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Abstract

Localization is a powerful mathematical tool to gain exact solutions for the partition function
and observables on closed manifolds. The origin and validity of several index theorems will be
discussed, specifically the Atiyah-Bott-Berline-Vergne theorem, and we will see how they are
related to localization as introduced by E. Witten in 1988. A proof of the Poincaré-Hopf index
theorem will be provided as an illustration of this method. Furthermore we will introduce
a N=1 off-shell supersymmetric Yang-Mills theory with matter on the 5-sphere and show
that the conditions for using localization can be satisfied to conclude by discussing how
localization techniques have been used by K. Hosomichi e.a. (arXiv:1206.6008) and J.K&llén
e.a. (arXiv:1203.0371) to acquire exact results for the partition function.
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1 INTRODUCTION

1 Introduction

Ever since its conception half a century ago, at the hands of Richard Feynman and many others,
Quantum Field Theory (QFT) garnered increasing popularity, and rightly so. The theory has
made a lot of accurate predictions and forms the basis for, amongst others, our understanding of
modern day particle physics.

Though immensely useful and rather intuitive and elegant in its use, QFT has its fair share of
problems:

e It is perturbative, and results with higher precision usually come at the cost of an exponentially
growing computational effort.

e Even granted enough time and resources to compute an answer to high enough precision, an
exact result still has the advantage that it might lead to a better understanding of the theory.
Given relatable results we might be able to see new structures and device an improved or
maybe even a new theory.

e In spite of numerous attempts there is no rigorous mathematical definition of the notion of a
path integral. It is defined merely through a set of pertubational rules.

e Regularization and renormalization are required to get rid of infinities in solutions. There are
several explanations for why these methods might be valid, but one of the more popular ones
is the notion that at a certain energy scale our theory breaks down and should be substituted
for a more advanced theory.

So ideally we would like to swap this pertubational theory for a theory which would grant us exact
answers. And if it could somehow incorporate gravity into the standard model that would be even
more ideal.

While it does not do the latter, localization is a very powerful mathematical tool to gain exact
solutions for the partition function and observables of the theory. It is inspired by a wide variety of
index theorems present in mathematics. Though they come in many shapes and sizes, the central
conceit is always the same: some property (usually an integral) of the entire space can be reduced
to a property (usually a number or a set of numbers) of one or more points in this space. This is
somewhat reminiscent of the use of residues for the computation of contour integrals in complex
analysis. The value of a contour integral only depends on the residues of the poles enclosed in the
contour; not on the contours shape or size.

In his 1988 paper ‘Topological Quantum Field Theory’ [41] Edward Witten translated these
index theorems to the path integral formalism, proving that for certain QFTSH we can prove that
certain quantities are ‘topological invariants’: they do not depend on the shape of the manifold
since their contribution is localized to a subset of it, which is called the localization locus. Since
then, this ‘localization procedure’ has been applied to several simple curved spaces. Two success
stories are that of the application to Chern-Simons theory on the four sphere in 2007 [35], where the
validity was confirmed of certain matrix model&ﬂ for both the partition function and some observ-
ables, which had been posed several years earlier [11], [8]. Another result came about when it was
applied to Chern-Simons theory on the three sphere. There it also lead to a matrix model [26] 2T}, [17].

In this project we will describe how the localization method came about, how it works, and
what its requirements are. Furthermore, as an example, we will discuss the N = 1 supersymmetric
Yang-Mills (SYM) theory on S5 as proposed by K. Hosomichi, R. Seong, and S. Terashima [20] and
how localization has been applied to it by J. Kéllén, J. Qiu and M. Zabzine [25]. The 5D N =1
SYM theory is an interesting one, because it has been proposed that this theory is analogous to the
elusive six dimensional N = (2,0) superconformal theory [7) 27]. Not that much is known about
this theory, yet it is linked through the AdS/CFT correspondence to M-theory on an AdS; x S4
background. So understanding this theory might lead to a deeper understanding of M-theory, or
even the AdS/CFT correspondence itself.

1Which we in that case call topological quantum field theories.
2A matrix model is a non-perturbative model which is dependent upon a finite number of variables.



1 INTRODUCTION

Structure

We will start by introducing SYM theory on S°. We need to introduce the vectormultiplet, which
contains the massless gauge field and all of its massless superpartners, and the hypermultiplet,
which contain the fields associated with ‘matter’. We also need to introduce the supersymmetry
transformations and the Lagrangians, and check whether these are consistent. Then we will study
the concept of localization as proposed by Witten. We will then take a short detour to study the
Poincaré-Hopf theorem, after which we will prove it with the help of a finite dimensional example
of localization in order to show how such a localization argument would work from start to finish.
We will also briefly discuss the Atiyah-Bott-Berline-Vergne theorem as it was the finite dimensional
inspiration for Witten to apply it to field theory. Combining the first two chapters we will then
show that the conditions for localization are satisfied, and compute the localization locus of the
theory. We finish by discussing (without a computation) the result gained in [25] for the partition
function.

This thesis does not produce any new results, and consists mainly of a literature research with
extended computations, discussion and argumentation. It is meant to be written as pedagogical
as possible, explaining this subject to a reader without prior experience with it. Hopefully this
paper provides a clear explanation. Should this, however, not be the case, I'm always willing to
try to elaborate on what I have written. I can be contacted via DLDKeijdener@gmail.com for the
foreseeable future.


DLDKeijdener@gmail.com
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2 Super Yang-Mills on S?

First a few words on supersymmetry (SUSY) would be in order. We will not need much, yet we
will need it now to keep the text in a fluent order. Therefor all readers not familiar with the bare
basics of supersymmetry would do best to read appendiz[A] at this moment, before continuing with
this text.

We will introduce here N = 1 supersymmetric Yang Mills theory on the curved manifold S2:
the 5-sphere of radius r in RS.

We will start considering the vectormultiplet. The vectormultiplet is the set of fields containing
the gauge vector potential and its superpartnersﬂ The objective is to find the extension of the
Yang-Mills Lagrangian F*”F),, that is conserved under the supersymmetry transformations. For
this, we will use the Lagrangian and supersymmetry transformations suggested by Hosomichi,
Seong and Terashima in [20]. We will check the invariance of this Lagrangian explicitly, as an
exercise for the later computations needed for localization. In these kind of computations it is
important to keep track of the different structures one is working with. So after we have intro-
duced the fields that are necessary for this completion, together with the Lagrangian and the
transformations in section 2.1 we will examine the symmetries and structures on these fields in
sections [2.1.9] through 2.1.4] In section 2.1.5] we will study the supersymmetry transformations
a bit more in depth. In particular we will check if the transformations are closed: i.e. whether
the commutator of two supersymmetry transformations is a symmetry of the theory. In section
[2.1.6) we will show directly that the Lagrangian is invariant under the supersymmetry transformation.

Thereafter we will discuss the hypermultiplet, which contains the fields representing matter@
There is one additional structure left to study in section the flavour symmetry Sp(N). In
section we will study the Lagrangian as proposed in [20], and where its terms originate from.
Finally we will explicitly show that this Lagrangian is supersymmetric as well in section We
should keep in mind, however, that this is not true off-shell supersymmetry, for it is said that this
is impossible to do with a finite number of auxiliary fields. It does follow a rather weaker criterion,
as we will discuss.

A few more notes about the Lagrangian are in order. The Lagrangian consists of two parts,
which we will treat separately. There is a part Zyector linked to the vectormultiplet. It is invariant
under a supersymmetry transformation of the fields in this multiplet. Besides that there is a part
linked to the hypermultiplet, with Lagrangian Zatter- It is invariant under a supersymmetry
transformation of the fields in both the hypermultiplet and the vectormultiplet. Both Lagrangians
are invariant under ‘different’ supersymmetry transformation (for Zyector you only need the fields
of the vectormultiplet transforming), but since the supersymmetry transformations acting on these
multiplets do not anticommute, we will still have N =1 (as opposed to N = 2) symmetry.

3In a more general supersymmetry context, a vectormultiplet is the set of fields resulting from the expansion of a
vector superfield: a superfield V' that satisfies the relation V* = V. However we will not treat superfields here, so
vectormultiplet will be used synonymous here with the supersymmetric fields following from the vector potential.
For more information on vector superfields, see [13].

4Just as the vectormultiplet, a hypermultiplet has a more general meaning in the general context of supersymmetry:
it is a combination of a chiral and an anti-chiral multiplet that will be introduced in section Just like the
vectormultiplet, we shall not discuss the (anti-)chiral multiplet in detail. In short it is the set of fields resulting from
the expansion of a (anti-)chiral superfield, a superfield with restriction Dg® = 0 (or Do ® = 0 for anti-chiral). Here
the D, is the supercovariant derivative, which is an extension of the normal derivative for superspace. For more
information on chiral superfields, see [13].

5This nomenclature might be somewhat confusing, because the term hypermultiplet is usually reserved for a
matter multiplet in a N = 2 theory. This is not the case here, since we are working with N = 1 supersymmetry here.
But since it is very similar we will use the name hypermultiplet nevertheless. On a amusing side note: this is where
the name of the hypermultiplet stems from. Originally, before it turned out extended supersymmetries could go up
to N = 4 and higher symmetries, P. Fayet used the term hypersymmetry [I2] to indicate N = 2 supersymmetry.
This name never stuck, yet ‘hypermultiplet’ did become a household name. Personally, the author thinks it is a pity
they did not name N =4 and N = 8 supersymmetry gigasymmetry and ultrasymmetry respectively.
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2.1 Vectormultiplet

First we will discuss the contents of the vectormultiplet, the supersymmetry transformations on
them and the Lagrangian. Notation and concepts that might not be clear right now, will be
introduced in the sections through The vector supermultiplet contains the following
fields:

A,, the non-abelian gauge field,
o a real scalar field,
A a set of gauginosﬂ labelled by an index I € {0,1},
Dyj aset of auxiliaryﬂ real scalar fields with the restriction D5y = Dyy — D1 = 0.

These fields have the following supersymmetry relations, which can be found when considering the
internal relation of the vectormultiplet:

S A, = i&D N\,

Seo = i& N, (2:2)

1 2
Sehr = _§FW(FW§,) + (T¥¢) Do — €7 Dyr + ;t,JgJa, (2.3)
0¢Dry = —i& T Dy g + 0,6 A 5] + %thgK)\J + (I < J), (2.4)

where t;7 = £(03),” is the usual Pauli matrix, D,, is the covariant derivative we will discuss around
equation 7 and £ is the (infinitesimal) parameter of the transformation. £; takes the form of
an odd spinor satisfying the Killing equation on S2. We will discuss this in detail around equation
in section m

The Lagrangian of the vectormultiplet on S? is a completion of the Yang-Mills term %Tr(FWF =
term under the supersymmetry transformations which have just been introduced:

1 1 1 2 10
Lroctor = —5—Tr {FWF‘“’ — DyoD"o — =D D" + Zot" Dy — <"ty 507
9y 2 2 r r
HATEDLAL — Ao, M) — St 00|, (25)
r
where tf = %(al){ is any of the three Pauli matrix and r is the radius of the sphere. This

Lagrangian is introduced and constructed in [20], where it is derived both by means of trail and
error and from the corresponding supergravity theory. Note that there is an odd choice in the
kinetic term of o. Instead of the usual positive sign we have a negative one. This is done because of
the convention of choosing o purely imaginary, as is also the case with D?”. This has been done to
enable the localization argument later on. The limit » — oo yields 5-dimensional Yang Mills theory
on flat, Euclidean R®. There are various non-trivial computations hidden in the notation of this
Lagrangian. The covariant derivative D,,, for instance, has a different meaning when applied to
different fields. Because of that we will first discuss the four different structures in this Lagrangian,
before we perform the supersymmetry transformation to show explicitly that these transformations
define off-shell supersymmetry and conserve the Lagrangian.

6Which is the spinorial superpartner of the gauge field.

"The auxiliary fields are not physical, but they serve another purpose. They can be considered as extra degrees of
freedom with a boundary condition on them, imposed by the equations of motion. This is almost like an application
of Lagrange multipliers, just as one might use them in classical mechanics. This is the reason why the supersymmetric
variation, which will be introduced shortly, of these auxiliary fields ( and ) are 0 under the equations of
motion. The inclusion of these fields guarantees that the Lagrangian is even off-shell supersymmetric: i.e. without
the use of the equations of motion. We will justify the need for an off-shell Lagrangian in section El
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2.1.1 Spinor structure

The field A¢ is a spinor for I € {0,1}. Since we work in Euclidean, and not Minkowskian, metric
the I‘mﬁ do not denote the usual Gamma matrices from appendix but rather

{T™, T} =257,
and '™ "» denotes fully antisymmetrized tensor
proony — Lpbupne | pral,
p!

We then need a symplectic form in order to define an ‘inner product’ between two spinors. This
will be the charge conjugation matrix C, which is defined as the matrix satisfying

clrmTo=1m, for all m (2.6)
normalized with the conditions
CT=—-Cand C* =C. (2.7)

The transposed ” in these past two equations indicates the matrix transposition with respect to
the spinor structure. The scalar product between two spinors is defined and abbreviated as follows:

@) C. x5 = v Cx = ¥x.
This abbreviation and the symmetry properties of C' lead to the equations
ox = (W7)C,xs = (¥T)*Coxp)" = (XT)PCT) 3" Ya = —(XT)PCs " = —x1b,
Y™y = XHIMTC Y = (™) Ty = X" COHIT™)T Oy = —xI™9,

Yty = —x3([CMTIENTCP = —xCETIT™myY = ™) = xI"",
as long as either v or x is a bosonic (even). If both spinors are fermionic (odd), then these three
equations will inherit another minus sign. These relations will be used often throughout the tet
without an explicit reference.
Another important relation is that '™1R2nsnans — emin2nsnafs (in five dimensions), where € is the

Levi-Civita symbol. This has the implication that every product of three gamma matrices can be
rewritten as a sum of products of two gamma matrices. To be precise

5
Z Fn1n2n36n1n2n3n4n5 — _6]_'*114115. (28)

ni,ng,nz=1

We will also need the Fierz identity. This is an identity that can be derived using the fact that the
set of 16 matrices {I, '™, '™mn T'mno Tmnop pmnopq} spansﬂ the entire space of 4 by 4 Hermitean
matrices. It states that for ¢, n and ¢ bosonic spinors:

1 1 1
C(nd) = 76(0) + 7T (TwC) = ST™ S0 ). (2.9
An identity that can be derived from the Fierz identity is

Coux(nC™ o) + x(ng) = 2¢(nx) — 2n(Px), (2.10)

still for bosonic spinors, and it will prove more directly useful. It can be proven by considering that
L Lom ED 1o L
C(06) = 30000) = T 60TmC) B L™ 6T 1) = = LT G(CT )

1(C8) = 30(C) = {T™ ST ) = 1(C8) + 3001C) + { TG nC)

8We will work with a notation where the upright Roman alphabet indicates Minkowski space, while the Greek
alphabet indicates curved space.
9Up to a few linear relations amongst them.
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When substituting bosonic spinors for fermionic spinors a few signs might flip, depending on
whether two fermionic are interchanged in the equations above. For all fermionic spinors (, 7, ¢ we
have

C(16) =~ 1601C) — T GTmC) + ST G ). (211)

and
Cx(mI™ @) + x(ne) = —26(nx) — 2n(dx), (2.12)

2.1.2 SU(2)r symmetry

In appendix |B| we study whether it is possible to impose Majorana and/or Weyl conditions on
spinors in d dimensions. Table [2| in that same appendix shows the results. As one can see it is
impossible to impose a Majorana condition on a spinor in 4 + 1 dimensional Minkowskian space.
But there are additional opportunities when we introduce an additional SU(2)r symmetry. This
additional symmetry is denoted by the index I in A7, and it transforms like

Ar = e\, and AT = ¢!\,

where €75 is the antisymmetric tensor €g; = —ej9p = 1. Note that these definition imply that
erseX7 = §,X. The Majorana-like condition imposed on the A field then takes on the following
form

(AF)* = 7).

This is often called an SU(2)r Majorana spinor.

2.1.3 Non-abelian gauge theory

As a result of having a non-abelian gauge group, all above fields have to be considered Hermitean
matrices. These matrices transform under the gauge group in the adjoint representationﬂ which
is SU(N) in this case. Thus the Lagrangian is invariant under the transformation

¢ UgUT, (2.13)

with U € SU(N) and ¢ € {A,, 0,1, Drs}. In order to obtain a scalar, all terms in the Lagrangian
will therefore have to be traced over. The cyclic property of the trace

Tr(AB) = Tr(BA), (2.14)

will be used often. Apart from this trace, however, all notation concerning this group will be
suppressed in the calculations. We will furthermore choose the fields to be Hermitean valued within
the gauge theory so that AT = A, A\ = A\T. However o' = —¢0 and D' = —DT, because these fields
are purely imaginary. One should keep in mind that fields never commute in a non-abelian setting.
This means the covariant derivative acting on ¢ will assume a different form

Do = 0mo — i[Anm, o).

In a wider context, the covariant derivative working on all fields always contains a non-abelian
gauge term. When considered in the adjoint representation, this term looks like

Dy = am¢_i[Ama¢]' (215)

10The fact that this is the adjoint representation is linked to the way in which the fields transform as , as
opposed to the way they would transform in the fundamental representation, when ¢ +— U¢. Another difference with
the adjoint representation, is that in the fundamental representation ¢ would be considered a vector, not a matrix,
with respect to the gauge structure. We will encounter a set of fields which are in the fundamental representation
when we will study the hypermultiplet later on in section
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This also effects the gauge field strength tensor Fi,,, which is slightly different from the abelian
case. Acting in the adjoint representation it will look like

[an7a] = Z[Dm7 Dﬂ]g = [amAn - anAm - i[Am,yAn]a U]a (216)

The last term would normally vanish when applying minimal coupling (D,,, = 0,, —iA,,), but since
the fields are no longer abelian, this is no longer the case. One need to keep in mind that
only holds if it acts on a scalar field, for with a spinor field an additional term in the covariant
derivative (which will be introduced in ) will add a curvature term to the right hand side of
, as we will explain in the next section.

2.1.4 Spatial structure

Putting the theory on S2, as opposed on flat space, has an influence on several aspects. The metric
on S? is given by
ds® = dr? + r?dQ3,

with d€)4 a four-dimensional angle. We shall not make much use of the explicit form of the metric,
however.
We define the vielbeins in the usual way}]

gt = e”ae”béab.

In the vielbein, and the following part of the text, we will use Greek indices to indicate coordinates
on curved space, and Latin indices to indicate coordinates on flat space. This also leads to new
curved I'-matrices, which are defined like

'# =et I,
and satisfy of the Clifford algebra on this curved space
{TH, TV} = 2¢"".
These new matrices transform under the metric
r,=g.I".
And this also means equation changes into

%g%l—‘wjpd/,upar — _T°7.

The Fierz identities following from this relation look identical to the ones stated in section [2.1.1
Having a non-trivial metric will introduce another layer of complexity to our calculations. To keep
notation as simple as possible, the covariant derivative has up to three terms depending on which
object it acts. On a spinor v all extra terms are applicable, and the full covariant derivative looks
like:

. 1 v
Dy =0,y — i[A,, ] + Zwm,pl" P, (2.17)
where w,,,, is the spin connection. It is given by
Wpvp = eal/g;w'apeml + guagoym

where 27, denotes the affine connection, or Christoffel symbol, given by

- 1
9uo ¥y = 5(8119/1/1 + OpGuv — Ougup)-

M For Minkowskian spaces, one uses the Minkowskian metric % instead of the Euclidean metric §%°, but we are
studying the Euclidean space S3.
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We can prove that g”°w,s,, vanishes, by the following calculation:

1
97 Wpop = €aqr0ue’* + igpgéab(ag(e,wepb) + Ou(epaos) — Op(€salpp))

1
= eq0ue” + §gp”6“b((8geua)epb + €pa00€pb + (0u€pa)eot + €palulot — (Op€oa)eup — €xalp€pup)
= eq, 0" + e 0peqr = 8#(6;,1,61”’) =0.

In the action, the fields are traced over the non-abelian gauge structure and integrated over the
whole space. Thus, for integration over a closed manifold M, we can perform integration by parts
with the covariant derivative just as well as with the normal derivative:

[ aarcorp) = [ dors [¢>P“8uw—i¢>r“[z4m+1wwp¢rﬂr%}
M M 4

= / d’xTr [auqsrw — igT* A b + igpTHp A, + iwwpwcwruw] ,
M

now we use the identity I'*I'VP = 2¢gH*T'P — 2g#PT + TVPT# (E.1) to find

: 1
/M d°zTr [—(mm — igpATH ) 4+ 1A, eTH + Zw,wquTC(qurf’ - rﬂ”rﬂ)w}

12.6)
. 1 1
/M d°xTr {—a,@rw + (A, PTHp — Ewwp(F”%)TCF“w + 2wwpg*‘”¢>F”w}

= / d°xTr [—(DM¢)F“1/J+;WW,pg””¢FPz/J : (2.18)
M

Now we can use g"”w,,, = 0 to prove that we can still perform integration by parts with the
covariant derivative, independent of on which field it acts. Note that this derivation does not
depend on whether ¢ and ¢ are even or odd spinors.

