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Abstract

Homoclinic orbits to saddle fixed points of planar diffeomorphisms
generically imply complicated dynamics due to Smale Horseshoes. Such
orbits can be computed only numerically, which is time-consuming.
The aim of this project is to explore an alternative method to compute
homoclinic orbits near degenerate fixed points of codimension 2 with
a double multiplier 1. The method will be based on approximating
the map near the bifurcation by the time-1-shift along orbits of a pla-
nar ODE and evaluating the Mel’'nikov function along its homoclinic
loop. Zeroes of this Mel’nikov function are intersections of the stable
and unstable manifold and will approximate the homoclinic orbit. The
main part of this project is devoted to the derivation of a prediction
for both the homoclinic orbit and the homoclinic bifurcation curve in
the case of the normal form of 1:1 resonance.



Preface

Writing these sentences, I realize that my master’s project is almost finished.
I can look back on a good year in which I learned a lot on bifurcations,
homoclinic orbits, the Mel'nikov function and programming in MATLAB.
What is contained in this Master Thesis is only a fraction of the beautiful
things I have seen in the past year — of course, the most important part.
I invite you to go through my work and to see what I have seen. But let’s
first introduce the main subject and the process.

Introduction to the subject As one may, or may not, know, the sta-
ble and unstable manifolds of a hyperbolic saddle of a map can have very
complex behaviour, including infinitely many intersections (see section 1.2).
In some cases, such behaviour can also show up for non-hyperbolic saddles,
for example, in the case of the normal form of 1:1 resonance. Arrowsmith
et al. [I] have described the dynamics of a map with similar behaviour,
the Bogdanov map. In this useful article they look at the development of
invariant circles near a homoclinic tangle.

With MATCONT — a continuation and bifurcation toolbox for MATLAB
— it is possible to compute the stable and unstable manifolds to the saddle
of a chosen map, locate their intersection points and subsequently continue
to find the whole region for which these intersections are present. This,
however, requires a lot of (human) effort.

Some work to improve on this method, is already done by Chéavez by
starting the continuation of tangential homoclinic orbits near 1:1 resonances
using a center manifold reduction and flow approximation [3]. His method is
not completely satisfying, since he has to make an initial guess of an intersec-
tion point to start his method. One has to be lucky to choose a point which
is good enough to get useful results out of the process. Moreover, the work
of Chavez contains errors inherited from earlier publications and related to
the prediction in the parameter space. In this project I investigate a way
to obtain such initial points in a correct and efficient way. For that purpose
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I make use of the so-called Mel’nikov function, which gives a prediction for
the location of the intersection points of the stable and unstable manifolds
of a certain map (see section 1.3) and thus providing us with a good initial
guess to start the continuation with.

First of all, I test the Mel'nikov function on the McMillan map, which
is well-known for having transversal intersections. The resulting prediction
of the intersection points is superb for this map and very promising (see
section 2.2).

To apply the Mel'nikov function to the normal form of 1:1 resonance,
some more work has to be done, because the corresponding flow does not
posses a Hamiltonian part, nor is the solution of the homoclinic orbit known
explicitly. Its approximating ODE is already calculated by Kuznetsov [3].
Using more Picard iterations I have improved his result. These Picard itera-
tions also provide the flow of this system, which turns out to be very close to
the original map. The next step — and this is one of the main parts of my
project — is to find beforehand an accurate expression for the homoclinic
orbit of the ODE. For this, I make use of the method of center manifold re-
duction as given in [9]. This method relates the approximating ODE of the
normal form of 1:1 resonance to the normal form of the Bogdanov-Takens
bifurcation. The result is a good prediction of the homoclinic orbit and the
homoclinic bifurcation curve for the 1:1 resonance case, which are needed
to compute the Mel’'nikov function. Since I have gone through all the cal-
culations in that specific article independently, I give a summary of it and
details of some of the derivations in Appendix A.

As a final step, I actually compute the Mel’nikov function for the de-
scribed situation with small values of ¢, the perturbation parameter. How-
ever, there are still open questions on this part, which can be investigated
in further research. For example, by numerically computing the invariant
manifolds of the saddle for values of parameters near the bifurcation point
of 1:1 resonance I am not able to see transversal intersections of these man-
ifolds and therefore I cannot really check if the outcome of the Mel’ nikov
function indeed gives a valuable result to start the continuation with. Sec-
ondly, the Mel’'nikov function for this map does not show — as it does for the
McMillan map — a kind of vertical translation when I modify only one pa-
rameter in order to obtain tangencies instead of intersections. Furthermore,
one can wonder what the outcome of the Mel’nikov function means in this
case. Having solved these problems, it remains to implement this method in
numerical software, which gives the opportunity to continue directly from
its results for a given system.

During this research I also obtained a transformation of a general system,
which satisfies the Bogdanov-Takens conditions, to a specific form of the
Bogdanov-Takens normal form. This transformation has not been performed
explicitly anywhere in the literature. Its result is used further to derive a
system which has a Hamiltonian part with a perturbation part added. This
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specific form turns out to be particularly useful when it is related to the
approximating ODE for the normal form of 1:1 resonance.
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Theory

1.1 Introduction to Dynamical Systems

Mathematics can be viewed in some sense as an idealistic branch of science:
reality is represented in such a simplified form that mathematical analysis is
possible, equations can be solved and something can be proven. There are
many other sciences — as physics, biology, economics and even social science
— where one uses mathematical models of a real phenomenon on the basis
of data. With such simplifications one can trace back in the past or looking
forward in the future how the real configuration will behave approximately
by knowing its present state, assuming that its laws wouldn’t change in
time. Preferably, such a model of a real situation has known or even exact
solutions. But, in this respect, reality and its models are far from ideal:
results in accordance with practice almost never have such nice properties.

Therefore, it is necessary to make approximations or to look at only part
of a system, that is, its local or global behaviour. To reduce further, one
can look at the interesting parameters only and keep the other parameters
fixed. This can give the opportunity to determine and analyse for each
point of the system its possible states and evolution in time, under certain
(initial) conditions and restricted to a suitable subarea. Loosely speaking,
this describes the notion of a dynamical system: it consists of the set of all
possible states, a certain range of time and specified laws, describing the
behaviour in time and space.

Depending on the situation, time can be viewed in two ways, namely

1. as continuous with ¢t € R. That is how we often perceive reality: as
a fluently and permanently changing world. Systems with continuous
time are most often defined by differential equations, depending on n
spatial variables and m parameters,

= f(z,a), ze€R", aecR™ (1.1)
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2. as discrete with t € Z. Such a system changes step-by-step, each
new time it is in a (possibly) new state. Such systems occur often in
statistics or economics and can be viewed as taking measurements one
time in a hour or year. In general a discrete-time dynamical system is
a map f, sufficiently smooth in its n coordinates and m parameters,

z— f(z,a), zeR", aecR™, (1.2)

describing the behaviour of the system in time as a discrete sequence

{(fz, )t € Z} = {..., [ (2, ), (2, 0), 2, f(2,0), f2(2,0),.. .},
(assuming the invertibility of f).

In this thesis we restrict ourselves to systems with only two coordinates
(i.e. planar maps) and two parameters — that is to say, there can be more
parameters but they are kept fixed during the research.

Given a general system, its behaviour is determined by specifying an
initial state and the values of the parameters. Once we know these, we can
investigate how the system will evolve when time is running (either to the
past or the future). Doing this, one will find orbits (trajectories of points,
defined by the dynamics), equilibria or fixed points, cycles (periodic orbits),
and other sets invariant under f. To make the behaviour clear, it is helpful
to determine for each invariant set its stability, that is to say whether it is
attracting or repelling nearby orbits. All interesting orbits of a dynamical
system are combined in a phase portrait. In order to be able to predict
accurate things after a long time, one might need to enlarge the area of
consideration or to improve the model.

In many cases it is very interesting to know what the effect is of changing
the values of (some of the) parameters. This can influence the behaviour
not only in time but also on a local or global scale of the system. This
phenomenon is described in the next section.

1.2 Bifurcations

Indeed, varying the parameters can cause a sudden change in the local or
global behaviour of the system. Two equilibria, for example, can collide and
disappear. Loosely speaking, such a change is called a bifurcation. In formal
language one would say that a bifurcation is the appearance of a topolog-
ically nonequivalent phase portrait under variation of parameters, see [3].
Such a change of topology occurs as the parameters pass through bifurcation
(critical) values. Topologically equivalent situations can be transformed into
each other via a homeomorphism: a continuous, invertible map such that
the inverse is also continuous.

Such a bifurcation can be described by specifying a phase object (e.g.
equilibrium or cycle) and one or more bifurcation conditions, equations that
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describe a smooth submanifold in the parameter space R™, at which the
change in the dynamics takes place. The number of independent bifurca-
tion conditions is called the codimension of the bifurcation, which — as it
indicates — depends on the dimension of the parameter space. For each
bifurcation that can happen in some system, one can make a bifurcation
diagram by visualising the bifurcation conditions in the parameter space as
smooth submanifolds — that is as points, curves, surfaces, etc. —, together
with the characteristic phase portraits. If these submanifolds divide the pa-
rameter space in several regions, then the system should have topologically
equivalent phase portraits at each point of a separate region. So, if the bi-
furcation diagram of a system is known, then it is easy to determine which
behaviour and behaviour changes can happen at which point.

It might be difficult to draw the phase portrait or bifurcation diagram for
a general system immediately by hand. For most of the standard bifurcations
there is a simple system, called topological normal form, which exhibits that
particular bifurcation at or near the origin with parameters equal to zero.
If we can show that a generic system (1.1) or (1.2) is locally topologically
equivalent to this normal form, then such a system will exhibit the same
bifurcation with (topologically) the same local bifurcation diagram. Often,
there are some conditions that need to be fulfilled before we can speak about
a ‘generic’ system. We can distinguish them in nondegeneracy conditions,
stating that the critical equilibrium is not too degenerate, and transversality
conditions, which guarantee that this equilibrium is ‘unfolded’ in a generic
way.

In the following we discuss three bifurcations that are relevant for this
study, which mainly concerns the normal form of 1:1 resonance:

1. First of all, the Bogdanov-Takens bifurcation of codimension 2, since
its normal form is closely related to the approximating flow of the
normal form of 1:1 resonance.

2. Secondly, we shortly introduce the codimension 1 Neimark-Sacker bi-
furcation to make the conditions we meet in the case of 1:1 resonance
more clear.

3. And then, as third one, we describe the important case: the codimen-
sion 2 bifurcation of 1:1 resonance, which is a bifurcation related to
the Neimark-Sacker bifurcation.

For other possible bifurcations one can have a look at [3] for a list and a
description of them.
1.2.1 Bogdanov-Takens bifurcation

Consider a continuous-time system (1.1) with n = m = 2, and suppose that
it has at (z, ) = (0,0) an equilibrium with two zero eigenvalues for which
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the Jacobian matrix A = f;(0,0) # 0. This is the so-called Bogdanov-Takens
condition. The following consideration is preliminary to the derivation of the
corresponding normal form, see [8].

At o = 0 we can write the system as

&= Az + f(z),

where f(x) = f(z,0) — Az, a smooth function of second order in z. The
Jacobian A is a matrix satisfying tr A = det A = 0. There exist two real,
linearly independent vectors g1 2 € R?, such that

Aq1 =0, Aga = q1.

Note that ¢; is an eigenvector of A, while the vector g5 is called a generalized
eigenvector corresponding to the eigenvalue 0. Similarly, let p1o € R? be
the adjoint eigenvectors of the transposed matrix A, given by

ATpy =0, ATpy = p,.

Choose these eigenvectors such that they also satisfy
(q1,p1) = {q2,p2) = 1,
(g2, p1) = (q1,p2) = 0,

using the standard inner product.
Take g1,2 as the basis for the plane of the system, then each vector x € R?2
gets a unique representation

T =yi1q1 + Y292,

for real numbers y; 2 = (p1,2, z). Rewrite system (1.1) in the new coordinates
(y1,y2) to obtain for small « the general form

(1.3)

U1 = (p1, f(iq1 + y2q2, @),
U2 = (p2, f(1q1 + y2q2, ).

Notice that the matrix A for this system at o = 0 is given by

0 1
=(00)

which is the form of the zero Jordan block.
The Taylor expansion of the right-hand side of (1.3) with respect to y
at y = 0 reads

(1.4)

Y1 = apo + aioy1 + ao1y2 + azoy% + a11y1y2 + aozy% + O(HZJHS),
Y2 = boo + broy1 + bo1y2 + baoyi + biiyiye + boays + O(|lyl1?),
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with agg, by smooth functions in «, satisfying ago(0) = a10(0) = beo(0) =
b10(0) = bp1(0) = 0 and ap1(0) = 1. This system can be turned via certain
smooth transformations into a much simpler form: the Bogdanov-Takens
(BT) normal form. Actually, there are two popular forms: one of them,
where the y;-term survives in the go-part, is also described by Kuznetsov [3];
the other, where the ys-term survives, is not done explicitly anywhere. We
discuss the last one first, since we will use it frequently in this project.

Transformation to BT normal form

In this section we transform system (1.4) into a system which has a Hamilto-
nian part with a perturbation part proportional to € added. First, we bring
a general system with unknown coefficients and satisfying certain condi-
tions into the Bogdanov-Takens normal form with the y2-term in the second
equation.

Lemma 1. Consider the smooth planar system
£ =F(v,&) = Fo(v) + Fi(v,€) + B2 (v,€), €€R? veR?  (L5)
with each function Fy, defined by
_ (aoo(v)
Fotv) = (boo( )>
_ (a10(v)&1 + ao1(v)&2 )
Rt = ha(v)61 + )
 (a0(v)&E + an (V)€€ + aoz(v )f%)
R0 = (S8 Lo 1 beidl)
),b

The coefficients ag(v), br(v) are smooth functions of v and satisfy

ao()(()) = alo(O) = 600(0) = b10(0) = b01 (0) = 0.
Assume that the following conditions hold

ao1(0) # 0, (1.6a)
b20(0) # 0, (1.6b)
b11(0) # 0, (1.6¢)
F F
the map (v, &) — (F(V, &), tr <5él;§)> ,det <agg§)>> ( )
is regular at (v,€) = (0,0).
Then there are smooth invertible variable transformations, smoothly depend-
ing on the parameters, smooth invertible parameter changes and direction-

preserving time reparametrisations, reducing (1.5) to the two-parameter Bog-
danov-Takens normal form

M = 12,
. 2 3 (1.7)
2 = P14 Bamz + 07 + smn2 + O(|In]]°),
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where s = sign (ap1(0)b2(0)b11(0)) = £1.
Proof. The proof is subdivided into four steps.

