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“If the individual were no longer compelled to prove himself on the market, as a free
economic subject, the disappearance of this kind of freedom would be one of the greatest
achievements of civilization. The technological processes of mechanization and stan-
dardization might release individual energy into a yet uncharted realm of freedom beyond
necessity. The very structure of human existence would be altered; the individual would
be liberated from the work world’s imposing upon him alien needs and alien possibilities.

The individual would be free to exert autonomy over a life that would be his own.”

Herbert Marcuse

“There is no happiness without knowledge. But knowledge of happiness is unhappy; for
knowing ourselves happy is knowing ourselves passing through happiness, and having to,
immediatly at once, leave it behind. To know is to kill, in happiness as in everything.

Not to know, though, is not to exist.”

Fernando Pessoa
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The fundamental scalar Higgs models presents triviality, unnaturalness and vacuum sta-
bility issues, which make them unappealing from a theoretical point of view. In this
work we study a model with an antisymmetric tensor field coupled to fermions via a
”B-Yukawa” term which, in analogy with Technicolor models, can provide a dynami-
cal breaking of electro-weak symmetry through the formation of a fermion-antifermion
condensate, giving masses to gauge bosons and fermions. We introduce a Lagrangian
for the antisymmetric field which is instability free and compute a covariant propagator
for it. Then, we evaluate the relevant Feynman diagrams for the calculation of the 3
function for the ”B-Yukawa” coupling, whose value must be negative for the formation of
the fermion-antifermion condensate to be allowed. This value, however, has been found
to be gauge dependent and further work is needed to see if this issue can be overcome

somehow.
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Chapter 1

Introduction

Electroweak symmetry breaking and Higgs mechanism are two of the key ingredients in
the description of the world of subatomic particles physics given in the context of the
Standard Model.

By introducing a scalar field which behaves as a complex doublet under SU(2) and
develops a vacuum expectation value due to its mexican-hat shaped potential, elec-
troweak symmetry SU(2) ® U(1) gets broken and fermions coupled to this field through
a Yukawa term acquire a mass. Also, as was proved by Glashow-Weinberg and Salam
in 1967, three out of the four gauge bosons become massive as a result of interactions
with the Higgs field, while the photon stays massless. The energy scale at which this
happens is vVyeqr ~ 100 GeV.

However, it has been argued that this kind of models with a fundamental Higgs suffer
from a series of shortcomings which make them unappealing and unnatural. The most
important of these, perhaps, is the fact that these models lack a dynamical explanation
of the spontaneous symmetry breaking and so they do not answer to the question on
why this breaking happens exactly at the scale vyeqr-

This, together with others motivations, has led in the last decades of the past century
to the formulation of several alternative ways of reproducing the outcomes of the Higgs
mechanism without introducing any scalar field. One of these, Technicolor, is of par-
ticular interest because tries to give a dynamical explanation of electroweak symmetry
breaking in analogy with what happens in QCD for the breaking of the chiral symmetry
SU(2)r, ® SU(2)R, around Agep ~ 100 MeV. There, the breaking of the symmetry is
just a consequence of the strong fermions dynamics, which is responsible for the forma-
tion of a composite fermion-antifermion bound state (¥W), which in turns breaks the
chiral symmetry down to SU(2)y of isospin, without the need of any scalar particle.
So the idea of Technicolor is to postulate the existence of a new strong, asymptotically

free interaction, i.e. with a coupling characterized by a negative beta function, which

1



Chapter 1. Introduction 2

binds pairs of new technifermions-antitechnifermions into a condensate whose behavior
mimics that of the Higgs field.

Anyhow, also technicolor models have their drawbacks, such as a problem in the expla-
nation of the correct value of the top quark mass.

There is another model that has been proposed in a paper by Wetterich [1] in 2006
which has not been investigated so much in literature, which attempts to reproduce
Higgs mechanism through the introduction of an antisymmetric tensor field coupled to
fermions with chiral couplings.

The electroweak symmetry breaking again arises as a consequence of the asymptotic
freedom of these couplings and of the emergence of a fermion-antifermion condensate.
We studied the properties of a related model developed in a precedent thesis work [2] in
which such model with an antisymmetric tensor has been modified for the scope of elim-
inating some classical instabilities. The antisymmetric tensor here couples to fermions
via a "B-Yukawa” term and the formation of (¥W) is possible providing that the cou-
pling has a negative beta function. The condensate will play the role of the Higgs and
the resulting effective theory will break the symmetry via an effective potential which
resembles the one of the nonlinear sigma model. It must be said, however, that these
models after the discovery of an Higgs boson with a mass of 126 GeV at LHC [3], if not
completely ruled out, must be reconsidered in order to account for this scalar particle.
Even after the discovery, many questions remain open about this Higgs particle. It is
not yet conclusively known, to this date, if such particle is fundamental or composite,
or if it is a scalar or a pseudoscalar, or if it is a spin 0 or spin 2 particle. Through
measurements of the coupling property, spin and parity, the new particle has so far been
almost consistent with the Higgs boson predicted as a key boson responsible for the
origin of mass in the standard model. One discrepancy from the SM Higgs has been,
however, reported in the diphoton channel H — ~v where the observed signal event is
about two times larger than the SM Higgs prediction [4]. This would imply that the
observed scalar boson is a SM-Higgs impostor concerning the underlying theory beyond
the SM. Attempts to see if this impostor could be a pseudo Goldstone boson, the techni-
dilaton predicted by walking Technicolor, are still in progress [5]. So there is still much
mystery around the scalar particle discovered at LHC, and possible deviations from the
fundamental Higgs scalar are worth to be investigated.

The work is organized as follows: in chapter 2 we give a brief overview of the key as-
pects of the Standard Model and the Higgs mechanism, then we move in chapter 3 to
a description of the basic ideas which have brought to the formulation of Technicolor,
extended Technicolor and walking Technicolor. In chapter 4 the antisymmetric tensor
field is then introduced and quantized in a covariant fashion. We thus proceed to the
definition of the Feynman rules of the theory in chapter 5 with which we will compute

the value of the beta function for the Yukawa coupling, which will present some problems
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because explicitly depends on gauge parameters. In chapter 6, finally, we present the
conclusions and a comment of the results obtained. Further work is needed to see if this

problem can be cured somehow or if the theory is just not viable.



Chapter 2

The Standard Model

In our understandings of the microscopic world of elementary particles and their in-
teractions, the Standard Model (SM), ref. [6-8] is, to this date, the most precise and
complete mathematical tool developed in physics. Such model in fact, has been able to
account for many experimental results obtained in the last few decades, with an aston-
ishing degree of precision, as for instance the measure of the electron gyromagnetic ratio
g [9] . The model consists of 12 elementary fermion particles with half integer spin, six
quarks (up, down, charm, strange, top, bottom) and six leptons (electron, muon, tau,
electron neutrino, muon neutrino, tau neutrino), divided into three generations, each of
which has its own antiparticle.

This classification is based on how different particles interact with other particles, i.e.
by what charges they carry. Each fundamental force has its own charge, and particles
with the same kind of charge may interact with each other via the exchange of a boson
particle.

The three neutrinos only carry weak isospin, so their motion is influenced only by the
weak nuclear force. The remaining leptons even carry electric charge, thus interacting
also electromagnetically. Quarks instead, besides weak isospin and electric charge, carry
a color charge and, hence they interact via the strong interaction among themselves,
whereas both electromagnetically and weakly with other fermions.

The particles responsible for force mediation are the gauge bosons. To each force are
associated one or more bosons, which are said to be the force carriers. The number
of such bosons depends on the gauge symmetry of the Lagrangian that describes the
interacting fields. More precisely, the boson number is exactly the number of generators
of the invariant symmetry group. So, for example, the electromagnetic force has only
one boson, the photon, since QED has a U(1) symmetry, while the weak force is medi-
ated by three massive bosons ,lW* and Z°, corresponding to the three generators of the

SU(2) symmetry. The strong force , is carried by 8 gluons, which themselves are color

4
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Leptons Quarks
e urT u ct
Voo Y, W, d s b

€

Photon Gluons

Higgs Boson

FIGURE 2.1: Schematic map of Standard Model interactions

charged, descending from the SU(3) symmetry of QCD. A peculiar feature of this force
is that it gives rise to what is called color confinement, a phenomenon that prevents
quarks from being observed in isolation and forces them to always manifest in bound,
color-neutral states. The reason of this behavior relies in the fact that the binding strong
force between quarks increases with distance and tends to zero when quarks get close to
each other, i.e. the theory has a property known as asymptotic freedom. This property
plays, as we will see, a crucial role in determining some of the most important features
of QCD.

From what we have said, we can already argue that the SM presents an internal sym-
metry U(1) x SU(2) x SU(3), where U(1) x SU(2) is the electro-weak part, and SU(3)

the color part.

The starting point of this field theory is to describe particles wave functions as fields. A

spin—% fermion is then described by a four component spinor field,

\Ifl(ib)
| Ya(2) _ o(x)
Vo(z) = Wa(a) (x(:v)> (2.1)
\114(.TU)

where each component is a function of the space-time coordinate xz#. If the two-
component spinors ¢ and x are independent, ¥ is a four-component complex spinor
describing a fermion and its antiparticle, and is called a Dirac fermion. If one imposes
a reality condition y = +io9¢*, then ¥ describes a single spin—% particle and is called a

Majorana fermion. One can also define a Dirac conjugate as

U = 0ly0, (2.2)



Chapter 2. The Standard Model 6

Under a Lorentz transformation a spinor behaves as
L exp(%@uya’“’)\l/ (2.3)

where
v_ _t

2

ot (Y*y” = A") = =iyl and 6, = —6,,. (2.4)

These 0, are anti-symmetric, real parameters that characterize spatial rotations for
w,v = 1,2,3, and the Lorentz boosts for 4 or v = 0. With these information it is

possible to write down a Lorentz-invariant Dirac Lagrangian:
L =Yg —m)¥ (2.5)

where the symbol ¢ stands for a 4 x 4 matrix defined by

Do = (oo (2.

At this point, interactions with other particles are introduced through a clever mecha-
nism, i.e. gauge invariance. This is implemented by demanding the Lagrangian to be

invariant under spinor transformations of the type
U (z) = @ () (2.7)

which is a phase transformation that generates the group U(1).
After a brief look at (2.5), one can see that the Lagrangian is invariant under a global

transformation (i.e. £(x) = &), but not under a local one. Indeed
0,0 (x) = (9,9(x)) = @ (9, (x) + igdul(x)¥(x)). (2.8)

To achieve invariance, another field is introduced, called the gauge field, in such a way

that, defining a covariant derivative as
D () = (9 + ig A (@) ¥ (2) (2.9)
and requiring the new field to transform as
Ay — A, = A, — 0. (2.10)

we get rid of the extra term in (2.8) induced by the transformations at neighboring

space-time points, and get

DU (z) = (D, ¥ (x)) = @) (D, U(z)). (2.11)



Chapter 2. The Standard Model 7

If we now replace the normal derivative with this covariant derivative in our original
Lagrangian, we will see that it no longer describes free fermions, but rather interactions

between fermions and the gauge field:
L=V —m)¥ =iVg¥ — mU¥ — g4, Uy"U. (2.12)

It is conventional to assume that A, describes some new and independent degrees of
freedom of the system. Actually, it is possible to construct a gauge invariant Lagrangian
for the gauge field itself, moving from the observation that the commutator of two

covariant derivatives is still a covariant object:
(D, D))V = —iqF,,¥ where F,, =0,A, —0,A,. (2.13)

This observation leads to the Lagrangian for the gauge field of the form

1
L=~ FuF". (2.14)

This Lagrangian can now be combined with (2.12)
1 _ - -
L= La,+ Ly == Fu " +i0G0 —mUT — gA, V7" (2.15)

so that we have obtained an interacting theory of a vector field and a fermion field
invariant under the combined local gauge transformations (2.7) and (2.10). Such theory
is Quantum Electro-Dynamics, where the role of the photon is interpreted by the gauge

field A, while F},, is the electromagnetic field strength.

What we have done so far is to start with a representation of matter particles in terms
of spinors, then derive a Lagrangian from which is possible to construct their equations
of motion, and finally add interactions with bosons imposing a local phase transforma-
tion invariance. We can repeat this procedure to describe also the weak interaction.
However, in this case, we will have to impose an invariance under a different group of
transformation.

In general, groups of transformations that are considered in gauge theories are repre-
sented by matrices that can be parametrized in terms of a finite number of parameters,

i.e. they are Lie groups. Under a generic group transformation the field behaves as
U(z) = V'(z) =U¥(x) (2.16)

where U is a matrix that satisfy the multiplication rule of the Lie group and can be

written as U = exp({®t,), with ¢, the generators of the group. When considering local
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transformation, the derivative of the field will become
0¥ (x) = (0,9(x))" = U(x)0u¥ (2) + (9uU(2)) ¥ (). (2.17)

Again, we can see that this quantity does not transform covariantly, in the sense that
it does not transform according to a representation of the group at the same space-time
point, due to the presence of the second term in the last equation. In analogy with what
we have done in the previous case, we get rid of this term defining a new, covariant

derivative:

D,V = 8,0 — gW, ¥ (2.18)

where W, is a matrix of the type generated by an infinitesimal gauge transformation.

This means that W, can be decomposed into the generators ¢,
W, = gWit.. (219
If we now let W, transform as
Wy — W), =UW, U + (8,U)U! (2.20)
we obtain that the derivative we previously defined is indeed covariant:
D,V (z) = (D,¥(z)) = U(x)D,¥(z). (2.21)

Now we are ready to define in a similar way as we did for QED the field strength tensor,
but we have to keep in mind that, since this time two group transformations do not
commute, i.e. the group is nonabelian, we will have a commutator of two fields in the

field strength expression:
(D, D)V = —g(0,W,, — O, W, — g[W,, W,))¥ = —gG,,, V. (2.22)

The presence of this commutator term implies interactions between gauge bosons. From

(2.19) it follows that also the field strength takes values in the Lie algebra of the group
Gy = G ta = (0, W5 — 0,W5 — gft W)W )L, (2.23)
where f;, are the structure constant defined by the relation between the group generators

[to, te] = fieta- (2.24)
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Now the total Lagrangian will look like

1 _ _ —
L= GG +iTgV — mUV —ighy W, ¥ (2.25)

With this more abstract picture we can implement more complex interactions just by
requiring the fermion Lagrangian to be invariant under a suitable group of transforma-
tions, which in the case of the weak interaction is SU(2), while in the case of Quantum
Chromo-Dynamics is SU(3). This means that the gauge group of the whole SM, as
we have already anticipated, is the cross product U(1l)y ® SU(2);, ® SU(3)., where
the subscripts stand for the conserved quantum numbers associated with each group,

namely hypercharge Y for U(1), weak isospin [,, for SU(2), and color ¢ for SU(3).

2.1 Mass generation of gauge bosons and fermions

From what we have seen so far, it is clear that a mass term for a gauge boson in the
Lagrangian cannot be allowed since it would explicitly break the gauge symmetry, i.e.
it would be not invariant under a gauge transformation. However, in nature, it appears
that the bosons mediators of the weak force , W* and Z°, are massive, while the
photon and gluons are massless. In other words, the symmetry SU(2) x U(1) is said to
be spontaneously broken. In order to avoid this issue, and to permit to introduce mass
terms for bosons and fermions, a clever and elegant mechanism has been developed
by Brout, Englert and Higgs, which we will briefly discuss in the next section. This
mechanism has led in the subsequent years to the development by Glashow, Weinberg
and Salam, of a unified theory of the Electro-Weak interactions, capable of explaining

why W* and Z° bosons have a mass, whereas the photon remains massless.