2.1.5 Supersymmetry

As we mentioned in section the supersymmetry transformation is a continuous symmetry.
Therefor it has to be dependent on a (possibly infinitesimal) parameter ;. This is a vector on the
manifold that indicates the direction and ‘amount’ of the supersymmetry transformation. It turns
out it has to satisfy the Killing equation on the sphere

1
D& = ;ff‘jfu&h (2.19)

to be able to close the supersymmetry transformations trough under the supersymmetry
algebra. Furthermore it is chosen to be a Grassmann odd spinor, which means that the ¢ in
through is an Grassmann even transformation. It is important to understand that &;
is a gauge independent parameter, not a field. This means that £; commutes with all fields when
considering the gauge structure. Concerning the spinor structure it will still anticommute because
of , and if the spinor is odd this will yield another minus sign.

This equation does rise the question whether or not such a spinor indeed exists on S>. The answer
is yes, for one can give an explicit construction of such a spinor. This we will not study, but an
explicit construction can be found in [20].

The next step is to check whether the supersymmetry transformation closes the supersymmetry
algebra. In other words we should check what the commutator [d¢, d,] does to the fields. When we
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apply it to A,, we find

[0, 0n] Ay QZEIJUIF deAg— (<)

(12.3) v v . v v
- 5( n T, IPe! — &0, TP F,, +i(n T, T7¢ — &0, "0 )Dyo

. . 1
+i(niT W€ — &1 unee) DX + 2i(niT Wbk — fIFunK);tha

Since ;' &k — 11wk is antisymmetric in I <+ K and DXT is symmetric, the third term vanishes.
For the first term we make use of n;I',['"*¢! = ¢T°T,n' and , while for the second term we
note that nIFHF”ff = —§IF”FH771. The last term we can rewrite with the Killing spinor equation
(2.19). Thus we arrive at

i 174 v vTw v
[0¢,0,]A, = — 5(gl(r,lr P —26,"TP +26,"T )" — &L, 0"y F,,
- 7;(77[{]-—‘#7 ]-—W}gl)DuJ - Qi(DugKnI + ngﬂnK)U
== 2i(&Tn")F,, + Dp(—2iém" o). (2.20)
We can also apply [d¢,d,] to o. This results in

[557571] ! IJU 55/\] - (5 e Tl)

(12.3) v v . v v
— 5( TPl — TP Fyy + i( T — 6170 D,yo
1
+i(nr€x — Emi) DXL + 2i(nréx — 51771() tEq.

The third term vanishes on the same grounds as it did with the A,-case, and the first term also
vanishes trivially after a spinor exchange. This leaves us with

[65,677]0' = —2i(§1F”n1)D,,a — 2i(§]%t nK — 77[ t fK) (2.21)

The computation for A; is a bit more involved. To shorten the notation we use 5 1= %t IJ &y for
a spinor £. Furthermore one should pay attention to the position of the brackets, for they will
indicate which spinors will be multiplied. So

2.3 -
[0, 8y)Ar =" = T"n1d¢(DyAy) + Tn16e(Dyo) + 00 D7 p + 2616¢0 — (§ ¢ m).
Using that §:(0, A4, —i[A,, A)]) = D, (6¢A,) — 1[0 Ay, Ay), we have

(2.2)
C) o 3 . -
—alt nl(gJFuFV)‘J + fJFVDu)‘J> - 771<§Jru[)‘Jv A) + ZFHUI(&JFN)\J + gJDu)\J>

+ (€T N o)) — ing (€' DA + &4 DN ) + 05 (€7 [0, M) + Erlon X)) + ing (€7 + EN)

+ 201 (E7) — (1 ¢ €) (2.22)

We can start by grouping together the terms containing derivatives of A. Then

LD (5T, DN + T (€5DuN) — ing (€'TFDLAL) — ing (ETF D) — (€ 5 ) B
i (THn) (5T, DY) — inr (€T D) 4+ i0Pnp(€ DA ) — ing€7THDL AL — ing (6T DAY — (€ 5 ).

We should now use the Fierz identity (2-12)) to see that il (I'*n;)(£,T, Dy AT) 4+ iTHn (€D AT) =
—2iD, N (E;,THnr) — 2i€5((D A )THyr). Simultaneously we note that through the same iden-
tity —ing(E'THD,Ar) — (n < &) = —ing(E'TD,Ar) + ing(§'TEFD, L) = %F“D“)\I(S'IHJ) +

10



2.1 Vectormultiplet 2 SUPER YANG-MILLS ON S3,

%F”F“Du)\j (¢7T,ny). Applying this leads to

+ §P“Du>\1(€J77J) + §F”F”Du)\1(§‘]1“um) = 20D N (€T nr) + 20D N (€7 )

= (@&5((DpATnr) + 0 (€500 D)) + (i (DpA")THEr) + T €1 (1T D).
The Fierz identity can be applied once again upon the last two pairs of two terms. This leads to
i
§(€IL€MN +ervernn + ernenn)THD A (EM0N)

(ervemn +ernvern + erenp)DYTHD N (EMT ™) + (ernemr + ernenn) DA (€M THRN).

N | .

+

We can recognize the Bianchi-like identity (E.4)) in this to find that this is equal to —2i(D A1) (€,T4n7).
Next we will group the terms of (2.22) containing [0, A]. On the term —I'*n;(£,T, [0, A\7]) we will
perform the Fierz identity (2.12)), and then we will find

&1 (nrlo, M) = &r(nalo, M) + 200, M(€omr) — €57 [0, Ar)) = (€ <2 ) =
(erremn + €rnvern + €1M€NL)€L(77M[0, /\N]) + 2[o, )\J}(fﬂn) — (&)
(ernernr — ernrern)2[o, AX](EM ™) i[—2i(Eym”)o, Ap).

The remaining terms
—iT*nr (ET WD AT) + il (ET W) + ing (€7 A1) + ing (A7) + 2 (6507) — (n 4 €)

will prove to be equal to

=3iAi(&m”) = Bids (&7 + €7ir) = %FWM&FM’) —(Een)

In order to prove this we will show the difference of these two terms is 0. We start with applying

the Fierz identity (2.11]) to —iI'** (&I, T, A7) = —il™ (£, A7) and — 2T X\ (£,T,n”). This
leads us to

— 20T (&5 AT) = 2ing (E4X7) — 8N (Emr) + T 01 (€T N) +ing (E7 A1) + ing (E07) + i (E507)
+ 3N (§5717) + 3iMs (€77 + €771r) — T AL (€T ) — i1 (Ean”) — din (E401) — (n = €) =

— T (ETuAT) = 2inr (E737) = 8A (€5mr) — Bins (€7 A1) +ins (Er A7) + 2 (E507) + 3ids (&r71”)

+ 3i(erpenns + ernvenrn)NE(EMGN) + (TN (E5T un”) +idr(Esn?)) — (€ < n),

We then use that 3i(erpenas +ernvenrr )N (EMFY) —3i\ (&r77), furthermore iF”)\I(fJFMnJ) +

. = (12.12) . It e . g (2.12) . e . e
in(En?) B2 2t (€5Ar) — 2665 (7 Ar), and —iTnr(E,T7) B inp(E507) + 200 (Ermr) +

2i€ ;(\n;) to find
—inr(Es0) + in? (Exr) + ing (ErN) + 2iii (E07) + 23715 (€7Ar) + 2i€5 (N nr) = (€ 5 m),
which is equal to 0 due to the Bianchi-like identity . Thus we conclude that
[0, 8alAr = = i26, T ") DyuAr +i[=2i€m” M) = 3ilEi” = ns&”)As

. ~ ~ & c P v ~ v
= 3i(&i” + & — & =T €N, — 5(@1““ n? = T ENT WAL (2.23)

11



2.1 Vectormultiplet 2 SUPER YANG-MILLS ON S3,

Lastly, we should check what [d¢, d,] does to Dr;. We find

2.4)) . v~
0, 0,1D1r5 B (i T D (5ehs) — T (e Ay As) + [Be0r, (i s)] + [0 miBeAs] + idirdeds + (I J) — (€ < 1)
(2.1)

@3) ¢ - 1 o 7 ) » )
D LT Dy + S (TP 4E) Fyg — (T TE5) DDy — il T 6x) D DX
— (T W) DX 5 = i(niT¥ Dy g)o — i(miT*Es) Dyo — iniTH[(ExTu A, A
. 1 v
+i[(ExNS), (A g)] — 5[07 Fu )T €5) + o, Duol(niT#€5) + [0, DX j)(n1éxc)
- i o o .
+2[0,0)(ms) = S T €0 Py — i T €1) Do + iin& ) D™y + 2i(i11E )0
+ T+ J)—(E+n).
The [0, 0] term drops out trivially, as do both [A;, Ax] terms. With the help of the symmetry
in I and J and the antisymmetry in £ and n we find that all terms of the form (n;T'¢;) with T’

the identity matrix, I'* or I'**# vanish. This means the terms [0, D, o](nT"€;), 2i(7:1€s)0 and
—i(niI*€5)Dyo — i(NiT#E ;) Dyo drop out. Other vanishing terms are

i

—i(nP*Dyig)o = —i(nTHTyt St )0 = *i(§)25(771§J)0 =0,
- v i v . v
_Z(WIF“F fJ)DuDVO- = _§<nI{F“7 r }fJ)DuDVU - Z(nIFM fJ)Du,DVO-
ED P
B i) D% — LT e Dy, Do
B9 L e hich vanishes against the other [o, F,
= 75(771 &7)[Fuv, 0], which vanishes against the other [o, F},,] term,
i UTPo £ 1) ¢ PO wpo HOTP\T & _t po po\ &
5(771F r FugJ)FpU — §(nI(F T + 29 rs — 29 r )FugJ)Fpo‘ - 5(771(—4F + oI’ )gJ)Fpa
= 7%(5‘]Fpoﬁj)Fpg, which cancels with the other F,, term, and
Z’ " loa " i yyelen L g g
5(7711” P75 DyFpe =" (i (T*P7 — g'PT7 4 g"°T?)E5) Dy F o

B \V)

(3 . .
= ST D F e + (T D7 Fp = 0,

where we suppressed the notation for the (anti)symmetries of the terms. This means that we are
left with
[6¢,04) D1y = —i(niT"€x) D DX ; —i(ni DT éx) DX 5 + [0, DX [ (ni€ic) + i(iiréx ) DF
+{I = J)—(Een).

We can write

. . (E.4)
i €x) DD 5 = ~i(erzena) (1" D, DN, B
1 1
—Z(§EILENM +gevemr + §GIM6LN)(77LFM§M)DHDNJ»

where the first and third term drop out by the virtue of the antisymmetry between n and &, which

results in an antisymmetry between L and M. Thus only the term —i(nKl'WfK)D#DU remains.

An identical strategy can be applied to show that [0, DX J(n:éx) = %(«fKnK)[U, Dys]. Then the

last step is noting that
5i(iix€r) D" +i(irEk) D" = i(beryeNL — ernenn)(i"€) DY,

(E.4) . -

-Z(3E]MGNL — 3EIL€MN — 26[N€LM)(77L5M)DNJ

= —2i(Exi™) D1y — 3i(&ri™ + 5ir) Dic s

12



2.1 Vectormultiplet 2 SUPER YANG-MILLS ON S3,

Taking (2.20), (2.21)), (2.23) and these last results for Dy all together, we can state that

[0¢,09) A, = — ' Fpy, + Dy,
[0¢, 0plo = — " Dyo + po,

: ‘ 3 1
[6¢,0p] A1 = — " Dy A1 + iy, Ar] + ZPM RN+ 19" T,
[0¢,8,)Dry = —iv* D, Dry + iy, D1j] + 2pDry + R Dy y + R,;* Dy, (2.24)

where v = 2¢;T#n! is a parameter for translation, v = —2i{/n’o is such that v + iv" A, is a
parameter for a gauge transformation, p = —2i(&7! — nrit) is a parameter for dilation, Rry =
—Bi(flﬁJ"i-fJﬁl—mfNJ—nJg[) is a parameter for an R-rotatio and O+ = —22'(51I‘W771—1711"“”§I)
is a parameter for a Lorentz rotatiorﬂ This coincides with the results presented in (2.16) and
(2.17) of [20].

We have thus shown that [0,,d¢] acts as an even symmetry upon the theory, since it is a sum
of (known) even symmetries of the theory. This is an important fact that will play a role later
on. This means that the supersymmetry algebra is closed. It is even closed off-shell, for in this
construction we did not need the equations of motions. Furthermore we should note that all
parameters v*, v, p, Ry; and ©*” will vanish in the case that n = £. This should be the case,
because [0¢, d¢] is trivially 0.

2.1.6 Vectormultiplet Lagrangian

From now on £ is chosen to be even in order for d¢ to be odd, for we will need this crucial property
later on when studying localization, and we will explicitly check whether this has any effect on
computing the variation of the Lagrangian. This has its effects on the usual ‘Leibniz rule’ for
transformations. Define the ferm(a) function as 1 if a is a fermionic (Grassmann odd) spinor and 0
otherwise. Then

§(ab) = 6(a)b + (—1)fr™@as(b), (2.25)

with a and b any field. We will see why this trick is performed in section 4] but for now it suffices
to state that we need to check whether the Lagrangian is invariant under the ‘supersymmetry’-like
transformation.

We will label the terms in the Lagrangian according to

B ¢ F g
1 1

1 2 10
Lrector = —5—Tr | =F,,F* — D,oD"o — iDuD” + ;at”DU - ﬁt1=’t1J02

2
Y M 2

D £ O
DDA = Mo M) = SN | (2.26)
T

for the purpose of convenient reference. This Lagrangian should be invariant under the supersym-
metry transformations (2.1)-(2.4). In particular, it should also be invariant under the limit r — oo,
which corresponds with the flat case. The supersymmetry variation of the Yang-Mills term A is
given by

1 v\ @29 1 v 1 » @13 v
5e(A) = 0 (2FWF“ ) ez S(BeFyu ) P14+ S F b P BID 5. p
F0¢ (8P A7) —Alk AM1)

OF,, (076 A — i(¢ AM)AY — iAFGAY),

12 A rotation in the SU(2)g group.
13 A spatial rotation.

13



2.1 Vectormultiplet 2 SUPER YANG-MILLS ON S3,

where we used the antisymmetry of F),, in the last line. Integration by parts will give a total
derivative term (vanishing thanks to the the fact S? is closed, i.e. compact and without boundary)
and the leads to the following result

e(A) BED (= (34%) 0 B, + i(5A”) A By, — (5 A”) By AY)

= 25 AV F,, — (A F)) B _o(5.A)\DPE,.
The next step is searching for a term with which this could cancel. We fill in the supersymmetric
transformation (2.1) to find —2i§1F”/\1D“FW = 22’(D“FZ,M)§1F”)\I. Thus we are searching for
terms with a covariant derivative of the field strength tensor. The variation of iA;T* D, is the

only candidate, for the only other term containing a covariant derivative, —D,oD#o, will not
contain F},, under supersymmetry variations. This leads to

56(D) = 8¢ (iIMT* DA ) B2 46 AN T# DA — iNTH D, (5N + AT#{5e A, M}

BLD S (S ATH DT + ey 5 (D ATH(SAT) + A TH{5e Ay, AT

BLD S (S ADTH DN + i 51 (B A YTED LA + A T# {6 A, AT}
= 2i(6A)THD A + N TH{5e A, A} (2.27)

The second term is the supersymmetric variation of the gauge field hidden inside the covariant
derivative, and can sloppily, yet illustratively, be denoted as —A;I'* ((5§Du))\l . This term we will
keep in mind for later use.

The first term can be worked out to be

E3)
20 AT DA B2 (D, F, ) T TN — iF,, (D, & )T T\

2
+2i ((&F”)Dya —¢'Dyr+ th"§10> "D, (2.28)

The first term here will drop out against the variation of the Yang Mills term. It can, due to the
relation T'VPH = TVPTH 4 gHT'? — g*PT" (proven in (E.2))), be written as

—i(D,F,p)eT TN = —i(D, F, )TN +i(D,F, )& (g" TP — g"P T )N
= —i(Dy, F eIV TPTHN — 2i(DPF, )T N

The second term drops out against the variation of the Yang-Mills. The first term vanishes because
Dy, F,,y =0, as we can see by writing out

DuFyp = (0.0, Ap = 040, Ar) = 10, [ Ay, At — i Ay, 0, Al +i[Ay, 0, AL] = [Ays [Ap, A,
where the 00-terms vanish against each other under cyclic permutation, and [A,,, [A,, A,]] vanishes

under cyclic permutation due to the Jacobi identity. For the rest of the terms we need to cyclicly
swap the indices to see that

= —10,[Av, A, —i1[Ay, 0,A, +i[A,,0,A,] = —i0,[AL, Ap) +i0,[A,, Al =0
To summerize, we list the leftovers from (2.27) and (2.28).

2
5¢(A+ D) =M TH{6c Ay, N} — iF,p (D) TYPTHA + 26 <(§IF”)D1,U —¢'Dyr+ rtIJgJa) r“D, A\
(2.29)

14



2.1 Vectormultiplet 2 SUPER YANG-MILLS ON S3,

Filling in 6¢ A,, in the first term on the right hand side (RHS) of (2.29)), will yield iA; T, {(£,T#A7), AT}
2i(ArT,AT)(€,T# A7), which is cubic in A. The only other term cubic in A will follow from §¢€.
This becomes

5c€ = 3¢ (~Aalo M) B (6o, A+ Ar{Bco. M) + Ao, 6eAT]
BLD _ (5eA) [0, M) = M Aeo + AAeo — (8 M) A1o + (S M )oAr
= =2(8eAp)[o, M)+ 20 M g0 (2.30)

The second term on the RHS of (2.30) is cubic in A, and will vanish against the cubic A term in
(2.29) with use the Fierz identity. When taking into account that A is a Grassmann odd field, we

can rewrite (2.9) as
1 1 1 .
M(EANT) = =N (€)= JDAETRAT) + ST AN (€T A), while
1 1 1
Ex(NN) = —ZAI(AJ@]) - ZF“)\I(/\JFM@) + ngAI(AJrWAJ)
1 1 1
= +1)\1(&)\]) + ZF“AI(@FM)\J) + grul’)\l(&ruw\'})
Taking the difference between both lines results in
1 1
M (€M) = & (VAT) = =2 M(€A7) = ST AT(E, 1) (2.31)
Applying this to the second term on the RHS of (2.30)) and the A-cubic term in (2.29) will lead to

26(A A (EGNT) + 20 AT AT (ETHAT) = 200 (N (E4A7) + DA (€THAT))
= 4iA (& (NN = AT(€sAT)
On the left term we can now apply (2.7, and the fact that A is odd to see that
. 2.14)
= 4i(—(N M) (€MD) + (VA () = 0.