Step 1 First, introduce new variables (u1,us2), using (1.5), as follows:
ur = &1,
uy = & = ago + a10é1 + an&e + az0ét + a11&1& + anés.
This reduces (1.5) to a nonlinear oscillator, written as
Uy = ug,
iz = foo(v) + fro(v)ur + for(v)uz
+ fao(v)ui + fru(W)urug + foo(v)u3 + O(||ull’),
where the functions fx;, smoothly depending on v, are defined by
foo = boo + ZT?)T (acoao1boz — (agy + aooao2)bo1);
Ji0 ="b1o + 7%1 (acoao1(a11bor + 2a10bo2) — 2anoaioao2bor
— a§y (a10bo1 + agobi1));
Jor = é(aabm + 2ag0ao2bo1 — 2a00a01bo2);
Jao = bao + T%’n (a01(at0a11bo1 — ao1azobor + aigboz — atoao1bir) — afgaozbor);
Ju= alz(%loambol + a1 (ao1b11 — 2a10boz — a1bor));
Jo2 = %(ambog — agzbo1),
using condition (1.6a). Note that we have at v = 0, foo(0) = fi10(0) =
for (0) = 0 amd fa0(0) = bao(0), fu1(0) = 240 fis(0) = 220

ap1

Step 2 Next, change the time ¢ into the new time 7, via
dt = (1 +9(v)uy)dr, (1.8)

where ¥(v) is some smooth function of v which we define later on. This time
reparametrisation preserves the direction of time in the neighbourhood of
the origin for small ||v||. It yields the system

al = %ul = %UI% = ’LL2(]_ +19U1),

dp = Luy = Sup 9t = foo + (fro + 9 foo)ur + forue

+ (f20 + 9 fro)ui + (f11 + 9 for)uuz + foous + O(J|ull?).

Since we want only the us-term in the expression for #;, we transform the
system again like in step 1:

U1 = uy,

Vo = U] = u2(1 + vﬂul)
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In these new coordinates the system becomes
01 = v,
] ) ) 3 (1.9)
U2 = goo + g10v1 + Go1v2 + g20v1 + g11v1v2 + go2vsy + O(||v]”),

with the functions gg;, smoothly depending on v, defined by

goo(v) = foo(v);

g10(v) = fio(v) + 29(v) foo(v);
go1(v) = for1(v);

g20(v) = fao(v) + 29(v) fr0(v);
gu(v) = fuv) +9w) for(v);
902(v) = fo2(v) +9(v).

We are now ready to eliminate gg2, the term proportional to vZ, by defining
¥ as

ﬂ(y) = _f02(1/)7

which makes the time reparametrisation (1.8) explicit. The other functions
involving v} are now defined as

910 = f10 — 2fo00fo2;
920 = f20 — 2f10f02;
g11 = f11 — forfoz-

For completeness, we point out that goo(0) = g10(0) = g01(0) = 0, g20(0) =
f20(0) and g11(0) = f11(0).

Step 3 Change the coordinates in the vi-direction by the following para-
meter-dependent shift,

vy = wy + 4(v),

V2 = wW2.

The system (1.9) then takes the form
W = wa,
Wy = goo + gro(w1 + &) + go1we
+ g2o(w1 + 6)% + gr1(wy + S)wa + O(J|lw]|*)
= (goo + 9106 + 200> + O(6%)) + (g10 + 29200 + O(6*)) w1
+ (901 + 9116 + O(6%))wa + (g20 + O(8))wi
+ (911 + O(8)) wrwy + O(J|w]|?).

(1.10)
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In order to eliminate the term proportional to w1, we have to find a suitable
definition of 6(v) such that hig(v) := g10+2g200 + O(6?) becomes equal to 0.
To achieve this, we make the assumption that go0(0) = f20(0) = b29(0) # 0,
which is precisely condition (1.6b). The Implicit Function Theorem then
guarantees the local existence of a smooth function §(v), which is for small
v approximately equal to

. g10)
o(v) =~ 2920(0)°

With this definition of § the system becomes

wy = w2,
) (1.11)
{ we = hoo(v) + ho1(v)ws + hgo(V)’w% + hi1(v)wiwy + O(HU}||3),

with the functions hy(v) smoothly defined in accordance with (1.10), as

hoo(v) = goo(v) — S + O(8%);

hoi (V) = go1(v) — 911(’/)2991;0(8) +0(5%);
hao(v) = gao(v) + O(0);

hi1(v) = g1 (v) + O(9).

Note that we have hoo(0) = hp1(0) = 0, hoo(0) = g20(0) and h11(0) = ¢11(0),
as one can easily check.

Step 4 In the last step we scale the coefficients of (1.11) to appropriate
forms and set the surviving ones as new parameters. Beforehand, introduce
the simpler notation A(v) = hgy(v) and B(v) = hy1(v) and assume that
b11(0) # 0, which is condition (1.6¢). This and the conditions (1.6a) and
(1.6b) guarantee that A(0) = h2o(0) = g20(0) = f20(0) = Z%?Eg)) # 0 and
B(0) = h11(0) = g11(0) = f11(0) = b11(0) # 0.

First, we rescale the time 7 — and call it ¢ again — by

This rescaling is now well-defined. Secondly, declare the new variables n;
and 72, by stating

_ B
m= AW)

e (42) 3

wy,
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These three rescalings transform the system into the simple form

7;’1 = T2,
{ il = B1(v) + Ba()nz + 17 + smnz + O(|nl®),

with
i (AO
s = sign <B(0)) ,
4 v
1) = S hoa(v),
) = L hon )

The coefficients §; both satisfy $1(0) = 82(0) = 0. In order to get a system
depending only on the parameters § instead of v, we have to assume that £
as function of v is regular at v = 0:

a8
det (81/)

This condition is equivalent to our fourth condition (1.6¢), saying that the

is regular at (v,€) = (0,0), which in turn implies that the determinant of
the Jacobian matrix does not vanish.

Hence, we can define our system in terms of the parameters 312 and s,
and thus derive the desired form of the Bogdanov-Takens normal form

T:]l =72, ) , (112)
2 = B1 + Banz +n1 + smnz + O([Inl”),
where s = sign (A(0) - B(0)) = sign (a1(0)b2p(0)b11(0)). O

£ 0.
0

V=

Derivation of a Hamiltonian normal form

Our next goal is to rescale system (1.12) such that it gets the form of a
Hamiltonian part with some perturbation terms added. This transforma-
tion, done previously by Guckenheimer and Holmes [5], is the aim of the
following lemma.

Lemma 2. The smooth planar system, depending on two parameters,

= ) , (1.13)
2 = P14 Bamz + 07 £mmz + O(|Inl°),
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can be transformed, using a singular rescaling, into the three parameter pla-
nar system

G =G,

Go =M1 +emaa + ¢ el + O(IC]?).
Proof. Let € > 0 be small. Then the transformation is performed by rescal-
ing the time ¢ to s = et and setting

m = e*(;
2 = 3(y;
B = e'y;
By = €%7.

These changes brings (1.13) into a system with (11, 72)-coordinates,
La=38aE=Fm=m=220=0(,
Lo =508 =30
=L ("t fa+eld im0 +L20(¢)P))
=+ 726 + ¢f +eCiGa + *O([¢[?).

The coefficients 71 2 and € are the new parameters. O

Theorem 3. Consider a smooth planar system
&= f(zr,a), zcR?® acR? (1.14)
with a double zero eigenvalue A1 2 = 0 for a = 0 at the equilibrium x = 0 and
assume that A(0) = f5(0,0) # 0. Then system (1.14) can be transformed
into system (1.4), with ak;, by smooth functions in «, satisfying ago(0) =
alo(O) = bog(O) == blo(O) = b01(0) =0 and aoi (0) =1.
Suppose that the following conditions hold:

CLOl(O) 7é 0, (1.15&)
b2o(0) # 0, (1.15b)
b11(0) # 0, (1.15¢)
the map (z,a) — (f(:z,a),tr (Wgﬁl:@) ,det (W)) (1.15d)

is regular at (x,a) = (0,0).

Then (1.14) can be reduced via smooth invertible variable transformations,
smoothly depending on the parameters, direction-preserving time reparametri-
sations, smooth invertible parameter changes and a singular rescaling to the
system

U=,

) 5 5 5 (1.16)
0=y + ey +u” + seuv + e°O(||u, v||?),

with s = sign (a01 (0)[)20(0)[)11(0)) = =+1.
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Proof. The proof is constituted by subsequently applying the lemmas 1
and 2. The new independent parameters are -1 2 and a small perturbation-
parameter €. The expression for s is obtained by substituting the needed
coefficients in the formula given in lemma 1. O

The right-hand-side of system (1.16) can be written in the form
(u) = G1(u,v) + eGa(u,v) + *O(|lu,v|?), € €R,
v

with G2 : R? — R? defined by

v
Gl(uav) = (’Yl + 'U,2>,

0
Gz(u,v) = (’)/211 + uv>'

If we now let € — 0,then only (7 survives, which actually provides us with
an integrable Hamiltonian system with Hamiltonian

H(u,v) = —mu+ %UQ - %uS.

Its equations of motion form the system

. oH
U= —-=0
v ’
 am 2 (1.17)
V=——F—="7+u".
ou

Choosing v; = —4 gives the phase portrait in figure 1.1. At the fixed points
(£v/=71,0) = (£2,0) the Hamiltonian has the values H(+2,0) = +51. The
left part of the level curve for this value is homoclinic to the saddle (2,0),
described by

(uo(t),vo(t)) = (2 — 6sech?(t), 12sech?(¢) tanh(t)) . (1.18)

This useful expression is used later on to obtain an approximation of the
homoclinic orbit for the general system with e # 0.
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)

Figure 1.1: The phase portrait of (1.17) with 43 = —4. The blue level curve is the
saddle connection with value H(u,v) = 5% and is explicitly given by (1.18). The
indicated points are the intersections of the level curves H = i5% with the u-axis.

Transformation to BT normal form II

Theorem 4. Consider a smooth planar system
i=f(r,0), x€R?’ «acR? (1.19)

with a double zero eigenvalue A1 2 = 0 for a = 0 at the equilibrium x = 0 and
assume that A(0) = f(0,0) # 0. Then system (1.19) can be transformed
into system (1.4), with coefficients ay (), bii(a) smooth in o and satisfying
ago(0) = a10(0) = boo(0) = b10(0) = bo1(0) = 0 and a1(0) = 1.

Assume furthermore that the following conditions hold,

a20(0) + b11(0) # 0, (1.20a)
bao(0) # 0, (1.20b)
the map (z,a) — (f(:z,a),tr (&ff;;,a)) ,det (W)) (1.20¢)

is regular at (z,a) = (0,0).

Then there are smooth invertible variable transformations, smoothly depend-
ing on its parameters, smooth invertible parameter changes and direction-
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preserving time reparametrisations, reducing (1.19) to the two-parameter
Bogdanov-Takens normal form

771 =12,
' ) , (1.21)
e = P1+ Bam +n7 + smmz2 + O([|n]]”),

where s = sign (bao(0)(az0(0) + b11(0))) = £1.

Proof. The first transformation of (1.19) into the form with the Taylor
series (1.4) is already shown above. The further transformation to the
Bogdanov-Takens normal form can be done in an almost similar way as
we transformed the same system to the slightly different normal form (1.7).
The transformation is obtained by repeating the procedure described for
Lemma 1, while interchanging step 2 and 3 and taking some other suitable
(and obvious) choices for d(a), ¥(a) and for the new variables. O

Observe that system (1.21) also has a Hamiltonian part. The solution to
this Hamiltonian system is less known in the literature, however. For exam-
ple, Guckenheimer & Holmes [5], Beyn [2] and Kuznetsov et al. [9] all use
the formulation (1.7) of the Bogdanov-Takens normal form. We follow the
same method as in the last paper to obtain an expression for the homoclinic
orbit in the case of 1:1 resonance; see section 2.3.3 and Appendix A.

L @

@

@<<

0
@\
H
® ®

@ (@X

Figure 1.2: Bifurcation diagram for the Bogdanov-Takens normal form (1.21)
with s = —1.
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The bifurcation diagram of the normal form (1.21) for s = —1 and with-
out the higher order terms, is shown in figure 1.2. The system has at most
two equilibria at 12 = 0 with 7; a solution of 5y + Bom1 + n% = 0. At the
parabola T, given by 46 = ﬁ%, the two equilibria collide into one non-
hyperbolic equilibrium with eigenvalue zero. Indeed, at the left side of this
line there are two equilibria, a saddle and a node, which collide at T" and
thus leading to a fold bifurcation.

The line H = {(p1,52) : f1 = 0,082 < 0} gives rise to equilibria with
purely complex eigenvalues A\ 2 = +iw. This is a nondegenerate Hopf bifur-
cation: crossing the line from right to left yields a stable limit cycle.

The most important curve for our purposes is the one denoted by P,
locally given by 8 = —%5% + O(33) for By < 0. This line corresponds
to a saddle-homoclinic bifurcation, i.e. for small parameter values on this
line we will find an orbit homoclinic to the saddle equilibrium, i.e. an orbit
that is asymptotic to the same equilibrium as ¢ — co and t - —oo. The
appearance of the homoclinic orbit, which is a global change, can be checked
by a blow-up of the normal form (1.21) and using a split function (see for
example [8]). We will meet this curve again by looking at the normal form
of 1:1 resonance, but in that case it will become a narrow region wherein
homoclinic structures arise.

The case s = +1 can be studied similarly, by substituting ¢ — —t and
72 +— —n2 into (1.21). Thus, the parametric portrait remains the same,
except for the cycle, which becomes unstable near the Bogdanov-Takens
bifurcation.

1.2.2 Neimark-Sacker bifurcation

Consider a discrete-time system (1.2), with n = 2, m = 1. The system
undergoes a Neimark-Sacker bifurcation if, for sufficiently small |a], there
exists for the fixed point x = 0 a pair of complex-conjugate eigenvalues
(called multipliers in this case) crossing the unit circle: A\j o(a) = r(a)e™#(@)
with 7(0) = 1 and ¢(0) = ¥, satisfying 12 = e 0 < ¥y < 7w at a =
0. Suppose that a transversality condition and a nondegeneracy condition
holds. To wit:

' (0) # 0, (1.22a)
ek £ 1 for k=1,2,3,4. (1.22b)

Then, it can be proven that any such system exhibiting the Neimark-Sacker
bifurcation can be transformed smoothly into the form

()= o (o) ) (1) a2

cos¥(B) —sind(B)\ (d(B) —b(B)\ (v
0t (Gnits) ooty ) (o ) () O,
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where 9(0) = v, see [8]. We can rewrite this system (1.23) in complex
notation as

Z zemo(l + dﬂz!Q) + (’)(\z|4),

where di(8) = d(B) + ib(8) € CL. For a generic system to have Neimark-
Sacker bifurcation we need the conditions in (1.22) and the extra nondegen-
eracy condition

d(0) = Re dy(0) # 0.

If a generic discrete system satisfies the properties and conditions de-
scribed above, then there is a neighbourhood of xg in which a unique closed
invariant curve originates from the fixed point as « passes the bifurcation
value 0. Depending on the sign of d at zero, the closed invariant curve is
either stable (d(0) < 0, supercritical, see figure 1.3) or unstable (d(0) > 0,
subcritical).

oa<0 o=0 o>0

Figure 1.3: Phase portraits for the supercritical Neimark-Sacker bifurcation.

Note that the system (1.23) includes the higher order terms O(||y||*). If
we truncate at order three (leaving out all terms of order four and higher), we
end up with a system which is in general not locally topologically equivalent.
Therefore, we cannot simply remove these higher order terms in order to
obtain a topological normal form for the Neimark-Sacker bifurcation, they do
affect the bifurcation behaviour of the system. Nevertheless, some important
features remain, such as the bifurcation of the locally unique invariant curve
from the origin with the same direction and stability as in the system without
the O(||y||*)-terms.
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1.2.3 Resonance 1:1

Condition (1.22b) actually forms the connection with the codimension 2
bifurcation cases of 1:k resonance, k = 1,2, 3,4. To have such a bifurcation
for k =1,2,3,4, by definition this condition is violated. Indeed, in the case
of 1:1 resonance there is a double eigenvalue

Aa(ag) = e =1, (1.24)

with £ = 1,99 = 0. Such a codim 2 bifurcation can be located on the codim 1
curve of the Neimark-Sacker bifurcation (in a two-parameter-space) exactly
at the point where (1.24) holds. (See for example figure 2.29 for the case of
the normal form of 1:1 resonance.)

