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Abstract

One of the many things the Anti-de-Sitter /Conformal Field Theory
(AdS/CFT) correspondence tells us is that there is a correspondence
between black holes and condensed matter systems with a finite tem-
perature. The aim of this thesis was to find the metric of a rotating
Lifshitz black hole in 2+ 1 dimensions. When this metric is known we
can use it to gain more information about or solve problems in strongly
coupled condensed matter systems at a critical point. To get at this,
we first reviewed metrics of Schwarzschild and Reissner-Nordstrém
black holes and black branes in 3 4 1 dimensions. Then we calculated
the metric of a rotating black disk in Anti-de-Sitter spacetime. After
that we looked at a non-rotating Lifshitz black hole and a BTZ black
hole in 241 dimensions. Finally, we combined the knowledge of these

to try to calculate the metric of the rotating Lifshitz black hole.
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1 Introduction

This thesis is about black holes. Especially about theoretical black holes.
We are not looking at the real physical objects we could find in the universe.
In theoretical physics there is something called AdS/CFT: Anti-de-Sitter/
Conformal Field Theory correspondence, see e.g. [1][2]. This interesting
theory tells us there is a correspondence between string theory on one side
and gauge theory and condensed matter physics on the other side. General
relativity is embedded in string theory and black holes are in turn part of
general relativity. Through AdS/CFT correspondence, black holes are dual
to condensed matter systems with finite temperature. There is a mathe-
matical duality between these theories; the theory of gravity and the gauge
theory of fields without gravity. We shall not go into the details about how
this duality works mathematically. However, the AdS/CFT correspondence
is a good motivator for the study of the black holes in Anti-de-Sitter and

Lifshitz spacetimes.

1.1 AdS/CFT correspondence

At one side of the correspondence we have the theory of gravity, this is in
Anti-de-Sitter spacetime, with for example five spacetime dimensions. In this
space there are black holes. On the conformal boundary of this space we find
the conformal field theory. This boundary is Minkowski spacetime. On it
the dimension is one lower then in the bulk. This is where the condensed
matter physics is located.

One of the ideas of the AdS/CFT correspondence is that if you know how
things are working at one side of the correspondence you can translate this
knowledge to information at the other side and vice versa.

There are problems in condensed matter physics we cannot solve with
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1.2 Black holes and black branes

perturbative methods, this happens when the coupling is strong. However
we can translate such a problem to a problem in a specific type of black
hole. If we do this correctly, it might be possible to solve the problem in the
black hole, because there we have a weak coupling. Next we can translate

the solution back to the condensed matter system, and we have a solution.

1.2 Black holes and black branes

Besides black holes there is also something called black branes. Just like a
black hole, a black brane has the property that if you get close enough, if
you pass the horizon, there will be a point of no return. And for both, the
mass, charge and angular momentum totally define the black brane or hole.
But the form of the two things differs, the boundary of a black brane is an
infinite plane instead of a sphere. In the metric, the spherical part will be
replaced by a planar part.

We can use the AdS/CFT correspondence to connect black holes or black
branes with condensed matter systems with a finite temperature. The dif-
ference between the holes and branes lies in the size of the condensed matter
systems. Holes will correspond with a conformal field theory on the sphere,

while branes correspond to unbounded systems on the plane.

1.3 Temperature

When we want to solve problems with the AdS/CFT correspondence we
need to identify a specific general relativity system with a condensed matter
system. If we then give the condensed matter system a temperature, we have
a black hole in the general relativity system dual to it. We want to know the

temperatures of various black holes, because then it is easier to identify the
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1.4 Aim: finding the metric of a rotating Lifshitz black hole

systems with each other.

Initially, part of the goal of my thesis was to find the temperature of a
rotating Lifshitz black hole. This black hole was not found, so it was not
possible to calculate a temperature. Nevertheless calculating temperatures
of other black holes and black branes was an interesting thing to do. A way

to do these calculations is written down in the next chapter.

1.4 Aim: finding the metric of a rotating Lifshitz black
hole

The goal of this thesis was to find the metric that defines a rotating Lifshitz
black hole in 2 + 1 dimensions. If the metric is known we are able to calcu-
late other things concerning the black hole, such as temperature, mass and
angular momentum. Metrics of some rotating black holes are known and the
metric of a static, non-rotating Lifshitz black hole is found in [3] and more
general in [4]. But a rotating Lifshitz black hole was a new challenge.

Lifshitz scaling is an anisotropic scaling for time and space. They are
scaling in this way:

t— Nt, T — AT,

Normally we have the same scale for time and space, which is the case when
z = 1. Then we have relativistic invariance. But if z is not 1 we get non-
relativistic theories, still allowing particle production. In special cases the
particle number and conformal transformations are conserved and this is
corresponding with condensed matter systems. Now we are looking for a

gravity dual of this, so our metric should also have a Lifshitz scaling;:

ds® = ﬁdTQ — T—2zdt2 + T—Qdfz (1.1)
r2 122 I2 d—1- :
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1.4 Aim: finding the metric of a rotating Lifshitz black hole

So Lifshitz scaling is an interesting scaling for AdS/CFT and characteristic
for condensed matter systems. We want to combine this with rotation. Ro-
tating black holes correspond with rotating condensed matter systems. We
could for example have a strongly coupled Bose-Einstein condensate. If we
rotate this with a certain angular momentum, there will arise vortices in
the condensate. This leads to interesting properties we want to learn more
about, like at which critical angular momenta these vortices appear. And we

could maybe use this black hole to gain such information.

Most of the condensed matter systems will be in two or three space di-
mensions. Therefore it would be logical to study the black holes in four or
five spacetime dimensions. Solving the Einstein tensor and related tensors is
in general something quite difficult. That is why we will look in this thesis at
Lifshitz black holes in 2+ 1 dimensions. It would be better to do the calcula-
tions for 341 or even arbitrary dimensions, but that will make it much more
complicated. After finding a metric in 241 dimensions this calculations could

be redone in one dimension more, however that will not be done in this thesis.

The initial goal was to find the rotating Lifshitz black hole, and its tempe-
rature. That’s why we shall start with calculations of temperature in chapter
two. After this, in chapter three, we calculate known metrics of black branes.
We will attempt to find the metric of a rotating black brane, this will be de-
scribed in chapter four. Until this point everything will be in four, that is
3+ 1, dimensions. Subsequently, when we look at the Lifshitz black hole, we
switch to 2 4+ 1 dimensions, so one dimension lower, for simplicity. We shall
start with redoing calculations to find the metric of the Lifshitz black hole
and the BTZ rotating black hole. The result of this will be shown in sections
5.1 and 5.2, after which we attempt to construct a rotating Lifshitz black

hole in section 5.3. We did not succeed in finding such a solution, rather we
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1.4 Aim: finding the metric of a rotating Lifshitz black hole

proved that under a certain assumption there cannot exist a solution. In the

conclusion and outlook we comment on how to relax the assumptions.

Through this thesis the subscripts will correspond with the spacetime

directions in the following way:
Black holes:

0~tn~time; 1~r~radius;

2~ 0 ~the first angle; 3 ~ ¢ ~ the second angle,
with the spherical part of the metric:
dY? = db* + sin*0d¢*.
Black branes:

0~t~time;, 1~r~radius;

2 ~ x ~ the first planar coordinate; 3 ~ y ~ the second planar coordinate.
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2 Temperature of a black hole

Black holes and branes emit Hawking radiation and this process produces a
(Hawking) temperature. For different types of black holes we can calculate
the temperature. It will depend only on mass, charge, the cosmological con-
stant and angular momentum. Temperatures can be calculated with several
methods. A common one is using energy, entropy and the surface gravity,
like is written down in [5]. Here we will use an other method. The case of
the Schwarzschild black hole in Minkowski spacetime is also written in [6].
First we will see how this method works in this specific case, then we will
generalize the method and finally use it for many types of black holes and
black branes. Hereafter we will write Schwarzschild Minkowski black hole,

meaning Schwarzschild black hole in Minkowski spacetime, et cetera.