2.1.1 The Brout-Englert-Higgs Mechanism

The key idea of the Brout-Englert-Higgs mechanism is to add to the standard expression
of the Lagrangian a new complex scalar field, the Higgs field ¢(z), which will have a

nonvanishing vacuum expectation value (¢) = v, due to the mexican hat shaped potential

V(l¢l) = =[] + g (2.26)

In the case of the SU(2) symmetry, this scalar field behaves as a doublet under the
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Re(¢)

FIGURE 2.2: Form of the Higgs potential

gauge transformation, and it can generally be decomposed into the form

¢1(£IJ) 1 0
o) <¢2($)> V2 ( )<P(9€)> (227)

where ®(x) is an x-dependent SU(2) matrix, and p(z) is a real field that represents the
SU(2) invariant length of the doublet field. Under SU(2) the field ®(x) transforms as

O(z) = U(z)®(x). (2.28)

If we now plug in this decomposition in the total lagrangian and define new gauge fields

which are related to the old ones via
W) = 8~ (@)W, () 8(2) + g~ (0,9 ()] (), (2.29)

we have constructed a theory with explicitly gauge-invariant gauge fields, in which the

covariant derivative for the Higgs field will be

1 1. - 0
D,¢(x) = —=®(x)|0, — zigW ()T, . (2.30)
g V2 [ Foo2EH a} p(x)
So now, these new gauge fields can have a mass term and, as we can show, they do. The

total Lagrangian in unitary gauge, i.e. setting ® = I by means of an appropriate local
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gauge transformation, looks like
£ =1 0,18 — 0,02 — geaeWHW 0, We — L 2 e g WHW 11
*Z( wVvy — Uy ;L) — 9€abe vy — Zg Eabc€ade m v

1 1 1 1 A
— 20 2 722_7)\4_722wa2' 2.31
5 (0up)” + Sup” = A" = g p" (W) (2.31)
As we can see from the quadratic terms, expanding the p field around the minima of
its potential p = v = ”72 , both the Higgs particle associated with the field p and the
gauge bosons acquire a mass, respectively given by:

1
mf, =2\?, MP = Zg2v2. (2.32)

2.1.2 The Glashow-Weinberg-Salam Theory of Weak Interactions

We are now ready to write down the spontaneously broken gauge theory that gives
the experimentally correct description of the weak interaction. The symmetry group
considered is the SU(2) x U(1) part of the whole symmetry group of the SM. The four
gauge fields, three for SU(2) and one for U(1), will be denoted respectively by W and
B,,. Initially all gauge fields are massless and have no direct interactions. After the
introduction of the Higgs field and, consequently, the emergence of a mass term, it turns
out that precisely one linear combination of these gauge fields remains massless, and
this will be used to describe the photon.

To see this we notice that the complete gauge transformation acts on the Higgs field as
o) = ¢f(x) = 72 (x). (2.33)

Then we assume that the potential is such that it acquires a minimum for ¢ # 0. In
this case it is possible to decompose ¢ according to (2.27), which in the unitary gauge

is equivalent to put

1 0
o) = 75 (p(x)) . (2.34)

It is clear then from this form that a gauge transformation with
al=a?>=0 and o =5 (2.35)

leaves the scalar field invariant. Thus, the theory will contain one massless gauge boson,
corresponding to this particular combination of generators. The remaining three gauge

fields instead, will acquire a mass through the usual BEH mechanism. To work out
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quantitatively the mass spectrum we focus on the covariant derivative of ¢:
/

D6 = (0, — igWir® = i%-B,)o. (2.36)

The gauge boson mass terms come from the square of this expression, evaluated at the

scalar field vacuum expectation value (¢) = v. The quadratic terms are:

AL :%(0 v) <gWﬁT“ + %g’B,J (gW“bTb - %g'B“) <0> —

v
102
=57 (W)* + g* (W) + (=gWi + 9'Bu)’) (2.37)
Defining
1 1
+ 11172 0 __ 3 / _ Ir73
W, = E(W,E’LWM) , 2, = W(QWM_Q B,) , Au= W(Q W, +9By)
(2.38)

it’s easy to see that these fields get the masses my = %, mz = \/g? + g5 and my = 0.
For a fermion field belonging to a general SU(2) representation, with U(1) charge Y,

the covariant derivative takes the form:
D, =8, —igW —ig'Y B, (2.39)

which in terms of the fields defined in (2.38) is

9

1
; (WITY + W, T™) — i——=—=2Z(g°T* — ¢*Y)

/g2 + 9/2 H
99’

— A, (T? +7Y) (2.40)

where T% = (T' +£4T?) = J(c'+ic?). We stress the fact that the field A,, couples to the

gauge generator (T +Y'), which is exactly the one generating the symmetry operation

D, =8, —i

S5

(2.35). Since this field is interpreted to be the electromagnetic vector potential, it is

straightforward to define the electric charge e as

/
e=—99 (2.41)

/92 + 912
and the electric charge quantum number

Q=T>+Y. (2.42)

One can further simplify the expression for the fermion covariant derivative by introduc-

ing a new parameter, the weak mizring angle 6,,, which define the change of basis from



Chapter 2. The Standard Model 13

Z0 cosf,, —sinb,, w3
(2.43)
A sinf,, cosf,, B

/
cosl,, =

(W3, B) to (Z2°,A):

that implies
g

Vo

The covariant derivative can be now rewritten as

g

sinfy, = (2.44)

. g — . g . .
D, =0,— ZE(WJT—‘F W T) =i i Z)(T? — sin®0,Q) — ieA,Q  (2.45)

where we can finally recognize the usual interaction term for the photon in QED.

Also, it is worth noting that the masses of the gauge fields with this new notation satisfy:

my = my cosby, (2.46)

2.1.3 Fermion mass terms

Let us now look more closely to the fermion content of the theory. It is common to
decompose a fermion field into chiral components using the projections operators Py =
3(I £+°) that satisfy:

P}=Py, PP =P P, =0 (2.47)
Thus that is possible to write
V=P, V4+P U=Up+Vp (2.48)

The important feature of this decomposition is that W and ¥, can now independently
be assigned to representations of the gauge group. We can exploit this result to ensure
that only left-handed components of the fermions fields couple to the W bosons, as it
is suggested by experimental evidence. The left-handed fermion fields are assigned to a

doublet representation of SU(2), and their right-handed counterparts are SU(2) singlets,

ie.
Ve
Ep = ( _> ; eR; VR; (2.49)
¢/
This fact amounts to choose the value 7% = 0 for right-handed fields, and a value

T3 = :t% for left-handed ones. Notice that, once a value for the generator 72 is chosen,
it automatically implies a value for the hypercharge Y from (2.42). These assignments

can be seen to reproduce the correct electric charge values.
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However, the drawback of this choice is that it forbids the presence of fermion mass

terms. This is the case because such terms would have the form
my (UL U+ WUrVy) (2.50)

and therefore, since the fields ¥, and W belong to different SU(2) representations and
have different U(1) charges, would be not gauge invariant. The only way for the fermions
to acquire masses is then via a Yukawa coupling to the scalar doublet ¢. For instance,

for the electron we can add to the Lagrangian a term like:
AL = —X\Ep - ¢er +h.c. (2.51)

To obtain the size of the masses we just have to replace ¢ by its vacuum expectation

value :
1
AL =——)Nwvereg +hc +--- 2.52
\& eVCLCR ( )
to get
1
Me = —=Ae¥ (2.53)

V2
In a completely analogous fashion it is possible to implement mass terms also for quark
fields, which will depend on similar constants Ay, A.
A further possibility would be to consider a Majorana mass. This comes from defining

a four component Majorana spinor W, which in the chiral representation is

(3
(1), -

(ig — m) Wy = 0. (2.55)

and which satisfies

However,since left-handed and right-handed Majorana spinors are not independent, this
Majorana equation is not invariant under global U(1) symmetries. This means that a
spin 1/2 particle which carries a U(1) conserved charge cannot have a Majorana mass.
So the only possible candidate which could have a Majorana mass is the neutrino. A
Dirac mass for the neutrino would imply that, together with the left-handed neutrino,
there exists also a right-handed neutrino, which combines with the left-handed one to
produce the Dirac mass. However, these hypothetical right-handed neutrinos are not
seen in weak interactions, and therefore, if they exist, they must be sterile, which means
that they do not participate in weak interactions, or at least they participate much
more weakly than the left-handed neutrinos. The other possibility is that neutrinos are

described by purely left-handed fields and have Majorana masses. In this case the lepton



Chapter 2. The Standard Model 15

number symmetry is violated. Experiments on neutrino-less double beta decay aim at

detecting these violations.



Chapter 3

A Hint About The Technicolor
Model

This chapter is intended to give a short but, if possible, complete introduction to the

Technicolor model. We will mainly refer to concepts and formulas derived in [6, 10-18].

3.1 The Higgs Sector

We have seen how, in the context of the SM, the W+ and Z° bosons may acquire a mass
via the BEH mechanism with a single scalar field. However, it is worth asking whether
the same result could be obtained through a more complicated mechanism. In principle,
the breaking of SU(2) x U(1) might be the result of the dynamics of a complicated new
set of particles and interactions, known as the Higgs sector.

There are a few constraints on this new sector, imposed by experiments. First, it must
generate the masses of quarks and leptons. Second, it must generate the masses of
the W* and Z° bosons as well. And last, it must reproduce in a natural way the
relation between bosons masses (2.46), which is satisfied experimentally to better than
1% accuracy. It is possible to show that this relation follows from the much more
general assumption of an unbroken global SU(2) symmetry of the Higgs sector, often
called custodial SU(2) symmetry. For the case of a single scalar field, the custodial
symmetry arises in the following way: if we write the field ¢ in terms of its four real
components, its Lagrangian has O(4) global symmetry. The vacuum expectation value
of ¢ breaks this symmetry down to O(3), which has a universal covering group, SU(2).
However, there are many other quantum field theories that break SU(2) spontaneously

while leaving another global SU(2) symmetry unbroken. One example is given by QCD

16
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with massless flavors. The Lagrangian in this case reads:

1 4 a4 1 1 0 11,0
L= [GAGA — W, W — W, W

nag
+ Z <QiaLi'Y,uDgngL + ﬁiaRi'YuDgguiBR + diaRi’nggdmR
=1

+ I_/iLi’yMDMLiL + ZZ‘RZ")/#DMZZ‘R> . (3.1)

where there are ng generations of quarks and leptons, the SU(3) colors for the quark
are labeled by a = 1, 2, 3, and the electroweak gauge bosons are W with a = 1,2,3
for SU(2) pw and W0 for U(1)gyy. It’s easy to see that possesses a global SU(2ng) ®

SU(2n¢) g chiral symmetry, i.e. it is invariant for transformations (in the case of ng = 1)

(), (0), (),e(i),

The chiral nature of quark and lepton transformation laws under the electroweak gauge
group forbid bare mass terms for these fermions. Let us ignore for the moment the small
electroweak couplings of quarks. When the running QCD coupling constant becomes
large, the strong interactions bind quark anti-quark pairs into a composite 07 field
UW. This can be understood thinking that, when massless quarks and antiquarks have
strong attractive interactions, the energy cost of creating an extra quark-antiquark pair
is small. Thus we expect that the vacuum of QCD will contain a condensate of quark-

antiquark pairs. These fermion pairs must have zero total momentum and angular

q q

F1GURE 3.1: A quark-antiquark pair with zero total momentum and angular momen-
tum

momentum. Thus, they must contain net chiral charge, pairing left-handed quarks
with the antiparticles of right-handed quarks. This fact develops a non-zero vacuum

expectation value for the scalar operator
(O[T |0) = (0| ¥R+ UrP.|0) #0 (3.3)

This vacuum expectation value signals the spontaneous breaking of the full symme-

try group (3.2) down to the subgroup of vector symmetries with Uz, = Ug. In other
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words, the original chiral symmetry SU(2ng)r, ® SU(2ng)r breaks down to its diag-
onal subgroup SU(2ng)y of isospin. The resulting 4né — 1 Nambu-Goldstone bosons
(the pions) will then be coupled to the appropriately defined axial-vector currents with
strength fr =93 MeV .

This also allows the quarks to acquire effective masses as they move through the vacuum.
In fact, if we follow these lines a step further and switch off the Higgs mechanism of the
electroweak interactions, then we would have unbroken electroweak gauge fields coupled
to identically massless quarks and leptons. However, it is apparent that the QCD-driven
condensate (PW) # 0 will then spontaneously break the electroweak interactions at a

scale of order Agcp.

This statement will be clear when we restore the electroweak interactions. The quark
parts of the SU(2) ® U(1) currents couple to a normalized linear combination of these
Goldstone bosons with strength /ngfr. These massless states appear as poles in the
polarization tensors, szy(q) of the electroweak gauge bosons. Near ¢ = 0 these take

the form ,
gagbntw

102 ) + nonpole terms. (3.4)
q

1% (q) = (quay — q277,w)<

Here a,b = 0,1,2,3; go = ¢ and g123 = —g. At this stage it appears that the
electroweak symmetry SU(2) ® U(1) has broken down to U(1)gys and the bosons W+

and Z° as defined in (2.38) have acquired mass

1 1
mw = 59\/ ntm mgz = 5 V 92 + 9/2\/ nt?T (3'5)

while the photon stays massless. The three Goldstone bosons coupling to the electroweak
currents now appear in the physical spectrum only as the longitudinal components of
the W* and Z°. This is the dynamical Higgs mechanism.

Unfortunately, such picture is phenomenologically unacceptable since it yields, for ng =

3, wrong estimates of the gauge bosons masses
my = 53 MeV, myz = 60 MeV (3.6)
in contrast to observed experimental values

my =80.22+0.26GeV,  my = 91.173 + 0.020 GeV (3.7)

Because fr; =~ 93 MeV is so small compared to vyeqr ~ 175 GeV, the familiar hadronic
strong interactions cannot be the source of EWSB in nature. However, it is clear that
EWSB could well involve a new strong dynamics similar to QCD, with a higher-energy-

scale, ~ Uyeak, With chiral symmetry breaking, and pions that become the longitudinal
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W+ and Z° modes. This kind of hypothetical new dynamics, known as Technicolor, was

proposed in 1979 by Weinberg and Susskind.

3.2 Technicolor

Before introducing the model it is worth investigating some issues of the elementary
Higgs models which have led to the quest for alternative solution to the EWSB problem.
The first thing is that such models are not dynamical and there is no explanation of why
EWSB occurs and why it has the scale vyeqk-
Secondly, they are unnatural in the sense that the Higgs boson’s mass is subject to
large additive renormalizations, i.e. radiative corrections generally induce a mass even
if the mass is ab initio set to zero. This makes fundamental scalars unappealing and
unnatural.

A further problem is triviality. The self coupling A(M) of the minimal one-doublet
Higgs boson runs with the energy scale M |,

d

and at one loop order this Sy is given by [19]

1 3
Br = (in)? [24/\2 — 6y} + 3 (294 + (g% + 912)2> +(—9¢% — 3% + 12%2))\]7 (3.9)

my = 124 GeV my, = 126 GeV
0.06 —— T 0.06 g
m; = 173.2 GeV m; = 1732 GeV
0.04 (M) =0.1184 0.04 (M) =0.1184
! 3
=, 002f . = 002t
g g
= =
2 0.00 —r=11A4-GeV § 0.00
g_ Ly (M) = 0.1198 g_
& -0.02f Sy ERe————— & -0.02f
& Tolap(Mp) =0117 =
—0.04 - m,=175.GeV | —0.04 -
—0.06 Loy v w8 AN w'll -"‘u - —0.0 T T}
102 10* 10° 10° 10" 10" 10" 10" 10" 10% 102 10 10° 10° 10" 10 10™ 10" 10" 10%
RGE scale u in GeV RGE scale p in GeV

F1cURE 3.2: RG evolution of the Higgs self coupling, for different Higgs masses for the
central value of the top mass m; and «g, as well as for £20 variations of m; (dashed
lines) and ag (dotted lines).
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where the term 24\? comes from the Higgs self-interaction’s contribution, —6y{ from
the top quarks loop, %(294 + (g% + g’2)2) from the gauge boson loop and the last term
from Higgs field renormalization. If we neglect for a moment fermion and gauge bosons

terms in (3.9), A(M) is determined by

A(M) = MA)

T 1+ (24/1672)A(A)log(A/M)’ (3.10)

where A is the cutoff. This implies that A — 0 for all M as A — oco. So elementary-
Higgs Lagrangians can be regarded as effective theories, valid until some energy cutoff
Ao after which new physics sets in.

