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Abstract

In this thesis we will introduce and prove several inequalities on Banach function
spaces (such as C(S) or L,-spaces), most notably the Grothendieck inequality
and the Khintchine inequality. In particular, we will study how the Khintchine
inequality can be used to extend the Grothendieck inequality to other spaces.

Using some theory on C*-algebras and von Neumann algebras, we introduce
the notion of noncommutative spaces that extend the definition of the usual
L,-spaces and study how the Grothendieck and Khintchine inequalities can be
extended to these spaces. Finally, we will introduce arbitrary noncommutative
Banach function spaces and show that if the Khintchine inequality holds for
these spaces, then the Grothendieck inequality must also hold. We conclude
the thesis, by introducing the concepts of concave and convex Banach function
spaces and use some recent results on such spaces to state and prove a more
general Grothendieck inequality.
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Chapter 1

Introduction

Grothendieck’s theorem (GT in short), sometimes also called the Grothendieck
inequality, was first introduced by Alexander Grothendieck (in 1953) in his
résumé on tensor products [5]. Although Grothendieck is mainly known for his
contributions to algebraic geometry, he also played a role in the development of
several aspects of functional analysis, mainly in the areas of topological tensor
products and nuclear spaces. One of his most influential discoveries in this area
is now known as Grothendieck’s theorem.

One could, informally, say that Grothendieck’s theorem shows a surprising
and non-trivial relation between the Banach spaces L., L1 and the Hilbert space
Ly. As we will see in the course of this thesis, this relation can be extended
from L., and L; to more general function spaces, von Neumann algebras and
even several noncommutative function spaces.

In the second chapter of this thesis, we will explore how Grothendieck’s
theorem relates to several other well known inequalities, such as the Khintchine
inequality and the Marcinkiewicz-Zygmund inequality. We will also introduce
the notion of a Banach function space and show that Grothendieck’s theorem,
is some ways, also holds for these spaces.

In the third and fourth chapters, we will introduce von Neumann alge-
bras and noncommutative L,-spaces and show how Grothendieck’s theorem,
the Khintchine inequality and the Marcinkiewicz-Zygmund inequality and their
mutual relations can be generalized to these “noncommutative” spaces. We will
see that the Khintchine inequality can be used to generalize Grothendieck in-
equality, if we restrict ourselves to the “right combination” of noncommutative
L,-spaces.

Finally, in the fifth chapter, we will introduce the theory of symmetric spaces
of measurable operators in order to generalize the notion of a Banach function
space to the noncommutative setting. It is in this setting, that we shall formulate
and prove the original results of this thesis. We will show that the relations be-
tween Grothendieck’s theorem and the Khintchine and Marcinkiewicz-Zygmund
inequality also extend to these general noncommutative spaces. By proving a
slightly different form of the noncommutative Khintchine inequality, we will see
that Grothendieck’s theorem can in fact be extended to many combinations of
L,-spaces. Finally, we shall use a recent result, due to Lust-Picard and Xu,
regarding a generalized Khintchine inequality to generalize the Grothendieck
inequality to many other Banach function spaces.



1.1 Applications

Though thesis is mainly devoted to exploring ways in which the traditional
Grothendieck inequality can be extended, it is worth pointing out some appli-
cations of the traditional and generalized inequalities. Since its discovery, the
traditional Grothendieck inequality, has been found to be applicable in many
different mathematical contexts, ranging from the proof of Bell’s inequality in
quantum physics to methods of simplifying NP-hard problems computer science
[19].

The foremost reason though, for studying the Grothendieck inequality and
its generalizations is because of its direct applications to functional analysis.
Several versions and generalizations of the Grothendieck inequality that we
present in this thesis can be used to conclude that several classes of bounded
linear maps between Banach spaces, factor through a Hilbert space. In chapter
2, we do this explicitly for bounded linear maps u : C(S) — C(T)*, for compact
Hausdorff spaces S and T, but it can also be done for maps between Banach
function spaces [13] and C*-algebras [7]. This can in turn provides new and
useful information on Banach spaces constructed by considering the topological
tensor products of these spaces [7, 19].

Whether these results also hold for the generalized version of noncommuta-
tive Grothendieck inequality presented in chapter 5, falls beyond the scope of
the author’s research, but does provide an interesting ground for future research.

1.2 Preliminaries

We will first briefly recall several definitions and theorems from the theory of
bounded, and unbounded, operators on a Hilbert space H and the theory of
C*-algebras. Note that by positive, we will mean elements larger than or equal
to zero. If we wish to exclude zero, then we shall speak about strictly positive.
Furthermore, as several of the proofs have a tendency to become quite involved,
we shall occasionally precede a proof with a general outline of the proof.

1.2.1 Operators on a Hilbert space

We recall that an operator x is a (possibly unbounded) linear map x : D(x) —
H, where D(x) is a linear subspace of H. We say that x is closed, whenever its
graph is a closed subspace of H x H. We say that x is densely defined if D(x) is
a dense subspace of H. Any closed and densely defined operator has a unique
closed and densely defined adjoint 2* : D(x*) — H defined by

(x&,m) = (&, x™y), V&€ D(x),ne D(x").

We say that z is self-adjoint if D(x) = D(z*) and © = z*. A self-adjoint
operator a is positive, we write a > 0, if and only if (a€,§) > 0 for all £ €
D(a) C H. It can be shown that a > 0 if and only if there exists some operator
x, such that a = x*z.

An operator is called normal if zoz* = x*x and unitary if it is bounded
and z*z = xzz* = 1. A projection p € B(H) is a bounded operator satisfying
p=p*=p



For an operator z, we define the spectrum o(z) of z as all A € C, for which
(x — A1) does note have a bounded inverse. One can show that o(x) C R
whenever z is self-adjoint.

Denote by B(R) the Borel o-algebra on R. A spectral measure on R is
then defined as a map e : B(R) — B(H) such that e(A) is a projection for
all A € B(R), e(@) = 0, e(R) = 1 and for every countable familly of mutually
disjoint sets A; € B(R), we have e(U;A;)§ = Y. e(A;) for all € € H (i.e., the
sum converges in the strong operator topology). For all £,n € H, e defines a
real valued measure e¢ , by e¢ ,(A) := (e(A)&,n). Furthermore, we have

(( ] rode)en) = [ s0vdecy )

whenever f is a Borel measurable and integrable with respect to the Lebesgue
measure.

For every self-adjoint operator a, there exists a unique spectral measure
e’ : B(R) — B(H), such that

a/R)\de“()\)/g(a))\de“()\).

For any Borel measurable and integrable function f : R — C, we can then
define a normal operator f(a) by

f(a) = / F(Vde (),

furthermore, f(a) commutes with a.

In particular, if @ > 0 then e is supported on [0,00) and if f(\) = VA,
then z = a'/? := f(a) is the unique positive square root of a, satisfying z2 = a.
When z is a closed and densely defined operator, this allows us to define the
absolute value of an operator |z| = (z*z)'/2. Note that although this operation
is called the absolute value, it does not satisfy the triangle inequality!

A partial isometry is a bounded operator z such that z*x and zz* are
both projections. Any (possibly unbounded) operator x can be written as x =
u|z|, where u is a partial isometry. This decomposition is called the polar
decomposition.

1.2.2 C*-algebras

Now we recall that a C*-algebra A is a Banach algebra equipped with an invo-
lution * : z — x* such that

Ve,yc AL e C: (z+My)* =" + Wy and (zy)* =y z*

and a norm satisfying ||z*z| = ||z||?>. Due to the Gelfand-Naimark theorem,
such a space is always isometrically *-isomorphic (isomorphic in a way that
preserves the involution) to a C*-algebra consisting of bounded linear operators
on a Hilbert space H. Furthermore, any commutative unital C*-algebra is
also isometrically *-isomorphic to C(S) for some compact Hausdorff topological
space S.



When working with a C*-algebra A, we typically write Ay, for the subspace of
self-adjoint elements and A4 for the subspace of positive elements. If, z,y € A,
such that y —z € A, we write x < y.

Finally, we define a state on a C*-algebra A as a norm-1 positive linear
functional ¢ € A*, meaning that ¢(z) > 0 for all > 0 and ||¢|| = 1. A state is
called faithful if z > 0 and ¢(z) = 0 imply that = 0. We usually denote the
set of all states on a C*-algebra A by S(A).



Chapter 2

Classical Inequalities

As our main aim is to generalize the Grothendieck inequality, it makes sense to
first state the inequality in its classical setting, namely as a bound for bounded
bilinear forms on commutative C*-algebras. As the proof given by Grothendieck
himself in [5] is somewhat technical, we will instead give the proof used by
Lindenstrauss and Pelczynski in [11]. Using this basis, we will present a number
of different forms and implications of Grothendieck’s theorem, such as the little
Grothendieck inequality, all of which can also be found in [19].

Further along in this chapter, we will give a proof of the Khintchine in-
equality. Many proofs of this inequality already exist, one of which can be
found in [6]. We will use the Khintchine inequality to establish a version of the
Marcinkiewicz-Zygmund inequality often encountered in harmonic analysis and
study how these two inequalities can be used to generalize the Grothendieck
inequality to some L,-spaces.

We will end this chapter by introducing Banach function spaces and give
a summary of the proof presented in [13] that the Marcinkiewicz-Zygmund in-
equality can be extended to these spaces. Similar to the way in which we will
generalize Grothendieck’s theorem to L,-spaces, we can use this to generalize
Grothendieck’s theorem to Banach function spaces.

Although the relation between the Grothendieck inequality and the Khint-
chine and Marcinkiewicz-Zygmund inequalities has already been established in
[19], the author will show in chapters 4 and 5 that this relation can in some
ways be extended to the noncommutative setting.

2.1 The Grothendieck inequality

The Grothendieck inequality itself can be brought into many forms. Most no-
tably we will use theorem 2.1.1 in order to give a self-contained proof of the
inequality. We will then consider theorem 2.1.4, which most highly resembles
the form in which we shall state the noncommutative Grothendieck inequality
for C*-algebras. Next, we consider theorem 2.1.6, which resembles the form we
will use to state several other generalizations of the Grothendieck theorem. As
an important application, we will also prove theorem 2.1.8, which states the
Grothendieck inequality as a way to factorize maps u : C'(S) — C(T')* through
a Hilbert space. Finally, we shall discuss a famous corollary, namely the little



Grothendieck inequality.

2.1.1 Introduction and Preliminaries

Although throughout this thesis, we will mostly focus on other forms of the
Grothendieck inequality, we will, as an introduction, consider the Grothendieck
inequality in discrete form. This will also allow us to give a short, (relatively)
non-technical proof of the classical Grothendieck inequality. This form of the
inequality and its proof were first put forward by Lindenstrauss and Pelczynski
in [11].

Theorem 2.1.1 (GT: Discrete form). Let [a;;] € M,(K) be an n x n matriz
(K =R or C), such that for all n-tuples (a1,...,an), (B1,...,0n) € K"

n
Z ;0 Bj

ij=1

< sup |oy| sup [B;].
i J

Then for any Hilbert space H and &1,...,&, € H and m1,...,n, € H we have

n

> ai; (&)

ij=1

< K% sup [|&:[| sup [[n; ],
[ J

where K > 0 depends only on whether K = R or C (and not on the Hilbert
space).

Remark 2.1.2. The best possible constant K¢ is called the Grothendieck con-
stant and depends on whether we are in the real or complex case. Though
its exact value remains unknown, it was shown by the French mathematician
Jean-Louis Krivine [10] and the Danish mathematician Uffe Haagerup [8] that

1.66 < K5 < 1.782 and 1.338 < K& < 1.4049,

respectively.

In order to prove the Grothendieck inequality, we shall need to use the
following special sequence of independent and identically distributed random
variables.

Definition 2.1.3. An i.i.d sequence of Rademacher random variables {r;}icn
on a probability space (2, F,P) is an i.i.d. (independent and identically dis-
tributed) sequence of random variables with the property that

for all 7.
These functions have the property that E[r;] = [, r;dP = 0 and

E[le "'Tjn} = / T’jl ...T’jnd]P): 0
Q

whenever j; > ja > ... > jp.

On ([0,1],B([0,1]),A) we can construct an i.i.d. sequence of Rademacher
random variables as follows: Denote for A € B(]0, 1]), the indicator function of
A by x4 and define the functions r; : [0,1] — {—1,1} by



"= X[0,4) T X[3.1

T'n = Zi:GZ(*1)kX[2—"k72—n(k+1)) + X[2-n(2n—1),1]-

In other words, the functions r, take alternating values in {—1,1} on the 2"
intervals [0,27™),...,[27™(2" — 1),1]. This sequence is sometimes called the
sequence of Rademacher functions.

Outline. We first prove the statement in the real case, since the complex case
follows by splitting the inequality in its real and imaginary parts. We use the
fact that we only consider a finite number of elements &;,n; € H to reduce the
problem to functions in Lo that are spanned by Rademacher functions. The
result then follows by proving that the inequality holds for truncated versions
of &; and n; and showing that this truncation does not alter &; and 7; too much.

Proof of 2.1.1. As mentioned, we first consider the case where K = R. With-
out loss of generality, we may assume that ||&;] < 1 and ||n;|| < 1, and since
we only consider a finite number of vectors (namely n), we may as well as-
sume that dimH = d = 2n < oo. Since all Hilbert spaces of a given finite
dimension are isomorphic, we may take H C Ly([0, 1]) to be the d dimensional
space spanned by the first d Rademacher functions (or equivalently, d i.i.d.
Rademacher random variables). Now we truncate these functions by defining
for any & € La([0,1])

2oy — €@ if |¢(t)] <1
&) = { sen(£(t)) if [€(8)] > 1.

Using our assumption on [a;;], and the fact that |£| < 1, we then have that

n =N n 1 1
Z Qij <€w@> Z aij/ &(t)ﬁi(t)dt‘ < /
i,j=1 0 0

ij=1 ’ B
Now note that if £(1) # £(t), then [£(1) — £(1)] = |£()] — 1 and (je(t)] -
2)2 > 0. Combining this, we find

n

> ai; & ()7 (1) |dt < 1.

4,5=1

€(8) =€) =€) —1 < i\&(t)IQ,

which also holds if £(t) = ¢ (t). Applying this, together with the orthogonality
properties of Rademacher random variables, we find that if £ € H, then we can
write

d
(1) =D Aira(t)
i=1



1
16/0 () — £(t)] dt</ £(¢)
d 1
/ (Z / < Z /\i/\j)‘k’)‘lrirj"’k’f’l>dt
=1 0 i,7,k,l

— AN D NN D NN =2 Y N AN

:] i=k 1=l i=j=k=lI
Jj=l Jj=k —=

2
—3ZA2A2—2ZA? <3 (Zﬁ) =3l¢l* <3,

??‘S-

hence ||& — §|| < ¥3_If we then define for &, n; € H,

n

alll :=sup 4 | D asj (Eomid| < Nl Ingl < 1 ¢

i,j=1

then we find that

Z aij (i 1j) Z Qij <§i77/7}> ‘ + Z i <§i - 51;77]> ’
t,j=1 ,j=1 5,j=1
+| Y ai (&g — )
ij=1

V3 V3
<1+ TIHaH\ + T|||a|||7

hence |||a|]] < 1+ §|||a|||, which implies |||al|] < 2_2\/5. Using this, we then
find
- 2
Aij Elan
i’jZ:1 J < ]> 9 _ \/g

for all ||&]l, ||n;]| < 1, which concludes the proof in the real case.

Suppose now that K = C, then the matrices [Re(a;;)] and [Im(a;;)] also
satisfy the requirement. Now note that ||£]|? = || Re(&)||? + || Im(¢)]|?, hence we
have by the real version of the theorem

> Re(aij) (Re(&), Re(ny)) | < K* sup [ Re (&)l sup [ Re(n;)]|

ij=1

< K sup [|&i| sup [|n; .
i J

Doing this for all combinations of Re(a;;), Re(&;), Re(n;) and Im(a;;), Im(§;),
Im(n;), we then find that the theorem also holds in the complex case, with
K® < 8K%. O
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2.1.2 Equivalent inequalities

Though there are many ways to represent Grothendieck’s theorem, we shall
mainly do so in the form of two (equivalent) inequalities estimating some bilinear
form on two spaces of continuous functions on some compact Hausdorff spaces.
Later on, this will also be the form that we will try to generalize to more
arbitrary Banach spaces.

Recall that a bilinear form V : X x Y — K, where X and Y are Banach
spaces, is continuous if and only if it is bounded, meaning that there exists some
C > 0, such that for all z € X and y € Y,

V(2,9 < Cll|lllyl-

If this is the case, we often define ||V|| as the smallest C' for which this holds.
Grothendieck’s theorem, as we will most often study it gives us another
estimate for bounded bilinear forms, for several special choices of X and Y.

Theorem 2.1.4 (GT: Integral form). There exists a K > 0 such that for any
two compact Hausdorff spaces S, T and for any bounded bilinear formV : C(S)x
C(T) — K there exist reqular Borel probability measures p on S and v on T

such that
1/2 1/2
V(e,p) < K|V ( /S x|2du) ( / |y|2du)

for all z € C(S),y € C(T). Furthermore, the best possible K is equal to K&.

Remark 2.1.5. Recall that if S is a compact Hausdorff space, then a positive
measure p on B(S) (the Borel o-algebra on S) is called regular if the following
hold

(i) p(K) < oo for all compact K C S.
(ii) For any E € B(S), u(F) =sup{u(K) : K C F and K is compact}.
(iii) For any E € B(S), p(F) = inf{u(U) : U 2 FE and U is open}.

A complex measure p on B(S) is regular if || is regular. We then say that p is
a regular Borel measure on S.

Finally, recall that the dual space C(S)* may be identified with the space
of all regular Borel measures on S, hence any regular Borel probability measure
can be identified with a state (a positive linear functional of norm 1) on C(S).

Theorem 2.1.6 (GT: Sequence form). There exists a K > 0 such that for any
bounded bilinear form V : C(S) x C(T) — K,
n 1/2
(5 m)
coll \ =1

n 1/2
< KvnH (Dm?)
=1

for all finite sequences x1,...,x, € C(S) and y1,...,x, € C(T). Again, the
best possible K is equal to Kg.

n

ZV(%‘,%)

=1

o0

11



In order to show that their optimal constants are equal, we will need to
show that the theorems we consider are actually equivalent, meaning that each
theorem implies each other theorem with the same constant K. We shall first
show that theorem 2.1.6 and theorem 2.1.4 are equivalent, then we shall show
that theorem 2.1.6 and 2.1.1 (which we already proved) are equivalent.

Proof of 2.1.4 < 2.1.6. Note that C(S) and C(T') are commutative C*-algebras
and that the regular Borel probability measures on S are exactly the states on
C(S) (see remark 2.1.5) and similar for 7. The result then follows by the Hahn-
Banach argument presented in the appendix in the form of theorem B.2.2. [

Outline. In order to show that 2.1.1 = 2.1.6 we pick for the compact Hausdorff
space S points s1,...,sy and a finite open cover consisting of neighbourhoods
of those points. Next, we pick a partition of unity f; of S subordinate to
the open cover and we show that we can approximate z1,...,z, € C(S) by
T; = Zj xi(s;)f;. Likewise we pick points ¢1,...,tx € T, a partition of unity
g; of T' and we approximate y1,...,y, € C(T) by §; = Zj yi(tj)g;-

We then show that the matrix defined by [a;;] = [V (fi, ¢:)] satisfies the
requirement from theorem 2.1.1 and apply theorem 2.1.1 to the vectors vy =
(x1(8k), -y xn(sk)) and wr = (y1(tk), ..., yn(tr)) to show that theorem 2.1.6
holds for #; and ;. We then use our approximation argument to reduce our
result back to z; and y;.

In order to prove that 2.1.6 = 2.1.1, we basically show that theorem 2.1.1
is a special case of theorem 2.1.6. If we take S = T = {1,...,n}, then our
assumption on [a;;] implies that the associated bounded bilinear form V satisfies
IV < 1. Choosing for v;, w; € H suitablef z;,y; € C(S) = C(T') = {5 then
yields the desired result.

Proof of 2.1.6 & 2.1.1.

2.1.1 = 2.1.6: Suppose Z1,...,z, € C(S), y1,...,yn € C(T) and pick
€ > 0. We can then, for every s’ € S find a neighbourhood Uy, of s’ such that if
s € Uy, then |z;(s) — x;(s")] < e for all 1 <4 < n. Since S is compact, we can
then pick from these Uy a finite subcover {Us, }r<n of S.

Now we can pick a partition of unity f; subordinate to U, (i.e. f; €
C(S,[0,1]) such that each fj is supported in U,, and Ef@vﬂ fr(s) = 1 for all
s € 5). If we then define ; = Zivzl x;(8k) fr, then

lz: — Zilloo = ax, zllljpk |zi(s) — T4(s)]

1<k<N seu,,

N
= max _sup |Zfz(8)(fﬂi(3)*$i(5l))|
=1

< max oa(s) = i)l <

Also note that since 0 < |f| < 1, we have ||Z;||coc < maxy |z;(sk)| < |24 oo-
The same can be done for y; € C(T') (where we shall use g, for the partition

of unity subordinate to the cover Uy, ), and by choosing our finite covers large

enough, we can assume that both covers have the same number of elements

(namely N). Now assume without loss of generality that ||[V|| = 1, and denote

12



~ N N N
T=3 1 oufr, T = j_1 Brgk, then

V(&G = | > arBiV (fr 0| < [Elloo]§llo0 < sup ek sup feul,
ol
hence the N x N-matrix [ax;] = [V ([fx, gi)] satisfies the requirement of theorem

2.1.1. If we then take H = K", and take vy, = (z1(sk), ..., Zn(sx)) and likewise
wy = (y1(tr), - - -, yn(t1)), then

n

> V(Ed:)

i=1

n

Z Z aszﬂi(sk)yi(tl)'
i=1 k=1

n

Z aki (U, Wr)

k=1

n 1/2 n
= s (Slwntonl? ) swp (o)
=1 =1
n 1/2 n 1/2
<w(Ser) | [ (Swer)
=1 oo =1

Furthermore, using the properties of Z; and ¢;, we find

Zv(ﬂ%yi) =
i=1

< K sup ||vg|| sup ||w|
k l

1/2

o0

n
ZV(% =T+ %0, yi — Ui + Ui)
i=1
n n n
Zv(fcmﬂi) +ne’ + 62 19illoo + 62 2|0
i=1 i=1 i=1
n n n
<D V(@G| +ne e Y yillo + €D illoo-
i=1 i=1 i=1
This means that by choosing e arbitrarily small, we find that

n n 1/2 n 1/2
> Vi) < & (k) | ()
=1 =1 o =1

hence theorem 2.1.6 holds.

2.1.6 = 2.1.1: For the converse, we take S = T = {1,...,n}. The as-
sumption in theorem 2.1.1 implies that the bilinear form V associated with the
matrix [a;;] satisfies |V|| < 1.

IN

)
oo

Now suppose _1,...,v, € H and wy,...,w, € H are given and note that
since we only consider a finite number of elements in H, we might as well assume
that dim H = d < co. Now let eq,...,eq be an orthonormal basis for H, and

define for 1 < k < d, zg,yx, € C(S) = C(T) = % by z(i) = (v;,e) and

13



yr (1) = (w;, ex), then applying theorem 2.1.6 yields

n d
Yo > aij(viser) (wy, ex)

n

> aij (vi, w;)

> Vi)

ij=1 i=1k=1 k=14
d 1/2 d 1/2
_ Ksup (Z mu)?) sup (Z ykw)
i€S \ 15 Jjes \,

= K sup [|vi[[ sup [lw; ],
icS jES

hence theorem 2.1.1 holds.
Finally, since both inequalities imply each other, with the same constant K,
the optimal constant must also be the same in both. O

Remark 2.1.7. In the first part of the previous proof, what we actually construct
is a finite dimensional subspace of C(S) (spanned by the partition of unity),
that is isometric to Y and that is “almost” isometric to a subspace containing
Z1,...,ZTn. But this means that every finite dimensional subspace of C(S) will
behave, in some ways, “almost” like an L.,-space. Any other space with the
same finite dimensional structure as C(K) will behave in the same way.

This idea gives rise to the definition of an £, x-space. A space is called an
L, r-space if every finite dimensional subspace V is contained in another finite
dimensional subspace N, of dimension n, such that there exists an isomorphism
T : N — (7, satisfying || T||[|T~']| < A (we say that the Banach-Mazur distance
from N to £ is at most A). It can be shown that C(S) is in fact an Log 14~
space for all € > 0. For more on this we refer to [11]. This theory allows us, in
some ways, to lift properties from L, to properties of C(S5).

2.1.3 Factorization

In the introduction, we informally described Grothendieck’s theorem, as a rela-
tion between the Banach spaces L., L1 and the Hilbert space Ly. If we consider
a measure space (X, X, v), then the space Lo, (v) is a commutative unital C*-
algebra. This means that there exists some compact Hausdorff space S, such
that Lo (v) is isometrically *-isomorphic to C(S). Theorem 2.1.4 then shows
that a bounded bilinear form on L., X Lo, can be estimated in an L9 norm.

Now let u : C(S) — C(T)* be a bounded map, then there is an associated
bounded bilinear form V : (z,y) — (uz)(y). If we then let p and v be as in
theorem 2.1.4 and note that C(T) lies dense inside Lo(T,v), then GT tells us
that for every x, ux can be extended to a unique bounded linear functional on all
of Ly(T,v). Furthermore, by taking the completion of C(S) with respect to the
Lo (S, pv)-norm, we see that u can be extended to a map @ : Lo(S, u) — Lo(T, v)*.

If we let J, : C(S) — La(S, ) and J, : C(T') = Lo(T,v) be the canonical
(norm-1) maps (note that they are not inclusions, since they might have a non-
trivial kernel), then we can write for all x € C(S), y € C(T)

(uz)(y) = [a(J)] (Joy),

hence u = J}uJ, and ||a] < K||u.
This gives us then the following equivalent theorem

14



Theorem 2.1.8. For every u : C(S) — C(T)*, there exists regular Borel prob-
ability measure p on S and v on T such that u admits a factorization of the
form w = J}uJ, where @ : La(S, u) = Lo(T,v)* and

laf < K|lu]l.
Again, the best possible K is equal to Kg.

Proof. The argument above already shows that theorem 2.1.4 implies this the-
orem, hence we only need to show that this theorem implies theorem 2.1.4. If
we construct for V' the associated linear map u : C(S) — C(T)* (given by
x +— V(x,-)), then we have that for all x € C(S) and y € C(T),

|(uz)(y)] = (@) (Jvy) < lallllJuzll2l oyl < KX ullll Tuzlzl Lyl
But since |Ju|| = ||V and (uz)(y) = V(x,y), the result follows. O

As we mentioned above, Lo, is isometrically *-isomorphic to some C(S).
Furthermore, L can always be isometrically embedded in its bidual. We say
that a map v : X — Y factors through a Hilbert space H, if there exists
up : X — H and us : H — Y such that u = ug o uy. This then gives us the
following corollary.

Corollary 2.1.9. Any bounded linear map w: C(S) — C(T)* or u: Looc — Ly
(over two arbitrary measure spaces), factors through a Hilbert space. In addition,
we have that

inf{[Ju[[[luz]l} < Kellull,

where the infimum is taken over all possible decompositions of u through a
Hilbert-space.