In a generic situation of 1:1 resonance, we consider a smooth map (1.2)
with n = m = 2 which has at ap = 0 a fixed point z = 0 (arrange this by
a smooth translation) with a double unit multiplier A\; 2 = 1. Assume that
the generalized and adjoint eigenvectors g 2 and p; 2 of the Jacobian matrix
A = £,(0,0) # 0 and its inverse AT respectively, satisfy

Aq = qi, A = q1 + q2,
ATpy = ps, ATpy = p1 + po,
(q1,p1) = (q2,p2) = 1,
(q2,p1) = (q1,p2) =0,

using the standard inner product. Then we can use a similar reasoning as in
the Bogdanov-Takens case (cf. section 1.2.1) to expand the right-hand-side
of a generic map with the given properties as a Taylor series with respect
to y at y = 0, up to and including second order. We arrive then at the
expansion

Y1+ Y1+ Y2 + Coo + Croy1 + Co1y2

+ 20yt + crivyaye + co2ys + O(|lyl?),
Y2 > Y2 + doo + dioy1 + do1y2

+ dooyi + diiyiye + dooys + O(||yl1*),

(1.25)

where the general coefficients ¢y, dg; smoothly depend on « and satisfy
c00(0) = ¢10(0) = ¢p1(0) = doo(0) = d19(0) = dp1(0) = 0. These coeflicients
can be computed directly from the original map f and the generalized and
adjoint eigenvectors g1 2 and pi 2, by

8k+l

cpi(a) = Py (1, flyian + y2q2, @),
8k+l !

di(ar) = Sy 00y - (p2, f1q1 + y2q2, @)).
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In this situation the Jacobian matrix A gets the particular form

1 1
=0 1),
a Jordan block of order 2.

One can prove (see [3]) that system (1.25) can be transformed under
certain conditions into the normal form map.

Theorem 5. Consider the expansion in (1.25) and suppose that the follow-
ing conditions hold

d20(0) # 0; (1.26a)
det <g;>

Then, for sufficiently small |||, there are smooth invertible transformations
that transform (1.25) into the normal form of 1:1 resonance:

N (& &1+ &2 3
M) (52) "~ (52 + 1+ aba + Bi(v)EF + B2(”)§1€2) ORI (27)

for smooth functions B1(v) and By (v) and satisfy

0. (1.26Db)
0

a=

Bl(O) = ag = %dQQ(O), BQ(O) =by:= 020(0) + dll(O)
]

The first condition is a nondegeneracy condition, while the second guar-
antees that, for small |||, we may use v as the new parameter via the
Inverse Function Theorem, such that a(v = 0) = 0.

We want to approximate the map (1.27) by the unit-time shift o' of a
flow ¢! corresponding to a certain system of autonomous differential equa-
tions. For sufficiently small ||v| the following map represents the normal
form (1.27):

N(v,€&) = ' (r,€) + O(lv[*) + O(IEIPIvI) + OEIP).
The flow ¢!(v,-) here is obtained from the smooth planar system
E=F,&) =R+ (v, + (), (R’ veR?  (1.28)
with each function F} defined by
v+ &(2@0 — 5bo)v? — %1/11/2
&2+ (—35a0 + $bo) &1 + ((Fao — $3b0) 1 — 3v2) &2
(2a0 — $bo) 11&1 + ( (—gao + 5bo) v1 + V2>§2 )

—%Vl + 2—10(—ao + 2bg)v3 + éV1V2>

Fy(v) = <

Fi(v,§) = <
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—2a0&? + (3a0 — 3bo) &1&2 + (—gao + 3bo) 55)
ao€? + (—ao + bo)é1&2 + (a0 — 3bo) &3

Fy(8) = (

This system is obtained using Picard iterations to find the unknown co-
efficients up to the desired order (see section 1.4). We compute this flow
up to the given order in section 2.3.2, which yields a unit-time shift that
approximates the normal form well.

Under the additional nondegeneracy condition for the map (1.25),

620(0) + d11(0) — dg[)(()) 7é 0, (1.29)

we can apply Theorem 4 to the approximating ODE (1.28) to show that it is
locally topologically equivalent to the Bogdanov-Takens normal form (1.21)
with s = sign (B1(0)(B2(0) — 2B1(0))), see [5]. Moreover, if we change
condition (1.29) into

c20(0) + d11(0) — 1dao(0) # 0, (1.29)

then — by Lemma 1 — system (1.28) is locally topologically equivalent to
the other formulation of the Bogdanov-Takens normal form (1.7):

771 =12,
e = B+ Bomz + 0t + smmz + O(|nl?),

with s = sign (B1(0)(B2(0) — B1(0))). It follows that the behaviour of the
flow ¢! can be obtained from the Bogdanov-Takens theory, provided that
the nondegeneracy and transversality conditions (1.6) or (1.20) are satisfied.
These conditions are indeed satisfied for this system or they are described by
the already posed conditions (1.26) and (1.29 or 1.29"). (Note that (1.26a)
also gives the transversality of the Bogdanov-Takens bifurcation for free.)

Bifurcation diagram

Following the reasoning before in the first case (the equivalence of the ap-
proximating ODE to the Bogdanov-Takens normal form (1.21)), a similar
bifurcation diagram as figure 1.2 for the Bogdanov-Takens normal form with
s = —1 can be drawn for the approximating flow ¢! (for both s = +1), if we
take into account the correspondence between its variables (7, §) and (&, v).
Because the Bogdanov-Takens normal form is an ODE, while the time-one-
shift is a map, equilibria are changed into fixed points and limit cycles into
closed invariant curves. We will meet the same bifurcation curves, but with
the corresponding bifurcations for maps. For example the curve denoted by
H now gives a Neimark-Sacker bifurcation (also called Hopf-bifurcation for
maps), generating a stable closed invariant curve, which disappears via a
saddle-homoclinic bifurcation at P. The curve T, producing a saddle and
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a stable fixed point, still corresponds to a fold bifurcation, but now in the
case for maps.

However, the topological equivalence holds for the flow which only ap-
proximates the normal form. Therefore, the bifurcation diagram near the
1:1 resonance point is different from the diagram near a Bogdanov-Takens
bifurcation. Although some features are still present, in the case of 1:1 res-
onance things become more difficult. A schematic bifurcation diagram for a
generic map with 1:1 resonance is given in figure 1.4, with only some of the
known bifurcations.

V;
T
+

P, H
Figure 1.4: Bifurcation diagram of a generic planar map with 1:1 resonance.

The bifurcation curve 7" again corresponds to a fold bifurcation: crossing
T from right to left leads to the appearance of two fixed points, a stable and
an unstable one. The curve labelled H denotes a Neimark-Sacker bifurca-
tion. A closed invariant curve bifurcating from the stable fixed point exists
for parameter values near H; it might be destroyed if we move away from
H, due to complex behaviour in the generic situation.

The region enclosed by the curves 151,2 is very interesting for the scope of
this project. Did we have only one single curve P for the Bogdanov-Takens
case and even for the flow, in the generic situation of 1:1 resonance this
curve has grown to a small region with the shape of a horn. The width
of this ‘horn’ is somewhat exaggerated for clarity; in reality this region is
exponentially narrow as can be seen in figure 2.18 where a real, computed
version of this region is shown. What is going on in this region is explained
below in more detail.

The four curves T', H, and ]51,2 meet each other tangentially at 0, the
codimension 2 point of 1:1 resonance. We should warn the reader that both
the flow ¢! and the truncation of the normal form (1.27) do not provide
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a topological normal form, since adding higher order terms alter the bi-
furcation diagram into a topologically nonequivalent one. However, both
maps grant important information on the behaviour of systems close to the
bifurcation point of 1:1 resonance.

Homoclinic behaviour

The approximating flow (! has a homoclinic orbit for parameter values ex-
actly at the curve P, i.e. the stable and unstable manifolds of the saddle
coincide. This coincidence disappears in the generic case of 1:1 resonance.
In the region between the mentioned curves ]5172 the stable and unstable
manifold will intersect each other transversally. At the boundary curves
P 5 these intersections disappear and we are left with only homoclinic tan-
gencies: the manifolds are just tangent to each other. If we move away from
15172 at the outside of that region, then the stable and unstable manifold do
not touch each other, so there are no intersections or tangencies at all.

The transversal intersections provide a homoclinic structure and thus
infinitely many intersections. This can be seen from the fact that an in-
tersection point, say xg, belongs to both the stable and unstable manifold.
An orbit starting at zg would therefore converge to the saddle zs in both
directions. So, if we apply the map f or f~! repeatedly to zg, we find a
sequence of points converging as f¥(x¢) — x5 as k — +00. And again, each
iteration f*(zg) is an intersection point and belongs to both the stable and
unstable manifold.

The resulting complex behaviour, called Poincaré homoclinic structure,
is shown in case of the McMillan map in figure 1.5. One sees that both
manifolds are oscillating faster and faster to gain the infinite intersections.
The oscillations become bigger and more narrow for intersections near the
saddle point .
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Figure 1.5: Transversal intersections of the stable and unstable manifolds in case
of the McMillan map (2.1).

The homoclinic structure also results in infinitely many periodic points
near the homoclinic orbit with arbitrarily high periods. This can be shown
using the concept of a Smale horseshoe: consider for a sufficiently high
number N, iterations fV(S) of a rectangle S surrounding the stable man-
ifold. The intersection of S with f¥(S) then forms several horseshoes. It
is known from a theorem of Smale that the occurrence of each horseshoe
implies a countable set of periodic orbits of arbitrarily long period, see [%].
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1.3 Mel’nikov function

It is possible to compute the intersection points of the stable and unstable
manifolds numerically, but there is also a way to approximate them up to
first order in € using analytical methods. This is done by the so-called
Mel’nikov function, which we describe in this section.

Consider a family of diffeomorphisms, given by

Q.:z— F(z) +eG(z), F,G:R?=R?% zecR?® ccR. (1.30)

For ¢ = 0 this will give the unperturbed original map F', while for € # 0
but small, an extra term comes into play. This extra term ¢G denotes the
perturbation of the original map F.

Assume that the original map F' has a saddle at x5 and that the stable
and unstable manifolds for this point coincide with each other, at least at
one side. For small perturbations the equilibrium remains a saddle point
close to the original one, but the stable and unstable manifolds do not
longer coincide. In fact, they might intersect each other infinitely often
as is described in section 1.2.3.

Figure 1.6: Perturbation of a loop (W;"", dashed) homoclinic to the saddle point
x5 for € = 0. For small € # 0 this saddle changes into x. with W2* as local stable
and unstable manifolds, respectively. The initial point x( is chosen freely along the
homoclinic loop W5 = W'.

Choose an initial point zg on the loop Wy of the unperturbed map, with
corresponding unit tangent vector vg. Let 23" (¢) denote the two intersection
points of the perturbed, not explicitly known, stable resp. unstable manifolds
W2 with the normal to Wy. The Mel’nikov distance A between these points
— considered to be vectors from the origin — depends on the perturbation-
parameter € and is given by

= (x5(¢) — 25()) Ao, (1.31)
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where A denotes a ‘wedge’-product, defined by (z1,z2) A (y1,y2) := T1y2 —
xoy1. We can expand this distance in ¢ as follows:

Ae) = e(M + O(e)),

where M denotes the Mel’'nikov function. If we take the derivative of the
expression for A with respect to € at € = 0, we obtain the value of M.
When M is equal to zero, the corresponding initial z;*(¢) is approximately
an intersection point of the two manifolds.

We can add a t-component to A, M and xg, which denotes our free
choice of the initial point xg along the homoclinic loop, if there is an explicit
expression of it in ¢. Define for £ > 0 the k-th iterate of the initial point
z5(¢) on the stable manifold W2 by x5 := QF(25(¢)) and similarly for k£ < 0
the k-th iterate of the initial point x{(e) on the unstable manifold W} by
2% := QF(z(e)). Note that for e = 0 these definitions are complement to
each other, so that we can define x; by

oo L r(0), i k> 0;
P 2(0), if k<0

in particular, 7o = 2§(0) = z%(0). Furthermore, let vy := (D(F¥)xq)vo be
an ‘iterate’ of the initial tangent vector vy to zq for k € Z.

The rate of change of the distance between the two manifolds can be
computed via the formula in the following proposition, see also [1]:

Proposition 6. Assume that F is an orientation-preserving mapping. The
derivative of the distance between the stable and unstable manifolds of the
family of diffeomorphisms (1.30) is given by the Mel'nikov function

d o0
M=AN0):=—| Ale)= Y [DFf(p)| ' Glar1) Avk, (1.32)
de | =
where | - | denotes the determinant of a square matriz.

Proof. According to equation (1.31), we want to find A’(0) = % oo (g (e)—
x(e)) Avg. We show only the stable part d%|6:0 x§(e) Avg = yo A vg, where
we define in general y;, for £ > 0 as the derivative of z§(¢) at ¢ = 0. The
unstable part goes in a similar way.

In order to derive an expression for yg A vy, we first look at a formula
for general k& > 0. By definition of xy, it holds that zj , = Q.(z}(e)) =
F(zj(e)) +eG(x;(g)). This gives for yi41,

d

Yk+1 = 2 x5 1(e) = DF(xp)yp + G(x).
€ e=0

Wedging this by vgy1 gives then

Yk+1 AN Vg1 = (DF(2p)yr) A Vi1 + G(2r) A vt



1.3 Mel’nikov function 24

= (DF(zr)yx) N (DF (xx)vk) + G(21) A vt (1.33)
= |DF(xk)|(yk A Uk) + G(a:k) N Vky1,

which is valid for £ > 0. For k = 0 this yields, after rearranging,
yo Avo = |DF ()|~ (g1 Avr — G(wo) Avi),
which is our first induction step to derive the general formula

k
Yr+1 A Vg1 G(zj) N vj
YNV = T — —_ 1.34

D] 2 1DF,) 34
Assume that the last equation is also valid for all integers up to m = k, then
for m = k + 1, using (1.33), it holds that

B A Vpyo — G(:L’k+1) N Vg42
DF* ()| (o1 A vgpa) = 2222
|DF* ()| ™ (yrs1 A o) |DF*(2,)|[ DF (341)]

Substituting this expression into (1.34) yields then,

k
Y2 A Vkt2 — G(Tpg1) A vt Z G(xj) Avjs

ANvg = -
BT T DR @) IDF ()] & [DFI(ay)]
k+1
_ Ykr2 AUki2 i G(zj) Nvjp
[DF¥(ain)] 4 [DFi(a;)|

Hence, (1.34) is valid for each integer k > 0.

