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Abstract

The Poincaré algebra can be extended to a Lie superalgebra known as the
Poincaré superalgebra. Superspace provides a natural way to formulate
theories invariant with respect to this bigger symmetry algebra. In this
thesis, the mathematical foundations of the Poincaré superalgebra and
superspace are described. We proceed to consider superspace formula-
tions of the energy-momentum tensor and other currents. This is done by
means of model-dependent realisations of current multiplets known as su-
percurrents. Three current multiplets, namely the Ferrara-Zumino-, R−
and S-multiplet are discussed, with examples of supercurrent realisations
of these multiplets for various theories. It will be shown that there are
theories for which realisations of the minimal multiplets are ill-defined,
and how the S-multiplet circumvents some of the issues. As a new appli-
cation, a conjecture for the S-multiplet realisation for the abelian gauged
sigma model will be constructed.
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1 Introduction

All relativistic quantum field theories on a Minkowski background are invari-
ant under the symmetries of Minkowski space, namely boosts, rotations and
translations. These symmetries are mathematically described by the Lie group
ISO(3, 1), otherwise known as the Poincaré group, which is generated by the
Poincaré algebra. Furthermore, many of the greatly succesful quantum field
theories such as QED, QCD and the standard model are also invariant under an
internal symmetry group: a group that acts not on the coordinates but rather
on the fields of a theory. Specifically, for the examples gives, the internal gauge
symmetry groups are U(1), SU(3), and SU(3) × SU(2) × U(1), respectively.
Thus, the continuous symmetry group of any of these theories is the direct
product of the Poincaré group with the internal symmetry group. It is natural
then, to wonder if there can be theories that have a bigger symmetry group,
which includes the Poincaré group and the internal group in a non-trivial way.

In 1967, Coleman and Mandula proved a no-go theorem that, roughly, states
the following: Let G be the symmetry group of the S-matrix of a theory, and
ISO(3, 1) the Poincaré group. Suppose the following three conditions hold:

1. There is a Lie supgroup H ⊆ G with H isomorphic to ISO(3, 1). The
generators of G can be written as integral operators in momentum space,
whose kernels are distributions. Furthermore, the generators are bosonic.

2. All particles of the theory correspond with positive-energy representations
of ISO(3, 1). For any mass m, there is only a finite number of particles
with mass mp < m.

3. Amplitudes of elastic scattering are analytic functions of the center of
mass energy and the momentum transfer. The S-matrix is non-trivial.

Then there is a Lie group I such that G is isomorphic to ISO(3, 1)× I.
In other words, the only allowed continuous symmetries of a non-trivial the-

ory are exactly given by the direct product of the Poincaré group with some
internal symmetry group I. However, in 1975, Haag, Lopuszanski and Sohnius
discovered that there was a way to circumvent the restriction, by adding anti-
commuting generators to the algebra. These theories are known as supersym-
metry theories. In mathematics, this led to the concept of Lie superalgebras,
which are a generalization of Lie algebras. Lie superalgebras are algebras with
a grading in such a way that the underlying space splits in two, with one half
behaving as a Lie algebra, whereas the other half has a slightly different struc-
ture.

Just as there is a way to write down theories that are manifestly invariant
under the Poincaré group, there is a way to write down theories that are super-
symmetric. This is done by extending Minkowski space by four grassmannian
coordinates: we call this space superspace. Formally, this space is a supervec-
tor space: a module over the algebra of supernumbers, which are an extension
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of the usual complex or real scalars that incorporate Grassmann numbers. In
superspace, all fields live in multiplets called superfields. This makes it so that
any supersymmetric theory can be written very compactly in superspace.

Quantum field theories that are invariant under translations have an asso-
ciated energy-momentum tensor, which is the conserved Noether current cor-
responding to momentum, the generator of translations. Similarly, all super-
symmetric theories must have a conserved Noether current corresponding to the
supersymmetry. This current is the known as supersymmetry current.

This thesis has two main topics: First of all, we are interested in examining the
mathematical structure behind the Lie superalgebra extension of the Poincaré
algebra, which we dub the Poincaré superalgebra. This is done by utilizing
supernumbers to investigate superspace, and by considering the representation
theory of the algebra. On the one hand, we are interested in a natural way
to think of the Poincaré superalgebra, and on the other, in how the extension
affects the familiar unitary representations of the Poincaré group.

The second main topic is is to study how the energy-momentum tensor and
the supersymmetry current can be described in superspace. As all fields are the
components of superfields, we are interested in finding a way to embed these
currents into a superfield known as the supercurrent. These supercurrents will
turn out to be realisations of multiplets that satisfy conservation equations,
leading to conserved fields as components. These multiplets will be called cur-
rent multiplets. These supercurrents will give us a grip on how to work with
currents in superspace, and provide a useful tool in studying the behaviour of
supersymmetric field theories. They can also be used to study supergravity
theories up to first order, by means of minimally coupling the supercurrent to
the supergravity multiplet.

The second chapter will give a quick overview of results in basic Lie theory,
mainly the interplay between Lie groups and Lie algebras. A definition of a Lie
superalgebra will be given, and an examination of how representations of Lie
superalgebras can be defined.

The third chapter will discuss the Poincaré group and algebra in a fair amount
of detail. The structure of the algebra is given as well as a natural, finite dimen-
sional representation. The unitary representation theory will also be discussed,
although not entirely rigourously.

The fourth chapter consists of the discussion of the Poincaré superalgebra and
superspace. The aforementioned supernumbers will be introduced. We will see
how superspace is constructed and why it is the natural space to associate with
the Poincaré superalgebra. The antihermitian irreducible representation of the
Poincaré superalgebra will be given, considered as extensions of the irreducible
unitary representations of the Poincaré group. Finally, we will consider how to
extend the natural finite dimensional representation of the Poincaré algebra to
a natural finite dimensional representation of the Poincaré superalgebra.
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From this point on the material will be less mathematical in nature, and will
be less rigourous. The fifth chapter consists of a rather bare bones treatment
of the basics of supersymmetric field theory. We will describe the way to for-
mulate various superfields, and how to construct actions from them. This is
done by explicitly constructing the actions for the most basic model known as
the Wess-Zumino model, as well as a geometric extension known as the sigma
model. Finally, we will show how to formulate gauge theories in superspace.

The sixth chapter is about the way to describe conserved currents in super-
space by means of current multiplets. The way to set up a current multiplet
to have a suitable representation as supercurrent is given, followed by the de-
scription of three possibilities: the Ferrara-Zumino multiplet, which is the most
well-known multiplet, the R-multiplet, and the S-multiplet, which was recently
resurrected in [1] after mistakenly being declared ill-defined before. Examples of
realisations, and problems with finding suitable realisation, of these multiplets
will be demonstrated for the sigma model and for SQED with a Fayet-Illiopoulos
term.

Finally, a description will be given of a more general model, which is the sigma
model, gauged under the isometries of the associated Kähler geometry. We will
show how the model transforms under global transformations, and procede to
formulate a way to add gauge terms in superspace that will make it locally in-
variant. The supercurrent for the abelian version of this model is studied at the
hands of the S-multiplet.

The appendices will provide details on conventions and identities used and a
little bit of mathematical background information. In general, most conven-
tions used in this thesis are those of [2]. The first appendix describes the rela-
tion between the Lorentz group and its covering group, SL(2,C). The second
appendix is meant for readers with little prior knowledge of Weyl spinors and
demonstrates how to transition from Majorana to Weyl spinors. The third ap-
pendix provides the conventions of and useful identities for Pauli matrices. The
fourth appendix describes miscellaneous other conventions and identities not
yet mentioned. The last appendix provides some basics on Kähler geometry.
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2 Lie Superalgebras

Continuous symmetries in physics are described in terms of Lie groups or Lie
algebras. These are closely related, hence we will first give a description of how
these are associated to one another. We will quickly discuss some basic proper-
ties of Lie algebras and their interplay with Lie groups, as can be found in any
standard work, such as for example [3] or [4]. We will then proceed to give an
overview of the relevant parts of the theory of Lie superalgebras, based largely
on work by V.G. Kac in [5]. Another appreciated source on Lie superalgebras
is [6].

A Lie group G is a smooth manifold with group structure, with multiplica-
tion and inversion being continuous. As such, it has a tangent space at each
point in the manifold. The tangent space of the identity TeG is defined as the
associated Lie algebra of the group: TeG = g.

Given any point p of the manifold and any vector Xp ∈ TpG, there is a
unique maximal integral curve γXp : I → G

γXp(0) = p ,
d

dt

∣∣∣∣
t=0

γXp = Xp ,

for some maximal interval I. In case we pick p = e, it turns out that I = R.
Thus, we can now define a map exp : g→ G as

exp(X) = γX(1) . (2.1)

In fact, by unicity of the maximal integral curve, this definition can be extended
to

exp(tX) = γX(t) ∀t ∈ R . (2.2)

Since

(d exp)0(X) =
d

dt

∣∣∣∣
t=0

exp(tX)

=
d

dt

∣∣∣∣
t=0

γX(t) = X , (2.3)

we have that (d exp)0 : T0(TeG) ∼= TeG → TeG is the identity map, hence by
the inverse function theorem, the exponential map is a local diffeomorphism.

Although it turns out that globally, the exponential map need neither be
injective nor surjective, it is possible to prove that, if G is connected, ∀g ∈ G
∃{gi}Ni=1, gi = exp(Xi) ∈ G such that

g =

N∏
i=1

exp(Xi) . (2.4)
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Thus, each group element of a connected group can be expressed in terms of
the algebra, and we can consider g = exp(X) without loss of generalisation.

The tangent space g is a vector space. Conjugation of group elements intro-
duces an additional structure on this vector space, namely the Lie bracket. The
Lie bracket, which defines multiplication on the Lie algebra, is a bilinear map

[., .] : g× g→ g

that satisfies the following conditions:

[X,Y ] = −[Y,X] (antisymmetry) (2.5)

[X, [Y,Z]] = [[X,Y ], Z] + [Y, [X,Z]] (Jacobi identity) . (2.6)

The Jacobi identity shows that the multiplicative structure of a Lie algebra is
not associative. Given an associative algebra A, we can uniquely associate a Lie
algebra g = (A, [., .]) by defining the Lie bracket as the commutator. It turns
out that conversely, we can associate an associative algebra to each Lie algebra.
We define the universal enveloping algebra of the Lie algebra g as an associative
algebra U together with an homomorphism ι satisfying

ι([X,Y ]) = ι(X)ι(Y )− ι(Y )ι(X) .

Every Lie algebra admits a unique universal enveloping algebra. It is constructed
as follows: we define the tensor algebra of g as

T (g) ≡
⊕
n∈N0

Tn(g) =
⊕
n∈N0

g⊗n ,

where T 0(g) is understood to be the underlying field of the algebra (typically
eitherR or C). Multiplication on this algebra is given by the tensor product.
We define an ideal in this algebra by setting

I = 〈X ⊗ Y − Y ⊗X − [X,Y ]〉 ,

where the notation 〈.〉 is used to mean ‘generated by’. The universal algebra
can then be defined as the quotient

U = T (g)/I ,

and ι is the restriction of the canonical projection operator π : T (g) → U to
T 1(g) = g. The well-known Poincaré-Birkhoff-Witten (or PBW) theorem tells
us that, given a countable ordered basis

{
TA
∣∣ A ∈ [1, n] ∩ N

}
of g, a basis for

U is given by {
n∏

A=1

T kAA | kA ∈ N0

}
.
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As a consequence, the map ι is injective.
A Lie group representation is a Lie group homomorphism

ρ : G→ Aut(V ) , (2.7)

where the vector space V is called the module of the representation. Likewise,
a Lie algebra representation is a Lie algebra homomorphism

% : g→ End(V ) . (2.8)

The set of automorphisms of a finite dimensional vector space V is given by
GL(V ), which is itself a Lie group, with associated Lie algebra gl(V ) = End(V ).
Thus, if we have a finite dimensional representation of the Lie group ρ, it induces
a Lie algebra representation % ≡ dρe by means of the pushforward.

We are also interested in the notion of antihermitian representations, as
these correspond to the notion of unitary group representations which arise in
quantum mechanics. This notion requires additional structure on the module.
Given a (complex, for our purposese) Hilbert space H, the adjoint T † of an
operator T is defined by

〈Th, h̃〉 ≡ 〈h, T †h̃〉 .

A representation is called antihermitian if its module is a Hilbert space, and it
satisfies

%(X) = −%(X)† ∀X ∈ g . (2.9)

This definition holds in both the finite- and the infinite dimensional case: in the
finite dimensional case, the dagger is just given by A† = Āt of course, where a
bar denotes complex conjugation. A representation is irreducible if its module
contains no invariant proper subspace, and faithful if it is injective.

The multiplicative structure of a Lie algebra gives a representation of the
algebra on itself. This is the adjoint representation, defined by

ad : g→ End(g) (2.10)

ad(X)Y ≡ [X,Y ] , (2.11)

or, written in a way more familiar to physicists,

(ad(TA))
C
B = f C

AB , (2.12)

where TA form a basis for the algebra and fABC are the structure constants.
The Lie algebra admits an associative symmetric bilinear form β, which is

known as the Killing form. It is given by

β(X,Y ) = Tr(ad(X)ad(Y )) , (2.13)

which can easily be rewritten in terms of the structure constants by making use
of (2.12), leading to

βAB = −f D
AC f C

BD . (2.14)
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We will require this form when discussing the gauged sigma model later on.

The structure of a Lie algebra can be generalized to a Lie superalgebra, but
this will require some other notions first. We define a Z-graded vector space as
a vector space with the following additional structure:

V =
⊕
j∈Z

Vj

where Vj are all vector spaces themselves, and Z is either Z or Zn.1 An element
v ∈ V is called homogenous of degree j if v ∈ Vj . The degree of a homogenous
element v, which is sometimes also called its parity, will be denoted as |v|, which
will hopefully not confused by its norm. Every vector space with a Z or Zn is
isomorphic to a Z-graded vector space by simply setting Vj = 0 ∀j ∈ Z\Z.
More importantly, whenever we have a graded vector space, we can always turn
it into a Z2-graded vector space

V = V0̄ ⊕ V1̄

by setting

V0̄ =
⊕
j∈Z

V2j , V1̄ =
⊕
j∈Z

V2j+1 ,

that is, V0̄ is given by all the even-numbered and V1̄ by the odd-numbered
spaces. Accordingly, homogenous elements in V0̄ are called even, whilst those
in V1̄ are called odd.2 Note that we have introduced bars over the subscript to
distinguish the gradings from the plethora of other indices we will require later
on.

Where Fn for F ∈ {R,C} are standard examples of vector spaces, we can
extended these to Z2-graded vector spaces in a rather trivial way. We define the
set

{
ej | j ∈ [1, n] ∩ N

}
as the standard Euclidean basis. Then we can define

Z2-graded vector space as3

F(n,m) = (F(n,m))0̄ ⊕ (F(n,m))1̄

(F(n,m))0̄ ≡ spanF{ej | j ∈ [1, n] ∩ N}
(F(n,m))1̄ ≡ spanF{ej | j ∈ [n+ 1, n+m] ∩ N} .