If we now investigate the fermion’s effect, just considering the only term in ()

B = (471r)2[—6yj‘«]- (3.11)

One can solve A\(M) analitically when neglecting the running for the y; to get
4 A
AM) = XA) — 6yflogK. (3.12)
For a complete and consistent investigation, one should solve all the coupled RG equa-

20

10 T T T T T T T T T T T T T T T T T T
L bl L] r 4
> !’ 1
3 10" , E
& /
o— g
< 14 / E
© 10 p
]
2 ]
2 1" ]
=
g E|
o 0 -
5 10' 3
E|
o M, =(1732+09)GeV 7
1 o.g=0.1184 %+ 0.0007
106 I 1 I | I I I 1 | I I I I
115 120 125 130 135

Higgs mass M, in GeV

FIGURE 3.3: The scale at which the SM Higgs potential becomes negative as a function

of the Higgs mass for the central value of m; and ag (plain red), as well as for +20

variations of m; (dashed red) and ag (dotted red). The blue lines on the left are

the metastability bounds (plain blue: central values of m; and ag; dashed blue: +20
variations of my).
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tions, but just for showing the physical effect of y; this simplification is enough. It is
clear that at some energy scale, A can become negative. This implies that the potential
is unbounded and the electroweak vacuum may be unstable due to quantum tunneling.
This problem is known as wvacuum instability problem, and the scale at which \(M)
crosses zero depends on the mass of the Higgs boson . Another problem is the hierarchy
problem. This problem arises when the standard model is embedded into some larger
structure involving a mass scale M much larger than the electroweak scale characterised
by the v.e.v. v. For example M might be identified with a scale of grand unification
with M = 1016 GeV. In such a framework the Higgs sector responsible for breaking
the larger gauge symmetry at the scale M and the Higgs sector responsible for breaking
electroweak symmetry at the scale v cannot be kept distinct, and communicate through
one-loop radiative corrections. The hierarchy of mass scales can then only be main-
tained at the one-loop level by fine- tuning the basic Higgs parameters of the theory to
an accuracy of about 24 decimal places in this example. Such fine-tuning arises because
of the quadratic nature of the scalar divergences. Furthermore the fine-tuning must be
re-done at every order of perturbation theory.

Finally, elementary Higgs models have shed no light on the problem of flavor symmetry
and its breaking, since Yukawa couplings of Higgs bosons to fermions are arbitrary free
parameters, put in by hand.

In response to these shortcomings of the SM, the dynamical approach to electroweak
and flavor symmetry breaking (Technicolor, TC) emerged in analogy with the dynamical
Higgs mechanism described in the previous section. The basic idea is to assume that
there exists a new, asymptotically free, gauge interaction, the technicolor interaction,
with gauge group Gr¢, and gauge coupling apc that becomes strong around Are ~ 500
GeV. A new set of technicolor interacting particles, Np doublets of left and right handed
technifermions Tir, r = (Ui, D;) R, are also introduced and assigned to equivalent com-
plex irreducible representations of Gp¢c. Namely, 77, are assigned to electroweak SU(2)
as doublets and the Tk as singlets. These technifermions are then massless and have the

chiral flavor group
GX:SU(QND)L®SU(2ND)RDSU(Q)L®SU(2)R. (3.13)

Basically Technicolor is just a scaled-up version of QCD, so when ar¢c becomes strong,

technifermion condensates form in analogy with (3.3):
(0|U;LU;r|0) = (0|D;L D;R|0) = —0i5A7. (3.14)

The chiral symmetry breaks down to Sy, = SU(2Np) D SU(2)y and 4N? — 1 massless

Goldstone bosons appear, with decay constant Fy,.. Some linear combination of three of
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these will be eaten by the W+, Z° bosons, and become their longitudinal components.

Their masses will read

1 1
mw = 59V NpFer,  mz =53/ + g/ NpFry = mw /cos (3.15)

In order to achieve the correct experimental magnitudes for these masses, we just have
to identify Fr = /NpFyr, with the vacuum expectation value of the Higgs field, i.e
F, =v =246 GeV.

In this way we solved the problems that affected the Higgs mechanism. In particular the
triviality problem has now vanished, since asymptotically free theories are nontrivial. A
minus sign in the denominator of the analog of eq. (3.10) for apc(p) prevents one from
concluding that it tends to zero for all u as the cutoff is taken to infinity.

However, this theory is unacceptable because still lacks an explanation for quark and
lepton flavor symmetries and their breaking. The quarks and leptons in this context

remain massless. Tackling this issue is the motivation for an extended Technicolor model.

3.2.1 The Extended Technicolor Model

We have seen that TC leaves too much chiral symmetry, and, as a consequence, quarks
and leptons have no hard masses. The general strategy of the extended Technicolor
model (ETC) to avoid this problem is simple: introduce new interactions that break the
unwanted symmetries. To do so, one embeds the TC gauge group Gp¢ into a larger
ETC gauge group Ggrc which is broken somehow at a scale Agrc > Arc down to
Grc, i.e.

Gprc — Gre @ SU3) @ - - . (3.16)

After the breaking, there are heavy ETC gauge bosons corresponding to the broken
ETC generators, with mass Mgrc ~ gercAgrc, where gpre is just a renormalized
ETC gauge coupling. Such bosons can in general couple fermions to technifermions,
which allows the generation of masses for quarks and leptons via a radiative process in
which a fermion turns into a technifermion and back into a fermion, as is illustrated in

figure. The typical mass is of order

_ 951\ TT) ErC

“ 3.17
T M 10
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MEgrc

(a) (b)

FIGURE 3.4: (a) Coupling between boson, fermion and technifermion. (b) Radiative
process giving mass to fermions.

where the condensate <TT> eTc is related to the one renormalized at Arc by the expo-

nential scaling

MgTc
(TT)grc = (TT)7c exp (/A d'uﬁ’m(#)> , (3.18)
where -
Y (1) & & ;fr )aTc(u) (3.19)

is the anomalous dimension of the operator TT and Cy(R) is the quadratic Casimir of
the technifermion Gp¢ representation R. These are the fundamental ingredients of ETC.
With the use of these equations one can estimate most quantities of phenomenological

interest, such as Agprc and the typical mass of technipions:

Mgrc 4 F3 1GeV
Agre = pr——— 57 =~ ——5 (3.20)
myNp myNp
TT 40
(IT)re GeV (3.21)

" V2AproFr Nll)/4 '

Despite some success in solving the problem of generating fermions masses in the orig-
inal TC model, ETC suffers a series of flaws, which are the presence of flavor-changing
neutral current interactions, precision measurements of electroweak quantities and the
large mass of the top quark.
At an energy scale under Agrc the massive bosons corresponding to the broken sym-
metries generators will produce three kinds of interactions between fermions and tech-
nifermions:

QT*QQT*Q

2
AETC’

QrT*QrVURT W, +7 b\i/LTaquszRTb\pL
a

(3.22)

Qb + Bab

2 2
AETC’ AETC’

Here we can see that the a term induces four technifermions interactions, and can
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elevate the mass of some Goldstone bosons, fundamental to reproduce some experimental
results. The 8 term essentially gives masses to the ordinary quarks and leptons. The
~ term, on the other hand, produces four fermion contact interactions which leads to
flavor changing neutral currents and lepton number violation. Because ETC must couple
differently to fermions of identical Standard Model gauge charges in order to provide the
observed range of fermion masses, flavor-changing neutral current interactions amongst

quarks and leptons generally result. Processes like:

(579°d)(57°d) | (1n°e)(er°e)
A2 A2
ETC ETC

(3.23)

are induced, and give new contributions to experimentally well constrained quantities,
e.g. the K K¢ mass difference.

Another issue are the precision electroweak measurements. The SM has been tested
with a high degree of accuracy, and its parameters are known very precisely, so that can
be used to limit new physics above a scale of 100 GeV. The quantities most sensitive to
the presence of new physics, the so called oblique correction functions S, T and U, are

defined in terms of the correlation functions of electroweak currents:
/ da e~ (O[T (31 (2)74(0)|0) = in Tis(¢%) + q"q” terms. (3.24)

The S parameters is a measure of the splitting between my and myz induced by
weak isospin conserving effects. The T parameter is given by the relation 1 + o1 =
m%/v /mQZ cos’fy. The U parameter measures weak isospin breaking in the W and Z
mass splitting. The most troubling fact is that, scaling the value from QCD, S ~ 1,
approximately four standard deviations away from experimental values.

Finally, to obtain the correct value for the top quark mass of m; = 175 GeV one should
have Agrc ~ 1.0 TeV/N 3/ 4, a value very close to Ap¢ itself. TC gets strong and ETC
broken at the same energy and the representation of broken ETC as contacts operators
is wrong and mass estimates are questionable. It would be possible to raise ETC scale,

but then the problem of fine tuning of ETC coupling gprc would arise.

3.2.2 Walking Technicolor

One way to get rid of the FCNC and precision electroweak measurements of ETC is the
formulation of a walking Technicolor. Normal Technicolor is nothing but a scaled-up
version of QCD, a fact that is the root of both these problems. This assumption indeed
implies that asymptotic freedom sets in quickly above Arc and (TT)grc ~ (TT)rc,

which in turn implies that fermions and technipions mass estimates are some order of
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magnitudes away from the correct values. Also, the QCD scaling means that the tech-
nihadron spectrum is just a magnified version of that of QCD and that the value of the
S parameter is too large.

Therefore, it may be possible to cure at the same time both these difficulties by in-
troducing a new Technicolor theory whose gauge dynamics are not QCD-like. The
simplest realization of this is a theory in which the gauge coupling aprc () has no dra-
matic increases and instead, runs slowly, hence the name ”walking”, over the scale range
Arc S u S Apre.

Thus far the condesates (T'T)grc and (TT)7c have been approximately equal because
we have assumed that the anomalous dimension ~,, (1) ~ 3C2(R)arc(pn)/2m < 1 when
u > Apc. In the extreme walking limit in which ape(p) can be regarded as constant,

it is possible to get a nonperturbative approximation:

s

(i) = 1= /1 - arc(u)/ofe  where e =g G

In this context the chiral symmetry breaking scale Ap¢ is defined by the condition

arc(Are) = ape <= Ym(Arc) = 1. (3.26)

Such large value of ~,, allows quarks masses to be enhanced in eq. (3.18) to give the
correct values up to the charm. For the top quark this still does not work, but it can be

accounted for in other models, e.g. TC2.

More recently, after the discovery by LHC of a Higgs boson with mass 125 GeV, all of
the minimal technicolor models have been conclusively ruled out. There still are, how-
ever, attempts to build some new models in which a scalar doublet is present together
with a strong new dynamics which contributes in part to the breaking of electroweak
symmetry.

These theories include both a Higgs doublet ¢ and a technicolor sector. Typically, the
¢ squared mass is assumed positive at the weak scale; the ¢ field develops a vacuum
expectation value due to a linear term in the Higgs potential that is induced when the
technifermions condense. In this sense, technicolor would still be the trigger of elec-
troweak symmetry breaking. Yukawa couplings between ¢ and the quarks and leptons
lead to fermion masses in the usual way. More analysis on the properties of the Higgs

particle are needed to conclusively prove these new models right or wrong.
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The Antisymmetric Tensor Field

Let us now focus on the antysimmetric tensor field B, (z) = —B,,(x). It is this field
that, in our model, is supposed to interact with fermions and gauge bosons of the SM
via a B-Yukawa type of term and, if proved to have an asyptotically free coupling, can
lead to the formation of a top-antitop condensate (¢;) # 0 [1, 20] which, in analogy with
Technicolor, may replace the fundamental Higgs scalar of the SM, and produce the mass
terms for fermions and gauge bosons in a dynamical way.

Classically, a massless antisymmetric tensor field is described by the free Lagrangian:
Lo = — - (8,Bor+0, Bay+ 0\Byu ) (0" B + 8 BM 4 B = — H™ (4.1
B—_E(u y)\“‘u)\u‘{')\,uu)( + + ):_E 2N a()
and it can be seen that it possesses the gauge invariance
0B, = 0,0, —0,0,. (4.2)
A four dimensional antisymmetric tensor has six components, which we can label by

writing By, as

B,, = 43
. Ey, Bs 0 —B (4:3)

Es —By B 0

These six components can be decomposed into two inequivalent ((3,1) and (1,3)) irre-

ducible representations of the Lorentz group [21]:

1 1
B,i/ = §BMV + ze,uupUszn (44)

26
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with €,,50 the totally antisymmetric tensor.

The equation of motion is easily computed and reads:

9,0 BN = 0. (4.5)

In order to write down a B-Yukawa type of interaction term with fermions, one should
work with a complex By, field which transform as a doublet under weak SU(2) inter-
actions, exactly as the Higgs, and carry the same hypercharge ¥ = 1.

The B-Yukawa type of interaction term we will consider is
AL = yB,, Vo5 0% + hee., (4.6)

with «, £ spinor indices, which we, from now on, will suppress.
We can already see that such term is Lorentz invariant, but we can also check that it
also is invariant under a parity transformation. To see this, we first look how the B,

alone transforms under parity:
B, — B, for p,v #0 or uw=v=0; (4.7)

B, — =B, forp v =0, (4.8)

and then see how the oW piece behaves under the same parity transformation:

U(t, Z)o" U(t, Z) =n*U(t, —2)y oy U (t, —2)n =
=VU(t, —2)o" VU (t, —T) for w, v #£0 or pw=rv=0;
=—U(t,—T) oV (t, —T) for uwVrv=0.

Thus it is clear that the whole term BW\TJUW\I/ is parity invariant.

In principle, other possible B-Yukawa terms would include the dual tensor:

- B 0 —-E3 FE
Baﬁ = GQﬂMVB#V = ! ’ § (49)
By Ej 0 B

By By E; 0

but, since the Levi-Civita tensor is a pseudo-tensor, this object would have parity prop-
erties inverted with respect to the normal antisymmetric tensor, hence the B-Yukawa
terms

yBuw Vo' Vg + y* B, Uro' ¥y (4.10)

would not be parity even. This is the reason why we will disregard such terms in our
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model.