2.1 Schwarzschild Minkowski black hole

We start with the Schwarzschild Minkowski black hole, the easiest case. The
metric is

ds* = —A(r)dt* + dr? + r*dQ?, (2.1)

A(r)
where A(r) = 1— 22 and M is the mass of the black hole. With these coor-
dinates we see that we have singularities. One singularity is at » = 0 and the
other occurs when A(r) = 0 and so r = 2M, this is the horizon of the black
hole. The first singularity is a real one, we cannot remove it with coordi-
nate transformations. But for the second singularity this is possible, after a
transformation, the metric singularity will become a coordinate singularity.
To find the temperature we need to do this.

Further we look only at the dr and dt parts of the metric, because the
singularity does not influence the spherical part.

In the Schwarzschild case we use Kruskal-Szekeres coordinates, see e.g.
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2.1 Schwarzschild Minkowski black hole

[7]. But in general we use the null-geodesics to find the appropriate trans-

formation:
2 _ 2
A(r)dt® = —A(T)dr : (2.2)
= gy (2.3)
VT )

Taking the square root and integrating both sides we get

/ dt = + / Ab)dr S (2.4)

With this r* we define new coordinates:

v=t+r" u=t—r",

then

Subsequently, we find the derivatives:

du _dv_
dt  dt
du dv 1 1

dr — dr A(r) 1= 2C

T

In the Schwarzschild case we find for r*:
r* =1+ 2M log(—2M + ). (2.5)

We can take the exponent of this expression:

*

exp <27;\/!) = exp (ﬁ) (—2M + 7). (2.6)

We see it is possible to express A(r) in terms of 7* and thus in terms of v

and wu:

A(r) = exp (;}\;)%exp (%) (2.7)
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2.1 Schwarzschild Minkowski black hole

Now we will write down the metric, without the spherical part. We will

do this in the new coordinates and use
2 = ( (;lidu %dv))z
= G at+ () a2 )
= (Y (Y o).

First we had the metric:

ds* = —A(r)dt* + Mdﬁ, (2.8)
which transforms into
ds? = —A(r)2(do® + du® + dudv) + ——(A(r)2(dv® + du? — dudv)
4 A(r)4
= —A(r)dudv. (2.9)

Combining this with equation (2.7) we get

ds® = exp (/04;/[u>le Xp < — )dudv. (2.10)

We look again at the singularities; » = 0 is of course still a singularity, but

i)

r = 2M gives a exp (—1), there is no problem here. And also the exp (%3

gives no singularities. Now we have a metric with only the zero singularity
and coordinate singularities, we can calculate the temperature of the corre-

sponding black hole.

First we need to do one more coordinate transformation:

o () Ve ()
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2.2 General calculations of temperature

Then equation (2.10) becomes
(4M)? —r

ds? —
iy oM

exp < )dUdV. (2.11)

If we go to Euclidean time ¢ = it, we get the following expression:

= o () = o (55) = o0 (5) = o (557) + 50 (537)
U—exp 7 = exp i = exp Wi = cos 5N 1 sin 7))

Next we can split U and V' in a time dependent and time independent part:

it —it
V=pesp(537)s U= —vexp(557):

with

2 _ _ v—u>
p°=VU exp(4M .

We see that p does not depend on time, since v —u = 2r*. U and V are
time dependent in the exponent. In this new metric time translations are
rotations, and they need to be periodic, so 27 = ﬁ and ¢t = 87 M. Then the

Unruh effect[8] gives a temperature of

1
T:::
t

2.2 General calculations of temperature

We have calculated the temperature for one specific example, but we can use
this method for all black holes. We can leave out most of the steps. Starting
again with the metric, defined by

1

ds* = —A(r)dt* + A0

dr® + r2dQ?, (2.12)

we find new coordinates v and v with r* and the null-geodesic:

N
r _/A(r)d, (2.13)

13 of 62



2.2 General calculations of temperature

and

v=t+r" u=t—r-.

Now we have reached the most difficult part; we need to find a way to
write A(r) with an exponent r*, so that we only have singularities at r = 0
or infinity. Say

vV—Uu

d82 = exXp <W)B(T, M, Q, A)dudv, (214)

with B and D functions of all variables, but with no singularities at the
original horizon. Here M is the mass and @) the charge of the black hole, A
is the cosmological constant, defined by R, = Ag,..

In all the types of black holes we need to reach this stage. If we have
reached this, we only have to follow one procedure. This goes completely
analogous to the calculation for the Schwarzschild Minkowski black hole in
the previous section. First the coordinate transformation to U and V' needs
to be done. Then there will be a time dependent and a time independent
part. The time dependent part ought to be periodic again and that part will
be totally defined by the D(r, M,Q, A). And then the final temperature will

be
1

T = )

2rD(r, M, Q, \)
Using this method we can calculate the temperature of many different
black holes and black branes. The results are listed in the table below and

*

part of the calculations, the ones marked with a *, can be found in more

detail in the following section.
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2.3 More examples

Type Black Hole(BH) or Black Brane(BB) | Temperature

Schwarzschild Minkowski BH L
ST M
) 1— riA
Schwarzschild AdS BH
dmry
Reissner-Nordstrom Minkowski BH* ry —M

2r(2Mr.,. — Q?)

Reissner-Nordstrom AdS BH L et Ard
4rr?
) 3
Schwarzschild AdS BB*
dmry
Reissner-Nordstrom Minkowski BB 5
2mry
Reissner-Nordstrom AdS BB* 2ri A+ 3M
6mrd

Table of temperatures, where 7 is the horizon, M the mass, A

the cosmological constant and ) the charge.

2.3 More examples

2.3.1 Reissner-Nordstrom Minkowski black hole

We will see some more examples of the temperature calculations, starting
with the Reissner-Nordstrom Minkowski black hole. We use the general

method. In this case we have the following A(r) in the metric:
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2.3 More examples

Ay =1- M. & (2.15)

r 72

It is easy to calculate that the horizons are at
ry =M=+ -/ M?>— Q> (2.16)

We use the null-geodesic to find r*:

1 —Q% + 2M> -M
r* = / dr = 7‘+M10g(7‘2—2MT+Q2)+L arctan (4>
A(r) Q2 — M2 02 — M2
(2.17)
This can be written as
* —Q? + 2M? —M +r
r* = r+ Mlog ((7‘ r_)(r T+)> + S =) arctan <m>

—QP 20 (1—7{-M>
1+

. og —
i(frp — M) 2 T+7]‘]{4

= r+ Mlog ((r —r_)(r— 7“+)> +

= r+ Mlog ((7" —r)(r— m)) + %%bg (:*__TT) (2.18)

From the general method we now know that we can rewrite the metric:

ds* = —(1 _ M + Q—Q)dudv = i(7" —r)(r —r_)dudv. (2.19)

r r? 72

Taking the exponent of r*, we get

*
2
M-L

@ (r) = = ()
2M

= exp <%> (r—ry)(r—r_) <T+ — T) M

r—r_
r 7‘+—% r+—2]\/1+%
= —exp <M> (ry —r) =M (r—r_) M (2.20)

16 of 62



2.3 More examples

We can now again rewrite the metric:

2
r—2M+

1 * - M - M
d52 = —_2 exp (T_T—’——Q) exp ( — Lr—i_—2> (7’ — 7"_) T'+7% dud’U
T ]\470+ — ZQ_M M'r+ — 2Q_M

2
Q
r+—2MA gy

- _iexp((v_u)(m_M))exp(—Lﬂ)(r—n) =S dudv.

