frobenius Reciprocity) Let ¢ be a class function on H, ¢
a class function on G. Then

(¥, Res )y = (Ind ¢, ¢)¢.

PrOOF Every class function is a linear combination of characters, hence we can
assume ¢ is the character of some C[H]-module W and ¢ is the character of
some C[G]-module E. Because of lemma 3.52 and proposition 3.50 it is enough
to show that

(W,Res EYg = (Ind W, E) g,
ie.
dimc Homc g (W, Res E) = dimg Homgg)(Ind W, E),
which follows from remark 3.44. n
Remark 3.54 Theorem 3.53 expresses that Res and Ind are adjoints.
Remark 3.55 Instead of ( , ) we can use ( | ) to get the same formula:

(Y| Res ) = (Ind¢|p)q-

Let H,K < G, and consider a representation p: H — Aut(W). Let V =
Ind% (W). We shall determine Resg (V). Note that K x H acts on G by
(k,h)-g=kgh~!. Choose a set S of representatives of the orbits KgH, g € G:
G is then the disjoint union

U KsH.

ses
For s € S, let H, = sHs~' N K, which is a subgroup of K. Set
p°(z) = p(s™tws), for x € H.

We thus obtain a homomorphism p®: Hs — Aut(W), hence a representation of
H,, denoted W. Since Hy < K, Indgs(Ws) is defined.
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Proposition 3.56 (Mackey’s Formula) Let S be a system of representatives
of K\G/H. Then

Res g Indf (W) = @5 Indjy (W.).
s€ES
PROOF Let S be a system of representatives of K\G/H. Then V = ®,craW.
Let V(s) be the subspace generated by the zW, for x € KsH. Then every V(s)
is spanned by some of the W, and these spanning sets are mutually disjoint
for different s. Hence
V=V(s).

ses

The V (s) are stable under K. It remains to show that V (s) is C[K]-isomorphic
to Indj; (W,). But the subgroup of K consisting of those x such that (sW) =
sw is equal to those x € K such that

slasW =W
A
sTlase H
<
resHs L.

Hence this subgroup is equal to sHs~* N K = H,. Hence we have

V(s) = @ x(sW),

z€K/H,

hence V(s) = Indgs (sW). It remains to show that sW is C[H,]-ismorphic to
Ws. But this is true: an isomorphism is given by s: Wy — sW: w — sw. ™

Theorem 3.57 (Artin’s Induction Theorem) Let G be a finite group, p a
G-representation. Then:

For some n > 1, there exists cyclic subgroups H;, HJ’ < G and 1-dimensional
i of Hi, H} respectively such that

representations V;, )
& Gy = o
P @ (P Indf, vi = (P Indf, v,
i J

7

If {p,1) = 0, then all v;,v; can be chosen to be non-trivial.

PRrROOF If 7 is a G-representation write y. for its character.
Let V be the Q-vector space spanned by the characters of G. Let W be
the subspace spanned by X1nd€ + for all cyclic H < G and 1-dimensional H-

representations 7 (= all irreducible H-representations as H is abelian). It suf-
fices to show V = W for then

Xp = Z )‘mXIndg Tm Am € Q,
m
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hence for some n > 0

nXp = Z kaIndg Tm km S Z7
m

hence

nXp + Z kiXIndg o Z ijIndg T

2 J
k; <0 k;>0

and as the character of a representation determines the representation and char-
acter of direct sums is the sum of characters, we are done.

Hence suppose that ¢ € W, ie. (¢, XInd¢ ) = 0 for all cyclic H < G and
1-dimensional H-representations 7. By Frobenius reciprocity:

(Res ¥, x7) =0

for all irreducible representations 7 of H. Hence: Resfl 1 = 0. In particular,
taking H = (g) shows that ¥(g) = 0. This holds for all ¢ € G, hence ¥ = 0,
hence W+ =0, hence V. =W.

For the second claim, take W' to be generated by the x1,q¢ , with H cyclic
and 7 # 1 1-dimensional. It suffices to check that every ¢» € W is a multiple
of the trivial character, for the trivial character does not occur in the decompo-
sition of x, by (p,1) = 0. By Frobenius reciprocity:

(Res$ i, Tyg =0

for all H cyclic, 7 # 1 1-dimensional, hence Resg 1 is a multiple of 1. Taking
H = (g) shows that 1(g) = 1(e) (where e is the identity of G). This is true for
all g € G, hence 1 is a multiple of 1. n
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Chapter 4

L-Series

4.1 Dirichlet L-series

In this section we define zeta functions and L functions and derive properties
that we will need later, namely that L functions can be extended analytically to
a complex right-half plane including 1 to a function which is regular everywhere
except possibly in 1 if it is the L-function of the trivial character. In that case,
the extension has a simple pole in 1. The material is from Lang [9, chapter
VIII].

Proposition 4.1 (Summation by Parts, Abel’s Lemma) Let

(an)ny (bn)n

be sequences of complex numbers. Let

Ay =a1+-+ay,
B?L:b1+"'+bn

be their partial sums. Then

N-1 N-1
Z anb, = Anby + Z An(bn - bn+1)
n=1 n=1

49
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Proor
N—-1 N—-1 n
An(bn - bn+1 = Z a] - bn+1)
n=1 n=1 j=1
N—-1N-1
= a] n — n+1)
Jj=1 n=j
N-1
= D a;(bj —bn)
=1

I
M=

anb, —anby — An—1bn
1

3
Il

n — AnbN. E

I
(=
$
S

3
Il
-

Definition 4.2 A Dirichlet series is a series of the form

where (a,)n is a sequence of complex numbers and s is a complex variable. We
write s = o + it with o,¢t € R.

Theorem 4.3 If a Dirichlet series y, a,/n® converges for some s = sq, then
it converges for any s with Re(s) > o9 = Re(sg), uniformly on any compact
subset of this region.

Proor Convergence follows by comparison with ) a,/n®*. (Note that for all
complex s we have |n®| =n?.)

To see why the convergence is uniform on compact subsets, write n =
n*ons=%0, P,(sg) = >r_| m/m*°. We will give a uniform bound for the tail.
Let m < n. Consider the m-th and n-th partial sums of the series

a, 1
Z NS0 psS—so ?

sum these by parts, and subtract the n-th partial sum from the m-th, to get

n—1
ap 1 P, (so) 1 1
_— P —
kso ks—so ns—so + Z k(SO) ks—so (k. + 1)8—80
k=m+1 k=m+1

_ Pm(SO)
(m +1)s—s0’
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Letting n — oo we obtain the tail:

0 o
ar 1 1 1 P (s
> = 2 he (6 - i) “mane

k=m+1 k=m+1

Letting m be large enough we can make the second term smaller than €, uni-
formly in s (since it does not depend on s). Also, by letting m be large enough,
we can bound Pj(sg) by € (since the partial sums converge at s = sg). Denote
s = Re(o) and recall that sp = Re(og). We can estimate

> Ao (s~ g )

k=m-+1

1 1

ks—so (k + 1)3—30

B
(s — So)/ pre—— dz
k
k=m+1

e 1
§€|S_SO|/1 W dx

>

=€

_ |s — sol
|o — 0|’
and the factor after the € is bounded on compact subsets. n

Definition 4.4 Assuming that a Dirichlet series converges for some s, if og is
the smallest real number such that the series converges for Re(s) > ¢, then we
call og the abscissa of convergence.

Theorem 4.5 Assume there exists numbers C' and o1 > 0 such that
|Ap| =la1 + ...+ a,| < Cn?
for all n. Then the abscissa of convergence of > an/n® is < o1.

PROOF Let 6 > 0 and let Re(s) > o1 + . Sum by parts to obtain for the
difference of the partial sums:

T S| 1 41
Pals) = Bn(9) = Aniot D Av |- gy |~ Ams
k=m-+1

k+1

1= 1 1
=A,— E A —— drx— A, —.
ns + o ksA s+l € ms

The left and right term can be bounded by C/n® and C/m? respectively. For
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the middle term we have:

xs-&-l

k+1 o

kot

= C'/ dx
k

k+1 1
Aks/ dz
k

ma-{-l

k+1 o1
x
=|C — dx
& :EO'Jrl

k+1 1
=|C — dx|.
& xafa'lJrl

Summing this from k£ = m + 1 to oo yields

C ! ! :
oc—o1(m+1)7—
Hence:
Pale) = Pal9)] < Ol 4 O oy
This is small if we let m go to co. ]
Let

This is the Riemann zeta function. Theorem 4.5 shows that ( is analytic in
s for Re(s) > 1 (with o3 = 1). For real s > 1 we have

1 *1 1
:/ Lodr<cs) <14+ —.
1 s 5—1

s—1 T

The first inequality follows from comparing the integral with Riemann sums, the
second inequality follows from drawing a picture. It is based on the principle
that for a positive strictly monotonic decreasing integrable function f we have

S0 < [ i@+ s,
k=1 1

Hence for real s > 1 we have

1< (s=1)¢(s) < s.
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We shall show that ¢ can be extended analytically to all s with Re(s) > 1,
and that it is analytic every except possibly at s = 1. The preceeding estimate
implies it has a simple pole there, with residue 1.
Consider the alternating (-function:
1 1
The partial sums of the coefficients are 0 and 1, hence bounded. Theorem 4.5
shows that (2(s) is analytic for Re(s) > 0. But

1
2. ?C(s) + <2(S) = <(8)7
~—— + odd terms

even terms  _ oyen terms
of ¢

and therefore

a(s) = (1 5o ) €60

This gives an analytic continuation of ¢ to the line o = 0.
We must still investigate the poles. Consider the functions

1 1 1 (r—1) 1
Glo) =5+ + =TT + L 4
with r =2,3,.... Just as with » = 2, we see that the partial sums are bounded
by r, hence (,(s) is analytic for Re(s) > 0. Again, we have
1
P () + Go(s) = (5),
hence
- Gr(s)
C(S) - 1— rs%l
From r = 2 we see that the only possible poles occur when 257! = 1, or,
equivalently, when
2min
S =
log 2
From the expression with (3 we see that for a pole
2mim
S =
log 3 ’

hence 2™ = 3", which implies n = m = 0, hence s = 1. Hence we have shown:

Theorem 4.6 ((s) defines an analytic function for Re(s) > 0, except for a
simple pole at s =1. If 6 > 0, then series >, 1/n® for ((s) converges absolutely
and uniformly on compact sets in the region Re(s) > 1+ 4.
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Theorem 4.7 Let (a,), be a sequence of complex numbers, with partial sums
A,. Let 0 < o0y < 1, and assume that there is a complex number p, and C > 0
such that for all n we have

|4, — np| < Cn,

or in other words A, = np+ O(n°). Then the function

f(s) =3 an/n’

defined by these series for Re(s) > 1 has an analytic continuation to Re(s) > o1
where it is analytic except for a simple pole with resiude p at s = 1.