To summerize what we have so far:

1 2
Se(A+D+E)=-2 (2§IFWF,W +&TD,o — €7Dy + Tt,"&m) [0, AT]
—iF, (D) T PTHN 4 2i <(§IF”)D,,U — ¢ Dy + gt/g Ja) DA, (2.32)
T

214
where we can drop the fourth term, since %tIJgJ(cro)\I —oMo) 0. We will now study 6¢C, it
becomes

©-25)

1 (2.14)
6cC = =30e(Drs D) B —Dy 3¢ D

Dy, (—ig{IF"DMAJ} P R o tJKgKAI)>
= —2Dyy (—igfrﬂpuﬂ + &M o, M)+ ZtIKfK)\J) , (2.33)
T

if we use the symmetry of D;; for the last equality sign. The first and second term of (2.33) and
the seventh and third term of (2.32) clearly respectively cancel. As such we find

Se(A+C+D+E) =— T E, [0, \] — 26,7 D00, A] — Q%tIKDUfK)\J

A
—iF,, (D, &) TPTHN + 2i¢; D, o T*T* D, A + Zte goTED AT (2.34)
T

15



2.1 Vectormultiplet 2 SUPER YANG-MILLS ON S3,

Adding the variation of B will let even more terms vanish

5¢(B) = —6¢ (DyoD" o) B2 2D 08¢ (Do) B2 _2D,,0 (DF(8¢0) — i[5c A", o)

©-14)

5 2(D"5c0) Do + 2i6¢ Ao, D,y 0]

B 9i(Dre)A D, o — 2i€/(DPAY Do — 26, TN [0, Dyo] - (2.35)

Using the cyclicity of the trace, we can see that the third term of (2.35) and the second term of
(2.34) together vanish. Furthermore the second term of (2.35) can be rewritten as

~2ig;(D* A1) D,o B2 2,907 (D, o) DA B i (1% 17} (D, o)DM (2.36)
On the other hand, we can take the first and fifth terms of (2.34]), and rewrite them in the following
way
—& T Fyy o, M + 2i€r D, o TV T D, N — & T [E,,, o)\ + 2i¢;D,oT"T* D\
B2 e, r (D), Do) AT + 2i€; D, 0T T DA
= —244T"(D,D,o)\ +2i¢;D,oT"T D, N
2i(D“§1)F“”(DU0)>\I + 20T (Do) (D, AT
+ 2i¢;T*T*(D,0)(D,A')
= i {T*, T"}H(Dyo)(DuA") + 2i(D, &) (Dyo) A
This shows that the first term on the RHS of this equation cancels with (2.36)). The second term
does not vanish, but can be combined with the first term on the RHS of (2.35]) and it will become

ETg) 2 2i
—2i(D"¢)N Dyor + 2i(D,u )T (Do) A B2 — =24 T, TN Do + =24, 7 €T, T (D, o)A
T T
B 2
= _ 7t1‘7§ JTEN Do
+ %t,‘] €;(20, T*TY — 9T ,g")(D, o)\

. .
- %tl']gjlw)\IDua + %tIJgJ(lo —)I¥(D, o)\

= %tIJ@]F“)\IDHJ.
So adding everything together with while using the Killing equation , we will find
S¢(A+B+C+D+E)=— Z%tIKDufK)\J + %tfijF”)\IDMa
— ;prtf’g gL, TVPTHN %tﬂg oD, AL (2.37)
It is important to note that all terms here depend on % This means that in the flat limit » — oo,

these terms vanish. Since the terms F, G and H in the Lagrangian disappear as well in this limit,
we have now found that our Lagrangian is invariant under the supersymmetry transformations in

the flat limit.
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2.1 Vectormultiplet 2 SUPER YANG-MILLS ON S3,

Next we will examine the variation of H. It can be computed that
1 ©25) ©ia) 1
o¢H = —;t”55 (A1) - ;t” ((6eAr) A — A1(GeAs)) —;t” ((GeAr)As + (66 As)Ar)

. 9 9

— LK R e T A — KD oMk + 5 €T DAk
r r r
47

- T—thKt,JgJaAK, (2.38)

where we used the symmetry t/7 = t/! in the last line. When we rewrite the third term in the

RHS of (237) like
—%Fupt{]f T, VPN —%F,,ptl“’f J(T,DPT¥P — 2T, g" T + 2T, g"PT")A\!
i

—%prt/g]@r”f' — AN = SE T AL

we can see it drops out against the first term on the RHS of (2.38). If we consider that the second
term of ([2.38)) —%th&I‘“Dua)\K = %tKI&F“DMU)\K, this leaves us with

24 81 44
Se(A+B+C+D+E+H)=— %’t’KDUgKAJ + TZtI‘IfJF”/\ID#U + %tIJgJaF“DM/\I
24 44
+ ltIKgJDJ[)\K - r%thtIJgJU)‘K' (239)
T
This term will simplify a lot when the variation of F is considered as well

2 2.25) (2 2
b¢(F) = ¢ (TUtUDIJ> (r(‘S&U)tUDIJ + TUtIJ((S&DIJ))

N
INE

2i 4i

(Z(rEKAK)t”D,J - —ZUtU&F“DHAJ

T T

4 IJ 4i I1J; K
+;0’t [O’,f])\]]—f—ﬁdt trExAg ), (2.40)

making use of the symmetry of ¢!/ during the last equality sign. The third term drops due to
cyclic behavior of the trace, and the fourth term vanishes together with the fifth term of (2.39)
under index relabelling. The first term of (2.40) and the first and fourth term of (2.39)) become

2 (tD) e + (1D) e + (1D)* €A, (2.41)

with some relabelling and using the rule ¢! A\; = —£; A1, The (¢D)!7 used here is defined as /5 D .7.
This adds up to 0 using the Bianchi-like identity, and thus this shows that (2.41]) is 0. Then we are

left with three last terms in (2.39)) and (2.40)):

i 4i
St TN Do + — 1,7 € 50TH DN
T T

A . .
——Zotl‘]fII‘”D“)\ gl = §tIJ§.]F“)\ID#U + %,Jg goTHD N
T T T
E18) 8¢ 81
AL =46 TN Dy — (Duo)NT) = 5,71, 5T, I\ o
(2.14)
B1) —40:
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2.2 Hypermultiplet 2 SUPER YANG-MILLS ON S5,

where (tt), = t,;7t ;& is proportional to the two by two identity matrix. Therefor we can rewrite

tH = %I2x2 = %Tr(tt)IZX% and thus

1
(88) " €xc AT = S ()T Exc AT (2.42)
And the result cancels exactly against the variation of G

@25 20 @2) 207 201
(5£g —T—QtIJt]JO'(Sga —TTtIJtIJO'fK/\K = TTtIJtJIO'fK/\K (243)

This means that we have computed that

65 fvector =0

2.2 Hypermultiplet

We now have a completed gauge theory, so it is time to add masses. When considering supersym-
metry the mass fields are typically part of a chiral multiplet. A chiral multiplet consists of three
sets of fields, that have underlying supersymmetry transformations (which are similar to those we
will define in and onwards).

We need N hypermultiplets to contain N fields with masses and their underlying Sp(N) flavour
symmetry. A hypermultiplet consists of 2 chiral multiplets: one transforming in a chiral represen-
tation N, and one transforming in an anti-chiral representation N. The hypermultiplet contains
the following fields:

q; aset of 2N complex scalars indexed by A, with I still representing the SU(2) g symmetry,
A a set of 2N fermions,
F; 4 aset of 2N auxiliary scalars.

The *® ‘single hypermultiplet’ is formed by all these fields with label A € {i,i+r}. All fields obey
a certain reality condition:

(@*)" = Qape"’q", (2.44)
(V)T = QapCapy®™”, (2.45)
(FAI)T = QABEUFBJ,

The Q4p here is a symplectic form which will be further explained in section but for now it
suffices to say that it relates the fields with index A =i and A =i+ N. C,p and €’/ are the same
as introduced in respectively section and The dagger indicates a Hermitean conjugate:
the complex conjugate and the transpose with respect to the gauge, SU(2)r and spinor structure
(when applicable). The supersymmetry transformations are once again generated by a fermionic
Killing spinor &7, and they are given by

Oeqr = —2i&1v, (2.46)
. 3 - :

e =TH¢Dyq’ +i&roq" — ;tIngqtl +&p P (2.47)

(5§F]/ = 25}/ (ZFmDmTZJ + 01/) + )\KqK), (248)

where £/ is a another supersymmetry parameter with a slight restriction imposed by the choice
of £ IE And in addition, the fields in the vectormultiplet transform according to through
(2-4). We will now first study the Sp(N) flavour symmetry in section and how we can couple
this symmetry to the gauge symmetry. Afterwards we will study the composition of the terms in

14Tt will be further discussed in section
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2.2 Hypermultiplet 2 SUPER YANG-MILLS ON S5,

the Lagrangian in section 2.2.3] Then we have all the ingredients to show the invariance of the
Lagrangian
Lhyper = DMaID"qI—aIUZqI—WF“Dm—ﬂaw—z‘mD”qJ—4w1qf+%t“tmqu—E/F’/
(2.49)
under the supersymmetry transformation through and through in section
It is noteworthy that there is no trace in this formula, in contrary to the Lagrangian for
the vectormultiplet . This is because the fields in the vectormultiplet are all matrices, which
are mapped to the scalars by taking the trace. But the fields in hypermultiplet are vectors with
respect to the gauge structure, and they are mapped onto the scalars with the help of an inner
product, where contravariant vectors are defined in a way we will explain in .

2.2.1 Sp(N) colour symmetry

Embedding SU(N) in Sp(N) In the following section we will use U as elements of a Lie algebra,
and U as the corresponding element of the Lie group.

Before we discuss how these groups come into play, we will first define the Sp(r) and SU(N) groups.
Sp(r) is the symplectic group. It is defined by it’s algebra sp(r): the set of all matrices A, that
satisfy

QA+ ATQ =0, (2.50)
where ( is called the invariant tensor of Sp(r), and defined like
[0 Iy
Qap = [ Ix 0 } .

It is important to notice that Q4p is anti-symmetric in its indices A and B.
On the other hand we have the Lie group SU(N), and its Lie algebra su(N). If a matrix U € su(N),
we know it satisfied™|

Ul = —U, and Tr(U) = 0. (2.51)

Now we can embed su(N) into a subgroup of sp(N) by the following method: take U € su(N) and
define

: [T o
A= - 2.52
where U* is the matrix with the complex conjugate entries of U. This new matrix satisfies (12.50)),
since
P 0 IN][U 0 ur oo 0 Iy
QA+ ATQ = - -
Rl A I S R |
I A R I .
L -U o0 -Ut 0 -

If we would want to translate these properties —and specifically (2.52))— to Lie groups, rather than
Lie algebras, we need to study the relation

U= e, (2.53)

where U € SU(N): the Lie group.
For U*, we find that eU" = (ed}) = U*. Since we know that

UU! = I, or equivalent U~ = U,

15We use the convention of anti-Hermitean matrices here. It is possible to define them as Hermitean matrices, but
this would require an extra ¢ in front of the € in (2.53)) in order to maintain consistent definitions.
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2.2 Hypermultiplet 2 SUPER YANG-MILLS ON S5,

for an element U, the Lie group SU(N), we find that U* = (U])T = (U-1)T = U-T. So we can
write (2.52)) as

U 0 Ue 0
AU LT8O a5t

Note that since SU(N) is a group, elements of the form (2.54) form a subgroup in Sp(N). This
defines an embedding of SU(N) in Sp(N): a fact we will use to couple the hypermultiplet to the
gauge field.

Physical application and interpretation Now let us take two chiral multiplets: one trans-
forming in N (chiral) and one transforming in N (anti-chiral). For the scalar fields, for instance,
this would mean in the fundamental representation, that they transform as

¢+ > Uy,
b —-UTp_. (2.55)

From these two together we will create one of the scalar fields in the hypermultiplet by putting

them both in one vector
1 [o 1 [ —¢* ]
A _ + A_ . , 2.56

T ﬁ{¢} o ﬂ[¢% (2:56)

just like they do in [25]. Note how this is consistent with the reality condition imposed in . The
index A here runs from 0 to 2N through the gauge structure N and N, and the indices 0 and
1 transform with respect to the SU(2)r symmetry. Corresponding conserved quantities to the
Sp(N) colour symmetry are for instance QABe”qJBqIA, for

ATQA =Q, (2.57)

for A € Sp(N) Now we can rewrite this invariant quantity (¢')fq; like

IJ, B_ A
Qape’q;7qp

= QABC]()A(hB - QABChAQOB

I S el E A U A | B A

= @161+ 6T +alo +6l0y)

at which point it will be apparent that it is invariant under the transformations .

The same can be done with the auxiliary scalar field F', but the fermion v requires a slightly
different approach. Instead of the 2N fermions with the reality condition , we take a N
unconstrained Dirac spinors ¢ transforming in the fundamental representation N, and we define

VAT
=5 (e )

Although fields in the hypermultiplet are vectors, acted upon directly by matrices, elements of the
vectormultiplet are still matrices, transforming in the adjoint representation. This leads to gauge
invariant quantities like

A ANT B C

Q (7)) TH(AW) " ™,
16To show (2.57) is consistent with (2.50), we can write A = exp(eA) in (2.57), and study an in-
finitesimal transformation in e.  Then 0c(ATQA)lc—0 = 0c(Q)|e=g. = 0. The left hand side can
be worked out to Oc(exp(eA)TQexp(eA))|c=o = Oc(exp(eAT)Qexp(eA))|c=0 = (exp(eAT)ATQexp(cA) +

exp(eAT)QA exp(eA))|c=o = ATQ + QA, so we can construct the algebra defined by (2.50) from the group
by derivation of its elements.
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2.2 Hypermultiplet 2 SUPER YANG-MILLS ON S5,

which is invariant under the transformation
Pt — AP A, (AP 4 = AP (A H (A% D), A€ Sp(N).

This becomes apparent when using the relations ATQA = Q, and ATA = I, where the latter is
courtesy of the embedded SU(N) group within Sp(N).
To simplify notation, we will use suppress the gauge indices from now on, and use the notation

QupyAC = (WP =4 =g, (2.58)

and similar identities for ¢ and F, which leads to gauge-invariant quantities like ;¢’ and EFmAuw.
This Hermitean conjugate is with respect to the gauge and spinor structure. The gauge indices are
often suppressed, but if they are added 1 is a covariant vector while v is contravariant. Because
the inner product results in a real scalar (with respect to the gauge structure), we can take the
Hermitean conjugate of the number with respect to the gauge structure

_ _ . _ &1
aqrAq" = (ag;AqH)t = a*(¢")TAT(g,)! a*g Alq" (2.59)

where AT is the Hermitean conjugate with respect to the gauge, spinor and SU(2)g structure. For
fields in the vectormultiplet AT = A holds, as we specified before in section except for o and
D'/ for they are purely imaginary. If A is a product of several fields, say A = BC, then we should
take into account that transposing matrices changes the order, so A" = CB. The antisymmetry of
el and Q4P compensate each others signs.

There is one more aspect caused by the difference between the fundamental and adjoint representa-
tion. The covariant derivative will act differently on fields in the hypermultiplet than on fields in
the vectormultiplet. Recall that, for the scalar ¢ in the vectormultiplet,

D,o = 0,0 —i[A,,0].

The gy field in the hypermultiplet is a ‘gauge vector’ as opposed to the ‘gauge matrix’ o, and thus
the covariant derivative will act like

D;LQI = 6;#]1 - iA[quv and D,u@[ = 6#6[ - Zﬁi(Au)Ta (2'60)
and this also concerns the gauge field strength tensor, which becomes
Fuq=1i[D,,D,)q = (0,A, —0,A, —i[A,, A)])q, (2.61)

in the fundamental representation.

The computation necessary to prove that integration by parts still works with is quite similar
to the one given in , and because of that it will not be repeated here. The central difference
is the method in which the gauge field is applied to the other side, which is done with the help of
(12.59).

2.2.2 Supersymmetry

It is supposedly impossible to close the supersymmetry algebra off-shell on flat R® with a finite
number of auxiliary ﬁeldsﬂ But we need a weaker condition in order to apply supersymmetry.
We only need that

;=1L (2.62)

for a single determined bosonic spinor £, and some symmetry of the theory L. Therefor we can
include a constant spinor ¢ embedded in the supersymmetry transformations, like we mentioned
with the introduction of ([2.46]) through (2.48)). This &;/ is uniquely determined by & and transforms

I7A rigorous study of this statement can be found in [20].
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(like FI') under a separate SU(2) g symmetry. In order to let the supersymmetry transformations
satisfy we need that £ satisfies

g€ =&€l €y =0, grrel & =0, (2.63)

Proving the existence of such a spinor is rather simple, yet it is not apparent. Given &; and & are
specified with the usual & & = El,aC’g@B =1, we have a plane spanned by these two vectors (C is

not the identity matrix). In the resting two dimensional plan we can choose another couple &,
&5 which are perpendicular to & and &, and which satisfies £&1€, = 1. We know the matrix I'#
should be traceless, and the tracelessness should be conserved in any basis. So we could study I'*
in the basis (&1, &2,&1,&2), to see that
0=Tr(I") = 617 — TG + LTHE — &THE
= e mrgy + T ERTHE
We now end up with a five dimensional N = 1 SUSY theory with 8 SUSY generators (degrees of
freedom): &1,&2 each contain 4 d.o.f.

Now in order to prove (2.62]), which is the equivalent of ‘the supersymmetry of the vectormultiplet
being closed’ for the hypermultiplet, we study the effect of 62 on the fields. For ¢; we find

8%qr = —2i&r6¢ = —2i(&T7E5)Dyug” + 2(&160)0q” + %(&@)t”&m — 2i(&,E)FT .

The last term drops out because of (2.63). The first term can be rewritten as —i(§;T¢;)D,q” +

i(&T"€r) D, q” —i(&,T*¢7)D,qr. The same can be done with the indices I and J in the
second and third terms to show that they are respectively (£7¢7)oqr and %(Eng)tIKqK. Thus

6%qr = —i(&,T"E7)Dyuqr — i(i€5€7 ) oqr + %(fJﬁJ)tIKQK (2.64)

And applied to 1) the operator [d¢, 6,] results in

&0 . , ) 3 . ,
g -T“&Du(égql) — iT#¢1(0cAp)g" +i€1(6e0)q" +i€ra(deq”) — ;tIJEI(5£CIJ) +Er(0eFT)
&)

B2 _ 9irmg, (€17 ,0) — 20T9€, (€1 D) + THE(ET N Vg — E1(EsN")q" + 20€1(E14))

+ %tuﬁ(fﬂb) +2i€0 (E'T* D) + 20€0 (E7 ) + 261 (E7 M) g’

We can show that TH& (6,7, A )g! — &r(E707)q" + 260 (€7 A)g” = 0. In order to do that we

use the Fierz identity to write 261 (£7' Ay)q” = €1 (€X' A))q” — €7 (Ephy)q” Bl IN(EVEr)g! +
NS ©53)

TN (€T ) g A (€ g — 3TN (1T &1 )q”, and we use (2.10) on TH&; (6,1, A7 )q" +

&10)
&€ g 5= <261 (6N ) 42N (€560} 265 (N €1)a as well. On =261 (60 )a =265 (N €r)g!
we use (E.4)) in order to find 2£;(¢7A\;)g!. This leaves us with

1 1 (E.4)
(ernerm — ermern + §€IL6MN))\L(§M€N)QI +26;(7 A0’ — EF“AJ(SIFN&)QJ

—ME ) + (€M~ € Ena) - AT, e B o

d
18Reminder: the spinor space has dimension 2L§J, which is 4 in the case of d = 5.
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Furthermore we can say

2061(E') = o&i(€') — o€ (€10) 9% Y(E'E) + JoTHP(E'T,Er), whill
208 (€1 ) = o€ (€1 v) — o€ (Epu) B % U(E" €) + LoTHU(E" T, which adds up to
20¢1(670) + 2080 (E7v) B2 — (646M)o0,
with the use of (2.63). Identically we have
20 (€ D) =~ 60 (€ D) + 04! (€1 D,) B - ST D, u(6r€T) — ST DT, and
20T (€7 Dyyp) = iTEp (€ Dyp) — iTHEN (€ Do) 9 D (Erg”) + E'r*‘r”zmxépryé”>,
m

adding up to — 2007 (&' D,p) + 200" Ep (€ D)) - *{F” I}D,p(¢rT¢") = —i(& T Dy

The last two terms are —2iF“§[(§~IFMw) + 8417¢1(€54), which with the help of the Fierz identity
and the fact that &; = ¢,7¢; can be written as — 22 (£,&) T — L&, (W&t + BL¢ (€)1, The
first term vanishes because it is antisymmetric in I and J when considering a switch of spinors,
while it is symmetric in I and J because of /7. The last two terms are equal to %fJ ()t
which is, according to the Fierz identity (2.9), equal to —if‘ww(ﬁfwﬁj)t”, where the other
terms vanished because of the simultaneous anti-symmetry and symmetry in I <> J.

So we conclude that

52 = (6T €N Dy + (i1 o + 1 (~2ETHENT (2.65)
The last step is to calculate
6257 BIV2ig 1D, (e16) + 2060 TH (96 A, )0) + 261 (Be0 )b + 2 1,0(0¢0) + 261, (5e A )q”

+ 21 X7 (S¢q”)

(2H))

€39 .. .- . e . . -
2i(Ep TPTVT W€ ) Dyg” + 2i(EpTPTVE ) D, Dyg” — 2(EpTPT W€ )oq

—2(£pT"E5)(Dpo)g” — 2(EpTHEs)oD g’ — %(éprﬂr#&)t”qK

- %(EI'F%J)HKDMQK + 2i(EpTHD Ly ) P + 2i(EpTE ) D P

+ 2i(E T N ) (EpTHp) + 2i(Es N ) (Er) + 20 (EpTE5)Dug” + 2i0*(Er€5)g”
B g(&@)t]l{q;{ +2(Ep€p)o P — (EpTHE) Flg” + 2(€0T4€,) (Do) g’
+2(E€x) DX 17 + A€y oq” — 4i(Epg)(E7).