The full Lagrangian at this stage will then read:
L=Ly+Lw+La+Lp+ ALy =

3
=i Y _[F7" Dyel + @i Dudf + Ejy" Dych + @y Dy + diy* Dyud]

n=1
1 1 1
_ uw L I T UV
4GWG 1 wk 12HW)\H
3
+ Z (yff(j}:B/WU’”’ug2 + yzijcj}:BWU‘“’d%12 + yéJéZBWU’”’e%), (4.11)
ij=1

where D), is the usual SM covariant derivative and BW = iazBW.
From this Lagrangian it is possible to derive in the usual manner through variation with
respect to the different fields the equation of motion for W,¥, Ay W,,B,,. This work
has already been done in [2] and here we can just quote the results. Varying with respect
to U yields:

iD " + yBuo™ W + yB,ot W =0, (4.12)

and a similar equation holds for . The variation with respect to B,,, instead leads to
1 BYAl L 60T P — (i ig' : 09 alu \ grel
OuD"B"P + 6yWo PV — (igA}, + ?W[HaTa)(ng[,u + 7W 7,)B"" =0, (4.13)
which can be split in two equations, one for the F field and one for the B:

.y .y
90DV EY — (igAy; + %W[‘;Ta)(igAU + %W“%)Ei] =0 (4.14)

9D B™ + 9y DM B™ — (ig Ay, + %W{,;Ta)(z‘gmk + %Wa[kTa)eijlmBm

) )
+ (igAo + %WgTa)(ing + %WaoTa)e’]mBm — 6yTe U — i6yo? Vo T = 0. (4.15)

4.1 Kinetic Term

We will now focus on the kinetic term for the antisymmetric field. We can easily read
it off the Lagrangian (4.11):
1

1
Lp = _EHATLMHWA — _E(DWBVM)TDMBM]. (4.16)
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We will work in what follows with a metric choice (-,4,+,+) and a notation for the

antisymmetric tensor field components as

By, = (4.17)

Boi=E; Big=—E; Bj=—€;B'
Bgi =L Bgo =—E; ng = €k Bk
B" =-E;, B"=F;, BY=—¢;Bs. (4.18)

It is worth to stress the fact that the possibility of a kinetic term with non-antiymmetrized
indeces is not forbidden, but it has brought in the literature [20], to the manifestation
of classical instabilities, which could be corrected by some non-perturbative effect that
generates a mass term for the antisymmetric field. For this reason we will keep the
antiymmetrized version. Let us now write the kinetic term explicitly in terms of the B

and FE fields. We have, with a bit of algebra,

1
E(D[“B”A])TD[;ABVA] =(DuB\)!(D"B" + D*B" + D'B™) =
=(DuBy»)'D'B"* + 2(D,B,\) DV BM =
=2(D;E;D'E; — D;E;D'E; — DyB;D°B' — D,B,D"™B™),

(4.19)
which, making use of the identity:
(D x E)? = ¢4 D;EeD,E, = D;E,D;E, — D;E,D,E, (4.20)
boils down to
- %ngﬂw = (D xE)?2 - (D-B)?+ (DyB)2 (4.21)

With this expression we can compute the equation of motion directly for the £ and B

fields to get

D?E; — DD E; = —2yVo" ¥ (4.22)
D2B; — D;(D - B) = ye/'UoIlw, (4.23)

from which we can conclude that the truly dynamical information is encoded in the B

field, while the E field is not dynamical. In fact, one can rewrite the equation of motion
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for the free ﬁ and ? fields as:

W§+a{€xﬁ>—?x?x§:0 (4.24)
V2E - V(V-E)—0y(V x B) =0, (4.25)

which in terms of the longitudinal and transverse components can be reduced to
9*’BL =0 (4.26)

V x ET —9,BT = 0. (4.27)

So we see that the longitudinal component E* has decoupled from the theory and can
be just set to zero, while the two transverse components can be combined into a gauge
invariant quantity that satisfies

El =o0. (4.28)

This implies that the theory has only one dynamical degree of freedom, encoded in B.

A similar analysis can be done also in d dimensions. The e.o.m. in this case are
OB — 9,V - E) + RE — 0y0;BY =0 (4.29)

02 BY — 000, B + 0,0;B" + 000; E' + 9,07 B = 0, 4.30
J

where this time E’ is a d—1 vector and B¥ is a d— 1 rank antisymmetric tensor. Writing

the equations in terms of longitudinal components leads to the classical wave equation:
*(V-B)YlL =0 (4.31)

and a condition between the two transverse components
V2ET —9y(V-B)! =0, (4.32)

which again can be brought into a gauge invariant quantity that may be set to zero.
Then, in d dimensions, our antisymmetric tensor has w dynamical degrees of
freedom. With this analysis we can work with dimensional regularization when comput-
ing Feynman diagrams in chapter 5.

Finally, we will check that our kinetic term is invariant under SU(2) x U(1) SM trans-

formation. One can prove this by writing H,,, as the dual of the derivative of a scalar:

H,,,=e""*V4o0, (4.33)
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so that

1 1 1
_ = guvpgt R 11 o)’ BNt b B\t
2(d — 1)!H Hyp = 2(d — 1)16 €uvppDac(D70)" = 2DaU(D o). (4.34)

We can then transform back, and get
D0 = €aupDHBYP). (4.35)

Since we know how a scalar field transforms under a SU(2) x U(1) transformation
(0 =o' = eXp(—%A - %g “74)0), we then also know how the B,,, transforms, and it is
easy to prove

D,/LLBl//p = D, B,y,, (4.36)

that is, invariance under SU(2) x U(1).
Other accidental invariances of this term have been searched but not found. A covariant
version of the symmetry of the free antisymmetric field (4.2), for instance, does not hold.
Other attempts have been made to see if the interaction term between the antisymmetric
tensor and the fermions could be generated from a symmetry of the fermion Lagrangian,
as it is usually done in local gauge theories. A generic transformation on the fermions
can be written as

U — U =SV, (4.37)

Such transformation S should belong to some Lie group. We could see how the generators
of this group should look like in order to reproduce the correct interaction term by
imposing:

VTV = g (4.38)

This leads to
T = 29" — 277’“’(7“)’1. (4.39)

However we can already argue that this is not a proper Lie group since the generators

do not respect the associated Lie algebra:
[TV, TP #if2PT°. (4.40)

We can conclude then that there are no other manifest symmetries in our Lagrangian.

4.2 Covariant Quantization

Clearly, our symmetric tensor is redundant, i.e. the free theory has spurious degrees of

freedom that need to be fixed somehow. This can be seen from the invariance (4.2),
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which is an analogous of the gauge invariance of the photon field A, — A}, = A, + 9,¢.
When it comes to quantization of the field, this redundancy can be overcome by using
Dirac quantization [22], a generalization of canonical quantization to systems of fields
with constraints. The price to pay is the lost of manifest Lorentz invariance. This
procedure has been used in the preceding work [2], but it has brought to cumbersome
calculations in coordinate space and therefore, has been abandoned in our approach.
Another solution to the problem at hand would be to introduce the missing (gauge)
degrees of freedom via a gauge fizing term in the Lagrangian to keep track of manifest
Lorentz invariance. This term would formally spoil the gauge invariance, but it would
make the quadratic term invertible, so that it is possible to compute a covariant propa-
gator for the B, field.

The degrees of freedom introduced will not affect the interactions of the theory,and the
effect of this procedure can still be separated from the true gauge invariant part of the
theory, so that the physical consequences remain unchanged.

To proceed to the computation of the propagator the first thing to do is to find a good
candidate for the gauge fixing term. Of course, this new term should not modify the
physics of our model, which means that it should not modify the equation of motion of
the dynamical degrees of freedom, which are encoded in By, the longitudinal compo-
nents of the B field.

Bearing this in mind we tried to add a term like %(OMBW)T(@,BP” ) and see what changes
in the equation of motion for the fields B and FE.

First let us compute this term in terms of the fields.

(0" Byu,)'(0,B”) = 0°B},80B" + &' BY,0; B + &' B}, 0, B"
= —00E;00E; — 0'E;0; E; — 8"€;j1 B10k €1 jm Bm
= —(00Ei)* + (V- E)* + (=0ikGmi + 0161 )0 B By
= —(80E;)* + (V-E)* + (V x B)%. (4.41)

Since this kind of term only adds a contribution to the equation of motion of the B field
in the form of (V x B)2, it does not affect the longitudinal component By, the dynamical
degree of freedom, and its equation of motion.

We can explicitly check this by computing the modified e.o.m. to get
1
d9?°BYP + (1 — g) [0,0°B* — 0,0"B"*] =0, (4.42)

and rewriting it as

!

V2E; —
3

R+ (1- i) 00(V x B) - (V- E)] =0 (4.43)
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~B (1~ 2)[@0(3 E)+ Y x (¥ x B) =0, (4.44)

which again yields
9*BL =0. (4.45)

This proves that is a suitable gauge fixing term to add to the Lagrangian. Besides,
this is the only type of term one can add, since all the other possible contractions of
the derivative with the B field either give zero or are already present in the original
Lagrangian. However, in the end of our calculations we want to send £ to zero, in order
to restore the correct number of degrees of freedom of the antisymmetric tensor field.

With this result we can then proceed to the calculation of the antisymmetric tensor field

covariant propagator.

4.2.1 The Covariant Propagator

The following calculation that leads to an expression for the time-ordered (Feynman)
covariant propagator has been done in analogy with what can be found in [23].

The first step is to look at the modified equation of motion. The get modified E.o.m.
for the B, field we just have to vary the modified quadratic part of the Lagrangian

with respect to BL,:

L8 = (9,B,,) (9" B + 0P B + 5" B") + Z(aﬂBW)T(apBW)

5cé S(HMRYH,,, 1 8 16

= L 9" B} )9,B" + = ——(8”B} )9, B" =
5B}, 5B}, faBlp( )0k féBip( 2

= OPBYP + 9,0/ B" — 9,0" B + 2((9“3”3/“’ — 8,07 BM) =

= 9*B"P + <1 - 2) (0,0°B" — 9,0" B"] = 0. (4.46)

Next thing we can compute is the canonical momentum

e — 5 _ g0pve e _ gr o 2558MB“P + 2558MBW. (4.47)

5(aOBip)

To calculate the propagator then we have to invert the operator LZ% which is:

[3277’[;172] +2 (1 - é) 8[048“)77;@ B% = LY, B*F = 0. (4.48)
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The time ordered propagator would then satisfy
LilupDI5 ) (w,2') =ag Pos x ih6P(x — '), (4.49)

for some unknown tensor structure ,sP,s. To find it, we make use of the canonical
commutator:
(B (Z,1), 1177 (&, 1)] = iho[ 6516P 1 (7 — ') (4.50)

and of the fact that the time ordered propagator can be written as:
ipgA;tg(w, ) =0(t — t')i[pgA;'ﬁ_](w, )+ 0t — t)i[pgA;;](:U, ), (4.51)
where
ipoDog (2,2') = (Bpo(2)Bag(@')),  ipoAls (2,2') = (Bap(a')Bpo(w))  (4.52)
are the two Wightman functions.
The Lagrangian implies that the Wigthman functions obey the equations:
ngi[pgA;ﬁ—](x, 7') =0, ngi[paA;g](x, ') =0. (4.53)

So, when the operator L{;;, acts on the whole time ordered propagator, one gets a non-
vanishing contribution only when one time derivative hits a Whigtman function and one

a 0 function. The result is:

L0t —)ilpAsy 1w, 2") + (" — )i, A7) (2, )] =
Logl0(t = ') (Bpo(2)Bag(2)) + 0(t' — £)(Byo(2) Bag(z'))] =

= b0 =) [ty Bunto) + (1 3 ) (B8t Bunte) = 80080y Bun@)) B =
— 5t — 1) [—Baﬁ(x) + (1 - 2) (5%3510(95)) ,BW(;C')] _
=6t —t') [~Tap(@,t), Byo(2',1)] = 6(t — ') X Napyne1pihé "~ (T — &). (4.54)

From which we infer that:

aBPyo = Nafy1s)8- (4.55)

The passage between the last lines can be obtained by realising that spatial derivatives
do not contribute to the commutator.

Hence, the equation we need to solve for the Keldysh propagator is

Lﬁii[paAg%](% ml) = nu[anﬁ]u(ag)abihdl) (I‘ - .%"), (456)
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where a,b = +.
If we now insert the Ansatz
Lo DY) (z, ) = 0p(anpe A (2, 2) + 0oy 05 B (z, o) (4.57)
into equation (4.56) we get
O?AY(x, 2"y = ih(0®) 6P (x — ) (4.58)
(i) P2B(z, 2/) — 2 <1 - 2) A (3 2!) = 0. (4.59)

Which are solved by

A (z,2") =ihA (z, z') (4.60)
B%(x,2") =2(1 — f)h/dDziASC(a?, 2)(03)4AL (2, 2'), (4.61)
where s
NGO

iAP(z,2)) = (4.62)

4xDP2 (Az2,)D-2)/2

is the Keldysh propagator for a massless scalar field in Minkowski space.

Eventually, we can write the propagator for the antisymmetric tensor field as

i[PUAZI,)/J’] (.CI?, .%'/) :Fmp[an,@]aiAgb(x> :U/)
+2(1 = &) h0yN4]1a 03 /alDziASC(:L‘7 2)(03)4AL (2, 2). (4.63)

To obtain the expression of the propagator in momentum space we just have to plug
into last equation the expression for the propagator for the scalar field in momentum

space (see Appendix A). Doing this we have, for the Feynman propagator:

i . KipNoliaks)

Z[pO'AI;](k) = hnp[anmgm + 2 (1 — g) th (464)

This is the expression we will use in what follows. We will keep manifest track of the
gauge parameter £ and let it go to 0 at the end of the calculations, in order to restore
the exact (transverse) gauge 0,B"” = 0 in which the antisymmetric field has only one

degree of freedom and the propagator has the correct transversality properties.



Chapter 5

Computation of the Beta
Function for the B-Yukawa Type

Interaction

The key idea of this work is to provide the antisymmetric tensor field with a B-Yukawa
coupling to the fermions, in order to have some condensate to play the role of the Higgs
and give mass to fermions and gauge bosons. The only way for this to be possible is to
have an asymptotically free coupling constant. So our task will be to check that this is

indeed the case.

5.1 The Callan-Symanzik Equation

In this section we will refer to [6] to have an idea about the meaning of the beta function
and how it is computed in quantum field theories.

Basically, the beta function of a coupling constant is a measure of the variation of the
magnitude of the coupling as a function of the energy scale M at which the theory is
renormalized. To better understand this concept we will use the example of the scalar
field theory with a quartic interaction term A¢* in four dimensions.

To properly define this theory, i.e. to regulate divergences coming from some Feynman
diagrams, it is customary to impose some renormalization conditions which will lead
to the introduction of counterterms in the original Lagrangian. The function of these
counterterms is only to cancel divergences and they will not affect the theory in any
other way. For this example the renormalization conditions at a spacelike momentum p

with p? = —M? are:

36
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e The vanishing of the self energy diagram at p?> = —M?

e The vanishing of the derivative with respect to p? of the self energy diagram at
p2 — _M2

e The vertex correction at (p1 + p2)? = (p1 + p3)? = (p1 + pa)> = —M? has to be
equal to —iA.

One can then rescale the bare field ¢y by

6= Z 20, (5.1)

where the factor Z comes from the bare two-point Green’s function at the renormaliza-
tion scale:

(Q¢o(p)po(—p)|2) = oz At pT= M (5.2)
The Lagrangian can be rewritten, defining the counterterms 67 = Z — 1 and J) =
XoZ? — )\, as

A )
Lo = 50400 — 26" + 502(0,0)° — Do (53)

We can see that this theory appears to have new interactions with respect to the original
one. This is just fictitious because all we have done has been to split each term of the
starting Lagrangian in terms of the physical field and coupling. The counterterms can
now be adjusted to provide the renormalization conditions above.

An important observation to make is that the energy scale M is completely arbitrary
in the renormalization conditions. In fact, the bare Green’s functions are not affected
at all by this scale. What is influenced by M are the renormalized Green’s functions,
which are proportional to the bare ones: G = Z 7%676‘. Thus, as long as to each change
in M there is a corresponding adjustment to Z, we are equally well describing the same
bare theory.

When an infinitesimal change to M is performed, another one is induced on the renor-

malized n-point Green’s function. Quantitatively, for a change
M — M + dM, A= A+ 0 »— (14 0n)e; (5.4)

corresponds
_ oG SM + oG

oG oM oA

0N = nonG"™. (5.5)
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The rearrangement of this equation in terms of

M M
B =70k =_—omn, (5.6)

is generally known as the Callan-Symanzik equation:

M0t B )]G (s} M, A) = 0 (5.7)

The parameters § and v are independent of n. Besides, since G" is the renormalized
Green’s function,i.e. it cannot depend on the cutoff A, neither can 8 and ~ depend on
the cutoff and hence, by dimensional analysis, on the scale M.