The next task is to take the limit & — co. We may assume for sim-
plicity that |DF(x)| is constant — with some adjustments, the proof still
holds for nonconstant [DF(x)|. Let Aj 2 be the eigenvalues of DF at x, cor-
responding to the contracting and expanding directions, and assume that
F' is orientation-preserving. Since the point x, is a saddle, we then have
two eigenvalues satisfying 0 < Ay < 1 < Ap. This gives the following re-
strictions on each term in (1.34) as &k — oo: wp — 0 in the order A;
|IDF¥(z;)] = (MA2)* and y, is bounded. Hence, in the limit the term
|DF* (1) ™" (yk+1 A vg41) vanishes, resulting in the following expression for
the stable part:

d

& - x(s)(€) Nvg = Yo Nvg = — Z ’DF](x])’_lG(x]) A V1. (135)

§=0
The unstable part gives similarly,

d
de|._g

-1
2h(e) Avo= > |DFI(a)| 7 G(a¥) Avjr. (1.36)

j=—oc

Combining the formulas (1.35) and (1.36) then gives the desired result (1.32)
for M = A'(0). O
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The Mel'nikov function (1.32) can be simplified when F' is an area-
preserving mapping. In that case it holds that |[DF¥(x)| = 1, so that the
formula for the distance reduces to

o0

M=A0):= > G(zp1) vy (1.37)

k=—o00

In other cases the function F' can be complicated and therefore it might be
difficult to compute its determinant. In such cases the determinant of F* can
be approximated and computed in another way. Consider the determinant
|DF¥(x,)| for arbitrary positive & > 0. (The case k < 0 is treated similarly,
but gets an extra power -1.) First, we approximate for each k

Fl(l’k) N Tpt-
Using the chain-rule for DF¥, then gives

DF*(ay) = D(F o F*')(ay) = DF(F* ! (24)) DF* ()
~ DF(l‘Qk,l)DFk_l((L‘k).

Obviously, the determinant for & = 0 is just 1, while k¥ = 1 gives only the
term DF(z1). By induction we thus obtain the following

k—1
DF*(zy,) ~ DF (95—1) DF* ! (z1,) = [ [ DF (2x).
j=0

The determinant of the last expression can be taken inside or outside,

k-1 k1
IDF* ()| = |[[ DF(kry)| = [ ] IDF(zass)],
=0 j=0

using the rule that the determinant of the product of two equal-sized square
matrices is equal to the product of the determinants of both separate ma-
trices.

1.4 Picard iterations

Suppose we want to unravel the behaviour and bifurcations of a general
map (1.2). When we analyse such a system it is not guaranteed that one
would find all the information to construct a bifurcation diagram. To over-
come this problem, at least partly, we approximate the map in question by
shifts along the orbits of an approximating system of autonomous ordinary
differential equations. Although maps and approximating ODFE’s have dif-
ferent properties, we can use the information provided in this way to say
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more about the bifurcation structure of a map. For example, global bi-
furcations of closed invariant curves occur in a map near the homo- and
heteroclinic bifurcations of the approximating ODE.

The approximating ODE for a map can be obtained by means of Picard

iterations, see [3]. Start with the Taylor expansion of the map around the
fixed point zg = 0,
2 f(z)=Ae+ fP@) + fC@)+..., zeR", (1.38)

with A = fu(x0) and f*)(z) a smooth homogeneous polynomial vector-
valued function of order k. Next, consider the Taylor expansion of approxi-
mating system

i=F)=Ax+FO @)+ FO@)+..., zeR (1.39)

with an equilibrium at zg = 0, A a matrix and the functions F'*)(z) have
the same properties as the f()(z). If the unit-time shift along the orbits
of (1.39) coincides with the Taylor expansion of the map (1.38) up to and
including terms of order k, i.e. it satisfies,

f(z) = o' (z) + O(||l=]|*+1),

then the map (1.38) is said to be approzimated up to order k by sys-
tem (1.39).

To obtain the Taylor series of the unit-time shift, we use Picard iterations
as follows: start with the initial solution of the linear equation & = Ax,

2D (t) = eMa.

The next iterates k > 1 are given in terms of the F(¥) as follows,

¢

s0(t) = Mot [N (PO D) .+ PO () dr,
0

for £k > 2. If k increases, then the approximation becomes better: each

new iterate [ only affects terms of order [ and higher. For ¢ = 1 and a

chosen k > 0 we obtain the right k-th order Taylor expansion of ' (x) up

to including terms of order k:

pl(x) = 2W(@) = eta + g®(2) + ...+ gW (@) + Oz,

where each function ¢\ is a smooth homogeneous polynomial of order j.
Since this unit time shift needs to approximate the map as good as possible,
we can recover the ODE (1.39) by equating each of its terms as

r=4, V@) =), j>L

Solving these equations — which is not always possible — gives an expression
for the unit-time shift ¢!(x) and for the system (1.39).



Applications and results

At this point, it is time to put the previous theoretical part into prac-
tice. This chapter is devoted to the preparation for and the computation
of the Mel’'nikov function. Two different maps will be studied, namely the
McMillan map and the normal form of 1:1 resonance, which have homoclinic
structures in a certain region of the parameter space. We investigate the
behaviour of these maps by numerical computation of, for example, its sta-
ble and unstable manifolds, homoclinic orbits and continuations. For this
purpose we make extensively use of the software MATCONT, see [0, 7]. After
that, we do the preparing computations for the application of the Mel’nikov
function. Our ultimate goal, at the end, is to apply the Mel'nikov function
to each map.

2.1 Numerical computation of homoclinic orbits

Let’s first shortly explain how homoclinic orbits are actually computed nu-
merically. Via the definition of a homoclinic orbit, we can view such an orbit
(homoclinic to xg) as the solution of the infinite boundary value problem,

['(€z, a0) =0,
{ m &, = o,
where I' is the operator
I:SY xRP — Y
(22, @) = (Tnt1 = f(@n, @))nez,
defined on the Banach space (with supremum-norm),

Sy = {:w & RYY : sup Joall < oo} ,
neJ

27



2.2 McMillan map 28

for any norm ||-|| on RY and J = [N_, N\]NZ for Ny, N_ € ZU{+oco} with
N_ < 0 < Ni. But in numerical calculations we do not want to deal with
infinitely long sets and hence, infinitely long computations, so we truncate
the problem and replace I' by its finite version f, defined as,

[:8Y xRP — 5%

(g, a) — ((xn+1 - f(mn,oz))nej,b(xN_,xN+,a)) ,

where b : R2V x R? — RV is a boundary condition and J = [N_, N, —1]NZ
for N} < oc.

Suppose &7 € Sg is a transversal orbit, homoclinic to the saddle zg €
RN of a given system (1.2) at parameter values og. For sufficiently large
—N_, Ny and under certain assumptions, there exist a unique zero §p ; € S f,V
of I'(-, ), which lies close to £z|;. Moreover, one can show (see [3]) that
the following estimate holds,

sup 16215 = &o,g1l < C (l1€n- — zo|l® + lEn, — 2oll®)
ne

for C > 0, while s = 1 or 2, if b is a periodic or a projection boundary
condition, respectively.

Tangential' homoclinic orbits can be approximated by turning points of
I, that is to say, as zeroes of the operator ©:

0: 57 xS xRP — SF x SY xR
f‘(mj,a)
(xy,uy, ) — Ly (2g,0)uy ;

N
Zi:+N_ ”UzHQ -1

where || - || denotes the Euclidean norm on RY.

2.2 McMillan map

The first system of study is the McMillan map, for which the method of the
Mel'nikov function is known to work, see [1]. So, this is a good test case to
see how the procedure works, how to set it up (although the McMillan map
is much easier to handle than the normal form of 1:1 resonance) and how to
interpret the outcome of the Mel’nikov function.

The orbit & is called tangential, if the homogeneous difference equation uny1 =
S (&n, a0)Un, n € Z has only one independent bounded solution wu.
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2.2.1 Properties
The McMillan map is given by

<§> "~ (—x + 2u1j’y2y+ (B + w)) ’ (2.1)

with parameters y > 1, 3, 7, and ¢ a small perturbation coefficient. The
fixed points of (2.1) are ap = (0,0) and

B 2u _ 2u _
me=E (\/2—6<ﬁ+fy) 1’\/2—6(6+v) 1) |

The first, ag, is a hyperbolic fixed point (saddle) for certain values of the
parameters, as can be seen from the eigenvalues of the Jacobian matrix at

ap:

0 1 0 )
2y Apys :< )
ef—1 — + ey eB—1 2u+ey)’
T+y2  (1+y2) e

which are given by

A = 3@u+ey) £ 3vV/(2u+e7)2 +4(e8 - 1).

In the following numeric calculations, we use these useful values of the
parameters to start with:

(e, 8,7) = (2,0.05,0.1,1.9), (2.2)

The corresponding eigenvalues of ag are
A =0.259413, My = 3.83559,

showing that, for these parameter values, ag is indeed a hyperbolic saddle.

2.2.2 Hamiltonian

The unperturbed McMillan map — obtained by taking € = 0 — is an area-
preserving and invertible map with invariant curves satisfying

22y? + 2%+ — 2uay = C, (2.3)

where C is a constant depending on the initial condition. In particular,
if C' = 0, we obtain the lemniscate in figure 2.1. This indicates that the
stable and unstable manifold exactly coincide if there is no perturbation.
We can find exact solutions for the z- and y-coordinates of this homoclinic
orbit by treating (2.3) as a Hamiltonian. Consider therefore the continuous
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system derived from the same equation (multiplied by %) for C = 0 with

Hamiltonian
2 2 2.2
T Y Ty
H = — 4 = — _—.
(@,y) = 5 + 5 —pey + —

The corresponding equations of motion read,

oH

i = ({TyZy—u:Hny,
2.4
Y=—%, = T THy -y
X

From these equations we can eliminate y, to obtain for H = 0 the differential
equation,

$2 - mQ(MQ -1- x2)7
which has the positive solution,?
x(t) = /p? — 1sech (\//ﬂ—l-t—to) , (2.5)

with ¢g an initial choice on the homoclinic orbit. Substituting the solution
for z in the second equation of (2.4) yields a similar solution for vy,

y(t) = v/ p? — 1sech (\/uz —1-t+ arccoshpu — to) . (2.6)

-15

Figure 2.1: The original, unperturbed McMillan map (2.1) with parameter values
u =2 and € = 0. Note that the stable and unstable manifolds exactly coincide, as
it should be.

2Here, we make use of the hyperbolic function sechz = (cosh m)fl.
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Since the McMillan map itself is a discrete map, we have to switch back
from a continuous Hamiltonian system to the discrete system. This is done
by substituting for ¢ a certain time step k7 (where 7 denotes the stepsize),
such that for each integer k& we obtain a solution on the homoclinic orbit of
the unperturbed McMillan map. The fact that zx1 = yx holds (by the first
component of the map), implies 7 = arccosh p sinh(arccosh p) =1, Substitut-
ing this result in (2.5) and (2.6), we have found the following parametrisation
for the (homoclinic) orbit of the unperturbed McMillan map:

xp(to) = /2 — 1sech(ty — k arccosh p),
yr(to) = / u? — 1sech(tg — (k + 1) arccosh ),

where tg is a choice of the initial point on the homoclinic orbit, defining
(.Z'(), yO) .

(2.7)

2.2.3 Homoclinic structures and continuations

The equilibrium point (0, 0) is a saddle with coinciding stable and unstable
manifolds, i.e. a homoclinic orbit, as demonstrated in figure 2.1. For small
perturbations the equilibrium remains a saddle point, but the stable and
unstable manifolds may not longer coincide: they come apart from each
other and eventually intersect each other. The numerical values in (2.2)
result in such stable and unstable manifolds of the McMillan map with
transversal intersections, as displayed in the figures 2.2 and 2.3.

We vary only 8 and keep the other parameters fixed to obtain stable and
unstable manifolds that do not intersect each other transversally anymore,
but only show homoclinic tangencies, (Fig. 2.4). We would like to know
for which values of 8 and corresponding fixed point z such a homoclinic
structure exist. This is provided by a process called continuation (see [0]);
the result is shown in figure 2.5.

Thereafter, we continue the curve of limit points in the two parame-
ters u and B in order to find all possible combinations of parameter values
@ and B (while the others are fixed) for which the homoclinic structure,
like figure 2.2, would exist. This continuation yields a ‘crater-like’ shape,
visualised in figure 2.6. One would expect that this crater reaches to the
point (8, u) = (0,1), because for p < 1 there is no homoclinic loop present
for the unperturbed McMillan map. Moreover, for these parameter values
the eigenvalues for the saddle (in the unperturbed case £ = 0) become both
equal to 1, which means that it is not longer hyperbolic. If we take y smaller
than 1, then the eigenvalues become complex. Numerically, however, we do
not reach the point (0, 1), but it is possible to get closer to it, as we discuss
in the next section.
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-1.5+

Figure 2.2: Transversal intersections and tangencies of the stable (blue) and
unstable (red) manifolds of the saddle point (0,0) of the McMillan map (2.1) with
parameter values as in (2.2).

Figure 2.3: Close-up of the first quadrant of figure 2.2. Also shown is the location
of the intersection points of the two manifolds in pink and green (8 and 9 points,

respectively).
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Figure 2.4: Homoclinic tangencies of the stable (blue) and unstable (red) mani-
folds of the saddle point (0, 0) of the McMillan map (2.1) with parameter values as
n (2.2), but with 5 = 0.2593.

0.8r
0.6

0.4

LP LP

-0.2 -0.1 0 0.1 0.2 0.3

Figure 2.5: Continuation in  of the homoclinic orbit for the McMillan map (2.1)
with starting parameters given in (2.2).The points marked “LP”, indicate the values
for which the stable and unstable manifold are just tangent to each other.



2.2 McMillan map 34

2.2.4 Extension of the number of intersections

The continuation in two parameters, as mentioned above, is done with only
nine of the located intersection points. This is not sufficient to come close
to the point (0,1) of the parameter space. Therefore, we want to improve
on this by taking more intersection points into account in the continuation,
giving us the possibility to come closer to (0,1). The procedure to get more
intersection points can be applied to the McMillan map as well as to other
maps and it goes as follows:

1. Compute the eigenvalues of the Jacobian matrix of the map at the
saddle (zg,ys), which yields one eigenvalue, Ag4, inside the unit circle
and the other one, )\, outside.

2. The last, numerically obtained, intersection point (i.e. the point closest
to the saddle point) is close enough to the saddle, to use linearity of
the orbit. So, take this intersection-point and multiply it with the
appropriate eigenvalue (in the direction of the saddle point). This will
produce another ’intersection’ point, which lies closer to the saddle.

3. Repeat step 2 several times, each time taking the newly obtained in-
tersection point and multiplying it with an extra factor A, . You will
get a sequence of points moving towards the saddle fixed point along
the homoclinic orbit.

4. The same can be done with the last, closest to the saddle, point, on
the other side of the manifold.

We repeated step 2 in the procedure for the McMillan map 15 times at both
sides, so that we gain 30 extra ‘intersection’ points. In total, we have now 39
points to do both continuations, in one and in two parameters, again. The
continuation of the homoclinic orbit in one parameter doesn’t change qual-
itatively from the original one (see Fig. 2.5), since = 0 remains the fixed
point and the limit points should not alter when more points are taken into
consideration. Therefore, we don’t show a figure of this continuation with
the computed intersection points included. The continuation in two param-
eters gives now the picture in figure 2.7. Compare this with the original fig-
ure 2.6: originally, the tip of the horn lies at (3, ) = (6.2709-1073,1.2418),
while in the extension we reach the point (3,u) = (2.6298 - 1072,1.0048).
This is indeed much closer to the point (0, 1).

2.2.5 Mel’nikov applied to McMillan

We are almost ready for the application of the Mel’'nikov theory to the
McMillan map. The functions F' and G for the McMillan map are given by:

x Y
F —
() = (o Buss):
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Figure 2.6: Branch of homoclinic tangencies of the McMillan map (2.1), with

parameter-values (2.2).