Because of (2.63) we can state that not only all terms containing (£;:¢;) vanish, but all terms
containing ({1/&y) = (é 1€kt JK vanish as well. We have to note, however, that terms containing
(€ T€;) do not vanish necessarily if T is some (product of ) gamma matrices unequal to the identity.
The case where I' = I'*I",, = 5 does vanish, of course, since the factor 5 can be pulled out. Crossing
out these terms, and dropping some terms that directly cancel with other terms, leaves us with

(552F1/ = 2i(€I/FHFVFH£J)DVqJ + 2i(€1/F“F”§J)DHDVqJ - %(é}lF“fJ)tJKDHqK
+ 20(EpTHD Ly ) P+ 2i(EpTHE ) D P + 2i(€,0, M) (EpTH) + 20640 ) (Ep 1))
+2(Epép)o P — (EpTHES)F, wa’ = 4i(Ep X)) (E7Y). (2.66)
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First off, start with rewriting the T*T" in 2i(¢;, TT¢;)D,D,q’ into 1{I*,T¥} +T'*. The term
containing %{F“, '} = gM¥ vanishes by grace of , while in the second term can be rewritten
as i(EpTHE)[Dy, Dy)g”? . With the help of we can then show that this term vanishes against
—(€pTEs)Fug? in (2:66). Furthermore because THI™T, rv(Irer,) — 2¢"T, =3I, we
have that 2i(pTHTVT € 5) D, q” %(g[’FVSK)tKJDVQJ, which drops out against another term
in (2:66). Then lastly 2i(&,T, A7) (€T ) + 2i(E;07)(€11)) can be rewritten with the help of the
Fierz identity for fermionic spinors (since two of the three spinors of A, £ and ¢ are fermionic). We
then find 4i(€;0)(EpN) — 4i(€7€r)(¥A7) as an intermediate result, yet we have to keep in mind
that the fields of the vectormultiplet should act as matrices on the fields of the hypermultiplet. So
we should rewrite it as —4i(Ep A7) (E59) — 4i(p A7) (€7€r), where we pick up an extra minus sign
because ¥ and A are Grassmannian odd. The second term drops because of , and the first
term drops against another term of . Thus we are left with

02Fp = 2i(EpT" Dy )P + 2i(EpTHEy ) D P + 2(6 €5 )o P,

where we can rewritten the second and third term with the trick that 2i(g[/Fu£JI)DMFJ/ =

i(EpTHEp)DF7 —i(EpTHE) D, F7' —i(€THE7")D,, Fpr. Taking (2.64)), (2-65) and this last
calculation all together then yields

5§CH = —iv"Dyqr + ivar + R;7qy,
1
5ep = —iv" Dy + iy + Z@WFM/;, and
§3Fp = —iv" D, Fp +ivFp + Ry, Fi. (2.67)

In here v* = & TH¢! is a parameter for the translation, v + iv" A, is a parameter for a gauge
transformation, with v = —i&;¢fo, Ry = 3i(Ex&P)trs is a parameter for the R—rotation, O
a parameter for a spacial rotation and last R}, ; is a parameter for a rotation in the SU(2)’
space where the I’ belongs. Thus we can state that 5? is an even symmetry of the theory for the
hypermultiplet. This we will use later on when we want to apply localization.

2.2.3 Hypermultiplet Lagrangian

We will now discuss the off-shell supersymmetric Lagrangian corresponding with the hypermultiplet
coupled to the gauge field by the gauge subgroup of Sp(N) explained in the section We will
shortly discuss the origin of these terms, although we will not give a derivation. The Lagrangians
are posed by K. Hosomichi, R. Seong and S. Terashima in [20].

We start with a simple Lagrangian invariant under the supersymmetry transformations given in
section 2.2.2] (in addition to the usual Sp(N) gauge symmetries etc.). The Lagrangian corresponding
with these fields would be

_ — 15 _ — /
guncoupled = DquDHqI - 2leHD/,ﬂ/] + ﬁtKLtKLQIqI - FI’FI 3

where the first two terms are kinetic terms, the third is a ¢ mass-like term originating from the
curvature and the fourth term introduces the auxiliary fields in order to close this theory under
supersymmetry off-shell. This Lagrangian, however, contains the gauge group inside the covariant
derivative as soon as we couple it to the gauge field, and this Lagrangian is not invariant when the
supersymmetry transformations through are applied as well. This leads to additional
terms in the Lagrangian:

A B _c D £ _F
Loyper =D, @, D"q" — Gro*q" — 2iYTD,yp — 2pop— ig, D' q; — dpArq’
H

15 _ — /
+ ﬁtKLtKLquI — FI/FI .
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The labeling of the terms will be used in section [2:2.2] to refer to the individual terms. We will start
by computing the variations of the terms of the hypermultiplet Lagrangian, with the bosonic Killing
spinors replaced by fermionic Killing spinors, just as we did in the case of the vectormultiplet. We
will name the terms of the Lagrangian according to

seA = 6e(Da, D" ) B2 2D,q,6 (0% — iArqh)

2.18)) 12.46)) A As
2.59)) _ . _ 2.1) . _ —
=) _2(D.D"7))deq” — 12D, (0eA")g" = 4i(D, D g,)E 0 + 2(D,7,) (€ TN )

6B = 0e(—g,0%") B2 —(6q))0

2q" —q,;0%0¢q" — G, {0,6c0}q"

(12.46)
Bl B2
B2 g 0(6c0)q" — 2q,0%6cq" B2 2,600 ¢! + dig,€lo%y,

5eC = Se(—200T" D) BEY _2i(5:0)T# Doy + 20TH(Se A, )b + 200TH D, be s

B2 4iD, pr 5w + 20T (5 A, )0

¢ c

&) i " 120 — s Ze g o
) _4iD, TPV E D, q +4DH¢F 6100" +— DTt €10, ~4iD, T € F

+ 2igI* (&mlw,
5D = e(—2¢0v) —2(8ep) o) + 24p(8¢0) ) + 200 bet) 4poberp + 2¢(¢0)tp

(2.47) D, D, D3 D,

& Jorue, D, +4ioot ! ——wat L g+ ATokp PV 42 (e ),

— (2.25) ., . _ . —
5 = 3e(id, D" as) B2 i(0q,) DM gy + i, (60" )qs + i, D Seqs
£59) .. _
= 2iq; D" b6cqy +iq; (6: D" )qs

2.46 on
D i3, D7+ 3, (€T DN iy €U fo N g J—%m(t”‘fKAJ+t=”<£KAI>qJ,
(2-25)
5 F = Se(—4prrg’) B2 ag, (M) 6 + 46 Mg’ — 4PA10eq”
2.46 Fs £ e
B _yq, F“&D#q _4'“11)‘15ng +LQI>‘I§K75 T qu—Ag N Ep FT 20T ¢ F g’
_ Fe _ Fr 8_ Fe _Fo
YT Do g +4087 Dryg"+ -0t 8 0q" +8i(PAN (),
12.25) g1
I e %tKLtKL@(quI S g,

7‘[1 HS
SH = Oc(—F; Ff’) —2F 6 F! 4’L'va/F1/FHDH’L/J—4£IIFp0"(/1—451/F1/)\JqJ

The first term on the rightmost side of d¢.A we will label A; and the second term 4. The same
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method of labeling we can apply on the other variations. Following this labeling, we will show that

A1 +C+C3+ Fs5+G1 =0, Cs+Hi =0,
As+E+E4+ Fr+ F3 =0, Cs 4+ D5 + Fy =0,
Bi+ &+ Fa=0, Dy+Hy =0,

By +Dy =0, &+ Fr=0and
Co+D1+D3+ Fg+ Fg =0, Fy+Hz=0.

Let us start with showing Ay, + C; + C3 + F5 + G1 = 0. We can look up the terms, to find that
Ay + €1+ Cy + Fy Gy =4i(DuDM, )61 — 4D, TT*T"E, Dy’ + 2 DTt €14,
AT Fyg’ — P 7,0,
We will start with integration by parts of C; to find
C1 4iYT*T"¢r D, Dy q" + 4TI (D,ué1) Dy’
20T ¢1{D,,, D, }q" + 2iYT+T"¢;(D,,, D,lg" + %Ewr”(r“t/ ¢1)Duq".

Now we can use the definition of the field strength tensor in the fundamental representation (2.61))

and I'*TF,, = %(F“F” —I'"T'")F,,, = T'"F,,, to show that the second term on the RHS will

cancel against F5. If we then also use that I'*I'"VI',, (—=I"T* 42¢")T,, = —5I'V 4+ 2TV = =3I,
we find

— , 12—,
Cit+Fs = 2{T" T} DuDog’ = ——9Tt"€;Dug
12 12i
(2.18)  .— "y ? IV = v
= g™ & DL Dyg" + (D)t Erq" + =Tt (Dug)g"
: (el 7 <1 L= I
The first term on the RHS can be written as 4iy (&' D, D*qr) =" —4i(¢' D, D*q;)E Y = — Ay,
and therefore it cancels with A;. The second term on the RHS is equal to —C3, when we note the
symmetry of t// and that ¢,7¢! = —t!7¢q;. So if we add
eI 129— ., 607 —
A1 +C1+C3 + Fs r—ng tr' Tt exq’ = TT¢t1JtJK§Kq17

so that we can use the relation (tt),%¢xq’ = 1(tt),"¢x ¢, which is analogous to the identity
proven at (2.42)). This results in

Al+Ci+Cs+Fs+G1 = %%{ t, €’ +G1 = %t”tmé%f +G
%t“tmﬁlézw +G1 =0.
Which concludes the relation we were trying to prove. Next we will study
Ao+ E+E4+ F1+ F3 :2(D;L§I)(§JF”>\J)QI + q}(g{lruDuAJ})‘N — %QI(tIKfK)\J
+ '8¢, Mgy — 4D, g7 (E,T" g’ + %@J(fK)\I)qIfKJ-

We start by doing a integration by parts of half of the term F;

Fi1==2D,q” (£,TA1)g" + 2¢” D (€T A1) g" + @7 (€T A1) Dyug’
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We take the hermitean conjugate of the last term, do some relabelling, and add A5 in the process
to find

Az + F1 = 2D, g, (ET"N)q" +2D,7, (€T A g)q” + 2D, (8T N )ay + 24, D, (87T N )y

The first three terms drop out due to the Bianchi-like identity (E.4). We use the product rule for
the derivative in the last term, together with the conformal Killing spinor equation (2.19) to find

2
As + F1 = ;QJ(fKFuFu/\I)QItJK + 2§J(§JF#DW\I)QI7

where I',I'* = 5. Now note that the terms & and & can be written as 2g;(¢'T*D,\7)q; and
%Gl(tf K¢ A7) qy respectively when we use the hermitean conjugate. We can now see that the second
term of Ay + F; drops out versus & and adding & to As + F; + & results in %QJ(EK/\I)thJK.
This is exactly one sign different from F3, and so

As +E +E4+ F1 + F3 = 0.
Another vanishing set of term is
By + & + Fo = —2ig;6 500 ¢ +iq (€ [0, M ))qs + —ig N €s0q”
We can start by rewriting £3 as
& =i, ([0, A gy = ig,&loN qs — i N oqs +igeoN a5 — ige M og,
S22 _igielonsq’ +ig 6 o N g +ig € oM gy +ig € oM g
= —2ig,6'onsq” +2ig,€7 0N gy,
and JF» as
(P

Fo = —4igie' Nog; B _aig el onlg; = 4ig ¢ orig’.
B1 can also be simplified to
B, = —2ig,&,00 ¢' B2 2ig,6,007 4.
These three terms combined will result in
Bi+ &+ Fo = 2iq, 8 o jq7 + 2iq,;6 o N q5 + 2iq,€ 500 ¢!

_ E3)
qrés0AKaL €3 0,

(GIJGKL _|_€IK6LJ +€IL€JK)

where the last step can be made with the help of the Bianchi-like identity (E.4). The next terms
we will study are

By+ Dy = dig &' oy + divootrq’ = 4ig, &' o*v + dipo®(§1q")
4,0 — 4i! g 0% = 0.
To show cancellation of the next five terms is somewhat more involved
C2 +D1+D3 + Fe + Fg =
AD,PT €100 + 40T €1 Dyg’ — ot Erqy + 45T, Dy’ + 1, Es0q’.
Integration by parts of Co will simplify this equation

12.18) — —_ —
Cy B _re(D,e1)0q" — 4PTE,(Dy0)q! — 4PT€10 Dy,

27



2.2 Hypermultiplet 2 SUPER YANG-MILLS ON S5,

with on the RHS the second and third term cancelling against Fg and D; respectively. Using the
Killing spinor equation, this results in

& 4- 20—
Co+ D1+ F¢ —;%DF”FJIJ&JO’QI = 71/)0t1']§JQI,
which vanishes together with D3 and Fg and thus

Co+D1+Ds+ Fe + Fs = 0.

C, and H; will vanish together as well, since

Ca+Hy = —4iD,T*(EpF!) — 4" Fr T D,y

22 i (€ F TP Dy — 4 F T D, = 0,

Another trio of vanishing terms is C5 + D5 + F9. One should pay attention in the following lines:
the parentheses are present to denote how the spinors are contracted with one another. If we do
this carefully we see that

Cs+Ds+F = 20pI*(&T A )+ 20p(E N ) + 8i(YAr)(€14))
2T (ET A + (EA)) + 4 (PA1) (€10) + 4i(67D) (Are))
BN (Er) — Er(A)) — 4i(DAT)(Er) + i (D) (M) = 0,

where the crucial step is based upon the Fierz identity for some odd and some even spinors ([2.31]).
The next term Dy, will cancel against Hy, which we will see after taking the hermitean conjugate
of D4

Dy + Hy = 490 (€ FY) — 46" Frop B 4@ F o — 467 Fruop = 0.
Then we have two more vanishing pairs left to show. & and F7 vanish thanks to (2.59)
&+ Fr = 43, D"+ 4@€”) D1 sq" B 4g, D1 ¢ 50 — 4g" Dy sy
= 4g; D" ¢ — 4, D" ¢4 = 0,
and F4 and Hg3 cancel on the same grounds
FatHy = —Aq N & B — 4" Frynsg’ B ag NEu b7 4+ 4q7 0, € Fr) = o.

We have now shown all variations to vanish against each other, and the only thing left to show is
that they would not vanish when one term from the Lagrangian would be removed; in other words,
that the Lagrangian is minimally extended. The way to check this in one glance is by putting all
terms in a table, as done in table[I} All terms in a row vanish together, and all terms in a column
are resulting from the same term in the Lagrangian. As one can see in the table, all term are either
horizontally or vertically attached, which, in combination with

5§$hyper = 07

proves that we have constructed the minimally extended N = 1 supersymmetric Lagrangian
corresponding to the hypermultiplet. When we also take into account that the vectormultiplet
Lagrangian is conserved, we now have constructed a Lagrangian on the 5-sphere containing matter,
that is N = 1 supersymmetric:

653 = 6§$vector + 5£$hyper =0.

And it is this symmetry that we will base our localization argument on.
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Ay C1,3 Fs | G
As Eaa| Fi3
B & | Fo
B, D,
Co | D13 F6.8
C4 Hl
Cs | Ds Fy
Dy Ho
& | Fr
Fy Hs

Table 1: The table with the terms from the hypermultiplet. Horizontally, terms will vanish together.
Vertically, all terms result from the same variation. The lack of ‘isles’ separated horizontally and
vertically from the rest is the proof that no terms could be left out of the Lagrangian without
breaking the N =1 SUSY.
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3 LOCALIZATION

3 Localization

We will now make a rather large detour into the general theory of localization and index theories,
which historically are tightly related. We start by sketching the concept of localization, after which
we will look at the Poincaré-Hopf index theorem. This is a nice example since not only it is a
early example of an index theorem, which gives us the possibility to show what the general idea
is behind these types of theorems, but it is also a neat example of something that can be proven
using the principle we explained in the first section. In the final section we will close the circle by
discussing the Atiyah-Bott-Berline-Vergne theorem, which is a formal and proven theorem within
mathematics, which lies at the foundation of the localization argument of Edward Witten treated
in the first section.

3.1 Principle of localization

)

The basic concept of localization is rather easy, and is explained in various sources in an ‘intuitive
methoﬂ A more rigorous ‘proof’ based upon the Atiyah-Bott-Berline-Vergne localization theorem,
however, is a considerable harder affair. We will discuss that in section [3.3] We will first discuss
the intuitive method.

We will need several ingredients.

o First we need a (field) theory with an action S(¢). It’s partition function can then be written
as Z = [Dge 59

e Acting on these fields, we need a Grassmann-odd symmetry § that preserves the action:
0S(¢) =0. (3.1)

This symmetry § must be not anomalous@

e The crucial ingredient is a Grassmann-odd operator V : ¢ — R that satisfies
52V =0, (3.2)
and
(6V)5 >0, (3-3)
where (o) 5 denotes the bosonic part of o.

e A j-invariant operator A. We can then compute (A) = ID¢A€_S(¢). For the special case
that A is the identity operator, we can compute the partition function Z.
Because 6 is Grassmann-odd, we know that 62 is a Grassmann-even symmetry. Even though
§S(¢) = 0, that does not mean that 62 does not have to be 0: it can still be a set of transformations
that leave the action invariant. For instance in a gauge invariant theory, 62 can be a gauge
transformation. Therefor neither nor is a trivial statement.
We can now modify the partition function of the theory with an extra term t§V,

(A)t) = /D¢>Ae—5(¢)—tév

with ¢ € R. It turns out that the expected value of A is independent of ¢. If we compute its
derivative
d{A)(t)
dt

=- / DYA(SV e~ S(#) =tV

1925] and [31], for instance.

20This is the partition function for a Euclidean theory. This notation was chosen in order to be directly applicable
to the Poincaré-Hopf proof and the N =1 SYM. Yet there is no obstacle to apply localization to a Minkowskian
theory, other than that the regulator action (which will be introduced shortly) will have to be of the form 5V with
the bosonic part of §V positive.

21 An anomalous symmetry is a symmetry that preserves the action §S(¢) = 0, but does not preserve the partition
function 6Z = ¢ (f D(i)e_s_t‘s‘/) # 0. This can occur when the measure of the path integral is not conserved: in
other words when §(D¢) # De.
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3.1 Principle of localization 3 LOCALIZATION

we can use that § (AVe (@) =0V = (§A)V eS8V 1 A(§V)e= 5@~V _ /5 (¢=5(@)-0V) =

EE
bl

(W)e*iigfg—Ve*5<¢>*t5V5(—S(¢)—t5V):(5V)e*5<¢>*t5v—ve*5 —t8V (_§5(¢)—t52V) |
(6V)e =)=tV 10 see that

dZ(t

=" / Dos (Ave SOtV / Do (AVe 5@V —y,

where we used that the integration measure D¢ is invariant under ¢ in combination with the fact
that it is a total derivative term. This integral will not vanish if there are non-trivial boundary
terms E but otherwise we can conclude that Z is independent of ¢.

When we compute Z(t) for several values of ¢, we know they should be equal. For ¢t = 0, Z(0)
would result in the measurable quantity that we had. In the limit ¢ — oo something interesting
happens. To explain this, let us discuss a sketch of a proof for an finite dimensional analogue.

b
/ dze! (@)—t9(@),

with f and g twice differentiable function and g(z) > 0 for all z € [a,b]. t is some real parameter.
Let us say we can want to study the limit of ¢ — oo. In the case that g(z) # 0, ef(®)—ta(=) _ 0,
In the points where g(x) = 0, however, will not vanish from the integral. Let us assume this is a
discrete set of points {z;}; € {1,2,...,n}, with ; € (a,b). We are now going to apply something
very much alike to Laplace’s method.

Name 29 = a and x,+1 = b, and define for each i € {1,...,n} a left limit a; = and a right
limit b; = % We should note that for ¢ sufficiently large the function f(z) — tg(x) will have
a local maximum in z; (for we know g(x) > 0 for all € [a,b])%| This automatically means that
O (f(z) —tg(z))(z;) = 0, and 92(f(z) — tg(z))(x;) < 0. Now let us make an expansion in local
coordinates around these x;, and split up the integral in many integrals over the intervals a; to b;.
For sufficiently large t, we can approximate the integral with

Let us take an integral of the form

Ti—1+T;
2

b b;
/ dwel (7190 & N / dgef(mi)ftg(wiH&@w(f(I)*tg(w))(asi)+§(0§f(fw)*%639($i))+0(€3).

We can simplify this to a Gaussian mtegral using the fact that g(x;) = 0.(f(z) — tg(t))(z;) = 0. If
we then use the substitution & —> > we find

Z B / df § % 82f(m1)—%3zg(17)))+o(1%) (34)

Since for sufficiently large ¢ the contributions of the intervals (—oo nd [b;, 00) can be neglected,

we can approximate these integrals with the help of f_oo Te af _ , for a < 0. And so we find
§ t \/*agf(xi) + 1029(x;)

which in the limit of ¢ — oo becomes

/o
(i)
Z ) (3.5)

22[31] cites [33] as ‘a closely related example’
23Technically, the local maximum is not at x;, but it will near to that point for increasing t.
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3.2 Example: Poincaré-Hopf fixed point theorem 3 LOCALIZATION

Of course one would have to check whether the O(#) in (3.4) will not interfere, and to formalize
this proof exactly one would do best to study the proof of Laplace’s method.