The two parameters are then only functions of the coupling A, and they are related to
the shifts in the coupling constant and field strength. The § function, in particular,
is of fundamental importance because tells us how the coupling strength varies with
the scale M and therefore, clarifies the conditions under which perturbation analysis is
applicable.

To explicitly compute these functions one should implement a set of renormalized con-
ditions, together with the introduction of counterterms, and then impose that the con-
veniently chosen renormalized Green’s functions satisfy the Callan-Symanzik equation.
The expressions for S and « will of course depend on these counterterms and on the
particular choice for the renormalization conditions. Luckily however, to one-loop order,
their expressions will be unambiguous.

In a general theory with dimensionless coupling the M dependence of the Green’s func-
tions enters through the field strength and vertex counterterms, which are used to sub-
tract the divergent logarithms. This means that the 8 and v functions can be computed

L. This will be more clear if we write the generic

only by knowing the counterterms
n-point Green function for the coupling g associated with an n-point vertex. To one

loop order we have:

iNT A2 : A? :
G" — (H P> [—zg - zBlog_—p2 — i6g + (—ig) §:<Ailog_—p2 - 521.)} + finite  (5.8)
i i
where ;4 is the counterterm for the vertex, dz, are the counterterms for the external legs,
A is the cutoff and B and A; are the coefficients of the divergent part of the relevant
Feynman diagrams.

Imposing that this Green’s function satisfies the Callan-Symanzik equation we find:

Blg) = MaiM (—5g + ;925@). (5.9)

!This statement is only true for flat background spaces. In the general case of curved backgrounds
in fact, there will be extra terms which in principle could modify the expression of the Green function
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But, since to cancel divergences one imposes 0, = —Blogﬁ—z +finite; and 6z, = Ailog]\/}—z,
we have that the f function, to lowest order, is just a combination of the coefficients of

the divergent logarithms in the counterterms:
Blg)=-2B—g>» A (5.10)
i

Such arguments can be applied to more complex theories like QED or theories with

Yukawa couplings, which is the case that interests us.

The meaning of the § function

Our definition (5.6) of the 8 function can be rewritten in terms of the bare coupling Ao

and the cutoff A as 5
BA) = MWMAO,A (5.11)

which basically means that it is the rate of change of the renormalized coupling at the
scale M needed to maintain a fixed bare coupling. It is possible to show that the running
coupling constant A(p, \), that depends on the momentum p and equals the renormalized

coupling at the reference scale M, i.e. A\(M,)\) = \, satisfy

d - -
W/\(Pa A) = B(A). (5.12)

Thus the S function contains the basic information on the behavior of the running cou-
pling as a function of momentum. Of particular importance is the sign of this function,
since different signs describe very different theories.

If B > 0 the running coupling becomes smaller and smaller as p — 0, which means that
is possible to use perturbation theory to make predictions about the small momentum
behavior of the theory. On the other hand, in the region p — 0o one can no longer use
perturbation theory as a valid tool to study the theory. So Feynman diagrams are only
useful to analyze macroscopic behavior.

When g = 0 the coupling does not flow with momentum and therefore remains equal to
the bare coupling at all scales. There are no ultraviolet divergences and for this reason
such theories are called finite quantum field theories.

For 8 < 0 the running coupling has an opposite behavior respect to the first case. In-
teractions become stronger at large distances (or p — 0), while are weaker for large
momenta (or short distances). These theories are called asymptotically free and the
most important example is QCD, where quarks are confined in bound states due to the
the strong interaction that grows with distance. In this case Feynman diagrams can

only be relied on for computation on the short distance behavior. This is also the case
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that we want to prove for the B-Yukawa coupling introduced between fermions and the
antisymmetric field. So our next task will be to compute the § function for this coupling

and check that it has a negative sign.

5.2 Feynman rules

In order to proceed with calculations we first briefly present the Feynman rules of the the-
ory in momentum space, needed for the computation of the various Feynman diagrams
of interest. In chapter 4 we already computed what will be our covariant propagator
for the antisymmetric field. We will use expression (4.64) in all of the following calcu-
lations. Also, to render notation simpler, we will omit the i prescription and take it as

understood.

The Gauge Fields Covariant Propagators

The standard procedure to find the expression for the propagator of a field is to look
at the quadratic terms in the free Lagrangian and then try to invert it. In the case of
gauge fields, however, this procedure encounters a problem in the fact that, due to gauge
invariance and the presence of spurious degrees of freedom, this term is not invertible
since it has a zero eigenvalue. Also in this case the solution lies in the introduction
of gauge fixing terms to make these operators invertible. We will work with covariant
propagators for both W, and A, fields, with their gauge parameters being, respectively,
Ew and &4.

For the A, field we will use an explicitly covariant propagator in analogy with what has
been done for the antisymmetric tensor field. The formal expression is
kuky

. . Um .
Z'LLA;"_"’(]{) = —’Lh$ + Zh(l — §A)m
o

5.13
kykH — ie ( )

The propagator for the W, is almost identical to this latter expression, except for the

presence of the identity matrix in SU(2) space:

Kk

. . Nuv .
ina AL (k) = | —ih— I 4 ih(1 =) G — 2 e
“w

14
kb — i (5.14)

The Fermion Propagator

Also for fermions, the propagator can be found by inverting the quadratic part of the

free Lagrangian and this is done in any good QFT book. In our case we will look at
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massless fermions, since it is the scope of our model to give mass to them after the

formation of some condensate. The action in momentum space is

S(0.8) = [ a9 (i)as 0a(r). (5.15)
The propagator is defined as the inverse of this integrand and it can be shown to be :

WDp Yy

Sy (k) =
iaSp(k) P T——

(5.16)

Vertices

To find the interaction vertices of our model we write the explicit interaction part of the
Lagrangian:

I I N . )
Lin = = yBu VoW — — (=igdy, Bl AFB + igB], A 0B+

]
—ig' 9y, B}, Wb B 4 ig/B[TypTa aolr el
+ gg'B[TVpAH] Wwhlkrb grel 4 gg/B[TVpT“W;‘]A[“B”p]—F

2t v 2T _atrra yi7blu b v
+9°B], Ay ABY 1 2Bl rewawtlictp P])+

)
+i0(—igA, — %ng)w\y. (5.17)

From this we can read off the relevant interaction vertices of the theory. The first term
is the B-Yukawa type coupling which give rise to the vertex depicted in the following
figure

=l

_________ = —z'yo'“”. (5.18)

vp
/
//
p
4
/
Ny (5.19)
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And an analogous expression holds for the interaction between two B, and one W,,.

Finally there is also a quartic interaction between two By, and two A, /W,:

By %

— —ng[n“o‘nB[”nph + Qnu[ﬂnvl[vnp}a]_
e (5.20)

vp «o

These rules are all we need to compute the Feynman diagrams and their divergences,
which will lead us to the final evaluation of the § function. So now, without further ado,

let us begin the computation.

5.3 Computation In Momentum Space

In what follows we will explicitly evaluate all Feynman diagrams of interest in the evalu-
ation of the g8 function. These include three type of corrections to the B-Yukawa vertex:
corrections to the external B, leg, corrections to the vertex, and corrections to the
external fermionic leg. We will perform calculations with a massive fermion propagator

but let m — 0 in the end.

5.3.1 Corrections to the B, leg

The corrections By, propagator at 1 loop are given by the following sum of diagrams:

Ap/ Wy
g Au/ W

L A S

FIGURE 5.1: 1 loop corrections to the B, propagator.

We begin the calculations for the beta function by computing the amplitude for the
amputated diagram in figure 5.2, contributing to the corrections to the B field propagator

coming from the interaction term with the fermions yBW\iJJW\II:
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U,k

U,p+k

FIGURE 5.2: 1 loop vacuum polarization of B, propagator

The amplitude is, in momentum space, following the Feynman rules defined before and

recalling that the fermion propagator is

we get for the one-loop vacuum polarization diagram of B,

_ ik i+ m) o5 o
Huuaﬁ(p) _ (_Zy)2/(27T)dTr [J“ ]{Efjmg)a ﬂ(p(’:_—;)kzt TTL)Z:| =

_ d'k o™ (F +m)o® (Y + F +m)
- y/ 2m ! (K2 = m?)((p+ k)2 — m?)

o / A%k Tr[a“”l%aaﬁpf—i— J“”l;//aaﬂl;/—i— m%"“’aaﬁ]
a (2m)? (k2 =m?)((p + k)? — m?)

) dik Tr[a“”l;/o’aﬁl%— io““p(ao‘ﬂp(%— m2a’“’0aﬂ]
- / @2m)e  ((k+p/2)? —m?)((k —p/2)? —m?)

(5.21)

where for the third equality we used the fact that the trace of an odd number of « is 0,
while in the last we shifted the integration variable k& — k& — p/2 and got rid of terms
linear in k.

Now we focus on the trace and try to get terms with 4 ~’s:

Tr[o" Ko P ] = Trly'y By v K — vV Hy Y U — Ay By + A ) (5.22)

Trlyy” ¥y ¥ = —%Trh“v”%“W |+ K Te [y iy — %Tr[’y“v”’y“l%vﬂ W) + KTy vy ) =
=k*Tr[y"y"7*y°%] — k*Te[y"" iy°] + P Te[y 'y By®] + kO Te [y v°] — kP Tx[ly ¥ ~°] =
=4k ("0 — P 4 ) — AR (kP — kPP 4 kP )+

+ AEP (KO — kP 4+ kYl + 4k (kHn”P — EnHP + kP )+

— AKP (KFn¥® — EYnte + ko) =
=42 (0P — pren® 4By + 8(— kPRI + KPR + krEOnE — R k).
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Combining with the other terms of (5.22), which differs only for the change (¢ < v),
(a ¢ B) and (u ¢ v, <> ) we get:

Tr[o™ Ko P ] =16K2 [P — nronP) + 32[KP kY nt® — kP kP + kFECnYP — kY kOntP).
(5.23)

And, in a completely analogous fashion:

Tr[o" yo Py =16p* [Py — nton”®] + 32[p p/ e — pPpry ™ + prpn? — p e,
(5.24)

And finally:
Tr[a“”aaﬁ] = 16(n"’nr* — n“anl’ﬁ). (5.25)
Putting these terms altogether we have then:

rvo ddk; rvo o, UV v (6% | 4%
1% (p) =16y2/ Gy E = P74 |l P — P 2R — R

1
e o B U 0 Ml (S U S
1

X . 5.26
G5+ p/2F — mall(k — p/2 — ] (520

We now consider one of the integrals of the type:
Ly, = /ddkf(k:,p)k:#kz,,, (5.27)

where f(k,p) is a Lorentz-invariant function. Since the answer must be a second rank
Lorentz-invariant tensor it must be expressible in terms of 7, and p,p,. This observa-
tion implies

/ AH f (I p) by =y + by

We can find a and b by solving the two algebraic equations formed by contracting with

Nuv and Pubv:

/ A f (k,p)k* =da + bp?

/ddkf(k,p)(k -p)* =ap® + bp’,
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implying that

So that we can make the replacement:

L, = /ddkf(k:,p)dil [(kz - (kl;f)2> M — (k2 = d(k]')f)2> p;f”] . (5.28)

We can now use this result to collect all terms like k#k" in (5.26):

32, / A% KPRV e — kPR 4 ki EOnP — kYRR
(2m)d (k +p/2) - m2][(k —p/2)? —m?]

ddk
—32y°
- Td-1 K
bl
>< =
[(k+p/2)* - mQH(k —p/2)* —m?]
_323/2 d?k 2 (k’p)Q pa, VB wh, vo
Td—1 (27r)d[2<k P (n (A >+
1 k- p)?
e <k2 ~dl pf : ) (=0 + pPph g — pp? 4 p )]
1

ke +p/22 = m[(k —p/2)2 —m?]’

> (771/577“& 77#5 v pHay vp nvanuﬂ>] +

> (=P 4 P — prpn? 4 prpnt? )] x

(5.29)

Plugging (5.29) into (5.26) we get:

V2
i k2—p2/4+m2+ﬁ(k2—(kp§))

0) =160 | T = =
d(kp)

1tk e (B aE) -
32y / @0 [(k + p/2)" — m2)[(k — p/2)? — m?
_ pupanvfé’ + pvpanuﬁ)_ (5‘30)

] (—pPp"nt + pPpin e+

Now we focus on the first integral. As regards the numerator we have

4% 4k - p)? d+3 4(k - p)?
- 24 B A
=1 p2d-1) d=1" P[4+ m? p2d—1)

p?/4+m?+ (5.31)
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Looking at an integral of the type

/ddk (k - p)? -
(27T)d [(k _|_p/2)2 _ mQ][(k _p/2)2 — mz] =
(A% ] 1R 4pA-m? LR+ pPA-m?]
_/W-_ 2(k+p/2)? —m? 2(k:—p/2)2_m2]_

dik T Lk —p/2)2 +p2/d —m2  1(k 224 2
=/W__1+2< O L 3T 5 s ]:

dlk [ K +p2—m? Ak p?/2
:/W __1+ tﬂf—/mQ ] :/(gﬂ)d kzp_/mzv (5.32)

where we shifted the integration variable separately for the last two terms in the second

line. Whereas, for the other type we have:

/ d’k k2 _
(2m)¢ [(k + p/2)*> = m?][(k — p/2)> — m?]
:/ dk k24 p?/A+ (k-p) +m? —p/4 —m?
2m)¢ [(k +p/2)* = m?][(k — p/2)* —m?]
:/ dik  (k£p/2)%2+m?—p?/4—m? _
(2m)4 [(k + p/2)* — m?][(k — p/2)> — m?]

4m?2
k1 2 oqdg - t1
:/' p / ( P ) (5.33)

@ik —m? 4 ) @m)e[(k+p/2)? —m?[(k - p/2)> —m?]

Using these relations for (5.31) one gets

d+ 3/ Ak 2 B
d—1) @m)d[(k+p/2)? —m?|[(k —p/2)> —m?]
d+3 [ A% 1 d+3p® [ d% (-4 +1)
Td—1 / 2m)dk2—m?2 d—1 4/ 2m)d [(k + p/2)2 — m2][(k — p/2)2 — m?]’
(5.34)

and

4 dk (k- p)? 2 k1
Cp2(d—1) / 2m)d [(k+p/2)2 —m2][(k —p/2)2 —m?]  d—1 / (2m)d k2 —m?’
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Recollecting all terms in (5.31):

d+3 2 /ddk 1 N
d—1 d-1 (2m)d k2 — m2

+<_p2/4+m2_d+3(_m2+p2/4)> / (ddk 1 _

d—1 2m) [(k + p/2)2 — m[(k — p/2)2 — m?]
d+1 [ d% 1
“d-1 / Qi —m2 "
—4 d+1p? d%k 1
" (d - 1m2 Cd-1 2> / 2m)d [(k +p/2)2 — m2][(k — p/2)2 — m?] (5.35)

Focusing now on the second term of (5.30) we have that the numerator is

2 N2 2
o _d (kp) —%. (5.36)

d—1 d—-1 p?

Again we can rewrite these integrals as

1 / 7k k2 B
d—1J @m)[(k+p/2)* = m?|[(k - p/2)* —m?]

_1/ddk 1 p’ /ddk (4%22“)
(

Td-1) @mdr2—m?  4d-1)) @m)d[(k+p/2)2 - m?[(k - p/2)> —m?]

and

d 1 d’k (k- p)? B d k1
Cd-1p? / @m)? [(k+p/2)2 —m?|[(k —p/2)> —m?]  2(d—1) / (2m)4 k? —m?’