For the definition of characters and the c-ideal class group, see chapter 3 and
section 2.1 respectively.

PrOOF Apply theorem 4.6 and theorem 4.5 to the function f(s) — pl(s). m
Definition 4.8 Let K be a number field of degree N. Let I(c)/P. be its c-class

group. Let x be a character of I(¢)/P.. Then x also induces a character on I(c)
via the quotient map I(c) — I(c)/P.. Denote this character also by x. Define

the L.-series of x by
x(a)
LC(X7 S) = Z Nas

(a,¢)=1

with s a complex variable and the sum is over the integral ideals a € I.
Proposition 4.9 The L.-series converge on the half plane Re(s) > 1.

PROOF Note that the L -series are a Dirichlet series with

an = Z X(Cl)7

(a,0)=1
Na=n

Let A,, denote the partial sum. We have

#{a : a integral ideal in I(c) of norm < n}

= Z {integral a € R of norm < n}
ReI(c)/ P

= Z j(R7 n)

ReI(c)/P:
2.33 O (1-1/N
- Z pen + R(t )
ReEI(c)/Pe
= hepen + O(tl_l/N)a



4.1. DIRICHLET L-SERIES 55

where the subscript R of the O denotes that the constant there in principle
could depend on R. In the last line this R is gone, because we can just take the
maximum of all the constants for all R. Hence we get

|An| = Z x(a)

(a,0)=1
Na<n

= > Ix()

(a,c)=1
Na<n

- Y (4.1)

(a,c)=1
Na<n

— hcpcn + O(nlfl/N)
<Cn

for suitable C' > 0, because the sum on line (4.1) is equal to the number of
ideals prime to ¢ and of norm smaller then n, which is hj(R,n). Hence by
theorem 4.5 the abscissa of convergence is < 1. n

Remark 4.10 For every s such that L.(x,s) converges we have the follow-
ing identity, due to the multiplicativity of y and the well-known formula for
geometric series:

_ x(a) _ 1
Lc(XaS) - Nas - H 1— x(p)
(a,c)=1 pte Nps

The following is lemma Fried and Jarden [4, 5.5.19]:

Theorem 4.11 The function L(x,s) has analytic continuation to the half-
plane Re(s) > 1 — 1/N, where N is the degree of the number field K of which
L. is the L¢-series. If x = 1, then it has a simple pole at s = 1 with residue

h2™ (2m)2 R
hepe = : ( ﬂ-) :

 wey/JAg|Nc
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ProoF We have

Ay = Z Z x(a)

REI(0)/Pe 0€R

= > x(R)(pen+ OV
ReI(c)/ P

= Z X(R)L(R™1)(pen + O(n'~H/N)
Rel(c)/ P

3.20 1-1/N

= (X, Dro)/p.(pen + O(n )

3.23,3.24 [ hepen +O(n*=N) iy =1,
N O(n*=1/NY if y #1.

Hence by theorem 4.7, L.(s, x) has an analytic continuation to Re(s) > 1—1/N.
If x =1, it has a simple pole with residue

 he2 (202 R,
We/ |AK|1\Ic .

If x # 1 apply theorem 4.7 with p = 0 to conclude that L.(x, s) is analytic on
the half-plane. -

hepe

4.2 Artin L-functions

Most of the material in this section is from Dokchitser [3]. Representations are
over C. We will introduce Artin L-functions, and also cover some representation
theory of Galois groups which will allow us to develop the Artin Formalism for
Artin L-functions.

Throughout, we have the following;:

e F/K is a Galois extension of number fields.
e p is a prime of K, q lies above p.
¢ D= Dy, I =1y, Frob = Frob,,, € D/I, G = Gal(F/K).

If V is a representation of D, write V! for the subspace of I-invariant vectors.
As I < D this is a subrepresentation (if v € V! then for g € G and h € I we
have hgv = gh'v = gv (b € I)).

Definition 4.12 Let I C D be finite groups (think: inertia respectively de-
composition group), p a D-representation. Then p! are the I-invariant vectors
of p:

pl={vep:g(v)=uvforall gecl}.

Proposition 4.13 If I<D (as in the case inertia group < decomposition group)
then p! is a subrepresentation.
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PRrROOF Easy verification. n

Definition 4.14 If \; € C, g; € D, write

Det(z Aigilp) = Det(z Aip(gi))

Example 4.15 The characteristic polynomial of g € D on p with variable T is
Det(T — glp).

Definition 4.16 Let F/K be a Galois extenion of number fields. Let
p: Gal(F/K) — Autc(C™)

be a representation. Let p be a prime of K, q|p be a prime of F' above p. Choose
an element Frob, € D/, that maps to Frob,,, € Dq/p/Iq/,- Then the local
polynomial of p at p is (we will show that this is independent of the choices
made):

pP(F/KapaT) = Pp(va)
= Det(1 — Frob, T|p'v),

where I, = a/p-

Remark 4.17 This is essentially the characteristic polynomial ®,,(p,T) of
Frob, on p. If

Pp(va) =1 + alT + -+ anflTn_l + anTn
then

e/, T)=T" +arT" "+ + an1T + ay.
Remark 4.18 If dimp = 1 then

1 — p(Frob,)T if p! = p,

Lemma 4.19 P,(p,T) is independent of the choice of q|p and of the choice of
Frob,,.

Proor For fixed ¢, the independence is clear: two choices of Frob, differ by an
i € I, which acts trivially on p!. If q’ is a different prime over p, write q' = g(q)
with g € Gal(F/K) and observe that Frob,, = g Frob, g~" is a lift the Frobenius
for q’. This shows that if A is an eigenvalue of Frob,, with eigenvector v € p! then
A is also an eigenvalue of Frob;J with eigenvector gv. The converse reasining also
works, hence we see that the eigenvalues with multiplicity of Frob, and Frob;3
coincide, hence that their characteristic polynomials agree, hence that P, (p,T')
is independent of the choice of q. n
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Definition 4.20 Let F'//K be a Galois extension of number fields an p a repre-
sentation of Gal(F/K), ¢ a cycle of K. The Artin L.-function of p is defined
by the Euler product

1
L(F/K,p,s) = Lc(p,s) = Mcl;[ime B NGp) )

of K

The polynomial P,(p,T) has the form (see remark 4.18) 1 — (a7 + bT? + ---)
hence we can write (ignoring convergence):

1

— =14 (aT+bT?+ .. )+ aT+bT2+~--)2+---
CAPX T a

=1—|-apT—|—apzT2—|—~-

Formally substituting this into the Euler product gives the expression (Artin
L-series):

TI@+apN(p) ™ + apN(p) ™ +---)
pfe

= Z aqN(a)™?

(a,0)=1

L(p, s)

where if a decomposes as pi* - - - p&” we have aq = aper - - - ape,. Note that group-
ing the ideals with equal norm yields an expression for L.(p, s) as an ordinary
Dirichlet series.

Lemma 4.21 The L.-series expression for L¢(p, s) agrees with the Euler prod-
uct on Re(s) > 1, where they converge absolutely to an analytic function.

PRroOOF It suffices to show that
T1C +apN@p) ™ +apeN(p) = + )
pte

converges absolutely on Re(s) > 1. This justifies rearrangement of terms and
the Dirichlet series expression then proves analyticity.
Py (p,T) factorizes over C as

Po(p, T) = (L= MT)(1 = AT) -+ (1 = AT
for some k < dim p, |A\;] = 1. Hence the coefficients of

1 1

Py(p,T)  T[;(1—=NT)
=[[a+XT+XT+--)

=1+apT +apT+---
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are bounded by those of

=(14+T+T?%+...)dme,

(1 _ T)dimp
Hence
TT 3 b N~ = TT =y
(1 — [Np=s|)dme
pfe n pfe
1 dim p-[K:Q]
< - -
T Hl : (1 - Ip5|>
p rational prime
— C(U)dimp~[K:Q]
< o0
where ¢ is the Riemann (-function of Q and o = Re(s). n
Lemma 4.22

(i) Primes of K are in bijection with Gal(F/K)-orbits of primes of F via
p <> primes of F' above p,

i.e. Gal(F/K) acts transitively on these primes.
(i1) If q is a prime of F above p, then
9Dq — g(a)
is a Gal(F/K)-set isomorphism from G /Dy to {primes above p}.
(iti) Dg(q) = 9Dag™", Io(q) = 9Iag ™", Froby(q)/p = g Frobg g7

PRrooF (i) follows directly from the transititity of the action. (ii) and (iii) are
elementary to check. n

Corollary 4.23 Let F/L/K be an intermediate field. Let H = Gal(F/L, G =
Gal(F/K), q a prime of F over p. Then we have bijections

{primes of L above p} <+ {Gal(F/L)-orbits of primes of F above p}
< {double cosets HgDg}

PROOF The bijection between the first and second set is clear.