Now back to field theory. After a proper rescaling of the fields in the new ‘partition func-
tion’ Z(¢t) (multiplying them with appropriate factors of ¢) we can note that contributions of the
path integral where 6V > 0 will be suppressed. Since we do have , we find that there will
not occur infinite contributions to the path integral due to ¢ tending to co. So the only points
contributing to the path integral are exactly the points of the manifold where

(6V)p =0. (3.6)

The subset of the manifold where holds is called the localization locus, zero locus or simply
locus. Tt can be a submanifold, or even a discrete set of points. The argument concerning ¢ tending
to oo will be demonstrated explicitly when we will study the Poincaré-Hopf theorem (section
and thereafter we will discuss a slightly more formal description of localization (section .

3.2 Example: Poincaré-Hopf fixed point theorem

The Poincaré-Hopf theorem is a many-dimensional generalization of the Poincaré theorem (which
only works on manifolds of dimension 2) due to the German mathematician Heinz Hopf.[19]
Probably the easiest way to explain it is to start with a very specific case: the ‘hairy ball theorem’.
It is also sometimes called the also known under the name Poincaré-Brouwer theorem, after Henri
Poincaré who proved it for the case n = 2, and Luitzen Brouwer who proved it for n > 2. It states
that ‘you cannot comb the hair on a coconut without creating a cowlick’. A cowlick is the ‘bald
spot’ on the top of the sphere in figure

In mathematical terms, it states that there is no continuous vector field on the 2-sphere (or more
general: an even dimensional sphere) without points where it vanishes. This property is topological,
so it holds true for everything homeomorphic to the 2-sphere. In contrast, it is possible to put
a continuous non-vanishing vector field on a torus@ In 1881 Henri Poincaré found a prove for
this 2-dimensional case, in the form of the Poincaré-theorem.[I] It was even slightly more general:
stating that the sum of the indices — an integer associated to these zero points of the vector field —
is equal to a topological invariant.

This concept proved to be conserved when we generalize this theorem to higher dimensional spheres.
We will find that such a vector field does not exist for the n-spheres with even n. These are
exactly the spheres with nonzero Euler characteristic x. The Euler characteristic is a topological
notion that can be defined in several (ultimately identical) ways. We will give two descriptions,
a topological and an algebraic one. They are related by the Generalized Gauss-Bonnet theorem,
which we will introduce in the section but not discuss in detail, for that belongs to a separate
field altogether.

Now let us look at the exact statement of the Poincaré-Hopf theorem, as proven in 1928. One can
read n = 2 in order to find the theorem as Poincaré proved it.

Theorem 1 (Poincaré-Hopf). Let M be a n-dimensional compact orientable differentiable manifold
without boundary and let V' be a continuous vector field on M with isolated points {x;}; such that
V(z) =0 if and only if v € {x;};. Then

Z indexy, (V) = xm-

g

Here the index of a zero-point of the vector field is defined as follows: since the points {z;}; are
isolated, we can take a neighbourhood D; of a specific point z;, small enough such that z; ¢ D; for

i # j. On the boundary dD; of D; we can define the map u : D; — S" ™1 as u(z) = % The

24Though a ‘hairy doughnut’ does not sound particularly appetizing.
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Figure 1: An illustration of the ‘Hairy Ball Theorem’. A ‘cowlick’ is the bald spot on the top where
the vector field vanishes. On the right there is another example of continuous vector field with
Zeroes.

Viz) = (2,9) V(z) = (rsin(2¢),r cos(2¢))

Figure 2: An illustration the index of zero of a vector field. We associate the space locally to R™,
and study a small disk D; around x;. Then the index of the vector field is the wrapping number
of OD; — S™~1. To put it simple: it is the amount of times the vector of the vector field rotates
when you trace around the red circle once.

degreﬂ of this map is the index of z;. For this purpose the degree means the amount of times
0D; is mapped onto S™*!; rather like a winding number. For the two dimensional case this is
illustrated in figure 2]

The ‘hairy ball theorem’ is a direct consequence of this theorem. For any manifold with a non zero
Euler characteristic (such as S2), any vector field V has to satisfy V(x) = 0 for at least a z € M,
else theorem [I] is not satisfied.

In section we will discuss the necessary prerequisites we will need for this theorem: the
definition of the Euler characteristic and the Gauss-Bonnet-Chern theorem. The proof for the
Poincaré-Hopf theorem will then be presented in section [3.2.2]

3.2.1 Euler characteristic and Gauss-Bonnet-Chern theorem

The topological definition is rather intuitive. We will not describe the mathematical details here,
but just give a general idea as given in [6]. More information can be found in an introductory
topology book. First we need the notion of an n-cell. A 0-cell is a point, a 1-cell is homeomorphic to
a open line, a 2-cell homeomorphic to an open disk, etc. Every n-dimensional Hausdorff topological

25 Degree in the sense of the degree of a continuous mapping within the context of differential topology.
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3.2 Example: Poincaré-Hopf fixed point theorem 3 LOCALIZATION

space can be constructed out of a sum of O-cells up to n-cells, with the restriction that an ‘open
boundary’ of the n-cell is glued to an (n — 1)-cell. This is called a cell-decomposition. We can,
for instance create the circle S by glueing the ‘endpoints’ of the open interval (0,1) to one point.
Should we them glue the boundary of two 2-cells on these lines, we will arrive at something
homeomorphic to S2.

This cell-decomposition is not unique, yet it turns out that for a compact space

xm = 0-cells — 1-cells 4 2-cells — 3-cells + 4-cells — .. .,

is a constant independent of the decomposition. This constant x called the ‘Euler characteristic’.
Since these cells are defined up to homeomorphisms, it is immediately clear that this is a topological
invariant quantity.

The Gauss-Bonnet-Chern theorem is another way to find the Euler characteristic of a manifold
M, this time in terms of the curvature of M. It is a generalization of the Gauss-Bonnet theorem
(which was only formulated for two dimensional manifolds) due to Shiing-Shen Chern in 1944 [5].
A formulation in more modern terms is used in chapter X of Volume II of [16] and appendix C of
[39]. We first need a reformulation of the connection and curvature tensors in local coordinates.
We can use the vielbein e, to consider the connection

[ = (M%), =1

as an so(n)-valued set of matrices know as the connection form, which can be done since the
Christoffel symbol I'* 5, is anti-symmetric in the first two indices. Here one should keep in mind
that the Latin indices are in local ‘flat’ coordinates, while the Greek indices are on the manifold in
‘curved’ coordinates. We can apply the same method to the Riemann curvature tensor

to obtain the curvature two-form €5, which is so(n)-valued as well and can be expressed in terms
of the connection form by

ij = V[]Fk] = @-Fk — 6ij + [Fj,Fk].
Alternatively we can write the curvature form in terms of wedge (A) and tensor (®) products on

the basisf]

1 . .
0= ZRijkl(e’ Ael) @ (eF A€, (3.8)

with Einstein summation implied. We can now formulate the Gauss-Bonnet-Chern theorem.

Theorem 2 (Gauss—Bonnet—CherrED. Let M be a compact oriented Riemannian manifold of

dimension 2n, then
1
PAQ) = 3.9
e IR (39)

with Pf(Q) the Pfaffian of the so(n)-valued matriz Q.
The Pfafﬁaﬂ of this curvature form is to be understood in the sense of (E.6):

5 times
———
 o-n o(1)o(2) o(n—1)o(n) ..n .n
QA AQ=2" )" R re - B rnetyr(m (€ @)
o, TEX
= (g)!Pf(Q)(el“'" ® el m), (3.10)

with the definition of Q as in (3.8)), and e*™ = el Ae? A... Ae™. With the help of this Gauss-
Bonnet-Chern theorem we can now turn our attention to proving the Poincaré-Hopf theorem.

26For more on the wedge product, see in appendix

27 Actually this is a special case of the Gauss-Bonnet-Chern theorem, even though it is more generalized than the
Gauss-Bonnet theorem. We do not need the power of the full Gauss-Bonnet-Chern theorem, and because it comes
at the expense of additional complexity, we will give this directly applicable case. In [39] it is introduced as theorem
8.1 in appendix C.

28For an introduction in the Pfaffian, see appendix [E] equation (E.F).
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3.2.2 Proof of Poincaré-Hopf theorem with localization

We will now proof the Poincaré-Hopf theorem with the help of the localization argument@ Consider
a supermanifold M of dimension 2n, n € N. Denote the metric with g,, and the vielbein with ej.
Now take V), the vector field with isolated, simple zeroes on M as in theorem [1| Isolated in the
sense that it is a discrete set of spatially separated points, and simple in the sense that the vector
field can be expanded in a neighbourhood around the points p where V(p) = 0 as

ov 1 0*v
— 7 N (e Y R
V(@) =V(p)+ 52 0)@ =) + 5o (0) (@ = p)" (@ = p)” + O((x — p)°),
with non-zero coefficients %(p). We will express supercoordinates in the tangent bundle with

(z#,4*) on the manifold and (@M, B,,) in the tangent space. Here ¢# and @N are Grassmannian
valued, whereas z* and B,, are real-valued.
Now the action

1* T 3 o v T
S(t) =60, where V=39, (Brgh™ +2itVF +T7 g, g""), (3.11)

is clearly invariant under the odd discrete symmetry §, defined by

Sat = b, 5p, = B,
Sy =0, OB, =0.

We should note that §2 is equal to 0 (independent of on which field it acts), and so we can prove
the invariance of the action: §S(t) = 62¥ = 0. It is also important to see that we can write the
action as

S(t) = 5(0) +t6V, where V =i, V¥ and S(0)=4 (;wu (B + F"Tl,waw”g‘”)> )

The partition function of the theory will then be written as

1

Zu(t) = @

/ dxdipdipdBe5®).
M

We will now first derive an effective action by integrating over the coordinate B,,, before we will
apply localization. Explicit computation of the action (3.11]) leads to

S(0) = 3 By (BY +20tV¥ + 17, 0,0 9") — 50,10+ (0,6"7) B, (527) + 2it(D, V) (52"
+ (0,07, ) (0P ) 0" g " + 17, Bot” g""
-0 + FUTVEJwV(angT)((s‘Tp)} )

where special attention should be paid because the metric and the connection are depending on the
coordinates, and thus transform under 6. Because the covariant derivative of the metric vanishes,

we know that
0=D,g"° =0;¢"° +T"_,¢"7 +17_,g"" (3.12)

Regrouping and relabelling the terms will yield

1 . o T oT o\, v e v
S(t) = 5B (BY 4 20tVH + (L7, g = T% g7 — 0,97" )b 0)") — it (D, VH )¢
1 - 1 _
- 5(8prow)¢u¢p¢a¢ygw - §FUTV¢M¢0wywl)(aﬂgHT)
Gl . o v T v
5B (BY + 20tV 207 g ) = it 0,V

1 A YR Ze 7 1 o T T YRR
= 5O )P Vo9 4 ST (T ™ T 0g" ), g0 0.

29As done in [31].
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Doing a constant shift of the field B, over a length —itV), — 7_,g" v, 4" will make it apparent
that this is a Gaussian integral. Writing the partition function and performing the integral over B
yields

Zn(t) = ﬁ / drdipddBe 3 Bu)l + 3GVt T, T 9" 4t (9, V"
m M
.e+%(OPFUTV)EILwPEad)VgVT_%FUTV(Fupkng+F7p>\g“)\)¥u¥owywp
(2m)™
:(2\/)§2n/ dzdipdip e—%VMV“+it@a¢‘T“WV“-‘r%an"@,wpr‘gwFTkpg“A+itE“(BuV“)¢V
m M

1 N e L N N e e Y e TR
Rearranging indices and Grassmann-numbers leads to the effective action

t2

N v 1 o " A v UT
Sefr,m (1) :§VNV“ — Zt¢M(DVV#>7/} — 5(8pF Ty)w“w%b(#ﬁ g
1 .

+ §Fgru(*r7—/\pg#)\ + FﬂpAg)\T + FTMQW\W}#wﬂwywl)
szw 0, (D VPN — <, B g (9,17, + 17,1
*5 w -1 1;[}#( v )7/} - 11/’01/’71/) 7/} g < vL o pA + urs o ph (V A p))

t2 N v 1 oT I v
=5 VaV" — it DV — 2R, D M (3.13)

Using the vielbein we define local orthonormal coordinates

Xa = euawy,'
The partition function then becomes

1 t2 . v_a 1 pab v
— 1V, VF4it e* D, VF+ 1R e
(271_)” y dedipdye 7 Ve Xa¥"e®, Dy vy pXaXo ¥ Y ,

where the factor /g vanishes as the Jacobian of the the transformation , using the Jacobian
for Grassmann variables .

We can now check whether we satisfy the conditions for localization posed in section We
have a theory with an action S(0) and a partition function as prescribed. Furthermore we already
checked that the action is invariant under § (so holds), but we still need to check whether 4 is
anomalous. We will do this later. Because 6% = 0, it is also easy to see that 62V = 0 (which means
holds), and that is true becomes clear when we look at the effective action : the
leading order term in ¢ is quadratic in V#, and as such positive. For the operator A we will take
the identity, which is d-invariant.

In order to see that the  is not anomalous, we need to check if the measure is invariant under our
discrete transformation. Using that 6(da*) = dox*, we find

) (dxdwd@dB) = d(§x)dypdpdB + dxd(5)dypdB + dzdid(5v))dB + drdypdipd(§B)
= dipdipdipdB + dx0dipdB + dzdip0dB + dxdypdipdip,
which vanishes in its entirety because v and ¢ are fermionic, and so dydipdipdB = —dipdipdipdB = 0.

This shows that the measure is invariant under §.

Now the setup for localization is in place. The computation in section tells us that
ZM(O) = tllglo ZM(t)

Let us start with computing

1
@r)"

Zm(0) = / dxdqﬁdxe%mbupxaxbww”_
M
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We can perform the integration over the Grassmannian fields 1) and x. This is much like a Gaussian
integral, but not quite. In order to compute this integral, we need to expand the exponential map.
The terms with not precisely one x* and one 9* for each a,u € {0,1,...,n} will vanish, because
of the properties of Grassmann integration and multiplication:

=0 /dw $=1  and /dw 1=0.

This automatically means that Z;;(0) = 0 for any odd dimension 2n + 1, since di exist of
dy' ... dyp?" 1, which is an odd number of di)’s, which results in 0 when integrating over an even
number of ¥’s in (*1)*)%, i € Z. For an even number of dimensions, the relevant part of the
expansion of the exponential in becomes

1
2r)"

/ dxdipt ... dyp?dyt ... dXQ"l, (1R“byp(xa A xo) (WY A 1/)")) )

Sorting the powers from high to low (compare (3.10))), is what yields the result

1 1
— / dady' .. dp*mdxt AP (PN xR TPEQ)) = / dzPf(Q),
@2m)™ Jur @2m)™ Jur
which is x s, due to the Gauss-Bonnet-Chern theorem. We can conclude
ZM(O) = XM- (314)

This definition holds true not only for even dimensions, but for odd dimensions as well, since the
Euler characteristic of all closed (compact, without boundary) manifolds of odd dimension is Om
This coincides with our result of the integral.

We will now study the behavior of the partition function with ¢ tending to co: lim;—,ee Zas(t).
Around any point p € M we can expand

1
Vi) =" O O VI (D)E 6

n>0

in local coordinates £”, with nonzero first derivatives since our poles were simple. In the path
integral with the effective action (3.13]) this becomes

— L g VRV (p) + 26" VE () Dy, VY (p)

+28H1 12V H () Dy, 0, VY (p) 4 E#1EH20,, VI (p) O, V (p)

21 n/ dédydyexp
@) Ja FO(ER) + it V¥ (p)e, xath® + itT”, V7 (p)e, xath”

O, (€)e, xal + LR st
We can study the ¢ — oo limit better if we substitute

£ Y X
;a ¢—>\%, X%%

&—

30For a proof, see corollary 3.37 of [I§].
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3.3 Atiyah-Bott-Berline-Vergne localization formula 3 LOCALIZATION

Keeping in mind that Grassmannian variables transform opposite to real numbers (see (E.7)), this
means that dédydy — @dgdwdx. The partition function becomes

L9, VE D)V (p) — tgu & Vi (), VY (p)

— g€ VI (P)Dyy 0, V7 (P) = 590" €420y, VH(9) 0 V¥ (1)

+O(1) +i0, V" (), "Xt + T, VT (p)e, "Xat" + O(3)

1 R Yo

In the limit of ¢ tending to oo, several things happen: first of all both (’)(%) terms vanish, as does

the 75%R—term. Secondly the —%V“ (p)Vu(p) suppresses all contributions of the path integral, safe
for the case that V#(p) = 0. So in this particular case, the localization locus is the discrete set
of point {z;}; where V# vanishes. V# has isolated zeroes {z;}; as specified in theorem [1| so to
find the contribution to the path integral, we can expand our vector field on separate parts of the
manifold, each part containing a single x;. Using the shorter notation

HOH = 9,VH(x;),

and the knowledge that V#(z;) = 0, we find two Gaussian integrals

St i) ()
(2 ¥

et(ie (’) Vg det(H )
_Z\/det >g HO\T )dt i Z I/ det(H®)?

This means that

det H®
M Za(t) Z|detgz>|

This fraction of determinants is equal to the index of the point in the case that it is a simple pole
(see [34]). Combining this with (3.14)) provides the proof for the Poincaré-Hopf theorem

XM = Z index, (V

with the index of a point z; described with

det(9,V"(x;))

index,, (V) = m.

We can also see that it only take on values equal to +1, which also to the fact that we assumed V'
only had simple poles.

3.3 Atiyah-Bott-Berline-Vergne localization formula

This section will make use of some general notions within geometry. For a short introduction to
forms, vector fields and other related issues, see appendiz[C}

Inspired by the Poincaré-Hopf theorem (1928), many more ‘index theorems’ were found. In
1967 Raoul Bott mentioned additional identities extending the Poincaré-Hopf theorem for the cases
when the vector field was holomorphic or when the vector field was a infinitesimal symmetry of
the manifold[4]. A few years later H. Duistermaat and G. Heckman extended the latter idea to
symplectic manifolds (1982-1983,[9],[10]). It was noting the differences and the similarities between
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Figure 3: The normal bundle of F' = S! in M = R2. The green vectors compose a base of TM, the
red vectors represent TF and the blue vectors are a visualization of the normal bundle TM/TF
of S in R2. All vectors can gain switch direction depending on the choice of orientation of the
submanifold S*.

these two cases that then inspired Michael Atiyah, working together with Raoul Bott, for the
Atiyah—Bottﬂ index theorem[2]. This connection was more-or-less simultaneously also noted by
Nicole Berline and Michele Vergne, leading to the alternative name Atiyah-Bott-Berline-Vergne
index theorem.

We will discuss the Atiyah-Bott fixed point theorem in the notation used in [24] and [23]. It consists
of a general part and a special case; the localization method for path integrals is an extension of
the special case[3].

Theorem 3 (Atiyah-Bott-Berline-Vergne localization formula). Given a manifold M with an
metric invariant under a group H acting on M. Let d be the De Rham differential , v be
the vector field generated by the action of H and i,a denotes the contraction with v as in .
Let F C M be the largest set for which i;v = 0 (the set of zeroes of v). Then define Q as the
equivariantlﬂ form d — ¢%iya, with ¢* a parameter for the action (so Q* = —¢*Lya ). Then for a
Q-closed equivariant form « the following holds:

o

with e(NF) the equivariant Euler class of the normal bundle of F (explained below).

This theorem needs some explanation. First we need to explain what the normal bundle Nz means.
Since F', the set of zeroes of v, is a (possibly lower dimensional) subset of M, we have a natural
immersion

f:M‘vzo—)F.

Although these two spaces might seem equal, there is a difference when one would consider their
tangent spaces. TM|,—¢ has a (possibly) higher dimension then TF, as you can see in figure
for the special case of S* embedded in R2. It is therefor possible to study the quotient space of
TM over TF, resulting (for Riemannian manifolds) in a vector bundle that is perpendicular to the
surface.

The Euler class of this bundle is a concept that we will not discuss in detail, but it is a measure
for the curvature of this vector bundle. Furthermore we find a ¢} on the right hand side of the
localization formula, which is the pullback of the contraction with F'. This means that we will
integrate the form « only over the points of F', with the relevant vectors already contracted.

31Not to be confused with the Atiyah-Singer index theorem: another index theorem that states a useful equivalence
for elliptic operators on closed manifolds. This index theorem finds uses with theoretical physics as well. They use
it, for instance, in [25] to compute the one loop determinants.

32 An equivariant form is a form which is invariant under the the action of H on M.
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There is also an more friendly version of the theorem when several restrictions are made. In
the special case that F' = {z;}; is a set of discrete points, we can rewrite the theorem in a more
familiar form{?]