2.1.4 The little Grothendieck inequality

A second way that Grothendieck’s theorem relates C(S) (or Lo) spaces to
Hilbert spaces is through the slightly weaker result, usually called the “little
Grothendieck inequality” (or sometimes the little Grothendieck theorem or “lit-
tle GT”). This theorem can be presented in four equivalent ways:

Theorem 2.1.10 (Little GT). Let S, T be compact Hausdorff spaces, H any
Hilbert space, and let u : C(S) — H and v : C(T) — H be bounded linear maps.
Then the following hold

(i) There exist regular Borel probability measures p on S and v on T such that

1/2 1/2
|z, vy) | < Kllullllo] ( / xPczu) ( / |y|2du)

(ii) There exists a regular Borel probability measure p on S such that

1/2
luzl < VAl ( /S |a:|2du)

15



(iii) For all finite sequences x1,...,x, € C(S) and y1,...,2, € C(T)
n 1/2 n 1/2
(k) | [(Xm)
i=1 ool \ =1
(iv) For any finite sequence x1, ..., T, € C(S)
n 1/2 n 1/2
(X ) < Vol (Y1)
i=1 i=1

Where in all the above, k < K¢ is some constant that only depends on whether
the vector spaces are real or complex.

n

Z (uz;, vy;)

i=1

< klfullfvll

oo

oo

Proof. (i) and (iii) clearly follow from theorems 2.1.4 and 2.1.6, by taking
V(z,y) = (ux,vy). (i) and (iii) then imply (ii) and (iv) by taking v = v
and z = y (or x; = y;) and taking a square root. (ii) and (iv) in turn imply
(i) and (iii) by Cauchy-Schwarz, hence the four statements are equivalent and
true. O

The best possible constant k is often denoted k& in the real case and k& in
the complex case.

Theorem 2.1.10 can in fact be proven without the Grothendieck inequality,
namely by means of a more general relation known as the Khintchine inequality.
This also provides an optimal bound for kg, namely kg < |g/l7%, where g
denotes a standard N(0,1) real or complex Gaussian random variable. It was
already shown by Grothendieck that kg = ||g||; 2. More explicitly, we have:

™
kg = kG =

4
2 T

2.2 The Khintchine inequality

The second type of inequality we shall study, is the so called Khintchine inequal-
ity, named after the Russian mathematician Aleksandr Khintchine. Where the
Grothendieck inequality gave us a relation between L., and Lo, the Khintchine
inequality formulates a (somewhat different) relation between certain subspaces
of L, (namely those spanned by Rademacher random variables) and ¢, for any
0 < p < oo. In addition, it can be used to show that all norms on those
subspaces are equivalent.

Remark 2.2.1. Although the following can be done in terms of the Rademacher
functions on L([0,1]), we choose to do so in the setting of i.i.d Rademacher
random variables. We could, in fact, replace r; by any orthonormal sequence
of random variables, such as sequences of Gaussian or Steinhaus random vari-
ables. Historically, however, the Khintchine inequality has almost always been
formulated in terms of Rademacher random variables.

We shall first briefly recap the following consequences of Holder’s inequality
on a probability space (2, F,P).

Lemma 2.2.2. In the following let (0, F,P) be a probability measure space and
let f be F-measurable. Then the following hold.
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(i) Let 0 < v <00, 1 < p < o0, then || flla < || f]lap-
(i) Let 0 < a < B < o0, then || flla < |Ifllg-
(iil) Let A1, A € (0,1) with Ay + Ao =1 and let 0 < ag, a9 < 00, then

It iazas < P 112

Proof. (i) Let ¢ be conjugate to p (meaning that % + % = 1), then by Holder’s

inequality, we have for o, p < 00

1/p
191 = 10 < A1l = ([ 171700)

hence [|f[la < (f|f|apd]P’)1/ap = ||fllap.- The case where a or p = o0,
follows similarly.

(ii) This follows directly from (i) by taking 5 = ap.
(iii) Write p = 1/A\; and ¢ = 1/, then clearly p and ¢ are conjugate and

ARz = [ 1P e < AP il Pe,

A1 Az
= (frsmar)” ([irima) =i
O

Theorem 2.2.3 (The Khintchine inequality). Let r; be an i.i.d. sequence of
Rademacher random variables on a probability space (2, F,P) and let p € (0,00),
then there exist constants 0 < A, < B, such that

n 1/2 n n 1/2
a(Sles) < S| <m(Sr)
j=1 j=1 P j=1

for all finite sequences ci,...,c, € K. Here A, and B, depend only on p, not
on the probability space (Q, F,P).

Outline. The proof consists of four parts, all of which rely on the orthogonality
relations of the Rademacher random variables or the consequences of Holder’s
inequality presented above. We subsequently prove the inequality for p = 2,
then p > 2 in the real case followed by p > 2 in the complex case and finally we
prove the inequality for 0 < p < 2.

Proof. Case 1: p =2 with a; € K. Using the orthogonality properties of the r;,

we find that
n 2 n n
S = [ (Som) (S )
j=1 2 i=1 j=1
= Z|aj|2/’r]2»dp+ Z OéiOTj/’I“iTjd]P): Z|aj|2.
j=1 j=1

i#j<n

From this we can conclude that the statement holds, with Ay = By = 1.
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Case 2: p > 2 with o; € R. Suppose m € N such that p < 2m, then using multi-
index notation for A = (A1,..., ;) together with the properties of the r;,

we find that,
n 2m om
/(Zajr]) dP = Z (/\>a>‘r)‘dIP’

j=1 [A|=2m

2
= Z ( m)a)‘/ri‘l...rr);"dp.
A
[A|=2m

This integral is only nonzero if all A\; are even, in which case the integral
is equal to one. If we then write (A1,...,An) = (2m1,...,2n,), then the

integral becomes
2
Z ( m) (a2)"
2n

) -2

<@t ¥ () = e éaf)m.

[nl=m

Thus we can conclude that [| 327 a;rjllam < (2m))Y/?™||al|. Using
lemma 2.2.2 (ii), we then find

n n n
E QT E QT E QT
Jj=1 j=1 j=1

hence the statement holds, with A, = 1 and BE < By, < ((2m)!)!/2™.

<
P

< (2m))*™|all2

2m

2 =

<
2

Case 3: p > 2 with o; € C. Simply write a; = §; + 47, then we have

n n n n
> ayr; Y " ayr; > Bjr; > i
i=1 =1 =1 i=1

< By (IBllz + 17ll2) < V2BR(IBII3 + [b]13)"/* = V2B;l|all2,

+
P

levll2 =

<
2

<
p

P

hence for p > 2 and «; € K the statement holds, with 4, < 1 and
B, < V2BEF < V2((2m))1/2m.

Case 4: 0 <p <2 . We can pick A;, A2 € (0,1) such that A\; + A2 = 1 and
pA1 + 4Xo = 2. We can then apply lemma 2.2.2 (iii) to find that

n
>ty
j=1
pt1 n n

Do Do
p =1 j=1
and taking an appropriate power then yields

n n
E ij’f'j E O[j?“j
j=1 j=1

Aty

2
t
5™ [z = lle3 =
2

t1

to P
< (Ballrll2)"*
14

4
4

n
E :O‘jrj
Jj=1

Dividing this by [|o|4

t1 /4t
By ol < = [lall2,

2

<
p
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hence the statement holds with 4, < B£t1/4t2 and B, = 1.
O

Remark 2.2.4. The best possible constants in the Khintchine inequality are
known and it is worth noting that for 0 < p < 2, B, = 1 and likewise, for p > 2,
A, = 1. The other constants are also know (though not so easily computed),
for more details we refer the reader to [6].

The Khintchine inequality can also be used to estimate sequences of L,
functions, instead of just scalars. This form of the inequality we will later
encounter in a more general form.

Corollary 2.2.5. Let 0 < p < oo and let (X, %, 1) be any measure space, then

n ) 1/2\p n P n ) 1/2)p
a) (i) = [ || @ < m (L)
j=1 P j=1 P j=1 P
for any finite sequence x1,...,x, € Ly(1).

Proof. We can simply apply Fubini’s theorem to the middle term, to switch
the order of integration with respect to dPP and du. The rest then follows by
applying theorem 2.2.3 point-wise and using the fact that |f| < |g| implies
JIfPdP < [ |g|dP. O

2.3 DMarcinkiewicz-Zygmund Style Inequalities

The main way in which the Grothendieck inequality and Khintchine inequality
come together, is through a result known as the Marcinkiewicz-Zygmund (MZ)
inequality and was first proven in [17]. The form of the MZ inequality which we
will focus on, is mostly encountered within the context of harmonic analysis. In
this form, it follows directly from the Khintchine inequality. Through a duality
argument the MZ inequality can be used to extend the Grothendieck inequality,
as we shall see in theorem 2.3.7.

2.3.1 The Marcinkiewicz-Zygmund Inequality

In order to state the Marcinkiewicz-Zygmund inequality in its most efficient
form, we shall need to introduce a norm on finite sequences in L,-spaces. This
norm also allows us extend the Grothendieck inequality by means of the duality
encountered in lemma 2.3.3. The more general versions of this norm and the
corresponding duality, that we will encounter in chapters 4 and 5, will play a
large role in our generalizations of the Grothendieck inequality.

Definition 2.3.1. Let z1,...,2, € L,(u), then we will often write (z,) =
(z1,...,2y). Furthermore, we define

oty = (2 o)

Finally, the space Ly(u,¢3) is the Banach space of all finite sequences of length
n in L,(p) with this norm.

p
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If 1,...,2, € C(S) for some compact Hausdorff topological space S, then
we also denote

/2

@)l = H(ZW)

Using this, the MZ inequality can be states as follows

o0

Theorem 2.3.2 (Marcinkiewicz-Zygmund). Let 1 < p < oo, then there is
a constant K, > 0, only dependent on p, such that for any measure spaces
(X, X, ) and (X',2', 1) and any bounded linear map u : Ly(p) — L,(p') we
have

”(uxn)”p < KPHUHH(xn)Hp?

for any finite sequence x1,...,x, € Ly(1).

Proof. Suppose 1 < p < oo, then we can apply corollary 2.2.5 to find that

n P
AP (uzn)[[h < Zux]r] uijrj (w)|| dP(w)
j=1
< IIU|”/ Z%‘Tj(w) dP(W) < BpllullPll(zn)ll5,
j=1
which conludes the proof with K, < B,/A,. O

2.3.2 Other MZ style inequalities

As it turns out, many of the previously studied inequalities can be rewritten in
a way resembling the MZ inequality. In order to do this, we shall repeatedly
need the following result.

Lemma 2.3.3. Let 1 < p < 00, and let 1 < q < oo be its conjugate number.
Then Ly (p, 5)* = Lq(p, £5), where the duality for (z,,) € Ly(p, €5) and (yn) €
L,(u,03) is given by

((@n), (yn)) = 5y dp-
y /; yidp

Proof. Let eq,...,e, € K" be the standard basis for K", then we can write

Yi1Tie = (xn) € Lp(p, 3).
Now suppose ¢ € L,(u,¢5)" and € Ly(n). Then |p(ze;)| < ||o|lllz|lp,
hence there exists a y; € L,(p)* = Ly(p) such that

/ijjdu = ¢(ze;).

We then have that

¢(Z%€j> = Z/%‘%‘du: /fojyjdu~
j=1 j=1

Jj=1
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Using this, we can identify ¢ and (y,) and, since (y,) € Lq(u, £5), we only need
to show that the norms on L, (u, £5)* and L,(u, ¢3) are in fact equal. Now note
that by applying Cauchy-Schwarz point-wise and Holder’s inequality, we have

n n n 1/2 n 1/2
()| [55 o= (550 (S0
j=1 j=1 j=1 j=1
n 1/2 n 1/2
(S (S
j=1 pll N\ =1

From this we can conclude that ||¢|| < ||(yn)|lq- Note that for every oo € K™,
there exists a 8 € K® such that

Zo‘jﬁj = (Z |o?)1/? and Z 18)? = 1.
J J 7

= [IGzn)llpll (wn) llg

q

This means that we can choose for every £ € X, a vector v(§) € K" such that

(Z |vj<s>x<s>2)1/2 — la(e) (Z |vj(5>|2)1/2 ~ Ja(e)

j=1 j=1

and

n n n 1/2
>0 ©(©(©) = Y- s = Dl )
j=1 j=1 j=1
Applying this to the fact that L,(u)* = Ly(p), we have
n 1/2 n 1/2
(k)| =sw{| [o(X i) au]so e ytual, <1}
Jj=1 P j=1
X v € Ly, ol < 1}

J=1

sup{
n

sup {| [ ] o1 € Lyt el < 1)
j=1

sup{

IN

IN

¢(Z$J’€j>’ 1T1,-..,Tn € Lp(ﬂ)v ||(5Un)||;ll < 1}
j=1
= [|¢l,

hence the result follows. O

Remark 2.3.4. We shall mostly use the preceding lemma in the form of the
following equality,

)l =suw | [ anlxjyjdu\ o) € Lo 85 )l < 1.
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The first inequality that can be rewritten in the style of the MZ inequality
is the Grothendieck inequality. Furthermore, we can show that Grothendieck’s
theorem presented in this form is actually equivalent to GT in general.

Theorem 2.3.5 (GT: Marcinkiewicz-Zygmund form). Let S be a compact
Hausdorff space and (X,X, 1) be a measure space. Then for any bounded linear
map u : C(S) = L1 (X, n) we have

[(uzn)ll < K|l (zn ),

for any finite sequence x1,...,x, € C(S). Again, the best possible K is equal
to KX.

Outline. We will show that this theorem is equivalent to GT, by showing that
2.1.6 implies 2.3.5 and showing that 2.3.5 implies 2.1.1. At the core of the
argument lie the facts that to every bounded bilinear form V : X x Y — K we
can associate a unique bounded linear map u : X — Y™* by (uz)(y) = V(z,y)
and vice versa. The equivalence in inequalities then follows by using lemma
2.3.3 to estimate the norm of elements in L, (u, £5).

Proof. 2.1.6 = 2.3.5: Note that Li(p) C Loo(p)*, hence we can define a
bounded bilinear map V : C(S) x Loo(u) — K by

Vie,y) = /X (uz)y dp.

Using lemma 2.3.3, we have that Loo(u, £5) = L1 (1, £5)*, hence

I wa) s = sup{\ /Z (uz, yjdu\ ) € Lol 65, )l < 1}

n
zsup{ ZV (x5,95)
j=1

Applying Grothendieck’s inequality to the right-hand side and taking the supre-
mum yields

) € Loo (41, 22), 1) oo < 1}.

[(uzn) 1 < K[ (2n)]loo-

The fact that ||V|| = ||u|| completes the proof.

2.8.5 = 2.1.1: In order to show this, it suffices to show that 2.3.5 implies
2.1.6, with S = X = {1,...,n} and u equal to the counting measure, since in
that case

Loo(p) = C(5) = 2.

and we can simply use the proof of 2.1.6=-2.1.1. Note also that since Lo (u) is
finite-dimensional, Loo(u)* = L1(X, u).

Now suppose V' : C(S) x Loo(pt) — K is given, then we can construct u :
Loo(p) = L1(X, 1) by u(x) : y — V(z,y), then again by lemma 2.3.3, we have
for [[(yn)lloe <1

,yj

-] /3 Z s | < ) )

= II(uxn)Ill < Klfull[[(zn)lloo,
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where we used 2.3.5 in the last inequality. But then 2.1.6 follows, with X =
S ={1,...,n} and p equal to the counting measure. O

As it turns out, the Little Grothendieck inequality can also be brought into
this form, and in this way nicely complements the normal MZ inequality.

Theorem 2.3.6. For any bounded linear map v : C(S) — C(T) (or u :
Loo(p) = Loo(X', 1)) we have

[(uzn)lloo < K[l (zn)loo

for any finite sequence x1, ..., %, € Loo(i).

Proof. Let v be a regular Borel probability measure on S, then we have the
canonical map J, : C(S) — La(S,v). If we then apply 2.1.10 to J,u, and note

that ||Joull < |lul|, then

n n 1/2
3 1)
i=1 =1

1/2
< V|u|

o

Now note that

n n
ZHJ,,uxiHQ Z/|uxi\2du
i=1 i=1

Taking the supremum over all possible regular Borel probability measures then

yields
n n 1/2 n 1/2
Tz |12 2 / _ 2 /
> [l Jyuai] > luz;] = |1{ D luz;|
i=1 j=1 ° J=1

hence the result follows. (The case for Lo, again follows by regarding L., as a
commutative unital C*-algebra). O

1/2 1/2

1/2 n
= ‘/Z|uxi|2dl/
i=1

1=

1/2

sup =
14

)
oo

Since Grothendieck’s inequality can be brought in a form resembling the
MZ inequality, we can wonder if the MZ inequality can also be rewritten in an
equivalent way that resembles Grothendieck’s theorem. The answer is yes, in the
case where 1 < p < co. Since the little Grothendieck inequality can be written
like the MZ inequality for the case p = 0o, we can immediately incorporate the
case p = oo to also obtain a GT like inequality for little GT.

Note that this proof follows, at its core, the same arguments as the proof of
theorem 2.3.5.

Theorem 2.3.7 (MZ & little GT: Grothendieck form). Let 1 < p < oo and
1 < g < o0 be conjugate numbers, then there exists a K, > 0 depending only on
p such that for any measure spaces (X, %, 1) and (X', X', 1) and any bounded
bilinear form V : L,(p) x Ly(p') = K,

n

> Viwi,yi)

i=1

< K[V ) Il (yn) llq

for all finite sequences x1,...,xn € Ly(p) and y1,...,x, € Lo(X', pt).
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Proof. 2.3.2 = 2.8.7: Suppose that V : L,(u) x Ly(p/) — K is given and
suppose without loss of generality that ¢ # oo, then we can construct u :
L,(pu) = Ly(1')* = Lp(') by ux : y — V(z,y) or equivalently

V(z,y) = /(Ul‘)y dy'.

Now we use again lemma 2.3.3 so that for ||(y,)||q < 1, we have

Zv(xjvyj)
j=1

where we applied MZ in the last inequality . The proof for p = oo follows almost
identically if we apply 2.3.6 instead of MZ. The only difference is that we use
lemma 2.3.3 slightly differently, namely we use

_ ’ / imj)yjdu’ < (uzn)llp < Kllull| )]l

Jj=1

() o = suD {\ / if“””yjd“‘  on) € L6, 3). ) < 1

Applying then little GT and taking the supremum then yields the desired result.
2.8.7=12.3.2: This proof is identical to the proof of 2.1.6=2.3.5. O

Remark 2.3.8. Since we used the Khintchine inequality to prove the MZ in-
equality, the above basically follows from the Khintchine inequality.

2.4 Inequalities on Banach function spaces

In this section, we will introduce the notion of a Banach function space. These
function spaces form a large class of Banach spaces, generalizing the notion of
Ly-spaces. As we shall see, the MZ inequality can be generalized to hold for
maps between arbitrary Banach function spaces, a result that can be found in
[13]. Using this, together with the concept of Kéthe duality, we can extend the
Grothendieck inequality to some Banach function spaces, resulting in theorem
2.4.12.

One of the main results of this thesis, presented in chapter 5, is the gen-
eralization of the techniques discussed in this section to the noncommutative
setting, resulting even in a noncommutative analogue of theorem 2.4.12, namely
corollary 5.4.12.

2.4.1 Introduction to Banach function spaces

In order to generalize the concept of L,-space, we will introduce the theory of
Banach function spaces, starting with several notions related to measure theory.

Definition 2.4.1. A measure space (X,X,v) is called a Maharam measure
space, if the following hold:

(i) For every A € 3, with v(A) > 0, there exists B € 3 such that B C A and
0 < v(B) < o0. (ie., (X,X,v) has the finite subset property)
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(ii) For every €& C ¥, there exists H € ¥ such that v(E\ H) =0 for all E € £
and if G € ¥ such that ¥(E\G) =0 for all E € &, then also v(H\G) = 0.
(i.e., (X, %, v) is localizable).

Note that if (X,%,v) is o-finite, then clearly (i) holds. It can be shown
that in this case (ii) also holds (a proof can be found in [4]), hence any o-finite
measure space is a Maharam measure space.

For the remainder of this section, we assume that (X, X, ) is a Maharam
measure space. Furthermore, we will mostly restrict ourselves to special sub-
spaces of the following spaces.

Definition 2.4.2. We denote the space of all ¥-measurable real-valued func-
tions on X by Lo(v), where we identify, just as in the usual L,-spaces, the
functions that are v-a.e. equal. Then we define

S() : {f € Lo(v) : f is bounded, except on a set of finite measure}.

Definition 2.4.3. A linear subspace E C S(v) together with a norm ||.||g is
called a Banach function space if and only if all of the following hold.

(i) f€Sw), g€ E and |f| < |g| a.e., imply f € E. (In the context of Banach
function spaces, such a subspace is also called an ideal in S(v).)

(ii) (E,||.|lg) is a Banach-space.

(i) f,g9 € E, then fAg=min(f,g),fVg=max(f,g) € E. (ie., E is a vector
lattice, with respect to natural partial ordering of real valued functions)

(iv) |f] < g, implies || fl|g < |lglle (i-e., ||.|g is a lattice norm).

(Any space satisfying (ii)-(iv) is also called a Banach lattice).

Classical examples of Banach function spaces are the usual L,-spaces (in-
cluding L) and Orlicz spaces (for a definition, see [13]). Note that C(X) is
in general not a Banach function space, since (i) in 2.4.3 does not hold for
C(X). However, the techniques discussed in remark 2.1.7 allow us to prove
some properties of C'(X), by studying the properties of L.

Since we wish to deal with elements of the form z = (3, lz;]?)
like to verify that x € F if z1,...,z, € E. Note that for 1 < p < oo,

1/p

n
Dolzl | < max{fa],... leal}
j=1

172 we would

1/p
holds point-wise, hence (Zj |mj\p> € E by definition 2.4.3 (i) and (iii).
This observation then allows us to make the following generalization of def-
inition 2.3.1.

Definition 2.4.4. Let E be a Banach function space and let x1,...,x, € F,

then we write (z,) = (x1,...,%,). Furthermore, we define
n 1/2
lale = [ (k)
=1 E

Finally, the space E(¢%) is the Banach space of all finite sequences of length n
in E with this norm.
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2.4.2 GT on Banach function spaces

We can now use this theory to actually state a more general version of theorem
2.3.5, which, as it turns out, is even equivalent to GT.

Theorem 2.4.5. Let E and F be two Banach function spaces (on possibly
different Maharam measure spaces) and let u : E — F be a bounded linear map,
then we have

[(uzn)llr < Kellullll(zn)]l 2,

for any finite sequence x1,...,x, € E.

Remark 2.4.6. Actually, this theorem can be extended to a more general class of
Banach spaces, namely Banach lattices. The proof requires two representation
theorems for Banach lattices, due to Kakutani. As a proper treatment of these
representation theorems would distract us too much our main subject, we shall
simply use them without proving them. The proper statement and proof of
these theorems can be found in [13].

Proof. Note that since L., and Lq are both Banach function spaces, this theorem
already implies theorem 2.3.5.
Now let @1,...,z, € E be a finite sequence, and define zg = (3_; |2|%)1/?

and yo = (3, |uzj|?)1/2. Now consider the vector space defined by
I(zo) = span{x € E : |z| < zo}

(we say that I(z) is the function space ideal in E generated by z¢.) If we equip
this with the norm defined by

2o = inf{)\ >0 fa] < A2 }
[zol| &

then it can be shown, using a representation theorem ([13] 1.b.6), that there
exists some compact Hausdorff space S, such that the completion of the normed
vector space (I(zg), |||loo) is iSometrically isomorphic to the Banach space C(S).

Now choose 0 < ¢ € F*, a positive linear functional, such that [|¢] = 1
and ¢(yo) = ||yol|- Then we can consider Fy, the Banach space obtained by the
completion of F' endowed with the norm [ly||; := ¢(|y|), modulo all elements
z € Y, such that ||z||; = 0. Then by using another representation theorem ([13]
1.b.2), there exists some measure space (X’,3’, ') such that Fy = Lq(p'). But
then the restriction of u to C(S) puts us in the situation of 2.3.5, hence we find

(i) 1, = ()

hence the theorem is equivalent to GT and K¢ is the best possible constant. [J

< Kglluf
F

)

E

2.4.3 Kothe duality

As we have seen, for some choices of E and F', theorem 2.4.5 can be rewritten
in a way similar to 2.1.6. Using lemma 2.3.3, this can easily be done in the case
where E is an arbitrary Banach funcion space and F' is an L,-space. In order
to do this for more general F', we shall need to use the theory of Kéthe duality.
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Definition 2.4.7. The Koéthe dual space E* of a Banach function space E on
the Maharam measure space (X, Y, v) is defined by

E* :{yGS(z/):/ |my|du<oon€E}.
X

By defining for y € EX, ¢ : x — [ |zy|dv < co, we see that every y in the
Ké&the dual can be identified with a bounded linear functional ¢, on E. This
means that we can identify E* with a subspace of E*, hence E* C E*, where
the duality is given by

(z,y) = /X vy dv.

The following properties of the Kéthe dual can be found in [13].

Theorem 2.4.8. The space E*, together with the norm

lyllsx = sup{ [ tavlav ol < 1},
X

is a Banach function space.

Theorem 2.4.9. Let E be a Banach function space and let E* be the corre-
sponding Kdothe dual. Then the following are equivalent

(i) EB* = EX.

(ii) We have ||zo||g | O for every downward directed net {zo}taca € E such
that x4 | 0.

Definition 2.4.10. A Banach function space (or a Banach lattice) satisfying
(ii) of theorem 2.4.9 is called order continuous.

Note that in general L,, when 1 < p < oo is order continuous, however L is
not. (There are exceptions to this, for instance when L, is finite dimensional.)
Furthermore, it can be shown that if E is reflexive, then F is order continuous.

Now we can restate lemma 2.3.3 for order continuous Banach function spaces
in the following way.

Lemma 2.4.11. Let E be a order continuous Banach function space, then
E(5)* = EX(05) = E*(0%), where the duality is given by

((xn), (yn)) = z;y;dv.
y /; y

Proof. The is identical to the proof of 2.3.3 for 1 < p < oo, where we replace
L, with £ and L, with E* = E*. O

2.4.4 Extension of classical GT

Using the theory in the previous part, we can now finally extend theorem 2.1.6
in the following way.
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Theorem 2.4.12. Let E and F be Banach function spaces and let F' be order
continuous. There exists a K > 0 such that for any bounded bilinear form
V:ExXF =K,

n

Zv(lﬁ',yi)

i=1

< Ke|[VIlln)llell(yn)l e

for all finite sequences x1,...,x, € E and y1,...,T, € F.

Outline. The proof follows the same pattern as the proofs of theorems 2.3.5 and
2.3.7.

Proof. We will show that this theorem is equivalent with GT, by showing that
this theorem follows from theorem 2.4.5, and implies theorem 2.1.1.

2.4.5 = 2.4.12: Suppose 2.4.5 holds and let F' be order continuous. Now
consider a bounded bilinear form V : E x F' — K, then clearly, V defines a
bounded linear map u : E — F* = F* by ux : y — V(z,y), hence

/(ux)y dv =V (z,y).