A bijection between the first and third set is the following. Map s (a prime
of L above p) to the set of elements of G that map ¢ to some prime above s, X,
say. If g € X, then the entire double coset HgD, is contained in X,. Suppose
9,9 € Xs. Then g(q)|s, ¢'(q)|s, hence there is an h € H such that hg(q) = ¢'(q).
This implies that ¢~ 'hg € Dy, hence that g € HgDy. Hence every X, is equal
to precisely one double coset HgD,. n
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Lemma 4.24 If V is an irreducible representation of D, then either
o VIi=0.

e V is 1-dimensional, lifted from D/I (i.e. D — D/I — C*) (these kill T
and are determined by the action of Frob).

ProoF V! is a subrepresentation, hence V! = 0 or VI = V. If VI =
then the action of D factors through D/I. The latter is abelian hence V is
1-dimensional. -

Remark 4.25 So representations of D look like V = A @ B with A’ = 0 and
B=V!=¢1-d reps of D/I.

Notation 4.26 Let (V,p) be a representation of D.

(bq/p(V, t) = Dety 1 (¢ - 1d —p(FrObq/p))

= characteristic polynomial of Frob on V.

Lemma 4.27 Let : D — D/I — C* be a 1-dimensional representation of D
with ¢ (Frob) = (. Then

(W, V)= (v, V")
= multiplicity of (t — () in ®q/,(V,1).

PrROOF We have

(¢, V) = dimc Homg(p)(C, V)
= dlmc Homc[D] (C, VI)
= dim¢ Homgpp)(C, @ 1-d reps of D/I).

1 € C can be send to a 1-dimensional summand if and only if Frob acts as
multiplication by ¢ on that summand, hence

dimc Homgp(C, @ 1-d reps of D/I) = multiplicity of (t — () in ®q,,(V,1).

Remark 4.28 Hence ®(V,t) encodes the multiplicities of the 1-dimensional
representations of D/I in V.

If G is a group (V, p) a representation and 2 € G denote by V* the representation
of G which is V' “after conjugating by z”:

p"(g) = p(z~"gx).
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Proposition 4.29 Let F//L/K be an intermediate field, (V,p) a representation
of Gal(F'/L) with character x,. Then

®q/p(Resp md% V,t) = HCIqu/s (Resgqi/G V,tfs/n)
5

where s runs over the primes of L above p and q; lies above s.

PrROOF We will show that the left hand side and the right hand side have the
same roots, with the same multiplicities. Note that the roots are f,/,-th roots
of unity. Let ¢ be such a root and take

v: D — D/I — C*

with ¢ (Frob) = (.
Then by remark 4.28:

multiplicity of ¢ — ¢ in LHS = (¢, Resp Ind$ V) p.

Note that for € G the character of (W, p*) (remember: first conjugating by
x) is xj (also first conjugate by x before applying x,). Let X be a system of
representatives of H\G/D. Then by Mackey’s formula:

—1
(¥, Resp Ind V)p = > (¢, Ind2 1 0 p Rest 1150 Va) b
rzeX

Since 1) is one dimensional, x, = 1. By lemma 3.52, we have

“'Hz z 'Haz T
Z (¥, IndszleﬁD Resﬁ,lgiﬁD Vi)p = Z (¥, Indn?lemD Resx,lng P*)p.
zeX reX
(4.2)

The next step is rather involved. Let g = #G and h = #x~'HxzND. Note that
h is also equal to #£H Nz~ 'Dzx. We have by definition of the inner product, of
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Ind and of Res:

—1
Z (¥, IndflemD Resi—lgim:) p*)D

rzeX
= w(d)l > Xpe (s~ 1ds)"
h
deD seD

s Ydsexz"'HznD

1 1y — —1y\*
=S vy Y el ) (s )
deD scx”'Dx
(zsz~ )" td(zsz™1)
S

z YHzND

=S w@dy Y xelase ) d(ase )

deD scxz” Dz
stz ldzs
S

S

Hnz"'Dx

=S wldy S xl(s e )

deD scxz” Dz
stz ldzs
€

S

Hnz"'Dx

= Y a7,

dex—1Dx sex Dz
s~ldseHNnz Dz

The bijection from corollary 4.23 gives a bijection between primes s of L over p
and double cosets HgD, mapping a coset represented by x to x(q). Also note
that 27 'Dz = Iiqu/pI = Dxfl(q)/p- Hence HNz 'Dx N H = Dz—l(q)/5
where s is the prime of L over which #71(q) is lying. Denote x71(q) = q;. We
see that

Z 1/J(xdx71)% Z X, (s~ ds)

dex—1Dx sex"'Dx
s~ ldseHnz"'Da

-t Dq;/ H
= (ih" ,IndD:i/: Requi/ﬁ X,,>in/p.
Using this in eq. (4.2) we see that (in the second sum s is the prime of L over p
corresponding to the coset represented by = (i.e. Hx~1D), and q; = 27 1q):

D 2 'Hx T
E :<w71ndx_1HwﬂD Reszle:nﬂDp >D
zeX
_ z ! in/xJ H
= E <¢ 7IndDC|i/5 ReSD%/s XP>DM/P'
s|p

s prime of L
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By Frobenius reciprocity:

-t Dq;/v H
Z <w:12 ’IndD:i/s 1%4eSin/5 XP>in/p

slp
s prime of L

D i 2zt H
= Z <R€SD:1‘;: w 7I%GSDM/G Xp>D“i/5
slp
s prime of L
We have Frobi:“;;” = Frob, ;. Hence ¢ (Froby/;) = CFarw, Y(Frobg, /5) = CFarn,
Hence by applying 4.28 to F/L we see that

Dy -1

/P T H

E <ReSin/5 P ,Requi/s XP>in/s
slp

s prime of L

= Z mult. of (t — ¢/+/?) in (I)CIi/5<Requ-/s V1)

s|p
s prime of L

- Z mult Of (t - C) in ¢qi/5(Requ./s V’ tfﬁ/p)' ]
s|p
s prime of L

Lemma 4.30 Let F/K be a Galois extension of number fields,
G = Gal(F/K),

N<G, q above 5 above p primes of F resp. FY resp. K. We have Gal(FYN /K) =
G/N. Let m: G — G/N. Then:

(i) Dsjp = DqspN/N,
(i) Iojp = Io/pN/N,

(iii) and if Frob, € Dy, acts as the Frobenius automorphism on Or/q then
n(Froby) € D)y is a Frobenius element for s/p.

PROOF (i) Dg/, and N both preserve s, hence Dy, D Dgy/,N. But also

#Ds/q = €s/pfs/p
_ €a/pfa/p
€q/sfa/s
_ #Da/p
#Dq/s
_ #Da/p
#Dq/p NN
_ #Dq/p N
#N
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(ii) Smiliar with e instead of ef.

(iii) Opn~ /s is asubfield of Op/q and both fields are over O /p. The Frobenius
raises elements to the Np-th power, and is characterized by this. n

Proposition 4.31
Let F/K be a Galois extension of number fields, p a Gal(F/K)-representation.
(i) If p' is another Gal(F/K)-representation, then

L(pe plv s) = Lc(p, S)Lc(plv s)
(i) If N <« Gal(F/K) lies in ker p, or, equivalently, if p factors as p” o7 in

Gal(F/K) 5 Gal(F/K)/N = Gal(F" /K) = Autc(C™)
then
Le(F/K,p,s) = L(FN /K, p",s).
(iii) (Artin Formalism) If p = Indgal(F/K) " for a representation p"" of H <
Gal(F/K) then
L(F/K,p,s) = L(F/F p" s).
(even though ¢ is not a cycle of F but of K we make sense of this by

simply summing over those ideals of FH that are relatively prime to ¢ (this
still makes sense)).

PRrROOF It suffices to check each statement prime-by-prime for the local polyno-
mials.