(2.21)

We wanted to remove the singularity at the r, horizon. In this new
coordinates we are only left with the r_ singularity and further there are

no metric singularities other than zero and infinity. Our D(r, M, Q,A) from
2Mry —Q?

ry—M
Then the temperature of a Reissner-Nordstrom Minkowski black hole is

equation (2.14) is now

1 T+—M

= 27D(r, M,Q,N)  2x(2Mrs, — Q2)

2.3.2 Schwarzschild Anti-de-Sitter black brane

Let us look now at the Schwarzschild Anti-de-Sitter black brane. The metric
of a brane is a bit different, because we have spatial slices at constant r,

instead of spheres. In this case we have the following metric, see e.g. [2]:

l2 2
2 _ 2 2 2 2
ds* = —ﬁA(r)dt + 7’214(7ﬁ)0l7“ + dz” + dy”, (2.22)
with
3
Alr)=1—-—=. (2.23)
Ty

In this metric we have [2 = —
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2.3 More examples

The calculation of the temperature works in nearly the same way as in
the black hole case, because we don’t need to look at the last two coordinates
in the metric. At r = r, we find a singularity and this is the outer horizon

of this black brane. By finding the null-geodesic we get

12 2

— A(r)dt? = A

dr?. (2.24)
Thus we have exactly the same equation for r* as in the black holes:
1
t=4 [ ——dr ==+r" 2.25
[ wr =+ (225)

which gives

2
o= ( — 2v/3arctan ( Tt T+> + 2log(r — ry) — log(r® + rry + ri))
6 \/§T+

V3ry 492 + iy

We again take the exponent:

3+ 3, —i2r —iry\ 57 .
exp( T > = <\/_T+ Z T Z.TJF) (r—ry)(r? —i—rm%—ri)Tl. (2.27)
Ty V3 +i2r 4 iry
Then we rewrite A(r):
3
’
A = 1—-—
) 5
1
— 3y
= (rp—r )Ti
1 2 2
= E(TJF —r)(r*+rry +1). (2.28)
Now we can use equation (2.27) to write
1 3r* Bry —i2r —iry\
A(r) = — exp ( T >(T2 +rry + ri)% <\/_T+ Z ! Z_”) Y (2.29)
Ty V3 +i2r 4y

s
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2.3 More examples

If we fill in r = r, we get

r* 9.3 V3 — 1)ry iy
0 = o () (530
_ %exp(if)<3ri>3(\g;§§)if (2.30)

We see that r = r, doesn’t give a singularity anymore; there are no metric

singularities left. And our metric can be written in this way:

L2
ds® = ——(ry — r)(r? + rry 4 r3)dudv
r2rs
1 3(u—v)> o s (V3 =30\ %
= —exp|—=)(3r 2( > dudv. 2.31
e (S5 ) (e (231)

Comparing this to equation (2.14) we see

D(r, M, Q, A) = 2.

And the temperature of a Schwarzschild Anti-de-Sitter black brane is

_— 1 !
©2nD(r, M,Q,A)  4mwry’

2.3.3 Reissner-Nordstrom Anti-de-Sitter black brane

The next example is a black brane with a charge and an Anti-de-Sitter cur-

vature. The metric is slightly different from the one before:

1
ds® = —A(r)dt? + ——dr® + r(da? + dy?), (2.32)
A(r)
with M QP A
— T
Alr) = LA —— 2.33
(N=——+"5-= (2.33)
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2.3 More examples

Again we can use the null-geodesic, and find a r*:

1 3log(r — ri)r
t = dr = -—————+ 2.34
: /A(T)T 2 3M + 2Ar% (2:34)
where r, is defined by
1
—2MT+ + Q2 — gATi = O
Like before, we take the exponent of equation (2.34):
2(3M + 2Ar3
exp (r* ( +2 TJF)) =r—r. (2.35)
3rs
Now we can rewrite A(r) as
Y o L o 1,
Alr) = 2Mr+Q 3Ar (—2Mry +Q 3A7'+)
r
= S(—2nm0 =)= 3A0* =)
_ (r=ry) 1 2 .2
= T — 2M — §A(T + T+)(T + T+) . (236)

When we substitute r —r, with our result from equation (2.35) in this A(r),

we get

L2(3M + 2Ari)) 1
37“3

A(r) = exp (r ( —2M — %A(r +r ) (r* + ri)) (2.37)

2
Now we reached something of the from of equation (2.14). In this case

we have )
3ri

(3M +2Ar3)

Therefore the temperature of a Reissner-Norstrom Anti-de-Sitter black brane

D(r,M,Q,\) =

is
1 (3M + 2Ar?)

T =
27 D(r, M,Q, \) 67ri
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3 Calculation of black brane metrics

The metric of a black hole is, together with the potential, totally describing
the black hole. So if these are known we can calculate everything about the
black hole. Compare this with the section above; we have been calculating
temperatures with the metrics as starting point. A lot of metrics from dif-
ferent black holes and branes can be found in the literature. However some
of those can be written in various ways. Some ways are handy to calculate
for example temperature and others are less practical. For the calculation of
temperatures in the way it was done in the previous section, some metrics
from the literature were written in a non-practical form. We had to write
them in an other way to make it possible to calculate the temperature with
this metric. Here are two examples of different forms for the Schwarzschild
Anti-de-Sitter black brane metric:

Alry=1- 7«_3 and A(r) = —2M + Q—2

5
Ty T T

The second way of writing is practical to calculate temperatures, with the first
one it is also possible for this example, but for the Reissner-Nordstrom Anti-
de-Sitter black brane it will be very difficult to calculate the temperature.
This is one reason why we will calculate metrics, we will do this in such a
way that the solutions will be in a practical form. It is also a good exercise to
first calculate easy, known metrics, before starting a long difficult calculation

with an answer you are unable to check.
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3.1 Calculation of the Schwarzschild Minkowski black brane metric

3.1 Calculation of the Schwarzschild Minkowski black

brane metric

To calculate the Schwarzschild black brane metric in Minkowski spacetime,

we assume the general form:

1

ds® = —A(r)dt* + A0

dr? + r*(dx® + dy?). (3.1)

We can calculate the Ricci tensor and scalar. The components of the

Ricci tensor are

A A

Ry = A<§ + ?>, (3.2)
~1/A A
R = 5 (5+7): (3:3)
R22 = R33 = —(A + TA) (34)
This gives the Ricci scalar:

. 4A 24

R:—<A+T+F>. (3.5)

The stress energy tensor and A, the cosmological constant are set to zero

for this black brane, so

1
R,Lw - §g;wR = T;w = 0.
Substituting the Ricci scalar and tensor gives the following Einstein equa-
tions:
1 A Ay 1 /. 44 24
ot = ahe )i 42
Foo 2g00R 2 * r 2 + r * 72
A A
(il

r o or?

=0, (3.6)
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3.1 Calculation of the Schwarzschild Minkowski black brane metric

1 ~1/. 4A 24
= gonlt = ‘z( r> ~aAr T %)
A A
G(E+5) -0 (3.7)
1 ) 2, 4A 24
By = 5gnR = —(A+rd) - —(A+—=+=)
A A
- r<2+r)_0 (3.8)
From the first two differential equations we get
A= —rA,
and solving this ;
A=+-.
r

Next we can write down the derivatives:

. b
and o
A= :l:—.

It is easy to see this is consistent with equation (3.8).
Thus we found the metric of a Schwarzschild black brane in Minkowski
space:
ds* = —gdt2 + %er + 72 (dx® + dy?). (3.9)
If we now look at the singularities and horizons, we see r = 0 is the only
singularity. This is an example of a naked singularity, there is no horizon.
Therefore we can say that the Schwarzschild Minkowski black brane can’t

exist.
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3.2 Calculation of the Reissner-Nordstrom Minkowski black brane metric

3.2 Calculation of the Reissner-Nordstrom Minkowski

black brane metric

Subsequently we can do the same calculations for the Reissner-Nordstrom
metric. We add a charge to the black brane, this does not change equation
(3.1). The Ricci tensor and scalar will stay the same. But now the stress

energy tensor is not zero:

1 1
Tex = M—(FmgaﬁFm — ZgMdeFaw), (3.10)
0

with
F,=90,A,-0,A,. (3.11)

There should be translation symmetry in the brane in the  and y directions,
because the brane is infinitely large. This symmetry also appears in the
potential, so A, does no depend on z and y. The black brane is also static
in time, thus A, can not depend on ¢ and is only dependent on the radius, r.
This tells us that 9,4, is only non-zero if v = r = 1. Further does A, only
have an Ay component, because we don’t have a magnetic field. So the only
non-zero F,, are Fy; and Fjy. We say py = 1 for simplicity. Furthermore is
the metric diagonal, so g, = i
With this information we can calculate the components of the stress en-

ergy tensor:
2
Too = F01911F01 - ZgooFmFm

1
= §F01911F01

1

= 5,4(r)F021, (3.12)

24 of 62



3.2 Calculation of the Reissner-Nordstrom Minkowski black brane metric

2
Th = Fig™F— 1911F01F01

1
= §F01900F01

1
- - F7? 1
QA(T) 01> (3 3)

Ty =T33 = ——922F01F01

2@. (3.14)
Combining equation (3.6) and equation (3.12) we get

1 A A
—§é:7+ﬁ' (3.15)

Equations (3.7) and (3.13) give the same equation and equations (3.8) and
(3.14) give

1
2

2_
5101

A
—. 1
- (3.16)

Addition of these last two equations, (3.15) and (3.16), gives a differential

equation:
1 A4 A 4
9 01T 970t 2 r r
A 24 A
= —4+ —+ —. 1
0 5 " 2 (3.17)

Now we make an ansatz and try the solution:

c
r o r?