Theorem 4. Given a manifold M and a vector field V with a discrete set F' = {x;}; of zeroes. If
« is an equivariant form, then

/ a=>y" 2“77“} (3.16)
M — /det Ly, (V)

where L., (V) € End(T,, M) is the endomorphism of F,,M induces by the Lie derivative with
respect to V' at the zero x;.

As you can see we know have a sum on the right hand side instead of a integration. Furthermore
the concept of the Euler class of the normal bundle has been substituted by a determinant of an
endomorphism (a linear of a vector space to itself). This is to be understood in the following way:
we can take {a;}; as a base of the tangent space at point x; labeled, and act upon this with the
Lie derivative with respect to V' as usual: Ly (a;) = [V, a;]. Since this map is linear, we can write
down the matrix A;j of coefficients that define the mapping of the Lie derivative by satisfying
V,a;] = >, Ajkar. The determinant of this matrix A is equal to det L, (V).

Edward Witten introduced the reasoning explained in section [3.1] in his 1988 paper ‘Topological
Quantum Field Theory’[41], in order to show that the partition function is a topological invariant.
In 1991 [42] he mentions that this is analogous to the Atiyah-Bott fixed point theorem. The link
between these two methods can easily be seen. The integral becomes an summation, and the
determinant of the matrix of the Lie derivative becomes the one-loop calculations. In terms of
the Laplace method , we can also see the links. The factor ef(*?) is the analogue of i and
V2r
V=03 f (i)

dimensional Gaussian integrals), and is therefor analogues to Jaely The restriction that «

would become a determinant in a higher dimensional case (as we know from higher

should be @ invariant translates to the condition that D¢e* should be conserved in the path
integral formalism. This means that

1. ¢ should preserve D¢ (or equivalently: ¢ cannot be anomalous)
2.88=0

More recently Albert Schwarz and Oleg Zaboronsky [37] studied the exact conditions under which
the localization method is applicable in supersymmetry. They studied the conditions under which
this localization formula could be applied to a supermanifold in a mathematical manner. Like
many others they state explicitly that the symmetry used for the procedure should be odd, yet the
author of this work has not been able to distinguish a single step of the proof where this is used
explicitly.

33This formulation of the theorem is taken from [I5].
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4 Localization of super Yang Mills on S?

Having studied two separated parts up until now, it is now time to bring them together and try to
apply the method of localization to the N = 1 super Yang Mills theory on the 5-sphere. In section
we will study in detail whether the conditions for applying localization are satisfied. This
almost immediately results in the localization locus of the theory, which we will discuss in section
Then we will go on with giving a matrix model for the theory in section as computed by
Kallén e.a. in [25]. Due to time constraints on this project the matrixmodel will be presented and
discussed, yet it will not be computed.

4.1 Conditions

As we discussed in section [3.1] we need the following things:
e A theory with partition function.
e A Grassmann-odd symmetry that is

— not anomalous.
— comnserves the action.
e A Grassmann-odd operator V', such that
- 82V =0.
— the bosonic part of §V is positive.

The theory we use here is, of course, the N = 1 SYM theory placed on S?. It’s partition is given
by

Z= / DADcDNXDDDgDyDFe™Stn, (4.1)

where

Stanl = dz® («i/ﬂvector + ozﬂhyper)a
S5

with Zector as in and Zyper as in .

The next ingredient is a Grassmann-odd symmetry. We will use a symmetry inspired by the
supersymmetry on the theory. We use d¢ as given by through and through
with £ a Grassmann-even conformal Killing spinor, instead of the usual choice of a Grassmann-odd
conformal Killing spinor. Furthermore we will normalize the spinor &; by its ‘length’ £;¢7, such
that £;¢1 = —¢1¢; = 1. This will not have any influence on the conformal Killing spinor equation
or any other relations. Furthermore we can see that £1&1 = —&1£1 = 0, since switching spinors
picks up a minus sign. We can do the same for &5, and thus we can conclude that £,&; = —£261 = a,

and since £7€; = aery and £,€7 = 1, we find that @ = —1:

1 1
(&1&5) = —5€r; and equivalently (¢7¢7) = §EIJ (4.2)
The choice of a Grassmannian even £ will automatically mean that J¢, which was a Grassmann-even
symmetry, now is a Grassmann-odd symmetry, just as is required in the prerequisites. Furthermore
the coefficients associated to the transformation 67 = 5{J¢,d¢} will become v¥* = &THE!, v =

—i&¢lo, p= —i(§lél—€151) =0, Ryy = —3i(&r€+E65Er) = =gt S tesrtS) = 2 (ExF )ty
and OM = —i2(& T EN) PY These coefficients coincide with the coefficients found for 5? acting
upon the hypermultiplet (2.67)), thus we are working with one single valid even symmetry on our
theory.

In section and we found that this symmetry preserves respectively Zyector annd Zhyper,
and therefor we can state that 0:Spn = 0. This is also why we had to work with off-shell

34Note that all terms in the coefficients where 1 and & are reversed in place will pick up one additional sign. This
prevents Ry; and ©*Y from vanishing, even though they seem to do that at first sight.

41
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supersymmetry, and thus introduced the auxiliary fields D;; and Fj/, for the mere condition
that d¢Sran would be equal to 0 only up to the equations of motion would not be enough. That
the symmetry is not anomalous, is something that we will have to assume for now, for these
computations are extremely complex and laborious. So this means that the symmetry satisfies the
required properties.

So this leaves us with the task to find a regulator Lagrangian 0.2y (V = fS5 dx® %), such that
5§(f55 dz° %) =0, and 6¢.% > 0. Hosomichi [20] proposes the use of

Yy =Tr [((55)\[)T>\[] + ((55’(/J)T’L/J

We will refer to these terms with £y, and %y j respectively for the first and second term. In
order to prove the first condition (5§(fss dz® %) = 0), we can use a trick. We know that from
that d¢ acts as an even symmetry on the hypermultiplet. On the vectormultiplet, this turns
out to be the case as well. The equations of still hold even after switching from bosonic d¢
to fermionic d¢, albeit now for the anticommutator {d¢, d,} instead of the commutator. Thus this
means that J¢ acts upon the vectormultiplet as an even symmetry as well.

Now .Zy does contain &7, yet d¢ does not explicitly act on it. It does, however, acts upon the fields
with which &7 is contracted with. (5? causes an R-rotation inside %y, rotating the fields that are

contracted with &; with the coefficient R;”. But since & is not acted upon by the transformation,
it does not rotate like this. All indices inside 5§V = 07 [4s dz° %y are properly contracted, and

therefor the only result of 6§V that would transform properly under R I‘] is the result
2y,
6§V - O.

This leaves only for us to check whether ¢V is positive. We do this separately for the vector and
the hypermultiplet by explicit computation. We start with the vectormultiplet:

0e Ly v = Tr[(62A1) A L] + Tr[(0eAr) T (BeAr)]
Since we know from (2.3)) and (2.23]) in combination with the new coefficients given above that

1 2
SeAr = — §F,w(ng,) + (T"¢1)Dyo + D7 €y + ;tﬂgﬂ,

GgAr = — i(§THET) DAL + i€y [0, M + %(&&K)t;% — %(&FWH)FWAI,

we can say that

(GeA)! = = S Fu(€T) + (€T Dy + DUey + 261y,

(G2 =HETE)DA = (€7 )N o] — S ER€ ) Ay — S(ET™E N T,

where we have to take into account that both the o and D field take values on the imaginary line.
So we can split 0¢.%y  into two parts. The first part

. " 3i iz "y
Tr[(6200) A1) =Tr[i (€147 DA Ar — (£,67) M oAr — 7(§K§K)tIJ/\J>\I = 5 (&l §ANT A
is pure imaginary, and therefor will not have the suppressing purpose for which we added the
regulator Lagrangian. This is why we are only interested in the bosonic part of the regulator action

5e Ly v = Tr[(0eAr) (3¢ A1)

1 1 1 2
= Dol B Fpo (T T77€1) = S Fiu Dy (€ T T761) = S Fu (D + Zot” ) (€'T¢,)

1 2
- 5D,,aFW(g’FPngI) + D,oD,o(¢'THT¢r) + Dyo (D7) + ;atJ,)(glrﬂg 7)

- %(D‘” - %atf’)FW(ngWg,) + (D71 + %Ut‘”)D#J(fJF“&)
+ (DM 4 2ot ) (DK, + 2ot ) €56
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On the TH*T*? in the first term we can use to find that it is equal to 1 F),, F,,((/THP7¢)) +
%F‘“’F#V(gf]). We can also apply that T'#¥P7 = e’“’”‘”F to the first of these terms. For seeing
the second and fourth term vanish we can make use of the Gamma matrix identity and the
cyclicity of the trace (2.14)), leaving two terms. On is dependent on (£/T"P¢p) = (£TPvig) =
—(efTmve) = 0.

The other one becomes 72F,WD”U(§IF”§I) Z(DVFIW)U(EII‘“&) + %tUF,Wa(&(F“F” +
I'*T'*)¢ ), with the help of partial integration. This, in turn, vanishes since D¥F),, = 0, and the
anticommutator in the second term is symmetric in g and v while F),, is antisymmetric in those
indices.

The third and seventh term are both equal to each others save for a minus sign, and they
will therefor drop out. The fifth term we can rewrite by rewriting the spinors (¢/THIV¢;) =
%(EII‘“F”&) + %(gfr”rﬂgf) = —g"v(&r€!). The sixth and eighth term are simultaneously sym-
metric in I and J (when considering D7) and antisymmetric (when you switch the spinors), and
therefor are equal to 0. On the last term we can use . Then we find in the end that

€19

1 1 1 2 2
Ly v = Tl P Fuy = ure™?7" Fpy Fpg — Dyo Do — o (Dyry + Zotrg)(DY + Zat! )],
r r

with v, = (£;T,€7). With the help of the Fierz identity (2.10), we can state that

vt = (TN (€T BEY (16T (€,67) + 2667 ) (€5€7) — 2(€165) (7€)

B 1 1
0, A(—gen(ze’) = -1+2=1. (4.3)
This enables us to write
1 1 oT\2 1 v 2 2 1 2 2
0e Ly v = Tr[Z(F/w - §6HVPUTUPF ): + 5(0 F,.)*— (Do) — §(D]J + ;Utu) I, (4.4)

when we keep in mind that €, por€"*%7 = 2(696267+650762 670268 —655207 —056702—576502).
And thus we are left with a expression for %4 ., that is in the form of a summation of squares, if
we once again remind ourselves that we have chosen to let ¢ and Dy take values on the real line.
Therefor %y 1 is positive.

We will now show that this strategy works as well for the hypermultiplet. First of all we write
Zy 1 into two parts like

Ly = (5¢0) (3e) + (03¢) T
Recall that

Setr =11 Dy’ +i€roq’ — 2t gray + En

30 = —iETE D + (G o) — SETENT
and thus

(ev)! = @)D, +igra'o — 2, & F

(520)! = T4\ D, — (€41 — L (ETH €T,

if we take into account our purely imaginary choice for F' and o. Then again the part of %y 1, that
is squared in 1 is a real multiple of i, as

(520) 9 = e TN DL — (&€ o) — SETHETT ),

35This is a consequence of THVPIT = chVpoT,
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and thus is does not contribute to a suppressing term. Meanwhile the bosonic part of £y 1, is

6¢ Ly mp =(&THT7E5) (DG Dug”) +i(&T4€5) (D, g oq”) — %tu(fKP“&)(Du@K%)
+ (&M (Dug F) + (6T €5) (@ o Dug”) — (€160)(@ o%q”)

- %L‘JK(SI&()@IUQJ) i) g oF’) - §t1J(€IF”§K)(§JDHQK)

- ﬁt”(g@)( 100%) + St (€06 @an) — 1 (Exbre) @)

— (€T (F Doug’) - ilére))(F o) + %t”@mm(ﬁ”qﬂ — (Eér)(F ).
(4.5)

The four terms containing (f 1+€7) vanish because of . Furthermore we need another identity
like for £;T#E ;. Since we can switch the spinors to show that it becomes —(£,;I',£r), we know
that for I = J this should vanish and thus that (§;I',£7) = aery. Multiplying with e’ then learns
us that a = %’Uu. Thus

1 1
—-Uu€LT, and equivalently (fIFuf‘]) = fvue”. (4.6)

(flrlth) = 9 9

Now let us consider individual terms of (4.5)). The first term is equal to

ST D) €) (D' Dog”) + (&T65) (D, Do),

where we can use the Clifford algebra and to simplify. For the rest we will leave it
as it is. The second and fifth term will cancel against each other, for if we study the hermitean
conjugate (only with respect to the SU(N) gauge structure) of the second term, we would find
(i(&THEy)(DLglog?)t = i(&T4€) (@ oDLugt) = —i(&T4€5) (@ o D,g”), because the first term is
antisymmetric in I and J. On the third and ninth term, we should use , to find that their sum
is equal to —;’—Tv“t”(Dquq]) + —v“t”(qJD#qI) We can then apply partial integration to the
first term. If we use that D, v = 2(§1F“D#§I) = —2(&THT L))t = —2(£,€))t!7 = 0, because
of simultaneous (anti)symmetry, then in the end we only keep %v“tl J qrD.uqy. The fourth term

can be rewritten by taking its Hermitean transpose like —(&;T*¢ J’)(FJ D,q"). Note that we get a
sign change because of F belng purely imaginary. If we then also change the order of the spinor

product we find (fJ/I‘“f[)(F D,q"), which adds up to 0 together with the thirteenth term.

It is apparent that with the use of . ) the sixth term becomes equal to —*(qIO' q'). The
seventh and tenth term can also shown to be 0 together directly after applying (4.2)). The next
term not yet discussed is the eleventh, which is equal to ——tl t;2(q,q1) with the help of (4.2 .

3.42
This in turn can be written as 52 (tt) ;% (77 qr) = =t;7t 7 (@ qx). Then the last term left

272
L[/fj/)(F Y ). On this we can use a direct analogue of (4.2) to see that it is equal to
%(F ). Taking this all into account we end up with

9
2t Ttrqrq”

1_ ., 1— _p
N __F.F
2(]10 qJ B I )

1 Vo _
0e Ly b = §Du§1D”qI +why DG Dug” + 3v"t'7q,D,qs + ™

where wi’] = £ T#¢;. Now it turns out that this can be written as
1 . _ v
0eLy np =5 (D70x —v7 (v DrGx) = 201 Dy ) (Do = 05 (V" Dpg™) + 25, D"qy)
1 3

_ _ v 3 1 1— '
+ g(ququ - ;tIK(IK)(U D,q" — ;tILfJL) - 5@10261[ - inFI ) (4.7)
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which would again be positive when we consider that both F; and o are purely imaginary fields.
For the F? and o2 this is apparent, but the rest of the terms is not so trivial. Let us first start
with deriving two identities we will need. First we want to show

2’0“11){“{ :(fKrﬂgK)(glr;wgJ)
= S(ETHEE)ETU L) - 3 (Ex TN (ETLT,E")
Then we use the Fierz identity on THeK (LT ,(T,¢7)) and THER ((ET,)T,¢7). This yields

20w, ( (Ex€™)ETLET) = (T ) + ((ExTeM)(E7ER) — (Exe")(ETLER) — (T & 7))
@2)
B2 ( Lo el K — 5f<eJKv,,—(I<—>J)) —0.
Likewise we can compute
2wJIwJK =2(&; T Er) (67T 0,6 ")
= (€T EN) (€T, %)) — S (€T e (€T (T,E5))
- %(&FH(F"&))((&JF,))F;&K) (&I (ET,)T,E%),

at which point we want to use in the same way we did to prove v”w = 0. We can already
drop the terms of the form (¢ JF"§ I)(§ IT,£5), for they will vanish agamst each other. If we then

apply (4.2) and (4.6), we find

1 v v 1 174 1 v
2lewﬁ{ =— vav 55{ — ({KI‘ ¢ — f(gKI‘pI‘ &) — ivpv 5?
1 1

- *(EKF T7Er) = Supu”0f = Jupv”dr — (ET'T,€7) (")

3 1
=_ iupv’jél —2(¢KT,Tv¢r) — i(fjfl’f‘pf‘])(sf.

The second term we will write like (¢XT,TV€r) = g, (E5TH &) 429, (EK{TH, TV 1)) = gupe® 0l —
(5;’55{. In the third term we will change %gpu(f,]F”F”fJ) into %gpy(f‘]I‘”F”f‘]) + igpy(f‘]F“F”f])
%5}; with the help of changing the order of spinors. Thus

pv,  JK _ 3 oY nsK KJ, nwv
WrrWup = ~7YpY S+ 6/)51 up€ " Wir-

If we now take (4.7]) and write out the squares we find

1, 3 _ 9

50" DyarDyg’ = —o" (Dt + 55 ()" (@xear) + SDuqu“
1 1 o 1 , _

— 0 (D@ Do) + Sl (DMT D a5) + §(0"0,)e 0 (D, Dy
1 1 1 1—
= V" W (DG DPqy) = Swiiw D' DPaic = 5Gro*q’ — S FrF!

We need to use (2.42) (which says that (t¢)§ = 16K), v#v, = 1 and the two identities we just
derived to show that this is

1 1 1 3 .., 9 1 3.
(5-7T5 v Dyq;Duq" + 3v"t" g, D’ + " — "t +(5+ S)DMI[D“QI
1
(2 + 2) J(D*q;D"qy) = 6¢ L mp

Thus showing what we wanted to prove.
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4.2 Localization locus

From now on the text will start to have more of a descriptive character. Not everything will be
proven, and most of the things will only be explained intuitively.

Having the expressions and leads directly to the localization locus. The localiza-
tion locus was the set of points for which (6¢V)p > 0, and since both and are written as
a sum of squares, we know that the localization locus for the theory are exactly that set of points
where the individual terms are 0. So from we conclude that the localization locus for the
vectormultiplet is:

1
By = §EWPUTUPFUT Dyo =0
2
’UMFHUZO D]J:_*O't]t].
T

If we would want to, we could drop the restriction v*F),, = 0, because it is implied by v*(F},,) =
v“(%ewpmva‘”), which shows that v#F,, = 0 because the right hand side is symmetric in u
and p through v#v? and antisymmetric in the same indices through €. Furthermore the condition
D,o = 0 implies that o is a constant function on all of SP. Since o is still an element of the
gauge group SU(N), we can consider o from now on a constant matrix. The last condition then
automatically states that the Dy field is merely a constant multiple of the matrix . Furthermore,
according to [25], the equation F),, = %ewpmv”F‘” also implies the equation of motion.

Next they use v*F),, = 0 to construct submanifolds S* of S5 that has a zero field strength@
Therefor we can switch to a gauge where A is constant on each S*. One can consider the space over
which the connection varies. This is S°/S! ~ CP?: the complex projective planef] One therefor
needs to consider solutions of the equations of motion on CP? in order to find the localization locus
of the theory. The case where the connection A = 0 everywhere is one of them, but others are
possible as well. They call these solutions ‘contact instantons’, an instanton on a contact manifold@
So our localization locus for the vectormultiplet consists of all possible contact instantons on CP?
times all possible constant matrices 0. Because of this, we still expect our final result for the
partition function to be integrated over o, albeit this time normal integration, not path integration.
For the hypermultiplet we can follow the same reasoning to arrive from (4.7)) to

D7g =" (v" D-qg) + 203D, g’ oqr =0
_ 3, Kk
vD,g; = ;t,KqK Fr =0.

The condition Frr = 0 is clear, yet the other conditions on ¢; are less apparent. According to [25],
however, things will drastically simplify when we consider the case when we are in the localization
locus of both the vector and the hypermultiplet simultaneously. First of all, o becomes a constant
matrix, and thus according to the condition oq; = 0 we can conclude that q; = 0 if ¢ is a constant
matrix with nonzero determinant. But even if ¢ has 0-eigenvalues, the condition A, = 0 (up to
gauge transformations) together with the conditions on ¢; should lead to restrictions upon ¢ that
are such that ¢ cannot have continuous solutions@ Therefor the localization locus of the theory is
defined by

2
A = contact instanton, o = const., Drj=—-otyj, qr =0, Fr=0. (4.8)
r

As one can see this is only dependent on a constant ¢. Thus for the resulting localized integral for
the partition function (4.1), which we are now going to study, we will expect that we still have an
integration over all constant o solutions.

36Given a point we can take this S as the flow of this point under the vector field v*.

37This is the set C> modulo overall rescaling by nonzero elements from C. So CP? = {(z,y, z) € C3}/{(x,y,2) =
A(x7 Y, Z)7 A€ (C}

38 A manifold consisting of points in the manifold with their corresponding tangent spaces. A 1-form called a
’contact form’ then describes the notion of ’parallel transport’ on the tangent spaces.