(i) We have
Py(p® 0/, T) = det(1 — Frob, Tl(p & ')1%)
= det(1 — Frob, T|p" @ p''r)
= det(1 — Froby, T|p"*) det(1 — Frob, T'|p'’*)
= Pp(Pa T)Pp(p/aT)

(ii) Apply lemma 4.30:

Py(p, T) = det(1 — Frob,, T|p"a/v)
= det(1 — p(Frobg/,)T|p"/7)
= det(1 — p(Frobq/p)T|pI“/PN/N)
= det(1 — p"(m(Frobg,))T|plarvN/N)

= det(1 — p”(Frobg ,)T|p"=/»)
= L(FN/K,p",s).
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(iii) This follows from Artin’s Induction Theorem and the fact that the local
polynomials are essentially the characteristic polynomials of Frobeniusses.
Note that on the one hand we have (p denotes primes of K, s denotes
primes of F#, q denotes primes of F):

1
L(F/K,p.s) =] 57—
p{c Pp(p? S)
On the other hand we have
1
L F FH /11 — -
C( / ’p 78) H Ps(p/”78)
sfc
~T s
oic sl det(1 — Frob,,, Ns

1
= HH — _fs EN
vic slp det(1 — Frobg,, Np~7/=/»

Hence we are done if we can show that
Py(p,T) =[] Pelp”, T%1v).
slp

The local polynomial P, corresponds to the characteristic function @/,
by reversing the coefficients: the highest coefficient becomes the lowest
and vice versa. If f = ag+a1T+--+a,T™ then call frev = ay +an_ 1T+
<+ +aoT™. We then have Py ey = ®4/,. Note that rev commutes with
multiplication of polynomials: if f =" ja; X" and g = Z;”:O b; X7 then
both (f¢)rev and frevgrev are equal to

m—+n

Z Z auby X*.

k=0 u+v=
m+n—k

Applying rev we see that what we want is equivalent to
®q/p(Resp, , p,T) = [ [ @a./s(Resp,,, p", TFo/9),
s
which is proposition 4.29. -
Theorem 4.32 Let F/K be a Galois extension of number fields and p a 1-

dimensional Gal(F/K)-representation. Then

(i) L(F/K,p,s) has an analytic continuation to Re(s) > 1—1/[K : Q], except
for a simple pole at s =1 if p=1.

(ii) If p # 1 then L(p,1) # 0.
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ProoF Note that ker p < Gal(F/K). Apply proposition 4.31 (ii) to see that
LC(F/Kv Ps S) = LC(errP/Kv p//a 5)

where p’/ = po as in proposition 4.31 (ii). In particular, p” is one-dimensional.
Hence we can assume without loss of generality that F' = F*°*?. But note that

F = F? «—= kerp = {1} «Gal(F/K) (Galois correspondence)
< p: Gal(F/K) — C* is an injective group homomorphism
= Gal(F/K) is abelian

(i) Is exactly the statement of theorem 4.38, since p is a one-dimensional
representation, that is, a character.

(ii) This follows from proposition 4.31: first apply (iii) and then (i). If G is
a group denote by reg. its regular representation. Then {1} < G, Ce; is
invariant under {1} and

C#C @ gCe;.
geG/{1}
Hence Ind?l} 1 =regg.

By theorem 3.39 the irreducible representations of G are all one-dimen-
sional (that is, characters). By corollary 3.30 we have

regg = »_ X
X irred.
char. of G

Hence we get

Cr(s)

L(F/F,1,s)
(F/FUd} 1 )
(F/K,Ind{i4 1,5)
(

(

F/K regg, s )

F/K, Y x5

X irred.
char. of G

= H L(F/K,x,s) (proposition 4.31 (i))

X irred.
char. of G

=Ck(s) ] LEF/Kx.s).
x#1 irred.
char. of G

L
L
L
L

As both (-functions ahve a simple pole at 1 and each L(F/K,y,s) is
analytic at s = 1, it follows that no L(F/K, x, s) can have a zero at s = 1,
for else it would cancel the pole of (x(s) there. n
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Proposition 4.33 Let F/K be a Galois extension of number fields and p a
Gal(F/K)-representation.

(i) For somen > 1, L(p®",s) has a meromorphic continuation to 1 —1/[K :
QJ. If {p,1) = 0 it is analytic and non-zero at s = 1.

(i1) If p # 1 is irreducible, then L(p, s) has an analytic continuation to s =1,
where the function does not vanish.
Proor (i) Write
dn G Y] G /!
P @@Indm Wi _@Ind X
i J

where G = Gal(F/K), as in Artin’s Induction Theorem. By proposi-
tion 4.31 we have on Re(s) > 1

[1; L(F/K,nd )}, s)  [1; L(F/F"5, 47, 5)
T ILL(F/K Inddy,s) I L(E/FT gy s)
By theorem 4.32 the right hand side has a meromorphic continuation to
Re(s) > 1 —1/[K : Q]. If (p,1) = 0 the 9;,7} can be taken to be non-

trivial, in which case the right hand side is also analytic and non-zero at
s=1.

L(p, s)"

(ii) L(p,s)™ is analytic and non-zero at s = 1 for some n. On Re(s) > 1,
L(p, s) is an analytic branch of the n-th root of L(p, s)", and hence as an
analytic continuation to s = 1. n

4.3 The Artin Reciprocity Law

Later we will see in theorem 4.38 that L-series of characters of Galois groups
(also defined in theorem 4.38) admit an analytic continuation. We showed this
for L-series of characters of the ideal class group in theorem 4.11. We can use
this last result to prove the first, using the relation between these two groups
provided by Artin’s Reciprocity Law from Class Field Theory. This law will be
stated here, but not proven.

Definition 4.34 Let K/k be Galois, ¢ a cycle of k divisible by all ramified
primes of k. Set
N(c) = {NE(a)|a € Ik, (a,¢) = 1}.

Note that A (¢) C I(c) as none of the prime ideals of a lie above any of the ideals
in ¢, hence (N/(a),c) = 1, hence N (a) € I(c).

Definition 4.35 Let K/k be an abelian extension of number fields. Let ¢ be a
cycle of k divisible by the ramifying primes of k. The group homomorphism

w: I(c) = Gal(K/k)
p — Frob,
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defined on prime ideals and extended multiplicatively is called the reciprocity
law map, or the Artin map. It is well defined since all p € I(¢) are unramified
and since Gal(K/k) is abelian.

Theorem 4.36 For every cycle ¢ divisible by the ramifying primes, the reci-
procity map
w: I(c) — Gal(K/k)

18 surjective.

PRrROOF This requires the global norm index inequality, which will not be treated
in this thesis. We refer to Lang [9, XV.§1]. n

Theorem 4.37 (Artin Reciprocity Law) There exists a cycle ¢ such that
P, is contained in the kernel of the reciprocity map. Such a cycle will be called
admissable. For such a cycle, the kernel of the reciprocity map is precisely
PN (c). Hence we get an isomorphism

w: I(c)/PN(¢) = Gal(K/k)
from the Artin map. This is the Artin reciprocity low.

PRrROOF This is the fundamental theorem of class field theory, and we will not
prove it here. We refer to Lang [9, X.§3]. =

Theorem 4.38 Let F/K be a Galois extension of number fields with
Gal(F/K)

abelian, and v: Gal(F/K) — C* a homomorphism (hence a character). Then

1
L*W%S) = H —s
o prime ."ffg 1 — ¢(Frob,)Np

has an analytic continuation to Re(s) > 1—1/[K : Q], except for a simple pole
at s =1 when ¢ = 1.

PROOF Let ¢ be an admissable cycle of K/k. Then

1(¢)/ Pe — I(¢) /PN () =5 Gal(F/K) 22, o

is a character x on I(c)/P., and composed with the map I(c) — I(c)/P. it gives
p — ¢(Frob,). Hence we can apply theorem 4.11 to deduce that L (), s) has
an analytic continuation to Re(s) > 1 — 1/[K : Q] with only a simple pole at
s=1if x =1, that is if » = 1. Since L.(¢, s) and L.(x, s) only differ in a finite
number of factors, this does not alter analytic aspects. ™



Chapter 5

Chebotarev’s density
theorem

We now give a proof of Chebotarev’s Density Theorem.

Theorem 5.1 The equivalence ~ denoting the property of differing by a func-
tion analytic at s = 1, we have:

1 1
1Ogs—fvzp:NpS'

PROOF See Lang [9, theorem VIII.§3.6]. n

Definition 5.2 Let M be a set primes of a number field K. The Dirichlet
density of M is the limit
1
- D per NpT
s—1+ log
if it exists. The s — 17 means that the limit is taken for real s > 1. The
natural density of M is the limit

lim #{peM:Np<n}
n—oo #{p prime of K : Np < n}

if it exists.

Proposition 5.3 If a set primes M of a number field K has a natural density
d then M also has a Dirichlet density, and the Dirichlet density of M is then
also equal to d.

ProOF Adapted from Descombes [2, chapter 8] where the case K = Q is proven,
we do the general case. For an alternative proof see Goldstein [5, theorem 14-
1-2].

69
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Let IT C Ik denote the subset of prime ideals of K.
Let ¢ and 7 be the indicator functions of M resp. II. For n € N define

o)=Y d(a),
aclk
Na<n
H(n)= Y n(a) -
aclk
Na<n
Then
H(n) '
For real o, ((0) = > 7, Na~7 majorizes
1 1
Z ﬁ(a)Nag and Z U(a)wa

aclx aclk

hence these two sums are convergent for ¢ > 1. Denote their sums by S(o)
resp. T'(o).
We have

S(o) = Zﬂ(a)Na*” = Z Np~°

pell

T(o) = Zn(a)Na“’ = Z Np~7.

pell

The limit we are interested in is equal to the limit of S(o)/T(0) as o — 1T
by theorem 5.1. Note that the number of ideals in IT with norm precisely k is
O(k) — ©(k — 1). Hence

> #(@)Na ™7 =0(1) + Zn: [Ok) — Ok —1)]k~°
alNa<n k=2

Collecting the terms with a factor ©(k) we get

n—1

=Y Ok) [k7 = (k+1)"7] +O(n)n~"

k=1

which converges to Y .-, O(n)[n~7 — (n+1)~7] for Re(s) > 1. Hence for real

n=1
o>1

S(o) = Z O(n) [n~7 = (n+1)77]
and likewise

T(o) = ZH(n) =7 —(n+1)"7].
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For a given € > 0, let ng be such that for all n > ng
‘ O(n)

Hin)

< €.