Now note that since F'* is also a Banach function space, we can apply theo-
rem 2.4.5 to u in order to conclude that finite sequences x1,...,x, € E and

yla"'ayneF

> Vi(zj,y))
j=1

< [[(uzn) e )l P < Kll(zn) | 2l (yn) |7

-|/ é(ux»yjdu

2.4.12 = 2.1.1: Note that if X = {1,...,n} and p the counting measure,
then Lo (X, ) is finite dimensional and order continuous. Therefore the re-
mainder of this proof is identical to 2.1.6=2.1.1. O
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Chapter 3

Von Neumann algebras and
noncommutative Lj)-spaces

In chapter 2 we studied the Grothendieck inequality for bounded linear forms
on C(S) x C(T) and explored several extensions of this inequality to bilinear
forms on more general commutative function spaces, such as L,(x) and Banach
function spaces. A different way we can extend this theorem is by regarding
C(S) and C(T) as C*-algebras (instead of function spaces) and asking whether
such an inequality can be generalized to arbitrary C*-algebras and other non-
commutative spaces such as noncommutative L,-spaces. In this chapter, we will
give an introduction into the theory of von Neumann algebras and noncommu-
tative L, spaces and present several related tools, such as tensor products and
sequence spaces, that we will use in the coming chapters.

Since the purpose of this chapter is to provide a compact background in the
theory necessary for the coming chapters, we shall in most cases only state the
theorems without proving them, or only give sketches of the proofs involved. All
of the theory regarding von Neumann algebras can be found in [21], while the
details regarding the generalized singular value function and noncommutative
L,-spaces can be found in [3] and [20] respectively. Finally, for more on the
theory of sequence spaces and non-atomic von Neumann algebras and their
importance, we refer the reader to [2].

In chapter 4, we will use the background presented in this chapter to gen-
eralize the theory presented in sections 2.1 through 2.3 to the noncommutative
setting. In chapter 5, we will use the theory on the generalized singular value
function to introduce noncommutative Banach function spaces and generalize
several other concepts from section 2.4.

3.1 Introduction

An easy way to introduce the notion of a noncommutative L, space, is by the
following classical example.

Example 3.1.1. If we look at the space of bounded operators on a Hilbert space
H with orthonormal basis {e;};cr, then we can define the trace of an operator
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x € B(H); by

Tr(z) = Z (we;, e;) .

icl

It can be shown that if Tr(z) < oo, then z must in fact be a compact operator
and therefore has at most countably many eigenvalues. Furthermore, it can be
shown that the trace is independent of the chosen basis and that for compact
z,

Tr(e) = 3 Aala),

n>0

where \g(z) > Ai(x) > ... is the decreasing sequence of eigenvalues of z, re-
peated according to multiplicity. (If z > 0, then A, (z) is a positive bounded
sequence, hence we can rearrange A, (z) to be a decreasing sequence.) Recall
now that the absolute value of an operator x € B(H) is given by |z| = (z*z)"/?
and if x is compact, then the decreasing sequence of singular values of x is given
by pin(x) = An(|z]). Using this we can construct a Banach space by considering
all compact operators © € B(H) for which

Tr(|z[?) = Y An(l2l?) = Y pal2)? < o0,

n>0 n>0

together with a norm || - ||, given by |z||, = Tr(|z[?)'/?. Note that this space
consists of all x € B(H) for which the sequence of singular values po(z) >
pi(x) > ... is in €,. This space (usually called the space of the pth Schatten-
class operators) is an example of a noncommutative L,-space. Note that if p = 2,
then this space is actually the Hilbert space of Hilbert-Schmidt operators. Many
of the properties established for the usual L,-spaces, such as Hélder’s inequality
and the Riesz-Thorin interpolation theorem also hold for these noncommutative
L,-spaces.

This construction can in fact be made for a large class of C*-algebras, instead
of just B(H), however, for this we will first need to introduce some theory on
von Neumann algebras and traces. After doing so, we will present several tools
in the theory of von Neumann algebras and L,-spaces, such as the generalized
singular value function, tensor products and spaces of finite sequences.

3.2 Von Neumann algebras

Von Neumann algebras were first studied by John von Neumann in the 1920’s
and 1930’s, who called them rings of operators. Though the formal theory of von
Neumann algebras is quite extensive, we will give a brief glossary of important
concepts and facts. A comprehensive treatise of the theory can be found in
“The theory of Operator Algebras” by M. Takesaki [21].

In order to give a proper definition of a von Neumann algebra, we will first
need to introduce the following topological and algebraic notions.

Definition 3.2.1. Let H be a Hilbert space, then we define the following two
topologies on B(H).
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(i) The weak operator topology (WOT) on B(H ) is defined as the weakest vector
space topology such that the map x — (€, ) is continuous for all £,n €
H.

(ii) The strong operator topology (SOT) on B(H) is defined as the weakest
vector space topology such that the map z — ||z€|| g is continuous for all
€ H.

Definition 3.2.2. Let A be an algebra and S C A be a subset. Then we define
the commutant, S/, of S as

S'={zeA:sx=uxsVseS}
We define the double commutant of S by S” = (S’)".
Ezample 3.2.3. The commutant of B(H) in B(H) is given by B(H)' =C - 1.

Note that a commutant is always equal to its double commutant: S’ = S,

One of the most central theorems in the theory of von Neumann algebras is
known as von Neumann’s double commutant theorem, which also gives us the
definition of a von Neumann algebra.

Theorem 3.2.4. Let H be a Hilbert space and M C B(H) a unital *-subalgebra
(i.e., a subalgebra, closed under the *-operation). Then the following are equiv-
alent.

(i) M" =M.
(ii) M is closed in the weak operator topology.
(iii) M is closed in the strong operator topology.

Definition 3.2.5. A *-subalgebra of B(H) that satisfies theorem 3.2.4 is called
a von Neumann algebra.

Since the weak and strong operator topologies are weaker then the norm
topology, a von Neumann algebra is also a unital C*-algebra. Note that since
S"" = S” we always have that S” is a von Neumann algebra if S is a *-
subalgebra of B(H). We then say that S generates the von Neumann algebra
S

A deep theorem due to Sakai gives us the following characterization of von
Neumann algebras.

Theorem 3.2.6. A C*-algebra M is isometrically *-isomorphic (as a C*-
algebra) to a von Neumann algebra, if and only if there exists a Banach space
X such that M is isometrically isomorphic (as a Banach space) to X*. We call
X the predual of M.

Ezample 3.2.7. The following spaces are all von Neumann algebras:

i) C, the complex numbers, acting by multiplication on themselves is a von
i) C, th 1 b ting b Itiplicati th lves i
Neumann algebra.

(ii) B(H), the space of bounded operators on a Hilbert space H, is a von
Neumann algebra.
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(iii) If (X, X, u) is a Maharam measure space, then L., () acting by point-wise
multiplication on the Hilbert space La(u) is a commutative von Neumann
algebra.

Analogous to the commutative Gelfand-Naimark theorem, it can be shown that
in fact all commutative von Neumann algebras are isometrically *-isomorphic
to Loo (1), for some Maharam measure space (X, %, ).

One consequence of this definition, that we will use in our theory of traces
later on, is that if {z,} is a bounded increasing net in M, then also sup, z, €
M.

Projections play a large role in the theory of von Neumann algebras and in
some ways von Neumann algebras can be viewed as C*-algebras that contain
“many projections”.

Definition 3.2.8. Let M be a von Neumann algebra on a Hilbert space H.
Then the lattice of projections P(M) of a von Neumann algebra M is defined
by

PM):={peM:p=p"=p’}.

If p,q € P(M), then p < ¢ if and only if pg = gp = p. With regard to this order
on P(M), p A q is defined as the orthogonal projection on pH NgH and pV ¢
as the orthogonal projection on pH + qH.

Theorem 3.2.9. The lattice of projections has the following properties

(i) The partial order presented in definition 3.2.8 actually turns P(M) into a
complete lattice, meaning that every family of projections p,, the infimum
AaPo and the supremum Vopo exist and lie also in P(M).

(ii) The infimum of a family of projections, {ps} is given by the orthogonal
projection on NepaH .

(iii) The supremum of a family of projections, {ps} is given by the orthogonal
projection on span,{poH}.

Ezample 3.2.10. Suppose (X, X, v) is a Maharam measure space, and consider
the associated commutative von Neumann algebra L., (v). An element p €
Loo(v) is a projection if and only if p?> = p, hence p can only take values
in {0,1}. But this means that the projections in L (v) consist of indicator
functions of measurable sets.

Let a € M}, and denote by e® the unique spectral measure of a, then it can
be shown that for all A € B(R), we also have that the projection e*(A) € Mj,.
This in turn implies that f(a) € M for all bounded Borel measurable functions
f. Furthermore, we have that for every von Neumann algebra

(P(M))" =M.

In other words, P(M) generates the von Neumann algebra M.
One specific fact that we wish to use in our treatment of C*-algebras, is the
existence of the universal enveloping von Neumann algebra.

Theorem 3.2.11. Let A be a C*-algebra on a Hilbert space H, then there exists
a von Neumann algebra M on a possibly different Hilbert space H' such that A
18 isometrically *-isomorphic to a *-subalgebra of M and M can be identified
with the double dual A** of A, as a Banach space.
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3.3 Traces on von Neumann algebras

An important tool in the study of von Neumann algebras is the notion of a trace.
As we will see, a trace on a von Neumann algebra shares many similarities with
integration on a measure space. This is what allows us to use the trace to define
the noncommutative L,-spaces and other noncommutative function spaces.

Definition 3.3.1. A trace is a map 7 : M, — [0,00], such that 7(z*z) =
7(zz*) and 7(z + Ay) = 7(x) + A7 (y) for all x,y € M4 and A € [0, 00).
Ezxample 3.3.2.

(i) If H is a Hilbert space and M = B(H) then the usual Tr: B(H)4+ — [0, 00]
is a trace.

(ii) If (X, %, p) is a Maharam measure space and M = L. (i), then the map
7: [+ [ fdup defines a trace.

Traces interact nicely with the lattice of projections, since if p < ¢, then also
7(p) < 7(gq). A trace may have the following properties

Definition 3.3.3.
(i) A trace is said to be faithful if 7(z) = 0 for x € M implies that = 0.

(ii) A trace is said to be normal if sup,, 7(2) = T(sup,, z) for every bounded
increasing net {z,} in M.

(iii) A trace is said to be finite if 7(1) < co. If 7(1) = 1, then (M, ) is called
a noncommutative probability space.

(iv) A trace is said to be semi-finite if for every nonzero € M, there exists
some nonzero y € My such that 0 <y <z and 0 < 7(y) < 0.

We will usually assume that the traces that we are working with ar faithful,
normal and semi-finite.

Remark 3.3.4. When 7 is a finite trace, 7 can immediately be extended to the
entire von Neumann algebra M. In this situation it can be shown that the trace
has the additional property that 7(zy) = 7(yz) for all z,y € M.

3.4 Noncommutative L,-spaces

Using our theory of traces and von Neumann algebras, we can now give a brief
introduction in the theory of noncommutative L,-spaces. While the results
of this generally look pleasantly like the results in the case of commutative
L,-spaces, their proofs often are far more technical. The main culprit in this
complication is the fact it is not necessarily true that |z + y| < |z| + |y| for
operators x,y € B(H). For a comprehensive treatise of the theory, we refer the
reader to [20].

Definition 3.4.1. Let M be a von Neumann algebra and 7 a faithful semi-
finite normal trace. For x € M, we define supp x as the smallest projection p,
such that pr = zp = x (see theorem 3.2.9). We then define

St :={zr e M;:7(suppz) < oo} and
S:=span Sy
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Note that if z € S is self-adjoint and e = supp , then ef(z) = f(z)e = f(z)
for all Borel-measurable functions f, therefore we also have that || € S+ and
|z|P € S4. Using this, we can make the following definition.

Definition 3.4.2. Let 1 < p < oo and x € S, then we define the p-norm of =
by

lzlp = 7(jal?) '/

It can be shown that this actually defines a norm on §. This allows us to
define the noncommutative L,-space as follows

Definition 3.4.3. Let M be a von Neumann algebra, 7 a faithful semi-finite
normal trace and let 1 < p < oo. Then we define L,(7) as the Banach space
obtained by the completion of S with respect to the p-norm.

If p = 00, we define L,(7) := M and write || - [|oc = || - || M-

It can be shown that the p-norm satisfies the following properties.
Theorem 3.4.4.
(i) Let @ € Ly(r), then ol = llll, = =" I,
(ii) The trace T can be extended to a linear functional on all of L1(T) such that

7(@)] < 7)) = [,

for all x € Ly(7). In this situation, T(z*) = 7(z).

iii) Let 1 < p,q,7 < oo such that * =1 + 1 then xy € L.(7) for all x € L,(T
rop q p
and y € Lqy(T) and

eyl < llzllpl[Yllq-

In particular, when r =1, then p and q are conjugate numbers and

()| < 7(lzyl) < llzllpllyllq-
(This is the noncommutative version of Holder’s inequality.)

(iv) Let 1 < p < oo and let q be its conjugate number, then L,(T)* = L,(7),
where the duality is given by

(z,y) =7(y"2).
In particular, we have that

[zl = sup{|7(zy)| - y € Lq(7), llyllg < 1}

Remark 3.4.5. Since we constructed the noncommutative Ly-spaces as the com-
pletion of a normed vector space, it can be quite difficult to show seemingly
simple things like 2* € L,(7) whenever € L,(7) or the fact that zy in (iii)
is well defined. Because of this, this theory is nowadays usually introduced by
considering the elements in L,(7) as unbounded operators on H. We will give
more on this in the next section.
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Remark 3.4.6. If (X,¥,v) is a Maharam measure space and we take M =
Loo(v) and 7(f) = [ fdv, then this construction completely coincides with the
usual construction of the commutative L,-spaces, hence L,(v) = L,(7) for all
1<p< oo

Remark 3.4.7. The construction of L;(7) actually gives us the predual of M =
Lo (1) that was mentioned in theorem 3.2.6.

3.5 Measurable operators

There is an alternative way to construct the noncommutative L, spaces, namely
by means of operators affiliated with M and the generalized singular value
function. Unless otherwise mentioned, we will assume that there exists a faithful
semi-finite normal trace on M, which we will denote by 7.

Recall that for a (possibly unbounded) closed and densely defined self-adjoint
operator a : D(a) — H, there exists a spectral measure e® such that a =

i Ade®(N).

Definition 3.5.1. Let M be a von Neumann algebra on a Hilbert space H. A
closed and densely defined operator = : D(x) — H is called affiliated with M if
uz = zu for all unitary v € M. If this is the case, then we write xnM.

It can be shown that the operators affiliated with a von Neumann algebra
can be characterized as follows.

Theorem 3.5.2. Let M be a von Neumann algebra on a Hilbert space H, let
x be a closed and densely defined operator © : D(x) — H and let x = v|z| be its
polar decomposition.

Then xnM if and only if v € M and e/*!(A) € M for all A € B(R).

Using this concept, we can now extend the concept of the space of measurable
functions S(v) (see also definition 2.4.2) to the noncommutative setting

Definition 3.5.3. Suppose znM, then we say that x is 7-measurable if and
only if there exists a A > 0 such that 7(el*/(\, 00)) < co. We denote the set of
all T-measurable operators by S(7).

Remark 3.5.4. If (X,3,v) is a Maharam measure space and 7 : z — fxdu is
the associated trace then it can be shown that z € S(v) if and only if x € S(7).
Hence we indeed have that S(r) = S(v) extends the definition of S(v) (as
defined in 2.4.2).

Remark 3.5.5. Unfortunately, when z,y € S(7) then it is not necessarily true
that x +y € S(7) and likewise for xy. This is because, even though = and y are
closed, z 4+ y and xy may fail to be closed. It can however be shown that they
are closable operators (meaning that D(x + y) and D(zy) can be extended in a
way such that the graphs of x + y and zy are closed). We can then define z+y
(the strong sum of x and y) as the closure of z + y, and z*y (the strong product
of z and y) as the closure of zy.

If we use the strong sum and product, instead of the usual sum and product
for unbounded operators, then we actually have that S(7) is a complex *-algebra
and M is a *-subalgebra of S(7).

We will from now on just denote x + y for x+y and likewise zy for zy.
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For measurable operators, we can now generalize the concept of the sequence
of singular values, by defining the following function.

Definition 3.5.6. Let © € S(7), then we define the generalized singular value
function p(x) : [0,00) — [0, 00] of x by

p(x;t) == inf{\ > 0: 7(el*l(), 00)) < t}
The name “generalized singular value function”, can easily be explained by

the following example.

Ezample 3.5.7. If M = B(H), the space of bounded operators on a Hilbert
space, then for n <t < n+ 1 we indeed have that p(x;t) = pn(z) = A\ (Jz|) for
all compact = € S(Tr).

Ezxample 3.5.8. The generalized singular value function is closely related to the
decreasing rearrangement of a function. If (X,X,v) is a Maharam measure
space and M = Lo (v), then we can define the trace 7 : f +— [, |f|dv. Then
for f € S(1) = S(v), the generalized singular value function is also called the
decreasing rearrangement of |f| and we have

u(fit) = inf{A > 0: v({s € X : |f(s)] > A}) <1},

If f is already a decreasing positive function on (0, 00), then we have u(f) = f
almost everywhere.

We will now list a few of the important properties of the generalized singular
value function. A thorough description of the theory of generalized singular
value functions can be found in [3].

Theorem 3.5.9. Let z,y,z € S(7), then the following hold.
i) w(x) is non-increasing and continuous from the right.

(

(ii) limeyo p(@;t) = ||z]| € [0, 00], where we define ||z|| = oo if @ is unbounded.
(i) pu(ast) =
(
(

p(x*;t) = p(lz);t) and plax;t) = |ajp(x;t) for all a € C.

iv) p(xz;t) < ply;t) whenever 0 < x < y.
t)
)

V) m(f ();

f(p(z;t)) for all continuous increasing functions f on [0,00),
with f(0) >0

(vi) p(zyz;t) < |[ofll|zllu(y;t), where possibly |[z]| = oo or [|y|| = oc.
(vii) = ;7 p(a;t)dt for all v € M.
(viii) 7(xy) = 7(yzx), whenever both T(|zy|) and T(lyz|) < co are finite.

Remark 3.5.10. Using the generalized singular value function, the space S(7),
can actually be turned into a Hausdorff topological vector space, when we endow
S(7) with the measure topology. This topology is defined by the neighbourhood
basis given by sets of the form {x € S(7) : u(x;9) <€}, for €, > 0.

Denote by L,(0, o) the usual L, space on (0, 00), then the generalized singu-
lar value function gives us the following characterization of the noncommutative
L,-spaces.
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Theorem 3.5.11. We can identify L,(7) with the space of all x € S(T) such
that p(x) € L,y(0,00). In addition, we have

Hﬂ@:mer:A p(as tyPt.

Because of this identification, we will from now on consider all elements of
L,(7) to be operators in S(r).

Remark 3.5.12. Using the generalized singular value function, we can also define
the notion of a noncommutative function space. For special types of Banach
function spaces E on (0,00) we will define E(7) by considering all z € S(7)
such that u(x) € E.

Finally, we will introduce the notion of the submajorization, which will play
an important role in the proof the the noncommutative Khintchine inequality.

Definition 3.5.13. Let A be the Lebesgue measure and consider the measure
space ([0,00), B([0,00)),A). If f,g € S(A), then we say that g submajorizes f if

and only if
t t
[ utriois < [ utgisyds
0 0

for all ¢ > 0. In this case we write f <<g.
Suppose z,y € S(7), then we say that y submajorizes z if and only if
w(x) << pu(y) as measurable functions on [0,00). In this case, we also write

T <<y and we have
t t
/ p(x;s)ds < / u(y; s)ds.
0 0

It can be shown that the submajorization has the following properties.
Theorem 3.5.14. Let x,y € S(7), then the following hold.
(i) wl@+y) K pu@) + py).
(i) p(z) = p(y) < (@ —y).
(
(

i) p(zy) << p()u(y).

iv) If y € Ly(), = € S(r) and © <<y, then we also have x € Ly(T) and
Il < -

Remark 3.5.15. There are even more ways to construct the noncommutative
L,-spaces. One often encountered method is by applying complex interpolation
theory to M and its predual M,. In this way, one can obtain spaces that lie
in some sense between M = Lo (7) and M, = Li(7). This construction has
the added advantage that this also works for von Neumann algebras without a
semi-finite trace.
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3.6 Tensor products of von Neumann algebras

An important tool in the construction of von Neumann algebras, is the fact that
the tensor product of two von Neumann algebras can be made into a new von
Neumann algebra. After giving a brief glossary of the theory, we consider two
important examples, namely M ® M,,(C) and M® L« ([0,1]).

In order to make these constructions, we will first introduce the notion of
the tensor product of two Hilbert spaces.

Definition 3.6.1. Let H; and Hs be two Hilbert spaces and let V' be the
algebraic tensor product of H; and Hs,

V.= {ij ®77j Ifj €H1,77j EHQ,TLGN}.

j=1
We can then define an inner product on V, (-,-) by

(G @m, & @m) = (&1, 8) y, (M,m2) 4,

and extending by linearity. The tensor product of Hy and Hz is then defined
as the completion of V' with respect to this inner product and is denoted by
H, ® Hs.

If H; or Hs is finite dimensional, then the space V in the definition above
is already complete. This means that if H is a Hilbert space (over K), then we
can identify H* = H® ... H = H @ K™

Now note that if x € B(H;) and y € B(H3), then we can define a linear
map x®y : Hy ® Hy - Hy ® Hy by

(z@y)(E®n) = (x£) @ (yn)-

It can then be shown that x ® y is in fact a bounded linear operator on H; ® Hy
and

A1+ 22)Qy=A21QYy)+ 22 Ry
T® (A1 +y2) =Mz ®@y1) +T®Ys
(21 @ Y1) (22 ® y2) = (2172) @ (y132)
(z@y) =" ®y"
lz @yl = llllllyl-
Using this, we see that if M; and M are von Neumann algebras of bounded

operators on H; and Hs respectively, then the algebraic tensor product of M;
and Mg,

M @ Ms :=span{z @y :x € M1,y € My}

is a *-subalgebra of B(H; ® Hs). Note that while B(H;)® B(H3) C B(H; ® Hs),
the two are not necessarily equal. Similarly, the algebraic tensor product of two
von Neumann algebras is not necessarily a von Neumann algebra. We can
however make the following construction.
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Definition 3.6.2. Let M; and My be von Neumann algebras of bounded
operators on Hy and Hj respectively, then we define M1@Ms := (M; @ Ms)".
M{®Ms is a von Neumann algebra of bounded operators on H; ® Hs, and is
called the tensor product of My and M.

A pleasant fact about the tensor product, is that all information regarding
My and M is preserved.

Lemma 3.6.3. The tensor product, M1®Ms contains M1 and My isometri-
cally.

Proof. Clealry the space {x®1 : © € M} lies inside M;@M; and [|z®1]] = |||
and similar for M. O

We shall now focus on two specific cases of tensor products, namely the
spaces M ® M, (C) and M®L([0,1]).

3.6.1 The tensor product M ® M,(C)

Ezample 3.6.4. The first case we shall study is M ® M, (C), where M is a
von Neumann algebra of bounded operators on H, and M, (C) is the space of
complex n X m-matrices. As we shall see, this space has the nice property that
MM, (C) = M ® M, (C). We shall mostly use this space, in order to simplify
expressions when working with spaces of finite sequences in a von Neumann
algebra.

First note that M, (C) = B(C™), hence M, (C) is a von Neumann algebra of
bounded operators on C". We will however use the notation M, (C), since we
wish to emphasize the matrix structure of this space. We shall first make the
following observations regarding elements in B(H) ® M,,(C) = B(H)®M,(C).

Denote by {F;; }1<i,j<n the standard basis of matrices in M, (C) (also called
the matriz units in M, (C)), then for any matrix A = [a;;] € M,,(C) and = €
B(H) we have

.’L‘®A: Z aijx@)Eij.

i,j=1

Furthermore, if z;;,y;; € B(H), then we can calculate the product of elements
in B(H) ® My(C) as

( f: Tij ®Eij> ( 2”: Yij ®Eij> = Z (zn:mmym) ® Eij.

ij=1 ij=1 i Nk=1

Combining this, we see that we can identify B(H) @ M, (C) with B(H @ C"),
by considering them as n X n-matrices, whose entries lie in B(H). Likewise, we
can identify M ® M,,(C) with the space n x n-matrices, whose entries lie in M.

Now note that if y ® B € (M ® M,(C))’, then we must have (x ® A)(y ®
B)=(y®B)(xz® A) for all z € M, A € M,(C), hence 2y ® AB = yx ® BA.
But by choosing x = 1, we see that B must commute with every A € M, (C),
hence B = A, hence B € M,(C)’. Likewise, we see that y € M’ hence
(M® M,(C)) =M xCI.
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In a similar way, we see that
(M'®CI)' = M"® (CI)) = M® M,(C),

hence by the double commutant theorem 3.2.4, M ® M, (C) = M®M,(C) is
indeed a von Neumann algebra.

The space M, (C) comes equipped with a faithful normal semi-finite trace,
Tr. If M also has a faithful normal semi-finite trace 7, we can endow M® M, (C)
with such a trace, by defining

TRTr: (M® M,(C)); — [0, ]
by (7 ® Tr)(z ® A) = 7(z) Tr(A). This map then clearly satisfies
n n
7T Tr: Z Tij ®E¢j — ZT(Z‘J‘J‘).
ij=1 j=1

Lemma 3.6.5. Let 7 be a faithful normal semi-finite trace on M, then T ® Tr
is a faithful normal semi-finite trace on M & M, (C).

Proof. Note that if T =}, zi; ® Ejj € (M ® M,(C)), then

(Z (E;;i.’l,'kj) & EZ]

k=1

n

i,j=1
Recall now that if § € M ® M,(C) and § > 0, then there exists an T € M ®
M,,(C) such that § = *Z. Hence we see that if § > 0, then the elements on the
diagonal of g, are also positive, hence 7 ® Tr maps positive elements to positive

numbers. Furthermore, we have that

(1 ® Tr)(#*7) = i zn: T<x;;jxkj> => i T (xijzj) = (7 ® Tr)(&%"),

j=1k=1 j=1k=1

hence we see that 7 ® Tr is indeed a trace.

Now suppose § > 0 and (7 ® Tr)(7) = >_; 7(y;;) = 0, then there exists some
¥ such that £*7 = . But then we clearly have that 7(z};z;;) = 0, hence z;; = 0
for all 7, j. But this means that y = 0, hence 7 ® Tr is faithful.

Next suppose T < g, then the diagonal of § — Z must contain positive el-
ements, hence in particular, if Z, is an increasing net, then the diagonal el-
ements (z;;)o must also form increasing nets. Hence we clearly have that
sup, (7 ® Tr)(Z,) = (7 ® Tr)(sup, Zo), since 7 is normal. Therefore 7 @ Tr
must also be normal.

Unfortunately, showing that 7 ® Tr is semi-finite is somewhat more involved,
as it requires several deeper theorems regarding central projections on von Neu-
mann algebras. For a detailed proof, we refer the reader to [21] I.V.2. O

3.6.2 The tensor product M®L.(P)

Ezample 3.6.6. The second case we shall study is the space M®L.(P), for
some probability space (€2, F,P). This space will play a large role in the proof
of the noncommutative Khintchine inequality.
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Clearly, the space Lo (P), regarded as multiplication operators on the Hilbert
space Lo(P), is a von Neumann algebra, hence by our previous construction,
the space M® Ly (P) is well-defined. Furthermore, we can define a trace 7 on
M® Lo (P), by

7 x®f}—>7(x)/f(w)dw.

Remark 3.6.7. It can actually be shown that the space M® L (P) can be iden-
tified with the space of all weakly measurable functions f : Q@ — M. (See
appendix A.)

Lemma 3.6.8. 7 defines a faithful normal semi-finite trace on M® Lo (P).

Proof. We shall show that this holds for 7 restricted to M & Lo (P). It can then
be shown that these properties then extend to all of M® Ly (P) by continuity.
To show how this extension can be made rigorously, we again refer the reader
to [21] L.V.2.