In other words, we simply take a direct sum of two vector spaces and call one
even and the other odd. Given a Z2-graded vector space V over F, V0̄ and V1̄

1 It is possible here, and in what follows, to generalize this by replacing Z with more
general index sets. As this gains us little and is rather inconvenient for the notation, we will
ignore this.

2It is possible that one has a Z2-graded vector space with a Z grading in such a way that
the gradings do not correspond to one another in the above way. We are merely interested in
the Z2-grading however, so we will not consider such situations.

3One often sees the notation Fn|m instead. In our case, this notation is reserved for
supervector spaces, as will be defined in 4.1.
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are subspaces. Thus, if V is finite, it is isomorphic to F(n,m) in a trivial way.
We say that the dimension of such a space is (n,m).

The concept of a gradation can be extended to algebras: A graded algebra
is a graded vector space

A =
⊕
j∈Z

Aj , (2.15)

with multiplication defined in such a way that

ab ∈ Ai+j ∀a ∈ Ai, b ∈ Aj . (2.16)

A graded algebra is commutative if, in addition,

ab = (−1)ijba ∀a ∈ Ai, b ∈ Aj . (2.17)

As an important example of a graded algebra, consider the space of linear maps
of a graded vector space V to itself. The gradation of V induces a gradation on
End(V ):

End(V ) =
⊕
j∈Z

Endj(V )

where

Endj(V ) ≡ {T ∈ End(V ) | T (Vi) ⊂ Vi+j} .

Whereas End(V ) is usually denoted by gl(V ) for finite dimensional ordinary
vector spaces, in the context of graded vector spaces, it is denoted by l(V ) or
l(n,m) instead, where dim(V0̄) = n, dim(V1̄) = m.

As another important example, consider the Grassmann or exterior algebra.
It is defined as

ΛV = T (V )/I , (2.18)

where I is the ideal of the tensor algebra given by

I = 〈v ⊗ v | v ∈ V 〉 . (2.19)

A Z-grading on ΛV , and thus also a Z2-grading, is induced from T (V ): all
products of an odd number of basis elements (for varying j of course since
θ2
j = 0) are elements of (ΛV )1̄, all products of even numbers, including 1 are

elements of (ΛV )0̄. It is also possible to extend another superalgebra A by
taking the direct product with a Grassmann superalgebra, Ã = A ⊗ ΛV . Note
that the tensor product on superalgebras is defined analogously to the one on a
normal algebra, but with an additional sign:

(a1 ⊗ b1)(a2 ⊗ b2) = (−1)|b1||a2|a1a2 ⊗ b1b2 .
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This construction means that Ã can be considered as the algebra A but with
coefficients in ΛV , hence this leads to the concept of Grassmann numbers. This
notion will play a key factor in our construction of superspace and will be
explored more thoroughly in section 4.1.

All graded vector spaces and algebras we are concerned with are Z2-graded.
In mathematical terms, these are termed supervector spaces and superalgebras.
However, there is another notion of a supervector space, which is more specific.
Unfortunately, this might lead to some terminology mix up. We will adhere
to the following convention: A superalegbra is a Z2-graded algebra. The term
supervector space will be reserved for the more specific case discussed in 4.1 and
will not be used for Z2-graded vector spaces.

Now that we have a notion of a superalgebra, we can give the following def-
inition: A Lie superalgebra is a superalgebra g = g0 ⊕ g1 with multiplication
given by the Lie superbracket [., .], which satisfies the following properties:

[X,Y ] = (−1)|X||Y |[Y,X] (graded antisymmetry)

[X, [Y, Z]] = [[X,Y ], Z] + (−1)|X||Y |[Y, [X,Z]] (graded Jacobi identity) .

Similarly to the Lie algebra case, an associative superalgebras can be turned
into a Lie superalgebras by introducing the supercommutator as bracket, and,
vice versa, a universal envelopping superalgebra exists. It is constructed in the
same way, although the generators of the ideal are now given by elements of
the form X ⊗ Y − (−1)|X||Y |Y ⊗ X − [X,Y ]. The PBW theorem can also be
extended to the superalgebra case. We refer to the literature for more details.

A Lie superalgebra representation is a Lie superalgebra homomorphism

% : g→ End(V ) , (2.20)

with V a superalgebra. By superalgebra homomorphism, we mean that the map
% respects both the grading and the bracket of g, i.e.,

%(ḡ) ⊂ End̄(V )

%([X,Y ]) = %(X)%(Y )− (−1)|X||Y |%(Y )%(X) .

In order to define an antihermitian Lie superalgebra representation, one would
first need a notion of a super Hilbert space. Following [7], we define a super
Hilbert space as a Z2-graded vector space, H = H0̄⊕H1̄, with an inner product
〈〈., .〉〉 such that

〈〈h0 + h1, h̃0 + h̃1〉〉 ≡ 〈h0, h̃0〉0 + i〈h1, h̃1〉1 ∀hj , h̃j ∈ Hj , (2.21)

with 〈., .〉j such that the pairs (H̄, 〈., .〉j) are both Hilbert spaces. Note that
the factor i in the definition of the super inner product ensures that

〈〈h, h̃〉〉 = (−1)|h||h̃|〈〈h̃, h〉〉 .
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Given an operator T : H → H of degree |T |, its adjoint T † is then defined by

〈〈Th, h̃〉〉 = (−1)|h||T |〈〈h, T †h̃〉〉 . (2.22)

An antihermitian representation of of a Lie superalgebra is then defined as a
representation

% : g→ End(H) (2.23)

satisfying (2.9), analogous to the Lie algebra case. The definition for irreducibil-
ity is also exactly the same.

The reader who is familiar with Lie algebra theory will notice some glaring
omissions here, as the first concepts that spring to mind when considering Lie
algebras are roots, weights, sl(2) triplets, Cartan subalgebras and the like. In
fact, with these tools one can classify all semisimple Lie algebras, and by similar
methods, all simple Lie superalgebras. The reason for the lack of attention to
these concepts is that the only Lie (super)algebra that will be of interest to us is
the Poincaré (super)algebra. The Poincaré superalgebra is not simple, because
the Poincaré algebra is not semisimple. An important theorem states that the
Killing form is non-degenerate if and only if the Lie algebra is semisimple. The
usefulness of the above mentioned concepts all depend on the non-degeneracy
of the Killing form, hence these tools are all unavailable to us.

3 The Poincaré Algebra

3.1 The Poincaré Group and the Poincaré Algebra

In order for a quantum field theory to describe particles in Minkowski space,
the Lagrangian has to be invariant under the isometries of Minkowski space4,
which are boosts, rotations and translations. The Lie group corresponding to
these symmetries is the Poincaré group ISO(3, 1) which can be associated to
the Lie algebra which we call the Poicaré algebra p. We are mostly interested in
describing the latter. For field theory, the important results are as follows: The
Poincaré algebra is ten-dimensional, with four generators defined by the vector
Pµ and six by the antisymmetric tensor Mµν , which satisfy the following Lie
brackets:

[Pµ, Pν ] = 0 (3.1)

[Mµν , Pρ] = ηνρPµ − ηµρPν (3.2)

[Mµν ,Mρσ] = ηνρMµσ − ηµρMνσ − ηνσMµρ + ηµσMνρ . (3.3)

4Minkowski space is the manifold R4 together with the metric ηµν = diag(−1,+1,+1,+1),
which we will denote R3,1. Minkowski indices, running from 0 to 3, will be denoted by µ, ν, κ
and onwards. We will not use α, β, γ,... for Minkowski indices: we reserve these for SL(2,C)-
modules, better known to physicists as Weyl spinors.
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These generators have a representation on fields as

Pµ = −∂µ (3.4)

Mµν = −(xµ∂ν − xν∂µ)− Sµν , (3.5)

where Sµνχα = 1
2 (σµν)αβχ

β for fermionic fields5 χα and Sµνφ = 0 for scalar
fields φ. These operators satisfy the defining multiplicative structure of the
algebra as can readily be checked. We are not very precise here, because we
have not specified what sort of module is meant by ‘fields’, but we will pay this
no further heed.

In this section, we will describe the Poincaré group and its algebra in some
more detail.

The Poincaré group is defined as the the semidirect product

ISO(3, 1) ≡ SO+(3, 1) nR3,1 , (3.6)

that is, any element g ∈ ISO(3, 1) has two unique decompositions, one as an
element in SO+(3, 1) multiplied from the left with an element in R3,1, and
one as an element in SO+(3, 1) multiplied from the right with an element in
R3,1. The subgroup SO+(3, 1), is the proper ortochronous Lorentz group: The
group O(3, 1) consists of four connected components, with SO+(3, 1) being the
connected component that contains the identity. SO+(3, 1) is not simply con-
nected. On the other hand, its double cover SL(2,C), which has the same Lie
algebra, is simply connected. This will play a key role in the study of unitary
representations. For more details on SL(2,C), see A.1.

The Lie algebra associated to the Poincaré group and its double cover, SL(2,C)n
R3,1 is the Poincaré algebra. We consider the Poincaré algebra as an algebra over
R, hence it has ten generators: six of the subalgebra associated with SO+(3, 1)
and four of the subalgebra associated with R3,1. The translation group R3,1

has Pµ as generators of its Lie algebra, which is isomorphic to gl(2,R). The Lie
algebra of SO+(3, 1) is given by sl(2,C)R, whose generators satisfy the following
brackets:

[Ji, Jj ] = −εijkJk
[Ki,Kj ] = +εijkJk (3.7)

[Ki, Jj ] = −εijkKk

5See A.3 for details on (σµν)αβ .
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The canonical representation of this algebra is four-dimensional and is given by

%4(K1) =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , %4(J1) =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 -1 0

 (3.8)

%4(K2) =


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , %4(J2) =


0 0 0 0
0 0 0 -1
0 0 0 0
0 1 0 0

 (3.9)

%4(K3) =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 , %4(J3) =


0 0 0 0
0 0 1 0
0 -1 0 0
0 0 0 0

 .

We will denote these six generators as an antisymmetric tensor Mµν given by

Mij = εijkJk , M0i = Ki , (3.10)

where roman indices run from 1 to 3. For later computations, it is worthwhile
to note that it follows that 1

2εijkMjk = Ji. If we explicitly write out the indices
of the matrix given by a specific entry of this tensor, we find that

(%4(Mµν))λσ = δλµηνσ − δλν ηµσ . (3.11)

We return our attention to the Poincaré group. We shall write elements
of the Poincaré group as (Λ, y), elements in the subgroup SO+(3, 1) as (Λ, 0),
and elements in R3,1 as (e, y). The Poincaré group has a natural action on
Minkowski space, by means of

(Λ, y)xµ = Λµνx
ν + yµ . (3.12)

Thus, we see that the multiplicative structure of the Poincaré group is given by

(Λ2, y2)(Λ1, y1) = (Λ2Λ1,Λ2y1 + y2) , (3.13)

and that elements can indeed be split up as

(Λ, y) = (e, y)(Λ, 0) = (Λ, 0)(e,Λ−1y) , (3.14)

as stated before. This multiplicative structure leads us to a natural five-dimensional
representation of ISO(3, 1): defining a vector space module V spanned by the
basis {xµ, 1} a representation ρ : ISO(3, 1)→ GL(V ) is given by

ρ
(

(Λ, 0)
)

=

(
Λ 0
0 1

)
, ρ

(
(e, y)

)
=

(
1 y
0 1

)
. (3.15)

The action on V by matrices of this form is equivalent to the action defined in
(3.12).
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This representation induces a representation of the Poincaré algebra p. We
define curves through the manifold, first the curve (e, y(t)) with y′(0) ≡ υ ≡
υµPµ, secondly (Λ(t), 0) with Λ′(0) ≡ τ ≡ 1

2τ
µνMµν , with τµν scalar coefficients.

Thus, the representation of the Lie algebra, which we define as %5, is found to
be

%5(υµPµ) =
d

dt

∣∣∣∣
t=0

ρ
(

(e, y(t)
)

(3.16)

=
d

dt

∣∣∣∣
t=0

(
1 y(t)
0 1

)
≡
(

0 υ
0 0

)
(3.17)

and similarly

%5(
1

2
τµνMµν) =

(
τ 0
0 0

)
, (3.18)

with τ an R-linear combination of the generators %4(Ji) and %4(Ki), and no
restrictions on υ ∈ R4. Therefore, the representation of the generators is given
by

%5(Pµ) =

(
0 eµ
0 0

)
, %5(Mµν) =

(
%4(Mµν) 0

0 0

)
, (3.19)

with (eµ)ν = δνµ.

3.2 Unitary Representations of the Poincaré Group

A natural representation has been constructed of the Poincaré group. However,
for physical reasons, we are mostly interested in unitary representations, which
this one is not. In this section, we will demonstrate how to construct all unitary
representations. These were first constructed by Wigner in [8], and a general
rigorous procedure was given by Mackey [9]. The full proof requires a great
deal of functional analysis and some measure theory however, and is far beyond
the scope of this thesis. We will instead aim to demonstrate how the procedure
works, and make plausible that these are really the only unitary representations.
For a more modern treatment of this theory, a rigorous treatment is given in
[10], while the general structure followed here adheres more closely to [11].

In quantum mechanics, the objects of interest are states, which are required
to be normalized. To reflect this, the space of states that are considered are not
just a complex Hilbert space, but instead, the projectivization

P(H) ≡ H/C∗ .

Thus, we are interested in representations on P(H) rather than on H, which
are known as projective representations. We define the set of bounded unitary
operators on H as U(H). There is a natural projection P : H → P(H) which
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induces a projection operator P̃ : U(H) → B(P(H)). Given a Lie group G and
a unitary representation ρ : G → U(H), it is clear that we get a projective
representation by composing with this projection:

ρ̃ ≡ ρ ◦ P̃ : G→ B(P(H) .

Given a projective representation ρ̃, we say that it lifts whenever there exists a
representation ρ such that we get the following commutative diagram:

U(H)

P̃

��

G
ρ̃

//

ρ
;;wwwwwwwww
B(P(H))

It turns out that the projective representations of the Poincaré group do not
lift, but those of its double cover SL(2,C) n R3,1 do. Without proof, we will
state the following:

Theorem: Let H be a complex Hilbert space module. Then

1. Every projective representation ρ̃ : SL(2,C) n R3,1 → B(P(H)) lifts to a
representation ρ : SL(2,C) n R3,1 → U(H). ρ̃ is irreducible if and only if
ρ is irreducible.

2. There is a bijection between projective representations ρ̃ of SL(2,C)nR3,1

and projective representations ρ̄ of the Poincaré group SO+(3, 1) nR3,1.

In other words, we have the following commutative diagram:

SL(2,C) nR3,1

f

��

ρ
//

ρ̃

''PPPPPPPPPPPP
U(H)

P̃

��

SO+(3, 1) nR3,1
ρ̄

// B(P(H))

where f is the covering map, with Ker(f) = {1,−1}. For a proof, see [10].
The conclusion of all of this is that, when trying to find all irreducible projec-

tive representations of the Poincaré group, we can instead look for all irreducible
representations of SL(2,C) n R3,1 on ordinary Hilbert spaces instead. We will
denote elements in SL(2,C) nR3,1 as (A, y), with A ∈ SL(2,C) and y ∈ R3,1.