39p. 19 of [25].
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4.3 A matrix model

Because of time constraints on this project there was no time to perform this calculation, but in
order to give a complete picture, we will discuss the results by Johan Kéllén, Jian Qiu and Maxim
Zabzine presented in [25] here.

Let us start with repeating the discrete version of the Atiyah-Bott theorem :

=L

We will now discuss several points we would expect the localized result for the partition function
(4.1). First of all the sum over p € F will be trivial in this case, since (4.8)) corresponds with a

single point in the space of fields. As part of i@ we would expect an integral over all constant

fields o, and furthermore a factor e~ 5(Fuw=0,0=const.) Tp the place of det L, one should compute
the superdeterminant of the operator

d=1iL, —ilo,],

with £, the Lie derivative in the direction v and [, ] the commutator between o and the field upon
which it acts. The vector field v in the Lie derivative is induced by the Killing spinor: v = &T*¢L.
We can view this as a differential acting on the space of fields, since

d®> =0.

Now before we mention the matrix model for the partition function, it should be mentioned this
is merely the result for what Kéllén e.a. call the perturbative partition function: the partition
function with contributions where the connection A = 0 and o is a constant. When computing
the full partition function, one should also take into account the instanton solutions on CP2. The
exception is the case when the gauge group is U(1) (which in practice means SU(N) for the case
N = 1), for then it can be shown there are no non-trivial instantons on the complex projective
plane. In the end they found that the partition function becomes

47\'7‘ 2 .
/ Do e o ) det (sin(mqs)e%f(ws))

Cartan

_16x3r
-det ((cos(iwqb))ie*%f(%*i‘m*if(%”‘b)) +0 (e 9¥m ) , (4.9)
R

up to irrelevant overall numerical factors. The perturbative partition function is fully written out,
and the instanton solutions are indicated by O. Furthermore f is the function given by

iLig(e—Qm‘y) _ @) (4.10)

3 .
_ 2 —27is We.  —oni
) = T+ (1 — e ) 4 DLig(en ) 4+ s

¢ = ro is a dimensionless parameter containing the remaining d.o.f. of the theory and the integral
over ¢ is thus an integral over only constant functions. Therefor it is essentially the same as a
usual integral f d¢, up to possibly some sort of Jacobian.

We will need to make a few remarks about this function and define all of its elements, but let
us first take a step back and consider the implications of this model. The feat achieved here is
quite remarkable. Starting with with a partition function that is only defined through a set
of perturbative Feynman rules we a find, through a mathematical trick, an exact solution that
depends on a finite number of variables. This does not only lead to a useful way to obtain values
of observables, but might also lead to a deeper understanding of the theory and the path integral
formalism itself.

But to get back to the equation : the integration over ¢ is still an integration over a matrix,
which can be interpreted as an integration over its matrix entries. Yet it is restricted to a Cartan
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4.3 A matrix model 4 LOCALIZATION OF SUPER YANG MILLS ON S%

subset, which is a maximal subset of (in this case) SU(IN) which is simultaneously diagonalizable.
The dimension of this integral is therefor N — 1 (N integrals over it’s diagonal matrix entries, yet
restricted by 1 dimension since A € SU(N) should satisfy det(A) = 1). Furthermore ¢ takes values
on the imaginary axis, just as o, which explains the at first sight rather odd cos(ir¢) notation
rather than cosh(m¢). Furthermore the detaq denotes that we should take the determinant of with
respect to the gauge structure in the adjoint representation. R is the representation considered for
the hypermultiplet. In section [2:2.1] we have described in the fundamental representation of the
gauge group, yet other representations are an option as well.

The function f defined in has some unspecified contents as well. First of all we should take
into account that ¢ is a matrix, and all functions acting upon it should be understood in terms of
their Taylor expansions. That said, we know the Taylor expansion of In(1 + z) to be

0 4Ni41,.
(140 = Yo EUTT
=0

Yet Lis(z) and Lis(x) are less well know. They are called the dilogarithm and trilogarithm
respectively and they are particular cases of polylogarithms Li,(z). They are defined as

Li, (z) = Zin

=0

~

It is easy to see that for n = 1 this results in — ) (_f)l = —In(1 — z), which is why it can be

considered as a generalization of a logarithm. Last of all we should note that {(x) is the Riemann
zeta function. For values in N, it is equal to

=

=1

leading to ¢(3) ~ 1.2020569. This particular value is also known as Apery’s constant. The ¢
function appears in many problems within number theorﬂ and often rears its head within physics.
Of course many more things about this model can and should be said, but this would require
substantially more time and is therefor beyond the scope of this work. In section [5.2| we will
refer to several more papers that go more in depth on this and related subjects, if the reader is
interested in more on this subject. We will finish here, with the knowledge that the use localization
techniques results in some special cases in impressive exact results that might grant us a deeper
understanding of the physics of the world we live in, and the mathematics we use to describe it.

40Tt has a important connection to the distribution of prime numbers amongst the natural numbers.
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5 Conclusion

5.1 Summary

It is now time to look back upon what we discussed. We started by putting 5D SYM on S3,
which can be seen as a one-parameter deformation of the flat 5D SYM theory. We first introduced
the fields in the vectormultiplet, together with their supersymmetry transformations and the
corresponding Lagrangian. We then discussed the different structures of the theory in detail in
order to be able to do calculations with them later on. Next it was shown explicitly that these
supersymmetry transformations close the supersymmetry algebra and that they conserve the
Lagrangian. The same was also done for the hypermultiplet, with the one exception that we only
showed that (5? was an even symmetry of the theory for a bosonic &.

A study of the concept of localization as proposed by Witten was next, followed by a section
explaining the Poincaré-Hopf theorem and thereafter proving it with the help of localization applied
on a mock theory. Then we briefly discussed the Atiyah-Bott-Berline-Vergne theorem, and shown
the link between that and the localization method.

Then finally we showed that all conditions for localization apply when you try to localize it with
the supersymmetry operator with an even spinor £. The localization locus was found to be
and we discussed (yet not computed) the matrix model for the perturbative partition function that
follows after the localization.

All in all we can state that localization is a powerful and useful tool to get exact results for
a path integral.

5.2 Outlook

As always every question answered leads to many more questions, and even though this is recent
work at the time of writing some of these question have already been studied. We will refer to
several papers the localization of N = 5 SYM has been used for and several areas for future
research, divided into these two groups.

Several examples of future research performed in this area:

o In [22] they continued the result of the matrix model and studied the large N-behaviour of the
theory, where N is the variable in the symmetry SU (), and the corresponds to the amount
of colours in the language of the strong interaction force@ It can be argued that under some
conditions the rest term O becomes negligible. They show in this limit that the free energy
F = —1In(Z) grows cubic in N. This coincides with the results for the 6D (2,0) theory.

e Minahan e.a. studied in [32] the value of several observables with the help of localization. To
be exact more exact: they studied a subclass of Wilson loops that are invariant under the
supersymmetry transformation@ In the same paper they also study the link with 6D (2,0)
theory in greater depth. They show that, under strict conditions, the expectation value for
certain supersymmetric Wilson loops within both theories coincide, although they stress that
there is a lack of knowledge of the Euclidean variant of 6D (2,0) theory.

Possible future research areas include

e As they note in [25], 5D SYM theory is non-renormalizable, and putting the theory on a
sphere will not change this. This makes it rather surprising that it is possible to get an exact
result. So somewhere in this localization step there is a regularization hidden. Where this
step is (implicitly) done and how it works is as of yet unknown.

41QCD is non-renormalizable, and this is caused by the absence of small parameters we can expand about. In
1974 [38] proposed to study the limit where the amount of colours was large, and then use % as an expansion
variable. For more information on this at an introductory level, see [30].

42Wilson loops are measurables that consist of some line integral on a closed loop of the gauge field. Wilson
introduced them in 1974 [40] and they can be used to reformulate QCD in a way where the gauge-invariance is
directly apparent. For more information, see [30].
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e The matrix model computed in is merely the perturbative partition function. It would
be very interesting to consider the full partition function, where also the non-trivial instantons
on CP? should be taken into account. This severely complicates the calculations, but the
result could be useful to have.

e The localization procedure tells us that the contribution to the path integral from almost all
points save for a few can be neglected. This leads to the question whether these states might,
in some way, be special. Can they be interpreted as some kind of meta-particles? And in the
case that some field vanishes in the localization locus, does that then mean that the minimal
description of the theory shouldn’t contain that field?
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B CLASSIFICATION OF SPINORS IN D DIMENSIONS

A A few words on supersymmetry

The basic premise behind supersymmetry is well known: to every particle we associate a super-
partner. Bosons have fermionic superpartners and vice versa.

Just like in translational symmetry leads the conserved charge of the momentum p,,, the super-
symmetry generates a conserved quantity as well. This is called the supercharge, which will be
denoted like g, in this work. Where €¢"p,, is a operator that instigates a infinitesimal translation
in the ‘direction’ of a vector ¢,, so is 6 = {“q. a infinitesimal supersymmetry transformation
with £ a Grassmann-odd spinor that indicate the ‘direction’ of the supersymmetry. Here ¢, is
always a Grassmannian odd operator, because it should make a boson (Grassmann even field) into
a fermion (Grassmann odd field). Conventions are such that £ is chosen Grassmann odd such that
¢ is Grassmannian even.

Furthermore these operators should be such that they close the supersymmetry algebra. That is,
given two spinors £ and 7, we need that J¢ and 9, are transformations such that

[0¢, 0¥ = 7(£a(rﬂ)aﬁn6)pqu»

with p, again the momentum operator and I'* the gamma matrices adhering the Clifford algebra
(B.1)), acting upon a field ¥. For more on the spinors, the Clifford algebra and gamma matrices
and their explicit construction, see appendix

Since we are given this one Dirac spinor £ to determine the direction of the supersymmetry,
this means that we have 2% degrees of freedom, since this is the number of degrees of freedom
for a spinor in d dimension (see appendix [Bffor more details). It is possible to create even more
symmetry by creating more supercharges. These supercharges should anticommute if they are of
a different type. Following this logic we use the notation N = n symmetry for supersymmetry
with n different supercharges. It turns out n can take on only multiples of 2 up to 16. This way
we multiply the amount of degrees of freedom when considering a supersymmetry transformation.
Because we will not explicitly study extended supersymmetric models, we will not go more in
depth than this rough concept, but we will mention their existence on several occasions.
Furthermore we will have to work on supermanifolds now, which, in practice, means that part of
coordinates are anticommuting instead commuting. This has ramifications on nearly every aspect,
and as such there excist superdeterminant (like a determinant with with slightly different sign
conventions on odd coordinates), superfields and many more ‘super’s. Most of the times the exact
way such a supervariant works is irrelevant. When it is important, it will be discussed at that
point.

This was a very brief discussion on supersymmetry. For more information one could try either [13]
or for a shorter, more condensed read [28].

B Classification of spinors in d dimensions

In this appendix we will take a look at the existence of several types of spinors (Dirac, Majorana
and Weyl) in d dimensions@ Then the restriction that supersymmetry impose on this classification
are studied@ But first the definitions and conventions used in this paper will be specified.

B.1 The Clifford and Lorentz algebra

The Clifford algebra describing spinor behavior in d dimensions is spanned by the d Dirac matrices
T'#. These need to satisfy to the defining property

{T, 1"} =29, (B.1)

43We follow Appendix B of Polchinski [36].
44Like Figueroa-O’Farrill does in [I3].
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B.1 The Clifford and Lorentz algebld CLASSIFICATION OF SPINORS IN D DIMENSIONS

with {,} the standard anticommutator brackets and n** the d dimensional Minkowski metric
diag(—1,+1,...,4+1). When we work in d = 2k + 2 dimensions (k € N, including 0), we can denote
a set of raising and lowering operators

1

o+ = §(i1“0 +Th), (B.2)
1

et = §(F2“ + T2t with a € {1,...,k}. (B.3)

They anticommute in the all cases except for
{re+ 1°7} = 6% with a,b € {0,1,...,k}.

So {Ie*, I} = {I'*~ I'*~} = 0, with the special case (I'**)2 = (I'*~)2 = 0. Hence, if we have a
certain spinor ¢, this spinor will have to become 0 after applying (I'*~)? to it. This means either
I*=¢=0or I'* (I'*¢) = 0. Applying this logic for all possible a € {0,...k}, means that there
exists a spinor ¢ which will be annihilated by all lowering operators.

r* ¢ =0,Ya€{0,....k}

In this way we can find a representation by acting with all possible I'** on this ‘lowest’ state (,
resulting in the following,
(> = (DFF)sts (0T otag,

where s is a d-dimensional vector containing elements of :I:%. This means each raising operator
acts either once or never on the state, which is important because otherwise the state would vanish.
This is a useful basis for our spinor space and it allows us to write the Dirac matrices explicitly.
Constructing them in d dimensions is a recursive process. Let us first consider the case d = 2, with:

0 1 0 1

0 _ 1_

IR

These two matrices satisfy the Clifford algebra (B.1]) as we can check explicitly. In higher even
dimensions of the form d = 2k 4+ 2 we can then define

F“:v"@{_ol (1):|’ for p € {0,...d— 3},
d_2 0 1 d—1 _ 0 —i
N L NN U]

with 4# the d — 2 dimensional Dirac matrices and I the identity matrix, both of which are
2k % 2% dimensional matrices. As such the I'* in d dimensions are 2F*! x 2F+! dimensional
matrices. By induction you can check these satisfy as well. The I'* matrices in odd dimen-
sions d = 2k +3 can be constructed from the even 2k + 2 dimensional case as will be studied later on.

The elements of the Clifford algebra can be used to create generators of the SO(d — 1,1) Lorentz
group by antisymmetrising I'*T"” and defining

1

4

MY = ——[T*,TY].

In this way X#* satisfies
Q[SHY SPT] = TSP PO PSR pHo P,

Now note that we could take all k& + 1 generators of the form ¥?%2%+1 with a € {0,1,...,k}, and
that all generators commute with each other. This is a sign that we can diagonalize all these
operators simultaneously. Luckily, they turn out to be diagonalized already, for

S = iéa,022a,2a+1 _ Fa+Fa— _ 1
. = =

92



B.2  Weyl and Majorana spinors B CLASSIFICATION OF SPINORS IN D DIMENSIONS

Letting S, act on ¢(®) results in

a a— 1 s __ (1 - l)gs if (Fai)l is in CS _ s
(FrTe = 5)¢ = { (0— D)= if (1")? is not in ¢* } = saC”.

Because of the half-integer eigenvalues we can recognize this as a spinor representation. Hence this
is a basis for the Lorentz group SO(2k + 1,1) in 2¥+! dimensions, called the Dirac representation.
This representation is reducible, since 3#" is quadratic in the I' matrices. The subspaces of (* with
an even or an odd number of +%’s in s will be send to themselves. We will now create a ‘chirality’
operator to reflect that fact. We define

[ =qFropt .. . pé-1,

Note that
(T)? =1,{T,T"} = 0,[[,%"] = 0 and T = 2871 5,5, ... Sj. (B.5)

. o s | +¢8 if the number of & is even
The last identity in 1D tells us that I'(® = { _{5 if the number of % s odd

Now we study the Dirac matrices in the odd dimensions (d = 2k + 3). We can take the matrix T’
and add it as I'? to the the matrices for the 2k + 2 Clifford algebra. The first two equations of
(B.5) already proof these satisfy the Clifford algebra .

We have now constructed the irreducible representation of the I' matrices and we have done it in
such a way that we know that every other representation differs just on a change of basis.

B.2 Weyl and Majorana spinors

In the previous section we already inexplicitly encountered the Weyl spinors in the derivation of
the Lorentz algebra. The chirality matrix I' divided the spinors (® into two groups: spinors with
an even or an odd number of +%S. The right cosets of the chirality matrix I' are the two Weyl
representations, with a chirality of either +1 or —1. Because the matrix I' commutes with all X#*,
this property is conserved under the action of the generators of the Lorentz group. So in the even
dimensions we can impose an extra restriction on our spinors, namely the sign of their chirality.
Then we will call such a spinor a Weyl spinor. Note that this is only possible in even dimensions
2k + 2. In 2k + 3 dimensions the representation is not reducible in two Weyl representations, for
yrd — —%[F“, '] does not commute with the chirality operator I' = £I'?. Thus there are no Weyl
spinors in odd dimensions.

There is, however, also another condition we can imply: we can force the spinor to be real-valued
in some dimensions.

As we argued in section the representation of the Clifford algebra is unique up to a change of
basis. Would we for instance take the complex conjugate of equation the right-hand he side
would stay the same. This shows that I'** satisfies the Clifford algebra as well. So the I" and X
matrices are related to their own complex conjugates by transformation of basis. So we would like
an equation of the following form

BI#B~1 = 4T#*, (B.6)

for some matrix B. Notice that in both cases (positive and negative) we find for ¥
BYW BTt =y

because ¥4V is quadratic in I'* (which gives (£1)? = 1) and it is proportional to i. We will study
the even dimensions d = 2k + 2 first. In order to find the matrices B that satisfy these properties,
we first want to know what I'** is. We know that in the basis we used so far the I'** are real. The
definitions of the raising/lowering operators and tell us that

. —T# for p € {3,5,7,...}
= { I'# else ' (B.7)
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B.3 Restrictions of Supersymmetry B CLASSIFICATION OF SPINORS IN D DIMENSIONS

This is the inspiration to define
B, =T%%... 19! B, =TB,. (B.8)

By performing the anticommutation k times (or k — 1 times if u € {3,5,...,d — 1}) in order to
switch the I matrices in By with I'* and using , we see that:

BBy ' = (=1)FI"*,  BoI*By' = (—1)FH e

Thus either B = By or B = By makes sure is satisfied. The chirality matrix I" satisfies for
both B matrices:
BiTB; ' = Bo,TBy ' = (—1)*I*, (B.9)

Depending on k, conjugation either conserves or switches the eigenvalues of the chirality. This
means that for even k, which corresponds with d =2 mod 4, a Weyl representation is conserved
under conjugation. For k is odd, which would mean d =0 mod 4, the conjugation sends a Weyl
representation to the other one. This is noted in table [2| at the end of this appendix, for this will
turn out later on to have significant effects on the existence of Majorana-Weyl spinors.

Analogously to the Weyl condition in the previous paragraph, we can now impose the Majo-
rana condition on a spinor by requiring the following relation between the spinor and its complex
conjugate

¢* = BC(, (B.10)

where B is either By or Bs. Should this hold true, then the complex conjugate of this equation
should hold as well. So ( = B*(* = B*B(. Hence this Majorana condition is consistent only if
B*B = 1. Because we can choose to use either By or By this gives us two possibilities to constitute
such condition. If we use the commutation relations and conjugation conditions of I'*, together
with , we can reduce B*B to the following power of —1

BB = (—1)**+t1/2 and B3 B, = (—1)kk-1/2,

In the first case this vanishes if &Y = 0 mod 2,i.e. k=0 mod 4 or 3 mod 4. In the second

2
case this vanishes for @ =0 mod 2,ie. k=0 mod4or k=1 mod4. The overlap at 0
mod 4 does not mean you can impose a double Majorana condition with By and Bs simultaneously,
because a basis transformation will bring both conditions into each other.

Expanding this to odd dimensions, we need to notice that the definition for Bs does not
satisfy the important property in this case, since in odd dimensions I' itself has been added
to I'*. As such imposing the Majorana condition on spinors in odd dimensions is only possible by
using Bj.

This leads to the conclusion that we can either impose using Bj in dimensions d = 0,1,2,3
mod 8, and we can impose it using Bs in dimensions d = 2,4 mod 8. This means that Majorana

spinors exist in d = 0,1,2,3,4 mod 8. All this is summerised in table

We can also try to impose both conditions in order to create a Majorana-Weyl spinor. This
is, however, only possible if the Weyl spinors are conserved under complex conjugation. Else (B.10))
would have a spinor on the left hand side that does not have the same chirality as the right hand
side. Then the spinor would not necessarily be Weyl anymore by imposing the Majorana property.
This means Majorana-Weyl spinors only exist in d =2 mod 8.