3.2 Calculation of the Reissner-Nordstrom Minkowski black brane metric

where a, b and c are arbitrary constants. The derivatives will be

A(r) _ b 2c

r2 r3’

- 2b  6c

Substituting this, equation (3.17) becomes
A 24 A

a
e ey 3.18
2 r * r2  r? ( )
So we have a = 0 and )
c
Alr) = -+ —.
(r) r + r2
If we insert this in equation (3.15) or (3.16) we find
Vv 2c
Foo = —— =014
r
and
2
Ay = Ve + constant.
r

We used the Einstein equations to find this metric, but next to the Ein-
stein equations there are Maxwell equations. We will see that these are also

satisfied. We start with the v = 0 equation:
Dy (F*) =0,
Du(F™) = 0,
D, (F") = §,F" + FﬁUFUO + Fwa‘“’
= O, +Th, F°
= O F" + (g + Ty, + 15 FY°
A(ry =A(r) 2

2A(r) T 2 Ho)E

— O F" 4+ (
2
— al (911900F10) 4 ;gngooFm
2
= —81F10 - ;FIO- (319)
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3.3 Calculation of the Schwarzschild and Reissner-Nordstrom
Anti-de-Sitter black brane metrics

Here we can substitute the Fy; we found:

\/%+2\/%_ 2\/%+2\/%

2

) = 0. (3.20)

r ror?2 r3 r3
Thus the first Maxwell equation is satisfied. For v = 1 and v = 2 it is
easy to see the equations are also satisfied. So we have a solution for the

Reissner-Nordstrom black brane.

3.3 Calculation of the Schwarzschild and Reissner-Nordstrom

Anti-de-Sitter black brane metrics

Now we have calculated the Schwarzschild and Reissner-Nordstrom metrics
in Minkowski spacetime, it is not so difficult to do the same in de Anti-de-
Sitter spacetime. To do this we have to add the factor g,, A to the Einstein
equations. First we do this for the Schwarzschild case. Inserting the compo-

nents of the Ricci tensor and scalar from equation (3.5) till (3.8), we get

1 A A

Roo — 59003 + gooA = —A<7 + o) + A) =0, (3.21)
1 ~1/A A

Ry — 59113 + gl = a <? + ) + A) =0, (3:22)
1 (A A

Ray — 59223 +gnA=T1 (5 to+ A) =0. (3.23)

Now we try a similar solution for A(r) as before:
b ¢ 9
Alr)=a+ -+ — +dr+er,

roor

with the derivatives:

. b2
A(r) = —ﬁ—r—§+d+26r,
; % 6
A(r) = +_7"3 + _7”‘(“: +2
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3.3 Calculation of the Schwarzschild and Reissner-Nordstrom
Anti-de-Sitter black brane metrics

Substituting this, equation (3.21) leads to

A A 2d
iA=L Sy 3t A=0. (3.24)
roor? r2 ot
If we look at the powers of r we see a =0, c =0, d =0 and 3e = —A. Thus
e:—%and
b Ar?
A(ry =2 - 21
r 3

This A(r) is also consistent with (3.22) and (3.23).

Let us look at Reissner-Nordstrém black brane now. Combining the equa-
tions on page 22 with the stress energy tensor on page 24 and the addition

of the cosmological constant, we get these equations:
1 A A
Roo — 5900 + gooA = —A(— + =+ A)
2 roor

= %A(r)Fgl. (3.25)

1 ~1/A A
Ry — 59113 + g = 7<? + ) + A)
L o

= ~gapy (3.26)

1 i A
R22—§g22R+922A = 7“2<—+—+A>

7’2 2
5 For (3.27)

We combine equations (3.25) and (3.27) to get
A 24 A
—+—+—=+2A=0. 3.28
2 * r * 72 * (3:28)
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3.3 Calculation of the Schwarzschild and Reissner-Nordstrom
Anti-de-Sitter black brane metrics

Substituting the same ansatz for A(r), as in the Schwarzschild case in this

equation, we find
a

3d
T Ge 24 =0, (3.29)

r2

So we have a = 0, d = 0 and again e = —% and

b ¢ Ar?
Alr)=-+ 5 — —.
(r) r * r? 3
This A(r) is a solution for all the equations. If we insert this in equation

(3.25) we find again
V2c

Foo = —— =014
r

and

2
Ay = _vee + constant.
T

This is what we expect because adding A shouldn’t change the electrical field.
The Maxwell equations are also not influenced by A, therefore they will still
be satisfied.

We relate b to —2M, the mass, and ¢ to Q?, the charge. Then we see
Ag = —@, like we expect it to be, from electrodynamics. The black brane

metrics we finally get are very similar to the black hole metrics:

The Schwarzschild Minkowski black brane:

—2M
r

2 _ 2, T2 2/ 7.2 2
ds® = dt —|—2Mdr + r°(dx” + dy”).

The Reissner-Nordstrom Minkowski black brane:

—2M  Q?
ds2:—< +Q—2>dt2+
r r

SCTYENNOE dr® +r*(da® + dy?).
Y 2

The Schwarzschild Anti-de-Sitter black brane:

gs? — _(—QM Ar?

1
— - T)dtz + _—_%ﬂdﬂ +r2(dz? + dy?).

2M
r
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3.3 Calculation of the Schwarzschild and Reissner-Nordstrom
Anti-de-Sitter black brane metrics

The Reissner-Nordstrom Anti-de-Sitter black brane:
—2M Q% Ar?

r 72 3

ds* = —( >dt2 + 3 dr® 4 r*(dx® + dy?).

r 72 3

—2M Q2
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4 Rotating black brane

In 1915 Schwarzschild came with his black hole solution, only a few months
after Albert Einsteins work on general relativity was published. More types
of black holes where found a bit later. But the metric for a rotating black
hole was not so easy to find. In 1963 Kerr finally came with the metric of a
rotating black hole[9].

However for the correspondence with the condensed matter it is useful to
look at rotating black branes. Therefore we will try to find the metric of a
rotating black brane in Anti-de-Sitter spacetime. We use the Kerr solution
as our starting point and a method to go from a black hole to a black brane
used before in [10].

4.1 Metric of rotating black brane

We start with the Kerr metric for a rotating black hole in Anti-de-Sitter
spacetime in 3 + 1 dimensions. We are looking for a black brane without
charge, that is why we are not using the Kerr-Newman solution. The Kerr

metric can be written as

—A, + a%sin? 07 0> P>
ds® = a dt®> + Z—dr?* + £-dp?
S = +Ar T +A9 +
“A.a?sin 2 1 022602 A
»a° sin 9—1—(;“ 2—|—a) sin® 0 9d¢2+
P2y
9 A -2 ) 2 PANEI A
al\, sin” 0 a2(7“ + a®) sin” 0 edgbdt, (4.1)
PPy
with
p? =1+ a*cos?, (4.2)
2
e (1oAY
A, =(r"+a )(1 3 > 2mr, (4.3)
ZA
A9:1—|—%008207 (4.4)

31 of 62



4.1 Metric of rotating black brane

2
> = 1+%. (4.5)

We want to transform a black hole into a black brane. To do this we
enlarge the black hole with the use of a parameter 1, which goes to infinity.
We can compare this with the earth, the earth seems locally flat, because it
is really large for us. But if the earth would be much smaller, we would be
able to see the curvature of the earth. Therefore a black hole will look like
a black brane, if we make it larger, and would really become a brane if we
take the limit to infinity.

We have these transformation rules:
r—rn; t—>t7fl; 0—0;, o— o.