One of the key factors in figuring out the representations of SL(2,C) n R3,1

is the following. Since {e} n R3,1 is a normal subgroup of SO+(3, 1) n {0} ,
SO+(3, 1) has a natural representation on R3,1 defined by conjugation. Explic-
itly, this is given by the following equality:

(e,Λy) = (Λ, 0)(e, y)(Λ−1, 0) . (3.20)

Similarly, SL(2,C) n {0} will have a representation on R3,1 given by %(g)x =
gxg−1. More explicitly, this representation is given by applying a bijection
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between R3,1 and Hermitian 2 × 2 matrices, acting by conjugation, and then
inverting once more to get an element of R3,1, as detailed in A.1. Since we have
no actual need for any explicit calculations, we will forego writing this out and
simply denote this by the shorthand

(e,Ay) = (A, 0)(e, y)(A−1, 0) , (3.21)

where the above representation is implied by writing Ay.

We require two more facts to describe the representations of SL(2,C) n R3,1.
Firstly, we note that the irreducible representations of an abelian group are
all one-dimensional, as follows directly from Schur’s lemma. Thus, the unitary
irreducible representations of R3,1 are all defined as

ρ(exp[yµPµ])h = e−iy
µpµh , (3.22)

where h is some vector spanning the one-dimensional Hilbert space module and
pµ is real.

Secondly, we can consider the Casimir operators of the Poincaré algebra.
Since the Poincaré algebra is not semisimple, its Killing form is degenerate.
Nevertheless, the metric offers us a non-degenerate bilinear form, so it is possible
to find Casimir operators of the algebra. The algebra has two Casimir operators,
%(Pµ)%(Pµ), and %(Wµ)%(Wµ), where

Wµ ≡ −
i

2
εµνρσM

ρσP ν (3.23)

is known as the Pauli-Lubanski vector. For notational ease, we will denote these
by P 2 and W 2, and define their eigenvalues as respectively m2 and −m2s(s+1).
It then turns out that it is possible to classify all unitary representations at the
hand of m and s.

Suppose we have some unitary irreducible representation acting on a complex
Hilbert space module H. Assume that there is a subset Hp ⊂ H spanned by
elements hpj (with j ∈ J for some index set J) such that

ρ
(

(e, y)
)
hpj = e−iy

µpµhpj , (3.24)

that is, Hp is spanned by eigenvectors of the translation subgroup. We can then
act with an element of the SL(2,C) subgroup and see where that takes us:

ρ
(

(e, y)
)

[ρ
(

(A, 0)
)
hpj ] = ρ

(
(A, 0)

)
ρ
(

(A−1, 0)
)
ρ
(

(e, y)
)
ρ
(

(A, 0)
)
hpj

= ρ
(

(A, 0)
)
ρ
(

(e,A−1y)
)
hpj

= exp[−iAνµyµpν ][ρ
(

(A, 0)
)
hpj ] . (3.25)

Here, use has been made of (3.20), and by abuse of notation we have defined
Aνµ as the 4 × 4 matrix obtained from the action of SL(2,C) on R3,1. As can
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be seen, the vector ρ
(

(A, 0)
)
hpj is an eigenvector of the translation subgroup,

but with different eigenvalues. In other words,

ρ
(

(A−1, 0)
)

: Hp → HAp . (3.26)

DefiningM = {pµ ∈ R3,1 | p2 = −m2}, we note that SO+(3, 1) acts transitively
on M (and hence the double cover SL(2,C) as well): ∀pµ, qµ ∈ M, ∃Λ ∈
SO+(3, 1) such that Λµνp

ν = qµ. Therefore, we see that all these subspaces
need to be included, leading to the conclusion that

H =
⊕
p∈M

Hp , (3.27)

as the direct sum is invariant under the Poincaré group so H is irreducible.
Such a splitting up of the space, together with (3.26) is known as a system of
imprimitivity.

It now follows that the representation is completely determined by the stabilizer
subgroup, since an arbitrary element can be written as (A, y) = (A, 0)(e,A−1y).
The subalgebra that generates the stabilizer subgroup, which we will dub the
stabilizer subalgebra for convenience, can be calculated explicitly. By defini-
tion of the stabilizer subgroup, and the fact that the stabilizer subalgebra is a
subalgebra of SL(2,C)R, elements in the stabilizer subalgebra must satisfy the
following equation for the coefficients τλσ:

(exp[
t

2
τλσ%4(Mλσ)])µνp

ν = pµ ∀t ∈ R .

Expanding the exponential and equating orders of t leads to the conclusion that
for arbitrary pν

(τµν − τνµ)pν
!
= 0 ,

which has as unique solution

τµν = cρpσεµνρσ ,

for some arbitrary vector cρ. Hence the stabilizer subalgebra is generated by

− i
2
εµνρσ%(Mρσ)%(P ν) = %(Wµ) . (3.28)

The stabilizer subalgebra, generated by the Pauli-Lubanski vector, will depend
on the value of the Casimir operator P 2, as we will now investigate.

Let us first consider the case m > 0. In this case, we pick Hp such that

pµ = (m, 0, 0, 0) . (3.29)
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We thus find that the generator of algebra of the stabilizer subgroup acts as

%(W0)h =
1

2
εijk%(M ij)%(P k)h = 0 ,

%(Wi)h = −1

2
εijk%(Mkl)%(P 0)h

= m%(Ji)h . (3.30)

Thus, the generators simplify to the generators of su(2), of which all finite di-
mensional antihermitian irreducible representations are known explicitly, and
typified by s ∈ 1

2N, where s is known as the spin of the representation. The
dimension of the module Hp in this case is 2s+ 1. The corresponding stabilizer
subgroup is SU(2).

So that part was pretty easy. Now we consider the case for m = 0 and ex-
amine the subspace with pµ = (−E, 0, 0,−E) for some E ∈ R+, which is less
trivial. Similar to the calculation for the m2 > 0 case, it is now found that

%(W0)h = −E%(J3)h

%(W1)h =
(
− E%(J1) + E%(K2)

)
h

%(W2)h =
(
E%(J2) + E%(K1)

)
h

%(W3)h = −E%(J3)h . (3.31)

In order to interpret this, we rewrite the generators as

T1 ≡ J1 −K2

T2 ≡ J2 +K1 (3.32)

Nij ≡ −εijJ3 i, j ∈ {1, 2} .

By making use of (3.7), the bracket of the Lie algebra of the stability subgroup
is found to be

[Ti, Tj ] = 0

[Nij , Tk] = δjkTi − δikTj . (3.33)

If this looks familiar, that is because we have seen a similar bracket before in
(3.1). Thus, the stabilizer subgroup6 is given by the double cover of ISO(2).
This double cover is found by considering the double cover of SO(2), referred
to as Spin(2): since SO(2) is one-dimensional and given by just a single angle,
Spin(2) is isomorphic, but now with the angle halved. More concretely, the
covering map is given by eiϑ/2 7→ eiϑ. The unitary irreducible representations
of the non-compact group Spin(2) n R2 can be found by repeating the entire
procedure for finding the unitary irreducible operators for the Poincaré group
in the first place:

6Note that ISO(2) = SO(2)nR2 is also referred to as E(2), the Euclidean group. To avoid
confusion: This copy of ISO(2) is a subgroup of SO+(3, 1) which is a subgroup of ISO(3, 1).
It is not the case that it is made up out of SO(2) ⊂ SO+(3, 1), R2 ⊂ R3,1.
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1. We start with an infinite dimensional moduleHp, which is assumed to con-
tain a subspace Hp,r which has a basis {hp,rk } with %(Tj)h

p,r
k = −irjhp,rk .

Here, r plays the role of p that we had before.

2. Because of the action of Spin(2), we must have that Hp =
⊕

rHp,r.

3. The action of Spin(2) on the basis {hp,rk } of Hp,r determines a basis for

Hp,Λr, defined by hp,Λrk ≡ (Λ−1, 0)hp,rk , with (Λ, 0) ∈ Spin(2).

4. The entire representation is determined by the stabilizer subgroup. The
algebra of the stabilizer subgroup algebra is generated by Tj and a sub-
group of Spin(2). Since Spin(2) is one-dimensional, this means the stabi-
lizer subgroup is either the whole group or just {e}nR2 which is just the
translation subgroup. In the latter case, each Hp,r is one-dimensional, be-
cause those are the only unitary irreducible representations of an abelian
group.

5. %(T j)%(Tj) is a Casimir operator with an eigenvalue that we define as n2,
with n playing the role of m.

6. Split up the different possible values for n2 and study the stabilizer sub-
group of ISO(2)7.

First of all, the case n2 < 0 cannot occur since n2 = sjsj , sj ∈ R.
The second case is n2 > 0. Pick rj = (n, 0). Define

Λ =

(
cos(ϑ/2) sin(ϑ/2)
- sin(ϑ/2) cos(ϑ/2)

)
∈ Spin(2) (3.34)

Then for v ∈ Hp,r an eigenvector of Tj , we see that Λ j
i rj = rj holds only in case

ϑ = 0. Therefore, the stabilizer subgroup of Spin(2) nR2 is given by {e}nR2.
This means that the module looks like8

H =
⊕
p∈M

Hp =
⊕
p∈M

⊕
r∈N
Hp,r (3.35)

=
⊕
p∈M

⊕
r∈N

Chp,r . (3.36)

Here we wrote N ≡ {rj | r2 = n2} as the analogue of M.
The last case n2 = 0 is the most relevant one. In this case, rj = (0, 0) so

all of Spin(2) is the stabilizer subgroup, which would appear to get us nowhere.
However, it also implies that Tj act trivially. Thus, the stabilizer subgroup
of ISO(3, 1) is actually just Spin(2). Since this group is one-dimensional, it

7Apparently, this is referred to as the ’short little group’. This terminology will not be
used here.

8Note that for physical purposes, these representations are ill-defined: for a given p, which
we associate to the momentum of a particle, the module is still infinite, meaning the particle
would have an infinite degrees of freedom.
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is abelian so all unitary irreducible representations are one-dimensional. All
irreducible representations are given by

%λ(eiϑ/2)hp,r = eiλϑhp,r . (3.37)

with λ ∈ 1
2Z. The parameter λ is referred to as the helicity of the representation.

We thus find that

H = =
⊕
p∈M

Hp (3.38)

=
⊕
p∈M

Chp , (3.39)

with H = H(m,λ). Note that in this case, the generator of the stability sub-
group is given by

%(Wµ) = λ%(Pµ) (3.40)

as is immediate from (3.31). We will require this when discussing antihermitian
representations of the Poincaré superalgebra.

Note that there is one more option we have not yet discussed, namely m =
E = 0. In this case the stabilizer subgroup is given by SL(2,C) n R2. We will
not consider this scenario.

The last option is when pµpµ = −m2 > 09. Since m corresponds to the physical
mass of a particle, we would prefer not to have m imaginary. Thus, we will
relabel this by m→ im such that this situation is given by pµpµ = m2,m > 0.
We consider pµ = (0, 0, 0,m). The generators of the algebra of the stabilizer
subgroup act as

%(W0)h = m%(J3)h

%(W1)h = m%(K2)h

%(W2)h = −m%(K1)h

%(W3)h = 0 .

The bracket satisfied by this algebra is given by

[K1,K2] = J3 [K1, J3] = K2 , [K2, J3] = −K1 , (3.41)

which is just sl(2,R). The corresponding Lie group in this case is the double
cover of SO(2, 1) which, unfortunately, is also non-compact. This group is
given by Spin(2, 1) = SL(2,R). As we are not particularly interested in this
unphysical case, we shall not discuss the representation theory of SL(2,R).

9Physically, this represents a tachyon, which is not as interesting as the the other two cases.
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4 The Poincaré Superalgebra

As stated before, the Lagrangian of a quantum field theory on Minkowski space
is invariant under the Poincaré group, which is equivalent to the Lagrangian
vanishing with respect to the action of the Poincaré algebra. We can extend
this symmetry in the following way: we define a Lie superalgebra by

susy = p⊕ q , (4.1)

where the Poincaré algebra p is the even part of the Lie superalgebra, and q is
the odd part10. This Lie superalgebra is equipped with a bracket that is given
by the anticommutator when acting on two odd elements, and the commutator
otherwise. We are interested in Lagrangians that vanish under the action of this
superalgebra. In particular, we are interested in the case where a basis for q is
given by four additional terms. We will adhere to the field theoretical notation of
describing these as two Weyl spinors,

{
Qα, Q̄α̇ | α, α̇ ∈ {1, 2}

}
. These are known

as the supercharges. Including these new generators, we define the Poincaré
superalgebra as the algebra defined by the generators Pµ, Mµν , Qα and Q̄α̇,
satisfying the following defining commutation relations:

[Pµ, Pν ] = 0 (4.2)

[Mµν , Pρ] = ηνρPµ − ηµρPν (4.3)

[Mµν ,Mρσ] = ηνρMµσ − ηµρMνσ − ηνσMµρ + ηµσMνρ (4.4)

[Pµ, Qα] = {Qα, Qβ} = 0 (4.5)

[Mµν , Qα] = −1

2
(σµν) β

α Qβ (4.6)

{Qα, Q̄β̇} = 2iσµ
αβ̇
Pµ . (4.7)

By the Haag-Lopuszanski-Sohnius theorem [12], this superalgebra does not in
general trivialize the S-matrix of a quantum field theory in four dimensions.
It is possible to add additional supercharges to the algebra, depending on the
number of dimensions of the theory. These theories are known as N -extended
supersymmetry theories. In particular, theories with N ∈ {1, 2, 4, 8} are studied
extensively. In fact, a Poincaré superalgebra usually refers to any of these
superalgebras rather than this particular one. In this thesis, only N = 1 will be
considered so whenever we refer to ‘the’ Poincaré superalgebra, we will always
mean the algebra as given above.

A word on conventions with regards to spinors: rather than use four-dimensional
Dirac or Majorana notation, it turns out that it will be more convenient to work
with two-component Weyl spinors instead. A Dirac spinor contains two Weyl
spinors, whereas a Majorana spinor only contains one:

ψaD =

(
ψα

χ̄α̇

)
, ψaM =

(
ψα

ψ̄α̇

)
. (4.8)

10This notation is not standard. Surprisingly enough, one rarely encounters a notation for
the Poincaré superalgebra in the literature at all.
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Complex conjugation is defined as (ψα)∗ = ψ̄α̇. The role of the gamma matrices
of the Clifford algebra will be played by the Pauli matrices and their transposes,
which form a two-dimensional representation of the Clifford algebra. For more
details, see A.2 and A.3.