35

25¢F

15

Figure 2.7: Extension of the branch in figure 2.6 of homoclinic tangencies of the
McMillan map (2.1), with parameter-values (2.2).
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¢ @ - <Bwiw>'

Since F' is an area-preserving map, we are allowed to use the simplified form
of the Mel’nikov function (1.37).

To calculate the tangent vector vy, we use the invariant curve (2.3) to
get up = (puxp — yp — x%yk,xk — WYk + :Ukyl%) The tangent vectors vy are
then for each k € Z given by

Ug,

Uk = 7
[[uol|

where we normalize such that vy is a unit tangent vector. Using these
expressions for the tangent vectors vy at the point (zg,yx) and the explicit
formulae (2.7) for zj and yg, we are able to compute the Mel’nikov function
immediately. Notice that each xz,,y,, and therefore also u,, and v, still has
a (suppressed) t-component, which denotes the chosen initial point along
the homoclinic orbit.

In the computation of the Mel'nikov function, we let ¢t run along the
curve of the McMillan map from -4 till 5.5 with stepsize 0.01. At each time
t we compute Mel’nikov’s function again. We do not compute this infinite
sum completely, but truncate it at a certain number of terms. Here, we
compute up to and including k = £10, because adding more terms does not
have much effect, compared with the result of order 1: the terms for k = 10
are already of order 10~* up to 107!% (depending on ¢ in our range).

The application of the Mel’'nikov function gives useful results if the pa-
rameters p and [ are chosen above the crater in figure 2.7, and close to
(0,1). This results in graphs as figures 2.8 and 2.10 (each time £ = 0.05
and 7 = 1.9 are fixed). The intersection points of these graphs with the
t-axis indeed correspond to the intersection points for the McMillan map.
In order to compare the predicted values by the Mel’nikov function with the
actual values of these intersection points, we show the first on a plot of the
unperturbed McMillan map (¢ = 0) together with the numerical obtained
intersection points on the stable and unstable manifolds for ¢ = 40.05,
(Fig. 2.9).
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Figure 2.8: The approximated Mel’nikov function (1.37) for the McMillan map
with p = 2.3, 8 = 0, while k£ runs from -10 to 10.

Figure 2.9: Plot of the unperturbed McMillan map for p = 2.3 in gray with the
zeroes of the Mel’'nikov function located thereon in green using (2.7). The stable
and unstable manifolds of the McMillan map with 8 = 0 and ¢ = +0.05 (shown
in blue and red for positive, and in light-blue and orange for negative €), intersect
each other at the magenta and purple points, resp.
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A'(0) & A(0)

-20 i i i i i
-4 -3 -2 -1 0 1 2 3 4 5

Figure 2.10: The approximated Mel’nikov function (1.37) in blue and its deriva-
tive with respect to ¢ in green for the McMillan map with p = 2.0, 3 = 0.251571,
while £ runs from -10 to 10.

Figure 2.11: Plot of the unperturbed McMillan map for p = 2.0 in gray with the
tangent points of the Mel’nikov function for 8 = 0.251571 located thereon in green
using (2.7). The stable and unstable manifolds of the McMillan map for ¢ = £0.05
(shown in blue and red for positive, and in light-blue and orange for negative ¢),
are tangent to each other for g = 0.2591.
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Figure 2.12: Close-up of figure 2.7, showing the branch of homoclinic tangencies
of the McMillan map in the (B, pu)-plane with ¢ = 0.05 and v = 1.9 fixed. The
connected red dots display an approximated crater at which one would expect
homoclinic tangencies according to the Mel’'nikov theory.

We investigate for which parameter values the Mel’nikov function pre-
dicts that the manifolds would not longer intersect each other, but only
show homoclinic tangencies. In figure 2.12 the connected red points show
the approximate boundary of the region for which the homoclinic structure
is present, according to the Mel’nikov theory. As one can see, the boundary
of the crater predicted by the Mel’nikov theory (which is entirely symmetric)
doesn’t exactly coincide with the one we found by numerical continuation.
That is precisely the reason why we need to include in the tangent case the
McMillan map with a different value for g in figure 2.11, in order to have in
both cases — predicted and numerical — tangencies.
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Numerically obtained Mel’nikov prediction

T Y T Yy

0.016330 0.062619 0.016438 0.061333
0.037245 0.142650 0.037694 0.140463
0.062619 0.239198 0.061333 0.227974
0.142650 0.535715 0.140463 0.513287
0.239198 0.865431 0.227974 0.805513
0.535715 1.573972 0.513287 1.484553
0.865430 1.823505 0.805513 1.726144
1.573972 1.427012 1.484553 1.340145
1.823505 0.998540 1.726144 0.929490
1.427012 0.449359 1.340145 0.432685
0.998541 0.280471 0.929490 0.268520
0.449359 0.118279 0.432685 0.117669
0.280471 0.073166 0.268520 0.072355
0.118279 0.030713 0.117669 0.031563
0.073166 0.018987 0.072355 0.019395

Table 2.1: The numerical computed intersection points for the McMillan map
with values (2.2) compared with the ones predicted by the Mel’nikov theory.

In table 2.1 we list the coordinates of the intersection points we found
at (i, 5) = (2,0.1) using both methods. For small values of x and y, the
intersection points in both ways are close together (about 2% deviation); if
we go further away from the origin, they diverge more (about 7% deviation).
(See also figure 2.9). This behaviour is not very surprising, since the per-
turbation causes already a little expansion of the shape of the map: adding
a perturbation blows up or shrinks down the graph a little, depending on
the sign. Taking this phenomenon into account we may conclude that the
location of the intersection points (on the unperturbed McMillan map) is
very well predicted by the Mel’nikov function.
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2.3 Normal form of 1:1 resonance (second order)

The most important system in this study is obviously the normal form of
1:1 resonance. When we speak in the following about the normal form of 1:1
resonance, we mean the form given in (1.27), truncated at second order. This
version is studied extensively in this section, while we compare it shortly to
a third order version in the next section.

2.3.1 Homoclinic structure

The second order normal form of 1:1 resonance has the following form

Nl,:<x>&—>< vy ) (2.8)
Y Yy + v1 + vy + apx® + by

with parameters v1, 19 and ag, by fixed. In the following, we set the coef-
ficients ag and by equal to one. The two fixed points of the map are then
given by

(z0,1,90,1) = (£vV—11,0),

for 1 < 0. The eigenvalues of the Jacobian matrix at the fixed point

(z0,90) = (v/—1,0),

1 1 1 1
(21‘0 +y0 1410+ bol‘o) - (2\/ —v1 149+ —I/l) ’

are given by

A= 320 VoI b 8V (Vo ).

So, for 11 < 0, we can easily choose a value v9 > —2 (and vice versa), making
the positive fixed point a hyperbolic saddle.

As described in section 1.2.3, the normal form of 1:1 resonance shows a
homoclinic structure for well-chosen parameter values within a small region
of the parameter space. In the following couple of figures we present the vi-
sual results of the numerical computations. The first, figure 2.13, shows the
stable and unstable manifolds of the positive saddle with transversal inter-
sections. Fixing the value of 1o and with the help of 15 intersection points,
we continue the parameter v to obtain the range of v; and corresponding
values of zp for which a homoclinic structure is present, (Fig. 2.14). If we
substitute the values of ;1 and xg = /=1 of the thus obtained limit points
into the normal form, we get back homoclinic tangencies of the stable and
unstable manifold. One situation for which this tangency occurs, is depicted
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in figure 2.15. Continuation in both parameters supplies the ‘horn’-like re-
gion of parameter values v 2 near 0 for which the homoclinic structure is
present, (Fig. 2.16).

Again, to get more accurate results — that is, results closer to the origin
—, we perform the method described in section 2.2.4 to obtain more ‘inter-
section’ points. For our initial parameter values, (v1,12) = (—0.3, —0.326),
we have a saddle point at ¢ = 0.547723 with eigenvalues Ay = 0.0583712, A\, =
2.16335. We repeated step 2 of the procedure 25 times at both sides, so that
we gain 50 extra ‘intersection’ points. In total, we have now 65 points to do
both continuations again. The continuation in 7 gives — as it should be —
a result similar to the one in figure 2.14. The result of the continuation in
two parameters is depicted in figure 2.17. One can compare with figure 2.16
that the resulting region comes indeed closer to the origin than without the
extra intersection points. To be precise in the first case (Fig. 2.16) the tip
of the horn lies at (v1,v2) = (—0.1006, —0.2097), while in the extended case
(Fig. 2.17) we reach the point (v1,v2) = (—0.0068847, —0.0583).

The bifurcation diagram near the Resonance 1:1 point, i.e. near the
origin, is shown in figure 2.18. In this diagram the ‘horn’, bounding the
region of homoclinic structures, is shown in red and labelled 7. Note that
these curves, together with the Neimark-Sacker curve, are or would become
tangent to the Fold-line at the origin.

05

Figure 2.13: Transversal intersections of the stable (blue) and unstable (red)
manifolds of the saddle point (zg, 0) of the normal form for 1:1 resonance (2.8) for
parameter values (v1,v2) = (—0.3,—0.326).
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Figure 2.14: Continuation in v; of the homoclinic orbits for the normal form of

1:1 resonance (2.8). The starting parameters are (v1,v2) = (—0.3,—0.326). The
points marked “LP”, indicate the values for which homoclinic tangencies occur.

0.5

Figure 2.15: Homoclinic tangencies of the stable (blue) and unstable (red) man-
ifolds of the saddle point (xg,0) of the normal form of 1:1 resonance (2.8) at the
parameter values (v1,1v5) = (—0.3, —0.3293211317).
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Figure 2.16: Branch of homoclinic tangencies of the normal form of 1:1 reso-
nance (2.8). The continuation is done with respect to 11 and vs.

-1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0

Figure 2.17: Branch of homoclinic tangencies of the normal form of 1:1 reso-
nance (2.8) with the computed extra extension points included. Note that the tip
of the ‘horn’ is closer to the origin than in figure 2.16. The two sides of the region
become very close to each other near the origin, so that it is hard to distinguish
them from each other.
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Figure 2.18: Bifurcation diagram of the normal form of 1:1 resonance (2.8) near
the Resonance 1:1 point at the origin. The green line is the path of Fold points
(F); the upper part (NS) of the blue curve corresponds to the Neutral Saddle line,
while the other one (N Sk) is the Neimark-Sacker curve. The red curves, bounding
the region of homoclinic structures, are labeled by T

2.3.2 Approximation of the flow

Our purpose is to compute and predict the intersection points of the stable
and unstable manifolds for the normal form via the Mel'nikov function,
described in section 1.3. In order to be able to do so, we need to approximate
the normal form (2.8) by the unit-time shift (), which originates from the
flow ¢! of an approximating system of autonomous differential equations.
The unit-time shift will allow us to write the normal form in the shape of
a ‘normal’ (i.e. unperturbed) part plus a perturbation term. Moreover, the
corresponding ODE possesses, as we will see, a homoclinic orbit, which can
be derived explicitly.

The approximating ODE for the normal form of 1:1 resonance is derived
using the method of the so-called Picard iteration in section 1.4. Start
with a function F(®)(z) with unknown coefficients. The outcome should
then be, at least up to second order, equal to the normal form. Equate
these two formula’s to recover the expressions of the unknown coefficients.
After performing two Picard iterations, we obtain for sufficiently small v the
following smooth planar system:

E=F(v,&) = F(v)+ A& + F2(6), (eR’ veR’ (2.9)
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with each function F} defined by

_ —%1/1 + 71()(—@0 + 2b0)1/% + %1/11/2
Fy(v) = N Cepy? 1
V1 + g5(2a0 — 5bo)vi — sv110
g = (2 s e (o~ Bl b))
1\Y, - 3
(300 — 3b0) &1 + ((—5ao + 3b0) 1 +12) &
—1a0€} + (3a0 — 3bo) &&2 + (—gao + 3bo) 5%)

Fo(6) =
2(8) < ao&? + (—ao + bo)&1&2 + (gao — o) €2

This system is locally topologically equivalent to the Bogdanov-Takens nor-
mal form (1.21) and, hence, it has the property that there exist a homoclinic
orbit for suitably chosen parameter values, see [$]. These homoclinic orbits
fit nicely to the manifolds of the normal form map, as is demonstrated in
figures 2.19 and 2.20.

Let ¢!(v,-) denote the flow of the smooth planar system (2.9), then for
t = 1 and sufficiently small v the flow forms a map representing the normal
form,

N(v,€) = ¢' (&) + O(Iv|*) + O(lEllv ) + OClig]®). (2.10)

To obtain the flow ¢!(v,-) we need to integrate the ODE (2.9), using again
the method of Picard iterations. The matrix A for the first-order terms
reads,

0 1
=)

obtained by the linear part of the system. In our case, we have the function
F defined up to k = 2, only, so we have in equation (1.39), F*)(z) = 0 for
all k> 3.

Unfortunately, our system doesn’t have the property that it is zero at
¢ = 0. Therefore we need a trick, which is presented by Kuznetsov (see [%]):
construct for small v # 0 the four-dimensional flow

Xt = (FU9), xo () er

1%

Suppose, this flow is generated by a four-dimensional system
X=Y(X)=JX +Yo(X) +Y3(X) +...,

with

D=

o O oo
o O O
O O =
o O O O
=
—
>
Il
7N
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Figure 2.19: The stable (blue) and unstable (red) manifolds of the normal
form of 1:1 resonance at the equilibrium point for parameter values (vq,v2) =
(—0.0049357243, —0.05). The green curve is the homoclinic orbit of the approxi-
mating ODE (2.9) for the same parameter values.
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Figure 2.20: Close-up of figure 2.19 near the saddle.
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where Z;,(X) is a homogeneous polynomial function from R* to R? of order k.
Z is given by the sum of all second-order terms in v and & of (2.9), namely
Zo(X) = Fo(v) + Fi(v, &) + F(€) — (& — 11,v1)T. For k > 3 we have again
that Zx(X) = 0 and therefore also Y3 (X) = 0, since there are no third order
terms in F'. So, the Picard iterations have to be done only with Ys.

The first Picard iteration gives XM (t) = e/*X. The second iterate yields
(for t =1),

&+ &6
X1 = v+ (1+ V2)52V+ aoéi + boé1&2
1
2

Indeed, the upper part of X(?)(1) is precisely the normal form. This is not
very surprising, because system (2.9) is constructed in such a way that it
will give back the normal form after performing two iteration steps. In the
third step we use the full X(?)(t) for general t, so that the integrand reads
e/0=1Y5(X ) (7)). Integrating gives a big expression with many terms of
order higher than 2, however. Therefore, we first throw away all these un-
necessary components, consisting of all the cubic terms in £ and all quadratic
terms in v except the ones without £. This leaves us, for ¢t = 1, with a result
of the following form:

&1+ &+ f208f + fui&i&e + fo2fd
XO)(1) = <<p§,(l/, §)> _ [+ A+ 2)€ + 92067 + gr1éaa + 90263 (2.11)

v 141
1P

where each coefficient fji, gji is determined by

fa0 = Tzao0(—2ag + bo)v — Hua,

fi1 = (— 3590 — T55a0bo + 9505) v1 + & (a0 — bo)va,

fo2 = 53 (10ad — 17agbo + 21b3) v1 + 135 (3ao + 10bg)va,

gop = Qg — ﬁ (14&% — 1bagpby + 105%) v+ %VQ,

g11 = bo — 135 (2ad + 13agbo) v1 + (—2ao + bo) 1o,

go2 = —ﬁ (50@3 — 2lagbg + 280b3) v — %(ag + 2bo)ve.