Then for the mass, m we have m — mn® because we go to a mass density.
For angular momentum we have J = mca ~ muor, therefore is the rotation
parameter a proportional to r, thus scales also as a — an.

If we transform equations (4.2) till (4.5) in this way, we get

P’ = 772(r2 + a*cos?0), (4.6)
r2A
A, = 772(7“2 + aQ) + 774((7"2 + aQ)T — 2m7“>, (4.7)
2 2A
Ag=1+ T2 cos? g, (4.8)
2 2A
n=14" ‘; . (4.9)
Furthermore we have
dr® — n*dr?, (4.10)
dt* — n2dt*. (4.11)
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4.1 Metric of rotating black brane

If we combine this in the whole metric and take the limit of 1 to infinity,

we get the same metric as for the Kerr black hole:

it = 2t a:231I12 P20 4 Z—idﬂ - 2_296[92 +
—A,a?sin® 0+ (r? + a?)?sin? 04

232
2a\, sin? 0 — 2a(r? + a?)sin? 07y

PPy

de? +

dedt. (4.12)

But it has slightly different parameters:

p? =1+ a*cos? 0, (4.13)
r?A
A, =—(r*+ a2)T — 2mr, (4.14)
ZA
Ay = % cos? 0, (4.15)
2
= % (4.16)

This metric is a solution of the Einstein equations. However it still has
two angles instead of one angle and one "radius”. To solve this we do another
transformation:

sin? ) = 22, (4.17)

cos?f = 1 — 22, (4.18)
and following from this we have

do* = dz?. (4.19)
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4.1 Metric of rotating black brane

Then we get the metric:
2

—A, + a2’ Ny P’ P
2 r 2 r..2 2
ds® = e dt —I—Ardr +—A9(1—x2)dx +
—Aa?at + (r? + a®)?2?Dy , ,  2ax? 5 g
252 do” + p3S (A = (r" 4+ a”)Ag)dedt,
(4.20)
with
PP =1 +a*(l—2?), (4.21)
r?A
A, = —(r*+ a2)T — 2mr, (4.22)
ZA
Ay = %(1 —2?), (4.23)
a’\
=, 4.24
. (4.24)

We should now have the metric of a rotating black brane. But the z
coordinate only goes from 0 to 1, since it is coming from the sin(6):

sin? 6 = 22

in equation (4.18). We can rescale this radius, but we can never reach infinity.
Therefore I think we are dealing with a black disk instead of a black brane.

It is probably impossible to find the metric of real rotating black branes.
A black brane is namely an infinitely large plate and when this is rotating
around a fixed point we have small circles made by points close to the ro-
tating axis, which have low velocities. But if we look at points at larger and
larger distances from the axis, the velocity also becomes larger and larger
and eventually it will transcend the speed of light. And that is of course
unphysical.

Therefore we conclude that it seems not possible to have a rotating black
brane in Anti-de-Sitter spacetime. A black disk seems possible, with the

metric described in equation (4.20).
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4.2  Black cylinders

4.2 Black cylinders

In the literature there are some articles about rotating black branes in Anti-
de-Sitter space, for example [11][12]. So there was already some work done,
and it seemed nice to work further with that. However we have seen that it
seems not possible to have a rotating black brane. Thus the question rose
what these articles were about.

It turned out these articles were writing about black branes with a cylin-
drical or toroidal horizon. So topologically those are black branes with two
opposite sides identified with each other and respectively two times two op-
posite sides identified with each other. The problem we had with the rotating
black brane is solved in this way because all parts of the boundary move with
the same speed. The cylinder is rotating around the axis being inside it.

Adapting the metric in [11] to our situation we get this metric:

a? 2 2 a? 2
ds® = — A(r)(m + Tt - adgzﬁ) + l—4(adt 1+ l—2l2d¢)

dr® + r’da®. 4.25
+ A() T+ ridy (4.25)
Here is a the rotation parameter and A(r) is defined in the following way:
2 2
m q r
A(’f’) = _’r’d__2 + m + l_2 (426)

We are looking for a black brane in 34 1 dimensions, without charge, and

12 is defined by A = —l%, S0 in our case we have
m  Ar?

Writing the metric we found for the rotating black disk in equation (4.20)

in a similar way we get

A 2
ds? = ’"(—dt—%dgb)u

”

22 Ay (adi r? + a®
p? by

do)?

P’ 2 p’ 2
—d —dx”. 4.28
+ATT+A€(1_I2)JZ' (4.28)
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4.2  Black cylinders

At some points these two metrics are similar, but there are also differ-
ences, and they are describing slightly different systems. It is important to
be careful with the literature on black branes and to check whether it is

describing the thing you are looking for or something else.
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5 Rotating Lifshitz black hole

We are studying black holes because they can help us understand condensed
matter physics through the AdS/CFT correspondence. For this purpose it
is really interesting to look at Lifshitz black holes, this is done in [3] and [4].
We will first redo their calculation for static black holes, with d = 24 1. Then
we will look at a rotating Banados Teitelboim Zanelli (BTZ) black hole[13]
in three dimensional Anti-de-Sitter space, so with z = 1. These two types of

black holes might be combined in a rotating Lifshitz black hole.

5.1 Non-rotating Lifshitz black hole

In d = 2 + 1 dimensions, we can have only one dilaton field ¢, we also have

a F,;. The metric will be of the form:

r?#b(r) ., 12
e dt +7"217(7’)

ds® = dr® + rdf*. (5.1)

We have Einstein, Maxwell and dilaton equations which should hold for Lif-

shitz black holes. They are following from the action:

1 3. Cox 1 2 L g
S = e /d 1V/=g(R =20 — 5(90)° — 1€ F?), (5.2)
which gives
2A 1 1 o_ 1
R;w — ﬁguy = éauﬁbau(b + §€>\¢(FMUFV - iFggwf)’ (5?))
D, (M FH) =0, (5.4)
1
06 — JAMF? =0. (5.5)

In the situation without rotation we know from [4]
Ag#0, Ay =0and Ay =0.
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5.1 Non-rotating Lifshitz black hole

This A, does only depend on the radius, so

F., =0V pv # 01 or 10.

5.1.1 Maxwell equations

We will start with the Maxwell equations, (5.4). If one chooses v = 1, both
sides of the equation turn out to be zero in every case. When we choose

v = 0 we get the following equation:
D, (M F*) = 0,(e’F") +Th (M F7) + T}, (X F*7)
= Ou(eMFH) +Th (X F°)
= a1(€A¢F10) + (Fgl +T7, + F%l)(€A¢F10)
= (Ao +T5 + T, +T3)(eF) + Mo F' = 0.
(5.6)

With the metric we can calculate the Christoffel symbols and the Ricci
tensor and scalar. We can use Mathematica to calculate them, these are the

Christoffel symbols:
z b(r)

0 — —

Iy = r+2b(r)’ (5.7)

. 7,1+22 ,

Loy = —Wb(r)(2zb(r)+rb (r)), (5.8)
1 v(r)

1 —_— —_—— —

Fll - r Qb(r)’ (59)
r3b(r

Iy = — 2”, (5.10)

[

1

ho= (5.11)
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5.1 Non-rotating Lifshitz black hole

Then equation (5.6) becomes:

A
0 = (Mo + ;)QOOQHFw + 01(g™ g" Fo)

r2—2z z rl—2z
= — l2—22 <()\81¢ + ;)FIO + 81F10) — (2 — 2’2)[2_—22}?10
,rl—QZ
- T2 ((7")@@ +2+(2- 22)>F10 + 7“01F10)- (5.12)

Next we simplify this equation and we try a Fy; of the form ae **)r?. In
this, @ and A\ are constants, ¢ is a function of r and d is unknown and

depending on z:
0 = (rA\o1p+2—2)Fy +1r dFn
= (rA01p +2 — 2)a e r? — \D1¢ ae MrtTt 4 ade At
= 2—z+d) ae (5.13)

We see the choice for Fj; was a good one, if we take d = z — 2 it satisfies the

equation. So this equation has told us that Fy; = ae r* 2,

Next we can look at the same equation, equation (5.4), where we now

choose v = 2:
Dy (e F"?) = 9,(e"F'?) + Tl (M F7) 4+ T (e F17)
= 0u(MFM) +Th (MF7?). (5.14)

The terms F*? are always zero, because Fy,; is the only nonzero component
and in the metric we have only components on the diagonal. Thus this

equation tells us that zero is zero, and we don’t get new information.