To avoid ambiguity, we wish to stress that we have written the superalgebra
in this language, where Q̄α̇ is an element of the SL(2,C)-module acted on by the
complex conjugate representation whereas we have written Qα as an element of
the SL(2,C)-module acted on by the natural representation (i.e., unconjugated).
The reason for this is that this is how the superalgebra transforms in field
theory, as follows from (4.7) combined with the fact that quantums fields reside
in modules of antihermitian representations of the Poincaré group (which is a
complicated way of saying that Pµ needs to be antihermitian). When considering
finite dimensional representations, however, this transformational behavior is no
longer the case. However, to keep the notation consistent, we will still denote
the four generators as Qα and Q̄α̇.

In this section, we will describe the Minkowski equivalent for the Poincaré
superalgebra. In order to do this, we will introduce supernumbers. We will also
discuss the representation theory of the Poincaré superalgebra: we will provide
extensions to both the unitary irreducible representations of the Poincaré alge-
bra, as well as find extensions of the finite dimensional natural representation,
which is not unitary.

4.1 Supernumbers & Super Linear Algebra

The treatment of superalgebras in physics is closely connected to the notion
of Grassmann variables. In order to describe actions of superalgebras more
rigourously, it will be useful to study Grassmann variables some more. In this
section, we will describe a way to treat Grassmann numbers and ordinary scalars
in a holistic fashion. This approach is by means of supernumbers, which will acts
as scalars for our theory later on. The theory of supernumbers was rigourised in
order to study supermanifolds as done by B.S. DeWitt [13] and others, although
we will not require this much formalism. This section is based mostly on [14]
and [15], where proofs can be found for claims made here without proof.

Let us recall the notion of a Grassmann algebra (2.18). Let V be an N -
dimensional complex vector space, spanned by {ζj | j ∈ [1, N ] ∩ N}. Then
any element z in its Grassmann algebra ΛN is of the form

z = zB +

N∑
k=1

∑
j1,...jk

cj1...jkζ
j1 ...ζjk

=

N∑
k=0

∑
|J|=k

cJζ
J , (4.9)
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with zB , cj1...jk ∈ C. Here, multiplication between the ζj is of course given by
the wedge product and is antisymmetric by construction: ζiζj = −ζjζi. On
this space a norm can be defined by

||z|| = |zB |+
N∑
k=1

∑
|J|=k

|cJ | .

Let us now formally define a set of anticommuting variables {ζj | j ∈ N}. We
now define the set of supernumbers11

Λ ≡
{
z | z =

∞∑
k=0

∑
|J|=k

cJζ
J , cJ ∈′ C , ||z|| <∞

}
. (4.10)

A supernumber z can be decomposed into its scalar and Grassmannian part
as z = zB + zS , where zB is called the body and zS the soul of the number.
More usefully (yet ever so much less poetically), it can be decomposed into its
commuting and anticommuting part as

z = zc + za

zc ≡
∞∑
k=0

∑
|J|=2k

cJζ
J

za ≡
∞∑
k=0

∑
|J|=2k+1

cJζ
J .

The construction of the set of supernumbers induces the structure of an asso-
ciative algebra, and it is straightforward to show that, as expected, it is closed
under addition, multiplication and complex scalar multiplication. Thus, Λ is
indeed a superalgebra, with grading

Λ = Λ0̄ ⊕ Λ1̄

Λ0̄ = {z ∈ Λ | z = zc} ≡ Cc
Λ1̄ = {z ∈ Λ | z = za} ≡ Ca .

Additionally, it is possible to introduce a notion of complex conjugation by
defining

(wz)∗ = z∗w∗ , (ζj)∗ = ζj (4.11)

(z + w)∗ = z∗ + w∗ , c∗J = c̄J . (4.12)

We can then define a supernumber to be real if z∗ = z, and denote the set of
real superumbers as

ΛR = Rc ⊕ Ra . (4.13)

11Often, one encounters the notation Λ∞ instead, and the restriction that the norm is
well-defined is dropped.
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Note that since the ordering of the ζj is interchanged, the demand that z is
real is not the same as the demand that cJ ∈ R. Both ΛR and Rc are closed
under algebraic operations. Thus, all of the following are subalgebras of the
set of supernumbers: Cc, ΛR, Rc, and, more trivially, C and R. For notational
convenience, we define F ∈ {C,R} and ΛC = Λ.

The next step is to define vector spaces over the supernumbers. Let S ∈ {ΛF,Fc}.
A supervector space is a Z2-graded module V = V0̄ ⊕ V1̄ with scalar multiplica-
tion over S in such a way that the gradings are compatible. To be more precise,
V satisfies the following conditions:

• There exists an operator, called addition, + : V × V → V that is com-
mutative, associative and has an identity ~0. Each element has an inverse
with respect to this operator.

• There exists an operator, called scalar multiplication, · : S× V → V that
is supercommutative, associative and distributive with respect to both
superscalar addition and vector addition. By supercommutative, we mean
the following: ∀z ∈ S, v ∈ V ,

zv = (zc + za)(v0 + v1) = v0zc + v0za + v1za − v1za .

There is an identity element in S0̄, namely 1, such that 1·v = v = v ·1 ∀v ∈
V . Furthermore, this operator is compatible with scalar multiplication:
(z1z2) · v = z1 · (z2 · v) ∀zi ∈ S, v ∈ V .

• There exists an involutive operator, called complex conjugation, ∗ : V → V
that is distributive with respect to both + and · and associative. Further-
more, it is compatible with the notion of conjugation on S:

(zv)∗ = v∗z∗ .

The only difference between this definition and the usual ones for a vector space,
apart from the grading, is the fact that there need not be a multiplicative inverse.
This is because Λ is an algebra, but not a field: a superscalar z need not have
a multiplicative inverse. It turns out that a supernumber has an inverse if and
only its body is non-vanishing and the following sequence converges, in which
case, the sequence is the inverse: z−1 =

∑∞
k=0(−1)k(z−1

B z)kz−1
B .

Given a supervector space, we have the usual notion of linear indepence: a set
of vectors {vj | j ∈ [1, n]∩N} is linearly independent if ∀ cj ∈ S,

∑n
j=1 cjvj = 0

if and only if cj = 0 ∀j. Technically, we ought to define the notion with respect
to left and right superscalar multiplication seperately, but it is straightforward
to verify that the two are equivalent. Thus, we also have the notion of a basis
on a supervector space. Given any basis, one can use linear transformations in
the usual fashion to find a homogeneous basis, which is also referred to as a pure
basis in this context. Given a pure basis of p even and q odd elements of V , one
can show that every basis of V will consist of p even and q odd elements. Thus,
the dimension of V is well-defined and we say that the dimension of V is (p, q).
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The most obvious supervector space over ΛF is ΛF itself, which is of di-
mension (1, 0), and any element with non-vanishing body will form a basis.
More importantly, ΛnF =

⊕n
i=1 ΛF is a supervector space over ΛF, with grading

(ΛnF)̄ = ((ΛF)̄)
n. The standard pure basis is given by {ej | (ej)

i = δij , i, j ∈
[1, n] ∩ N}. Clearly the basis consists entirely of even vectors, hence we also
denote ΛnF by ΛF(n, 0). On the other hand, we could also consider the space
ΛnF with a different grading. Let p + q = n. We define the supervector space
ΛF(p, q) as

ΛF(p, q)0̄ = (ΛF)p
0̄
⊕ (ΛF)q

1̄
(4.14)

ΛF(p, q)1̄ = (ΛF)p
1̄
⊕ (ΛF)q

0̄
, (4.15)

which is equivalent to

ΛF(p, q)0̄ ≡ Fp|q = Fpc ⊕ Fqa (4.16)

ΛF(p, q)1̄ ≡ Fp̄|q̄ = Fpa ⊕ Fqc . (4.17)

At this point, for convenience, we make a distinction between R and C. In terms
of the standard pure basis, we have that

Cp|q =
{

(x1, ...xp, θ1, ...θq) | xj ∈ Cc, θj ∈ Ca
}
. (4.18)

However, in the case F = R, we instead express vectors with respect to the pure
basis {ej | (ej)

i = δij , i, j ∈ [1, p] ∩ N} for the odd elements, and {iej | j ∈
[p, p+ q] ∩ N}, since then we can use the intuitive expression

Rp|q =
{

(x1, ...xp, θ1, ...θq) | xj ∈ Rc, θj ∈ Ra
}

(4.19)

whereas conjugation would give an additional sign due to commutation in the
standard basis.

Perhaps somewhat surprisingly, there are some striking differences here be-
tween the theory of supervector spaces and that of Z2-graded vector space over
F. For a Z2-graded vector space V over F , V̄ are subspaces of V , but this is not
the case for a supervector space: multiplying an even supervector with an odd
supernumber yields an odd supervector, while multplying an odd supervector
with an odd supernumber will result in an even supervector. Thus, we see that
V̄ are not subspaces of a supervector space. Nevertheless, Fp|q and Fp̄|q̄ can be
considered supervector spaces, but over Fc rather than over Λ. Its Z2-grading
is given by

(Fp|q)0̄ ≡ Fpc
(Fp|q)1̄ ≡ Fqa .

Here, however, the second peculiarity arises: Supervector spaces over S = S0̄ do
not necessarily have a finite basis. For example, Fp|q does not have one, since
Fa, which is a vector space over Fc, does not have a finite basis: ∃!za ∈ Fa
such that ζj ∈ spanFcza, namely za = ζj , but this holds for all j ∈ N. Thus,
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technically, we cannot assign a dimension to such a space. Nevertheless, we will
define the dimension of a supervector space over Cc without basis as (p|q) if
there is a linear bijection with Cp|q.

Another notable issue is the following: Consider Λ(p, q), which has as stan-
dard basis {ej | (ej)i = δij , i, j ∈ [1, n] ∩ N}. Let za ∈ Ca and consider zaep+q.
Then one has that

zaep+q = za
(
0, ..., 1

)
=
(
0, ..., za · 1

)
=
(
0, ..., za

)
=
(
0, ..., 1 · za

)
6=
(
0, ..., 1

)
za= ep+qza

since both are odd, thus zaep+q = −ep+qza.
Having seen these notable examples of supervector spaces, we now have the

following theorem.

Theorem: Let V be a (p, q)-dimensional supervector space over ΛF. Then
there is an (ΛF)0̄ linear bijection that maps

V0̄ 7→ Fp|q , V1̄ 7→ Fp̄|q̄ . (4.20)

The hardest part of the proof is the aforementioned fact that every supervector
space with a basis has a pure basis of uniquely determined dimension, after
which one can simply map the pure basis elements to the standard basis. Both
this part and the rest of the proof are given in [15].

We will now consider endomorphisms of finite dimensional supervector spaces.
Just as in the case of Z2-graded vector spaces over F, the set of endomorphisms
of a supervector space is itself a supervector space: let V denote a finite super-
space over S, then

End(V ) = End0̄(V )⊕ End1̄(V ) (4.21)

End̄(V ) = {T ∈ End(V ) | T (Vı̄) ⊂ Vı̄+̄} . (4.22)

More explicitly, we can write these maps as matrices. For V = ΛF(p, q)), we
have that, in the standard basis, ∀Tj ∈ End̄(ΛF(p, q))

T0 =

(
Ac Ba
Ca Dc

)
, T1 =

(
Aa Bc
Cc Da

)
with, for i ∈ {a, c}, Ai ∈ Mat(p× p,Fi), Bi ∈ Mat(q× p,Fi), etc. We then have
that

End0̄(ΛF(p, q)) = End(Fp|q)

whose operators can be split up into

T0 =

(
Ac 0
0 Dc

)
, T1 =

(
0 Ba
Ca 0

)
(4.23)
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for Tj ∈ End̄(Fp|q). It turns out that gives us a way to connect representations
of superalgebras on Z2-graded vector spaces, and Lie algebras over supernum-
bers on supervector spaces. Let us consider a set of homogenous Lie superal-
gebra generators and define the set of even generators as g0̄ and the ones as g1̄

with a bit of abuse of notation. Let us now consider the supervector space over
Fc

g = Fcg0̄ ⊕ Fag1̄ . (4.24)

This space can be equipped with a Lie bracket induced from the Lie superbracket
of the generators, although it still comes with the caveat that it does not have
a finite basis over Fc. Now we can consider the representation theory of the
underlying Lie superalgebra generators on a Z2-graded vector space V over F
of dimension (p, q). As noted in (2.20), the representation of the generators in
must lie in the Z2-graded vector space End(V ) and must respect the grading.
Thus we see that for Xj ∈ ḡ,

%(X0) =

(
A 0
0 D

)
, %(X1) =

(
0 B
C 0

)
, (4.25)

with A,B,C,D matrices with entries in F. Therefore, operators in %(Fcg0̄)
will be exactly of the form of End0̄(Fp|q) while we also see that %(Fag1̄) is a
subset of End1̄(Fp|q). Clearly, the converse also holds: give a Lie algebra over
Fc of the form g = Fcg0̄ ⊕ Fag1̄, the Lie bracket induces Lie superbracket on
the generators, and the representations of the Lie algebra on a supervector
space induce representations of the Lie superalgebra on a regular Z2-graded
vector space. Thus we see that the representation theory depends only on the
generators and that both descriptions are equivalent.

4.2 Superspace

Our aim is to describe supersymmetric field theories: quantum field theory
models invariant under the Poincaré superalgebra rather than just the Poincaré
algebra. One possibility is to specify a Poincaré invariant Lagrangian, figure
out transformation rules for the fields under the supercharges that satisfy the
commutation relations of the algebra, and tinker with additional terms until it
is invariant under these transformations. However, it turns out that this is not
the most convenient thing to do, especially since the supersymmetry transfor-
mations will be rather complicated and since, if we would try to do this, it would
turn out that the most obvious theories (specifically the Wess-Zumino model
and SQED) are only supersymmetric on-shell and / or up to gauge transforma-
tions. This makes writing down a theory that is invariant under the Poincaré
superalgebra somewhat difficult. There are no such issues when trying to write
down a theory that is invariant under the Poincaré algebra, since quantum field
theories are manifestly invariant as they are written in terms of Poincaré covari-
ant objects. We would like to find a way to similarly formulate supersymmetric
theories in a way manifestly invariant under the Poincaré superalgebra. This
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can be done in superspace. In superspace, one introduces an additional four
fermionic coordinates θα and θ̄α̇ (this procedure will be made more precise, of
course). Then, the supersymmetry generators can be realised as

Qα = ∂α + iσµαα̇θ̄
α̇∂µ (4.26)

Q̄α̇ = ∂α̇ + iσ̄µα̇αθ
α∂µ (4.27)

and writing down supersymmetric theories will become very easy. The fact that
this procedure works is rather easy to check by just inserting these realisations
into the defining commutation relation (4.7). The reason why this procedure
works is because we have an inherent notion of what the Poincaré group is: it
represents the symmetries of Minkowski space. Similarly, we will now proceed
to show that the Poincaré superalgebra can be considered as the symmetries of
a space that contains Minkowski space as a subset.