B.3 Restrictions of Supersymmetry

Since we are interested in supersymmetric theories, we have another important dimensional
restriction on our spinors. Since supersymmetry casts all fermions into bosons and vice-versa,
we need that all present spinors in that dimension have to have the same amount of degrees of
freedom as a certain boson in that theory. This leaves two options open: you can have either
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C GEOMETRY

d.o.f. for spinors \ d.o.f. for bosons possible superfield
d | Dirac Majorana Weyl Maj-Weyl \ Massive Massless | Massive Massless
2 2 1 self, 1 3 (one real) 1 0 W. or M. -
3 2 1 - - 2 1 Dirac Maj.
4 4 2 complex, 2 - 3 2 - W. or M.
b) 4 - - - 4 3 Dirac -
6 8 - self, 4 - 5 4 - Weyl
7 8 - - - 6 5 - -
8 16 8 complex, 8 - 7 6 - -
9 16 8 - - 8 7 Maj -
10 32 16 self, 16 8 9 8 - Maj-Weyl
11 32 16 - - 10 9 - -
12 46 32 complex, 32 - 11 10 - -

Table 2: Possible SO(d — 1,1) spinors and their degree’s of freedom. — means that for some reason
that type of spinor cannot appear in that dimension. Also noted is the number of d.o.f. for massless
(= d —2) and massive (= d — 2) bosons. If this matches to some type of spinor, it is possible to
create a superfield with this type of spinor.

massive bosons, with d — 1 degrees of freedom, or a massless boson, with d — 2 degrees of freedom.
These numbers are listed in table 21

Now it helps that we deduced the number of degrees of freedom for the spinors in section
We found in that a Dirac spinor possesses 2! degrees of freedom, with { = [4]. Being either
Majorana or Weyl, yet not both, reduces that amount with a factor 2. In the case of Majorana
spinors this decrease comes from imposing a reality condition that restricts the imaginary part
when the real part is fixed. In the case of Weyl spinors it stems from the division into 2 subspaces
of equal size with different chirality sign. Imposing both restrictions in a Majorana-Weyl spinor
will reduce the degrees with a factor 2 twice: a factor 4 in total. In the case of d = 2, this might
seem to imply that there is only % degree of freedom (d.o.f.) left, but since these are complex
degrees of freedom, in truth there will be just one (real) degree.

In table [2] all this information, complete with the degrees of freedom, has been summerised. In
the final two columns conclusions are drawn whether or not a massive or massless spinor in that
dimension could exist, and of what type it would be. The list goes from d = 2 up to d = 12. Cases
for d > 12 will not result in new possible spinors, since the d.o.f. of the spinors are higher and grow
exponentially (as opposed to linear with bosons). You could nevertheless extent it effortlessly by
using the fact that the second till fourth column are identical up to a multiplication with 2* = 16,
for all properties of spinors are d mod 8.

C Geometry

Since a lot of differential geometry is used in this work, here a short overview of the used definitions
and notation. For a more extensive discussion, I would advise a book on geometry, for instance the
one of T .Frankel [I4], where this section is based upon.

C.1 Vector fields and the Lie derivative

Let M be a Riemannian manifold of dimension n and 7, M be its tangent space in the point p. In this
tangent space, there are vectors v, which can be denoted in local coordinates v =73, vl d‘ii ='0;.
T M is then the tangent bundle: the collection of all tangent vectors at all points on the manifold.
In other words it is the collection of all sets (v, p), where p € M and v € T,M. A vector should,
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C.2 Exterior Algebra C GEOMETRY

however, behave in a particular way under a transformation of basis:
=g
81‘1

It is possible to let these vector fields acts upon functions f : M — R. Letting vector field v act on
function f works just like the suggestive notation we used suggested: vf =3 v'0;f.

Often it is interesting to study how one vector field would change when it would be slightly
altered by another vector field. For this purpose the Lie derivative £, was defined. It is a mapping
from vector fields to vector fields, defined as

Ly(w) = [v,w], (C.1)

where the commutator should be understood as the commutator of composition when applied
to functions. In other words the vector field £, (w) = [v,w] is defined by [v,w]f = v(w([)) —
w(v(f)) = Ly(f) for all possible differentiable function f. If we have a base and would write
v=>,v(z); and w = W J(2)0; for function v*,w’ : M — R, then it is pretty straightforward

to see that we can write Ly ( ) =2, (0 (B’ ) — w'(9iv7))0;.

C.2 Exterior Algebra

We can also study a generalization of a vector (field): a tensor (field). To define this we first need
the notion of a cotangent. A cotangent at point p is the dual of a vector. It is a map T, M — R,
that can be written in local coordinates as o = ), a;da’. Here dz* is the dual of 9;, that is, da’
sends 9; to 0. As such a(v) = >, a;v". All covectors at a point are elements of the cotangent
space T,y M, and the cotangent bundle is the space of all sets (a,p), with p € M and a € TyM.
From a tangent space E' = T,,M we can define a tensor as a multi-linear map W : E* x E* x ... X
E*x E x E x ... x E — R. This function W(dx', ... ,dx7,0,...,0) is often written as W,z{
A tensor with only upper indices is called contravariant, and with only lower indices it is called
covariant. The multi-linearity can be translated into the following rule for a transformation of
basis for the tensor:

2"t oz Ox" or® . . 4

Wi = (8936)"' 9 (W)"'(W)Wrms‘

(C.2)

The next step is the definition of a p-form. It is a covariant tensor of rank p (with p entries) that
is antisymmetric in each pair of its indices. So W12l oP=Lp — P 125efseesbiesP=Lp for g]]
1,7 with ¢ < j. These p-forms live in a vector space /\p E* C ®PE*, where ® is the tensor product.
Per definition we will set /\0 E* =R. The vector space containing all forms of any degree is called
the exterior algebra. If n is the dimension of E, it is denoted by A E* = @gi? N E*, with @ the
direct sum.

To simplify notation we shall sometimes use a multiindex I = (i1,...,4,). This is means that if «
is a p-form, then a(9r) = (0;,,...,0;,) = ai,,....;, = ar. Because of the antisymmetry of p-forms
it suffices to know how it is defined when the indices are in increasing order. If this is the case,
we will denote the multiindex as I . Notice that we can always say they are in strict increasing
order I = (i1 <is <...<1p), for would two components be equal, the resulting form would be 0
because of its antisymmetry.

The definition of increasing order is directly linked to the notion of orientation. An orientation of
a set of base vectors in the tangent space is the same if the coordinate transformation between it
has a a positive determinant. Otherwise, the orientation is opposite. We can also define a ‘form’
that changes its sign with a switch of orientation. This is a pseudo form, and the most common
example is the volume element:

vol” = /|glo(0r)dx' A ... A da™,
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where g is the determinant of the metric and I a n-long multiindex, and o is a + sign depending

on orientation: it is 4 if I is an even permutation of I and else —. We do not want to have a
volume that switches sign as soon as we switch orientation, and therefore this extra sign change is
necessary.

There is a geometric meaning associated to forms in R™. Omne could associate 1-forms with
infinitesimal line elements in space. Then 2-forms are infinitesimal surface areas, 3-forms tiny
volume elements, etcetera.

C.3 Operations on the Exterior Algebra

Because the tangent spaces are linear, we already have the usual addition and multiplication
with constants. We can in addition multiply with functions depending on the coordinates on the
manifold. But we have more operations. In order to define several of those key operations on forms,
we will first need the following “generalized Kronecker delta”:

1 if J is an even permutation of I,
64 ={ —1 if Jis an odd permutation of I,
0 else.
We will often need the special case where I has the dimension of the manifold n, and J = A
Therefore we will denote this as
e =¢ = 6{2n (C.3)

We can not speak of the exterior algebra without having a product, and we will now define two:
the exterior and interior product. The former is also called the wedge or Grassmann product, and

is denoted like
p+q

/\:/P\E* X /q\E - N\ E". (C.4)

If it works on « and 3, it is defined as

(@AB)r=>> 6{%aBk.
K J

Should « and S of order p and ¢ respectively, one can show
aP A BT = (—1)PIB9 A aP.

The exterior product is therefore not commutative. It can be proven that it is associative and
distributive [14]. The non-commutativity will mean that the multiplication of two identical odd
forms will be 0, and in particular:

dx Ndy = —dy N dx and dx A dx = 0.

The other product, the interior product, is defined between a vector v and a p-form. It will create
a (p — 1)-form by contracting the first index:

iv(aP (w1, wa,...,Wp)) =P (V,Wa,..., Wp) (C.5)

It is not hard to see this operation is bi-linear and furthermore it also adheres to a sort of Leibniz

rule:
iv(a? A B7) = (iva?) A BT+ (=1)PaP A (ivB7)
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C.4 Derivatives and integration of forms

As we discussed before, O-forms are real numbers in the tangent space. We can multiply a 0-form
in the tangent bundle with a function depending on the coordinates of the manifolds. We define the
differential df to be the 1-form df = (9;f)dz*, or equivalently df* = V*f. Geometrically speaking,
this is the vector of steepest descent at a point of the manifold. We will now try to generalize that
notion. We start by defining a operation

p+1

d:/p\M—> N\ M, (C.6)

which we call the exterior derivative. We want it to satisfy the following 4 properties:
dla+ 8) = da+ dp;

for a function a?, da® = (9;a)dz?;

d(aP A B9) = daP A B9+ (—1)PaP A dBY,

d*a = d(da) = 0, for all forms a.

It can be proven that this map is unique and well defined and independent of coordinates.

Normally, we denote our integrals as [ dz. In this normal definition, dz is a form. This might inspire
us to design a more general notion of integration over forms. Given a p-form a? = a(u)du*A...Adu?,
we define a integral over an oriented region (U,0) C R? as

/ a:/ a(u)dul/\.../\dupzo(u)/ a(u)y/|gldut ... duP,
(U,O) (U70) U

where o(u) = £1, depending on whether the orientation of du? is equal (4+) or opposite (—) to
o. Integrals over 1-forms correspond to line integrals, integrals over 2-forms to surface integrals,
integrals over 3-forms to volume integrals, etcetera. That these integrals are invariant under a
coordinate transformation, follows from the transformation rule for tensors .

External differentiation and integration leads to a generalization of Stoke’s theorem. For a
compact oriented submanifold V? C M™ with boundary 9V in M™, the following holds true for
wP~1 a continuously differentiable p — 1-form:

/dwp_lz/ WP L.
v v

We can also define the following global scalar product between p-forms
(aP, gP) = / (a®, BPYvol™, (C.7)
M
where (a?, fP) denotes a point-wise scalar product between p-forms, given by

(a”,ﬂ%zaiﬁlz Z arB.

11 <12<...<ip

The global definition for the inner product is only possible if the integral doesn’t diverge: if a or 3
has compact support. Under this product, the space of forms on a Riemannian manifold will form
a pre-Hilbert space@

45The space is not complete, for example the limit of a series of square integrable forms might be discontinuous.
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C.4.1 The Hodge dual and codifferential

The inner product (C.7)) does tempt us to find out what the adjoint of the exterior derivative is.
To figure this out, we will need one more operator: the Hodge dual *. It is defined as follows:

xaf = o’ da”’, where
=
* K
a’y = atex -
5= VlglaTex s

The g mentioned in the previous equation is the determinant of the metric, and € is defined by

(C.3). Notice that * sends

P n—p
* /\ — pseudo- /\,

with the target space the pseudo(n — p)-forms. Geometrically in R, this is taking the ‘opposite’ of
your form: if one had a little area, the Hodge dual would be a perpendicular vector and vice versa.
And should one have a function, one would get a little volume. We can formulate this exactly in
any dimension, which leads to the following being true:

x1=1/|gler2..ndx A ... Adz™ = vol”, and

aP N\ xfP = (5{21(71041}(*5)5)(&1 AL Ade™ = (eJKaiﬂLEAE)\/deI A Adx™
= aL_])ﬂJVOI” = (a?, fP)vol™.

The latter equation also leads to a faster computational method. Let of with I = (iy, ... ,ip) be a
orthonormal, and let o' A ... A o™ = £vol”. Then

xol = +o7

3

with J chosen to be complementary to I. For Riemannian manifolds we also have the relation
s(xaP) = (=1)P(=PgP,
Using the Hodge dual operator, we can define the codifferential operator d* : A? — A? s
d*BP = (—=1)"PTD+ 4 gy P (C.8)
To see why this definition has been chosen, we can study
d(aAf) =da B+ (—1)PLaAd* B = danxB+ (=1)"PTa A xsxdx f = da A —aAx(d*f).

And thus we know

(dar 1, 7) = @ d6m) = [ d(art ne),

M

as long as a or 8 has compact support. As long as we have a compact manifold@ we have to study
two cases. The first case is when we have a closed manifolﬂ then the right hand side vanishes
because of Stoke’s theorem. And thus d* is the pre-Hilbert space adjoint of d. In the other case
the use of Stoke’s theorem is not enough to make the right hand side disappear. We need either to
restrict us to the forms which have the property that the restriction of the form to the boundary is
0, or the restriction of its Hodge dual to the boundary is 0. If the manifold is not compact, we can
restrict us to the support of either « or 8 (for we assumed they had compact support), and than
this framework will still work.

It can be proven, with some additional work, that

(d*B) ik = V;B%.

46The definition of a compact topological space is rather unintuitive. We do know that compact manifolds can
always be embedded in R" following Whitney’s embedding theorem. And then it is possible to state, from the
formal definition, that these embeddings of a compact manifold have to be within a ball centering the origin for a
large enough finite radius.

47 A compact manifold M is closed when M does not have any boundaries. Examples are the sphere and the torus.
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D Lie algebras

In this section we will discuss BRST quantization as treated in [29].

D.1 BRST quantization

When ghost fields are introduced into a theory, one creates a larger Fock space where it is not
always clear which states are physical, and which are not. BRST (named after Becchi, Rouet, Stora
and Tyutin) quantization can help with this problem in providing a framework to quantize the
problem, while keeping track on processes such as anomaly cancellation. But is serves a even more
general purpose in computing cohomologies of Lie algebras. For some theories a BRST operator
might be a viable option as localization operator.

We start with a closed Lie algebra L with the structure constants fikj, antisymmetric in 5, and
operators K;, such that

(K, Kj] = f Ky

The Lie algebra structure will impose the Jacobi identity on the structure constants. That is
k k k

We now introduce introduce a covariant tensor b;, which is called an anti-ghost, and a contravariant
tensor ¢’, which is called a ghost. They have to satisfy the anticommutation relation

{c'b;} = 5;
We can then define two operators: the BRST operator ) and the ghost number operator U
U = ¢'b; and
Q=cK, — %ffjcicjbk,
where Einstein summation convention is applied. Let C* be the set of state for which Uy = ky, and

call elements of this set states of degree k. Now the two operators @, U satisfy a few system-defining
equations

[U,Q] = Q and (D.1)

Q> =0, (D.2)

which we will prove here. First of all, using the antisymmetry in ¢j and the anticommutation
relation, we find

. 1 o . 1 o
[U, Q] :clblchj 3 ikjclblczcjbk — C]ClblKj + §ffjczcjbkclbl

. . . 1 o 1 .
:clbchKj + clél]Kj — clblc]Kj ~3 fjclblclc]bk ~3 chéllc]bk
1 . 1 o 1 o
+ 5Jg.’g.clcwsgz)k + ifzﬁcchd,ibk + §ffjclblclcjbk

. 1
=K, — -

B i@»cicjbk = Q

The consequence of this relation is that the operator @ changes the ghost number by 1. For example:
should ¥ be a state with ghost number N, then UQy = (QU +[U, Q)¢ = (QN+ Q) = (N+1)Qv.
The Hilbert space of states with ghost number U = k is called C*. Now we will show (D.2)). Using
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the anticommutation relation and symmetry arguments, we find
Q? = (c'K; — 3 ikjc cjbk)(clKl — §flmclc by)
; 1. .. 1. 1 o
= K;d K, — 3 fjc’c]bkclKl — §clKiclcmbn + 1 Z-’;-fﬂnclcjbkclcmbn
= %([ci, KK+ (—fi];cicjbkclKl + 1 b, K — f ™St KG) + i Z@fﬁncicjbkclcmbn

1, . . 1 o
= 5 (' [KG, K] = finc €6, ) + L F i’ byl by
1

1 . . . o
= §(clclfflKj — flfnclcm(S;Ki) + 1 Z]}fﬁnclc]bkclcmbn

1 o
= (1 FiiFimc'bpcl by
= gfi@fﬁn((czcjbkclcmbn —de™b,ctdby) + e Ibgdl — el e™brdl 4 cted ™Mby, 6L, — el b, ).

Using the symmetry in (4, j, k) <> (I, m, n), the first two terms vanish, and the other four become
identical. Then we need to use the symmetry properties of the ghost fields. This becomes

1 . .
Q? = 3 i’;fﬁnclcmcjbk&
1 . . )
= gfﬁn ,]fj(clcmc] + e ™)y
1 )
= g(fﬁn r]fj + fii o frn )™ by, =0,

due to the Jacobi identity.

D.2 Cohomology classes

There is a parallel between this BRST operator and the De Rham operator d. @ is a map of the
space of states with ghost number N to the space of states with ghost number N + 1, just like d
is an operator from the space of p-forms to (p + 1)-forms. Furthermore Q% = 0 and also d? = 0.
This inspires the following idea. We call a state x¥ € C* BRST invariant if

Qx = 0. (D.3)

We are interested in the solutions of this equation. However, states of the form @\, with A € C*~1,
are always solutions of (D.3)), because of (D.2). So we would like to consider two forms x and
X' € C* to be equivalent if

X=X = QA
with A € C¥. The equivalence class that arises in this manner is a cohomology group, often denoted

as

HYG: R) = equivariant (closed) states of degree k

exact states of degree k

Here G is representing the Lie group, R stands for the representation of the Lie group in the
generators K; and k refers to the ghost number of the states (or the number of the forms in the
case of the De Rham operator d). A equivariant state (closed form) is a state adhering to
(respectively da = 0), and an exact state x (form «) is a state satisfying x = QA for some \ of
ghost number k — 1 (o = df, with 8 a k — 1-form).

E Miscellaneous computations

Here we present some general short calculation that did not really fit in elsewhere.
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Spinor identity I With the use of the Clifford algebra , we can compute
rerer = %(F“F’T" —IHTPTY)
= %(W”F" —2gMPTY — 2TV gh? 4 2TPgM" - TVTPTH — TPTVTH)
= 2gM"IP — 2¢MPTY 4+ TVPTH. (E.1)

Spinor identity IT We also need the similar identity

1
4P = (DATVT7 4+ TYTPTH 4 DPDATY — TYTATY — PMTYTY — IPTVTY)

E

1
§(BTVTVTY = BTVIVATY 4 29T 4 2g"TY — 27T — 2"/ TV — 2g"PT" 4 29"°T)
DHVDP 4 gHPDY — g PTH, (E-2)

Spinor identity ITT Using (E.1) and (E.2) simultaneously will result in T'#*? = T'PT'* — ghPTV 4
g"PT'*. This we can use in turn to prove that

1
L0 € €pg = Epupe (DVTVP7 — TVTV07  TPTHY? — DOTHY)

1
= €uepa (TUTVTP7 — g"THT? 4 g“PTHT? — TVTHTY7 4 g TVTY — gHPTVT?
4+ DPLoM — TOTPH)

1
2 Cuepo (2DMTP7 — 4g TP — 4g"7TTH 4 20P7TH)
1
:§(F“”Fp" + TP T Ve mepe — 29" 977 €€ por,s (E.3)

where €, is any antisymmetric tensor.

SU(2)r Bianchi-like identity There is also a Bianchi-like identity for the e/ forms introduced
in section It can be found by simple computations

(GUGKL + Kl 61L€JK)A1JKL =+ (41212 + A2121 — A1221 — A2112)
+ (A1221 + Az112 — A1122 — Aso11)
+ (Ar122 + Ago11 — Ai212 — Az121)
0. (E4)

It is no coincidence that this identity looks like the Bianchi identity, since ¢/”eX has the same
symmetries as the Riemann tensor.

The Pfaffian of a matrix When dealing with an anti-symmetric 2n X 2n-matrix M, one can
define the Pfaffian as

1 . & o(2i—1
PIM) = 5 > " sign(o) [T MY, (E.5)
‘oex i=1

where ¥ is the permutation group. For an odd dimensional matrix the Pfaffian is defined to be
equal 0 and it is ill-defined if M is not anti-symmetric. These definitions are chosen such that the
square of the Pfaffian becomes the determinant of the matrix:

Pf(M)?* = Z sign(o) H M, ;) = det(M).

i=1
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It is not hard to see that this definition of the Pfaffian coincides with the following: associate the
antisymmetric matrix with a form
w = ZMZJQZ AN ej,
i<j
then the Pfaffian is the scalar Pf(M) that satisfies

n times

]. /_/%

—'w/\w.../\w:Pf(M)el/\62.../\6". (E.6)
n!
Central to the proof is the observation that only the terms with all distinct e?, for i € {1,...,2n},
will survive, and the relevant multiplicative factor is the sign of the permutation used to put all e’

in ascending order.

Jacobians and Grassmann variables Making a variable substitution leads to a Jacobian. For
real numbers we have

T = ay , then dr — ay.
This is consistent with £ = 1(1% — 0%) = fol rdr = foé ayady = a?3 ((é)z - 02) = 1. There
happens something different with Grassmann variables. Assuming v becomes a¢, we want to find
a factor 8 such that di) becomes 3d¢. We see that 1 = [dy = [ agppBdd = aff. So we need that

8= i in order to keep consistency. Thus

P — ad , then dy — é(b. (E.7)
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