5.1.2 Einstein equations

We will proceed with the Einstein equations. We use Mathematica to calcu-

late the Einstein tensor G, this is the left hand side of equation (5.3). The

2
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5.1 Non-rotating Lifshitz black hole

right hand side we will calculate here:

1 1 1
_au¢au¢ + _e/\(ﬁ(FuaFya - _Fzg,uz/)
2 2 2

1 1 . 1
iaﬂgbauqﬁ + §€A¢(F,ucrg pFup - §FUPF pQMV)
1 1 2

§a,u¢au¢ + §€>\¢(Fuogaprp - §F01F01.gm/)

1 1
§au¢au¢ + §€A¢(FMJgUpFVp - FOlFOI.gOOgHgMV)' (515)

We specify pv, the only nonzero components are Ggg, G11 and Gas:

GOO

1 1
§ao¢ao¢ + §€A¢(F0090'OF0,) - F01F01900911900)

1
56)\¢(F01911F01 — Fon Fo1g™ 9" goo)

1
—e* Foy Forg™ (1 — °°g00)

2

0. (5.16)
1 1 Ap op 00 11

§al¢31¢ + 7€ (Fi69°"F1, — FonFng g g11)

1 1

§al¢31¢ + 56’\¢(F10900F10 — Fo1Fo19%g" g11)

1 IV 00 11

551¢01¢ + 3¢ ForFoug™ (1 — g g11)

1

5010010, (5.17)
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5.1 Non-rotating Lifshitz black hole

1 1
Gy = 582¢62¢ + Ee)‘"ﬁ(FgggUngp — ForForg™g" g22)

1
= — §€A¢F01F01900911922

7,,4—22

l272z

1
= §€A¢F01F01

4—2z

1 “Xp 2. 22—4T
= —e “Pa‘r —_—
2 l2—2z

= e (5.18)

After calculating all these right hand sides, we can use this in the following

equations. We start with G? — G "

r2b
212
Using Mathematica we calculated the left hand side:

Googoo - Gngn = 01001¢. (5-19)

(1—2)b

Goog00 - Gllgll = 2 (5.20)
If we take both sides together, we get a differential equation from which we
can solve ¢:
(1—2)b r2b
2(z—1
( 5 ) _ N ¢0:19,
r
2(z—1
V201 01, (5.21)
r
and

¢(r) = log (urv=Y). (5.22)

With this ¢ we can solve the other Einstein equations to find b(r), A, u
and a. We start with the equation for GGao, the left hand side follows from
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5.1 Non-rotating Lifshitz black hole

the Mathematica calculation, and the full equation will become

2

T (00) -+ ) = et
(= =B+ 2) 478 = e

(2= b(r) (L4 2) + 78 (r) = oo 2 V2D (5.23)

This differential equation gives us the following b(r):

1 — 2
b(r)=z+ P2 A2ED o R (5.24)

z—1—-X/2(z—1)

Now we can look at the G1; equation:

%% <22(1 +2) = 2b(1+ 2%) — r(2+ 32)(r) — ”Qb"(r)) - %al¢al¢’

22(1 4 2) — 2b(1 4+ 2%) — r(2+ 32)V/(r) — r?b"(r) = 2r%b
22(1+ 2) = 2b(1 4+ 22) —r(2+ 32)V/(r) — 72" (r) = 2b(z —1),
22(1+ 2) = 2b(z + 2%) —r(2+ 32)V/(r) — 72" (r) = 0. (5.25)
This differential equation will give us again an equation for b(r):
b(r) =1+ cr =7 epr™ . (5.26)

If we compare these two equations for b(r), we can deduce from the second
equation that the constant term needs to be 1. In the first equation this is
z, so we can conclude the term r~2~*V2G=1 ghould be constant. So we find
A= —\/g. Then equation (5.24) becomes

1—22

b(T) =z + mro + 017’7172 =1+ Cﬂ”iliz. (527)
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5.1 Non-rotating Lifshitz black hole

5.1.3 Dilaton equation

We also need to check this expression for b(r) with the dilaton equation (5.5):

1
O¢p — ZAMF?:O,

1
O¢ = ZAWF?. (5.28)

We will first look at the left hand side of this equation:

0o = 7%§@A¢i§gwa¢)
= =03 6" 00) (5.29)
where
V=g = V—det(g) = Vr2z2-22 = p*[l77 (5.30)

When we use this and the expression found for ¢, we get for the left hand

side

O¢ = r?0:(r*g" 010)

- r—zal(rw?%a@)

01b(r)

12

o0+ 124 5,0,6)

. 410(r) .
= r ((z +2)r +1l—281<b + 2 l

=+ 2" 010(r))oho + (101010

=+ 2" 000} 1r) + 8000 )

= % (2 + Q)b(r_r) + b/(r)> V 2(i_ 1) —b(r) Y 2(;’2— 1))
- H((E ™ ryn) D), (551)
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5.1 Non-rotating Lifshitz black hole

We proceed with the right hand side, we already calculated F),,, so we get

1 2
Z}\e/\d)FQ — Z)\e/\d)FOlFOlgOOgll

2 2-922
T g 24T
— e Pr =
2 2
- @ )\e_’\‘i)—r
2 l2—2z
2 —2-2/2(2—1)
= 5 Al PEE . (5.32)

Adding the left- and right hand sides gives

T—2 <((z + 1)@ + b'(r)) M) _ —a’ )\MATQ’\\/M

2 r r 9 122z ’

2r?/2(z — 1) ((z + 1)b(r) + Tb/(T)> = —aP A AVRETD2E

(5.33)
Solving this differential equation we get
. a2>\lu7)\7,—2—)\«/2(z—1)122 (
b(r)=cr 7% — : 5.34
(=a 220G — D)z —1-\/2(z - 1)) )
In the previous section we had to choose A = — (;Tn When we substitute
that in this equation for b(r), we get
o o /(Zzl)M—ATolzz
b(r) = cr 4
2¢/2(z=1)(z+1)
2 —)\l2z
— e ar (5.35)

2z —1)(z+1)
The constant term should be 1 to let this b(r) agree with the one we found

before. In this way we find an expression for a:
Q2P =2(22 - 1).
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5.2 Rotating BTZ black hole

Now we have one b(r) solving all the equations. We can relate the con-
stant ¢; with the mass of the black hole, we rename it with —m. Then we
write down the metric of the non-rotating Lifshitz black brane in d =2 + 1

dimensions and the other defining expressions:

ds* = — b >dt2 ’ dr® 4 r*df* with (5.36)
(2= r2b(r)

b(r) = 1—mr 77, (5.37)

Foi = ae "2 with (5.38)

¢ = log(urv2=1), (5.39)

a = /2(22 —1)pr~2* and (5.40)

Y (5.41)

(z—1)

This solution is in agreement with [4].

5.2 Rotating BTZ black hole

Now we go to the Banados Teitelboim Zanelli black hole with rotation in

Anti-de-Sitter spacetime; z = 1. The general metric for this black hole is[13]:

2 _ b(r B 2 4 12002 2
ds? = T% <_z >dt r2d0? + 2a(r)r2dfdt
12 o TPb(r) 2
= <d0+a( )dt) . (5.42)

There is no dilaton field and no F},,. So the only equation left from the three
equations we get from the action, is the Einstein equation (5.3) in this form:

2A

G = Flor = 7

v = 0. (5.43)
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5.2 Rotating BTZ black hole

We calculate this with Mathematica. If we now take the combination
G(T)Gm — Gy,

this will give zero:

r30(r)

l2

a(r)Gag — Gy = (3d'(r) + ra"(r)) = 0. (5.44)

We get the following differential equation:
3d'(r) +ra"(r) =0,

and solving it gives

With a similar method we can find b(r). We take the combination

l2
G11+WG227
Gt Gy e — L (s sh_ T () — () =0, (5.4)
bt T T 2020(r) A oA =5 '

Thus we get
8 —8b— Trb/(r) — ' (r) = 0,

and solving this differential equation we find

b(r) =14 cir 2 +cor™*,

We need to check this with two other linear independent Einstein equa-
tions. Let’s look at the Ggy equation first. We substitute the a(r) and b(r)

in this equation with the ones above, after which we get

Goo = 4%6 ((32l2 — 4¢y) (12(3 —2Ar?)? 4 4(r* + e + cz))) =0. (5.46)
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5.2 Rotating BTZ black hole

Therefore we have B??> — 4¢y = 0 or
0 = I*(B—2Ar*) +4(r* +r%c; + ),

B \2
—[? <A — —) = 14+er 2 +cr

212
I’AB B? _ _
—PA?+ —— R 1247"4 = l+car?+cr™ (5.47)
To solve this equation we need 1 = —I2A2, but this is impossible, since
squares are positive. Thus if we choose ¢ = 222 B , these a(r) and b(r) also

solve the third equation.