One way to think of Minkowski space is as the orbit of the Poincaré group
acting on the origin. Since Lorentz transformations leave the origin invariant,
there is an ambiguity between group elements and elements in the vector space.
Thus we can identify Minkowski space as the right cosets of the Lorentz group
by the bijection

xµ 7→ exp(xµPµ) . (4.28)

This allows us to view the group action as nothing more then left-multiplication:
given a point xµ, a translation exp(yµPµ) sends it to

exp(yµPµ)exp(xµPµ) = exp
(

(xµ + yµ)Pµ

)
,

which is what we expect to happen when sending xµ 7→ xµ + yµ. A realisation
of the operator Pµ acting on a point in Minkowski space is found to be Pµ = ∂µ.
However, we are more interested in how the operators act on scalar fields. This
action is given by what is known as the regular representation: given a group
representation ρM on a space M , a group representation on functions on that
space C(M) is given by ρC(M)(g)Φ(x) ≡ Φ(ρM (g−1)x), where the inverse is
needed to ensure that ρC(M) is a homomorphism. This of course induces a cor-
responding algebra representation, where group inversion implies a sign change
on the level of the algebra as usual. Thus, the induced algebra representation
is given by

PµΦ(x) = −∂µΦ(x) (4.29)

thus demonstrating how we find the representations stated before in (3.4).

We would like to do something similar with the Poincaré superalgebra. This
leads to two problems. Firstly, the exponential map12 does not behave as one

12Note that here, we consider the exponential map merely in terms of its power series, since
we have not introduced the notions of supermanifolds and their tangent spaces.
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would like for supercommuting odd elements of the superalgebra: consider ξ1, ξ2
such elements, with ξ1 6= ξ2, then

1 + ξ1 + ξ2 = exp(ξ1 + ξ2) 6= exp(ξ1)exp(ξ2) = 1 + ξ1 + ξ2 + ξ1ξ2 .

Although this is unfortunate, this obstacle could still be dealt with. The second
issue is more problematic though, which is the anticommuting nature of odd
elements in the superalgebra. These lead to the conclusion that it is impossible
to extend Minkowski space to a larger vector space in such a way that we can find
a representation for the Poincaré superalgebra as differential operators satisfying
(3.4) as the restriction of the representation to the Poincaré algebra (up to a
sign, as described above). The reason for this is that the anticommutator of a
first order differential operator will yield a second order differential operator,
whereas this problem is avoided when using the commutator: the second order
term drops out when considering something of the form [Xi(x)∂i, Y

j(x)∂j ].
Both of these problems are avoided if we consider the Poincaré superalgebra

not as a superalgebra over R, but instead, we utilize the construction mentioned
at the end of 4.1 and consider the algebra Rcp⊕Raq over Rc. Now we can write
any element of the algebra as

xµPµ − θαQα − θ̄α̇Q̄α̇ (4.30)

where the signs are just convention. Analogously to our treatment of Minkowski
space, we can now make the identification

exp(xµPµ − θαQα − θ̄α̇Q̄α̇) 7→ (xµ, θα, θ̄α̇) , (4.31)

although this time, the bijection works the other way around. Thus, we see
that our analogue of Minkowski space is spanned by four real commuting su-
pernumbers and four real anticommuting supernumbers. Therefore, we define
superspace as R4|4. Physically, the Grassmannian coordinates are to be ex-
pected: since supersymmetry is a symmetry that turns bosons into fermions
and vice versa, it seems plausible that a manifestly supersymmetric theory does
not make a distinction between them by having all coordinates be bosonic. As
stated before, in physical theories, we demand that Q̄α̇ is the complex conjugate
of Q̄α. This means that we also complexify the odd coordinates and let θ̄α̇ be
the complex conjugate of θα, such that the sum is real.

In order to figure out representations of the Poincaré superalgebra, we will
examine the action of the superalgebra on superspace. Ordinary translations act
as expected: multiplying with exp(yµPµ) sends (xµ, θα, θ̄α̇) to (xµ + yµ, θα, θ̄α̇).
However, due to the fact that the supercharges do not commute with the trans-
lation operator, the supercharges do not simply act as a translation for the
fermionic coordinates. By making use of the Baker-Campbell-Hausdorff for-
mula (A.66), it is possible to work out that the action of the supercharge and
its conjugate on a superspace coordinate is given by

exp(εQ)exp(xµPµ − θQ− θ̄Q̄) = exp
(

(xµ − iεσµθ̄)Pµ − (θ − ε)Q− θ̄Q̄
)

exp(ε̄Q̄)exp(xµPµ − θQ− θ̄Q̄) = exp
(

(xµ − iε̄σ̄µθ)Pµ − θQ− (θ̄ − ε̄)Q̄
)
.
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Therefore, we have that

exp(εQ) : (xµ, θa, θ̄α̇) 7→ (xµ − iεσµθ̄, θa − εα, θ̄α̇) (4.32)

exp(ε̄Q̄) : (xµ, θa, θ̄α̇) 7→ (xµ − iε̄σ̄µθ, θα, θ̄α̇ − ε̄α̇) . (4.33)

Comparing to the realisation of the translation operator on coordinates, and
noting that the left regular representation acting on scalar fields is the inverse
of the one acting on coordinates, we find (4.26) as the representation of the
supersymmetry generators acting on field.

Note that what we have done here is technically not done in terms of the
Poincaré superalgebra, but in terms of the Lie algebra

Rcp⊕ Raq . (4.34)

In fact, this is also the algebra under which we will transform our Lagrangians,
since we prefer to have the variations be commutative. As noted before though,
the study of the representation theory is equivalent, so we do not have to worry
about whether we use this or the superalgebra.

4.3 Antihermitian Representations of the Poincaré Super-
algebra

We now have superspace at our disposal to construct supersymmetric field the-
ories in. Before we will construct these, however, we will first consider the
representation theory of the Poincaré superalgebra. We will first consider anti-
herimitian representations. Confusingly enough, these are often referred to as
unitary representations: it is, however the associated symmetry (super)group
that is unitary, which is equivalent to demanding that the (super)algebra rep-
resentation is antihermitian. This probably comes about from the fact that, in
the usual case of the Poincaré group, one generally prefers to consider group
representations. In the supercase, however, we would first need notions of su-
permanifolds, Lie supergroups, the relation between a Lie supergroup and a
Lie superalgebra. Furthermore, in the case of a Lie algebra, a Lie group is not
uniquely determined, which would make life even more troublesome if this were
the case for Lie superalgebras as well13. Suffice it to say, studying the repre-
sentation theory for the superalgebra instead is far easier, and is what we will
describe here.

The demand that the representation of the Poincaré algebra is antihermitian
enforces the following condition on the representation of the supercharges:

{%(Qα), %(Q̄α̇}† = % (2iσµαα̇%(Pµ))
†

= 2iσµαα̇%(Pµ) = {%(Qα), %(Q̄α̇}
⇒ %(Qα)† = %(Q̄α̇) . (4.35)

13Whether or not this is the case is unknown to the author.
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In order to find such antihermitian representations of the susy algebra, we con-
sider a unitary representation of the Poincaré group and extend it to include
the additional generators. That is to say, we consider graded representations
on a super Hilbert space % : susy → B(H) such that %|p is an antihermitian
representation of the Poincaré algebra as described in 3.2. Although W 2 is no
longer a Casimir operator14, as it does not commute with the supercharges, P 2

still is, so the method described there still works. Once again, we study the
cases m2 = 0, m2 > 0 and m2 < 0 separately.

Firstly, we take p2 = −m2 = 0, and choose a basis such that eigenvalue of
%(Pµ) is given by pµ = (−E, 0, 0,−E). We then see that the bracket of a repre-
sentation of supercharges must act on the super Hilbert space as

{%(Qα), %(Q̄α̇})vp = 2

(
−p0 + p3 p1 − ip2

p1 + ip2 −p0 − p3

)
hp

= 4E

(
0 0
0 1

)
hp . (4.36)

Therefore, we can set %(Q1) = 0, 1
2
√
E
%(Q2) = a and find that

a†a+ aa† = 1 . (4.37)

The algebra obeying this commutation relation is known as the fermionic oscil-
lator algebra. The oscillator algebra has just one irreducible unitary represen-
tation, given by

a =

(
0 1
0 0

)
, a† =

(
0 0
1 0

)
. (4.38)

This can be shown as follows: Given an irreducible module V , take any vector
in it, say, e. Since the representation is irreducible, either ae or a†e is nonzero.
Let us first consider a†e ≡ e1 6= 0. Since a† is an odd element in the algebra,
we have that (a†)2 = 0, hence a†e1 = 0. This implies that ae1 ≡ e0 6= 0, since
otherwise, a(V ) = 0 which contradicts the defining commutation relation. But
then we find that a†e0 = a†ae1 = (1 − aa†)e1 = e1, and hence, we get the
following set of identities:

a†e0 = e1 , ae0 = 0

a†e1 = 0 , ae1 = e0 . (4.39)

Therefore, Ṽ ≡ span{e0, e1} forms a submodule of V . As V is irreducible, we
conclude that e = e0 and Ṽ = V . In the case where it is ae that is nonzero
rather than a†e, the proof is analogous, which would lead to the conclusion that
e = e1 instead.

This implies the following for the super Hilbert space module under consid-
eration. Let h ∈ Hp ⊂ H0̄(m1, λ2) and suppose 0 6= %(Qα)h ∈ H1̄(m2, λ2). As

14There is another Casimir operator that replaces W 2, but it does not concern us.
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noted, P 2 is a Casimir operator and W 2 is not, so m1 = m2 = 0 and λ1 6= λ2.
We can calculate λ2 as follows: by (3.31) and (3.40), we have that W0h = −λEh.
On the other hand, we see that

W0%(Qα)h = −E[%(M12), %(Qα)]h+ %(Qα)W0h (4.40)

= E

(
−1

2
(σ12) β

α %(Qβ) + λ%(Qα)

)
h (4.41)

= E

(
−1

2
(σ3) β

α %(Qβ) + λ%(Qα)

)
h (4.42)

= Eδ2
α

(
−1

2
λ

)
%(Q2)h , (4.43)

where we used the commutation relations for the algebra, the explicit expression
for (σµν) β

a and the fact that %(Q1) vanishes. Thus, we see that λ2 = λ1 − 1
2 ,

and the super Hilbert space module is given by15

H = H0̄(0, λ)⊕H1̄(0, λ− 1

2
) . (4.44)

Since the bracket of the supercharges are proportional to Pµ which leaves the
helicity invariant, we see that Q̄α̇ raises the helicity by 1

2 , so if Q̄α̇ was nonzero
rather than Qα, instead we would find H = H0̄(0, λ)⊕H1̄(0, λ+ 1

2 ).

Secondly, we consider the representations for p2 = −m2 < 0. Choosing our
familiar basis pµ = (m, 0, 0, 0), we find that

{%(Qα), %(Q̄α̇})vp = 2m

(
1 0
0 1

)
vp , (4.45)

such that, by defining 1√
2m
%(Qi) = ai we find a two-dimensional fermionic

oscillator algebra instead, defined by the anticommutation relation

a†iaj + aja
†
i = δij . (4.46)

Analogous to the previous situation, this algebra has also just one irreducible
representation. In this case, it is four-dimensional and is the direct product of
two copies of the previous representation. The resulting super Hilbert space is
thus given by the direct product of two Hilbert spaces. As we have seen, we
have that

[%(J3), %(Qα)] = −1

2
(σ3) β

α %(Qβ) . (4.47)

In this case, both Qα are non-vanishing. The su(2) module Hp(s) consists of
2s + 1 vectors. We see that the set Q1 raises the weight by 1

2 while Q1 lowers

15Note that in this case, the irreducible modules are in fact not the ones of physical interest:
CPT invariance requires that the module is invariant under λ→ −λ, so the physically relevant
modules are the direct sum of two of these irreducible modules.
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it. If e0 ∈ H0̄, the super Hilbert space module consists of

H0̄ = H(m, s)⊕H(m, s) (4.48)

H1̄ = H(m, s− 1

2
)⊕H(m, s+

1

2
) (4.49)

while it is the opposite case when e0 ∈ H1̄.

Notice that in both the m = 0 and m > 0 case, we have that, for a given
pµ, the dimension of the odd and even subspaces of Hp are equivalent. Physi-
cally, this implies that there is an equal number of fermionic and bosonic degrees
of freedom.

Finally, we consider the representation with p2 = +m2 > 0, with pµ = (0, 0, 0,m).
This leads to

{%(Qα), %(Q̄α̇})vp = 2m

(
1 0
0 -1

)
vp . (4.50)

Defining 1√
2m
%(Q1) = a1, 1

i
√

2m
%(Q2) = a2, again we find a unique four-

dimensional representation composed of two fermionic oscillator algebras. Since
we have not described the representation theory of the Poincaré group, we will
not study the representation theory of the Poincaré superalgebra in this case in
any more detail than this.

4.4 Finite Representations of the Poincaré Superalgebra

Now that we have seen how to study unitary irreducible representations of
the Poincaré superalgebra, we will turn our attention towards finite irreducible
representations. Physically, these are less relevant, but that does not make them
less interesting from a mathematical point of view.

Any representation of the susy algebra can be considered an extension of a
representation of the Poincaré algebra. However, as far as the author is aware,
not all finite dimensional irreducible representations of p are known. Therefore,
we will concentrate on just the canonical five-dimensional representation of the
Poincaré algebra, given by (3.19). We will attempt to extend this representation
to a representation of the superalgebra. Note that since Pµ is not antihermitian
in this case, we automatically have that Q̄α̇ cannot be the complex conjugate
of Qα. As noted before, we will nevertheless maintain this suggestive notation
for consistency.

It is not quite certain how many dimensions are needed. It is certain, how-
ever, that we will need the odd dimension to be greater than one.

Lemma: Let F ∈ {C,R}. There is no faithful irreducible representation
% : susy→ l(F(5, 1)) such that %

∣∣
p

= %5(p).
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Proof. Suppose such a representation exists. In the usual basis of F(5, 1),
{ej | j ∈ {0, .., 5} }, we have that for any element Q that is the representation
of an odd element q

Q =

(
0 Q01

Q10 0

)
, (4.51)

with Q01 ∈ Mat(1 × 5), Q10 ∈ Mat(5 × 1). Furthermore, we have that Q2 =
%(q2) = %(0) = 0. Hence

Q10Q01 = 0 ,

so either Q01 or Q10 vanishes. Since q has four generators, there are at least
two of them, say, q1, q2 whose reprentations Q1, Q2 are either both upper tri-
angular or both lower triangular. But then Q1Q2 = 0 = %(q1)%(q2), hence
{%(q1), %(q2)} = 0. Therefore, there are no elements in q that satisfy
{%(Qα), %(Q̄α̇)} = 2iσµαα̇%(Pµ). Thus no such representation can exist.

Although we can exclude the trivial case in this way, this does not help
us actually finding a representation. However, it is possible to find a finite
dimensional representation induced by the differential operator representation
derived in 4.2. This is possible since both the differential operators of the
superalgebra and %5 were constructed to mimic the defining group action (3.12).
More concretely, this method works as follows: we consider the representation
%diff of p that satisfies

%diff(Pµ) = ∂µ , %diff(Mµν) = xµ∂ν − xνpµ (4.52)

and note that we can consider this representation as acting on a vector space
module Ṽ = spanF{xµ, 1}, which is equivalent to F5. Setting eµ = xµ, e4 = 1,
the unitary representation acts on Ṽ almost as the canonical representation %5

does on F5: to be precise, the five-dimensional representation induced by the
differential operators, which we shall denote %diff is given by

%diff = −%T5 , (4.53)

which follows from explicitly writing both out and comparing. This difference
is not important though; the key point is that we recover our finite dimensional
representation from the differential operator representation.