Which adds up to

12-d [ d% 1 A+ orog 1
2d_1 / Gk —mZ d—1 J) @ikt p/2)? —mIk —p/2)? —m?|’
(5.37)

Now the integrals

dk 1
I(d,a) = / @y (2~ ) (5.38)

and

dk 1
) = [ T (5.39)

are well known and their result is [7]
1(d,1) = i(47)~¥?D(1 — d/2)(m?)%/*1 (5.40)

dzx
m? + p2z(1 — z))2-4/2’

I(p%, m?,m?) = i(4m)~ 9?1 (2 — 61/2)/1 ( (5.41)
0
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which for d — 4 take the form

1 (2
I(p?, m?, m?) = W{— — g — log[m? — z(1 — z)p?] + log(4m) + O(e)}, (5.42)
m)? Le
where ¢ = 4 — d. So the total contribution of the vacuum polarization diagram near

d = 4 is finally given by

2iy’h2 | | 5 8m?/p? + 5 ! dx
s (p?) = ST(1—d/2 2—F2—d2b/ ployBlv
(»”) . {[3( /2)m 5 ( /)0 T el K
41 1 4 4 4m? /p? ‘/’1 dx
T P S g SO ol | _
+p2 3 ( /2m 3 ( /2) o (m2+p2x(l —x))2-4/2 prip
2 2h2 2 /02 )
= Z7yr2 { [gf(l —d/2)m? — 8m/§+5 (E — g — log[m? — z(1 — z)p?] + log(4n) + O(e)) ntlenPlv.
41 1 4+ 4m?/p? /2 Sl
—1-2? —gf(l —d/2)m? — 3/p (E — g — log[m? — z(1 — z)p?] + log(4n) + O(e)) plipHllegf] }
(5.43)
In the case of massless fermions this expression reduces to
vaf (2 2iy2h2 0 (2 2 [, Blv
el (p®) = — 3 6 <E —vg — log[z(x — 1)p°] + log(47) + O(e)) PV 4

+§2 [g (% — v — logz(z — 1)p?] + log(4) + O(e))]p[“n””apm } (5.44)

Alternatively, for massless fermions,we could have done the following,:

d?k 1 d?k 1
2 vy afB _ .2 vy af vy af
TrlgH — Trlo* I .
(5.45)
Then introduce Feynman parameters as follows
1 /ld dy =~ 5(z +y—1) (5.46)
- = xdy —0(x — .
Rp+k?~ Jy YT

where D = 2 — A, with | = k + xp and A = z(x — 1)p?. After this we can change the

integration variable k¥ — [ and substitute k = [ — zp in the trace to get

Tr[o™ Ko P I + o Ko “Py] = Tr[o™ 6P l/+ x(x — 1)o" o Py, (5.47)
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where we dropped out linear terms in [.Then we can rewrite traces in order to reduce

the number of v matrices in them. For instance

Tr[o™ po P p) =4Tr[y Iy 1247l = —4Te [y Ipnlopn ) + 8Ty Iy iy opl] =
=4p* Tr[y Py 1yl Pl — 8Tyl Iplandl) 4 8Tr [y 1ylopfl] =
:32])277#[,377041/ + 128])[#77'/][5])&]7 (5.48)

so that our total trace will yield

ﬂ[a””l%aaﬁl;/—i—a“”é/aaﬁpﬂ — 32[n“[57]°‘}”l2—|—4l[ V][Bla}+$($ D ulB ,7&]” 2z (a— )p[unl’][ﬁpal]‘
(5.49)
Then, substituting (“1¥ — 12 /dn"¥, we get the final result

2
320 P 2 4 w(x — 1)p? — 4%] + 128x(a — L)pln!l7pel. (5.50)

Notice that in d = 4 limit there is only a logarithmic divergence. The final expression

for the divergent part of the amplitude of this bubble diagram is then

322/1d (—1)/ a1 LI I
P )y eod@—ap’ T~

L,r2-9) ! 1\2-4 alw
322p2((4ﬂ_)22)/0 dxx(x—l)(g> Byl (5.51)
and
d4 1 I8 o
128/ dz 2(z /(%)d © A)zp["n Ppel =
29y 1
128 ((477)22)/ dr z(x 1)(—) pliplIB pel (5.52)
0

d
2

{pQU#[ﬁna]V +4p[“7f’“6pa] . (5.53)

Self Energy
Interaction with A,

Next thing we want to compute is a second order correction to the antisymmetric field

propagator in figure. The expression for the self-energy diagram is:
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k

p p—Fk p

FIGURE 5.3: Self energy diagram for B,,, propagator.

Ak 1 (P = K)pnan(p — k)
aBuv — 252 . - o [v'15][A Pl
w00 = =12 [ o [y 20— 600
TE kae T (6% T o T
-0+ (1—a) (kZ)Z} x |20 = k)PP 4 2pbylenr 1 a(p — k)l i

« [(2]0 _ k)en/\[unV]p +2(p — k)[“n””’\n”]e + 2p[/\np][u,7v}e} —

dik 1 (0= K)ymsip(p — k)
232 - - . Y P
= [ G { hise G g 20 88T e ]
1
% [_ﬁ <(2p . k)ena['ynts]ﬁ + 2p['7775“0é776m 4 Q(p — k)[anmhnéﬂ)_'_

+1(k—2)554 (k (2 — Kkl 4 oo Bl 4 o(p — k)Pl k)} y

% [(gp _ k)en/\[unl/]p +2(p — k)[unl/][knple + QP[AUP][HUV}E} -

dk 1 (p = k)o@ — k),
232 - . 2 p.
== [ Gy [ e Gy gy PR T T |

1
X{_k:? |:(2p — k)2l oo(p — keI (2p — k)PpelgdlA 4

Qp[/\np} [u@p _ /.C)V]na[vnd}ﬁ + —|—2p[7775“°‘(2p _ k)ﬁ]n’\[“n”]p + 4]?[7775][06776“%7’\”"(]9 _ k)u]+
+aplpllepBllvprllepN 4 oy — k)lenflby(2p — k)dpegrle 4

+4(p — k)[anﬁ] [7775] [pn/\} [V(p _ k)u] +4(p — k)[anﬁ] [7775] [vnu} [ppA]} +

1—
+ (kQ)%q{ [k . (2p _ k.)noz[’Yné]/B + 2ph776”akm 4 2(p _ k)[anﬁ]hkéq %

% [k (2p — B 4 2(p — k)l IR QP[Anplmkw] } _

dk 1 2p — k)2 1, 5 N
:_g2h2/(2ﬂ)d{k2(p—k)2[( 2 ) Pt 4 (p — k)P (2p — k)

+pBelbeap — k) 4 plple2p — 1)) 4+ (p — kyliglapd] | plapslivyd
—pPnen™ — (p = k)len e (2p — k) + +(d = Do — B) 0 W (p = k) + (p — k)l lep | +

e Al e =

_|_

As regards the term proportional to m we can, as for the case of the vacuum

polarization, symmetrize the denominator by shifting the integration variable as k —
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k + p/2. After rewriting the numerator, we can then get rid of terms linear in k:
L3 2 2] pelvpuls L (P _ pyleplis (3 o | 8yl _ gl
[2(219 k)" +p }77 W+ (5 =R (G = k)T + P (G — k)
+p['/nu][a(;p B & = Ryl g pleglop 4
At the end of this procedure we end up with

d+17
20800 4 (1 4 @yl lB el (5.54)

—p + ,]{;2} na[l’n#]ﬁ +

Now we can replace all terms quadratic in k£ as in (5.28) and get

Ak klkyr )18 el B
/ 2m) (k+p/2)2(k —p/2%)

1 d?k k- p)? 1 k-p)?
_ / [(kﬁQ _ (k- p) )nu[anﬁ]l/ + ﬁ(k? _ d( pf) )p[MnVHBpa}]

S d—1) (2n)d p?
1

“ ket p/22(k—p/2%)

So the total expression under the integral will now become

1 1 1 1 (k-p)?
[gpz kai d+ K2y d+1 (k-p)

d-1)"  (d-1) p?
2
+%[d+172 dt1 5, d+1 (k-p)

WP T VBl
R VN S Jplrarpt

[t

At this point we can express the terms proportional to (k- p)? and k? in terms of p? as
we did in the first section. This time however we will have in the denominator only k2.
To avoid that we introduce a parameter ¢ which we will approach to zero at the end of

the calculation. We can see that the integral

d'k 1 T(1—d/2) /1\1-d/2
/ @I —C (4n)i? (&) (5.55)

vanishes for d > 2 in the limit { — 0. Since we are interested in the UV divergent part
of this diagram near d = 4, we can disregard contributions coming from this type of

integral. That said, we can do the algebra, remembering (5.32) and (5.33) and get

aBuv, 2y 19d — 11 [ d% 1 o Bly
e “92h2{ [8<d— 5 | araTe —p/2>2]’7“[ e

L{(d-1D)(d+17)—d+1 [ d% 1 08 o
[< IESUELES N ]pmnm 1}7

? A(d —1) (2m)¢ (k + p/2)*(k — p/2)?
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which near d = 4 is just

2%2 1
opuv( 2y _ _ 970" ] 65 _ dx pilov, Blv
BN = Z<47r>2{24 P - || o e

1 ! dx

—5T(2 = d/2 (Bl
M=o || G gl

2.2

_ gk 652 —1)p? plevy Blv
= Z(47r)2 { 51 L vE — loglx(x — 1)p*] + log(4m) + O(e)}n nr+

1 72
—0—?5 [E — g — log[z(x — 1)p?] + log(4r) + O(e)]p[“n'j][ﬁpa]}. (5.56)

Alternatively we could have also done the following. Group the terms as

(d + 6)pln"1Bp — (d 4 2)[plry PRl 4 BlplBpel] 4 (d + 1) klry 1B

k?
+(3p + 5 —2p - K)o

and then introduce Feynman parameters and shift k = + xp to get

2 d42
Pl peld + 6 — 20(d +2) + 2] + Pl P pA(3 — 20 + ) - %ZQL

which gives the same result for pl“n¥/Ppel part, while a different answer for the n®nt8

term (%3 instead of %) As regards the gauge-dependent part of the expression we have,
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for the term proportional to ((1 g,f)l

m (20— k)2 (0 — )Pl (p — k) + (p — k) - (2p — B) (0 — k)b P (p — k)

Ml kP — p o (p = k) (p — K)lenfllr(2p — k)Y

+p- (p—k)(p - k)[” wle(2p — k)7 — pl i ple k)

+p- ( k) (p— k)Pl (p — k)4

+p - [(p k [unV][ p* al 4 (p— k)[anﬁ][vpu] —p-(p— k)nu[anﬁlv]
—p (p B (p— k)M + —2p— k) - (0 — k) (p — B) 1 (p — &)1+
(p—k)*(p— K)o = k)T + +p- (p— k) (p — B)n M (p — /f)”]] =

{(p — k)legflle(p — Y <3p2) + opligplergH)

+p- (0= )| (0 = W01 @2p — ) — (p = )on e (2p — )

+(p — k) IBpel 1 (p — k)lenfllvptl — - (p — k)nu[anb’]ﬂ } =

{p[“nﬁ” P30 + 6(p - k)] + klenlp I [p? — 4(p - k)]

_ 2(1-¢5)
 k2(p— k)

~2(1-¢&p)
k2 (p— k)

+plenP ik p? — 4(p - k)] + KCnP g p? 4 2(p - k)] — 2 — (p - K)*nton
Lopliglplags) }

For this term we will adopt a slightly different strategy as we did before and we will use

the Feynman trick writing

1

T (5.57)

1
2
drdydz 6(z+y+2—1 )
(p — k)2 /0 ( 'p3

where the denominator is just
D=0P+z(1-z)p*=017-A,; l=k—(1-2x)p.

Now, since the integral now only depends on [? we can drop all linear terms in [ and
make the substitution [#]¥ — én“” I2. Rearranging the numerator in terms of | we get,

after some tedious algebra,

2 212
Pl —2)= + e Pnl + (@0 = 202 — 2 = 1)p? = =20+ 3) |plonlp. (5.58)

At this point we can make use of the formulas, valid in Minkowski space,

d’l 1 (=1)niT(n—9) 1\n4
/(27‘r)d = Ay~ (4r)d2 F(n)2 (*) (5.59)
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d P ()" lidT(n—§—1) 1\n-5-1
/ (2m)d (12 — A)» o (47r)d/2 9 F(;) (Z) (5.60)
di - (1?)? (=1)" /dy /d T(n—2—2) /1 \n%-2
/ 2r)d (12— Ay~ (4r)il? (5) (5 + 1)#5) (g) : (5.61)

We can already see from the first formula that, since in our case n = 3, terms with no
powers of [? will give a finite contribution when d — 4. But we do not need these terms

when calculating the 8 function. The part proportional to n#enfl is

2p% 1 P p?re-9) [t 1\2-3

As regards the part proportional to p[anﬁ] lpr) we get

4 [t dl 12 1re-4) 124
—= 2 = g 2/ 2 — )
d/o dx dy ( x+3)/(27r)d EENE i3 ()02 /0 dx dy ( :U—I—S)( )

Then we have a third piece proportional to ﬁfg)z which is:

k:41(p_—£Ak:)2 [[k -(2p— k)]2na[7n5]6n>\[u771/]p + 2k - (2p — k)nahné]ﬁ(p _ k)[“n”} Ry
+2k - (2p — k) DpPBpl Pl gyl ok - (2p — k)nAlegPlepbypdllagfl 4
+appdlle Bl (p — k)l AP gel 4 aplygllle g Blpipelle V]
+2k - (2p — k)t e (p — k)lenfl sl
+4(p — k)rg PPl (p — k)lenPl o) 4 apPypelle ] (p — k)[anﬂlhktﬂ]

X {‘”w[émlp] =
1= ([k-Cr =K apop Iyl )
_k4(p_k)2[ . WP+ k- (2p — k) (p — k) ek

+k - (2p — E)plenf i 4 k- (2p — k)pltgllekP — (p - k) (p — k)l ks
+p2klrpplle Bl — plegBlplep] 4k (2p — k) (p — k)lenfllkg]

+12(p — k)P (p — k) = (p — )P (p — )l kP

—(p-k)(p— k)[o‘nﬁ][“k”]} —

_ 1= [ 2w il Bl (e dler8) 4 Ll vl 8] g2
—k4(p_k)2[ keptn ep® + (p¥ k7 + K pP) (3(p - k) — K7)
+EEpNeRBl (12 — p? — 2p - )+
4p- k)2 + Kk —4k%(p - k)
+ 2

peleg 8 _ gpla kﬁ]p[uk'/]]_

Now again we rewrite the integral using Feynman trick as in (5.57). This time D =
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12+ 2(1 — z)p? with [ = k — zp. After rewriting all the numerator in terms of I we end

up with
d—2 (6d — 2)z% + (4 — 4d)x + 6
alp, V1B 4 272 2 4 2
n*n [72dl+pl< 5 )~|—xp(4—|—:c)}+
e —(4+d)z? + (8 — 2d)x + 2 + 5d
pligHllegf] {l2< ( ) (d ) >+x2p2(5—x2)] (5.62)