Note that we can view any element in the algebraic tensor product

E=Y 2;®fj € M® Lo(P)
j=1

as a function z : Q@ — M. Furthermore, we have for such z, that

n

#0) = Y rlwy) [ f@)w) = [ 3o r( @) = [ o).

Jj=1

Using this, we see that if & > 0, then 0 < #(w) € M a.e., hence we may assume
that f; > 0 a.e., and x; > 0 for all j.

Now note that if & > 0, then 7(&) > 0, hence 7 is positive. Furthermore,
we see that if £ > 0 and 7(Z) = 0, then Z(w) = 0 a.e., hence & = 0, hence 7
is faithful. Moreover, since f — [ fdP(w) defines a normal trace, we have for
every bounded increasing net &, in M ® Lo (P),

sup / (o (w))dP(w) = / Sup T (3())dP(w) = / 7(5up & ())dP(w),
hence 7 is normal. Finally, we can find for all z; some 0 < y; < x; such that
0 < 7(y;) < oo, then for the associated § = Zj y; ® f;, we have 0 < 7(§) < oo,
hence 7 is positive.

Like in lemma 3.6.5, the difficult part is proving the semi-finite property. A
detailed proof of this can be found in [21] I.V.2. O

Remark 3.6.9. In the context of noncommutative L,-spaces, we will often denote
Loo(T @ P) := M®Loo(P) and write 7 ® P := 7. Since we have, on this von
Neumann algebra, a normal faithful semi-finite trace, we can construct the
noncommutative L,-spaces, which we will then denote by L,(7 @ P). The L,-
norm in this situation then becomes

1EG = 7(1FP) = AT(IF(w)Ip)dP(W)-
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As we mentioned before, we have that M is contained isometrically in
M®L(P), by the isometric *-isomorphism

Tir—ar® 1.

We can, however, extend this map uniquely to a *-isomorphism # : S(7) — S(7),
given by z — x® 1. Furthermore, this map actually preserves the singular value
function. In order to see this, we note that if a € S(7) is self-adjoint and e is
the unique spectral measure associated with a, then e®* ® 1 is a spectral measure
on B(H ® Ly(P)) and

/Ade“(/\) ®1= /)\d(ea ®1)(A)
hence e ® 1 = ¢®1. But this means that for all B € B(R), we have
#(e"(B)) = 7(e"(B) @ 1) = 7(e"(B)),

hence p(a® 1) = p(a). Hence, we can view any element in M as an element in
M®RL (P), with the same generalized singular value function.

3.7 Column and row spaces

Recall that in chapter 2, we introduced for finite sequences zi,...,z, in a
commutative L, space, a norm of the form

el = | (2 1|xj|2)1/2

We used this norm in order simplify inequalities like the one in corollary 2.2.5.
The problem is, that in the commutative case, we have that |z|? = 2*2 = za*,
which is only true for normal elements in the noncommutative case. This means
that in general we will have to make a distinction between [|(3_; x;?xj)l/2 |l and
I, ) 2]

In order negate this problem, we will introduce the Banach space CR, (1),
which combines these two norms in such a way that many of the duality prop-
erties that we had in the commutative case are preserved. In order to construct
these spaces, we will first need to introduce two different Banach spaces, namely
the column and row spaces.

p

Definition 3.7.1. Let x1,...,z, € L,(7), then we write (z,) = (z1,...,Zn).

Furthermore, we define
1/2
|(35+5-)

= () US|

Finally, the spaces L,(7,(5°°) and Ly, (7, ¢3"") are the Banach spaces of all finite
sequences of length n in L,(7) with the || - ||, and || - ||,» norm respectively.
We call these kind of spaces column and row spaces.
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Remark 3.7.2. If A is C*-algebra, we can also define the norms ||(z,)||cc,r and
[|(z0)|lso,c for z; € A, by taking || - ||~ equal to the norm of A.

Remark 3.7.3. It can easily be seen that when p # 2, these norms are in fact
different (though they are equivalent). Take for instance M = M, (C), and
x; = Ej;. Then it can be shown that ||(z,,)|/p.. = n'/? and ||[(x,)|p.» = /7.

We use the terms column and row spaces, because these spaces can be viewed
as subspaces of M ® M, (C). Since M & M, (C) is a von Neumann algebra and
7 ® Tr is a faithful normal semi-finite trace, we can consider the associated
noncommutative Ly-space, L, (7 ® Tr). As we noted, elements in M ® M,,(C) =
Lo (T ® Tr) can be viewed as n X n-matrices whose entries are in M = Lo, (7).
Likewise, we can now regard elements of L,(7 ® Tr) as n x n-matrices, whose
entries lie in Ly, (7).

Suppose now, that z1,...,x, € L,(7), then we can define

T = Za:j ®Ej1 S Lp(T®TI‘).
j=1
We then have that

1/2
n

‘il <Zl’j®Ej1) <Z(Ej®Ej1>
7j=1 j=1

n

1/2 n 1/2
(Zx;‘xj & Eu) = (Zx}‘%) ® F11
=1 =1

n D n P/2
S b J=r((Laim) )=l
j=1 Jj=1

Note that the elements in the first column of Z consists exactly of z1,...,x,,
hence we see that L, (7, (5°) can be identified with the subspace of matrices in
L, (T ® Tr) whose only nonzero entries lie in the first column.

Similarily, we can define for y1,...,yn € Ly(7), § = X_7_; y; ® E1; then we
find that

and

ol = (o)

n 1/2
5] = (Z%Zﬁ) ® En,
j=1
which in turn implies that

19l = 197115 = ()5

Therefore we likewise have that L,(7,¢5"") can be identified with the subspace
of matrices in L,(7 ® Tr) whose only nonzero entries lie in the first row.

This way of viewing the column and row spaces, as closed subspaces of a
more general L,-space, will allow us to simplify many expressions in which these
kind of norms appear. One important way in which we will use this theory, is
by giving a noncommutative version of lemma 2.3.3.
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Lemma 3.7.4. Let 1 < p < 00, and let 1 < q < oo be its conjugate number.
Then Ly(7,05°)* = Ly(7,05") and Ly(7,05")* = Ly(7,05°°), where the duality
is given by

n

((xn), (yn)) = ZT(ijj)

Jj=1

Proof. Consider first the space Ly (7, £5°°) and denote for convenience 7@ Tr = 7
By applying Holder’s inequality to L,(7), we have that

S <<;mj><wﬂ>>

xj®
Jj=1

= 1) llg.r 1) llp.c-

Let ¢ be a bounded linear functional on L, (7, {5°°), then clearly the restriction
to the subspace z ® Ej;, for fixed j, defines a bounded linear functional on
L,(7), hence there exists (y,) € Lq(7,¢5"") such that

o(z @ Ej;) = 7(y;7).

Using this, we see that for every (z,,) € L,(T,05°°),

¢<Z%‘®Eﬁ> > r(ysm).
j=1 j=1

Now suppose & =, xi; ® Ej; € Ly(7), then we have that

;((iyj ® Elj)v%) = %(Zijkl ® 6kjEl1> = ZT(kaElcl)-

g,k k

Hence this expression only depends on the first column of Z. Now note that the
map P: 7 z(1®Ei1) = ;21 ® Ej1, is clearly a contractive projection onto
L,(7,05°), hence, using the fact that L,(7)* = L,(7), we have

®E1]
= sup{ %((Zyj ®E1j>f>’ 1T € Ly(7),]1Z]p < 1}
i=1
n
< sup{ > Ty e < 1}'
i=1

Combining this, with Holder s inequality above, then yields ||(yn)|lqr = 4]l
hence L,(r, 0y c) = L,(7,05") isometrically. The result for L,(7,¢5") then
follows analogously. O

yn ||q7

P@)p = ([(2n1)
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Although the spaces L, (7, €5°) and L,(7,¢5""), share many properties with
the commutative spaces L, (v, £5), these spaces are unfortunately not the right
spaces in which to consider the Khintchine and other related inequalities. As we
mentioned in earlier, the right space in which to do this, is one that incorporates
both the norms on these spaces.

Definition 3.7.5. Let M be a von Neumann algebra, with a faithful normal
semi-finite trace 7 and let 1 < p < co. We then define the space CR} (7) by

CRy(7) = Lp(7,£5°°) = Lp(7,£5""),
as a set, together with the norm || - ||, depending on p as follows.

(i) If 2 < p < o0, then we define ||| - |||, as the intersection-norm

n 1/2
(51
j=1

(ii) If 1 < p < 2, then we define || - |||, as the sum-norm

()l = = nf{ll () llp.c + @) llp.r}

:inf{H(g|x;|2)l/z pﬂ\(i'“)*'ﬁl” 1

where the infimum runs over all possible decompositions x; = x} + z7,
3 / "
with zf, z] € L,(7).

IGzn)llp : = max{[[(zn)llp.e: l[(@n)llp.r}

()

j=1

J

’
p

It can be shown that these spaces are Banach spaces that are naturally in
duality with each other.

Lemma 3.7.6. Let 1 <p < oo, then CR,(7) is a Banach space. If 1 < p < oo,
then CR(T)* = CRy(7), where p and q are conjugate numbers and the duality
is given by

n

<(xn)’ (yn)> = ZT(ijj)'

j=1

Proof. This follows directly from a result, usually presented in the context of
interpolation theory, that states that if X and Y are Banach-spaces, such that
X and Y are continuously embedded in the same Hausdorff topological vector
space, then X NY and X + Y with the intersection and sum-norm are Banach
spaces. If; in addition, X NY lies densely in X and Y, then (X +Y)* = X*NY™.

Clearly this holds in the case where X = L,(7,{;") and Y = L, (7, (),
where they are embedded in the space of finite sequences in S(7), the space of
measurable operators. (See remark 3.5.10.)

For a detailed proof of the general statement, we refer the reader to [12]. O

Remark 3.7.7. Note that similar to remark 3.7.2, we can also define ||(zy)]l|co
for x; in a C*-algebra A.
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3.8 Non-atomic von Neumann algebras

In this part, we will consider the probability measure space ([0, 1], B([0,1)], A),
where A denotes the usual Lebesgue measure. As we have seen in example 3.6.6,
we can construct a new von Neumann algebra M®L ([0, 1]). One important
property of this specific von Neumann algebra, is that it does not have any
minimal projections.

Definition 3.8.1. A projection p € P(M) is called minimal if and only if
g € P(M) and ¢q < p implies that either ¢ = 0 or ¢ = p. Von Neumann algebras
that do not contain any minimal projections are called non-atomic.

Ezample 3.8.2. Note that if B € B([0,1]) and A(B) # 0, then xp € L ([0,1])
is nonzero. Furthermore we can find some B’ C B, such that 0 < u(B’) <
u(B) < 1. In particular, this means that if f € L([0,1]) is a projection (see
example 3.2.10), then there exists some projection g € Lo ([0,1]), such that
fg=gf =g, hence g < f. From this we can conclude that the space L ([0, 1])
is non-atomic.

More generally, it can be shown that this holds for all L. (v), where (X, X, v)
is a non-atomic Maharam measure space (meaning that there does not exists
an S € 3, with v(S) > 0 such that for every measurable S’ C S, v(S) > v(5')
implies v(S") = 0.)

Remark 3.8.3. Note that if (€2, F,P) is a probability measure space, then L. (P)
is mot necessarily non-atomic.

Lemma 3.8.4. Let M be a von Neumann algebra, then M®L([0,1]) is non-
atomic.

Proof. Note that if f € L. ([0, 1]) is a projection, then 1® f is also a projection
and 1 ® f commutes with all elements in M®Lo ([0, 1]).

Suppose now that 0 # p € P(M®L4([0,1])), then we wish to construct a
nonzero q # p, such that ¢ < p. Since p < 1® 1, the set

S={feP(Lx([0,1]) : p <1 f}.

is non-empty, hence we can define e = inf S = Afcgsf.
Though this requires slightly more theory on the topological aspects of the
tensor product, it can be shown that

r< N1ef)=1®e,

fes

hence in particular e # 0. But since e € L ([0, 1]), we can find some nonzero
f # e, such that f <e. We then define ¢ € P(M®L([0,1])) by

=01 flp=p(1 f).

We then in particular have that ¢ < p and since e # f, g # p. Furthermore,
q = 0 would imply that p < (1® f)* = 1® f+, where f+ = (1 — f). But this
would mean by definition that e < f+. But since f < e, this would mean that
f =0, which is a contradiction. Hence ¢ # 0. O
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Non-atomic von Neumann algebras can intuitively be viewed as von Neu-
mann algebras, in which there lies a continuum of projections between any two
comparable projections. In the case of Lo ([0, 1]), we have that x4 < x5, when-
ever A C B, hence x4 < x¢ < xB, whenever A C C' C B. Something similar
can be shown, though we shall not prove it here, for general non-atomic von
Neumann algebras.

Theorem 3.8.5. Let M be non-atomic and p,q € P(M) such that p < q. If
6 € R such that 7(p) < 0 < 7(q), then there exists a projection e € P(M) such
that p < e < q and 7(e) = 6.

For a proof, we refer the reader to [2].
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Chapter 4

Noncommutative
inequalities

Using the material from the previous chapter, we are finally ready to generalize
the results of sections 2.1 through 2.3 to a noncommutative setting. In particu-
lar, we will show that Grothendieck’s theorem not only holds for C(.S), but for
arbitrary C*-algebras, albeit with a slightly larger constant. Furthermore, we
will extend the Khintchine inequality, as given in corollary 2.2.5, to arbitrary
(possibly noncommutative) L,-spaces.

In the last part, we will use the noncommutative Khintchine inequality to
generalize the Marcinkiewicz-Zygmund inequality to noncommutative L, spaces,
and analogous to our constructions in 2.3, the author will use this inequality to
prove a noncommutative analogue of theorem 2.3.7.

4.1 Preliminaries

In the proofs of both the noncommutative Khintchine and Grothendieck in-
equality, we shall make use of the following lemma.

Lemma 4.1.1. Let A be a unital C*-algebra and let r; be an i.i.d. sequence of
Rademacher random variables. Then

H / (;T’“(“)xkydP(W)H <3

for any finite sequence of self-adjoint x1,...,x, € Ap.

n 2

D ai

k=1

)

Outline. The proof combines the orthogonality properties of the Rademacher
random variables, with several facts regarding positive elements of C*-algebras.
In particular, we use that if z,y € Ay, then (i(zy — yz)) € Ap and therefore
(i(ry — yx))? > 0. Furthermore we use that if y € Ay, then y < [ly| = 1||y]|.
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Proof. First we note that

(Zw ) Zx—an w)zi;

i,j=1
i#]

—Zx + Z ri(w)rj(w)(ziz; + xjz;).
1<i<j<n

Since the r;(w) are orthonormal, we have that if ¢ < j and k < [, then
J rirjreridP # 0 if and only if ¢ = k and j = [. Hence

[ (Brierm) = (2 = & e

= 1<i<j<n

Clearly, this means that [(} . r;j(w)z;)*dP(w) > 0. Now note that if z,y € Ap,
then (i(zy — yz)) € Ap, hence (z(a:y yx))? > 0. By expanding this, we find
that (xy + yx)? < 2(zyz + y2y), hence

Z (zizj + 257)* < 2 Z (zi(2) %2 + () 75)

1<i<j<n 1<i<j<n

(g (5 E 5)

n

:22@( Z x?)xz < 221‘1(21‘?)1‘1
i i,{]%:}l i e
i#j

Finally note that since y < ||y||, we have zyz < z||y||z = |ly||z?, hence

/<§rj(w)xj)4dp(w)g (Zn:xf) —|—22x1<2 ) x;

j=1 j=1
1 2
(L) +o| Lo e
j=1

i=1 i=1

If 0 < aand a < b, then [la]| < [[b]|, hence taking norms on both sides and
applying the triangle inequality we find
)3
i=1

|/ (Zrom) ] <] ()

2
2
2.

9

n

2
Z%‘

j=1

)

<

which completes the proof. O

4.2 The Grothendieck Inequality

In his résumé, Grothendieck already conjectured a noncommutative version of
theorem 2.1.4. After some work, by Pisier in [18], this was finally proven, in its
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optimal form, by Haagerup in [7]. Recall from our preliminaries in section 1.2
that if A is a C*-algebra, then we denote by S(A) the set of states on A. The
noncommutative version of Grothendieck’s theorem claims that if V : AxB — C
is a bounded bilinear form on C*-algebras A and B, then there exist states
o1, 02 € S(A) and 1,19 € S(B) such that,

|V (2,9)| < K(¢1(z"2) + do(aa™)) /2 (1(y"y) +v2(yy™)' >, (4.1)

for all z € A and y € B.

The proof by Haagerup, which we will mimic here, consists of two parts.
In the first part, we will show that Grothendieck’s theorem holds for arbitrary
C*-algebras with K = % In the second part, we will refine the constant to show
that K = 1 suffices. If A and B are commutative C*-algebras, then (4.1) simply
reduces to the statement made in theorem 2.1.4 with Kg = 2.

After proving the noncommutative Grothendieck inequality we will consider
several alternative formulations as well as a noncommutative version of the little
Grothendieck inequality.

4.2.1 First inequality

In order to show that (4.1) holds, we will first show that it holds for unital
C*-algebras, under the additional assumptions that |V = V(1,1) = 1 and
with K = % Under this assumpiton, we first estimate the real part of V(a,b)
for self-adjoint a and b in lemma 4.2.2, by means of a Taylor expansion. Next
we estimate the imaginary part of V(p, q) for projections p and ¢ in 4.2.3 and
use this, together with some spectral integration theory from appendix A, to
estimate the imaginary part of V'(a,b) for self-adjoint a and b. Finally, we will
generalize our estimates by making, among other things, use of the theory of
ultraproducts resulting in lemma 4.2.7.

Our initial “guesses” for what the states in (4.1) will be, can be easily ob-
tained from V.

Lemma 4.2.1. Let A and B be unital C*-algebras and V : Ax B — C a
bounded bilinear form such that ||V]| = V(1,1) = 1. If we define ¢ : A — C and
1 : B — C such that

o(x) =V(z,1) ¥(y) =V(1,y),
then ¢ and ) are states.

Proof. We clearly have ¢(1) = ||¢|| = 1. Now suppose & > 0 and ||z|| < 1, then
I1 —z|| <1 hence ¢p(1 —2) < 1. But then 1 = ¢(1) < 1+ ¢(z), hence ¢(x) > 0.
But this means that ¢ is a positive linear functional of norm 1. The proof for
1) is identical. O

Lemma 4.2.2. Let A, B, V, ¢ and v be as in lemma 4.2.1, then
|ReV(a,b)| < ¢(a®)"/2p(0%)",

for alla € Ay, and b € By,.
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Outline. The most important step in the proof, consists of calculating the Taylor
expansion of V (e, e*?). Together with the fact that |V (e¥?,e™?)| < 1 (since
V| =1 and for a € A, and b € B we have |[e?®||, ||e®®|| < 1), this step yields
an estimate of V(a,b) in terms of V(a?,1) = ¢(a?) and V(1,b%) = ¢(b?). The
remainder of the proof then consists of manipulating this estimate in order to
obtain the desired result.

Proof. Suppose a € A and b € B are self-adjoint, then by the continuous func-
tional calculus, we can define u(t) = e”® and v(t) = €*®. But by using the
Taylor-expansion, we see that

1 1
Re V(u(t),v(t)) = Re V(1 + ita — §t2a2, 1+ith — §7521)2) +O(t%)
1 1

—1— §t2¢(a,2) - §t2¢(b2) —t?ReV(a,b) + O(t%).

Now since |e®®| = 1 for all & € R, we have [[u(t)|| = |lv(t)|| = 1, hence
ReV (u(t),v(t)) < ||V]| < 1. But this means that

1- %t%(a?) — %th(bz) —t*ReV(a,b) + O(t*) < 1

L3 Loy L o

— _ < = -
FOW) ~ ReV(a,b) < 6(a®) + L0(?)
B YN _ 1, oy 1 o
lim L O() ~ ReV(a,b) =~ ReV(a,b) < 26(a?) + 30
~ReV(a,b) < 30(a®) + 30(t?)

If we then substitute @ — —a, we also find that Re V(a,b) < 2¢(a?) + 29(b?),

hence
[ReV(a,) < 36(a?) + 3007

Since V is bilinear, we find that the following must also hold for all A > 0,
A2 1

_ -1 2 2

[ReV(a,b)] = |ReV(ha, A7b) < S-6(a%) + 5y59()
But as a function of A, the right hand side attains its minimum in Ay = %,

$(a?)t/
hence we can conclude that
bY: 1
[Re V(a,b)] < P(a®) + 537 9(b%) = 6(a®) /2 (b%) 2.
0

O

In order to estimate the imaginary part of V(a, b) for self-adjoint a and b, we
will first estimate it in terms of projections. Some spectral integration theory
from appendix A, together with lemma 4.1.1 will then yield the desired result.

Lemma 4.2.3. Let A, B, V, ¢ and ¢ be as in lemma 4.2.1, then

[ Im V(p, q)|* < 6(p)(1 — &(p))¥(a) (1 — ¥(a)),
for all projections p € A and q € By,.
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Outline. We start the proof by making several observations regarding Im V'
which rely on the fact that V(p,1),V(1,q),V(1,1) € R. We then construct x
from p and y from ¢, both of which contain parameters «, 8 € [0, 27]. In order
to simplify many of the expressions, we introduce the notation € := 4V (p, q),
v:=2¢(p) —1=2V(p,1) — 1 and 6 :=2¢(¢q) — 1 =2V (1,q) — 1.

We then separately consider the cases where 0 < ¢(p), ¥ (q) < 1 and the cases
where ¢(p) € {0,1} or ¢(q) € {0,1}. After applying some complex analysis and
picking in each of these cases « and  in the right way, we are able to estimate
e =4V (p,q) in terms of v = 2¢(p) — 1 and § = 2¢(q) —

Proof. Note that since ¢ and ¢ are states, V(p,1),V(1,q) > 0, hence the fol-
lowing identities hold

ImV(1—p,q) =Im(p,1 —¢q) = —ImV(p,q)
ImV(1-p,1—-¢q)=ImV(p,q)
Vip,a) =V —p,1—q) =v(q) + o(p) —
V(A —-p,q) = V(p,1-q) =1(a) — o(p).
Now suppose «, 8 € [0,27] and define
z:=e%+eP(1—p) y:=q+e A1 —g),
then we have z*z = y*y = 1, hence ||z|| = ||ly|| = 1. Furthermore, we have
V(z,y) =e“V(p,q) +e V(1= p,1—q) + e "V(p,1—q) + V(1 -p,q).
Now note that for o € [0,27] and z € C, Im(e?®z) = Im((cos(a) + isin(a))z),
hence
ImV(z,y) = Im(e"*V(p,q)) + Im(e V(1 —p,1 - q))
+Im(e” "V (p, 1 - q)) + Im(e”V(1 — p,q))
=Re(V(p,q) — V(1 —p,1—q))sina
+Re(V(1—p,q) = V(p,1—-¢q))sinj
+Im(V(p,q) + V(1 —p,1—¢q))cosa
+Im(V(p,1 —q) + Im V(1 - p,q)) cos 8
= (¢¥(q) + ¢(p) — 1) sina
+ (¢¥(q) — ¢(p))sin B+ 2Im V(p, q)(cos a — cos ).
If we denote v = 2¢(p) — 1 and § = 2¢(q) — 1, and € = 4Im V (p, q), then we get

2ImV(z,y) = (y+ ) sina + (6 — ) sin 8 + €(cos a« — cos B). (4.2)

Now note that
o I Lt i W AL E S W
1++6 1++v5) 7

hence if we assume 0 < ¢(p) < 1 and 0 < 9(q) < 1 (and hence —1 < v,d < 1),
we can pick « and 8 such that

B (1772)1/2(1752)1/2 ) _ 5+’)’
cos(a) = T sin(a) = 15170

-y N
cos(pB) = T sin(f) = g
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Together with the fact that Im V' (z,y) < |V (z,y)| < 1, we find that

(v+6)?  (6—79)? 241/2 2y1/2
> 2¢(1 — 1-—
> OEF L O a0 - )

1
1 — 252

Multiplying both sides with (1 —~262) and noting that
2(1—7%6%) = (v +6)*(1 = 48) — (6 = 7)*(1 +78) = 2(1 — 7*)(1 - &%),
then allows us to reduce this inequality to
€ < (1—~2)/2(1 - §2)l/2.

We can of course still use these arguments if we change the signs of «, and f,
in which case we find

—e< (1—7")12(1-6%)12

hence we can conclude that |e| < (1 —~2)1/2(1 — §2)Y/2. Substituting ¢(p) and
1(b) back into this inequality then yields

1 1
[V (p,q)| = felel < 71 =921 = 692 = 6(p)o(1 = p)(@)v(1 - ).
Now suppose ¢(p) = 1, then v = 1, hence if we pick « = 7/2 and 8 = 37 /2, the
right-hand side of (4.2) reduces to

(y+d)sina+ (6 — ) sin B + e(cos a — cos §) = 2.

But this means that the left-hand side is maximal at (7/2,37/3), hence the
partial derivatives with respect to o and S are zero at (7/2,37/3), which means
that

(y+9d)cosa+ (6§ —v)cosf — e(sina — sin §) = —2¢ = 0.

Using this, we can conclude that 4Im V (p, q) = € = 0, so since ¢(p), ¢(1—p), ¥ (q)
and ¥ (1 — g) are all positive, the inequality is true. The case where ¢(p) = 0,
follows analogously by considering the projection p’ = 1 —p and the cases where
¥(q) = 0 and 1(q) = 1 follow analogously to these two. O

Lemma 4.2.4. Let A, B, V, ¢ and ¢ be as in lemma 4.2.1, then
[ImV(a,b)] < ¢(a")"/*9(0") %,
for alla € Ay, and b € By,

Outline. In this proof, we wish to apply our previous lemma in order to obtain
an estimate of Im V'(a,b) for all self-adjoint a and b. We do this, by expressing
a and b in terms of projections, by means of some spectral integration theory.
This also gives us the first difficulty, since we do not necessarily have that the
spectral projections of a and b, e* and e’ are contained in A. This then means
that V(e?(A),e’(A’)) is not necessarily defined for all A, A’ C R.

To circumvent this problem, we pass from A to the universal enveloping von
Neumann algebra of A. Since A lies densely in A**, and likewise for B, we can
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extend V continuously to V on A** x B**, Furthermore, since A** and B** are
von Neumann algebras, we then have that V(e®(A),e’(A’)) is well defined for
all A, A" C R. Analogous to how we defined ¢ and 1, we can then also define
é on .A** and 1) on B**.

Using some partial integration theory from appendix A, we can then find
projection valued functions e : R — A** and f* : R — A such that

ImV CL b / / tl f+(t2))dt1dt2

By applying our previous lemma to the integrand, we then find an estimate of
V(a,b) in terms of two integrals containing ¢ (e (¢)) and o (fT(¢)) respectively.
By then estimating the integrands pointwise using a parameter §, and making a
smart choice for §, we can estimate these integrals in terms of ¢(a*) and 1(b*).

Proof. By the spectral theorem for self-adjoint operators, there exist unique
spectral measures e® on o(a) and e’ on ¢(b), such that

_ /]R Ade®(\) b= /]R Ade(\)

Now recall that the universal enveloping von Neumann algebra of A, can be
identified with the A** as a Banach space. Furthermore, we can write a = a™ —
a”,b=>b"—b", where at,a” € W*(a) C A** (where W*(a) denotes the von
Neumann algebra generated by a), b™,b~ € W*(b) C B**. Using lemma A.2.1,
we can then write

ot = [ ade(n) = / et dt o = / (Nt () = / Y @t

R+

bt = Ade /f+ b‘:/i /f

where et (t) = e[t,00), fH(t) = €’[t,00), e (t) = 1 —eT(t) and f~(t) =1 —
7).