In a similar fashion, we can use the expressions for susy in terms of dif-
ferential operators to induce a finite dimensional representation, which we will
denote by π. The representation acts on a graded vector space module. The ob-
vious module, in analogy to the construction for the Poincaré algebra, would be
given by spanF{xµ, 1, θα, θ̄α̇}. However, we will instead consider a bigger module
V = V0̄ ⊕ V1̄, which is defined as follows: Consider the Grassman algebra

Λ4 = 〈1, θα, θ̄α̇〉 (4.54)
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and define a vector space V as

V = Λ4 ⊗ Ṽ , (4.55)

with graded dimension dim(V ) = (40, 40) as follows from the fact that Λ4 has
sixteen linearly independent elements. The grading follows by from the natural
grading of the Grassmann algebra, and a natural basis is given explicitly by

V0̄ = spanC
{
xµ̂, θ2xµ̂, θ̄2xµ̂, θαθ̄α̇xµ̂, θ2θ̄2xµ̂

}
,

V1̄ = spanC
{
θaxµ̂, θ̄α̇xµ̂, θαθ̄2xµ̂, θ̄α̇θ2xµ̂

}
, (4.56)

where, for notational convenience, xµ̂ was introduced: µ̂ ∈ {0, 1, 2, 3, 4}, with
x4 = 1. In this basis, π(p) can be written as a block diagonal matrix, while the
supercharges are block off-diagonal.

As an aside, note that we have explicitly required F = C here. The reason
for this is that the coefficients of the differential operator representation of the
supercharges are complex. Thus, although it is still possible to demand that the
subspace span{xµ, 1} ⊂ V0̄ is taken over the reals, it is no longer possible to take
the entire module over R. Since this generalisation requires a lot of bookkeeping
and does not lead to any interesting results, we will instead consider the entire
module to be complex.

For the following proposition, it will be useful to introduce some additional
notation. We define

V0̄ ≡
8⊕
i=1

Ei =

8⊕
i=1

(Exi ⊕ E1
i )

V1̄ ≡
16⊕
i=9

Ei =

16⊕
i=9

(Exi ⊕ E1
i ) .

Each subspace Ej is given by ej Ṽ , with ej one of the elements of the given basis
of Λ4 considered as vector space. We then we split up these five-dimensional
spaces into the part containing xµ and the part containing x4 = 1. As an ex-

ample, E5 = spanC

{
θ2θ̄1̇xµ̂

}
, E1

5 = spanC

{
θ2θ̄1̇

}
.

Proposition:
As above, let the homomorphism π : susy→ End(V ) be given by

π(Mµν) = xµ∂ν − xν∂µ
π(Pµ) = ∂µ

π(Qα) = −∂α − iσµαα̇θ̄
α̇∂µ

π(Q̄α̇) = −∂α̇ − iσ̄µα̇αθ
α∂µ , (4.57)

with

V = Λ4 ⊗ Ṽ . (4.58)
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The module V has exactly one faithful irreducible submodule, which is of graded
dimension(5, 4) and given by

Virr ≡ spanC
{
xµ, 1, θα, θ̄α̇

}
. (4.59)

Every other faithful submodule W ⊂ V contains Virr. As a consequence, V is
indecomposable.

Proof. First of all, note that Virr is, in fact a proper submodule, as the susy
generators leave it invariant, and none of them act trivially on it. Pick a proper
submodule W ⊂ V . Pick a vector v ∈W , given by

v ≡ ei(aiµxµ + bi) , (4.60)

with complex coeffcients aiµ 6= 0. Such a vector has to exist, otherwise π(Mµν)
acts trivially on W .

Consider now that one can act on V with

−1

6
ηµληνσπ(Mµν)π(Mλσ) = xλ∂λ , (4.61)

which acts as 1 on any term proportional to xµ and as 0 on any term proportional
to 1: in other words, it is a projection operator on

⊕
Exi . By acting with this

operator on v, we find that

vx ≡ eiaiµxµ (4.62)

and its span must be included in W . Since π(Pµ) = ∂µ is a projection operator
on
⊕
E1
i , the vector

v1 ≡ eibi (4.63)

and its span as well must be included as well. Since aiµ 6= 0, there must exist

at least one ej(θ, θ̄) of highest order. We can then act repeatedly with the
operators

1

6
π(Mλσ)π(Mλσ)π(Qα) = xµ∂µ∂α

1

6
π(Mλσ)π(Mλσ)π(Q̄α̇) = xµ∂µ∂α̇ (4.64)

on vx to set all terms ei 6=j to 0. Thus, we find that the element ajµx
µ must be

included in W . By transitivity of π(Mµν) on elements in Ex1 on, we thus see
that span {xµ} must be included in W . Because of π(Pµ), we also find that
span {1} must be included in W . Finally, π(Qα)x0 and π(Q̄α̇)x0 lead to the
conclusion that θα, θ̄α ∈ W . Thus, we conclude that Virr ⊂ W , and hence, Virr

is the only irreducible faithful submodule.
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5 Supersymmetric Field Theory

In this section, we will give a quick summary of basic supersymmetric field
theory from a superspace point of view. This is mainly intended for people
who have no prior knowledge of supersymmetry. It is not intended to give a
complete overview of the vast subject, merely to provide a workable knowledge,
which is required to be able to understand the rest of this thesis. There are
many excellent lecture notes on the subject; what is presented here is drawn
mostly from [2] and [16], with details from [17], [18] and [14].

5.1 Superfields

The dynamical variables in superspace are smooth functions of the superspace
coordinates (x, θ, θ̄)

Φ : R4|4 → Cc . (5.1)

Such functions are called superfields. Since the square of a Grassmann variable
vanishes, we have that θαθβθγ = 0. Therefore, the expansion of a superfield in
terms of the fermionic coordinates is finite and looks like

Ψ(x, θ, θ̄) =φ(x) + θχ(x) + θ̄ξ(x) + θ̄σ̄µθvµ(x)

+ θ2F (x) + θ̄2G(x) + θ̄2θπ(x) + θ2θ̄κ(x) + θ2θ̄2E(x) . (5.2)

This superfield contains 16 fermionic and therefore also 16 bosonic degrees of
freedom. This many degrees of freedom makes it so that we cannot use these ar-
bitrary superfields to write down simple theories such as the minimally extended
versions of the Dirac Lagrangian or the free scalar field Lagrangian. Hence we
will have to impose some constraints to find superfields that are more useful to
construct an action.

One constraint that we could demand to reduce the number of degrees of free-
dom is that the superfield Φ must satisfy

D̄α̇Φ = 0 . (5.3)

Such fields are called chiral superfields, and are one of the primary reasons that
superspace looks a lot nicer with Weyl spinors than with Dirac or Majorana
spinors. If we define yµ ≡ xµ + θ̄σ̄µθ, it follows that D̄α̇y

µ = D̄α̇θα = 0, so the
most general chiral superfield will be

Φ(x, θ, θ̄) = φ(y) + θχ(y) + θ2F (y)

= φ(x) + θχ(x) + θ2F (x) + iθ̄σ̄µθ∂µφ(x)

− i

2
θ2θ̄σ̄µ∂µχ(x) +

1

4
θ2θ̄2�φ(x) . (5.4)

The components of this superfield are a complex scalar field φ, a Weyl spinor
χα and an auxiliary field F , which will turn out to have no physical meaning
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but is required to ensure supersymmetry. The chiral superfield has 4+4 degrees
of freedom. It transforms under a supersymmetry transformation as

δεΦ = (εQ+ ε̄Q̄)Φ (5.5)

which leads to the following component transformations:

δεφ = εχ

δεχα = −2iε̄α̇σ̄µα̇α∂µφ+ 2εαF (5.6)

δεF = −iε̄σ̄µ∂µχ . (5.7)

As can be seen, all component fields in a superfield transform to other com-
ponents of the same superfield. Hence why superfields are also referred to as
multiplets.

Of course, this superfield immediately leads to another, which is its complex
conjugate known as the antichiral superfield, satisfying

Dα̇Φ̄ = 0 . (5.8)

Chiral and antichiral superfields form the basic building blocks of theories, as
they can be used to describe both spinor and scalar fields.

Another thing we could demand to constrain the amount of variables is that
the superfield is real. This leads to the vector superfield V = V̄ . An arbitrary
vector superfield has the form

V (x, θ, θ̄) =C(x) + θξ(x) + θ̄ξ̄(x) + θ̄σ̄µθvµ

+ θ2G(x) + θ̄2Ḡ(x) + θ̄2θκ(x) + θ2θ̄κ̄(x) + θ2θ̄2E(x) . (5.9)

The chiral and antichiral superfields can already be used to describe the spinors
and scalar fields of a theory. We want to be able to describe gauge theories as
well, so it would be nice if we could interpret vµ as a gauge field. Notice that
it is possible to construct a vector superfield from a chiral superfield by taking
either its real or imaginary part. If we define Λ as a chiral superfield, it turns
out that

V → V − i(Λ− Λ̄) (5.10)

describes a U(1) transformation in superspace. Under such transformations, it
turns out that the linear combinations

λα ≡ κα −
i

2
(σµ)αβ̇∂µξ̄

β̇ ,

D ≡ E − 1

4
�C (5.11)

are gauge invariant and that

vµ → vµ + ∂µ(φ+ φ̄) . (5.12)
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Hence, for abelian gauge theories, we can pick a nice gauge, called the Wess-
Zumino gauge, in which

V (x, θ, θ̄) = θ̄σ̄µθvµ(x) + θ̄2θλ(x) + θ2θ̄λ̄(x) + θ2θ̄2D(x) . (5.13)

The field content of a vector superfield is thus seen to be a gauge field vµ, a
fermionic gauge field partner called a gaugino λα, and another bosonic auxiliary
field, D. The residual gauge freedom is given by

Λ
!
=
i

2
ε+

i

2
θ̄σ̄µθ∂µε+

i

8
θ2θ̄2�ε , (5.14)

with ε real and normalisation picked in such a way that vµ → vµ + ∂µε, as
expected.

It is not just possible to construct vector superfields out of chiral superfields,
the converse is also a possibility. For abelian theories, we can define the chiral
and antichiral field strength tensor as

Wα ≡ −
1

4
D̄2DαV (5.15)

W α̇ = −1

4
D2D̄α̇V . (5.16)

As the name suggests, these will turn out to be the supersymmetric generali-
sation of the usual field strength tensor in component space. They satisfy the
following equations:

D̄α̇Wα = DαW α̇ = 0 ,

DαWα = D̄α̇Wα̇ . (5.17)

Under a gauge transformation, the field strength tensor remains invariant:

−1

4
D̄2DαV →Wα +

i

4
D̄2Dα(Λ− Λ̄)

= Wα +
i

4
D̄2DαΛ− i

4
DαD̄

2Λ

= Wα −
i

2
{Dα, D̄α̇}D̄α̇Λ = Wα .

In Wess-Zumino gauge, the component expression of the chiral field strength
tensor is

Wα = eiθ̄σ̄
µθ∂µ [λα + 2θαD +

i

2
(σµν)βαfµν + iθ2σµ

αβ̇
∂µλ̄

β̇ ] , (5.18)

where fµν = ∂µvν − ∂νvµ.

These definitions can all be extended to non-abelian gauge theories. For non-
abelian gauge theories, the superfields are Lie algebra-valued and can be ex-
panded in the generators of the Lie algebra TA as V = −iV ATA, where the
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factor −i is included such that the demand V = V̄ leads to V A = V̄ A. Capital
roman indices are used to indicate symmetry group indices. It is still possible
to go to Wess-Zumino gauge and have (5.13) be the component expression for
V . The chiral field strength tensor is generalised to

Wα ≡ −
1

4g
D̄2e−gVDαe

gV

WZ
= eiθ̄σ̄

µθ∂µ [λα + 2θαD +
i

2
(σµν)βαfµν + iθ2σµ

αβ̇
Dµλ̄β̇ ] , (5.19)

where the component expression only holds in Wess-Zumino gauge. Here, fµν =
∂µvν −∂νvµ− ig[vµ, vν ], g is the coupling constant, and the covariant derivative
is defined as Dµλα = ∂µλα − ig[vµ, λα].

5.2 The Wess-Zumino Model

It is now very easy to write down manifestly supersymmetric models in super-
space. Since the supersymmetry generators act as translation in superspace,
any action written as

S =

∫
d4x

∫
d2θd2θ̄ f(Φ, Φ̄, V ) (5.20)

will be invarant under supersymmetry. By dimensional analysis of Qα = ∂α +
iσµαα̇θ̄

α̇∂µ, we see that θ has dimension − 1
2 . The bottom component of Φ is

a scalar field φ with dimension 1, so the entire superfield has dimension 1.
Therefore, the simplest renormalizable real action in terms of chiral superfields
that we can write down is

S[Φ̄,Φ] =

∫
d4x

∫
d2θd2θ̄ 2Φ̄Φ . (5.21)

Its component expression is

S =

∫
d4x− 2∂µφ̄∂

µφ+
i

2
(χσµ∂µχ̄+ χ̄σ̄µ∂µχ) + F̄F , (5.22)

where a total derivative has been omitted. The theory contains a kinetic term
for a fermion and the kinetic term for a complex scalar field, and an auxiliary
field which does not contribute to the action after using its equation of motion
F = 0.

Of course, we are still missing a potential term here. We can introduce one
by making the following observations: firstly, the product of chiral superfields
is still a chiral superfield, and secondly, the transformation of an auxiliary field
under supersymmetry (5.6) leads to a total derivative. Therefore, it is possible
to add terms of the form∫

d4x[

∫
d2θW (Φ) +

∫
d2θ̄W̄ (Φ̄)] (5.23)
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to the action, which will not break supersymmetry invariance. For renormaliz-
ability purposes, the most general potential we could use is

W (Φ) = aΦ +mΦ2 + λΦ3 . (5.24)

Setting a = 0 and shifting λ→ 4
3λ leads to what is known as the Wess-Zumino

model, which was the first known interacting supersymmetric model. Comparing
the full Lagrangian in superspace

LWZ =

∫
d2θd2θ̄ 2Φ̄Φ +

∫
d2θ mΦ2 +

4

3
λΦ3 +

∫
d2θ̄mΦ̄2 +

4

3
λΦ̄3 (5.25)

and component space, after inserting the equations of motion for the auxiliary
fields

LWZ =− 2∂µφ̄∂
µφ+

i

2
(χ̄σ̄µ∂µχ+ χσµ∂µχ̄)

− 1

2
m(χ2 + χ̄2)− 1

2
m2φ̄φ− 2

3
mλ(φ2φ̄+ φ̄2φ)

− 8

9
λ2φ̄2φ2 − 2

3
λ(χ2φ+ χ̄2φ̄) (5.26)

certainly makes for a reasonable argument for the usefulness of superspace.