So the result for the part proportional to n®Hn¥)? will be

2 — d 1 ddl l4
T 0 dx dy dZ(;(:E + Yy +z- 1)/ (27’[‘)d (12 _ A)3 = (563)
(d+2)(d-2)T(1-%) [ 1y1-2
= 2 (471)22 /0 dx dy<K> (5.64)

and the second contribution

I ) d?l 12
d/o drdydzd(z+y+z—1)[(6d — 2)x +(4—4d)$+6]/(277)d CEYNE

2 dy rl d
P F(2_2)/ 2 1\273
== 2 2/ —2 4-4 —)" c.
i @2 ), dzdy [(6d — 2)z* + ( d)x+6](A>
(5.65)
For the part proportional to p[“n”] Bl we get:
2/1d dydz5(z+y+ 2 — 1)[—(4+ d)z? + (8 — 2d) +2+5d]/ i P
- z—1)— — e S—
i, rdydzdé(x +y x x 2r)d (E = A)
re-9 ) 1\2-%
_Z(47r)2/o dx dy [~ (4 + d)z +(8—2d)x+2+5d](g>

(5.66)
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Finally, we have the last part proportional to W:

2(1 - €4)(1 - £p)
ki(p — k)t

[k - (2p — k)2nelndlBpAlegle ok - (2p — k)08 (p — k)l I grly

+2k - (2p — k)nelpfBplpAllngvl 4 ok (2p — k)ynEgPlepbypdllegsl 4
apl el (p — k)t el 4 gplrplleglppellngy] 4
+2k - (2p — k) g (p — k)Pl 4 a(p — k) gl EPl (p — Kl Pl -
+apP o — k) e 0k < [ (b = B)msa(p — K,
2L ER5) f14 (3 — ky[2(p — kylonflin(p — k)

kt(p — k)*
+ k- 2p = B)k- (0 = B))(p — )0 (p — k)¢
+k - (2p = k)(p — k)" (p — k)&
—[k-@2p—K)llp- (p—K))(p — k)len i+
+k- (2p = k)(p — k)R (p — k)]
— [k (2p—K)]lp- (p— K)|(p — k)l kPl4
+k - (p— k) (p — k)p(p — k)R]
—[k-(p—K)llp- (p— K)](p — k)prller?l+
+p- (p = KPR (o — )R — [p - (p — K)ol g
—p*(p— B) kN (p — &)k + p- (p — k)Pl kI (p — k)R
—[k-2p—R)lk- (0 = R)](p = k)0l (p — k)]
+k - (p— )P (p — B)Fp 1 (p — k)7
+k- (0= Rllp- (p— k) — k)n e+
k- (p—k)(p = B)p (p — k)l |

Grouping the terms in a convenient manner, many factors simplify and the final expres-

sion reduces to:
21 —64)(1 = &B) (
k(p —k)*
4 pzpmkwp[akﬁ]} , (5.67)

p- k)2l 4 ptilenBling) 4 p2(p ) [plonling) 4 gl 4

Introducing again some Feynman parameters to rewrite the denominator, we have

1 ! 6
ji / dedydzdté(zr+y+z+t—1)— (5.68)
0

k*(p —k DY’
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with this time being simply D = [, where [ = k — (z + y)p. The numerator written in

terms of [ will be
4 12 wlB., o 9 2 l2 2) 2 4 a, Bllp 5

and as we can see, given that the denominator goes as I8, gives only finite contributes,

which we can neglect for the evaluation of the beta function.

Tadpole diagram

Another contribution to the one loop order corrections to the two point Green function

is given by the following diagram coming from the interaction term —g2B[TVpAM]A[“B”p].
k

FIGURE 5.4: Tadpole diagram one loop correction to B, propagator.

We recall that the Feynman rule in momentum space for this interaction is :
_ ig2[nuan5[vnph + Qnu[ﬁnv][vnp}a] (5.70)

So the expression for this diagram is just

Uk e Foker o oth e
th/ (zw)d[%z = (L= &)=l en P - 2Tt Pl ] (5.71)

W
zero contribution because of (5.55) . So the total contribution of this diagram is actually

However we can already see that the integrand is proportional to .Hence it will give

zero using dimensional regularization.

Interactions with W,

Regarding the Lagrangian one can already see that the interactions between the anti-
symmetric By, field and the W fields are basically the same as those with the A, field,
except that this time every term will be a 2 x 2 matrix. The vertex, in particular will

look almost identical to the one with A,:
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=—¢ [(p + p)enBple 4 oplB v gele o oply pellByale o (5.72)

Then, since the propagator for Wy is the same as that of A, multiplied by a 6%, in
the end everything will be proportional to t*t?, the Casimir operator that, in the two
dimensional representation of SU(2), is just t“t* = %-1. This means that the calculations
we have done in the previous section can be repeated identically also in this case and

will lead to the same results for both diagrams, except for the substitution &4 — & .

5.3.2 Corrections to the vertex

The full vertex to one loop order is the sum of

FIGURE 5.5: Full B-Yukawa vertex to one loop order.

We begin the computation with the first topology. This can occur both with the A,, and
W, fields. However we can compute the diagram for the A, case and then easily imply

the result for the W, interaction.

FIGURE 5.6: First type of one loop correction to the B-Yukawa vertex.

One can easily write the amplitude of this diagram using Feynman rules used so far,

and the result is
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d _ _
(in)ligP(=im) [ [ — (1 - g L= P 20T

(2m)? L(k — p)? (k —p)*
s [ [ ) = (5.73)

A%k 2u(p 0 — e U — mo“Pl — mio™P+)]u
= | e 7
20" + 0™ — mlf o — mo™ u(p)
(kD2 — m) (i — )
¥ - a(0/) [0~ D+ m)o ™+ m) (o~ 1) up)
(k—p)4(k’2—m2)(k2—m2) )
(5.75)

where for the first term there is a part proportional to ¢ = 4—d coming from the modified

contraction identities of v’s in d dimensions

VY v = —(2—e€n” (5.76)

VY APy = AP — ey (5.77)

YA A = =297 + ey (5.78)
VPV AA v = 27979 + 297 — ey P (5.79)

At this point we may focus on the first term and introduce as usual Feynman parameters
to simplify the denominator. This time is D = [> — A, with | = k + yq — zp and
A = —zyg® + (1 — 2)?>m?. Substituting k = [ — yq + zp and remembering that k' = k + ¢

we get, for the numerator of the gauge independent part and excluding terms of O(e),

[P +yly — 1)¢* + 22" + 2qtf — 2y2(p - )]0’ — 0P [I> + y(y — 1)¢* + 2°° + 294 — 2y2(p - ¢) |+
—2m(—yq+ 2p)0*’ = 2ma*? (1 — y) ¢+ 2p) =

[2qf + 2myq — 2mzp|o®® + o“P[—zpd + 2m(y — 1) — 2mzy] =

=[22qf — 22(p - @) + 2m(2y — 1)¢— 4mzp)o®’ + 8241 ¢y + y1*p g + pl* g™+

+16myql®y8 — 16mzpley”.

We can already see that the term of order [? dropped out. This means that there will
be no logarithmic divergent part and, ultimately, no contribution to the beta function.

As regards the gauge-dependent part we have

—a(p" )l +mf — Wl — mb)o7 (g — k* + myf — mp)]u(p),
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Here again we introduce Feynman parameters to reduce the denominator as

1
(k= p)*(k = p)* (k2 = m?)(k* —m?)

1
6
= /0 dedydzdté(x +y+ 2+t — 1)ﬁ’ (5.80)
where D =12 — A and A = —z¢® + (2 + t)(1 — x + y)m?. After rewriting all in terms
of l = k — (x + y)p, we can argue that the only relevant term that contributes to the
evaluation of the beta function is the one of order [4, since now the denominator goes
as 3. The only of such terms is just *c®? and the integral gives as result as d — 4
! d’l 14
6(1 — dx dydzdtd t—1 — =
( gA)/O xrayaz (IE+y+Z+ )/(27r)d(lg_A)4
re-49) 1\2-
=6i(1 — €a)— 2 [ dvdydz ()
(5.81)

[NJisH

5.3.2.1 Second diagram

The second possible topology is shown in figure

FIGURE 5.7: Second type of one loop correction to the B-Yukawa vertex.

This time the amplitude will look rather complicated, because of the presence of various

propagators and vertices. The expression is
. . . A (M Kk MA[p"r]6 ki\ns) ok
(=i (-iy)(~ig)(~9) | Gt~ (e x [P - 20— en) P
_ . - + T V.« (&% 1 (e v
xa(p' )y Z(z(f/— ,j)g _1722]0” u(p) x [(]H'QQ) P8 4 2gPpllenPlv 4 op/legBlirgdl ]} =

(5.82)
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1

1—
_ k4§14 |:k, . (k. + 2Q)77a[>\776]/8ky + 2q[>\776][a]€#+
— kl k/
Bl a(p )y [i- W= EEm) ] o M oy o KR
+2K""“n ku}} x u(p)y [z(p_ 7 - mZ}a u(p) x [ 172 2(1 —&p) 1

-{ 2 = ;)2 oz ) [0+ 20) (5 — b+ )P 4 2P0 gy — g4 )4

PG s ] o)
1-¢ - )

k- k;)gAi mg]U(P ) [k: (k + 2K — ¥+ m)n*PydB ¢
+2q R — - m) + 2R R — i+ )| o u(p) x

UBPUSE)
k2

k/ ns k‘fr

k4
At this point we have four terms, one of which is gauge independent while the other
three will depend on the gauge choice. We will treat the four terms separately, in order
for the calculation to be more clear. For the first, gauge-independent term, we get

11 L, 2 al, 08

ﬁmﬁu@ ) {WP/— k= +2q) — 24l + ml + 2m@)n™ 0 oy s+

+2¢P Bl s (0 — i+ m) + 26"y ns (0 — I+ m)] o*Tu(p) =

1 1 1 _ a a
= o ) (W~ R o 20 = 2 b 2o o 2P g m)

= 20— b m)r g 2R (= o m)y T = 2K (= e m)y ().

We can already argue that the only terms which will give a logarithmic divergence are
quadratic k terms, namely, the k? factor in the first term and the last two in brackets.
So we can limit to consider only those terms.

Having a closer look we get

2K, (= i+ m)y Iy — 2K (= + m)yTy T =
= 4Ky (f = ¥+ m)y Iy — 4y (= + )T =
Ay, (f = Y+ m)yPyT — Ak — o+ m);

Where we have used the anticommutation relation of v matrices. Now, since we are
always interested in quadratic k terms, we can replace k' with k and drop all other

terms.
2
- _4]{;[&%]?/7@7T + 4]{:["‘75}5/: _4l[alu(4nﬁ]# _ efyuvﬁ]) + 4l[a7ﬂ} = _gﬂgaﬁ

where in the last equation we subsituted k£ with [ and then plugged in I#I¥ — %77’“’ .
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Summing up with the previous result and rearranging everything in terms of [ = k —yp

and A = —(1 —z — y)¢® + y>m? we get that the divergent part is

d+2 [1 dl 12
o 1) —— 0P =
i y /dedydzé(ac—i—y—i—z )/(zﬂ)d(ZQ_A>3J
d+2T2-9) [ 1\23
_Grer\e73) de dy( = ab :
: (4 /0 T y(A) o (5.83)

Then we move on to the second term. This time the divergent part will be of order k.

Having this in mind we have

) ’fQ[(pQ—(lk); 5—87)712]16’412(17/) [+ 20— K+ m) 2 — 1)+

201 — I )Rl Ry = K KW (0 o m)o? |u(p).

Again, we can let ¥ = k and then put directly & = . We can already see that the
second term only has a maximum k order of 3, thus we can drop it. The divergent k*

terms will be just
— B[k P — ke ke P) 4 k2[Rl Bl A — Bty P)] = 0.

So the divergent part of this term accidentally cancels out. Then we have the third

term, which is

- Lot a(p) |k - (k + 20 — §+m)a™® + 2q,m KW — K+ m)o?™+

Flp — )2 — m”
_2k2<k[a75]]ﬁ/_ Mc[a,yﬂl)] )

Also here we can drop the second term as long as it has odd powers of £ and does not
give a divergent contribute. The divergent part is the sum of the two [* terms , where
l=k—xp

1 2—d

L 2500‘5 = Tl40aﬁ.

So the total divergent contribution of this term will be

L1 ! d4l 14 N
re-9 1\2-% ,
:3(1_€A)W)22/0 d:cdydz(g) P, (5.84)
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where A = —z(1 — 2z)m? — yq°.

Finally, we have the fourth term

2(1 — 1-— _ a a a T
I (e

where for simplicity we have considered only maximum order k£ term and omitted the
second term because we have already seen it gives no divergent contribution. However,

expanding the last term and substituting &’ = k we get
Qkaf)\né][pk;]]k/[anm[)\kﬂo-p‘r _ k4k[an[ﬁp}kﬂal)7 _ /{:4[]?[&’)/6]]%_ ]%k.[a,ym].

This means that even this last term has an accidental cancellation of the divergent
part. Then we have to consider also another diagram, but with interchanged photon

and antisymmetric propagator, as is shown in figure: The amplitude will look somewhat

similar to the previous graph :

k2 k4 k2 k:4

d !t
(in? i) i) (-9) [ o [ — (1) 2] x [ — 51— )

()

X@(p/)a/\(s {z ((]?_gﬂ,yvu(p) « [(k: _ q)”na[pnT]B _ Qq[pnf][anﬁ]u + 2k[an5”pnﬂ”} } —

(5.85)

E
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oo [ Ak g1 alp, 718 _ o lo, e, 8l 1 opla, Ao, 7]
= —iyhg (Qﬂ)d{ﬁ[(/ﬂ—q)un N —=2¢"n" ) + 2k 77,,}+

1—&a
- L4

- ks k
xa(p)o™ [z ((Z_ :;)2} Yu(p) x [WI’;ZT}‘S — 21— 53)7“77;{{” ﬂ —
d
=iy / (;iw];d { k;/z(pl— @) (= W) = o™ = 2 = )l

20/~ Ry u(p)+

[k’ (k — q)neleyTBR! — ogloymlegBlg! 4 Qk[anﬁ][l’klﬁ]k;/] }x

1—
~ i) (= K - e = o = 20— I
: Fniisok
20— R |u(p) } x [P — (1 — ) DR,

At this point again we split different terms for simplicity. Also, we can omit from the
start terms with odd powers of k since we have already seen that these do not contribute
to the determination of divergences. We will compute only such divergences, so we can
safely use ¥ = k and look only at highest powers of k. Bearing this in mind, the gauge
independent part yields

1
e R0 = 2k s £ 2k i ().

The divergent part is then just the same as in the previous graph.

As for the second part we have

2(1-¢p) _

~ 2y — R TR kT — kg 4 ke ) = o,

so also this time it cancels accidentally.
The third part reads

1—¢&a

0y~ g )[R0 = 2k PR+ 2 e Hu(p) =

1- gA ~ fo a
kM (p — k)2k2“(p/)[—k40 7 — 4k Pk u(p),

and again the contribution is equal to the one obtained before. Finally, for the last term

2(1 — £5)(1 -
(k’A‘(f?B—) (k)zkEA)“<P')[—’f4Wakﬁ D ko) — g 4 kel = o,
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So we can conclude that the divergent part of this diagram is exactly equal to the first
diagram we considered. Also, the contribution from diagrams with W), is proportional

to the one just computed.

5.3.3 Corrections to the external fermion leg

As regards the eternal fermion leg, we have the usual corrections due to QED diagrams,
plus a new self-energy kind of diagram coming from the interactions with B,,. Such

diagram is represented in figure

k
,—>\\
e \\
/ \
> >
p p—k p

FI1GURE 5.8: Additional 1-loop correction to the fermion propagator

and its amplitude can be easily written down with the help of Feynman rules:

. Ak g7 i — K+ . [Mafuly Kamg) by
R e e R R

— _iy? / (;ljr’;d { o ;)2 — [a#,,(p(— ¥+ m)o'/w:| +
2(1 -¢B)

_ k4[(p — k)2 _ m2] [o‘o‘ﬁ(p(— ]%—I— m)g“”k[anﬁ][uk”]} }

Focusing on the first term we have

O (Y — K +m)o" =2y, — K +m)v"y” = 2y, — K+ m)y'yH = —2d(2 + d)m,

where the momentum part vanishes by symmetry. So, in the massless fermion case this

term just cancels out. For the second, gauge dependent, part we have

P (g — ¥+ m)o ki = 0P (0 — ¥+ m) (kg ¥ — kakvs) =
=Y = ¥+ m)krg ¥ =17 G = ¥+ m)kbvg — 2 0 = H A+ m)kag
Y (= B+ m) ko kg,
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Now we will look at the terms with g and borrow our result for the ones with ¥.