Furthermore, we can extend V : A x B — C to a bounded bilinear form

P A X B — C, with [|[V]| = V] Using this, we can define extensions of ¢
and Y by ¢(x) = V(z,1) and 9(y) = V(1,y).

Now note that for every a € A** and b € B**, the bounded linear functionals
x+ V(x,b) and y — V(a,y) are continuous in the weak*-topology on A** (i.c.,
they are o-weakly continuous).

Furthermore, we have that since z — V(z,1) if a positive linear functional
and since A and A** have the same unit, z — V(z,1) must also be a positive
linear functional, hence V(m, 1) € R for all x € A}* and likewise, f/(l, y) € R
for all y € B;*. If we apply this to et, e7, f* and f~, we find that for all
self-adjoint € A7* and y € B;*

ImV (et (t),y) = Im f/(l —e (t),y)

= —ImV(e (t),y) = —Im V(1 —e*(t),y)
Im V(x, (@) =Im V(x, 1—f7(t)

=—ImV(z, f~(t)) = —ImV(x,1— fT(t)).
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Using the above integral representations of a and b and the fact that V is
separately o-weakly continuous, we find that

Tm V(a,b)| = [Tm (/OOO e+(t1)dt1,b> ImV (/OOO e‘(tl)dtl,b>’

[eS) 0
:/ 1mV(e+(t1),b)dt1—/ ImV (e (t1),b) dty

— 00

g/ ‘ImV ’dtl

o0

= / ImV (e*(t1),b) dty

— 00

Applying the same to b, we find that
|Im V (a,b)| < / / ‘Im\?(e"'(tl)’f-i-(tz))’dtzdt1
— 00 — 00

Now since e™(¢) and fT(t) are projections, we can apply lemma 4.2.3 to V, to
find that

[Tl (a,b)] < / ) / " (Bt e N )d( (12))) ditadt

= ([ ey it @) 2an) ([0 @) i) i)

It now remains to show that

/ B(et (1) Y23~ (1) V/2dt < Vad(at)
[ D)2 () 2dE < VaH(bH)*.

In order to prove the first of these equations, we define ¢(t) = ¢(e™ (t)). Because
q~5 is o-weakly continuous, it is WOT-continuous on the unit-sphere, hence we
have that ¢ is right continuous. Furthermore, ¢ is increasing and 0 < {(t) <1
for all ¢t. Using this, we have that

/ B ()i ) i = [ 1= ) e e

However, since for all a € [0,1], we have a(1 —a) < 1, a(l —a) < a and
a(l —a) < (1 — a), we have for every § > 0,

¢(t), t< =6
Ct)(1—¢(@) < { 1 —§<t<§
1—-¢(t), t>0.
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Using the Cauchy-Schwarz inequality, we find that

0o 6 oo
_ 1/2 1/2 } _ 1/2
[Ta-coprraotas [ Jas [Ta- oy

fé s 1/2043(1 _ 1/2
- /5 ()25 (1 — (1) 2dt

2
g + (/:D t‘3dt>1/2 (/500 t3(1 — C(t))dt)1/2
b
2

+ (2152 /Ooot3(1 — C(t))dt>1/2

IN

IN

and likewise

/O (1—C()Y2¢)Y? < g + <2§2 /O (—t)?’g(t)dt)

— 00 — 00

1/2

Now note that /2 + /2 < (2(a + 8))/? (this follows from the inequality of
the arithmetic and geometric mean). Applying this to the sum of the previous
two inequalities, we find

/ (1 ) ey e

<5+ (%12 /0 (—t)%(t)dt)

1/2

— 00

<ot ( / °w<—t>3<<t>dt + T <<t>>dt)

+ (2(152 /Oootf”u - C(t))dt)l/2

1/2

Furthermore, since ¢ is right continuous, ((t) = 1 for ¢t > ||a|| and ((t) = 0 for
t < —|lal|, we can again apply lemma A.2.1 to find

/ O@(—t)%(t)dt -i(f :(—t)?’e-(t)dt) 1 ( [ waew)
/OOO t3(1 = ¢(t))dt = ¢ (/OOO t3e+(t)dt) = iq@ (/R+ )\4de“(>\)> .

Using this, we find that for all § > 0,

/0:0(1 — C(NYE) At < 5+ % <¢; (/Z4dea(A)> I </Rf4d6“(>\)>)1/2
1 - 1/2 -
<40+ %Qﬁ (/]R z4dea(>\)> — 5+ 275(;5(&4)1/2.

The right hand side assumes its minimum when § = ¢(a*)'/4271/2, in which
case we find

oo

/ T Bt ) (e (1) 2dt = / (1— () /2¢(6)2dt < V2p(a")V/4

— 00
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Identically, we can show that
|y i @) < Vaieh
In conclusion, we now have that for all « € A7* and b € B}*
Tm ¥ (a,0)] < (V26(a")/*) (VEZR0)Y) = 26(a") /45 (64
The restriction of V, ¢ and ¥ to A and B, then yields
[ Im V(a, b)| < 2¢(a*)/*4p(b*) '/

For all a € Ay, and b € By,. O

Lemma 4.2.5. Let A, B and V be as in lemma 4.2.1, then there exist states
¢’ € S(A), ¢ € S(B) such that,

| Tm V(a,b)| < 4¢(a®)'/?¢' (b)'/2,
foralla € Ay, and b € By,.

Outline. The way to find the states ¢’ and 1’ from the lemma, is by applying
theorem B.2.1 in the appendix. In order to do this, we shall first need to
find a way to estimate | Z?Zl ImV(a;,b;)]. We do this by using the fact that
IZ” rir; V(a;, b;)dP = Zj V(aj,b;) and then applying our previous lemma
pointwise to the integrand on the left hand side. We then apply ||¢| = ||[¢] =1
and lemma 4.1.1, in order to obtain an estimate to which we can apply theorem
B.2.1.

Proof. Let n € N, ay,...,a, € Ay and by,...,b,. Since the r; are orthonormal,
we have that

/V(iri(w)ai, érj(w)bj)dﬂ"(w) - z: V(as, by).

i=1

Now define ¢ € S(A) and ¢ € S(B) as in lemma 4.2.1, then by applying lemma
4.2.4 and the Cauchy-Schwarz inequality, we find

ZIHIV a“ 1 /‘Imv Zrz ai:zn:’rj(w)bj)

<o fof(Sprem) )" ((Zw w)") o
A g NG /w g LD

Note that | )", 7(w)a,| is a simple function and that || >, ri(w)a;l| < >, [las-
Hence >, ri(w)a; is Bochner integrable and we can pull ¢ and 9 outside of

2

dP(w)
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the integral. This then leads to

Zn: Im V(a,-, bz)
=1

§4</¢<<in<w>az->4>w > </w<<in >4> @)

n ' 1/2
< 4||¢||||¢|H / o)

2

1/ (g o

<12

where we applied lemma 4.1.1 and the fact that ||¢|| = ||3|| = 1. But this means
we can apply lemma B.2.1, with K = /12 to the bilinear form given by Im V.
Hence we find that there exist ¢’ € S(A) and ¢’ € S(B) such that for all a € A,
and b € By,

[T V(a,)] < V26 (a2) /29 (17)1/2 < 46/ ()29 (%) 1/2,

since v12 < 4. ]

Using the estimates on the real and imaginary parts of V(a, b) for self-adjoint
a and b, we can now prove our first version of (4.1).

Lemma 4.2.6. Let A, B and V' be as in lemma 4.2.1, then there exist states
1,02 € S(A) and 11,19 € S(B) such that,

|V (2,y)| < (¢1(w ) + da ()2 (V1 (y*y) + P2 (yy™)) "2,

forallz € A andy € B.

Outline. We start the proof by constructing bounded bilinear forms V; and V5
such that V(z,y) = Vi(z,y) + iVa(x,y) for all z,y. We then estimate |V;(z,y)]
for arbitrary z € A and y € B in terms of ReV(ay,b1) and ReV(ag,bs) for
some self-adjoint elements aq, as, by, by and apply lemma 4.2.2.

Likewise, we can estimate |Va(z,y)| in terms of Im V (a1, b2) and Im V' (ag, by),
to which we can apply 4.2.5. Using the fact that S(A) and S(B) are convex
sets, we then construct ¢, ¢o, 11 and 1o from ¢, ¢’, ¥ and .

Proof. We define

L (V(x,y) - V@5

1 -
‘/1(x7y) = §(V(Z‘7y) + V(Jf*,y*) and ‘/2<xay) = %

Then V7, and Vs are again bilinear forms with the additional property that
V =V, + iV, and that for all a € Ay, and b € By,

Vi(a,b) = ReV(a,b) Va(a,b) = ImV(a,b).
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Now write £ = aq + itas and y = by + iby, where a1,as € Ay and by,bs € By,
and take ¢ and 1 as in lemma 4.2.1 and ¢’ and v’ as in lemma 4.2.5. Now note
that for «4, 5; > 0,

VaiBiagfs < %(alﬁ2 + af) = Vaufr + Vafa < Var + as/ b+ Po.

Applying lemma 4.2.2 and using the above then yields

|ReV1(x,y)\ = \Vl(al,bl) — Vl(ag,bg)l = |ReV(a1,b1) — ReV(a27b2)|
S ‘Re V(al,b1)| + | REV(ag,b2)|

< o(a)2p(07)' 2 + pa3) P (63)"?
< ofad + )05 + 1)

IL’*I‘+SCIL’* 1/2 y*y+yy* 1/2
=z ) U2 )

Now note that if we replace z with ez, then the right-hand side does not
change and for a suitable 6 € [0,27], Re Vi(x,y) = Vi(z,y), hence we get

¥r + mx*)lmw (y*y + yy*)l/2

Wit <o (20 !

Almost identically, we can apply lemma 4.2.5, to find that

*r + :cx*)l/z o <y*y + yy* > 1/2

Vet < a0 (5 !

If we then define ¢, 2 € S(A) and 91,92 € S(B) by
br=tr=3o+:d  and  pi=th=zp ot
then we find
1 1 1
V(@) < 561 (52"2) + dalbar) V2 (2u0) + bl b))
5
= 5 IVI(¢1(a"2) + b2 (x2™)) 2 (1 (y"y) + 2 (yy™) .

O

In order to generalize lemma 4.2.6 to arbitrary C*-algebras and arbitrary
bounded bilinear forms, we will need several facts from the theory of ultraprod-
ucts, or more specifically ultrapowers.

For readers unfamiliar with ultraproducts it is sufficient to know the follow-
ing. We can use an object, called a free ultrafilter U in order to obtain a new
type of limit, the wltralimit. (For readers familiar with ultrafilters: an ultrafilter
is free if it does not contain a least element. The collection of all subsets of some
set X that contain a fixed element z, is a classical example of an ultrafilter, but
it is not free. It is not trivial that free ultrafilter exists, though it can be shown
using Zorn’s lemma.) The ultralimit limy, has the property that if lim,, o ||z, ||
exists, then limy ||z,| also exists and the limits are equal. Furthermore, the
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ultralimit is unique and if (z,,) is bounded, then it can be shown that limy, ||z, ||
always exists.

An extensive treaty on the applications of ultrafilters and ultraproducts on
Banach spaces can be found in [9].

Lemma 4.2.7. Let A, B be arbitrary C*-algebras, and let V: Ax B — C be a
bounded linear form. Then there exist states ¢1,d2 € S(A) and 1,12 € S(B)
such that,

V(a,b) < IV (a2) + ba(ex) 2 (01 (570) + Yalyy)) V2
forallz € A andy € B.

Outline. The case where A or B is not unital can be proven by extending V
to the universal enveloping von Neumann algebras (which do have a unit). We
save this part for the final paragraph of the proof.

The difficult part, namely removing our assumption that V(1,1) = 1, re-
quires the ultralimit and ultraproduct we mentioned above. We do this, by first
showing that the inequality holds in the case where we have that V(u,v) = 1,
for unitary elements u,v. We then show that in the general case, we can find
sequences of unitary elements u,, vy, such that V(u,,v,) — 1.

This is where the theory of ultraproducts starts to play a role. We use
this theory to construct two new C*-algebras, A;; and By that contain A
and B respectively. The sequences (uy) and (v,) are then elements of these
new C*-algebras and in fact represent unitary elements. We can then con-
struct a bounded bilinear form W : Ay x By — C such that W((uy), (vs)) =
limy V(up,v,) = 1. This then puts is back in the above situation. By then
restricting W to A and B, we finally obtain the desired result.

Proof. By scaling, we can without loss of generality assume that ||[V|| = 1. Now
suppose A and B are unital and there exist unitary operators u € A and v € B
such that V(u,v) = 1. Then we can define a map W : A x B — C such that
W(z,y) = V(ux,vy). Furthermore, we clearly have |W| = W (1,1) = 1, hence
we find states ¢1, 2 € S(A) and ¥1,19 € S(B) such that

W ()| < 2 (61(270) + dale™) (W 73) + oy ).

But this means that if we define ¢} : & — ¢o(u*zu) and ) : y — e (v*yv),
then ¢4 and ¢}, are states and

V)] = [W("e,07y)
< 2 (6" 2) + ol ()2 (0 (5") + ol (g)0)) 2

S(61("0) + By(aa) ") + a ).

Now suppose such unitary elements do not exist. By the Russo-Dye theorem,
the closed unit spheres in A and B respectively are given by the closed convex
hull of the unitary elements in A and B respectively. As a consequence, we have
that we can write

1=|V||=sup{|V(u,v)]:u € AwveBuu=1vv=1},
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hence we can find sequences of unitary elements u, € A, v, € B such that
V(tun,vn) — 1. Now fix a free ultrafilter & on N, and denote by ¢ (N,.A) the
space of all bounded sequences in A. We can then define

Ty = {(zn) € L (N, A) lig{n |2n| = 0}
Ju = {(yn) € loo(N, B) : lim [ly, || = 0}

Ay =l (N, A) /Iy
By = oo (N, B)/Ju,

then it is true that A;, and By (also called the ultrapowers of A and B) are again
C*-algebras. Furthermore, we have that A C Ay, and B C By isometrically (by
simply considering constant sequences of elements in A and B respectively). The
elements represented by the sequences (u,) and (v,) are again unitary in 4y
and By respectively and the bilinear map W : Ay x By given by W ((zy,), (yn)) =
limys V(zy, yn) has the property that ||W| = W((u,), (vn)) = 1. Hence by the
previous part, there exist states ¢1, ¢2 € S(Ay) and 1,12 € S(By) such that

W (@), (y))] < K ($1((20)" (@) + d2((20) (@n)")) "2
X (1((yn) " (yn)) + 2((ya) (yn) ")) /2.

But then the restriction of these functionals to A and B gives us positive linear
functionals of norm at most one (but possibly less) on A and B, hence by
rescaling these we find states ¢}, ¢, € S(A) and ¥7, ¢4 € S(B) such that the
lemma holds.

Finally, suppose A and B are not unital, then we can isometrically embed
A C A** and B C B**. Now note that A** and B** can be identified with the
universal enveloping von Neumann algebras of A and B and are therefore unital
C*-algebras, furthermore we can extend V' to a bilinear map W : A**xB** — C,
such that |V]| = ||[W||. Now we can apply our theorem in the unital case to
find states ¢1, 92 € S(A*) and 91,12 € S(B**) such that for all z € A** and
y € B,

W (z,y)| < K|VI[(¢1(a"2) + a(2z) 2 (@1(y"y) + dalyy™)'/.

But the restriction of 1; and ¢; to A and B gives us positive linear functionals
of norm at most one (but possibly less) on A and B, hence by rescaling these
we find states ¢}, ¢4 € S(A) and ¢}, ¢4 € S(B) such that the lemma holds. O

4.2.2 Refining the constant

Using some extra theory, we can actually refine the constant in (4.1) to K = 1.
We do not do this by modifying the proofs we obtained in the previous part,
but rather we will show that if (4.1) holds for some constant K > 1, then it
also holds for v/K. A simple limiting argument then immediately yields the
fact that K = 1 also suffices. Though we will not do this here, it was shown by
Pisier in [18] that the constant K = 1 is in fact optimal.

In order to state our proof, we will first need some extra lemmas and notions.

Definition 4.2.8. An i.i.d sequence of Steinhaus random variables on a prob-
ability space (Q,F,P) is an ii.d. (independent and identically distributed)
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sequence, {s;};en, of random variables with a uniform distribution on T, the
complex unit circle.

Note that just like with the Rademacher random variables, [ s;(w)dP(w) =0
and in addition, we have that [ 5;(w)sk(w)dP(w) = ;.

Lemma 4.2.9. Let A be a C*-algebra, x1,...,x, € A. If we define the map
X:Q—Aby

X(@) = Y s w)a,

then this map satisfies

| [xrxeyrae

+| [xexeryare)|

Outline. Note that the Steinhaus random variables have orthogonality relations
very similar to those of the Rademacher random variables. Using this, the proof
follows analogously to the proof of lemma 4.1.1.

+

Proof. Note that the s; are measurable and that | X (w)|| <>, ||#||, hence the
integrands above are indeed Bochner integrable and therefore the integrals are
well-defined. Now note that

/ (X (@) X (@) dPw) = Y alain / 58, 5s1dP(w)

4,4,k 1=1
n n n
* * *
= g €T; T;0; X + E xixzx]ojj+ g Ty XX 5T
=1 7,7=1 7,7=1
i#£] 1#£]

By positivity of the summands, we then have

/(X(w)*X(w))zd]P’(w) <2Y wlwaimi+ Y wjmiwiz+ Y wiwww
=1

ij=1 ij=1
i#] i#]
n n
= E TiTTiT; + E T
4,j=1 4,j=1

n 2 n
= (wim) + 2w (Lo )
i=1 i=1 j
By the same arguments as in lemma 4.1.1, we then have

ey x@)are) < (23:) ¥ gw

n

z : *
xi .ri,

i=1

62



hence

2
+ .

| [xrxeyiare)| <

n n n
i=1 i=1 i=1

Adding the same inequality with zj replaced by x} then yields the desired
result. O

Lemma 4.2.10. Let A be a C* algebra and x € A and let x = u|z| be the polar
decomposition of x in A** (the universal enveloping von Neumann algebra).
Furthermore let H = {ae € C : Re(a) > 0} be the complex right half-plane.

If we define f : H — A* by f(a) = u|z|*, then [ is analytic on H and
takes its values in A.

Proof. Note that o(|z|) C [0, ||«||] and that for o € H, the map ¢(¢) = t*, with
t € [0, ||=]|] is continuous and ¢(0) = 0, hence we can extend ¢ to an antisymmet-
ric function on [—||z||, ||z||]. By the Weierstrass approximation theorem we can
approximate this function uniformly by odd polynomials, P,. Now note that
ulz|*~! = z(2z*z)"~! € A, hence uP,(]z|) € A. But since P,, — f uniformly,
we have that uP,(|z|) converges in A, which means that f(a) € A.

If |x| is invertible, then 0 ¢ o(|z|), hence log|z| is well-defined and o —
e*loglzl — f(q) is analytic. If |z| is not invertible, then we can define the
projections p,, = el*l [%, 00). Now note that |z|p, is invertible in p,.A**p,, hence
we can define analytic maps f, : H — A™* by

Fala) = e 80P = u(|z[p,)* = ulz|*py.

Since we have that f,, — f uniformly on compact subspaces of H, we can now
conclude that f is indeed analytic on H. O

We can now use the above lemmas, together with lemma 4.2.7, to finally
state and prove the noncommutative Grothendieck inequality.

Theorem 4.2.11 (Noncommutative GT with states). Let A, B be arbitrary
C*-algebras, and let V : A x B — C be a bounded linear form. Then there exist
states ¢1, 2 € S(A) and 1,19 € S(B) such that,

V(@) < [VI[(¢1(x"2) + po(w2)) "/ (1 (y"y) + 2 (yy™)) /2,
forallz € A andy € B.

Outline. In the proof, we define for every bounded bilinear form a scalar, C'(V),
as the infimum of all constants C' such that there exists states for which (4.3)
below holds. It is then our aim to show that we in fact have that C(V) <
C(V)Y2||V||*/2, which would imply that C(V) < [|[V]].

The main argument follows by Hadamard’s so called “three-lines theorem”.
This theorem states that if a function h is analytic on the interior of the complex
strip {a+i0 : ¢ < a < ¢} and continuous on the whole strip, then the function
M («) := supy |h(a + i))| satisfies

M(te 4 (1 —t)0) < M(e)'M(5)* .

forall 0 <¢ <1.
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We then use the previous lemma to construct the analytic function h(a) =
V(f(a),g()) and apply the three-lines theorem to this function on the strip
€ < a < 2, where € > 0. If, in the resulting inequality, we take the limit ¢ — 0,
then we find a result similar to lemma 4.2.4, namely (4.4). The remainder of
the proof is then analogous to the proof of lemma 4.2.5 in the way that we use
lemma 4.2.9 and theorem B.2.2 (instead of lemma 4.1.1 and theorem B.2.1) to
obtain the desired result.

Proof. First note that similar to the proof of lemma 4.2.7, it suffices to show
this in the case where A and B are unital C*-algebras. Now let V : Ax B — C
be a bounded bilinear form, then we can define C (V) as the infimum of all C,
for which there exist states ¢1,¢2 € S(A) and 11,99 € S(B) such that for all
x € Aand y € B,

V(2,y)| < O (2"2) + do(ax™) > (Wi (y"y) + dalyy™)' 2 (4.3)

Note that by lemma 4.2.7 we have already shown that C(V) < 2|[V|. Since
A and B are assumed to be unital, S(A) and S(B) are weak*-compact and
we can pick @1, ¢2,11 and 19 such that (4.3) holds with C = C(V). (Simply
pick for every k states such that (4.3) holds with C = C(V) + 1/k, then this
sequence contains a subsequence converging to states such that (4.3) holds with
c=C(\V).)

Now pick € A and y € B and let = u|z| and v|y| be the polar decomposi-
tions of z € A** and y € B**. As in lemma 4.2.10, we can then define functions
f:H— A" and g: H — B** by

fla) == ulz|* and g(a) = v|y|“.

By lemma 4.2.10, we have f(«) € A and g(a) € B for all a € H, moreover,
since V is bilinear, the map h : H — C given by

is analytic on H, and h is bounded on every strip of the form 0 < Rea < o.

Now note that since x = u|z| = |2*|u and y = v|y| = |y*|v we have

fla)" fla) = [a|™F* = (a*z)ee

fla)f(a) = [2*[*F = (za™)fee
(@)gla) =y
(@)

ge)" = ly* |7 = (yy")" e,

9 e = (yry)tee

g

Q

hence for ¢t € R, we have
[h(2 +it)| = |V (f(2+it), g(2 +it))]
< O(WV) (61((272)%) + da((227)?) " (0 (("9)?) + ba((wy")?))

Furthermore, since V' is bounded, we have for 0 < € < 1,

1/2

[h(e +it)| = [V (f(e+it), g(e +it))| < [VI[[If(e+it)llllg(e + it
= [IVIIl[1“[lyll
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For € < ao < 2 we can then define M (a) = supycg |h(a+1iA)|. By the Hadamard
three-lines theorem, we then have that

V(,9)| = [h(1)] < M(1) < M(e)/ 9 b (2)1=9/2=),
Now note that
lim M () #=9 < lim (V||| [ly| )"/~ = v

e—0

lim M (2)(1=9/(2=9) = pp(2)1/2

< (CV) (o1((@*2)®) + da((22)) " (r((y"w)®) + va(wy))) ?)

Using this, we find that

1/2

V(x,9)| < COV) VM2 (61 (27 2)) + do((227)?))

x (V1((y*y)?) + 2 ((yy*)?))

Now pick z1,...,2, € A and y1,...,yn € B, let (sp)nen be an i.i.d. sequence
of Steinhaus random variables and define

" (4.4)

X(w) = Zsj (w)z; and Y(w) = Zsj (w)y;.
j=1 j=1
By the orthonormality of the s;, we then have

Vi(wj,u;) = / V(X(), Y (@)dP(w).

J

n
=1

If we combine this with (4.4) and Hélder’s inequality, we find that

n

ZV(CIH, Yi)

i=1

- ’/V(X, Y)dIE”’

<o ( [ (aoex s oere)w) "

’ </ <w1((y*y)2) + %ffz((YY*)z)) 1/2dP)1/2

(o f ) o))
X (%(/(Y*Y)QdIP) +w2</(YY*)2dP)>1/4

ccvpnte(| el | fow )

(| forvva+| forvral)”
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Now we can apply lemma 4.2.9 to conclude

n n 1/2
st + | Saai)
=1 =1
n n 1/2
1=1 i=1

But then by theorem B.2.2 we can conclude that there exist states ¢}, ¢5 € S(A)
and Y1, ¢4 € S(B) such that

n

> Viwi,i)

i=1

+

< o<v>1/2||vu1/2(

+

V (@, y)| < COV)Y2|VIV2 () (2% x) + dy(xa)"? () (y7y) + b (yy™) >

From this we can then conclude that C'(V') < C(V)'/2||V||*/2. This then implies
that C(V') < ||V||, which concludes the proof. O

4.2.3 Alternative formulations and little GT

Similar to the commutative Grothendieck inequality, there exist many equiva-
lent formulations of the noncommutative Grothendieck inequality. We have in
fact, in our proof of 4.2.11, already given a noncommutative analogue of 2.1.6.
Furthermore, note that by theorem B.2.2, this analogue is equivalent to 4.2.11.

Theorem 4.2.12 (Noncommutative GT with sequences). Let A, B be arbitrary
C*-algebras, and let V : A x B — C be a bounded linear form. Then we have

that
S VG| < V(| et + | St | V(| v + | St )
=1 =1 =1 =1 =1

for all finite sequences x1,...,x, € A, y1,...,yn € B.

Using remarks 3.7.2 and 3.7.7 and the observation that for 0 < z € A,
l21/2|| = ||lz||*/2, we immediately get the following corollary.

Corollary 4.2.13. Let V : Ax B — C be a bounded linear form. Then we have
that

n

> Vi)

i=1

< 2/l ll (yn)lloo

for all finite sequences x1,...,xn € A, y1,...,yn € B.

Similar to theorem 2.1.10, we can also formulate a noncommutative little
Grothendieck inequality, in four different ways.

Theorem 4.2.14 (Little noncommutative GT). Let A, B be arbitrary C*-
algebras, H any Hilbert space, and let v : A — H and v : B — H be bounded
linear maps. Then the following hold

(i) There exist states ¢1, 2 € S(A) and 1,19 € S(B) such that,

| (uz, vy) | < Jlullllo]l (@1 (2" 2) + d2(zz™)) > (W1 (y"y) +2(yy™ ).
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(ii) There exist states ¢1,d2 € S(A) such that
luz | < [lull(é1(z*z) + pa(aa™))'/2.

(iii) For all finite sequences x1,...,xz, € C(S) and y1,...,z, € C(T)

n n % n n

< ol (|3 at [t | ) (| S ot + [ 3w
=1 =1 1=1 =1

< 2l ol ) o N ) e

n

Z(uxi, vYy;)

i=1

+ +

>;

(iv) For any finite sequence x1,...,x, € C(S)

n 1/2 n
(Z ||u:ci||2) < ||u||( S i

=1 =1
< Valullln) .