We then get for o > 1 that

‘S(U) B d‘ _ 1 S(o) —dT(o)
T(a) T(a) T(a)

n=nog+1
_ ﬁ n; 16(n) — dH(n)| [0~ — (n+1)~]
1 = —7 _(n —0o
+ T(U)en:%;HH(n) [n (n+1) }

The first term goes to zero as ¢ — 1, since it is a finite sum for every o divided
by T'(o), which behaves in the limit to 1 as log((c — 1)™!) by theorem 5.1.
Hence o close enough to one the first term is smaller than €. The second term
is bounded by ¢, since the sum consists of positive terms all of which occur in
the series of positive terms T'(c). Hence we get

< 2e.

Hence M has Dirichlet density equal to d.

Theorem 5.4 (Chebotarev’s Density Theorem) Let F'/K be a finite Ga-
lois extension of number fields. Let C be a conjugacy class of Gal(F/K). Then

Sc = {p unramified in F/K such that Frob, € C}
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has Dirichlet density

#c
#Gal(F/K)

PrROOF We wish to compute the Dirichlet density of S¢, which is by definition

1 ZPESC Np_s
im ————
s—1+ log(1/(s — 1))

Set
fls)=> Np~*.
peSe
Set C¢: Gal(F/K) — C as
_J 1 ifgeC,
Celg) = { 0 otherwise.
Then C¢ is a class function, and
fls)="> Np~*
peSc

= > Ce(Froby)Np~*

p unramified

2 Z {(Xp> Cc)xp(Frob, )Np~*

p unramified

Define

fos)= > x,(Frob,)Np~.

p unramified

We then see that f(s) is equal to
= Z<XpaCC>fp(5)
P

#C

= Wfl(S) + Z<Xpa CC>fP(5)'

p#1

We will now show that the second term is bounded. The factor in the first term
is the density that we wanted. We see that the limit we are interested in is equal
to

lim M — lim (%ﬁ(s) 21 X Cc>fp(5)> (5.1)
s—>1logl/(s—1) s—1 log(1/(s — 1))
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We will compute the limit on the right hand side by showing that the asymptotic
behaviour of the f,(s) is the same as L(p, s) for a suitable cycle c¢. Let p be
a representation of Gal(F/K). Let ¢ be the product of all primes of K which
ramify in F'. Then by theorem 4.38 (here L. = L,) we know that

L.(p,s) # 0,00 at s =1 if p # 1 irreducible,
L.(1,s) has a simple pole at s = 1.

Since p is unramified in F/K, we have I, = {e} , hence p’» = p. Let the
eigenvalues of Frob, acting on the representation space via p be Aq,. .., A\q (with
multiplicity). Recall that P, is the local polynomial (see definition 4.16). Then

log ! log !
og— ——=log=——————
Py(p, Np~—*) [[;1—-\Np~s

1
- Zlog 1—A\Np~s

2
_ Z Xp(Frob;L)

n>1

prns

Consider

Xp(Froby)
> ZTPNP .

p unramified n>1

As a Dirichlet series, its coefficients are sums of the various x,(Froby)/n. These
are bounded, since y is a character. Moreover, as a Dirichlet series > a,/n®,
every n is equal to some p#, since Np™ = p/™ where f is the residue degree of p.
There are at most [K : Q] primes p over p. Hence at most [K : Q] contribute to
each coefficient. We see that the coefficients are bounded, and hence that this
Dirichlet series defines an analytic branch of log(L.(p, s)) on Re(s) > 1. Denote
this analytic branch also by log(L.(p, s)).

Note that

fols) =log(Le(p )y~ S0 30 M s

R n
p unramified n>2

We wish to show that the asymptotic behaviour of f,(s) and log(L.(p,s)) for
s — 1 is the same, and we do this by showing that the second term in the above
expression for f,(s) is bounded. Note that for a prime p € Z there are at most
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[K : Q] primes p of K over p. Hence for Re(s) > 1

P%ob

>N

p unramified n>2

>

p unramified n>2

[ log(Le(p, 5)) = fo(s)l

P%ob

—’I’LS

IN

<dimp - Z Z Np_”s
p unramified n>2
camp Y Y|k

p unramified n>2

<dimp-[K:Q]- Y Y

PEZ n>2
prime

1 1
=dimp-[K:Q]- Z e T T
o PP L= (1/p

Ip ™

prime

=g (K Q) 3 Loty

PEZ
prime

<dimp-[K:Q]- Z |p[Re(s) |p|Re( ) — 1)

pEZ
prime

gdimp~[K:Q]-Z||||71 (as Re(s) > 1)
pez. pl(lp
prime

<dimp-[K:Q]- Z % (as Re(s) > 1)

<dimp-[K:Q]- Y
< 0.

So
fo(s) =" > xp(Froby)Np~*

p unramified

is bounded as s — 1 on Re(s) > 1 if p # 1 irreducible and

fi1(s) = Z Np~™° ~ log S i

p unramified

1
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as s — 1.
Using these two asymptotic results in eq. (5.1) gives the desired result. g

Remark 5.5 Once can show that the set of primes has in fact a natural density.
Then proposition 5.3 and theorem 5.4 combined show that this natural density
is then equal to #C/#G. The interested reader is referred to Serre [10, I-26.A.3].
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Part 11

Preliminaries on elliptic
curves

7






Introduction

In this chapter we will state what we will need from the theory of elliptic curves.
For an extensive treatment of elliptic curves we refer to Silverman and Tate [15]
and Silverman [14]. Most of the references are to the second book. Basic
terminology and concepts from algebraic geometry as covered in chapter I and
II from Silverman [14] are also freely used.

The field over which we work is denoted by K (and typically is Q, a number
field, a local field K, or a finite field).

Consider the general cubic equation in two variables x and y:

E:az® + b2’y + caoy? + dy® +ex? + fay+ gy’ +hr +iy+j =0. (5.2)

Such an equation defines a projective curve. If the curve is smooth the genus
turns out to be one. What is more, every curve of genus one is isomorphic to a
cubic curve as above (Silverman [14, proposition III.3.1]).

Definition 5.6 A pair (EF,O) with E a smooth projective curve of genus one
over a field K and O € E(K) is called an elliptic curve. To express the fact
that E is defined over K we also write E/K. Equivalently, an elliptic curve is
the zero locus of a cubic equation as in eq. (5.2) with a so called base point O
which is a solution to eq. (5.2). Often we suppress the O and just write E for
an elliptic curve.

There is a geometric way to define a group law on any elliptic curve. Using the
resulting group structure one can learn a lot about an elliptic curve, for example
formulas for the number of points on an elliptic curve.
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Chapter 6

Elliptic curves

6.1 Weierstrass equations

As shown in Silverman and Tate [15, 1.3], by choosing suitable axes in projective
space, eq. (5.2) can be transformed into the following form

E:y* + ayxy + asy = 2° + az2® + asz + ag,

such that the base point O is the projective point [0,1,0] at infinity. This is
called a Weierstrass equation for E. If char(K) # 2 then we can, as in
Silverman [14, II1.1], use the substitution

1
Y= §(y—a1$—a3)

and completing the square then gives an equation of the form
E: y2 =473 + bQJUS + 2bsx + bg,

where
bg :a‘f+4a4, b4 :2a4+a1a3, b6 :a§+4a6.

This is also called a Weierstrass equation for £. We define the quantities
bg = a?aﬁ + dasag — arazaq + agag — ai,
Cy = bg — 24b4,
cg = —biy + 36byby — 216bg,
A = —b3bg — 8b3 — 27b2 + babab.
If char(K) # 2,3 then the substitution

xr—3bs y

(@) = (e 7o)

81
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eliminates the 2 term, yielding the simpler equation

E: y2 = 2% — 27y — Bdcs.

Definition 6.1 The quantity A is called the discriminant of the Weierstrass
equation.

Proposition 6.2 The curve given by a Weierstrass equation is nonsingular if
and only if A #£ 0.

PROOF See Silverman [14, proposition I11.1.4.(a).(i)]. m

6.2 Group law

Definition 6.3 Let E be an elliptic curve. Let P,Q € FE, and let L be the
line through these two points (the line through two points on E that coincide
is taken to be the tangent at E at that one point). Let R’ be the third point of
intersection of L with E. Let L’ be the line through R’ and O and let R be the
third point of intersection of L’ with E. Then the operation + on E is defined
by P 4+ @ = R, and this notation is justified by the following proposition.

Proposition 6.4 The operation + turns E into an abelian group.
PROOF See Silverman [14, proposition II1.2.2]. =

Remark 6.5 When a curve is given by a Weierstrass equation we will always
take for O the point at infinity [0,1,0] on E.

Proposition 6.6 If E is the elliptic curve defined by the Weierstrass equation
y2 +ai1xy + azy = 2+ a2m2 + aqx + ag
over a field K, then for every algebraic extension L/K the set
B(K)={(z,y) € L? : y* + a1zy + azy = 2* + as2® + ayx + ag} U {O}
is a subgroup of E = E(K), where K denotes the algebraic closure of K.
PROOF See Silverman [14, proposition II1.2.2.(f)]. n
Notation 6.7 For m € Z we write

Pyt P ifm>0,
—_———

m times
[mPp={ P —---—P ifm <0,
| S ——
|m| times
0P =0 if m=0.