At last we have to check a fourth equation, we substitute a(r) in G.

Mathematica then gives

2 P2

B
b(r) =14 cir 2+ l r

1 44 2¢4 log(r)r_2

Here we see the second constant ¢, is indeed %. And if we choose the third

constant zero, we see all four equations agree. Then we get the metric:

B
p— A —_— '4
a(r) 5,2 (5.48)
1’B?
b(r) = l+cr 2+ 1 r~* and (5.49)
2 2 2 2
2 r B 9 cpr B 9
ds? = <12+12+—) ar? — (5 + 5+ 15 )t
2
2 A B dt 5.50
re| df + ~ 92 . (5.50)
Now we can redefine 3 — —m and 6 + At — 6. Then the last equation
becomes
dr? B
ds® = —— —b(r)dt* + r*(df — =—dt)*, with 51
s o) (r)dt* + r=( 52 )°, wi (5.51)
2 B2

47 of 62



5.3 Towards a rotating Lifshitz black hole

This is exactly the well known BTZ solution, as described in [14], where B is
the angular momentum, mostly written as J and m is the mass of the black
hole.

5.3 Towards a rotating Lifshitz black hole

Now we have redone these two cases we proceed with calculating the metric
of the rotating Lifshitz black hole. We try a metric derived from the non-

rotating Lifshitz black hole, as described in [4], the rotation parameter is

a(r):

l2
72b(r)

b
02 _,Tzz< () __a(r)2)(ﬁ2 +r2d6% + 2a(r)rtldodt.  (5.53)

l2z

ds® =

The powers of r can be determined by looking at what happens to the powers
of n, they should cancel each other when we do a Lifshitz scaling. We have

the rules from Lifshitz scaling:
r—rnl ottt

So the first term is correct if % does no scale. The 7?* in the second term
scales then with n~2* and this is exactly cancelled by the dt? term. So we see
also a(r) is scale invariant. The third term tells us 6 scales inverse to r so
with n. Now it is possible to find the power of r in the last term. We have n
from the df and 7* from the dt so we need 71* to make the complete third

term scale invariant, that is why r has the power z + 1.

We have the same equations for Lifshitz black holes as we have seen in
section 5.1. These equations are not assuming anything for the rotation, so
they should also hold when there is rotation:

2A

RW_d—1

1 1 1
Juv = §au¢au¢ + éeAQS(FIJUFyU - §F29ul/)7 <554>
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5.3 Towards a rotating Lifshitz black hole

D, (e*MF™) =0, (5.55)

1
O¢ — ZAWF? =0. (5.56)

In the situation without rotation we know
A(]?éo, Alz()andAg:O,

and
F,, =0V pv # 01 or 10.

For the rotating Lifshitz black hole we will assume the same for A,, but we

see in the metric go9 # 0, so
F2l— g0

Therefore the equations will change.

5.3.1 Maxwell equations

We will start again with the Maxwell equations, equation (5.55). If one
chooses v = 1, both sides of the equation still turn out to be zero in every
case. When we choose v = 0, the equation will also stay the same as in the
case without rotation. The Christoffel symbols have changed, but when we
add them, it turns out the terms with a(r) cancel each other so this will give

the same solution as before, in equations (5.6), (5.12) and (5.13):
D,(eMF) = (Moo + T, + 1y + 3 (e*F0) + X0, 0
- ()\81(;5 + ;) (AP F10) 4 Mg, F10 = . (5.57)

Thus this equation tells us Fy, = ae r*—2.
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5.3 Towards a rotating Lifshitz black hole

Now we can look at the same equation, equation (5.55), where we choose
v = 2. This equation gave us no new information in the case without rotation,

but that will change now:
D“(e’\‘bF‘ﬂ) = @L(e‘"f’F‘ﬂ) + Fﬁg(emFﬂ) + Ffw(e)“i’F““)
= 0u(MF) 4 T, (MF)
= al<€/\¢F12) + (Fgl + T, + I‘§1>(6>\¢F12)
= (Ao +T0 + iy +13)(eF"?) + X0, F*? = 0.
(5.58)

This is nearly the same as the equation before, but now the term ¢*° will

come in and with it the rotation:
z
0 = <)\61¢ + ;>920911F10 + 01 (g*°g" Fyo)

%((A@mﬂ— ; + %)Fm + 81F10) +01- Z)T;—az(,:)Fm
ri(r)
a(r)

r—*a(r)

= o ((rAal¢+z+
ra(r)

- Tﬁy : ((’” a(r)

We now use the Fy; found in the previous equation, to calculate a(r):

+ (1 — Z)>F1() +7“81F10>

>F1o + r@lFl()) . (5.59)

0 = <r)\81¢ +1+ —Ta(r)>ae)‘¢rZ2 + rojoe M2

a(r)

Ao+ 1+ <r )>Oé€)‘¢7"Z2 + 7“( — Ao+ (2 — 2)r’1)ae”\¢’rz’2

a(r)

21 + )ae*WrZ*Q. (5.60)

(
= (r)@ﬂﬁ +1+ ra(r) _ rAO1p + (z — 2))0&67/\(157%72
(
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5.3 Towards a rotating Lifshitz black hole

Solving this equation, we get
a(r)(1—z) =ra(r)

and
a(r) = er'™?, (5.61)

with ¢ a constant. The Maxwell equations thus gave us expressions for F,,
and a(r).
5.3.2 Einstein equations

Let us continue with the Einstein equations. The left hand side of the equa-
tion (5.54) doesn’t change and we will calculate the right hand side here.

The general expression will stay the same, compared with equation (5.15):
1 1
Guw = 50.00,6 + 56’\¢(ng"pF,,p — FouFng®™g"gu).  (5.62)

We will specify uv again, now we have for the nonzero components not
OIlly G()(], GH and GQQ, but also Gzol

1 1
Goy = 580¢80¢ + §eA¢(FoggUpFop — ForFor9™ 9" goo)
1
= §€>\¢(F01911F01 — ForFo19 9" goo)

1
= §€>‘¢F01F01911(1 — d"900)

1 r2b a’l?*
- nn- 05T

1 2.2

rTa
e —6)\¢F01F01l2_2z

(5.63)
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5.3 Towards a rotating Lifshitz black hole

G11 and Gy do not change, compare with equation (5.17) and (5.18):

1

Gn — §8l¢81¢ (564)
1 _,, o?

G22 = 56 )\(le—_Qz (565)

1 1
Gy = §ag¢80¢ + Ee’\‘z’(Fgag“pFop — ForFor9™g" g20)

1
= - §€A¢F01F01900911920

z—1
= —e Yo" ——. (5.66)

Now that we have calculated the new right hand sides, we can use this in
the following equations. We will start again with G" —G,!, but this equation

has an extra term for the rotating black hole:

oo o = e G
—%81¢81¢%
- %e—m@(?;i + g;;‘i) . %6@8@%
- _;izsal¢al¢' (5.67)

Using Mathematica we can calculate the left hand side, where we need to
put in the a(r) found in the previous subsection, in equation (5.61):
(1—2)b

Goog™ + Gaog™ — Guig' = T

(5.68)
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5.3 Towards a rotating Lifshitz black hole

Then we see that we get exactly the same equation as in the non-rotating

black hole, we solved this equation for ¢:

o(r) = log (ur 2(271)). (5.69)

With this ¢ we can again solve the other Einstein equations to find b(r),
A, 1t and a. The equations for GGy; and G99 didn’t change, both the left and
right hand side. Therefore we can redo the steps on page 42. So we get

A = —,/ %5 and equation (5.27):
b(r) =1+ cyr 72 (5.70)
Unlike the non-rotating case we have four independent equations. We

take the Gy component and substitute a(r), b(r) and A, then we get

2

a z2—2, —A z—1— zZ— —z ¢
7l2 2=l MW26-1) pplmz 1_2T2<22_1>’
ca? , c
2_l2l2 m Ar2 — l_27,2(z2 . 1)7
A1 = 2(2% - 1). (5.71)

Till now we didn’t define «, but at this moment we can conclude
o217 = 2(22 - 1).