+

>;

Proof. Identical to the proof of theorem 2.1.10, this follows directly by applying
theorems 4.2.11 and 4.2.12. O

n
i=1

4.3 The Khintchine inequality

A noncommutative version of the Khintchine inequality, was first proven by
Lust-Picard in 1986 in [14], in the case of the Schatten-class operators (see
example 3.1.1). Five years later, in a joint paper with Pisier [15], this result
was generalized to more arbitrary spaces, such as arbitrary noncommutative
L,-spaces.

The proof that we shall present is an extension of the proof for the Schatten-
class operators given in [14], by means of the generalized singular value function.

In the following, let M be a von Neumann algebra on a Hilbert space H, let
7 be a faithful normal semi-finite trace on M and let (2, 7, P) be a probability
measure space. Furthermore, we let {r;};en be an i.i.d. sequence of Rademacher
random variables (see definition 2.1.3).

We shall, in this section devote ourselves to proving the following theorem

Theorem 4.3.1 (Noncommutative Khintchine inequality). Let 1 < p < oo and
{ri}ien be an i.i.d. sequence of Rademacher random variables. Then there exist
constants by, c, > 0, depending only on p, such that

boll(en)lly < ( / > i)

for any finite sequence x1,...,x, € Ly(T). Moreover, if 1 <p <2, then ¢, =1
and if 2 < p < oo, then b, = 1.

P 1/p
z; dP<w>) < eoll(@a)l
P

The proof of this theorem can be broken down into five parts. First we shall
prove the lower bound in the case where 2 < p < oo and the upper bound when
1 < p < 2. Then we give a lower bound in the case where p = 1. Finally,
we consider the upper bound in the case where 2 < p < oo, which, by using a
duality argument, gives us the lower bound when 1 < p < 2. The rest of this
section is devoted to working out all the details of this proof.
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4.3.1 The lower bound for 2 < p < oo and the upper bound
for 1 <p<2

(This part of the proof mostly mimics the proof given in [15].) In order to
establish the lower bound for 2 < p < 0o, we will first give a general estimate of
[[(zn)lp,c in terms of ||z;]|,. We use this estimate to establish an upper bound
for integrals of the form [ F(w)*F(w)dP(w), where we take F : @ — L, (1) to
lie inside L,,(7) ® Lo(P). This upper bound, when applied to functions of the
from >, rjz;j, with ; € L,(7) then gives us the Khintchine lower bound.

The upper bound is established in a similar way. By using a duality argu-
ment, we get a reversed estimate of ||(x,,)||p,» in terms of ||z;||,. Using the same
line of arguments (though with the inequalities reversed), will yield the upper
bound for 1 < p < 2.

In order to establish the the estimate of ||(xy,)||p,c, we shall first study the
finite direct sum of noncommutative L,-spaces. We denote the space &5 L, (7) as
the Banach space obtained by taking the n-times direct sum of L, (7), together
with the norm

n 1/2
N s e)llog i = (lelelf,) |
j=1

It is known that if 1 < p < oo and 1 < ¢ < oo is its conjugate number, then
(BYLy(T))* = @5 Ly(1)* = @5 Ly(7). (For more details, see [1] IIL.4 and IIL5.)

Using this duality, we can now give the following estimates of the L, (7, £5°°)
and L,(7,¢5") norms.

Lemma 4.3.2. Let 1 <p < oo and z1,...,ZTn € L,(T).
(i) If 2 < p < o0, then

n 2
< (anjn;) .
j=1
(ii) If 1 < p <2, then
(Z w) < ll@n)

Proof. First note that if 2 < p < oo, then

1/2 n n
a2, = H (Zx x) <l = 3 Il
=1 i=1

But this means that the identity map I : ®5L,(7) — L,(7,¢y°) is bounded
with ||| < 1.

Now suppose p < oo, then we have that if 1 < ¢ < 2 is conjugate to p, then
(DY Ly(7))* = @5 Ly(7) and (Ly(7,05°°))* = Ly(7,£5"), hence the adjoint map
I* : Ly(1,05") — @5 Ly(7) is also bounded with ||I*|| < 1. But this means that

n 1/2
(Z ||xj||$) < ll@n) - (4.5)
i=1

2
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Since ®5L1(T) C (B4 Loo(7))* and Li(7,05°) C (Loo(T,05°))* isometrically,
(4.5) must also hold if ¢ = 1. O

In the following, it will be convenient to regard the algebraic tensor product
L,(1) ® La(P) as the space of all functions F' : Q — L,(7) of the form

= Z filw)x

where f; € Lo(P) and x; € Ly(7).
Lemma 4.3.3. Let 1 <p < oo and F € L,(T7) @ Lo(P).

< (/ ||F<w>||§dP<w>)1/2.

(i) If 2 < p < o0, then

(/ F(w)*F(w)dmm)l/Q

(ii) If 1 < p <2, then

(o) (f rorrimr)”

Proof. First note that by the definitions and results in appendix A, all integrals
are well defined.

Now suppose fi, ..., fn are simple functions and z1,...,2, € Ly(7), then
we can find disjoint sets Si, ..., Sy € F such that

w) =Y filw)z; ZXS W)Y,
j=1

where y; € span{z1,...,2,} C L,(7) for all 1 < j < N. But then we have that
* N *
F(w) F(w) = Zj:l XS, (w)yj y;, hence

N
[P @) = Y iub(s) and 1) e Znyw

Applying lemma 4.3.2 to P(S1)Y?y;,...,P(Sy)"?yx then yields the desired
result.

The general case then follows by approximating arbitrary fi,..., f, € La(P)
with simple functions. The fact that the limit can also be taken inside the
integral follows from the fact that 7 is normal. O

P

Theorem 4.3.4 (Lower bound for 2 < p < 00). Let 2 < p < oo then we have

el < Z p >)1/p7

for any finite sequence x1,...,2, € Ly(T).
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Proof. Note that since the r; are orthogonal, we have that

2 n
/ ;| d :/ Z rj(w )z dP(w Zx T,
j=1

hence we can apply lemma 4.3.3 (i) to conclude that
2 1/2
j d]P’(w)) .
P

p:H/ érj(w)xj )p§< ém(w)x

But by the monotonicity of the L, norm on propability spaces, we have that
I1£ll2 < If]lp, whenever 2 < p < oo, whenever f is F-measurable, hence we have

that
2 ))1/2 < (/ x; :dIE”(w)>1/p.

2

@)l < (/

But since [[(zy)||p,r = [[(z})]|p,c and ||z;]|, = ||z} ]|, the same must also hold for
[ (@n)]lp,r and hence for [|[(zn)l, = max{||(zn)lp.c, [|(@n)llp.r}- O

Remark 4.3.5. Note that we in fact proved a slightly tighter bound, namely
2 1/2
el < / )
for 2 < p < .

Theorem 4.3.6 (Upper bound for 1 < p < 2). Let 1 < p < 2 then we have

(

for any finite sequence x1,. ..,y € Ly(T).

1/p
<w>) < Nl

Proof. By using 4.3.3 (ii) instead of (i) in the proof of 4.3.4, we find that for
l<p<2

(/

By again using the monotonicity of the L,-norm, we find that

er(w)x < Zr]
j=1 L, (TQP)

If we then write x; = y; +2;, with y;, z; € L,(7), then by the triangle inequality
in L,(r ®P),

ZTJ’(W)%

n

er(w)xj

j=1

2 1/2
dP<w>) < min{|(za) s )

p 1/p
w)> < min{[|(@n)]|pc, [|(@n)]lp,r}-

p

Z 7 (w)z;

j=1
< N Cn)llp.e + 1l Gn)llp,r-

Taking the infimum over all such decompositions yields the desired result. [

2:”

j=1

Ly(r®F) L, (r®P) L, (r®F)
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Remark 4.3.7. Note that in 4.3.6 we again proved a slightly tighter bound,
namely
for1 <p<2.

Furthermore, analogous to these proofs, we also find a lower bound p = cc.

n

> riw)a;

j=1

2 1/2
dw) < M)l

p

Corollary 4.3.8 (Lower bound for p = c0). We have that

el < ( Zr] xjg <w>)1/2 gw

for any finite sequence x1, ..., &, € Loo(T).

Lo (T®P)

4.3.2 The lower bound for p =1

(Like the previous part, this part of the proof also mimics the proof given in
[15].) By making use of duality arguments, we can also prove the lower bound
for p = 1, though this will require us to be a little more precise. In the following,
it will be convenient to denote by V' C L,(P), the finite dimensional subspace,
spanned by the first n Rademacher random variables.

Consider the subspace Li(7) @ V{* C Li(7 ® P), then by the definition of
the annihilator and the trace on Lo, (T ® P) we have that F € (L (1) ® V{*)+ C
Lo (T ®P) if and only if

/rj (W)T(F(w)*z;)dP(w) =0 (4.6)

for all z1,...,z, € L1(7) and 1 < j < n. Furthermore, we have that Lo (7
P)/(Li(7) ® V{*)* can be identified with (L;(7) ® V{*)*, hence if we have
Y1y Yn € Loo(7), then we can define

[(yn)] : 1nf{ Zr]yj—kF

Note that since [(y,)] is exactly the quotient norm of the equivalence class of
Sy iy i Lo (T @P) /(L1 (1) ® Vi*)*, we also have that [(y,)] is equal to the
norm of the linear functional that 2?21 r;y; defines on L (1) ® V7.

We can apply this specific duality to establish the lower bound in the case
where p = 1, if we have a proper estimate in the case where p = co. In order to
give this estimate, we shall need the following result.

:Fe@ﬂﬂ@WW%.
Loo(7®P)

Lemma 4.3.9. Let xy,...,%, € Loo(T). Then there exist &1, ...,3n € Loo(T)
and F € (L1(1) ® V") such that

llGzn = &n)lloc < 2Hl(xn oo and iz + F

C
< Sli@n)llee,
Lo (TQRP)

where ¢ < 2v/3 is a constant independent of T or ().
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Outline. The proof consists of two distinct parts. In the first part, we construct
the &; from the spectral measure of S(w) = Z;;l rj(w)xz;. We apply lemma
4.1.1 in order to show that these £; indeed have the desired properties.

In the second part, we use a trick to generalize this to the arbitrary elements

*

in L, (7). We do this by constructing for z € Lo (7), a matrix (2 xo ) which we

can view as a self-adjoint element of the von Neumann algebra Lo (7) ® Ma(C).
We then show that the construction we made in the self-adjoint case, when
applied to these matrices indeed yields the desired result.

Proof. First we will show that the proof holds in the self-adjoint case. Suppose
T1,...,T, are self adjoint and define S := 2?21 rjxj. Then for each w € € and
t > 0 we can define

Si(w) = S(w)el* [0, 1],

Note that for all w € Q, we have that o(|S:(w)|) C [0,¢], hence ||S¢(w)]|s0 < ¢,
hence we also have that ||.S¢||1_ (rep) < 1.

Since the r; are measurable, S; is weakly measurable and since S (as a
function of w) can only take on finitely many values, the same is true for S;. This
means that S; is almost separably valued and hence strongly measurable (see
appendix A). Furthermore ||S¢(w)|| is bounded, hence S; is Bochner integrable.
(Note that the same is true for S, F' and all powers of S;, S and F, hence all
integrals we use below are well defined).

This allows us to define

3y = [ ri)Siw)dPw).
Using formula (4.6) it is easily seen that if we define F' := S; — Z;—;l rja;, then

Fe (Li(t)@ VM)t
Now note that we have

/s 126l (¢, 00)dP(w /5 — IS [0, )2 dP(w)
— [(5() - Sufw)Pap(e)

-/ (er 2y = 85) - F<w>)2dP<w>
ey — ) + [ Ferare)

= Z(xj
=1

where used the fact that [ F(w)rj(w)dP(w) = 0 and [(327_, 75(w)y;)*dP(w) =
> yZ, by the orthogonality of the r;.

<.

But note that as functions on R, xQX(t7OO)(|x|) < t722*, using this, together

with the fact that by the functional calculus X (;,o0)(|S(w)]) = el¥@)(t, 00), we
see that

TL

zj — @) /5 )2elS (¢t 00)dP(w <7/5 LdP(w

j:1
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This allows us to apply lemma 4.1.1, in order to conclude that

g V3
22

> (s —#5)°

Jj=1

<

1/2
()%

:2 <] [swrare)

Furthermore, as we noted

erxj + F
j=1

hence taking t = 2v/3||(z,,)|| then yields the desired result, with ¢ = 21/3.
0 S%J , then we can make the above construction on

J
M @ M3(C) instead. We thus see that the corresponding S satisfies

Sw) = Z (Tjoxj TJX;) - <51C()w> SZéw))

n
Jj=1
for some elements S1,S2 € Loo(T @ P). Using this, we see that we can write in
each case

= [|Stl|Lo (rap) < 2,
Lo (TRP)

Now suppose X; =

_ (1S1(w)] 0 _ 0 Sa(w)el52l[0,¢]
5<“’>( 0 |52<w>> St(sl<w>e'51<w)[o,t1 0 )

~ 0 z* 0 F2
_ J —
o= %) =n b)
But since for sequences of the form Y; = (yO yoj), we have that
j
ol = e { | s | Swmni|
i=1 oo llj=1 o0

=H(2j=1yﬂ‘yﬂ' L0 )H — IR,

hence [[(Xn)llso = ll(2n)llse and [[(Xn = Xn)lloo = [I(zn = &n)lllsc- Finally note
that also

eriﬁj—‘rFl S ZTij+F 5
j=1 Loo ((T®Tr)®P) j=1 Loo (TQP)
hence the result in the non-self-adjoint case follows. O

Using this, we can now prove the following Khintchine-like upper bound in
the case where p = oo (see also corollary 4.3.8).

Lemma 4.3.10 (Upper bound for p = co). There exists a constant ¢ > 0 such
that

[(zn)] < el (@n )l

for any finite sequence x1, ..., 2, € Loo(T).
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Outline. We recursively apply the previous lemma in order to find for k£ > 0
elements (z¥) € CRoo(7) and functions F* € (L1(7) ® V{*)* such that we can
write z; = > 1 _, a?f (Here 50? and F* correspond to z; in the way of the
previous lemma). Furthermore, we can define F = S"p_, F*.
We then show that F € (Ly(7) @ V{")* and that || 327, rjz;+ FllL__(rep) <
cll(zn)]lloo, which by definition of [(z,,)] directly implies the desired result.

Proof. Recall from lemma 4.3.9 that

<
Lo (T®P)

() lloo-

. 1 L c
Iz = Zn)lloc < Sll(2n)llec  and ;Wj + F 3

Define now (22) := (z,,) and define 29 and FY as in lemma 4.3.9. Then we can

recursively define (zF) = (2£~1 — 35=1) and the corresponding (2¥) and F*.
This then has the property that

1 ke 1 _ 1 2 ke
@)oo = ll@n " = 25" Dlloe < SR Hllse = Sl(zn~* = 257l
1, g 1 1
< M@l < - < @I = SEll@n) oo

In addition, we have that

k
_ 1 -0 _ .2 ~0 A1 k+1 E:Aj
Jj=0

Combining this, we see that as k — oo, [|(z¥)[|ec — 0, hence (z™) — 0 and
Ty =2kl 4 Z;‘.::O &5, — 3.5, ),. Furthermore, we have that

n
Z ij? + Fk

Jj=1

< 5 @)oo,

C
Lo (TQP) 2

hence we find that

i (zn:rjfcf + Fk)

k=0 \j=1

M

n
~k k
> i+ F
=1

Ci, & el
SN <D 5 Sl @)l

=0 k=0

()l oo

But since these sums all converge absolutely, we in fact have that

> (Yt ) DI
k=0 k=0

Lo (TRP) k Lo (TQRP)

0

M

o

<

j=1 Lo (TQP) j=1k=0 Loo (T®P)
n ~
= 1> ra + F < dff[(@n) oo
j=1 Lo (T®P)
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where we have that F' = Y30  F* € (Li(7) ® V{*)*. But by definition, this
means that

()] = nt {

ery] + F

e (Lu(r) ®v1”>¢}

Lo (TQP)
S+ F < cll@n)lloo
j=1 Loo (T®P)
and F € (Ly(7) ® V{*)*, the statement follows. O

Theorem 4.3.11 (Lower bound for p = 1). There exists a constant by > 0 such
that

bl ()l <

er

for any finite sequence x1,...,x, € Li(T).

Proof. By lemma 4.3.10, we have that the map
T:CR(7) = Loo(T @ P)/(L1(7) @ V{*) = (La(7) ® V)"

given by

T (yn) = eryj
j=1

is bounded, with ||T'|| < ¢. This means that the adjoint map
T : (Li(r) @ Vi)™ = CRL ()"

satisfies

E :ijj Tn)

for all z1,...,2, € Li(7) and ||T*|| = ||T|| < ¢. But then the restriction of T
to L1(7) ® V{* maps elements to CRY(7) and also satisfies || T*|., ngve || < c
Hence we can conclude that that

Z’“a

hence the result follows with by = % O

liCyn)lls < e

4.3.3 The upper bound for 2 < p < o0

(This part of the proof is an adaptation of Lust-Piquard’s proof for the Schatten
classes, presented in [14]. This adaptation can also be found in [2].)

(0]



In order to give the upper bound for 2 < p < oo we shall make use of an
induction argument by using the Khintchine inequality for 2" < p < 2"*! to
prove the inequality for 27+ < p < 2n+2,

For this construction, we shall first need two intermediate results, namely
corollary 4.3.14 and lemma 4.3.15. Corollary 4.3.14 is a surprisingly deep state-
ment that requires the use of several facts regarding non-atomic von Neumann
algebras and submajorizations involving the generalized singular value function.

In order to prove our corollary, we shall first need to find, for a given positive
element z € S(7) and every ¢ in a well chosen interval a projection such that
fits “nicely” in between e®(u(z;t),00) < e < e®[u(x;t),00). As this argument
relies on theorem 3.8.5, we shall need to restrict ourselves to non-atomic von
Neumann algebras.

Lemma 4.3.12. Let M be a non-atomic von Neumann algebra with a faith-
ful normal semi-finite trace 7. Furthermore, let 0 < x € S(7) be such that
limy o0 pe(z;t) = 0, let t € (0,00) be such that t < 7(1) and set s = p(x;t).
Then there exists a projection e € P(M) such that

(i) e*(s,00) < e < €*[s,00),
(ii) 7(e) =t and
(ili) p(ze) = p(@)x(o,0)-

Outline. The fact that 7 is normal, gives us a form of continuity to work with.
This allows us to use theorem 3.8.5 in order to establish (i) and (ii). We then
use the fact that the projection e commutes with the spectral projections of x
to establish (iii).

Proof. First note that the map A — 7(e*(\, 00)) is right-continuous. Next note
that we have by definition that

s =inf{A > 0: 7(e"(A, 00))},

hence we have 7(e*(s,0)) < t.
Now suppose s = 0, then

T(e”(s,00)) <t < 7(1) = 7(e"[0, 0)),

Furthermore, we trivially have that e”(0, 00) < €%[0,00) = 1, hence by theorem
3.8.5 (i) and (ii) follow.

Now suppose s > 0, then since lim; o p(2;t) = 0, we can pick a strictly
increasing sequence s; € (0,s), such that 7(e®(Aj,00)) < oo and s; T s. We
then have that since Uy, (s1, $n] = (81, s), that again by the normality of 7,

igf 7(e%(8p,0)) = irrllf (1(e”(s1,00)) — (" (81, $n)))
= 7(e”(81,00)) — 8171Lp 7(e%(s1, $n))
= T7(e"(s1,00)) — T(e”(s1, 8)) = T(e"[s,0))

Note that since 7(e”();,00)) < oo all terms in the above are finite. But this
means that

T(e®(s,00)) <t < l/\igT(e””(snoo)) = 7(e”[s, 00)),
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hence again by theorem 3.8.5 (i) and (ii) follow.

Now let e be as in (i) and (ii), then clearly e commutes with e* (), co) for all
A. But this means that e also commutes with e”(B) for all Borel-sets B C R,
hence we also have ex = xe. Now note that ee” = e”e is also a spectral measure
and

/)\d(eez)()\) = e/)\dez(/\) = ex,

hence the spectral measure of ex is given by e°® = ee”. But now note that if
0 < A< s, then

ee” (A, 00) = e,
and if A > s, then since e*(\, 00) < €*[s,00),
ee” (A, 00) = " (A, 00)

hence in particular
ex | T(e) if0<A<s,
T(e™ (A, 00)) = { e (A oo)) A s,

But this means that 7(e*(\, 00)) = min(7(e), 7(e® (A, 00))), hence by the defi-
nition of i, we can deduce p(ex) = pu(x)X[0,(e)) and (iii) follows. O

Lemma 4.3.13. Let x1,...,2, € S(7) be self-adjoint and let 0 < y € S(7)
such that limy_, oo u(y;t) = 0. Then

1 ( i a:kya:k> << p(y)p ( i xi) :

k=1 k=1

Outline. The first two paragraphs of the proof are devoted to showing the fact
that if we pick e as in our previous lemma and define e = 1 — ¢, then we in
fact have that y < ye + set. If our von Neumann algebra M is just L.[a,b],
then this resembles showing that 0 < y < max{y, s} holds almost everywhere.
We then show that the left hand side of the desired submajorization above can
be estimated by >, zx(ye — se)zy and s, 7.

The major difficulty then lies in estimating >, xr(ye — se)x. This re-
quires the subsequent use of several previously established facts regarding the
generalized singular value function and the submajorization as well as some ma-
nipulation of the spectral measure in order to conclude that the above indeed
holds.

Proof. Note that without loss of generality, we may assume that M is non-
atomic. If it is not, then we can simply prove the statement for M®L ([0, 1]).
(See also section 3.8.)

Fixt > 0 and s = p(y;t) and denote e, = €¥(s,00) and eX = 1—e, = €¥(0, 5.
Now note that yel = ety hence eX D(y) C D(y). Next note that if ¢ € eX D(y),
then we can define a positive measure by

eg (D) = (e?(A)¢, &) = (eV(AN[0,5]), ),
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where we used that e¥(A1)eY(Az) = e¥(A; N Ag). But this means that

(e, &) = / Met () = [ Met () < ekl ] = (sel )

Using this, we see that for all £ € D(y),
(yes€.€) = (yea € e5€) < (ser€ e56),

hence we have that sel — yel > 0.
By lemma 4.3.12 we can now find e € P(M) such that 7(e) = ¢, u(ye) =

w(y)x[o,+) and

e¥(s,00) < e < e¥[s,00).
Since 0 < e, < e, we then also have that set — yet > 0 and therefore 0 < y <
ye + set. We now apply this to conclude that

n n

n n
Zxkyxk < Zxk(ye +s(1—e))xy = ka(ye — se)xy + SZJ;%

k=1 k=1 k=1 k=1

Now note that

[0 ST Py gt SRY—"
(St s

k=1

= (e gxk)

< [ wtoe seir(( S atsr v,
0 k=1

where we used the fact that u(zy) << p(x)u(y).

Further, we note that ye = eye > 0, hence if we denote f(\) = max{0, \—s},
then f is a continuous increasing function and f(ye) = ye — se and u(f(ye)) =
f(p(ye)). Now we have that p(ye;r) —s < 0 if and only if » > ¢, hence

p(ye — se) = u(f(ye)) = f(u(ye)) = (u(ye) — 5)X(o,t) = 1Y) X[0,t) = $X[0,t)-

But applying this to our previous inequality then yields

n

t# . z(ye — se)ap;r |dr < t(u(y;r)fs)u x| dr
> Jor = fL o3t

k=1

t n t n
:/ u(y;r)u(Zmi;r)dr—s/ ,u(in;T)dr.

0 k=1 0 k=1
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If we then use the fact that pu(zx + y) << p(z) + p(y), then we then find that

M(é mym) << u(é xp(ye — se)xk> + su(zn: xi)

k=1

«u(zﬂu(léwi) - SM(éﬁ) + Su(émi)
< u(y)u<k:xi>a

hence the statement holds. O

Corollary 4.3.14. Let x1,...,x, € S(7) be self-adjoint, let 1 < p < oo and let
0 <y e S(7) such that limy_, p(y;t) = 0. Then

n n
2
D mya PIE
i=1 =1

Proof. Note that if p > 1 and if f, g are measurable functions, then |f| <<|g]|
implies that |f|? << |g|P. Using this we see that

n p n D mn p
S e = [ S ewvmst) @< [utropn( Soeti)
j=1 P j=1 j=1

< llyllep
P

2p

1/2 n 2p 1/2 n P
< (futwoe)(fu(Xatie) ar) =ity Xt
j=1 j=1 2p
where we applied the Cauchy-Schwarz inequality on Ly ([0, c0)). O

As mentioned, we shall need a second intermediate result in order to establish
the upper bound for 2 < p < oo. This result is often known in harmonic analysis
as a decoupling lemma.

Lemma 4.3.15. Let (2, F,P) be a probability space, let r; and v} be mutually
i.i.d. sequences of Rademacher random variables on (0, F,P) and let [z,;] be an
n X n-matriz with elements in some Banach space X, then for every 1 < p < oo,

/ Z ri(w)rh (w) i XdIP’(w)d}P’(w’) > 4P / > rilw)rj(w)a; XdIP’(w).
1,7=1 Z;ié:jl

Proof. Denote by (9;);en another i.i.d. sequence of random variables such that
P(6; = 0) = P(§; = 1) =  and note that E&;(1 — ;) = 1 for all i # j and
Ed;(1 — &;) = 0 for all 4. Furthermore, note that the map

-

P
Z arirj(w)z|| dP(w)
i,j X

79



is convex on R. This then yields

E:/ Z ri(w)r;(w)es; Xd[p(w)
1%;_1
B 4”/ Z (/ %) = 5j(w/))dp(&f’)) ri(w)rj(w)zi XdIP’(w)
// )1 = 85 (w"))ri(w)rj(w)ms; XdP(w)dIP’(w’),

7,]1

where we applied Jensen’s inequality in the last line. If we now denote o,/ :=
{i:i<mn,d(w) =1}, then this becomes

B // )1 = 8;(W)ri(w)rj(w)ws|| dP(w)dP(w')
i,j= 1 X
= // Yo D riwrjwzy | dPw)dP(W).
€0, jEos X

Now note that if f is a positive function such that ¢ < [, f(w’)dP(w’), then we
must have ¢ < f(w}) for some w(, € Q. Likewise, we find that there must exist
some wy, € Q, such that

E<4p/

Furthermore, for fixed wy € Q, we have that (r;)ico , and (r;);¢, , must be
“o “0

dP(w).

S riw)rjw)ai; .

€0y JEoLy

independent, hence we can replace (7;)i¢o_, by (7})igos_, to find that
“0 “0

E<4p/|| ST niw)r (@) [ dP(w).

1€0 /J¢U 4

Finally note that since Er; = Er; = 0, we have that

E§4”/ Z Z ri(w)r}(w)a;; dIP’(w)
i€y jEoLy
4:0/ Z ( Z (W) I”Jr Z ri(w $1j>
ieowé jgg , Jj€Eo, /

+ Z (Er;) Zr x”

’L¢0' /

<4p// > (X e + 3 nrwe)

iEUwé j¢o,, wh Jj€o,, /

dP(w)
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n

+ Z ri(w')Zr;-(w)xij .

.

where we again applied Jensen’s inequality and the independence of r; and r;-
in the last two inequalities. O

dP(w)dP(w")

n

> D riwriway
i=1j X

1

dIP(w)7

In order to properly make our induction argument, we shall need to use the
fact that when proving the Khintchine inequality, it suffices to show that the
inequality holds for finite sequences of self-adjoint elements. This we prove in
the following lemma.