5.3 The Sigma Model

The Wess-Zumino model can be generalised by dropping the demand that the
action is actually renormalisable. This extension, known as the sigma model,
is nevertheless interesting from a mathematical viewpoint because it gives us
a connection between geometry and field theory, and from a phenomenological
viewpoint because it can be used as an effective field theory. In [19], Zumino
proceeded as follows: he examined a bosonic sigma model in Minkowski space,
extended it to be supersymmetric, then found a way to rewrite the model in
superspace. As we are not particularly interested in the sigma model in itself
and are more concerned about models in superspace, we will take his result as
our starting point and work backwards to conclude that we are dealing with the
sigma model.

The most general kinetic term we could write down in terms of chiral and
antichiral fields is

S[Φi, Φ̄̄] =

∫
d4x

∫
d2θd2θ̄ K(Φi, Φ̄j̄) , (5.27)

with K(Φi, Φ̄j̄) real. Since
∫
d2θd2θ̄K = 1

16D
2D̄2K|, the action is invariant

under

K(Φi, Φ̄j̄)→ K(Φi, Φ̄j̄) + f(Φi) + f̄(Φ̄̄) . (5.28)
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If we expand this action in coordinates, we find

S =

∫
d4x

i

4
Kī(χ

iσµ∇µχ̄̄ + χ̄̄σ̄µ∇µχi)

−Kī∂µφ
i∂µφ̄̄ +KīF̄

̄F i

− 1

4
Kik̄(χ

iχkF̄ ̄ − iχ̄̄σ̄µχi∂µφk)

− 1

4
Kīl̄(χ̄

̄χ̄l̄F i + iχ̄̄σ̄µχi∂µφ̄
l̄)

+
1

16
Kik̄l̄χ

iχkχ̄̄χ̄l̄ , (5.29)

where we have introduced the shorthand notation

Ki1...in ̄1...̄m ≡
δn+mK(Φ, Φ̄)

δΦi1 ...δΦinδΦ̄̄1 ..δΦ̄̄m

∣∣∣
Φi=φi,Φ̄̄=φ̄̄

. (5.30)

The first two terms suggest that the action is the line element of some curved
manifold. Models with a kinetic term of the form

gī∂µφ
i∂µφ̄̄ (5.31)

are known as sigma models16, and we have found the supersymmetric extension
of those here. We can define

gī = ∂i∂̄K (5.32)

∇µχi = ∂µχ
i + Γikm∂µφ

kχm

Γikm = gī∂kgml̄

Rik̄l̄ = ∂i∂̄gkl̄ − grn̄∂igkn̄∂̄grl̄

and integrate out the auxiliary fields to find the following action:

S =

∫
d4x

i

4
gī(φ, φ̄)(χiσµ∇µχ̄̄ + χ̄̄σ̄µ∇µχi)

− gī(φ, φ̄)∂µφ
i∂µφ̄̄ +

1

16
Rik̄l̄χ

iχkχ̄̄χ̄l̄ . (5.33)

The metric, covariant derivative, connection and curvature tensor defined here
are those of a Kähler manifold17, with the Kähler potential given by K. This
could also have been foreseen by noting that the transformation rules (5.28)
under which the action remains invariant are exactly Kähler transformations.

We can consider a Kähler manifold as embedded in some supermanifold. We
will not define the notion of a supermanifold rigourously. Roughly speaking, a

16The sigma model was used first in a description of pions by Gell-Mann and Lévy in 1960,
and is named after a field sigma that arose in that theory. It seems the name has stuck, even
though nowadays, there is no sigma to be found in the sigma model.

17See A.5
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supermanifold can be considered as a manifold whose charts map open sets into
a supervector space. Therefore, in this sense we have that the local coordinates
of the Kähler manifold take values in Cnc rather than Cnc , with n the dimension of
the Kähler manifold. We can then consider maps from some other supermanifold
M to our Kähler manifold K. If we consider such maps in local coordinates,
these are given by the superfields. Thus, we get the following picture:

M //

��

K

��

R4|4
~Φ // Cnc

with ~Φ = (Φ1, ...,Φn). The conclusion of all of this is that the chiral superfields
can be considered as local coordinates for the Kähler manifold, expressed in
terms of the coordinates of superspace.

Thus, we see that a sigma model, which is determined by K(Φi, Φ̄̄), defines
some Kähler geometry,18 and the fact that the action should be independent
of the choice of local coordinates on the Kähler manifold is expressed by the
invariance under Kähler transformations.

To this action, we also add a potential in the usual way, only now, since
we are no longer concerned with renormalisability, the potential is no longer
necessary restricted to only three terms in a polynomial, but can instead be
generalized to an arbitrary power series in the fields. The total action of the
sigma model in superspace then becomes

SσM [Φi, Φ̄̄] =

∫
d4x

∫
d2θd2θ̄K(Φi, Φ̄j̄) + [

∫
d2θ W (Φi) + c.c.] . (5.34)

It is possible to generalize this model even further by gauging the fields under
isometries, but first, we will have to understand how gauge field theories work
in superspace.

5.4 Supersymmetric Gauge Theory

Since some of the most succesful theories of the past century have been gauge
theories, we would like to be have a superspace description of gauge theories
as well. Let us first consider an ordinary kinetic term, Φ̄Φ. We can define the
action of U(1) acting on the superfields as

Φ→ eieλΦ ,

Φ̄→ e−ieλΦ̄ . (5.35)

which leaves the kinetic term invariant. The charge of the fields is given by e,
and the variational group parameter is λ. If we attempt to make the action

18Conversely, to every Kähler manifold, a sigma model can be associated. See [14] section
3.3.3 for details.
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local we find that the transformations become

Φ→ eieΛ(x)Φ ,

Φ̄→ e−ieΛ̄(x)Φ̄ . (5.36)

Notice that now, the variational parameter Λ(x) has to be chiral, in order to en-
sure that the chiral field stays chiral after a gauge transformation. However, this
implies that the transformation of the antichiral field introduces an antichiral
parameter. Therefore, the kinetic term transforms as

Φ̄Φ→ Φ̄eie(Λ(x)−Λ̄(x))Φ (5.37)

and we have to introduce a gauge field to fix gauge invariance. Thus, in su-
perspace, it is not the presence of derivatives that leads to the necessity of
gauge fields, but instead it is the requirement that chirality be preserved which
introduces a second variational parameter. Therefore, the proper way to intro-
duce gauge fields in order to find a locally invariant theory is not by replacing
derivatives with covariant derivatives. Instead, we shall introduce a modified
antichiral field. We already noted in the chapter on superfields that the vector
superfield will act as gauge field, and that its U(1) transformation is

V → V − i(Λ− Λ̄) . (5.38)

We define

Φ̃ ≡ Φ̄eeV , (5.39)

which transforms as

Φ̃→ e−ieΛ̄(x)Φ̄eeV−ie(Λ(x)−Λ̄(x))

= Φ̃e−ieΛ(x) . (5.40)

Thus, we see that the action

S[Φ̃,Φ] =

∫
d2θd2θ̄ Φ̃Φ (5.41)

is invariant. The kinetic term for the gauge fields can be constructed from the
chiral field strength tensors:

1

4

∫
d2θ WαWα +

1

4

∫
d2θ̄ W

α̇
W α̇ (5.42)

can be expanded in components to find

−1

4
fµνfµν +

i

2
(λσµ∂µλ̄+ λ̄σ̄µ∂µλ) , (5.43)

which is the usual gauge field kinetic term and the kinetic term for the gaugino.
This is supersymmetric for the same reason that the potential is supersymmet-
ric: it is the F term of a chiral field which transforms as a total derivative under
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supersymmetry.

The next thing to do is to add a potential. We would like to be able to have mass
terms for the fermions and their supersymmetric partners. However, the mass
term in superspace would look like

∫
d2θ mΦ2+c.c., which, unlike the mass term

in component space, is not invariant under gauge transformations. The way to
solve this is to introduce an additional chiral superfield, with a different charge
under the U(1) action. We can define two fields and their transformations as

Φ± → e±ieΛ(x)Φ± , (5.44)

and define the modified antichiral fields as

Φ̃± ≡ Φ̄±e
±eV . (5.45)

Thus, the supersymmetric quantum electrodynamics extension (or SQED) ac-
tion is given by

SSQED =

∫
d4x

∫
d2θ

∫
d2θ Φ̃+Φ+ + Φ̃−Φ−

+ [

∫
d2θ

1

4
WαWα +mΦ+Φ− + c.c.] . (5.46)

Notice that there is no reason other than convention to modify the antichiral
fields rather than the chiral fields. We could have done it the other way around
and ended up with the same result.

For non-abelian theories, gauge transformations of chiral fields is given by

Φ→ egΛΦ , (5.47)

with Λ = ΛATA and g the coupling constant. Notice that since we demand that
Λ† = Λ̄, that ΛA(Λ̄A) is (anti)chiral, and that by definition the generators TA are
antihermitian, the antichiral variational parameter must satisfy Λ̄ = −Λ̄ATA.

The generalisation of the gauge field transformation is given by

eV → e−Λ̄eV e−Λ , (5.48)

which, with the use of the Baker-Campbell-Hausdorff (A.66) formula can be
rewritten as

V → V − (Λ + Λ̄)− 1

2
[V,Λ− Λ̄] +O(V 2) (5.49)

where all higher order terms vanish in WZ-gauge due to having too many θ’s.
This reduces to the abelian gauge if we set TA = i. If we take an arbitrary
number of chiral fields (we require at least two for mass terms anyway, so we
might as well generalise), the action for a non-abelian gauge theory becomes

S =

∫
d4x

∫
d2θd2θ̄ Φ̃iΦ

i + [

∫
d2θ W (Φi) +

1

4
TrWαWα + c.c.] . (5.50)
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The modified antichiral fields are given by

Φ̃i = Φ̄̄(egV )̄i . (5.51)

The most general renormalisable potential is W (Φi) = mijΦ
iΦj + λijkΦiΦjΦk,

where we demand the matrices m and λ to be symmetric and satisfy

mij(e
gΛ)i k(egΛ)j l = mij

λijk(egΛ)i l(e
gΛ)jm(egΛ)kn = λijk , (5.52)

such that the potential is gauge invariant.

There is another possible term we could add to the action. As long as the
gauge group contains a U(1) factor, it is possible to add a term∫

d4x

∫
d2θd2θ̄ ξV (5.53)

to the action, where ξ is a real constant. In terms of components, this adds a
linear term in the auxiliary fields ξD to the action. This is known as a Fayet-
Illiopoulos term (which we will henceforth abbreviate to FI-term). It is obvi-
ously supersymmetric and real, and since

∫
d4x

∫
d2θd2Λ =

∫
d4x

∫
d2θd2Λ̄ = 0,

it is also invariant under gauge transformation19. It is useful for, amongst other
things, a way to describe models with spontaneously broken supersymmetry.

At this point, we are capable of describing most basic quantum field theories in
superspace. We can now focus our attention on how currents can be described
in superspace.

19The gauge transformation of an FI-term are similar to the Kähler transformation of the
sigma model, as both are a shift by a chiral and an antichiral superfield.
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6 Current Multiplets

Supersymmetric theories are invariant under the Poincaré superalgebra, which
includes both translations generated by the momentum operator and super-
translations generated by the supercharges. Therefore every supersymmetric
theory must have a conserved energy-momentum tensor and a conserved super-
symmetry current. In superspace, these currents must be embedded in certain
multiplets. We are interested in the structure of these multiplets, and how to
find them.

The anticommutator of the supersymmetry charges, {Q̄α̇, Qβ} = −2iσµβα̇Pµ
can be rewritten as∫

d3x{Q̄α̇, S0β} = −2iσµβα̇

∫
d3xT0µ . (6.1)

Furthermore, we can conlude in similar fashion that
∫
d3x{Qα, S0β} = 0. Since

an infinitesimal supersymmetry transformation of any operator O can be writ-
ten as {εQ + ε̄Q̄, O}, this implies that a supersymmetry transformation of the
supersymmetry current leads to the energy-momentum tensor, so they should
both reside in the same multiplet.

In addition to the symmetries generated by the Poincaré superalgebra, it is
possible for theories to also be invariant under what is known as R-symmetry.
R-symmetry can be thought of as an external symmetry in superspace, i.e., a
symmetry that acts not only on the fields but also on the coordinates, as it acts
on θ and θ̄. In component space, where the fermionic coordinates have been
integrated out of the action, the symmetry is instead a Ub(1) × Uf (1) internal
symmetry acting on the fields, with Ub(1) acting only on the bosonic fields and
Uf (1) only on the fermionic fields. We will see concrete examples of the group
action of R-symmetry later on. The reason why this is relevant is that, the
bracket of the R-symmetry generator, R, with the supercharge satisfies

[Qα, R] =
i

2
Qα . (6.2)

Therefore, if the symmetry algebra of a theory contains the R-operator, we can
use the same trick for the R-current jµ as used in (6.1) to note that∫

d3x[Qα, j0] =

∫
d3x

i

2
S0α . (6.3)

Therefore, if a theory has an R-symmetry, its R-current should also reside in
the multiplet containing the energy-momentum tensor and the supersymmetry
current.

In order to describe these currents in superspace, we will proceed as follows.
We will look for superfields which contain conserved components. These we will
call current multiplets. Then, for a given theory, we will look for a realisation of
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a current multiplet in terms of the fields of the theory, with the conserved com-
ponents of the current multiplet matching up with the currents of the theory,
modulo improvement terms. We will call such a realisation the supercurrent of a
theory. As we want the current multiplets to have these realisations, we demand
that they satisfy a number of restrictions in order for the supercurrents to be
well-defined operators of the theory. First of all, we want a current multiplet to
be real, so the most general form is

jµ + θsµ + θ̄s̄µ + θ̄σνθt
µν + θ2fµ + θ̄2f̄µ + θ2θ̄Ḡµ + θ̄2θGµ + θ2θ̄2Dµ . (6.4)

Second, we demand that it is globally well-defined and gauge invariant. Third,
we demand that it satisfies some sort of conservation equation to enforce that
it has some conserved components.

There are several possible conservation equations we could demand, and these
lead to different current multiplets. We will start by examining the most well-
known multiplet, which is the Ferrara-Zumino multiplet. There are theories
for which the Ferrara-Zumino multiplet does not have a well-defined realisa-
tion however. Therefore we will also investigate two other multiplets: the R-
multiplet, which has a realisation only for theories with R-symmetry, and the
S-multiplet, which has more degrees of freedom, but has realisations in cases
were neither of the other two do.