This « is the same as in the non-rotating Lifshitz black hole. We check one
more equation to see whether this choice is working. The Gy equation gives,
after substitution, exactly the same equation as Gog. So we have a consistent
solution.

5.3.3 Dilaton equation

There is one more equation we need to check: the dilaton equation (5.56):
1
O¢ — Z)\e*d’FQ = 0.
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5.4 What does this solution tell us?

But we already know ¢ and F? don’t change. Furthermore the determinant
of the metric stays the same, thus this equation is still satisfied. Now we can

write down the complete solution:

ds® = #2(7”)61702 — ¥ <bl(27;) — a(r)2>dt2 +r2d0* + 2a(r)r* 1 dodt
(5.72)
with
b(r) = 1—mr 1% and (5.73)
a(r) = cr'™F (5.74)
Fyn = ae *r*7? with (5.75)

o = log(,ur\/m), (5.76)

a = /2(22 — 1)p—% and (5.77)

A= - . (5.78)

5.4 What does this solution tell us?

We found a solution satisfying all the equations. The solution is exactly the
same as the non-rotating Lifshitz black hole solution, the only difference is
that there is a rotating part a(r). So it is a Lifshitz black hole solution, but

what does this solution tell us? We can write the metric in a slightly different

way':
I? r2%b(r)
2 2 2, .2 2—1 74\2
Then we substitute the a(r) we found and get
I r2%b(r)
2 _ 2 2,2 2
ds” = T2b<r)dr S dt® +r°(df + cdt)”. (5.80)
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5.4 What does this solution tell us?

Now we can do a coordinate transformation:
0=0+ ct,

and then find
df = df + cdt.

After this our metric becomes

? 2 r2%b(r)

ds® = ——
5 r2b(r) " 2%

dt? 4 r2d6*. (5.81)

At this point we see that we get back to exactly the non-rotating Lifshitz
black hole, by using an easy coordinate transformation. This coordinate
transformation is telling something about the frame of the observer. The
observer is rotating around the black hole. So the solution we found is the
solution of a non-rotating Lifshitz black hole in the frame of a rotating ob-
server instead of a rotating Lifshitz black hole in the frame of a non-rotating

observer.

If we choose z = 1, we should find the BTZ solution again. But that is

not the case, instead we get

ds? = TQZT)W 2 (% - a(r)Q)dt2 4 r2d6? + 2a(r)r2dodt,
(5.82)
with
b(r) = 1—mr 2 and (5.83)
a(r) = c (5.84)

And substituting a(r) we have

2 2
ds? = Wdﬁ - Tl—y)dt? +r2(dO + cdt)?. (5.85)
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5.4 What does this solution tell us?

This is the same situation as in the case z # 1, so we are in the frame of a

rotating observer.

To find the real BTZ solution we need to change our approach. While cal-
culating the metric of the rotating Lifshitz black hole, we found a(r) by using
the Maxwell equations. But in the z = 1, BTZ case the Maxwell equations
are only giving us 0 = 0, so we get no information from these equations. We
need to find a(r) in another way. We use the Einstein equations, solving them

in a similar way as in section (5.2). We start without assuming anything for z.

We take a similar combination as in equation (5.44), the combination
CL(’/’)GQQ — T’I_ZGQO

will become zero:

r2b(r)

7 (Q(z —1)a(r) + r<(2 +2)d (1) + m//(m)) -
(5.86)

CL(T’)GQQ — T1—2G20 =

So we get
2(z — Da(r) +r(2+ 2)d' (r) + r?a"(r) = 0

and solving this, gives us
a(r) = A"+ Br =,

We see z = 1 gives a(r) = A+Br~?2 this is in accordance with the BTZ metric.

With the other Einstein equations we can find b(r), we first take G, and
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5.4 What does this solution tell us?

substitute a(r):

1
Gu = ;010019

_ B 12;22(;)3) 27«22(@ (= 2:01+2) =21+ 2%

—(2+ 32)rb (1) — 7“2b”(7“)> —0. (5.87)

Solving this differential equation, we find

B21?*(z — 3)

_ —2z —1—z
b(?") =1 + ar + CoT + m

(5.88)

We need to check this with an other linear independent Einstein equa-

tions. We look at the (G95 equation:

L o o?
G = 3¢5

= B D (a4 )= b - ). (5.39)

r2

This gives again a differential equation, we can solve this and get

~B%(z — 3)

b -1 —2z —1—z
(r) + 1™ + cor + 5

(5.90)

The equation for Gy gives the same b(r). The Ggy equation was not directly
solvable, by hand or by Mathematica, but if we substitute the first b(r), we
find

(Ar® + Br#)?

0= 202r8(z — 2)

(2 — 1)( — BU¥(z =32+ 2r' (2 — 2)(2 + 1)). (5.91)

This equation holds if z = 1. Now we solved all equations, but if we look
at the functions found, we see that we have two different functions for b(r).
These two functions only coincide if z = 1. Thus in the case z = 1, we found

a solution. But for z # 1 we found a contradiction. Therefore it is impossible
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5.4 What does this solution tell us?

to make a rotating Lifshitz black hole with z # 1 and our assumption.

The solution for z =1 is

a(r) = A+ Br 2, (5.92)
—B?1?(—2
b(r) = 1+car?4cr?+ —27“‘5 )
2l2
= l+4cr 2+ g (5.93)

And this is indeed exactly the BTZ solution.

So for z = 1 we found the BTZ solution and for z # 1 we also found a
solution, but this is not solution we were looking for. Instead, it is a non-
rotating Lifshitz black hole in the frame of a rotating observer. Where did
this go wrong? This is the only solution for z # 1 and with the assumptions
we made in the beginning. So to find an other solution, the solution for the
rotating black hole, we have to start with a new assumption. This was our
assumption:

A, 40, A, =0, Ag=0

and for further research it is a good option to relax this assumption to:
At%ov AT’:07 A97é07

where we can assume A, does only depend on 7.
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6 Conclusion and further research

During this thesis many different calculations concerning black holes and
black branes passed by. A part of these calculations was done before, but it
was a good exercise to redo them. We found the temperatures of different
black holes and branes, they are written down in the table in section 2.2. In
the third chapter we found the metrics of different black branes in Minkowski

and Anti-de-Sitter spacetimes, these results can be found on page 29.

Starting from the Kerr metric we calculated the metric of a rotating
Schwarzschild black disk in Anti-de-Sitter spacetime. It turned out to seem
impossible to have a rotating black brane, because the speed of points far
away from the center of the brane will transcend the speed of light. If the
black brane is deformed into a cylinder or torus it is possible to let it rotate,

this metrics can be found in [11] and [12].

The aim of this thesis was to find the metric of a rotating Lifshitz black
hole in three dimensions. This black hole is a combination of the non-rotating
Lifshitz black hole[4] and the AdS BTZ black hole[13]. Both metrics were
calculated. Then we used similar methods to calculate the metric of the
rotating Lifshitz black hole. The conclusion of this calculation was that the
assumptions were to strong to find the rotating Lifshitz black hole, instead

we found a non-rotating black hole in the frame of a rotating observer.

With a new assumption it is probably possible to find a real rotating
Lifshitz black hole. For further research it would be really interesting to
solve the equations we get, when we are relaxing the assumption. If we could
then find the metric of this rotating black hole, we can combine this with

AdS/CFT correspondence. For that use it would also be interesting to cal-
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culate the temperature.
Furthermore the calculations on the Lifshitz black hole were all done in

three spacetime dimensions. It would be good to redo the calculations in

four or even an arbitrary number of dimensions.
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