Lemma 4.3.16. Let 2 < p < oo and suppose that the inequality

(/

holds for all self-adjoint x1,...,x, € Ly(T), then the inequality

(

holds for all x1,...,x, € Ly(7).

Proof. Suppose x1,...,%, € Ly(7), then there exist self-adjoint y;,z; € Ly(7)
such that z; = y; 4+ iz;. Now note that we have that

n

> rilw)a;

j=1

p 1/p
dIP’(w)) < efl (@)l

P 1/p
Ja; dP<w>) < VEell(@n)lly-

* * _ 2 2
xjr; +xjxy = 2y; + 225,

hence
1 * 1 *
0< Dy <5 ma)+35 )
j j j

and likewise for z;. If we then apply the triangle inequality in L,(7 @ P), we see

that
P 1/p
; dIF’(w))

(/f
S 1y )y :dm))l/p +(

n

)1/p

> oriw)z
j=1

n 1/2 n 1/2 n
< () () o] 3o
j=1 P j=1 j=1 / j=1
1/ n /2
<\[c ijx]Jer T, <\fc( Zx]m] )
p/2 =1 p/2

o]
¢

< ﬁc(

@w) H(m

hence the statement holds. O

) < 2V2¢||(n) I,
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We now we finally have all the tools necessary to establish the upper bound
for 2 < p < o0.

Theorem 4.3.17 (Upper bound for 2 < p < o). Let 2 < p < oo then there
exist a constants c, > 0, depending only on p, such that

n P 1/p
(/]| Srw| @) < e,
j=1 P
for any finite sequence x1,. .., %, € Ly(T).

Outline. As mentioned before, the proof follows by an induction argument. We
first the previous lemma in order to reduce the problem to the self adjoint case.
Next we use the decoupling lemma to establish in (4.7) the fact that

oo
< [(z7) ||p+4/

If we now assume that 2 < p < 4, then 1 < p/2 < 2, hence we can apply
theorem 4.3.6 the second term in the right hand side. Combining this with
Hoélder’s inequality, we can reduce the inequality to

( / deP’(w)) 2/p

p

p/2 2/p
dP(w)d]P’(w')) :
p/2

(W)

n

Z rj(w)z;

j=1

w>>”p.

Solving this for ([ || > nr; (w)xngdIP’(w))z/p then in fact gives us the desired
result and the start of our induction.

If we then take 2F < p < 2F+1 with k > 2, then instead of applying theorem
4.3.6, we can apply the induction step. Furthermore, since p > 4, we can no
longer use Holder’s inequality in the way that we did. Instead, we shall now need
to use corollary 4.3.14. The remainder of the proof though, remains roughly the
same.

< i) 5 + 4l (2n) |p<

Proof. Note that if p = 2, then the inequality already follows by 4.3.6. By lemma
4.3.16, it suffices to show that the inequality holds for self-adjoint elements,
hence we may assume that z; = z}. Now let 2 < p < oo and note that if
a € L,(7) with a > 0, then

lallp = (a") = 7((a*)""?) = |a?||2/3 < o0,

hence a? € L, /5(7). But this means that by applying the triangle inequality to
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L, /o(7 ® P), we have

n P 21p/2 2/p
( Zw(w)wg /H > dIP’(w))
j=1 p/2
2/p
( ri(w W)T; T dP(w))
1,j=1 P/2
i#]
n n p/2 2/p
<D + (/ > rilw)r(w)aa dIP(w)) (4.7)
j=1 /2 k=1 p/2
i
n n p/2 2/p
< xf + (4”/2 Z 7 (w)r(w)zjzy d]P’(w))
j=1 k= p/2
n 1/2 2 p/2 2/p
=(Z) | +4( | are)
j=1 p/2

where we applied the decoupling lemma 4.3.15 in the last inequality and used
the independence of r; and r}, in the last equality. Now suppose that 2 < p < 4
and denote z(w') = 327, 7}(w')z;, then for fixed w’ € Q, we have that z(w') €
Ly(7), hence we also have that z;2(w’) € L,/2(7) by theorem 3.4.4. But since
1 < p/2 <2, we can then apply theorem 4.3.6 to find that

> rj(w)zz(w)
j=1

But this means that the last term in (4.7) becomes

p/2

() < @)l < I(2(w)zn)

[p.c-

n p/2

dP(w)dP(w")
p/2

p/2
i) /gmw))dmw

/ (
S/ <§|Ij2(w’)|2)1/2 p/2
/

dP() (4.8)
OETERTY v

.IJ{Ek

j.k=

p/2
<
=1

p/4
dP(w')
p/4

= [ ()e)

Jj=1

Now note that % = % + % + %, hence by Hélder’s inequality we have

4 4
w272 <[22/ 22/all= 2/ = 22/l /2.
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Applying this to (4.8), we find that

n p/2
Wzjrgl|  dP(w)dP(w')
k= p/2
1/2p/2
/ 1| ( Z ) () (49)

1/2 p/2 1/2
<H(Z /n Mpap))
j=1

By combining (4.7) with (4.9) we then find that

(e

2/p 1/p
d]P’ )> §|(xn)|§+4(xn)p< ||Z(w')||§dﬂ”(w'))

n P 1/p
= [l ()l +4||(93n)||p</ > i), dﬂ”(w'))
j=1
) 1/p
= @I + 4l ||p( ap(o))
p
where we used the fact that for p > 2 and self-adjoint z1,...,x,, we have

l(z)lllp, = ||(Zj 1 ])1/2||p and the fact that the r; and r’; are mdependent If

we then write
P 1/p
x; dIP’(w)) (4.10)

p

A= |||<xn>|||-1(

er(w)

then this inequality reduces to A2 < 144\, which can only hold if A < 245 < 9,
hence we must have that

(

By lemma 4.3.16, the inequality then also holds for arbitrary x; € L,(7).

The rest of the proof now follows by induction. Suppose that the theorem
holds for 2" < p < 27*!, then we wish to show that it holds for 2"+! < p < 27+2,
Of course (4.7) still holds, but since 2 < p/2 we can no longer use theorem 4.3.6.
Instead we will use the induction step, together with the fact that

1/p
<w>) < 5l )l

(@n)llpys < max{[|(zn)llp/2.c) [(@n)llpr2r} < 1(@n)llp/2.c + [1(@n)llp/2.
to find the following

n p/2

dP(w)dP(w') < / ol @nz (w2 5dP(w)

p/2

p/2
<2 / (I Dl + Mzl ) @B

x]xk
k=
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Now note that in (4.8) and (4.9) we basically found that
n 1/2
on e = H (Zz ()
j=1
(£4)"

= P

p/2

= =@ lp @) l-

W)l

Furthermore since p/4 > 1, we can apply corollary 4.3.14 to find

1/2 1/2
VDl = H(Zx ) -
p/2 j=1 p/4
211/2 1/2 n
< PP S| < e (X a)
=1 p/2 j=1 P

J
= =@ lpll @) ll-
Combining this, we find that (4.9) then becomes

n p/2

dP(w)dP(w")
p/2

p/2
Scifi / (1Dl + Ml ) @B

LUJ.’Ek

J,k=

(4.11)
/2 ) p/2 )
<2 / (2l ) aee)
2 p/2 ) p/2
<2 3wy / () b))
If we then combine this with (4.7), then we can conlude that
n P 2/p
< Zr] (w)z; dP(w))
j=1 p
) n P 1/p
= [[(zn)lllz+ SCp/zll(xn)Hp(/ > rilw)w; dP(Od)) :
j=1 P

If we then again define A as we did in (4.10), then we find that this inequality
reduces to A2 < 1+ 8cp/2A. From this we can deduce that A < 8¢,/5 + 1.
Combining this with lemma 4.3.16, we find that the theorem holds for 2"*1p <
2n+2, O

4.3.4 The lower bound for 1 <p <2

The argument we use now is quite standard and can be found in both [14] and
[15].

By using a duality argument, we can establish the lower bound for 1 < p < 2,
thus completing our proof of the noncommutative Khintchine inequality.
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Theorem 4.3.18 (Lower bound for 1 < p < 2). Let 1 < p < 2 then there exists
a constant b, > 0, depending only on p, such that
p 1/p
| m@)

Z ri(w
p

for any finite sequence x1,. .., 2, € L,(T).

bl <

Proof. Let 2 < q¢ < oo be conjugate to p, then by theorem 4.3.17 the map
T :CRy (1) — Ly(T ® P) given by

T:(yn) = Y 7505
j=1

is bounded, with || T| < ¢;. But since the adjoint map 7% L, (7 ® P) = CR(7)
satisfies

T : erxj — (zn,)
j=1

and || T7|| = ||T|| < ¢4, the result follows with b, < é O

4.4 Marcinkiewicz-Zygmund type inequalities

In order mimic our results from section 2.3 in our new, noncommutative setting,
we shall need to use a noncommutative version of the Marcinkiewicz-Zygmund
inequality. Analogous to what we did in section 2.3, we can derive the noncom-
mutative Marcinkiewicz-Zygmund inequality from the noncommutative Khint-
chine inequality. Furthermore, we can also use the little Grothendieck inequality
to further generalize the MZ inequality, and hence also Grothendieck’s theorem.

While a noncommutative version of the MZ inequality was already mentioned
and proven in [19], the subsequent generalization of the Grothendieck inequality
given in theorem 4.4.4 is an original result.

Theorem 4.4.1 (Noncommutative Marcinkiewicz-Zygmund). Let 1 < p < oo,
then there is a constant K, > 0, only dependent on p, such that for any noncom-
mutative Ly,-spaces L,(11), Ly(12) and any bounded linear map u : L,y(m1) —
L, (1) we have

ICuza)llp < Kpllfli(n)llp,

for any finite sequence x1,. ..,y € Ly(11).

Proof. Suppose 1 < p < 0o, then we can apply theorem 4.3.1 to find that
n P
w) wri(w)
j=1

dP(w) < plllPlllCen) I,

bl (uza)lly <

SIIUl”/ Z’Iﬂj(W)

which concludes the proof with K, < ¢,/b,. O

dP(w)

7 (w
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Analogous to theorem 2.3.5, we can show that theorem 4.2.12 in fact also
implies a MZ-like inequality.

Theorem 4.4.2 (Noncommutative GT: MZ-form). Let A be a von Neumann
algebra and M be a von Neumann algebra with o faithful normal semi-finite
trace 7. Then for any bounded linear map u : A — Li(7), we have

Il ()l < 2 ul[[ll ()l oo
for any finite sequence x1,...,x, € A.

Proof. Since L1(7) C M*, we can define a bounded bilinear form V : A x M —
C by

Via,y) = 7((uz)y).
Now note that by lemma 3.7.6 and the fact that ||(y)[coc = |l (yn)llcc, we have

n

DRUUES) RS N (VAT NESY

j=1

= sup{
Jj=1

() s = sup{

Zv(xjvyj)

e € M)l < 1}.

Applying corollary 4.2.13 to the right-hand side and taking the supremum then

yields
8"

Il < 2V ma | (Zx;xj)
j=1

which concludes the proof.

O

Although the little Grothendieck inequality was initially used to estimate
bounded maps to Hilbert spaces, we can also use the little Grothendieck in-
equality to show that the MZ inequality also holds for arbitrary C*-algebras.
In particular, this means that the MZ inequality also holds for von Neumann
algebras (i.e. noncommutative L..-spaces).

Theorem 4.4.3 (Noncommutative little GT: MZ-form). Let A, B be arbitrary
C*-algebras and let u : A — B be a bounded linear map. Then

ll(uzn)lloo < V2[ullll (@)oo,

for any finite sequence 1, ..., x, € A.

Proof. Let ¢ be any state on B. By the Gelfand-Naimark-Segal construction, we
can then construct a Hilbert space Lo(¢) from B with an inner product defined
by

(x,y) = o(y"x).
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This construction then gives us a canonical map Jy : B — La(¢). If we apply
theorem 4.2.14 to the composition Jyu, we find

n 1/2
(Z@ﬁ((u%)*(u»’ﬂj))) < V2| T l[ull () loo-
j=1

Now note that ||Jy|| < 1, hence if we take the supremum over all states ¢ € S(B),
we find that

n

e = (S0

Jj=1

< V2[ullll(@n) -

By taking (z,y) = ¢(z*y), we similarily find that
1(uzn)lloo,r < V2Iullll(@n)lloo,

hence the result follows. I

Note that if we are given two C*-algebras A, B and a bounded bilinear map
V:Ax B — C, then we can construct a bounded linear map u : A — B* by

uz :y— V(z,y).

Furthermore B* is, as a Banach space, the pre-dual of B**, which can be iden-
tified with the universal enveloping von Neumann algebra of B. If there exists
a faithful normal semi-finite trace 7 on B**, then we can identify L;(7) and B*,
which we can in turn use to show that theorem 4.4.2 implies the Grothendieck
inequality for A and B, since if |||(y,)|| = 1, then (by lemma 3.7.6)

n

> V()

j=1

n

ZT(%(U%‘))‘ < iCuzn)ll < 2l (@)l oo-

j=1

Unfortunately, such a trace does not necessarily exist, hence we cannot con-
clude from this argument that theorem 4.4.2 and the Grothendieck inequality
are equivalent. We can, however conclude this for those C*-algebras whose uni-
versal enveloping von Neumann algebra can be equipped with a faithful normal
semi-finite trace.

Nonetheless, we can give a full noncommutative analogue of theorem 2.3.7.

Theorem 4.4.4 (Noncommutative MZ & little GT: Grothendieck form). Let
1 < p,qg < oo be conjugate numbers. Then there exists a K > 0 depending
only on p such that for any noncommutative Ly,-spaces L,(71), Lqy(T2) and any
bounded bilinear form V : L,(11) X Ly(12) — C,

> Viwi,i)

i=1

< K[V )l ll ()l g

for all finite sequences x1,...,x, € Ly(T1) and y1,..., %y € Lg(2).
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Proof. Without loss of generality, we may assume that ¢ # co. Now suppose
that V' : L,(11) x Ly(m2) — C, then we can construct w : L,(11) = Ly(12)* =
Ly(72) by uz : y — V(Jc y), meaning that

V(z,y) = 7((ux)y).

But this means that for all y1,...,y, € Ly(72), we have using using lemma 3.7.6
that

< i Cuza)llp 1wl < K lfultllGn) ol (wn)llq:

where we applied theorem 4.4.1 (or 4.4.3 if p = 00) in the last inequality. O

Since we essentially derived the noncommutative MZ inequality from the
noncommutative Khintchine inequality, we see that it is the Khintchine inequal-
ity that implies the Grothendieck-like inequality presented above. If we want
to further generalize this, to the extent of theorem 2.4.12, we will need some
additional theory.
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Chapter 5

Noncommutative function
spaces

In chapter 2 we introduced the Grothendieck inequality and showed how, using
the Khintchine inequality, we could generalize GT to L,-spaces. We ended
the chapter by showing in which cases the Grothendieck inequality could be
generalized to general Banach function spaces, resulting in theorems 2.4.5 and
2.4.12.

In the previous chapter, we started something similar in the noncommutative
case. We introduced the noncommutative Grothendieck inequality and gener-
alized it to noncommutative L,-spaces using the noncommutative Khintchine
inequality. This then begs the question if we can define a “noncommutative Ba-
nach function space” and generalize the Grothendieck inequality to also hold on
these spaces. As it turns out we can generalize the notion of a Banach function
space to the noncommutative setting, if we restrict ourselves to the so called
symmetric Banach function spaces.

This new setting will allow us, in section 5.3, to formulate the main original
result of this thesis, namely the relations between the Grothendieck, Khintchine
and Marcinkiewicz-Zygmund inequalities on such spaces. This theory will allow
us to use the noncommutative Khintchine inequality from the previous chapter
to prove a Grothendieck inequality on L, x L,, for many 1 < p,r < oo, as
we shall see in corollary 5.3.5. We will take this one step further and apply
this theory to a recent result by Lust-Piquard and Xu for [16], in order to give
a noncommutative analogue of 2.4.5 and 2.4.12, namely corollaries 5.4.11 and
5.4.12.

5.1 Noncommutative Banach function spaces

In the following, we again let (X,X,r) be a Maharam measure space and let
M be a von Neumann algebra on a Hilbert space H, with a faithful normal
semi-finite trace 7.

Recall from example 3.5.8, that for a function f € S(v), the decreasing
rearrangement of |f| is defined by

u(fit) = inf{A > 0: v({s € X : |f(s)] > A}) < t}.
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Using this,we can define the notion of a rearrangement invariant Banach function
space.

Definition 5.1.1. A Banach function space E C S(v) is called rearrangement
invariant (r.i. for short) if f € B, g € S(v) and u(f) = p(g) imply that g € E
and ||gllz = [|f]|&-

If E,F C Lo(v) are linear subspaces, we can consider the intersection of
these spaces and the sum of these two spaces (i.e. the set of all  + y, where
r € Eand y € Y). Similar to our definition of the space CR,(7) (see definition

3.7.5), we can, when given two Banach function spaces, define the intersection
and sum Banach spaces.

Definition 5.1.2. Let E, F C Lo(v) be Banach function spaces, then we can
define two new Banach function spaces by (ENF, ||.|enr) and (E+ F,||.||g+F),
where we define

[ fllenr = max{|| flle, || fllr}
Ifllesr =f{|fille + I follr: f=fi+ fo, i €E, fo € F}.

Combining the above notions, we can now introduce the concept of a sym-
metric Banach function space.

Definition 5.1.3. A Banach function space, E C S(v) is called symmetric if
it satisfies

(i) FE is rearrangement invariant.

(ii) L1(v) N Loo(v) C E C L1(v) + Loo(v), with continuous embeddings with
respect to the || |[z,()nL. ) and || - |2, ()4 Loo (v) DOTMS.

(iii) If f,g € E and f << g, then || f||z < |9l &-

We say that E is fully symmetric, if in addition f € S(v), g € E and f<<g
imply that f € F.

Ezample 5.1.4. It can be shown that the usual commutative L, spaces, as well as
Orlicz spaces and Lorenz spaces are rearrangement invariant. (For a definition
of the latter two spaces, we refer the reader to [13].)

Using this, we can now introduce the concept of a noncommutative Banach
function space (see also definition 3.5.3 and theorem 3.5.11).

Definition 5.1.5. Let E be a symmetric Banach function space on (0, c0) (with
respect to the Lebesgue measure) and denote by u(x) the generalized singular
value function of . Then we define

E(r):={x € S(r): u(x) € E}
and for all x € E(7),
el : = lln(@)lle.

We say that E(7) is the noncommutative Banach function space, corresponding
to E and associated with (M, 7).
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For such spaces, the following can be shown.

Theorem 5.1.6. Let E(7) be the noncommutative Banach function space, cor-
responding to E and associated with (M, 7). Then the following are true.

(i) E(7) is a linear subspace of S(7).

(i) (E(7), - lle@)) is a Banach space.

(iii) We have x € E(7) if and only if x* € E(7) if and only if |z| € E(7).

(iv) z € E(1), y € S(1) and y <<z implies y € E(1) and ||yl|g) < |zllee-

(i.e., E(T) is symmetric.)

(v) E(7T)n, the subspace of self-adjoint elements and E(7)T, the subspace of
positive elements, are closed subspaces of E(T).

(vi) L1(7) N Loo(7) € E(T) € L1(T) + Loo(T).

With regard to these concepts we can for a noncommutative Banach function
space define the the Kohte dual, similar to how we defined it in the commutative
case (definition 2.4.7).

Definition 5.1.7. The Kdéthe dual space E(7)* of a noncommutative Banach
function space E(7) is defined as

E(r)* :={y e S(r):xy € L1(7),Yx € E(7)}.

By defining for y € E(7)*, the map ¢, : E(1) = C by ¢y :  — 7(zy), we
see that every y € E(7)* in fact defines a bounded linear functional on E(7).
This means that we can identify E(7)* with a subspace of E(7)*,where the
duality is given by

(x,y) = 7(2y).

Eequipping then E(7)* with the norm on E(7)*, E(7)* becomes a normed
vector space. It can be shown that the Kothe dual of E(7) can if fact be related
to the Kohte dual of E in the following ways.

Theorem 5.1.8. Let E be a symmetric Banach function space on (0,00) (with
respect to the Lebesgue measure). Then the following holds.

(i) E* is a fully symmetric Banach function space. (Note that this means that
E*(7) is well defined.)

(ii) EX(1) = E(7)*, with equality of norms.

(iil) If E is order continuous, then E*(1) = E* (1) = E(1)* = E(1)*.

5.2 Column and row spaces
Regardless of whether the Banach function spaces involved, we still wish to work

with elements of the form (Z?Zl l’;:ﬂj)l/ 2. In particular, we need the following
lemma.

92



Lemma 5.2.1. Let E be a symmetric Banach function space. Then

n 1/2
<Za:;xj) € E(r),
i=1

for every finite sequence x1,...,x, € E(T).

Proof. We shall show that this holds for n = 2, since the arguments for larger
n is identical.

Consider the von Neumann algebra M ® M5 (C) of operators acting on H ®
C2, together with the faithful normal semi-finite trace 7 ® Tr. If z,y € E(7),
then we can define operators X,Y on H ® C2, by the matrices

Gy 0y

Furthermore, these operators satisfy

xi= (%) vi= (4 9)
(

G‘XI(A) _ (€|I(§A) 8) G‘Yl(A) _

for any Borel set A € B(R). But this means that u(X) = p(z) and likewise
w(Y) = pu(y). This then implies that X,Y € E(7 ® Tr), whenever z,y € E(7).

However, since X,Y € E(7®Tr), we must also have that | X+Y| € E(r®Tr),
hence

* * 1/2
|X+Y|:‘(§ 8)‘;((33954-03/:9) 8)6E(T®Tr).

But since | X + Y| € E(1 ® Tr), we must have that u(|X 4+ Y]) € E and since
p(| X +Y]) = pu((Jz? + |y|?)Y/?), we see that (|z|?> + |y|?)'/? € E(7), hence the
result follows. O

Using this, we now give the following generalization of the column and row
norms for finite sequences in F(7).

Definition 5.2.2. Let E be a symmetric Banach function space on (0, 00) and
let x1,...,2, € E(7), then we write (x,,) = (21,...,2y). Furthermore, we define

| (), I ()
| () 1, I (E)”

Finally, the spaces E(r,/5°) and E(7,(5"") are the Banach spaces of all finite
sequences of length n in E(7) with the || - ||g,c and || - || g,» norm respectively.

E(T) E(7)

BE(r) E(r)

The next result follows in a way analogous to lemmas 2.4.11 and 3.7.4
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Lemma 5.2.3. Let E be a order continuous Banach function space on (0,00).
Then

E(Ta ES)C)* = Ex(Tv g;z,r) E*(T> ES)T)
E<T7 g;lﬂ”)* = E* (T7 Z72)/70) =FE" (T’ 6376)’

where the duality is given by

n

((#n), (yn)) = ZT(Z/j-rj)

j=1
Proof. The proof itself is identical to that of 3.7.4. O

Unfortunately it is not immediately obvious in which case we need to look
at the intersection norm of these spaces, and in which case we need to look at
the sum norm of these space (see definition 3.7.5). We can, however, just apply
these on a case by case basis.

Definition 5.2.4. We denote the sum norm on the Banach space

E(1,05°) + E(1,05"), by
Il lle+ = mf{||(z)le.c+ ()2}

where the infimum runs over all possible decompositions z; = x} + z/, with
xi, 2! € E(r). Furthermore, we denote the intersection norm on the Banach

17 K2

space

E(r,05°)NE(1,45"), by

Il - le,n = max{|[(zn)[| e, [|(zn) ]| £, }-
Lemma 5.2.5. We have that

(E(r,05°) + B(1,657))"
(E(r,65°) N E(1,637))"

Blr,03)" 0 E(r.63")"
Blr,05)" + B(r, 63",

where again the duality is given by

3

{(2n), () = Y 7(ys;)

j=1

Proof. The proof is identical that of 3.7.6. O

5.3 Equivalent Inequalities

Several proofs of noncommutative Khintchine inequalities have been given in the
past, most notably in [15] and [16]. We will now consider how these Khintchine
inequalities in general relate to noncommutative versions of Grothendieck’s the-
orem.

We let E, F' be symmetric Banach function spaces on (0, 00), and let E(),
F(72) be the corresponding noncommutative Banach function spaces associated
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with (M, 71) and (Mg, 72) respectively. In their sequential form, we now have
three important inequalities.

n 2 1/2
@)l < ( / S @)z dP<w>) <Ol (K)
j=1 B(r)
3 Vi u)| < Kl el (@)
)l < Bz, (M2)

where ||| g denotes some norm on the space of finite sequences in E(7). (Mostly,
we will take || - ||z to be either the intersection or the sum-norm.) Note that
the constants depend only on the spaces E(71) and F(72) and on whether the
norms involved are the intersection or sum-norms.

The last two inequalities are clearly the general noncommutative versions of
the Grothendieck inequality and the Marcinkiewicz-Zygmund inequality. The
first inequality though, is a slightly different version of the Khintchine inequality,
since we now use a “2”, where we first used “p”

Theorem 5.3.1. Let 1 < p < oo, take E = L,,(T) and ||-lle = Il - lp, then (K)
holds for all finite sequences x1,...,x, € Lp(T).

Proof. Note that by the monotonicity of the L,-norm, it follows immediately

from theorem 4.3.1 that if 1 < p < 2,
1/p 2 1/2
w)) < ( d[P’(w))

byl < (
n P 1/p
S @) dP(m) < eoll @)l

and if 2 < p < oo,

< ><

Our observations from remarks 4.3.5 and 4.3.7 then complete the proof. O

n

ZTJ (w)z;

The version of the Khintchine inequality presented in (K), gives us a rather
more general version of the Marcinkiewicz-Zygmund inequality.

Theorem 5.3.2. Suppose (K) holds for E(m) and F(12), then (MZ) holds for
all bounded linear maps v : E(11) — F(12).

Proof. Denote the constants in K for E(71) by ¢, C and for F(r2) by ¢, C’. Then
we clearly have that for z1,...,z, € E(m),

2 1/2
)l < 2 ( wyuz, de))
("’2)
1/2
§ d]P’(w))
E(71)
1 2 2 o
_ ||u||( Zm(w)xj dmm) < Zlulll@)lle,
C . C
j=1 E(r1)
hence (MZ) holds with k < <. O
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As we have done before, in sections 2.3 and 4.4, we can show that this is
equivalent to (GT), although for slightly different spaces.

Theorem 5.3.3. Let E, F' be symmetric Banach function spaces such that F
is order continuous and (MZ) holds for all bounded u : E(11) — F*(m2) with
the intersection (or sum) norm on F*(72). Then (GT) holds for all bounded
V : E(11) x F(r2), with the sum (or intersection) norm on F(3).

Proof. Note that since F' is order continuous, we have F(72)* = F*(72). Now
let V: E(11) X F(12) = C be given, then we can define a linear map u : F(r1) —
F*(13) by ux : y — V(z,y). This map then has the property that

Vi(z,y) = 7((uz)y).
Note that if we consider the intersection norm on F(73), then in order to apply
the duality mentioned in 5.2.5, we need to use the sum norm on F*(73) and
vice versa.
Now note that if y1,...,y, € F(7), then we can apply lemma 5.2.5 to find

ZV zj,Y;)

Z 7((uz;)y;)

j=1
< Ellullll(@a)ll 2l (wa)lle = &NVl 2 )l

hence the result follows with K = k. O

< i€z )l [l Cyn) Ml 7

The converse statement is made as follows.