These computations give an approximation of the flow, considered as the

map 3(v,€). This is taken to be the unperturbed map F in computing the
Mel’nikov function. The normal form is considered as our ‘full’ perturbed

map, so we can compute the perturbation part by taking the difference
between the full map and the unperturbed part (see (2.10)). This yields

B R B — f2063 — f11&1& — fo2t3 >
£GE) = N &) =31 ) = ((ao — 920)&7 + (bo — g11)&1&2 — 90263 (212)

which is in terms of the coefficients fi; and gg; of p3(v, ).
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2.3.3 Prediction of a homoclinic orbit

In order to obtain an explicit expression for the homoclinic orbit of the
ODE (2.9), we can relate this system to another system for which we know
the homoclinic orbit explicitly and the parameter values at which the ho-
moclinic orbit shows up. One example is the case of the truncation of the
Bogdanov-Takens normal form (1.7), that we can use in our case. There are
two ways to transfer the expression of the homoclinic orbit from one to the
other: one way is following the smooth transformations from system (2.9)
to the Bogdanov-Takens normal form (see Lemma 1 and 2) in the reverse
order. The other way is using the direct method as presented in [9]. Since
the last one is much easier, we use it here. This method is explained in more
detail in Appendix A; here we list only the relevant results.

Suppose, the truncated Bogdanov-Takens normal form (1.7) has the ho-
moclinic orbit, approximated up to fourth order in ¢,

g2 g3
(a (uo(et) + eur (et) + %ua(et)) - (vo(et) + 51)1(51‘,))) , (2.13)

where ug and vy = ug are the homoclinic solutions to (1.17) — the Hamil-
tonian part of the rescaled Bogdanov-Takens normal form — with v = —4,

(uo(t),vo(t)) = (2 — 6sech?(t), 12sech?(¢) tanh(t)) ,

while w1, v; and ug are given by (see Appendix A.2 for the derivation)

72b sinht
Ul(t) = —%m log (COSh t) y
72b log(cosh t)(1 — 2sinh? ) + sinh? ¢
v(t) = Ta cosh? ¢ ’
216b% log?(cosh t 216b% 1 ht
ug(t) = — 6b” log” (cos )(cosh2t —-2)— 6b” log(cos )(1 — cosh 2t),

49a?  cosh*t 49a?  cosh*t
182 6t sinh 2t — 7 cosh 2t + 8

 49q2 cosh* t

The homoclinic orbit is supposed to appear at parameter values

B = —354 +0(e%),

b b (2.14)
BQ = 77062 + *7'284 + 0(85),
a a
where
10 288b2
TN = — TO — ————.
0= > 7 240142

We can transfer these known results of the homoclinic orbit and homo-
clinic bifurcation curve in the Bogdanov-Takens case to our initial problem
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of the 1:1 resonance, by specifying the relations between the coordinates and
parameters of both systems. Applying (A.5) to (2.13) provides an expres-
sion of the following form for the approximation of the homoclinic orbit in
case of the normal form of 1:1 resonance up to order four in &:

b 1 1 1
50(75,6) — 52 (aTOHo[)Ol —+ auO(St)(h) + 63 (avo(ﬂf)(p + aul (St)ql> (215)

4 b 1 1

+ et <—H0010 + —Hooo172 + —u2(et)q1 + —vi1(et)ga+
a a a a

2

1 b
—|—72H2000U(2)(€t) + gTOHl()OluO(Et) + 2q2

2H,
% 5270 0002>

The same is done for the parameters, by applying (A.6) to (2.14), which
results in a formula for v of order four in e:

2

b 4 b b
I/(E-:) = *’7’0K01€2 + (—Kw + *TgKOl +
a a a

52270 K02> et (2.16)

In section A.4.1 of the appendix we show in detail how the unknown coeffi-
cients of these two formulae are obtained. In the following we only display
the results of the coefficients needed for this computation.

First of all, to compute these coefficients, we use the following Taylor
expansion of the approximating system F'(v, &) in (2.9),

F(v,§) = A6+ 3B(,&) + A1 (&, v) + Jiwv + S Ja(v,v),

where A, Ay, B, J1, Jo are explicitly given by

- 1
A = Fe(w, %) worto (0.0 <8 (1)> . J1=F,(n, &) = < % 0> ;
_ ((=%a0+ 3bo) &1 + ((3 ao— 5 bo) 11 — )
Ar(§,v) = ( (2a0 B bo) ML+ (( 7a0 —1—12b0 1/1 N VQ gz
B(&,n) =2 <_2a0£1771 + (3a0 — 3bo) (E1m2 + Eam) + ( 6ao + 1bg) 52772)
) apim + (—ap + bo)(fmg +&m) + (a0 — 3bo) Eamp

1
+ 200)p? + Suv
Ja(u,v) = (106(00 M
2k, ) < 30(2a0 5bo)p? — pv

Furthermore, let g1 2 and py 2 be the real, linearly independent eigenvectors
of A and AT, respectively, satisfying Aq; = 0, Agz = q1 and ATpy = 0,
ATp) = po. In our case we find ¢; = (1,0)” = p1, g2 = (0, 1) = po.

The constants a and b are then given by

a = 3pi B(q1,q1) = ao, (2.17)
b=pi B(q1,q1) + p3 B(q1, g2) = bo — 2a. (2.18)
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If we define A’NV as the operator such that z = A/NVy by solving the
non-singular bordered system

A p2\ (x\ _ (v
a 0 s 0/’
then we find the term Hy109 by

Hsoo0 = A™V (2ags — B(q1,q1)) = (0,a0)7,

(2.19)
Hiy00 = A™Y (bga + Haooo — B(q1, 42)) = (0, —3a0 + $bo)" .

With these preliminary computations, we are able to solve (A.27) for Hoy,
and K7i:

A _b
Ho1 = [Hoo10, Hooo1] = < qa0 0> ;
2

1 0
Ky = K0, Ko1] = b2 .
[ ] (%ao — %bo + ﬁ 1

The mixed component Higop is supplied by the formula
Hiygo1 = —A™Y (B(q1, Hooo1) + A1(q1, Kon)) = 0,

which uses previous results. Finally, the remaining quadratic coefficients
Koo and Hygoe are computed by

Koz = — (p3 2) K10 =0,

(2.20)
Hooo2 = =A™V (2 + J1 Kg2) = 0,

where

z = B(Hooo1, Hooo1) + 2A1(Hooo1, Ko1) + J2(Ko1, Ko1),

which is equal to 0, since both Hygg1 and Js are equal to 0.

At this point we have gathered all necessary ingredients to know (2.15)
completely, which provides us with the following approximation for the ho-
moclinic orbit in the approximating ODE (2.9),

o(t,e) = (ma(t,e)e? + my(t,e)e® + ma(t, ), p3(t, )€ + pa(t,e)e?) , (2.21)

where each component is given by,

ma(t,e) = L (2- 6sech?(et))
ag
~ 72(2ag — bo) log(cosh(et)) sinh(et)
3 (tv 5) -

Ta? cosh?(et)



2.3 Normal form of 1:1 resonance (second order) 52

by 216(2ag — by)? log?(cosh(et))

t — = h(2et) — 2
ma(t;€) a? 49a? cosh? (et) (cosh(2et) = 2)
216(2ag — by)* 1 h(et
- 6( ao - 0) Og(coi (E )) (1 _ COSh(2€t))
49a§ cosh”(et)
~ 18(2ag — by)® 6et sinh(2et) — 7 cosh(2et) + 8
49a? cosh?(et)
12
p3(t,€) = — tanh(et) sech?(et)
ao
(t,e) = _2 + L (2—- 65(3ch2(5t))2 +
P4\t, - ao 2a0
72(2ag — bo) log(cosh(et))(1 — 2sinh?(et)) + sinh(et)?

Ta? cosh®(et)

The homoclinic orbit is expected to show up at the homoclinic bifurca-
tion curve, that is where the parameter values satisfy (2.16),

4, 10(by — 2ag 288(bg — 2ag)®  2a2 — bagby + b2
V(E) _ <_€4 ( )62 + < (2401 - ) _ 0 . 0 84
Qg agp

10 , 4514
= —det, -2+ — ¢t 2.22
< < 75+24018>’ (222)

where in the second equality we set ag = bg = 1. We can rewrite this formula
in order to obtain the following simple expression of v as a function of v:

5 2257

V2= =7V~ Iz0”

In figure 2.21 and 2.22 we compare the predicted homoclinic orbit (2.21)
with the numerically obtained homoclinic orbit at almost the same param-
eter values. This is because the predicted curve of parameter values (2.22)
deviates a bit from the numerical, real values for which a homoclinic orbit is
present, as can be seen in figure 2.23. So, to get numerically a homoclinic or-
bit, we need to change the predicted parameter values a bit; we only change
the value of 15 because that leaves the location of the saddle untouched. As
one can see, for small values of € this prediction is quite good. There is only

a small displacement in the z-direction. This is caused by the term 542—3.
0

1- (2.23)

The predicted curve of parameters in equation (2.22) is compared in
figure 2.23 with the regions we detected by continuation for the normal
form and for the approximating ODE. As one can see the predicted curve
differs quite a lot from the real values, so we need to stay close to the origin.
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Figure 2.21: Three homoclinic orbits: the green one is numerically ob-
tained from the approximating ODE (2.9) at parameter values (vy,v5) =
(—0.0049357243, —0.05); the red one is the predicted homoclinic orbit (2.21) but
with vo = —0.0478621, using (2.23); for the blue orbit we use only the quadratic
and cubic terms in £ of (2.21) at the same parameter values as the red one.

0.05r
0.04r-
0.03f
0.02-

0.01r

-0.01f
-0.02

-0.03
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Figure 2.22: The predicted (2.21) (red) and numerical (blue) homoclinic orbits
for the ODE (2.9) compared for parameter values (2.22) with ¢ running from 0 to
0.2 with steps of 0.01.
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Figure 2.23: Comparison of the different regions for which a homoclinic orbit can
be expected. The blue ‘horn’ (the two lines are very close to each other in this
region) is obtained from the continuation in two parameters for the second order
normal form (2.8) (as figure 2.17). The purple curve is the homoclinic bifurcation
curve for the approximating ODE (2.9). The green line is the prediction (2.22).
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Figure 2.24: Close-up of figure 2.23 near the origin.
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In order to get a discrete mapping along the homoclinic orbit from the
expression (2.21), we replace the continuous time ¢ by the stepwise to+ &, for
some initial time choice ¢y and integers k. This leads to points &(to,¢€) :=
&o(to + k,e) along the homoclinic orbit for k € Z. At each of these points
the normal vector vy is given by

on(ty, &) = —Skll0:5) (2.24)

g (o, e)lI”
by taking the derivative of (2.21) with respect to ¢ at ¢ty + k& and normalize
with respect to vg.

2.3.4 Mel’nikov theory in the 1:1 resonance case

All the ingredients to compute the Mel'nikov function (1.32) for the normal
form of 1:1 resonance are now in store. To summarize: as unperturbed map
F serves the third Picard iterate £)(1) given in (2.11). The perturbation
part G is given by equation (2.12). In the previous section we gave an
approximation for the homoclinic orbit &) in (2.21), together with its unit
normal vector v in (2.24). Lastly, we have a prediction (2.22) at which values
of the parameters v, 1o this homoclinic orbit will occur.

We show here a few figures with computations of the Mel’nikov function
for values of parameters at € = 0.1 or 0.15. The time ¢ runs between £20
with steps of 0.1. Because our predicted homoclinic bifurcation curve does
not lie inside the numerically obtained region of homoclinic structure (see
figure 2.23), we vary the value of v, and fix v; in order to compute the
Mel’nikov function for values inside the mentioned region.

Since we didn’t work out the results of these computations, there has
to be done some future work on this, i.e. to make the intersections of the
normal form of 1:1 resonance visible at these small values of parameters and
to verify that the predicted intersection points by the Mel’'nikov function (at
least one) is good enough. Moreover, we may ask the question what these
graphs, the output of the Mel'nikov function, in this situation mean. What
does a zero of this special function indicate?

Can we compare the situation of the McMillan map with the normal
form of 1:1 resonance? In fact, these cases are different in the sense that
in the case of the McMillan map we had a Hamiltonian system from which
we derived (most of the) needed expressions; in this 1:1 resonance case, we
didn’t have a Hamiltonian in the original system, only via a transformation
in the Bogdanov-Takens situation. Furthermore, we have to remark that
the role of the parameter values, in particular of ¢, is different in both maps.
Besides that, we are able to compute the Mel’nikov function also outside the
curve for which the ODE has a homoclinic orbit — in fact, we did it most
of the time. Is our predictor (2.22) too far away from the real values? And
how to interpret the result, in particular the ‘intersection points’, then?
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Figure 2.25: The Mel'nikov function for the case of the mormal form of 1:1
resonance, computed with e = 0.15, v as in (2.22) and k running from -10 to +10.
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Figure 2.26: The Mel’nikov function for the case of the normal form of 1:1
resonance, computed with e = 0.15, v = —0.03184, v; as in (2.22) and k running

from -10 to +10.
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Figure 2.27: The Mel'nikov function for the case of the normal form of 1:1
resonance, computed with e = 0.1, v as in (2.22) and k running from -10 to +10.
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2.4 Normal form of 1:1 resonance (third order)

In this section we add some cubic terms to our ‘standard’ normal form of
1:1 resonance (2.8) to try to improve on the results for the first case. In
third order the normal form is generally stated as

()= ) e
y y+ 1+ vy + Ax? + Bry + Ka3 + La2y + Mxy? + Ny3 )
with parameters o, 3, A, B, K, L, M and N. Its fixed points are given by
(0,1,2,Y0,1,2), where yo12 = 0 and zg 12 are solutions of the third-order
polynomial o+ Axz? 4 K23, From these three equilibrium points we select, for
suitably chosen parameter values, the hyperbolic saddle (zp,0) determined
by the eigenvalues of the Jacobian at these points.

We compute the stable and unstable manifolds with the following pa-
rameters fixed to

(A,B,K,L,M,N) = (1.01,1,0.1,0.1,0.1,0.2). (2.26)

Choosing suitable v and v, gives figures with transversal intersections like
figure 2.28. The outcome doesn’t differ much from the second order case,
(Fig. 2.13): only the shape of the homoclinic connection is a bit changed and
the oscillations became more wide. Variation of 14 leads to the occurrence
of homoclinic tangencies.

1.2

0.8
0.6
0.4r

0.2r

Figure 2.28: Transversal intersections of the stable (blue) and unstable (red)
manifolds of the saddle point (xg,0) of the third order normal form of 1:1 resonance
(2.25) with parameter values (vy,v2) = (—0.3, —0.375) and the others as in (2.26).
Also shown, is the location of the intersection points between the two manifolds.
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After doing the continuation of the homoclinic orbit with respect to
v1, we continue the curve of limit points in the two parameters v7 and vs.
Adding some extra intersection points, as described in section 2.2.4, yields
again a ‘horn-like’ shape for the region of homoclinic behaviour.

In figure 2.29 we show a bifurcation diagram near the resonance 1:1
point, i.e. near the origin. The just computed ‘horn’ is shown in blue and
labelled T'. If we compare this figure to the one in case of the second order
normal form, Fig. 2.18, we see that they are (insofar as we calculated it)
locally topologically the same. As far as we can see, we may conclude that
third order terms in the normal form do not change the bifurcation diagram
near the point of 1:1 resonance dramatically.