Remark 6.8 When F is given by a Weierstrass equation there are explicit
formulas for the coordinates of P + () in terms of the coordinates of P and @,
see Silverman [14, section II1.2].
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6.3 Points of finite order

When A is an abelian group and m an integer, we denote by A[m] the m-torsion
of A, that is, the subgroup of elements a of A such that ma = 0. Equivalently,
Alm] is the kernel of the multiplication by m map A — A: a — ma. In the
case of elliptic curves, there is a structure theorem for the torsion group E[m)].
The proof of this structure theorem uses, among other things, the notions of
differentials, separable morphisms, isogenies, dual isogenies and the degree of a
map. We refer to Silverman [14] for a coverage of these notions, in particular
sections I11.3 to I11.6. The conclusion is

Corollary 6.9 Let E be an elliptic curve and let m € Z with m # 0.
(a) If m # 0 in K, i.e. if either char(K) # 0 or char(K) > 0 and
char(K) t m,

then
E[m| = Z/mZ x Z/mZ.

(b) If char(K) = p > 0, then one of the following is true:

(i) E[p°] = {0} for alle=1,2,3,...,
(i1) E[p?] 2 Z/p°Z for alle =1,2,3,....

Given two points P and @ on an elliptic curve E there is an algebraic
expression for the coordinates of P + Q. In particular, this is true for P = Q.
Hence the coordinates of P+ P are expressible algebraically in terms of those of
P. One can iterate this and express the coordinates of P+ (P + P) algebraically
in terms of those of P and P + P, but the coordinates of P+ P were expressible
algebraically in terms of the coordinates of P. Continuing in this fashion we see
that the coordinates of [m|P for m € Z are expressible algebraically in terms
of the coordinates of P. The exact expression is derived in exercise II1.3.7 of
Silverman [14]. This shows that if we have an elliptic curve E over a field K and
an integer m and we add to K all the z-coordinates of the m-torsion points on
E then this gives a finite algebraic extension of K. Because of the Weierstrass
equation, adding all the y-coordinates, which amounts to adding some square
roots, again gives a finite algebraic extension. We denote this extension by
K(E[m)])/K.

6.4 Reducing elliptic curves

We treat parts of Silverman [14, section VIL.1 and section VII.2]. We use the
following notation, as in Silverman [14, chapter VII]:

e K is a local field, complete with respect to a discrete valuation v.

e R={z € K :v(x) > 0}, the ring of integers of K.
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e R* ={z € K :v(x) = 0}, the unit group of R.

m = {z € K :v(x) > 0}, the maximal ideal of R.
e 7 a uniformizer for R, i.e., m = wR.
e k= R/m, the residue field of R.

Assume that v is normalized so that v(m) = 1.
Let E/K be an elliptic curve satisfying a Weierstrass equation

E:y* +arzy + azy = 2° + apx® + agx + ag.

The substitution (x,y) — (u=2z,u 3y) leads to a new Weierstrass equation

in which a; is replaced by u'a;, so by choosing u divisible by a high enough
power of m we get an equation with all coefficients a; lying in R. Then the
discriminant of this equation satisfies v(A) > 0. The valuation, being discrete,
attains a minimal value over all such equations with coefficients in R.

Definition 6.10 Let E/K be an elliptic curve. A Weierstrass equation for E
is called a minimal (Weierstrass) equation for E at v if v(A) is minimized
subject to the condition that the a; are in R. This minimal value of v(A) is
called the valuation of the minimal discriminant of £ at v.

Proposition 6.11 (a) Every elliptic curve E/K has a minimal Weierstrass
equation.

(b) A minimal Weierstrass equation is unique up to a change of coordinates
z=uv?r"+r, y=2ay +ulsa’ +t
with u € R* and r,s,t € R.
PROOF See Silverman [14, VII.2.1.3]. m

Denote the map R — R/mR = k by a tilde: ¢ — £. After choosing a minimal
Weierstrass equation for E/K, we can reduce its coefficients modulo 7 to obtain
a possibly singular elliptic curve over k, namely

E: y2 +arry + azy = $3+62x2 + aqx + ag.

The curve E/k is called the reduction of E modulo 7.

Let P = [z, Y0, 20] € E(K). By multiplying the coordinates with a suitable
power of m, we can assume that all the coefficients of P are in R and at least
one is in R*. Then the reduced point

P = [Z0, Jo, 20
is in E(k). This defines the reduction map

E(K) — E(k),P — P.
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Note that if A is the discriminant of the minimal Weierstrass equation for
E, then A = 0 if and only if v(A) > 0. In case F is non-singular we say that F
has good reduction at v.

The case of so called bad reduction can also be of interest. For more on
this we refer to Silverman [14, VIL5].

Suppose E is an elliptic curve over a number field K, and v is a prime of
K. We then say that E has good reduction at v if it has good reduction at
v when considered as an elliptic curve over the local field K.

6.5 Neron-Ogg-Shafarevich criterion

We have the following criterion by Néron, Ogg and Shafarevich regarding the
ramification of K(E[m])/K in the case K is a local field.

Theorem 6.12 (Néron-Ogg-Shafarevich)

Let E/K be an elliptic curve with K a local field, v its valuation, k its residue
field, m an integer prime to char(k). Then K(E[m])/K is unramified if and
only if E has good reduction at v.

PROOF See Silverman [14, exercise VIL.7.9.(b)] n

Corollary 6.13 Let E/Q be an elliptic curve, with discriminant Ag. Let m be
an integer, p a prime of Q with p-adic valuation v, such that v,(m) = v,(Ag) =
0. Then Q(E[m])/Q is unramified at p.

PrOOF Localize at p and apply theorem 6.12. n

6.6 The Tate module

Definition 6.14 Let E/K be an elliptic curve, let £ € Z be a prime such that
¢ # char(K). The (¢-adic) Tate module of F is the profinite group

Ty(E) = lim E[¢"),

n

the inverse limit being taken with respect to the natural maps
el 5 pem).

Since each E[¢"] is a Z/¢"Z-module, the Tate module has a natural structure
as a Zg-module. Furthermore, since the multiplication-by-¢ maps are surjective,
every basis {P,, @, } of E[{"] can be lifted to a basis {P,11,Qn11} of E[{"T1],
where the fact that it’s lifted means that [[|P,+1 = P, and [[]Q,+1 = Qn. (Use
induction to see this.) Using this, we see that as topological groups

Ty(B) 2 lim(Z/0"Z x Z/1"Z)
= imZ/("Z x lim Z/("Z

27y X Zy.
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Hence we have proved:

Proposition 6.15 As a Zg;-module, the Tate-module has the following struc-
ture, if £ # char(K),

Tg(E) = Zg X Zg.

The action of G on each E[¢"] commutes with the multiplication-by-¢ map
used to form the inverse limit, so G, also acts on T, v(E). Since the profinite
group G /K Acts continuously on each finite (discrete) group E[¢"], the resulting
action on Ty(F) is also continuous.

Definition 6.16 The ¢-adic representation (of G?/K) associated to E is
the homomorphism

pe: G?/K — Aut(Tg(E))

induced by the action of Gz, on E[("].



Chapter 7

Elliptic curves over finite
fields

7.1 The action of the Frobenius map on an el-
liptic curve

Definition 7.1 Let V C P™ be a variety defined over a finite field F,. The
g-th power map

o, =X XT]

is a morphism ¢ : V' — V called the Frobenius morphism.

7.2 The zeta function of an elliptic curve

Definition 7.2 Let E/F, be an elliptic curve. The zeta function of E/F, is
defined by the power series

Z(E[FT) = exp (Z(#E(F@)JZ) .

Note that if we know the zeta function of an elliptic curve we can determine all
the #E(F,) by differentiating n times and plugging in 7' = 0. We have the Weil
conjectures for these zeta functions of elliptic curves (Silverman [14, V.2.4]):

Theorem 7.3 (Weil Conjectures for elliptic curves) Let E/F, be an el-
liptic curve. Then there is an a € Z such that
1—aT +qT?

ZERT) = oy — gy

87
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Furthermore,
Z(E/Fg;1/qT) = Z(E/Fy; T),
and
1 —aT +qT? = (1 —aT)(1 — BT) with |a| = |B] = V/q.

Remark 7.4 Note that the above rational form for the zeta function only de-
pends on a. Differentiating once and plugging in T' = 0 shows that #E(F,) =
—a+1+g¢, hence the zeta function is completely determined by #E(F,). Hence
#E(F,) determines all E(Fx) for all n € N.

Does the converse also hold? That is, does #E(F4») for some n > 2 also
always determine #E(F,;)? The answer is no, as the following counterexample
shows.

Example 7.5 Consider the elliptic curves over F3 given by
Ei vy =a3+22+1
Ey:y? =23 +22+2

Then #El (Fg) = #EQ(FQ) = 7, but #El (Fg) =1 and #EQ(Fg) =1.

7.3 The number of points as traces

We need the following point counting formula for elliptic curves.