Theorem 5.3.4. Let E, F' be symmetric Banach function spaces such that F
is order continuous and (GT) holds for all bounded V : E(11) x F*(72) with
the intersection (or sum) norm on F*(12). Then (MZ) holds for all bounded
u: E(r) = F(m), with the sum (or intersection) norm on F (7).

Proof. Let u : E(11) — F(72) be given, then we can define a bounded bilinear
form V : E(11) x F*(12) = C by V(z,y) : 7(y(ux)).

Again note that if we consider the intersection norm on F(73), then in order
to apply the duality mentioned in 5.2.5, we need to use the sum norm on F*(73)
and vice versa.

Now we can apply lemma 5.2.5 to find

n
E yJ ’U,(Ej
n

> Viwg,y)

=1

()l = sup{

:sup{

Applying then (GT) and taking the supremum yields that

ll(uzn)llr < K[V III(zn)ll £,
hence the result follows with k = K. O

e € FX (o) )l <1}

et € P (1), 1)l <1}

<.

We can now apply these results to theorem 5.3.1, to conclude that the Khint-
chine inequality actually gives us a Grothendieck inequality for bounded bilinear
forms V : L,(m1) X L,(12) — C, for many possible 1 < p,r < 0.
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Corollary 5.3.5. Let 1 < r,p < oo and not both equal to 1. Then there exists a
constant K > 0 depending only on p and r such that for any noncommutative L, -
spaces L,(11), Ly (m2) and any bounded bilinear form V : L,(11) X Ly(12) — C,

> Viwi,vi)

i=1

< K[V ) ol o)l -

for all finite sequences x1,...,&, € Ly(T1) and y1,. .., %y € Ly (T2).

Proof. Without loss of generality let p # 1 and let ¢ # oo be conjugate to p.
By theorem 5.3.1, (K) holds for all 1 < r,¢ < co. But by theorem 5.3.2
this means that (MZ) holds for all bounded linear maps w : L,(71) — Lq(12) =
Ly (7). Furthermore, since p # oo, L, is order continuous, we have by theorem
5.3.3 that (GT) must hold. O

5.4 The Khintchine inequality on Convex and
Concave spaces

We shall conclude this thesis, by looking at one of the most recent discoveries in
the area of Grothendieck and Khintchine inequalities, due to Lust-Piquard and
Xu in [16]. Here they prove a generalized little Grothendieck inequality and use
this to establish a generalized Khintchine inequality in the same form as (K),
for a special class of Banach function spaces.

In order to properly introduce these spaces, we need some theory on concave
and convex Banach function spaces. While detailed descriptions can be found
in [13], we will nonetheless give a short overview of some of the definitions and
theorems involved.

Definition 5.4.1. Let 1 < p,q < oo and let F be a symmetric Banach function
space. Then we say that E is p-convez if there is a constant 0 < M < oo, such
that for all finite sequences fi,..., fn € F,

n 1/p n 1/p
(zw) < (z ||fi||p> |
=1

i=1

The smallest possible constant is denoted by M®)(E).
Likewise, we say that E is g-concave if there is a constant 0 < M < oo such
that

1/q

n 1/q n
(Z |fi|Q> > M, (Z ||fi||q>
i=1 =1

The smallest possible constant is denoted by M,)(E).

If a Banach function space is both convex and concave, it can be shown that
the constants might be taken equal to one.

Theorem 5.4.2. Suppose 1 < p < g < oo and suppose a Banach function
space E is both p-convexr and q-concave, then E can be re-normed, such that E
is still a symmetric Banach function space that is p-convex and q-concave with
constants equal to one.
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Ezample 5.4.3. Let (X,X,v) be a Maharam measure space, then for any finite
sequence f1,..., fn € Ly(v) it can be shown that

H(élmp)w - (Ss) ™"

j=1
This then implies that the commutative L,-spaces are always both p-convex and
p-concave with constants equal to one.

In the context on L, spaces, we were also able to consider elements of the
form |x|", whenever = € L,(v) with r < p, since this implies that |z|" € L, ,,(v)
and p/r > 1. Something similar can be done in the context of p-convex or
p-concave Banach function spaces with constants equal to one.

Suppose E is p-convex with 1 < p < oo and M) (E) = 1, then we can
define E, := {f € Lo(v) : | f|'/? € E}. Note that in particular, f € E implies
|fIP € E(,). Furthermore, we can define for f € E(,), |||l = [|(|f|*/?)|/%. Since
E is p-convex, this then means that if f,g € E(;), then

LA+ gl = ISP + g2 = 11+ 19D 211 = 1L+ glll,

hence ||| - [[| is a norm on E(,). Furthermore, the normed space (E,), ||| -||) is
complete. This gives rise to de following notions.

Theorem 5.4.4. Let E be a Banach function space.

(i) If E is p-convex with constant equal to one and 1 < p < oo, then
Ey) :={f € Lo(v) : |f|"/* € E}
with the norm || - || g, = |l - |VP||P is a p-concave Banach space.

(ii) If E is q-concave with constant equal to one and 1 < g < oo, then
E@W = {f € Lo(v):|f|" € E}
with the norm || - | g = ||| - |9]|"/9 is a q-convexr Banach space.

Definition 5.4.5. Let E be a Banach function space.

(i) Suppose E is p-convex with constant equal to one and 1 < p < oo, then E,
is called the p-concavification of E.

(ii) Suppose E is g-concave with constant equal to one and 1 < ¢ < oo, then
E@ is called the g-convexification of E.

The following fact is easily checked using the definitions

Theorem 5.4.6. If E is a p-convez (or qg-concave) symmetric Banach function
space and p > r (orr > 1), then E.y is a p/r-convex (or E") is a pr-concave)
symmetric Banach function space.

One final fact is of importance.

Theorem 5.4.7. Let 1 < p,q < oo be conjugate numbers. A Banach function
space E is p-concave (convex) if and only if E* is q-convex (concave).

98



Using the definitions and statements in the previous sections, we can try to
see how these properties influence the corresponding noncommutative function
spaces. As before, let E be a symmetric Banach function space on (0,00) and
let M be a von Neumann algebra on the Hilbert space H, with a normal faithful
semi-finite trace 7.

Let E be p-convex for p > 1 with constant equal to one and consider the
p-concavification E(,y. Since E(,) is also a symmetric Banach function space,
we can again define the corresponding noncommutative Banach function space
Ep (7). Now note that for 2 € S(7), we have x € E(7) if and only if u(x) € E,
hence (using theorem 3.5.9) we have that u(|z[?) = u(|z|)P = u(x)? € Eqy. But
this means that if # € E(7) then also |z|? € E(,)(7). In particular, this means
that

{lz|P 2z € E(1)} C Eg,)(7).

Now suppose suppose 1, ...,o, € E(T), then |21]?,...,|z,|P € Eq(7), hence
> i1 |zj|P € Eq)(7). But this then means that p(3°7_, |;[P) € Ey), hence

u(j_iw)l/p=u((§|xj|f’)l/p) ep,

which implies that (Z?:l |z;|P)}/? € E(r). Furthermore, by the triangle in-
equality in E, (1), we have

n 1/p n 1/p
() ISt
J=1 B(7) j=1 By (1)
n 1/p n 1/p
< (Slelligem) = (Slelin)
j=1 j=1

Something similar can be shown for [|(3°7_, |I§|p)1/p”E(T). From this we can
conclude that if E' is p-convex, then in a way, so is E(7).
Now let E be g-concave, then similarly we find that

{lz|*? :z € B(1)} C Ey(7).

Using this, it can be shown that in fact
n P
(Lles) <5
j=1

and by the triangle inequality in E(p)(T)

n n P
[(Swre)| =] te
j=1 E(r) j=1 E®) (1)
1
< (Z||117j1/p|13(m(7)> <Z“IJ”E/(pT>> '
j=1

Theorem 5.4.8. Let E be a symmetric Banach function space on (0, 00).
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(i) If E is p-convex with constant equal to one, then (Z?Zl lz;|P)Y/P € E(T)

whenever x1,...,2, € E(T) and
n 1/p n 1/p n 1/p
() A N ()
j=1 E(r) j=1 B() j=1

(ii) If E is q-concave with constant equal to one, then (Z?Zl lz;|V/P)P € E(1)

whenever x1,...,T, € E(T) and
n Y P
} < (Z ||xj||E{;>)
B(r) j=1

n p n p
el M)
Jj=1 Jj=1

Using this, we will now state, without proving, the Khintchine inequality
presented in [16].

BE(r)

Theorem 5.4.9. There exist constants K and K,, ¢ < oo, such that for any
fully symmetric Banach function space E the following hold.

(i) If E is 2-concave with constant equal to one, then

Ko < ([ | S,

for all finite sequences x1,...,x, € E(7). Here K does not depend on
anything.

2 1/2
dmm) < M)z

E(7)

(ii) If E is 2-convex and q concave with constants equal to one, for some q < 00,

then
En < ( / > ri(w)a;
j=1

for all finite sequences x1,...,x, € E(T), wher K, depends only on q.

2

()l

1/2
dP<w>) < Kyl @)l

BE(r)

Using this we now restrict ourselves to the following definition.

Definition 5.4.10. Let E be a fully symmetric Banach function space.
If E is 2-convex and g-concave for some g < co, with constants equal to one,
then we take

-l =1l llen
If F is 2-concave with constant equal to one, then we take

IF-Mle =1 e+

Using theorem 5.3.2 and the notation above, this immediately reveals a
noncommutative analogue of theorem 2.4.5.
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Corollary 5.4.11. Let E and F be fully symmetric Banach function spaces,
each of which is either 2-concave with constant equal to one, or 2-conver and
q-concave for some q < 0o, with constants equal to one. Then for every bounded
linear map u : E(11) — F(72), we have

tuza)llr < Kellullll(za)]lz,

for any finite sequence x1,...,x, € E(71), where Kg depends only on E and
F.

Finally, by again restricting ourselves to an order continuous Banach function
space, we can use theorem 5.3.3 give the following noncommutative analogue of
theorem 2.4.12

Corollary 5.4.12. Let E be a fully symmetric Banach function space. If F
is an order continuous symmetric Banach function space and 2-convex, or 2-
concave and q-convex for some 1 < q, then for any bounded bilinear form V :
E(m) x F(1g) — C, we have

> Viwi,yi)

i=1

< K[Vl (yn)ll#,

for all finite sequences 1,...,%, € Ly(T1) and y1,..., T, € Ly(72), where K
depends only of E and F.

Proof. Note that since F' is order continuous, F'’* = F* is a fully symmetric
Banach function space (see theorem 5.1.8) and we have that F'* is either 2-
concave (if F' is 2-convex) or 2-convex and p-concave for some p < oo (if 2-
concave and g-convex for 1 < ¢). Hence (MZ) holds for all u : E(r1) — F*(12),
by corollary 5.4.11, hence by theorem 5.3.3, (GT) holds for all bounded bilinear
forms V : E(1) X F(r2) — C. O
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Appendix A

Bochner integration

A.1 Integration of vector valued functions

In several places throughout this thesis, we will need to integrate functions that
take their values in Banach spaces, most notably in our proofs of the noncom-
mutative Khintchine and Grothendieck inequalities. We will, for the sake of
completion, give a short glossary of important concepts from this theory. Al-
though we will state all definitions and theorem in the case of probability mea-
sure spaces, these concepts extend to arbitrary finite measure spaces (X, %, v)
by incorporating a factor v(X).

Definition A.1.1. Let X be a Banach space and (2, X, ) a probability measure
space.

(i) A function s: Q — X is called simple if it has the form
s(w) =Y xs (W),
j=1

where each S; is measurable and x; € X.

(ii) A function F : Q — X is called strongly measurable if there exist simple
functions sy : Q2 — X such that

sp(w) = F(w),a.e.
(iii) A function F : Q@ — X is called weakly measurable if for all ¢ € X*, the
map w +— ¢(F(w)) is F-measurable.

(iv) A functions F' : Q — X is called almost separably valued if there exists a
subset N C Q, such that P(N) = 0, such that F(Q\ N) is separable.

(v) A strongly measurable function F : Q — X is called Bochner integrable if
there exist simple functions s; such that

lim /Q Isk(w) — F(w)||dP(w) = 0.

k—o0
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While it is usually rather difficult to check whether a function is strongly
measurable, it is easy to check if a function is weakly measurable. A deep
theorem due to Pettis, allows us to characterize the weakly measurable functions
that are also strongly measurable.

Theorem A.1.2. A function F : Q — X is strongly measurable if and only if
it is weakly measurable and almost separably valued.

A proof can be found in [23] V.4. The notion of Bochner integrability then
allows us to define the Bochner integral as follows.

Definition A.1.3. (i) Let s : & — X be a simple function given by s(w) =
> i=1 Xs: (W)zi,, then we define

/Qs(w)d]P’(w) = ZIjP(Sj)

(ii) Let F' : Q — X be Bochner integrable, and let s; be the corresponding
simple functions approximating F'. Then we define

F(w)dP(w) = lim [ sg(w)dP(w).

Q k=oo Jo

We denote the set of all Bochnerintegrable functions F' : 2 — C' by
Li(P, X).
The following theorem allow us to characterize the Bochner integrable func-
tions

Theorem A.1.4.

(i) A strongly measurable function F : Q — X is Bochner integrable if and only
if [o |F(w)]|dP(w) < oo, in which case

H/QF (“’W(“)H < /Q | (@) dP(w)

(ii) If u : X — Y is a bounded linear map, then wo F € L1(P,Y) whenever
F € Li(P,X). Furthermore.

uLF(w)d]P’(w)z/ﬂuF(w)dP(w).

Ezample A.1.5. Note that when f € Li(P), then there exist simple functions
sk : © = C such that limy o [, |sk(w) — f(w)|dP(w) = 0. This means that if
z € X, then

dm [ fs()e = F@)aldp) = Jim ol [ fs(w) - £)]dP) =0

hence the map w — f(w)x is Bochner integrable. It is easily seen that this also
holds for finite sums of the form F' = 3", fiz;, where f; € L1(P) and = € X.
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A.2 Integration by parts

When considering bounded operators on a Hilbert space H, there is another way
to create vector valued integrals, namely by spectral integration. Recall that to
every self-adjoint operator a on a Hilbert space H, we can associate a spectral
measure e®. In the proof of the noncommutative Grothendieck inequality, we
shall need the following relation between Bochner integration and the spectral
measure e®.

Lemma A.2.1. Let H be a Hilbert-space, let a € B(H) and let f : R — R be
continuously differentiable with f(0) = 0. Finally, define the maps et,e™ : R —
B(H) by

e (t) : = e*(—o0,t]
et(t):=e(t,00) =1 —e (t).

Then the integrals [° f'(t)e™ (t)dt and fi)oo f'(®)e~ (t)dt are well defined and
| rwetwde= [ e
0 (0,00)

0
/ f%wwwﬁ=/' (—F(\)de"(N).
—0c0 (—00,0]

Outline. We start the proof by showing that the maps eX : R — H defined by
t — e*(t)u are Bochner-integrable and use this to define the integrals above
pointwise as linear maps on H.

We then, for u,v € H define the real valued measure ej , by e ,(A) =
(e"(A)u,v) and real valued functions e, by ef,(t) = (e*(t)u,v). Now note
that e, , is the cumulative distribution function of ej , and use this to apply
integration by parts. Some manipulation of the integrals then yields the desired
result.

Proof. Note that et is right continuous with respect to the strong operator
topology on B(H). If we then define for every u € H, the map e : R — H
by el (t) := e (t)u, then e} is right continuous, hence for every ¢t € R, we can
approximate e, (t) by e/ (t,), where t,, € Q is a decreasing sequence. Therefore
we can conclude that e; is separably valued. Furthermore, for every v € H, the
map ¢ — (v, el (t)) is measurable, hence by the Pettis measurability theorem,
e, (t) is Bochner-measurable.

But this means that for every u € H the map u — [, ) f'(t)ef () is well-
defined and is clearly linear and bounded by sup;¢,(q) |f'(¢)[[|ull, hence this map
is an element of B(H), which we will denote by [ f/(t)e™(t)dt.

Now note that |le}f (¢)|| < ||u|| for all ¢ € R and |lef (¢)]| = 0 for [¢t| > |al|,
hence ||e;f (t)|| is integrable on R, and e (¢) is Bochner-integrable on R. Recall
now that for every u,v € H, the ef ,, defined by e, ,(A) := (e?(A)u,v) defines

a regular measure with bounded variation on R. Hence for every u,v € H, we

have
<</ ﬂwwwm>wv>=/' FNdes ().
(0,00) (0,00)
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Likewise, we can define e ,(t) = (e*(t)u, v).

Note that e, , is a right continuous bounded function. Furthermore, e,

u,v
is the cumulative distribution function associated with the measure eg ,, since
e v(a,b] = ey, (b) — e, ,(a). But this means that we can use integration by

parts (in the sense of Lebesgue-Stieltjes) to find

| e ) = fllalbelal) = 700, 0) = [ (o 0
(0,all]

(0,llall]

:fwwwww—%ﬁ”ﬁwwLﬁMt

:/' <m@fﬁwﬁi/ F(t)er (Bt
(0, all] (0, lall]

Here we used explicitly that f(0) = 0 and that since o(a) C (—o0, ||al|], we have
e~ (|lal]) = 1 and therefore e, (|lal|) = (u,v).
Simplifying this expression then yields

<</<0,|a|1 f(A)dea(/\)>“’”> = /<o,|a|] f(N)deg (M)

:/ F/(8)({u,v) — e o ()t
(0, fall]

:<(Agmuf@ﬂl—e(ﬂmguw>.

Combining this with the fact that et (¢) = 0 for t > ||al|, we have

[ sy = [ - e
(0,]all] (0,]lall]

:/’ f@ﬁ@a:/ F#)et @)t
(0,lall] (0,00]

For the second equation, suppose Ag > ||a||. Then we find that integration by
parts yields

/ f@ﬁ%ﬁ»=f@k;«»—ﬂ—%k@&4@—/‘ F(t)er (bt
(—Xo0,0]

(=20,0]

—— [ re o
(=20,0]

where we used that f(0) = 0 and since (—oo,A\g) No(a) = @, we have that
e~ (=Ao) = 0 and therefore e, ,,(~Ao) = 0. The result then follows analogous to
the first equation. O
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Appendix B

A Hahn-Banach argument

In order to switch between inequalities stated in terms of finite sequences, and
inequalities stated in terms of positive linear functionals, we shall often need to
use an argument that has its roots in the Hahn-Banach theorem. Grothendieck
himself, already needed this result in his résumé, but unfortunately his method
introduced a factor 2 in the equivalence. Since then, this argument has been
refined and has become quite standard among mathematicians working with
these types of inequalities.

B.1 The min-max theorem

The equivalence between the two formulations is based on a min-max theo-
rem for continuous real-valued affine functions. This min-max theorem B.1.5
is in turn based on the following two versions of the Hahn-Banach separation
theorem.

Theorem B.1.1. Let X be topological vector space and let S,T C X be non-
empty convex subsets. Furthermore, let int(S) # 0 and int(S) NT = 0, then
there exist 0 # ¢ € X* and a € R, such that

¢(z) < a < ¢(y)
forallz € S andy e T.

Theorem B.1.2. Let X be a locally convex space and let S, T C X be non-
empty convex subsets. Furthermore, let S be closed, T compact and SNT = (),
then there exist € X* and a € R such that

P(z) <o < ¢(y)
forallz e S andyeT.

Note that since T' is compact, this immediately implies that
sup ¢(x) < a < inf B(y).
€S yeT

Let E be a Hausdorff topological vector space and K C E a compact, convex
subset. We then define ¢o(K) as the Banach space of all bounded functions
f: K — R, equipped with the usual sup norm || - ||». Using this definition and
B.1.1, we can then show the following min-max lemma.
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Lemma B.1.3. Suppose F C lo(K) is a non-empty and convez subset such
that

sup f(s) >0
sEK

for all f € F, then there exists some 0 < ¢ € Loo(K)* such that (1) = 1 and
o(f) >0 forall f € F.

Proof. We first define C as the set of bounded negative functions on K. Then
we clearly have that

C={felou(K): f(s)<0,Vs € K}.

Now note that C is a closed convex cone inside {o(K) whose interior is given
by

int(C) = {f € loo(K) : stellgf(s) < 0}.

But this means that F Nint(C) = (), hence by theorem B.1.1 we can conclude
that there exist 0 # ¢ € o (K)* and « € R such that

o(f) <a<¢(g),VfelgeF.

Now note that since 0 € C, clearly a > 0, hence 0 < a < ¢(f), for all f € F.
Furthermore, if f € C and ¢ > 0, then also tf € C, hence we have

tp(f) = o(tf) < a

for all ¢ > 0, hence we must have that ¢(f) <0 for all f € C. But since f > 0

implies that —f € C, this means that ¢(f) > 0 for all f > 0, hence ¢ > 0.
Finally, note that since ¢ # 0, we must have that ¢(1) # 0, hence we can

replace ¢ by ¢/¢(1) in order to give us the desired result. O

We define for s € K, the map 05 : £oo(K) — R by 05(f) = f(s). We now
wish to replace the bounded linear map ¢ in the lemma above, with a map of
this form. In order to do this, we introduce the space

P(K) :={¢ € los(K)" : ¢ =2 0,¢(1) = 1}
and the convex hull of all functions J;,
Ps(K) :=co{ds: s € K}.

Note that P(K) and P5(K) are both convex and Ps(K) C P(K). Further-
more P(K) is closed in the weak*-topology (and by Banach-Alaoglu, it is even

k*
weak*-compact), hence we also have Pg(K)W C P(K). This statement can be
strengthened in the following way

Lemma B.1.4. With the above notation, we have
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Proof. For convinience, denote P = P(K), Ps = Ps(K) and let all closures be
with respect to the weak*-topology. The proof follows by contradiction.

As stated above, P; C P is evident. Now recall that the dual of the locally
convex space (£o, (K), wk*), can be identified with £ (K) (i.e. (£oo(K), wk*)* =
LK),

Suppose P # Ps and pick ¢g € P\ Ps. Since P is convex, so is P, hence we
can apply theorem B.1.2 to the sets Ps and {¢g}, to find fo € (foo (K ), wk*)* =
£ (K) such that

sup d(fo) < ¢o(fo)-

¢EPs

Since 5 € Pj for all s € K, this then implies that
c:=sup fo(s) < sup ¢(fo) < ¢o(fo)-

seK ¢€Ps

But since we have that for all s € K, fo(s) < ¢ and ¢y € P, we have that

0 < ¢o(c— fo) = c— ¢do(fo),

hence we also have ¢o(fo) < ¢, which is a contradiction. O

We now define A(K) C C(K;R) C £oo(K;R) as the space of all continuous
affine real functions on K.

Theorem B.1.5. Let K be a compact convex subset of a Hausdorff topological
vector space E and let F C A(K) be a non-empty convex subset such that

sup f(s) >0
seK

for all f € F, then there exists some so € K such that f(sg) >0 for all f € F.

Proof. By lemma B.1.3, there exists a ¢ € P(K) such that ¢(f) > 0 for all
f € F. By lemma B.1.4, there exists a net {¢qy}acs in P5(K), such that
da(g) = &(g) for all g € ¢(K). Now note that by the definition of Ps, we
have that for every « € I there exists a finite set S, C K and A € (0,1) with
s € Sy, such that > A% =1 and

Go = Y A2

sE€Sy

SESa

Now define s, by
So = Z As,
sESy
then s, € K, since K is convex, and we have for all f € A(K)
F(sa) = D ASF(s) = Y AL0u(F) = dalf).
SESq $E€ESa

Now note that since K is compact, there exists a subnet {s,(g)}ses such that
Sa(p) — So, for some sp € K. But since f € F is continuous, it follows that

f(s0) = 11}}1 f(sa8)) = ﬁgl%w)(f) =o¢(f) >0

for all f € F. O
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B.2 The Hahn-Banach argument

We can apply the min-max theorem, as presented above in the following ways

Theorem B.2.1. Let A and B be C*-algebras, E C Ay, and F C By, linear
subspaces, V : E x F — C be a bounded bilinear form and K > 0 a constant,
then the following are equivalent

(i) For all finite sequences ay,...a, € E C Ap, by,...,b, € F C By, we have

iV(ai,bi) ibf
i=1 =1

(ii) There exist states ¢ € S(A), p € S(B) such that for all a € E C Ay,
be F C By,

n

2
2

i=1

1/2 1/2

< K[V

|V (a,0)] < K[[VI|g(a?)! /2 (07)'/2.

Proof. Note that without loss of generality, we can assume that ||V] = 1.
Suppose (i) holds, then we have by the inequality of the arithmetic and
geometric mean that (a8)z < (o + f3), hence we have
) . (B.1)

K(
< =
=7

Next we can define the set S = S(A) x S(B). Using this, we can define for
all (x,) = (21,...,2,) € A" and (yn) = (Y1, -+ Yn) € A", Fla)wn) + S = R
by

n

Z V(ai7 bz)

i=1

n

2
2.q

i=1

+

n
2
bi

i=1

n

2
Fla) () (9:9) = Y (¢(w2‘xi) + (Y i) — KIV(xi,yz-)> :

i=1

Note now that S is (weak-*) compact, since the unit ball of the dual is weak*
compact by Banach-Alaoglu. Furthermore, we have that each F{,, ) (y,) is affine
and continuous, hence

F = {F(an,)7(bn) a1, ...,0n € E}le,bl,...,bn S F}?,TL S N} - A(S(A))

Now note that replacing a; with (;a;, for some ¢; € C with |;| = 1 does not
change F(,,),(»,), hence by choosing proper ¢; we can ensure that |V (a;,b;)| =
V(a;, b;), which allows us to write for all a1,...,a, € Ay and by,...,b, € By

2 n
Fla,) (b (@:%) = 6(x) + () = 22| D V(ai,bi)
=1

where z =", a? € Ay and y = >, b7 € By,.
Finally, since we can choose for all positive z € Ay a ¢ € S(A) such that
¢(x) = ||z||, we can apply (B.1) to find that

sup F(an)f(bn)(¢7¢) 2 0.
(d)eS
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But then by theorem B.1.5; we have that there exists a fixed (¢g, 1) € S such
that for all a € Ej,, b € Fj,, we have that Fq) 3)(¢0,%0) > 0 and therefore

K
V(b <5

(¢0(a®) + 1o (b)) -
If we then replace a and b by at and %, for t > 0 and apply that

B

o1 1
inf o(at + 3) = (aB)*,
then (ii) follows.

The converse follows directly by again picking a; such that V(a;, b;) > 0 and

applying linearity together with the boundedness of ¢ and . O

We can also prove an analogous equivalence for arbitrary linear subspaces
E C Aand F C B, instead of just subspaces of A and By,.

Theorem B.2.2. Let A and B be C*-algebras, E C A and F C B linear
subspaces, V : E x F — C be a bounded bilinear form and K > 0 a constant,
then the following are equivalent

(i) For all finite sequences x1,...x, € E, y1,...,yn € F we have

1 1
) ( i=1 )

(ii) There exists states ¢1,¢2 € S(A), 11,92 € S(B) such that for all x € E,
Y eF,

Vi Y;

ZV x747y’L

=1

<K||V|<

N

V(w,9)] < K[V (61(2"7) + ¢a(22™))? (41 (5"y) + Ya(yy™)

Proof. The proof is almost identical to that of theorem B.2.1, however, we now
define S := S(A) x S(A) x S(B) x S(B) and let F(,,) (y,) : S — K be defined
by

Fla) () (01, 02,91, 102)
= 2
= Z (¢1(93%k90i) + G2(wix]) + ¥1(yiys) + 2 (viy;) — K|V(xi7yi)|) -

O
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