-05 -045 -04 -035 -03 -025 -02 -015 -0.1 -0.05 0 0.05

Figure 2.29: Bifurcation diagram of the third order normal form of 1:1 reso-
nance (2.25) near the resonance 1:1 point at the origin. The green line is the path
of Fold points (F); the upper part (N.S) of the red curve corresponds to the Neu-
tral Saddle line, while the other one (NSk) is the Neimark-Sacker curve. The red
curves, bounding the region of homoclinic structures, are labelled by 7.



Deriving a homoclinic predictor

A.1 The center manifold reduction

In this section we explain the method of center manifold reduction for a
general n-dimensional system, as presented in [9]. With the help of this
method we are able to find a homoclinic predictor near a Bogdanov-Takens
bifurcation. We use this result to obtain the predictors (2.21) for the ho-
moclinic orbit and (2.22) for the homoclinic bifurcation curve in the case of
the normal form of 1:1 resonance.

First of all, we start with the ODE for which we want to compute the
homoclinic orbit, here generally stated as a Taylor expansion at (0,0),

i = f(z,a) = Az + 3B(z,z) + Ai(z,a) + Jia + $J2(, @) (A1)
+O (l2)® + llallllel® + ] + llal®)

for z € R",a € R™, while A = f,(x0,a0),J1 = fa(x0,0) and B, A; and
Jo are the standard multilinear forms. Suppose, for n > 2 and m = 2, this
system can have a (codim 2) bifurcation and let’s assume the codimension
2 equilibrium for this bifurcation is x = 0 at & = 0. We want to relate this
system to the normal form corresponding to this bifurcation on its center
manifold (i.e. the invariant manifolds on which the system exhibits this
bifurcation), via,

w=Gw,B), G:R™H2 R (A.2)

Here, n. is the dimension of the center manifold, which itself is parametrised
by w € R with 8 € R? the unfolding parameters.

Suppose, a formula for the codim 1 bifurcation branch is available for
(A.2). Then, in order to relate both systems to each other, we need a
parametrisation H of the center manifold in terms of the original variables

60
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x and a transformation K of the bifurcation branch to the original param-
eters a,

t=H(w,pB), H:R"“"™ 5R"
a=K(3), K:R?>-R%.

We thus obtained the center manifold (z,«) = (H, K) for this system. The
fact that the center manifold should be invariant under system (A.1), yields
the homological equation,

Solving this equation will eventually lead to an explicit expression for the
mappings H and K, and that allows us to transfer the known facts of the
normal form (A.2) to our system of current study (A.1).

In the present case, we are dealing with a function f which exhibits a
Bogdanov-Takens bifurcation (see section 1.2.1), in which case the homo-
clinic orbit is well-known. A normal form on the center manifold (with
ne = 2) in this situation reads,

w2

= Glw, f) = (51 + Bows + aw? + bwiws

)+ Ol + 13llwl?). (1.0
We can expand the mappings H and K as

H(w, B) = qrw1 + qawa + Hoo1061 + Hooo1 52 (A.5)
+ 1 Hypoow? + Hirpowiws + 2 Hosoow3
+ Hio1081w1 + Higo1 Baw1 + Hor1081w2 + Hoo1 B2ws
+ 2 Hoo208% + Hoo1181 82 + 3 Hooo285 + O(JwBl?),
K(B) = Ki0p1 + Ko B2 + 5 K085 + K118182 + 2 Ko283 + O(1B[°). (A.6)

The solution of equation (A.3) provides us with the unknown coefficients
of H and K. The derivation of these coefficients is demonstrated in sec-
tion A.4.1. We want to end up with results which are of order 4 in ¢, so we
truncate the previous expressions at second order in w and S.

A.2 An accurate homoclinic orbit for BT

In order to obtain accurate results for our system, we need to have an
explicit expression for the homoclinic orbit of the Bogdanov-Takens normal
form which is as close as possible to the real homoclinic orbit. We obtain
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by applying an almost similar singular rescaling to the truncated normal
form (A.4) as in Lemma 2 (choosing vy = —4),

w1, = %6 u;
1.3
Wy = 55 U,
_Caa (A7)
/81 - _Ee )
/82 = 2627—7

leading to the system

{ =0, (A.8)

S 2 b
= —4+u”+e2v(r +u).

As we pointed out in section 1.2.1, this system is Hamiltonian for ¢ = 0 and
has the well-known solution

(uo(t),vo(t)) = (2 — 6sech?(t), 12sech?(¢) tanh(t)) . (A.9)

In order to obtain a proper homoclinic orbit for the system with ¢ # 0,
we follow Beyn [2] in requiring the solutions u and v to satisfy

(u(t),v(t)) € CL(R,R) x C*(R,R),

for e,7 € R and that the limits lim;_, 1o (u(t), v(t)) and limy_ 100 (0(t), 0(t))
exist. Moreover, we determine the phase of the homoclinic orbit by asking,

v(0) =0, (A.10)

which means that the homoclinic orbit passes the u-axis at ¢t = 0. Note that
the given solution vg has this property already. The homoclinic solutions to
(A.8) can be parametrised by & up to any order, by u(t) = uo(t) + euq (t) +
e2ug(t) + ..., v(t) = vo(t) +evy(t) +2v2(t) + . ... The same can be done for
T = T9+em1+€2m+. . ., which we will need in the next section to complete the
description of the predicted homoclinic orbit and the homoclinic bifurcation
curve up to order four in €. Substituting these expressions up to order 2 into
the system (A.8) gives four independent, linear, inhomogeneous systems,
each of them corresponding to a different order of €.

The case of €¥ is already solved by (A.9). This solution is already ho-
moclinic to the saddle fixed point of system (A.8), so we have to require all
higher order corrections to the Hamiltonian homoclinic orbit should be zero
in the limit. We therefore have to impose the conditions

i (ug (1) vi(1)) = (0,0). (A11)

on our solutions ug(t) and its derivatives v(t) = %uk(t), for all £ > 1.
What follows, is the derivation of these solution to the higher order systems.
We don’t give all explicit computations; in section A.4.2 we provide the
MATHEMATICA-notebook with which these solutions are obtained.
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After substituting the parametrisations in € of u,v and 7, we collect all
el-terms. These constitute the system,

u] = V1,
. ) (A.12)
U1 = 2uour + EUO(TO + u(]).

One can easily verify that o1 (t) = vo(t) = o forms a solution to the homo-
geneous part of this system,

'Ill = 2'LLOU1. (A.l?))

The other homoclinic solution s is derived from this one by setting y2(t) =
X(t)p1(t). Substituting this into (A.13) leads to

P2 = Xvo + 2X0o + XTo = 2ugXo,
and hence, since vy itself satisfies (A.13),
Xvo + 2x00 = 0.

We can solve this for x(¢) and recover Y itself by integrating the solution.
We thus get as second solution to the homogeneous problem,

@9 = 2cosh?(t) — 15sech?(t) + 15t tanh(t) sech?(t) + 5.

The general solution u; to the inhomogeneous problem (A.12) can be
found by variation of constants. First of all, the Wronskian W of ¢ and
2 is defined by,

e1(t) m(t)‘
o1(t)  p2(t)|

Then the general solution u is given by,

W(gn, 02)(t) = \

u1(t) = p1(t)(c1 — g1(t)) + p2(t)(c2 + f1(2)),

where f; and g1 are defined, using the Wronskian, by,

o1 (t)vo(mo + uo)
fl(t) = / W(SOI, (,02)(t> dta
b
gu(t) = [ 22l > o)y,

W1, ¢2)(t)

The condition (A.11) together with the phase condition sets the integration
constants and defines

10

7 )

LA suitable choice of the arbitrary integration constant in MATHEMATICA is C' = —

To =

[SMIN]
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in accordance with the result obtained by Beyn [2]. The desired functions
u1 and vy are thus derived and read as,

72b sinht
t)=———=1 ht
u (1) 7o cosh®1 08 (cosht),
n(t) = 72b log(cosht)(1 — 2sinh?t) + sinh? ¢
T Ta cosh? ¢ '

Collecting all e2-terms together gives the following pair of inhomogeneous
differential equations:

{ g = 2, (A.14)

o = 2ugug + uj + 31)1(70 +up) + %’UQ(Tl + uq).

Note that the homogeneous part is of the same form as in (A.12), which
makes it easy for us, in that we can use the same homogeneous solutions
1 and 2. Again, we write the general solution as ua(t) = ¢1(t)(cs —
g2(t)) + @2(t)(ca + fa(t)), with ¢34 some integration constants. With the
conditions (A.10) and (A.11) taking into account, we derive the solution to
(A.14),

216b% log?(cosh t) 216b? log(cosh t)
ug(t) = — Ty E— (cosh2t — 2) — 1907 cosht 1t (1 — cosh 2t)
_ 18b* 6t sinh 2t — 7cosh 2t + 8
49a? cosh? ¢ 7
288b? sinht
va(t) = 8807 sin (3log?(cosht) — 6log(cosht) — 1)

"~ 4942 cosh3t
216b% sinht
4942 cosh® t
216b% t(2 cosh? t — 3)
49a2 cosh? t

(12log®(cosht) — 14log(cosht) — 3)

together with
1 = 07

consistently with Beyn’s statement that 7/(0) = 0, see [2].

Lastly, collecting all £3-terms, we get the inhomogeneous system,

u3 = vs,
{ v3 = 2ugus + 2uiug + 21]2(7’0 + UO) + 31}1(7'1 + ul) + 3110(7‘2 + UQ).

Again, the homogeneous part is the same, so the same procedure as for the
first- and second-order case is applicable here. So, set the general solution
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to us(t) = p1(t)(cs — g3(t)) + @2(t)(cs + f3(t)), with c56 some integration
constants, and require that (A.10) and (A.11) hold. This leads to the solu-
tions

2 3
uz(t) = —$ sech”(t) (—273sinh ¢ + 91 sinh 3¢ — 1232 sinh ¢ log®(cosh ?)

— 84t cosh t(6 log(cosh t) — 1) + 84t cosh 3t(2log(cosh t) — 1)
+ 112sinh 3t log®(cosh t) + 2016 sinh ¢ log?(cosh )

— 336 sinh 3t log?(cosh t) + 904 sinh ¢ log(cosh ¢)

— 104 sinh 3t log(cosht)),

27
~ 2401a?
— 7896 log®(cosh t) + cosh 2¢ (—2912log®(cosh t) + 7392 log?(cosh ?)

+ 401log(cosht) — 1414) + cosh 4t (1121og®(cosh ) — 504 log®(cosh t)
+ 148log(cosht) + 185) — 444 log(cosh t)
— 1680t sinh 2¢ log(cosh t) + 168¢ sinh 4¢ log(cosh t) +1229) ,

(
v3(t) sech®(t) (840t sinh 2¢ — 168t sinh 4¢ + 3696 log®(cosh ¢)

and finally the value,

_2880?
©2401a2’

which completes the description of 7 up to second order in €.

T2

A.3 The homoclinic predictors

At this point we have determined an approximation of the emanating ho-
moclinic orbit for the rescaled Bogdanov-Takens normal form (A.8). Using
(A.7) we obtain the following expressions for the homoclinic orbit of (A.4)
up to second order (i.e. up to fourth order in ¢),

2

wi(t,e) = % (uo(et) + cus (et) + 2us(et)) + O(°);

m
w

w(t,€) = — (vo(et) + evi(et) + e2va(et)) + O(9),

where ug, vg are given by (A.9), u1,v1 by (A.12) and ug, v by (A.14). Also,
for the homoclinic bifurcation curve we find

4
Bi(e) = _584 + (’)(55);
b o b 4 5
Ba(e) = _moe” + —me” +O(7),
where
10 288b2
0= =, To (A.15)

7 = 240142
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From the expression (A.5) of H we are now able to derive an approxi-
mation for the homoclinic orbit in our original system (A.1) by collecting
all terms that are quadratic, cubic or of order four in e:

b 1
wo(t) = H(w, ) = e (aToHoom + auo(d)th) (A.16)
+ &3 (Loglet)as + Sun(et)an
a a
4 b 1 1
+ &t (—aHoom + aH0001T2 + aU2(€t)q1 + avl(st)qﬁ—

1 9 b v,
+@H2000u0(5t) + ETOH1001UO(575) + ﬁTO HOOQQ .

The same goes for the parameters using the expansion of K, (A.6), also up

to order four in e:
b 2 4 b v, 4
a=K(B)= aTOKmE + —aKw + aT2Ko1 + ﬁm Koo | €. (A1T)

Formulae (A.16) and (A.17) complete the derivation of the predictors of
both the homoclinic orbit and the homoclinic bifurcation curve for a general
ODE (A.1).

A.4 Formulae for all elements of the predictor

A.4.1 Derivation of ingredients of homological equation

The left-hand-side of equation (A.3) is obtained explicitly as follows. Using
the normal form (A.4) and the expansions (A.5) and (A.6) of H and K,
respectively, we find — put in lexicographical order and the terms of order
3 and higher omitted —,

Hy(w, B)G(w, B) = g{i Swag + g{; - (B1 4 Bows + aw? + bwiws)

= (q1 + Haooow1 + Hy100w2 + Hio1081 + Hioo182)w2

+ (g2 + Hi100w1 + Hozo0wz + Ho11081 + Ho10152)-
(B1 + Bowa + aw? + bwiws)

= qwz + @61 (A.18)
+ agew? + (bg2 + Haooo)wiws + Hiigows
+ Hi0081w1 + (Hio10 + Hoz00) f1w2 + (Hioo1 + g2) f2w2
+ Ho1108f + Ho1018152.