Remark 7.6 (Silverman [14], Remark V.2.6)
Let E/F, be an elliptic curve. The quantity

GZQ+1_#E(Fq)

is called the trace of Frobenius, because by Silverman and Tate [15, V.2.6]
it is equal to the trace of the g-power Frobenius map considered as a linear
transformation of Ty(E). This linear transformation is denoted ¢,;. Thus if ¢
denotes the ¢g-power Frobenius map, then

a=1+q—#E(F,) =Tr(e)
To get a better feeling for the formula
Tr(pe) =1+ q — #E(F,)

we calculate an explicit example. The computations were done with the help of
SAGE. Consider the curve

E:y=24+22+1
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over F5. Represent the field F521 by F5(t) with ¢ satisfying the reducible equa-
tion
24 4 2410 4 4415 4 4t 212 !
+3t10 - 4® 2T 4t 42t + 33 432t +2=0.
As an abelian group, E(F524) is isomorphic to Z/2016Z & Z/29565795863520Z,
with generators
P = (2t23 + 4t22 + 4t21 +4t19 + 4t17 + t15 + 4t14 —|—4t13 + t12 + Qtll
+ 10 419 4 2f7
+ 310 4 2t - 443 4 4t + 2,
3t23 + 2t22 + 3t21 + 3t20 + 2t19 + 3t18 + 4.t17 + 4t16 + 4t15 + 4t14
+ 2113 4 341!
+ 3600 B tT 2 15 23 12+ 4t 4 2)
Q = (% + 41?2 + 362 + 3170 4+ 261 4 447 4 10 4415 44t 4413
+3t1% 4487 + 48
+ 37 43¢0 445 44t 1263 42 1143
2t23 4 2t22 4 t21 4 3t20 + t19 =+ 4t18
+ 4t17 + 2t16 + 2t14 + 2513 + 2512 + 4t11 + 2t10 + 4t9 + 4t7 + tG + t5 + t4 + t3
+ 4% + 2t + 3)

of order 2016 and 29565795863520 respectively. These orders have prime fac-
torization

2016 = 2° - 32 .7,
20565795863520 = 2° - 3%.5.7-17-73-229 - 10321,
hence
e1 = [3%2- 7P,
ep =[3%-5-7-17-73-229-10321]Q,
are two distinct elements of order 2° = 32, hence they generate
E[32} = <€1,€2>

as a Z/32Z-module. A calculation shows that applying the Frobenius automor-
phism ¢: E[32] — E[32] to these generators yields

p(e1) = 17eq + 3ea,
p(ea) = 3ey + 14es,
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hence p has matrix

17 3
M*"v”_( 3 14>

with respect to the basis eq, es. This matrix has trace 31 (mod 32). According
to our formula, this implies that

#E(F5) =1+5— Tr(pz)
=—-25 (mod 32)
=7 (mod 32).

But since 0 < #E(F5) < 52 + 1 = 26, we see that in fact #E(F5) = 7. One
easily verifies that E(F5) has indeed this number of points:

EF5)={0:1:0),(0:1:1),(0:4:1),(1:2:1),
(1:3:1),(3:2:1),(3:3:1)}.

We do it again, but this time by computing a matrix representation of the
action of the Frobenius on E[64] with respect to a basis that lifts the basis
{e1, ea} of E[32]. To this end, we let SAGE compute that considered over Fgas
the elliptic curve E is isomorphic to

Z/2124864Z & Z/1671972266837078019879428160Z,
as an abelian group, and that

2124864 = 26-.3%2.7.17-31 and
1671972266837078019879428160 = 26 -32-.5-7-17-31-73-229 - 5953
6673 - 10321 - 22961,

Over F5as we find all the 64-torsion of E. We represent the field Fzis by F5(s)
with

819 4T L 9. 16 0 A5 L9 A4 L3 43 A2 4o A1
4.0 13,639 1 0. 38 13,37 19 (36 4 35, 34, 33, 3
44530 4629 1 3.428 13,427 13,4261 25 1 9.2 . 21
2'819+4‘518+2'$17+3'815+4'814+3'813+4'812+4'511+
10428942 .88 4+4.5"4+3.5°42.5°+34+3=0
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We embed our representation of F524 in our representation of Fsis by sending ¢
to one of the zeroes of the minimal polynomial fif«5 in F5(s), namely

(%61 2. 5% 1 9.5 13498 19,492 13,441 10,393,438
44837 +4.5%43.5%° +3.63 14533 1632 12529 1 4.5
2T 43.620 42,625 4 24 4 4. 22 13,420 (18 L 3. (16 4. 15
425144612 s 451041369 184257 4554355+
3-574+2-8542-524+4-5)

This yields a lift of P and @ to E/Fsas, and also of e; and es to E/Fsas. We will
denote the lifts of e; and ey to E/F51g also by e1 and es respectively. Generators
of E/F51s of order 2124864 and 1671972266837078019879428160 respectively are
given by

R=(3-s7+3.51 1241 1 2.5 19,513 1 4. 410 3.9 38,
3.637 1 ¢36 4 4. ¢35 1 ¢34 1 3. 38 g B3l 3 304 4 20,

3.5 4454458445244 4259435842574
3-8 4354461842511 4351045943584+ 455+
45t 4344824 4-54+4,3 5T 510 451 g0 4 sty

510 42.5%9 4 2.537 1 2.53° £ 530 12,533 13532 4531 43530
+3-5% +3-520 455 +2.52 4358424252 435204
2.5 4+4-58 43517 +3.504+2.5% 435181252445
04489 +5 425" +5544.°+3-s1+4.-2+2.5+3)

S=(2-s14+4-6%44.6MM4 4.5 4 4.5 425" 4+2.50 4 4.5
s 44837 44530 14533 45324353 14530 4529 4528
+6% 4458 44.62 4358 4517435104455 145134
3-8 44504694357 +55 45" +4-5" 4355 +4.524+2-5
+1:8% 43590 4258 4. sM LB 44512 4354 44510
44689 138 g BT 4. g0 L. g8 g (B3 32y 3
+3-5%0 452 4527 146 4352 4358 4252 14504
3-8+ 43517 +3 5104250 451 445143512

4.5 451043594465 42.5" 4455425 +4-51 4253+
2-5%+s+4)
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Multiplying R and S by all the prime factors of their respective orders not equal
to 2 will then give two generators of E[64]:

fi=1[3%-7-17-31]R
fo=1[5-7-17-31-73-229-5953 - 6673 - 10321 - 22961].S

However, we do not necessarily have that these get mapped to (the lifts of) the
generators eg, ex of E[32]. Indeed they don’t. Therefore we apply the change of
coordinates

fi=12-fi+15-f;
fo=11-f1+6f;

These are still points of order 64, they are independent, and moreover:

2]f1 = e
[Q]fz/ = €2

A calculation shows that the Frobenius automorphism ¢: E[64] — FE[64] has
the following effect on these generators:

p(f1) =17f1 +3f5,
p(f3) = 3f1 +46'f3,

hence ¢ has matrix

17 3
My0a = ( 3 46 ) '
Note that the trace is 63 = 7 (mod 64) and furthermore that
M%64 = M¢732 (mod 32)
where the modulus is taken entry-wise. Hence everything works out rather
nicely.
We compute one more example, but this time by computing F[191] in the

curve E/Fxi0. Represent Fsio as F5(s) with

s+ 83 4+2s+3=0.
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As an abelian group, E/Fsuw0 is isomorphic to Z/191Z ® Z/99861226577Z, with
generators
R = (35" + 350 + 2515 4 45! 4 2513 1 4510
+ 2% 4355+ 5% + s+ 52+ 45+ 3,
45" 4 2517 4 3515 4 251 4 2513 4 4512 4 45t
+ 2510 4 358 + 357 4 50 4 455 + 45t 4 45?),
S = (450 + 45" + 2512 4 51 4 4510 4 5% 4255 4257 4 5O
+45° + 3s* 4+ 53 + 457 4 25,
3518 4 4517 4 2416 | 4415
+ 25 4513 4 2510 1 359
+ 355 4+ 55 + 25° + 35 4+ 353
+ 457 4 2)

of order 191 = 191 and 99861226577 = 7 - 191 - 419 - 178259 respectively. Hence

h=R
fo = [7-419-178259]S

are two distinct elements of order 191, hence they generate E[191] = (f1, f2) as
Z/191Z-modules. Applying the Frobenius map ¢: E[191] — E[191] yields

o(f1) = 189f1 + 188 fy,
©(f2) = 66f1 +1fa.

Therefore p: E[191] — E[191] has matrix

189 66

188 1
with respect to the basis fi, fo. This matrix has trace 190 (mod 191). Accord-
ing to our formula, this implies

#E(F5) =1 + 5— Tr(cplgl)
= —184 (mod 191)
=7 (mod 191),

and since 0 < #E(F5) < 25, we have again #E(F5) = 7.
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Part 111

Serre’s Nx(p) theorem for
elliptic curves
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Chapter 8

Proof of Serre’s Nx(p)
theorem for elliptic curves

We state and give the proof of theorem 8.1 from Serre [12] in the case of elliptic
curves.

Theorem 8.1 Let E, E' be two elliptic curves over Q, such that Ng(p) =
Ng/(p) for a set primes of (Dirichlet or natural) density 1. Then Ng(p®) =
Ng/(p°) for all p where both E and E' have good reduction, and all e > 1.

Remark 8.2 The theorem holds both for the Dirichlet density and the natural
density because in the proof Chebotarev’s density theorem is invoked. Cheb-
otarev’s density theorem also holds for both densities.

Remark 8.3 It suffices to show that Ng(p) = Ng/(p) for all primes where
E and E’ have good reduction, because the remainder of the theorem then
immediately follows from remark 7.4.

For a number field K we denote the set of places of K by V.

For a prime p of K we denote the local field of K at p by K.

For a local field K we denote its ring of integers by Ok, and a uniformiser
for its unique prime ideal by 7.

We will now prove theorem 8.1. To do so we need to extend Q to a field K so
that E(K) contains all the ¢"™-torsion, where ¢ is prime. We wish to eventually
apply Chebotarev’s density theorem, hence we must know something about the
splitting behaviour of the rational primes of Q in this extension K.

Proposition 8.4 Let E/Q be an elliptic curve, £ a rational prime, m a positive
integer, A the discriminant of E, Sy the set of rational primes consisting of ¢
and the primes that divide A. Let K = Q(E[¢{™]). Then K is unramified outside
Se.