8 8 8 B

=KDk Y YAV Y = Kok YV AV Y 8+ Kabpko YV 8 — Kjauku Y Y Y v =
= - [k'ap,ukl/)/a’yu’yu + Qkﬁpukunuﬁp)ﬂj + Qkapukunuy7a + kﬁpuku’yu’yuqﬁ + Qkappkunua7y+

gk Y VY + kapukuy Yy + 2kspukunt ] = — Al + 2(p - K)K).

This result implies that the part with ¥ instead of j/ gives 12k%K. Whereas for the part

with m:

mlkakuy* 79 9s7" — kakuy v var" — kakiy* v v v + kakuy Y e — kakuy Py ven+
+k:5k#76’yo‘wa'y" + +k:ak,ﬁﬁya’y“7,g - kzﬁkuvﬁfyo‘y“fya] =2(8+ d)mk2.

So in total we are left with
206K K — 2kl — 4(p - k)} + (8 + d)ymk?)].

Now let us introduce Feynman parameters so that

1
K (p — k?) —m?]

1
2
:/ dedydzo(z+y+2—1) (5.87)
0

D3
and in this case D = [?> — A, where | = k — zp and A = —2(1 — 22)m?. Next thing to
do is to rewrite all in terms of [ and drop odd powers:

121 + 2°p? + 2a(p - ) (W) — 44/~ 2°p* — 2(p - DY+ 6m>(I° + 2%p” + 2(p - 1)) =

2 2
=12z1%y + 2495%]/— 4P/~ 2%y+ 6m21? = 31%py(2z + 1 + 2m?).

So the divergent part for this diagram will be

1 i P
—12i(1 - gB)/O drdydzd(z+y+z—1p(2c +1+ 2m2)/ @r)dZ—AP

NI

_d B
=12(1— SB)F(2 2)31/01 do dy(2e + 1+ 2m2)<%>2

(4m)?
(5.88)

5.3.4 Counterterms

Now we have all the ingredients to evaluate the counterterms, introduced in the original
Lagrangian to get rid of all divergences. To this end we just have to implement the
renormalization conditions, i.e. equate the sum of divergent parts of diagrams plus

the counterterms to zero. So, for dp, the counterterm that cancels divergences of the
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external B, leg, we have that the sum of all divergences is

s 16 5 13 5, 13 7 21 19 19
{77 18 2 [*yQ — - g (1 - )P+ (1 —Ep)g% (1 =€)+ = (1 —&w)g” |+

3 6 8 4 16 24 32
NG ol 64 15 3 31
+plin e [—ng =50° = g% 201 —p)g’ + S (1 - Ep)g” — T (1 Ea)g’+
31 i T(2-9)
——(1- 2 = 27
4 (1=&w) } } (4m)?2 (M2)§—2
— {na[,unu]BPQ |:128y2 + (92 + %9/2)(9 — 4253) - 1951492 - EZ&WQQ} +
24
L ple Bl [—6492 —(¢* + 39"*)(40 + 6¢p) + 31€a9” + %f’fwg’Q] } i T(2-9 |
3 (4m)2 (pr2)s—2

We can see that, since there is not a gauge invariance and, hence, the Ward-Takahashi
identity does not hold, the two tensorial structures have different divergent factors.
However we first introduced in our Lagrangian for the antisymmetric tensor a term which
does not affect the only dynamical degree of freedom, By. So the part proportional to
p[“n”} [Bpo) coming from that choice, even if divergent, has not dynamical influence. This
means that the counterterm we need to introduce has to cancel divergences of the the

first term of the previous equation. This is done by imposing

_ 128y2 + (9% + 29™)(9 — 42¢p) — 19€ag® — 2éwg? B2 I(2-49)

5 . 5.89
B 24 (47)?2 (M2)2—% ( )
As regards the corrections to the vertex, divergences sum up to
3 3 1 I'2-9
4(1 — 2 (1 — 2 3 2 22 af 2 —
(1= &a)yg” + 5 (1= &w)yg™ +3ylg” + 2g7)|o (@ ()2
d
Y 2, 3 1 2 3 1 r2-9)
(47T)2[ (97 + 9") = 497€a — 59"6w] QrEt
which implies
2 d
Yy 2, 3 1 2 3 1 re- 5)
0y = 4 = —4 - = —=, 5.90
y (4@2[ (9°+ g9°) —49°¢a — 59 éw](Mz)Q_% (5.90)

Finally, the divergent corrections to the fermion propagator are (computated by imposing

the renormalization conditions, i.e. taking the derivative with respect to pin (5.88))

P F3PT2-9)  100-&)yTR-%) P +3P-100-¢5)y°T(2-9)
(47)? (MQ)Zf% (4m)? (M2)2f§ N (4m)? (MQ)Zf% - o
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We can combine these results to obtain our final goal: the beta function of the theory.

B(y,9.9) :Mi(—% + %y(% + 20y)) =

oM
Yy 2,3 1 2 3 1 22 2 92+%9/2
(477)2{_9{4(9 +g97) 49— o9 «Sw] +(5 =By~ T }
(5.91)

Obviously this result has no physical meaning because of the dependence on gauge
parameters {5, £4 and . The beta function, which is supposed to describe the behavior
of the coupling constant at different energy scales, must be an object independent on
gauge choice.

Also, dependence on &4 and &y implies that somehow SU(2)®@U (1) symmetry is broken.
This fact is probably a result of the gauge fixing term used to covariant quantize the
antisymmetric tensor field, which formally breaks SU(2) @ U(1). Further work is needed
to see if implementing a different gauge fixing term with a covariant derivative can restore
the symmetry and provide new interactions which, in turn, can cancel the dependence
on £4 and &y. Also, the possibility to add ghost fields for the antisymmetric tensor field

should be investigated as a possible cure to this gauge dependence problem.
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Conclusions

In this work we studied a model alternative to the SM in which a fundamental scalar
particle is eliminated from the theory and the breaking of electro-weak symmetry is
achieved through the introduction of an antisymmetric tensor field coupled to fermions
with a ”B-Yukawa” interaction term. The basic idea of dynamical symmetry breaking,
taken in analogy with what happens in Technicolor models, is the key concept of this
model. If the coupling constant of the B-Yukawa term was proven to have a negative
B function, then the strong dynamics of this coupling would generate some fermion-
antifermion condensate (¥W) which can play the role of the Higgs particle, generating
masses to gauge bosons W and Z and also to fermions.

This theory does not present typical problems associated with a fundamental scalar,
such as hierarchy, unnaturalness and vacuum stability, and for this reason could be a
more appealing way to explain the mechanism of the electro-weak symmetry breaking.
Even after the discovery of a scalar particle at LHC in 2012, many properties of such
particle are to be unraveled, such as its possible compositeness or its parity properties,
and must still be checked experimentally to prove that it is the fundamental Higgs par-
ticle of the SM. So, these alternative models in which there is no fundamental scalar are
still worth investigating.

Starting from a first model proposed by Wetterich [20], we removed classical instabilities
by modifying the Lagrangian for the antisymmetric tensor field. This new Lagrangian
presents a gauge freedom that, in analogy with what happens with gauge fields, forbids
a straightforward computation of the propagator due to the presence of a null eigenvec-
tor for the quadratic terms. By adding a suitable gauge-fixing term, we constructed a
covariant propagator with which we performed the computation of the relevant Feyn-
man diagrams in momentum space for the evaluation of the § function of the B-Yukawa
coupling, which is expected to be negative to allow the formation of the condensate.

What we found is a gauge dependent value of 3, which is obviously unacceptable. The

69
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dependence on the gauge parameters of the W, and A, fields, in particular, implies that
somehow the introduction of the B-Yukawa interaction breaks SU(2) ® U(1) symmetry.
This phenomenon could be a result of the form of gauge fixing term introduced previ-
ously, and a substitution of the usual derivative with a covariant one may be the solution
of this gauge dependence. Also, the introduction of ghost fields should be investigated as
a possible cure to this problem. Further work is needed to complete these analysis and
to see if the gauge independent S function is indeed negative, a necessary condition to
provide the condensate and to give mass to fermions and gauge bosons. A further step
would then be the study of possible experimental signatures of this model at current

experiments at LHC.



Appendix A

Graviton Propagator In

Momentum Space

A.1 Introduction

We know that the propagator for the graviton propagator in covariant gauges is given
by:

‘ a 1 Na
Z[pa abﬁ] ($7$/) = _2h"<'72 (np(anﬁ)a - angnaﬁ> zAOb(x,x/)
+4(1— 5)71/@28@770)(@85) /dDziASC(:L“, 2) ()AL (2, 2'). (A1)
Where

r%2) 1
47D (Ag2,)D-2)/2

iAP(z, 1)) = (A.2)

is the Keldysh propagator for a massless scalar field in Minkowski space. So, in order
to calculate the graviton propagator in momentum space, we need to first compute the

scalar propagator in momentum space.

A.2 The massless scalar propagator in momentum space

We want to calculate the Feynman time-ordered propagator in momentum space, i.e.

AfT (k). In order to do so we have to consider Ax? | = —(|t —#/| —ig)? + ||Z — &'|| in
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(1). We also know that it satisfies the equation

O*inG Tt (x,2") = i6P (x — ). (A.3)
Now, inserting a Fourier ansatz for the propagator we get:

d? / dP (z — x')e‘ik'(x_x,)iﬁg+(k#) = /dD(x — g )ie (=) (A.4)

= —k, k"N (k) =i = iATT (k) = — (A.5)

At this point we still don’t know what the exact Feynman prescription is for such prop-
agator. So all we can do is just guess the prescription and verify if it gives us the correct
Feynman propagator in real space after performing an anti Fourier transformation. So,

we can rewrite A.5 as:

] : 1 1
AT (k) = — - A.
B (k) = o [ko—k:+ie k0+k—ie] (4.6)

where k = ||k||. Then

intHe— oty = [ e [ Ro; R in-t) (A7)
0 ) (@2n)P-1 2r 0 H '

The result of the last integral in the complex kg plane is (given that the poles are shifted
as in (A.6))

Thus
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1 > dkkP=2 [ 4 w b oo
= dv d¥osintdy - - - d9r_osin? 39 _oetkllz—a'llcosdp_2
2(2W)D1/0 2k /0 1/0 28102 /0 p-2sin” "Up_ge X

x [ﬂ(t — ¢)e ) Log(t — t)eik“—t’)] (A.10)

The part with the 9 functions can be rewritten in terms of the absolute value of the
time difference. Besides, in order to maintain the integral finite we insert a factor e~¢*,

which just gives an imaginary shift in the time difference.

! / kD / 7 dih / " dusinds - / " d0p_asinD P p_getle leosdn 2
2(2m)P=1 2k Jo 0 0 - -

% efik(\tft’\fis) (All)

The integral over ¥p_s is

s 1 . ,
/ dgsinP~3yetkle—allcosd / dg(1 — q2)%€m”z_$ la (A.12)
0 -1

_ 11<D2—2> (kHa:Q—:c/H)S"’DJw(k,,x_x/”) (A.13)

At this point we can use the formula for the integral over k of the form

/ €_axjy(ﬁl‘)l'l/: ( /6) (V 2)1
0 V(a2 + 52)V*z
Substituting o = i([t — /| —ie), v = 252 and B = ||z — 2/|| we get:

D-3 _
2|z —/|) "2 T(252)
Va(=[t — 2 —ie + |lz — /||2) 2

that, including the constants comining from (A.13) and from the angular integrations

(A.14)

of (10) finally gives:

K% 1 - (A.15)

= 5 —
A D/2 (Ax%rJr) -

This means that the prescription that we guessed in A.6 is indeed correct since it gives

the original propagator in real space.
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A.3 The graviton propagator in momentum space

At this point we are ready to compute the whole graviton propagator in momentum

space. To do so we just have to substitute

D B ' ,
INT (@ —2) = / (;W)kmy(k)ezw—z)

in both terms of (1). The first one is trivial and gives:

2 dk 1 Rt (1) ik (e—a')
(_ZHKJ) (27_[_)1) np(anﬂ)a_mnpanaﬂ ZAO (k)e =

1 i k(e
= (_2}152)/de <77 allgye — n 0”&5) ek =) (A.16)
pladiB)e = p _g'n ko

The second involves a convolution of two scalar Keldysh propagators and gives:

4(1—f)hn2/de/de//dDz 8(pn0)(aaﬁ)i[Abl—+(k)Aa-+(k/)_A(—)&-—(k)Aa+(k/)]e_ik(x_z)e_ik/(z_x/)
=4(1 - f)hﬁ/df’k Do) @Dy il AT T ()AL (k) — AL~ (k)AG T ()]e*E—) =

=4(1 - g)h/ﬂ}z/dl)k i[—k(pna)(ak/g)][A3_+(k)Aa'+(k) — Aa‘_(k)Agﬁ-(k)]efik(xfz’)'
(A.17)

To find the final expression for the propagator in momentum space is just matter to
substitute the expressions for the Keldysh scalar propagators with the correspondent ie
prescriptions. For the Af ™ (k) and Ay (k) of course the prescription is different from
the one for the time ordered propagator, and it corresponds to consider alternatively
only one of the poles in (A.6).

So, namely,

SRS, &) = e

_ . 1 .
iAg T (k, At) = ﬁe”‘““

Which can be expressed, respectively, as:

iAST (k) = / d(At) eikomie*ikm = %5(1% + k) = 278 (k, k") 0(—ko)

iAy (k) = / d(At) eikoﬁtie“ﬂm = %5(1% — k) = 2m8 (K, k") (ko)
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When we take the product of these two terms, we have:

AF~A;T = 4726k, k)6 (kL k™) 0(—ko)0(ko) = O

So the final result for the time ordered graviton propagator in momentum space is:

. 1 —i K pTo) k)
Z[po'A;tg](k') = (—2h/{2) <np(anﬁ)a - ananaﬁ) W_Zl(l_g)Zhﬁm

(A.18)

provided that we use the correct ie prescription of (A.6). To obtain the anti-Feynman
graviton propagator and the Wightman functions we only need the anti-Feynman scalar
propagator Aa “(ku). This can be obtained in a completely analogous fashion as it
was done for the time ordered scalar propagator in section 2. The prescription for such
. Thus, substituting

propagator will simply be k, k* — k, k" +iei.e. iAa_(ku) = m

this expression into A.1, we have:

i Koy aks)
A(1—&)ihw 1) @TB)
+4( g)mﬁ(kukﬂ +ic)?

(A.19)

o 1
iloo D5 ) (k) = (=20%) <77p(a77/3>a - H”pﬂ”@fﬁ) k4 e

For the Wightman function we have to calculate the quantity

AT IAS™ (k) = Af™ (k)Ag ™ (k)] = —2m3 (k)0 (—ho) LM:_ et k:uk:ﬂl T }

Then we can write the resulting expression:

X4 1

1 1
4(1 — 2; A2
+ A = OhnZilk(png) R [kﬂku e TR +ie” (A-20)
And a similar expression holds for the other one:
A —+ o o 2 1
I8 (k) = 2 (kyk) ko) { (~206%) (Myamine — 55 ol )+
1 1
— 2 y
+4(1 = hKZilk (o) ks [k:ﬂku — R ZJ} (A.21)
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