Substituting H and K into f(z, ), the right-hand-side of (A.3) reads (again,
we omit terms of order 3 and higher),

f(H(w, B),K(B)) = A(qrwi + gawa + Hoo1051 + Hooo1 B2+
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+ 1 Hogoowi + Hirpowiws + 3 Hosoows
+ Hip1081w1 + Hio1B2w1 + Horofr1ws + Hoo1 B2we
+ $Hoo208t + Hoo118152 + 3 Hoo2/33)
+ 3 B(qiw1 + gaws2 + Hoo10581 + Hooo1 82, 1w + gaws + Hoo10681 + Hooo1 B2)
+ A1(qrw1 + qaw2 + Hoo1081 + Hooo1 B2, K101 + Ko152)
+ J1 (K10B1 + Ko182 + 3 Ko0B5 + K115182 + 2 Ko253)
+ 3 J2(K10B1 + Ko152, K10B1 + Ko B2)
= Aqrw1 + Agaws + AHpo1081 + AHogo1 52
+ 2 AHs000wi + AHyy00wiws + 5 AHpo0w)
+ AHo1081w1 + AH00182w1 + AHo11081w2 + AHp101B2w2
+ 2 AHo0208% + AHoo1158182 + 3 AHoo255
+ 2(B(q1, q1)wi + Blq1, g2)wiwa + B(q1, Hooro) rwr + B(q1, Hooo1) Bown
+ B(g2, 1 )wiwz + B(qz, 2)w3 + B(g2, Hooro) B1w2 + B(gz, Hooo1) B2ws
+ B(Hoo10, ¢1)f1w1 + B(Hooto, ¢2) 1wz + B(Hoo1o, Hoo10) 87
+ B(Hoo10, Hooo1) 5182 + B(Hooo1, q1)B2w1 + B(Hooo1, g2) 2wz
+ B(Hooo1, Hoo10) 5182 + B(Hooo1, Hooo1)53)
+ A1(q1, K10)B1wr + A1(qr, Ko1) fowr + A1(g2, K10) Brwe
+ A1 (g2, Ko1)Bows + A1 (Hooro, K10) 55 + A1 (Hooto, Ko1) B1 52
+ A1 (Hooo, K10) 8182 + A1 (Hooor, Ko1) 53
+ 1 K108 + J1Ko1 B2 + 31 K087 + J1K1151 82 + 3 J1K0283
+ 2 (Ja (K10, K10) 85 + Jo (K10, Ko1)B1 52
+ Jo(Kor, K10) 8182 + Jo(Ko1, Ko1)33)
= Aqrwi + Agawo (A.19)
+ (AHoo10 + J1K10) 581 + (AHooo1 + J1Ko1) B2
+ 2(AHa000 + B(q1, q1))wi
+ (AH1100 + B(q1, g2))wiws
+ 3(AHo00 + B(g2, ¢2))w3
+ (AH010 + B(q1, Hoowo) + A1(q1, K10)) Brwn
+ (AH1001 + B(g1, Hooo1) + A1(q1, Ko1)) Bawi
+ (AHo110 + B(g2, Hooo) + A1(g2, K10)) Brwa
+ (AHo101 + B(g2, Hooo1) + A1(g2, Ko1)) Bows
+ 3 (AHo020 + B(Hoo10, Hoo10) + 241 (Hoo10, K10)
+ J1 K20 + Jo (K10, K10)) B3
+ (AHoo11 + B(Hoo10, Hooo1) + A1(Hoo10, Ko1)
+ A1 (Hooo1, K10) + J1 K11 + J2(Kio, Kot)) B1 82+
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+ 5 (AHoo02 + B(Hooo1, Hooo1) + 241 (Hooo1, Kot )
+ J1 Koo + Jo(Kor, Kor)) B

Note that we use in the last step the properties of multilinear forms that
we can take out scalars and — for the symmetric form B — that we can
interchange both sides. The homological equation is now simply obtained
by equating (A.18) and (A.19). We can solve the unknown coefficients of
H and K by collecting the terms with equal components in w and . This
leads to the following fourteen equations:

0= Aq, (A.20a)

¢ = Ago, (A.20b)

q2 = AHoo10 + J1 K10, (A.20c)

0= AHooo + J1Ko1, (A.20d)

aqa = 5(AHao00 + Blq1, q1)), (A.20e)

bz + Hao00 = AH1100 + B(q1, 42), (A.20f)
Hi100 = 5(AHo200 + B(g2, 32)), (A.20g)
Hi100 = AH1010 + B(q1, Hoo10) + A1(q1, K1), (A.20h)

0 = AH1001 + B(q1, Hooor) + A1(q1, Kot), (A.20i)

Hi10 + Ho200 = AHo110 + B(q2, Hoo10) + A1(q2, K10), (A.20§)
Hio01 + g2 = AHpi01 + B(q2, Hooo1) + A1(q2, Ko1), (A.20k)
Ho110 = 5(AHoo20 + B(Hoo10, Hoo1o) + 241 (Hooto, K10) (A.201)

+ J1 K0 + Jo(K10, K10)),
Ho101 = AHoo11 + B(Hoo10, Hooo1) + A1 (Hooto, Ko1) (A.20m)
+ A1(Hooo1, K10) + J1 K11 + J2( K10, Kow),
0 = 1 (AHoo02 + B(Hooo1, Hooo1) + 2A1(Hooo1, Ko1)  (A.20n)
+ J1 Koz + Jo(Kor, Kot)),
Obviously, the first two do not show anything, but just the definition of
the generalized eigenvectors 1 2. The next two, (A.20c) and (A.20d), will
become useful later on to compute Hy; and K.
Before we proceed, we remark that, by the properties of the generalized
eigenvectors, it holds that pA = 0, pT A = po, pl'ge = 0 and pl'g = 1.
These facts can be used to get orthogonal relations in the equations in

(A.20), and thus simplify them.
First of all, we multiply (A.20e) with pl from the left and obtain,

a = apy g = L(p3 AHoo0 + p3 B(ar, q1)) = 303 B(q1, 1),

which is equation (2.17). Moreover, by multiplying the same equation with
{ from the left, we gain,

S(pT AHoo00 + p B(q1,q1)) = & (p3 Hao00 + pi B(q1.q1)) = api g2 = 0,
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and hence,

p3 Haooo = —pi Blq1,q1), (A.21)

which is useful in the computation of b. To compute b, multiply (A.20f)
with pZ" from the left and use (A.21) in the result to obtain equation (2.18):

b = bpd g2 = p3 AH1100 + p3 B(q1, ¢2) — p3 Haooo
=pi B(q1,q2) + pi Blq1, q1).

The equations (A.20e) and (A.20f) also provide us with expressions for Hapgg
and Hy100. But A is not invertible, since it has A = 0 as eigenvalues, so we
have to use another operator A/NV which is defined such that = = ANy
by solving the non-singular bordered system (see [3]),

A p2\ (x\ _ (v
@ 0 s 0/’
where z,y € R" and s € R. This operator then returns formulae (2.19):

Hsoo0 = AV (2ag2 — B(q1, q1)),
Hyy90 = ATV (bga 4+ Hao0 — B(q1, q2)).

From (A.20g) we obtain by multiplying with p2 from the left, the useful
relation,

p3 Hiio0 = 5(p3 AHozo0 + p3 B(q2. ¢2)) = 03 B(go, ¢2). (A.22)
The same equation (A.20g) multiplied with p! yields

p1 Hioo = 5(p] AHoooo + p1 B(g2. ¢2)) = & (p3 Hozo0 + pi B(q2. ¢2)),
and hence

p3 Hozoo = 2p] Hi100 — p] B(az2. ¢2)- (A.23)

Multiplying both (A.20h) and (A.20i) from the left with p2 yields,

p3 Hi100 = p3 B(q1, Hooro) + p3 A1 (a1, K10),
0 = pd B(q1, Hooo1) + p3 A1(q1, Kor)-

In the first equation we can replace the term pl Hy199 with (A.22). Reversing
left and right sides, we then obtain,

pr(ql) ‘FIOl) + pgAl (Q17 Kl) = [%pr(Q27 92)7 0]7 (A24)

where ﬁ(n is short-hand notation for [Hoolo, HOOOl] and Kl for [Klo, K[)l].
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Equations (A.20h) and (A.20i), being multiplied from the left with p?,
give
p1 Hi100 = pi AHuo10 + pi B(q1, Hoowo) + pi A1 (g1, K1o)
= p3 Hio10 + pi B(q1, Hooo) + p1 A1(q1, K1o),
0 = pi AH1001 + pi B(q1, Hooor) + p1 A1(q1, Kor)
= p3 Hioo1 + pi B(q1, Hooor) + p1 A1 (a1, Koy).

These provide us, after rearranging, with the two following useful expres-
sions,

p3 Hio1o = —pi B(ar, Hoowo) — p1 A1(q1, K1o) + pi{ Hi1o0,
p3 Hioo1 = —pi B(ar, Hooor) — i A1(q1, Kor).
The next two, (A.20j) and (A.20k), multiplied with pd" from the left,
3 Hio10 + p3 Hozoo = py AHor10 + p3 B(g2, Hooro) + p3 A1 (g2, K1o),
p3 Hioo1 + p3 ¢2 = p3 AHouo1 + p3 B(q2, Hooo1) + p3 A1 (g2, Ko1)
and each first term on the left-hand-side replaced with (A.25),

—pi B(q1, Hoowo) — p1 A1(q1, K10) + p{ Hi100 + p3 Hozoo
= p3 B(g2, Hoo1o) + p3 A1 (g2, K1),
—pi Blq1, Hooo1) — p1 A1(q1, Kor) + 1
= p3 B(qz, Hooo1) + p3 A1 (g2, Kon),
give the rearranged and combined equation
pi B(a1, Hou) + pi Ai(q1, K1) + pj B(gz, Ho) + p3 A1 (g2, K1)
= [p{ H1100 + p3 Hozo0, 1],
where we use again the short-hand Hy = [Hoo10, Hooo1] and K= (K10, Ko1].

We can reduce the number of unknowns in this formula further by substi-
tuting ngOQOO with (A23)

pIB(qr, Hot) + pF Av(qr, K1) + pb Bz, Hor) + pb A1 (g2, K1)
= [~p? B(ga, q2) + 3p{ Hi100, 1].

Summarizing, when we collect (A.20c), (A.20d), (A.24) and (A.26), we gain
the 4-dimensional system

(A.25)

(A.26)

A J1 i
P Ba Y Aiq <K01>
pIBqi +pIBgs pfAiqi + pE Arge !
(A.27)
q2 0
= 393 B(q2, 42) 0],

—p¥'B(q2, q2) + 3pT Hi100 1

from which we can determine }%1 and K 1.
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Next, we want to determine the remaining quadratic coefficients, to start
with Koo and Hpppe. These two can be obtained from (A.20n). Multiply
this equation from the left with pl to obtain

0 = p3 B(Hooo1, Hooo1) + 2p3 A1(Hooot, Kot) (A.28)
+ p3 J1 Koz + p3 Jo(Kor, Kor).
Apply the vector pl also to (A.20c) to get
1= pj g2 = p3 AHooro + p3 J1 K10 = py J1 K1o.

This result removes the J; in front of Kpe at the cost of an extra (known)
Kig. Furthermore, using the abbreviation

z = B(Hooo1, Hooo1) + 2A1(Hooo1, Ko1) + J2(Ko1, Ko1),
formula (A.28) provides a short equation for Kps:
Koz = —(p3 2) K.

Knowing Ko, we can get rid of the other unknown Hygge in the same equa-
tion (A.20n) by applying the operator ANV as described above. This yields
the other part of equation (2.20),

Hogoz = —A™NV (2 4+ 1 Ko).
The operator A/NV can serve to tackle the seven remaining unknowns
in equations (A.20e)—(A.20m):
Hoaoo = A™V (2H1100 — B(g2, 42)),
Hioo = A"V (H1100 — B(q1, Hooto) — A1(q1, K10)),
Higor = —A™V(B(q1, Hooo1) + A1(q1, Kor)),
Hor1o = A™YV (Hyo10 + Hozo0 — B(q2, Hooto) — A1(q2, K1o)),
Howor = A"V (Hig01 + @2 — B(g2, Hooor) — A1(q2, Ko1)),
Hopzo = A™V(2Ho110 — B(Hoo10, Hooto) — 2A1(Hoo10, K10)
— J1 Koo — J2(K10, K10)),
Hoorr = A™V (Hor01 — B(Hooro, Hooo1) — A1(Hooro, Kot)
— A1(Hooo1, K10) — J1 K11 — J2(K10, Kot))-

In the last two expressions, we use the components Koy and K71, which still
have to be determined . These can be computed from (A.201) and (A.20m)
in the same manner as we obtained K2, giving,

Koo = pb (2Hor10 — AHoo20 — B(Hoo10, Hoo10)
— 241 (Hooo, K10) — Jo(K10, K10)) Ko,

K1 = p} (Horo1 — AHoor1 — B(Hoo10, Hooo1) — A1(Hoo0, Ko1)
— A1 (Hooo1, K10) — J2(K10, Ko1)) K1o.

This completes the calculation of all unknown coefficients in the expan-
sions (A.5) and (A.6) of H and K, respectively.



A.4 Formulae for all elements of the predictor 72

A.4.2 Mathematica-code to compute homoclinic orbit for
rescaled BT

In this section we present the MATHEMATICA-code which is used to obtain
the solutions wy, v1, ug, ve,us, vs and 79, 71, 72 to (A.12), (A.14) and (A.15),
presented in section A.2. The script is structured as follows: there are four
sections according to each power of €. Within each section there are first the
known functions stated. The computation of the needed functions follows.
After that we take the required limits from the results and equate them to
0. The last part gives the final answers of the section.

Solutions for %-components

u0[t_]:=2(1-3*%Sech[t]"2)
vO[t_]:=12xSech[t] "2*Tanh[t]

Solutions for e'-components

phil[t_]:=v0[t]
phi2[t_] :=2*Cosh[t] ~2+5+15*t*Sinh [t]/Cosh[t] ~3-15/Cosh[t] "2
W=Wronskian[{phil[t],phi2[t]},t];

W1ilt_]:=phil[t]*b/a*v0[t]*(taud+ul[t])
W2[t_]:=phi2[t]*b/a*v0[t]*(tau0+ul[t])
uf1[t_]:=Integrate[W1[t]/W,t]
ugl[t_]:=Integrate[W2[t]/W,t]
ul[t_]:=phil[t]*(C2-ugl[t])+phi2[t]*(Cl+ufl[t])
vi[t_]:=D[ulls],s]/.{s—>t}

Limit [phil[t],t->Infinity]
Limit [phi2[t],t->Infinity]
coef1=Solve[{Limit [Cl+ufl[t],t->Infinity],
Limit [C1+uf1[t],t->-Infinity]}=={0,0},{tau0,C1}];
vi[0]/.%[[1]1];
coefC2=Solve [%==0,C2];

repli=Union[coef1[[1]],coefC2[[1]]]
ul[t]/.repll//Simplify
v1i[t]/.repll//Simplify

Solutions for e2-components

f2[t_]:=ullt] "2+b/axtaul*vO[t]+b/a*ul [t]*v0[t]
+b/axtau0*vi[t]+b/a*xu0[t]*v1[t]/.repll
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W3[t_]:=phil[t]*£2[t]

W4ALt_]:=phi2[t]*£f2[t]

uf2[t_] :=Integrate[W3[t]/W,t]

ug2[t_] :=Integrate[W4[t]/W,t]

u2[t_] :=phil[t]*(C4-ug2[t])+phi2[t]*(C3+uf2[t])
v2[t_]:=D[u2[s],s]/.{s->t}

coef2=Solve [{Limit [C3+uf2[t],t->Infinity],

Limit [C3+uf2[t],t->-Infinity]}=={0,0},{C3,taull}];
v2([0]/.%[[1]1];
coefC4=Solve[%==0,C4];

repl2=Union[coef2[[1]],coefC4[[1]]]
u2final [t_]:=u2[t]/.repl2//Simplify
v2final [t_]:=v2[t]/.repl2//Simplify
u2final[t]
v2final[t]

Solutions for e3-components

£3[t_]:=2*%ul[t]*u2final [t]+b/a*tau2*v0[t]+b/a*u2final [t]*vO0[t]
+b/a*xtaul*vi[t]+b/a*ul [t]*vi[t]+b/a*taul*v2final [t]
+b/a*ul [t]*v2final [t]/.repll/.repl2

W5 [t_]:=phil[t]*f3[t]

W6 [t_]:=phi2[t]*f3[t]
uf3[t_]:=Integrate[W5[t]/W,t]

ug3[t_] :=Integrate[W6[t]/W,t]

u3[t_] :=phil[t]*(C6-ug3[t])+phi2[t]*(C5+uf3[t])
v3[t_]:=D[u3[s],s]/.{s->t}

coef3=Solve[{Limit [C5+uf3[t],t->Infinity],

Limit [C5+uf3[t],t->-Infinity]}=={0,0},{C5,tau2}];
v3[0]/.%[[1]1];
coefC6=Solve[%==0,C6];

repl3=Union[coef3[[1]],coefC6[[1]]]
u3final [t_]:=u3[t]/.repl3//Simplify
v3final[t_]:=D[u3final[t],t]//Simplify
u3final[t]

v3final[t]
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