PRrROOF This is a direct consequence of part II corollary 6.13. n

97
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Remark 8.5 Note that S; depends on ¢ but not on the power m.

Definition 8.6 Let S be a finite subset of Vi, and let 2 be a set with the
discrete topology. Consider a map f: Vg — S — Q. We say that f is S-
frobenian if there exists a finite Galois extension L/K, unramified outside S,
and a map ¢: G — Q, where G = Gal(L/K), such that:

a)  is invariant under conjugation (i.e. ¢ factors through G — CIG, where
ClG denotes the set of conjugacy classes of G),

b) f(v) = ¢(oy,) for allv € Vi — S.

Definition 8.7 A subset X of Vi — S is said to be S-frobenian if its character-
istic function is S-frobenian. This means that there exists a Galois extension
L/K as above, and a subset C' of its Galois group G, stable under conjugation,
such that v € ¥ «<— ¢, € C.

The coincidence on a set of primes of density 1 implying the coincidence ev-
erywhere is based on the Chebotarev density theorem. The main step is the
following theorem, which will allow us to apply Chebotarev’s density theorem.

Theorem 8.8 Let E/Q be an elliptic curve, ¢ a prime and m € Z~q. Then
Vq = Z/{"Z: p— Ng(p) (mod (™)
18 Sp-Frobenian.

PROOF Recall that K/Q is a Galois extension such that E(K) contains all
the ¢™-torsion. Recall furthermore that Sy is the finite set of rational primes
consisting of

o /

e All the rational primes for which E has bad reduction, that is those primes
that divide the discriminant A of E.

Let p € V@ — S and let p be an ideal of K lying over (p). Then E(K,) is an
elliptic curve that also contains all the £ torsion, as K C K. By Silverman
and Tate [15] proposition VIL.3.1 (b), the map

E(K)[("] = E(Ok, /pOk,)

is injective. Here the tilde means reduction modulo p.
To show that Ng(p) (mod ¢™) is S-Frobenian we need to find a map

p: Gal(K/Q) — Z/{™Z
such that

e ¢ is invariant under conjugation (i.e. constant on conjugacy classes of

Gal(K/Q));
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e Ng(p) (mod £™) = ¢(0o,) for all p € Vq — S, where o, is the conjugacy
class of the Frobenius element of the decomposition group Dy. This is well
defined since (p) is unramified, and ¢ is constant on conjugacy classes.

We define the map ¢ as follows:

p: Gal(K/Q) — Z/{™Z
7= 1—=Tr(r | E(K)[{"]) + Det(r | E(K)[{™]) (mod £™),

Note that ¢ is indeed constant on conjugacy classes, since the trace and deter-
minant are similarity invariant.

What is left to show is that Ng(p) (mod £™) is equal to the composition
p > op > @(op). For this, note that K,/Q, is a Galois extension with Galois
group Dy, which is generated by any element of the conjugacy class o,. This
means that any element of o, in fact also acts on E(K,). Hence we can also
compute Tr(o, | E(K,)[¢™]). But since K C K, and in fact all the ¢"-torsion
is already in K, we have

Tx(o, | B(K,)[6™)) = Tr(o, | EE)[C™)  (mod £7),
Det(a, | E(K;)[€"]) = Det(a, | E(K)[E™)  (mod £7).

We can take this one step further, by using that the reduction modulo p
induces an injection

E(Kp)[l™] — E(OKF /pOk, ).
This implies that the reduction map gives an isomorphism
B(Ky)[t"] = E(Ok, /pOx,)[("]

of Z/¢™Z-modules. Now the reduction map consists of multiplying a point
on E(K,) with projective coordinates [z¢,yo, 20], With a suitable power of «
such that all the coordinates become elements of O K, and at least one becomes
an element of O%p, and then taking everything (mod p). Note that under
the above isomorphism, the action of o, on E(K,)[{™] becomes an action on
E(OKp /pOk, )[£™] which on coordinates of points is given by z +— 27 (mod p).
Hence we see that

Tr(op | E(K,)[(™]) = Tr(z — a? | E(Ok, /pOk,)[(™])  (mod £™),
Det(a, | E(Ky)[(™)) = Det(z - 27 | E(Ox, /pOx, )[(™])  (mod &™),

In the proof of Silverman [14, theorem V.2.3.1] we see that the above determi-
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nant is equal to p and the trace is equal to 1 +p — #E(F,,). Hence

¢p(0p) =1 = Tr(w = a” | E(Ok, /pOx, )[€™])
+ Det(z — 2P| E((’)KF /pOk,)[€™]) (mod £™)
=1-Tr(z > 2”| B(Ok, /pOk,)[l™]) +p (mod £™)
— 4E(F,) (mod ™)
= Ngp(p) (mod (™) n

Note that if a function f: Vg — S — Q is S-frobenian and S C T' C Vi, then
f:Vk —T — Q is also T-frobenian. Hence we have the following corollary.

Corollary 8.9 Let E,E’' be two elliptic curves over Q. Let £ be a rational
prime, m a positive integer. Let Sy and S} be as in the previous lemma corre-
sponding to E and E' respectively. Then Ng(p): Vq —SiU S, — Z/U"Z and
Ng/(p): Vg — S¢US, = Z/{™Z are Sy U S)-frobenian.

PrOOF Note that S¢, S; C Se U S;. n

Remark 8.10 Consider the setting of definition 8.7 of S-frobenian sets. Cheb-
otarev’s density theorem shows that ¥ has a density, which is equal to #C/#G.

We wish to apply this to fibers of frobenian functions. We have the following

Lemma 8.11 Let f: Vg — S — Q be an S-frobenian function, L/K be a cor-
responding finite Galois extension unramified outside S. Let W C Q. Then the
pre-image f~1(W) is a S-frobenian set.

PRrOOF Note that

W) ={veVk —8:¢(o,) € W}
={veVg—-8S:0,€ <p_1(W)},

and note that p~1(W) is a union of conjugacy classes, since ¢ is constant on
conjugacy classes. Hence v € f~1(W) if and only if o, € ¢ (W), hence
f~1(W) is S-frobenian. n

Lemma 8.12 Let f,f': Vk — S — Q, be two S-frobenian functions. Then
(f, f): Vi — S — Q x Q is S-frobenian.

PROOF Let finite Galois extensions L,L'/K, Galois groups G,G’ and maps
o, G — Q correspond to f, f’ respectively. Then the compositum LL’ is
Galois over K, and LL’ is unramified outside S. Furthermore, we have the
embedding Gal(LL'/K) — Gal(L/K) x Gal(L'/K). We can compose this with
the map Gal(L/K) x Gal(L'/K) — Q x Q: (0,0") = (p(0),¢'(c")). Let v be
a place of K, w|v be a place of L and u|w a place of LL'. Note that the map
Gal(LL'/K) — Gal(L/K) sends a generator of D, , to a generator of D(y, ),
for the generators are characterised by = — 2™P» on the residue field. Hence
O(u,w) gets mapped to 0y, ). This shows that the previous composition is equal
to (f, f), hence that (f, f’) is frobenian. m
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We are now ready to prove theorem 8.1.

Theorem (see theorem 8.1) Let E and E’ be elliptic curves over Q. Suppose
that Ng(p) = Ng/(p) for a set of primes of density 1. Then in fact Ng(p©) =
Ng/(p°) for alle > 1 and all primes p where both E and E' have good reduction.

PROOF Let ¢ be a prime, m be a positive integer. Let S, S} be the sets cor-
responding to E,E’ from theorem 8.8. Let S = S, U S;. That is, S con-
sists of the rational primes that divide /AA’ with A, A’ the discriminants
of E,FE’ respectively. By theorem 8.8 and corollary 8.9 Ng (mod ¢™) and
Npg (mod ¢™) are S-frobenian. By lemma 8.12 the map (Ng (mod ¢™), Ng
(mod ™)) : Vq — S — Z/U™Z x Z/{™Z is S-frobenian. Let D be the diagonal
in 2 x Q By lemma 8.11 the inverse image of the complement of the diagonal

(Ng,Ng/) ' (Q2xQ—D)={pecVq—S:Ng({)# Ng(p) (mod ™)}

is a frobenian set. But since its density is zero it must be empty, by Chebotarev’s
density theorem. Hence Ng(p) = Ng/(p) (mod £™) for all p € Vg — S and
positive integers m. Note that S did not depend on m. By taking m large enough
we conclude that Ng(p) = Ng/(p) for all p € Vg — S. We can repeat the entire
argument with a prime different from ¢ to conclude that also Ng(¢) = Ng/(¢),
except if F or E’ has bad reduction at ¢. To obtain the equality Ng(p¢) =
Npg/(p®) apply remark 7.4. This finishes the proof. n

Remark 8.13 The result (for elliptic curves) is also stated in the first propo-
sition of section 2.3 in Serre [10].

8.1 Application to modular forms

We will not explain what modular forms are, but we will state a corollary of
theorem 8.1 about modular forms.

Corollary 8.14 Let f and [’ denote two newforms of weight two for T'o(N).
Assume that f and f' are normalized so that their first order Fourier coefficients
are one, and suppose that all coefficients are in Z. If for a set of primes p of
density 1 the Fourier coefficients a,(f) = a,(f') are equal, then they are equal
for all primes not dividing N .

PRrROOF By Eichler-Shimura theory (see, e.g., Knapp [6, theorem 11.74 and the-
orem 12.8]), there exists two elliptic curves E and E’ of conductor N such that
a,(f) = ap(E) and ap(f') = ap(E’), where ap(E) = Ng(p). Now the result
follows from theorem 8.1.
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