6.1 The Ferrara-Zumino Multiplet

The first current multiplet that we will study is the Ferrara-Zumino multi-
plet20. The Ferrara-Zumino multiplet J µ was constructed in 1974 [20], by
explicitly adding improvement terms to the supersymmetry current and the
energy-momentum tensor of the Wess-Zumino model, and concluding that these
could be fitted into a certain real superfield which they called the supercurrent.
This multiplet happened to satisfy the following constraint21 :

D̄α̇Jαα̇ = DαΦJ . (6.5)

Here, ΦJ is a chiral superfield. We can take this equation, which resembles
something of a continuity equation, as a defining constraint for the FZ-multiplet.
Taking the component expressions (5.4) for the chiral superfield and (6.4) for

20We will often abbreviate this to FZ-multiplet.
21Following in the footsteps of [1], we adopt their convention Jαα̇ = −2σµαα̇Jµ
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the FZ-multiplet, (6.5) leads to the following set of equations:

− 2σµαα̇s̄
α̇
µ = χα

2θα(t− i∂µjµ)− 2θβ(σµν)βα(tµν − i∂νjµ) = 2θαF

−4σµαα̇θ̄
α̇f̄µ = −2iσµαα̇θ̄

α̇∂µφ

θ̄α̇θβ [2i(σµν)αβ∂ν s̄µα̇ − 4σµαα̇Gµβ ]− θαθ̄β̇2i∂µs̄
µ

β̇
=

θ̄α̇θβ [−iσµαα̇∂µχβ ] + θαθ̄
β̇ [−iσ̄µ

β̇β
∂µχ

β ]

θ2[−2σµαα̇Ḡ
α̇
µ + i∂µs

µ
α − i(σµν) β

α ∂νsµβ ] = 0

θ̄α̇θ2[σµαα̇(−4Dµ − i∂ν(tµν + tνµ) + i∂µt+ εµνρσ∂
νtρσ)] = θ̄α̇θ2[σµαα̇(−i∂µF )]

θαθ̄
2(−2i∂µf̄

µ) + θβ θ̄
2(2i(σµν) β

α ∂ν f̄µ) = θαθ̄
2�φ

θ̄2θ2[iσµαα̇(σ̄ν)α̇β∂νGµβ ] = −1

4
θ̄2θ2�χα .(6.6)

◦ The first equation is trivial.

◦ The second equation specifies the auxiliary field to be F = t− i∂µjµ and
implies

(σµν)βα(tasymµν + i∂µjν) = 0 (6.7)

This is solved by

0 = (σµν)αβ(σρτ )βα(tasymρτ + i∂ρjτ )

= 2(ηνρηµτ − ηµρηντ + iεµνρτ )(tasymρτ + i∂ρjτ )

⇒ iεµνρτ tasymρτ − 2tµνasym = i(∂µjν − ∂νjµ) + εµνρτ∂ρjτ (6.8)

As tasymµν must be real, it follows that

tasymµν = −1

2
εµνρτ∂

ρjτ (6.9)

◦ From the third equation it follows that f̄µ = i
2∂µφ.

◦ The fourth equation implies

(σ̄µν) β̇
α̇ ∂µs̄νβ̇ = 0 (6.10)

and

σµαα̇Gµβ = − i
2

[σµαα̇σ
ν
ββ̇
∂µs̄

β̇
ν + (σµν)βα∂µs̄να̇] . (6.11)

This can be solved to find

Gµα =
i

4
σµαα̇[(∂νs̄α̇µ − 3∂µs̄α̇ν ) + iεµνρτ∂

ρs̄τα̇] . (6.12)

◦ By contracting and complex conjugating the solution to (Gαα̇)β found
above, we find exactly the fifth equation, up to a factor of (σ̄µν) α̇

β̇
∂µs̄να̇ =

0. Hence this yields no new information.
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◦ The sixth equation tells us that

Dµ =
1

4
[∂µ∂νj

ν + εµνρσ∂
νtρσ + 2i∂µt− i∂ν(tµν + tνµ)] . (6.13)

Inserting the solution to tasymµν (6.9) and noting that Dµ is real, we find
that

Dµ =
1

4
(2∂µ∂νj

ν −�jµ) (6.14)

and that
∂νtsymµν = ∂µt . (6.15)

If we define the space of real symmetric 2-tensors as U , we can define an
operator X : U → U

X(T ) = XµνρσT
ρσ ≡ (aηµρηνσ +

b

4
ηµνηρσ)T ρσ

= aTµν +
b

4
ηµνT , (6.16)

where a, b ∈ R, and we also demand that b 6= 0 to avoid this whole exercise
being nothing but a trivial rescaling of tµν . If a 6= 0, a+b 6= 0, this operator
can be inverted, as can be shown by making an educated guess as to what
the inverse might be. Adding these to our demands, X is surjective and
we can define tsymµν ≡ aTµν + b

4ηµνT without loss of generality. We can
solve b by noting that t = ηµνtµν leads to t = (a + b)T . Inserting into
(6.15) leads to b = − 4

3a and

∂νTµν = 0 . (6.17)

Thus we have found that

tµν = aTµν −
a

3
Tηµν −

1

2
εµνρτ∂

ρjτ (6.18)

is a solution ∀a ∈ R\{0}, with Tµν real, symmetric and conserved.

◦ The seventh equation is trivial upon insertion of the solution to f̄µ.

◦ The final equation implies upon insertion of the solutions to Gµ and χα
that

σµαα̇(�s̄α̇µ − ∂µ∂ν s̄να̇) = 0 , (6.19)

which is just (6.10) multiplied by (σ̄ρ)α̇α∂ρ.

We can use the same trick as we used for tµν to solve the constraint on
sµα. Defining the space of all (1, 1) vector-spinors as V , define the operator
Y : V → V as

Y (S) = (Yµν) β
α Sνβ ≡ [c ηµνδ

β
α + d (σµν)βα]Sνβ , (6.20)
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with the demand that d 6= 0. By making use of (A.41) the inverse can be
found to be

((Y −1)νρ) γ
β =

1

(3d− c)(d+ c)
[(2d− c) ηνρδγβ + d (σνρ) γ

β ] , (6.21)

which is well defined provided d 6= −c, d 6= 1
3c. Inserting s̄µα̇ = [c̄ ηµν δ̄

β̇
α̇ −

d̄ (σ̄µν) β̇
α̇ ]S̄ν

β̇
into (6.10) results in

(c̄− 2d̄)(σ̄µν) β̇
α̇ ∂µS̄νβ̇ − 3d̄∂µS̄

µ
α̇ = 0 . (6.22)

This constraint can only be satisfied by

d =
1

2
c , ∂µS

µ
α = 0 . (6.23)

Hence sµα is given by 22

sµα = c[Sµα +
1

2
Sνβ(σµν)βα] , c ∈ C \ {0} . (6.25)

This also solves

Gµα =
i

4
c̄σµαα̇[2∂ν S̄

α̇
µ + ∂µS̄

α̇
ν + iεµνρτ∂

ρS̄τα̇] . (6.26)

So we see that the innocuous looking constraint (6.5) actually imposes rather
stringent conditions on the Ferrara-Zumino multiplet, which will have to be of
the form

J µ ≡ jµ + cθα[Sµα +
1

2
(σµν)βαSνβ ] + c̄θ̄α̇[S̄µα̇ −

1

2
(σ̄µν) β̇

α̇ S̄νβ̇ ]

+ θ̄σνθ[aT
µν − a

3
Tηµν − 1

2
εµνρτ∂ρjτ ]− i

2
θ2∂µφ̄+

i

2
θ̄2∂µφ

+
i

4
cθ2θ̄(σ̄ν)[2∂νS

µ + ∂µSν − iεµνρτ∂ρSτ ]

+
i

4
c̄θ̄2θ(σν)[2∂ν S̄µ + ∂µS̄ν + iεµνρτ∂ρS̄τ ]

+
1

4
θ2θ̄2(2∂µ∂νj

ν −�jµ) (6.27)

22Although I prefer this form, it can be rewritten in terms of Pauli matrices as

sµα = c[Sµα +
1

2
(σµν) β

α Sνβ ]

= c[Sµα +
1

2
(−σµαα̇(σ̄ν)α̇β + ηµνδβα)Sνβ ]

= c[
3

2
Sµα −

1

2
σµαα̇(σ̄ν)α̇βSνβ ] (6.24)

which is the exact term given in [21] for c = 2
3

.
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with the additional constraints

∂µT
µν = ∂µS

µ
α = 0, Tµν = T νµ. (6.28)

These seem promising candidates for realisations of the energy-momentum ten-
sor and the supersymmetry current. The multiplet has 12 + 12 degrees of
freedom; the bosonic ones are Tµν (6), jµ (4), φ and φ̄ (1+1), the fermionic ones
are all in Sµα and S̄µα̇ (6+6). For completeness,

ΦJ = φ+ c̄θσµS̄µ + θ2(−a
3
T − i∂µjµ) (6.29)

is the chiral field ΦJ in terms of yµ = xµ + θ̄σ̄µθ.

The defining equation for the Ferrara-Zumino multiplet (6.5) is invariant under
modifications of the form

Jαα̇ → Jαα̇ + [Dα, D̄α̇](Λ + Λ̄)

ΦJ → ΦJ −
1

2
D̄2Λ̄ , (6.30)

for any chiral field Λ, since

D̄α̇[Dα, D̄α̇](Λ + Λ̄) = −D̄2DαΛ + D̄α̇DαD̄α̇Λ̄

= −[D̄2Dα]Λ + D̄α̇{Dα, D̄α̇}Λ̄

= 0− 1

2
[Dα, D̄

2]Λ̄

In general, these transformations alter the energy-momentum tensor and the
supersymmetry current by additional terms

Sµα → Sµα + 2i(σµν) β
α ∂νΛ|θβ (6.31)

Tµν → Tµν − (∂µ∂ν − ηµν�)
1

2
(Λ̄ + Λ)| . (6.32)

These modifications are to be expected in analogy with the behavior of currents
in component space, as the improvement terms do not affect the conservation
laws. Furthermore, the spatial integrals, which will match up to the physical
charges for a realisation of this multiplet as supercurrent of a theory, transform
as

δQα =

∫
d3x(σ00) β

α (...) +

∫
d3x∂j(...) (6.33)

δPµ =

{ ∫
d3x (∂0∂0 − η00η

00∂0∂0)(...) for µ = 0∫
d3x ∂j∂0(...) for µ = j ∈ {1, 2, 3} (6.34)

and will thus remain invariant.
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6.2 The R-multiplet

Another option in the search for a suitable current multiplet is to demand the
constraint

D̄α̇Rαα̇ = WRα , (6.35)

with WRα subject to the constraints

D̄β̇W
R
α = DαWRα − D̄α̇W

R
α̇ = 0 . (6.36)

This multiplet is known as the R-multiplet. We will denote its components
in the same way as the FZ-multiplet before applying the constraint, namely
as (6.4). A priori, it is not clear whether the WRα multiplet is more general
than a chiral field strength tensor or not, as it is not obvious if the demands
on it are enough to ensure the existence of a vector superfield V R such that
WRα = − 1

4D̄
2DαV

R. In WZ-gauge, the expression for WRα that follows from
the defining constraints leads to

WRα = eiθ̄σ
µθ∂µ [lα + θβmβα + iθ2σµαα̇∂µ l̄

α̇]

= lα + θβmβα + iθ2σµαα̇∂µ l̄
α̇ + iθ̄σµθ∂µlα −

i

2
θ2θ̄β̇ σ̄µ

β̇β
∂µm

β
α +

1

4
θ2θ̄2�lα ,

with the additional constraint

σ̄µα̇α∂µm
αβ !

= −∂µm̄α̇β(σ̄µ)β̇α. (6.37)

This expression is similar to that of the chiral field strength tensor, except for the
term mαβ which might be more general than the usual 2θαD+ i

2θβ(σµν)βαfµν .
However, as we will see, it turns out that the defining equation for the R-
multiplet forces WRα to be a chiral field strength tensor regardless, because of
additional demands on mαβ .

The reason this multiplet is called the R-multiplet is because it only has a
realisation for theories with an R-symmetry. This follows by noting that

{Dα, D̄α̇}Rαα̇ = 8i∂µRµ

= DαWRα − D̄α̇W
R
α̇ = 0 (6.38)

and therefore the bottom component is a conserved vector. This has to be the
R-current due to the symmetry algebra.

Knowing that all components must be conserved makes working out the con-
straint on the R-multiplet a bit easier than the FZ-multiplet. The component
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equations are:

− 2σµαα̇s̄
α̇
µ = lα

2θα(t− i∂µjµ)− 2θβ(σµν) β
α (tµν − i∂νjµ) = θβmβα

−4σµαα̇θ̄
α̇f̄µ = 0

θ̄α̇θβ [2i(σµν)αβ∂ν s̄µα̇ − 4σµαα̇Gµβ ]− θαθ̄β̇2i∂µs̄
µ

β̇
= θ̄α̇θβ [iσµβα̇∂µlα]

θ2[−2σµαα̇Ḡ
α̇
µ + i∂µs

µ
α − i(σµν) β

α ∂νsµβ ] = θ2[iσµαα̇∂µ l̄
α̇]

θ̄α̇θ2[σµαα̇(−4Dµ − i∂ν(tµν + tνµ) + i∂µt+ εµνρσ∂
νtρσ)] = θ̄α̇θ2[− i

2
σ̄µα̇β∂µm

β
α]

θαθ̄
2(−2i∂µf̄

µ) + θβ θ̄
2(2i(σµν) β

α ∂ν f̄µ) = 0

θ̄2θ2[iσµαα̇(σν)α̇β∂νGµβ ] =
1

4
θ̄2θ2�lα . (6.39)

• The first equation implies exactly what it says.

• The second equation defines the other parameter of WRα ,

mαβ = 2tεαβ + 2(σµν)αβ [tµν − i∂νjµ] , (6.40)

which is the exact form needed to ensure that WRα is indeed a chiral field
strength tensor. Inserting this into (6.37) leads to

2(σ̄µ) β
α̇ [−∂µt− ∂ν(tµν − tνµ) + i�jµ + iεµνρσ∂

νtρσ]

!
= 2(σ̄µ) β

α̇ [∂µt− ∂ν(tµν − tνµ) + i�jµ − iεµνρσ∂νtρσ] , (6.41)

which is solved by

∂µt− iεµνρσ∂νtρσ = 0 . (6.42)

Since the first term is real and the second is imaginary, both terms must
vanish independently. Hence the asymmetrical part of tµν must satisfy
the Bianchi-identity

∂ρt
asym
µν + ∂µt

asym
νρ + ∂νt

asym
ρµ = 0 . (6.43)

An antisymmetric 2-tensor fµν also satisfying this identity can be defined
through

tasym
µν = −1

2
εµνρτ (∂ρjτ − 1

4
fρτ ) , (6.44)

which will simplify the expressions for Rαα̇ and WRα .

• From the third equation it follows that f̄µ = 0.
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• The fourth equation implies

σµαα̇Gµβ =
i

2
[σνα̇βσ

µ

αβ̇
∂ν s̄

α̇
µ + (σµν)βα∂ν s̄µα̇] , (6.45)

and hence,

Gµα =
i

2
σµαα̇∂ν s̄

α̇
µ . (6.46)

• The fifth equation is again a consistency equation: it leads to

σµαα̇Ḡ
α̇
µ = − i

2
[(σµν) β

α ∂νsµβ + σµαα̇∂µ l̄
α̇] . (6.47)

Multiplying the above expression for σµαα̇Gµβ with εαβ and complex con-
jugating leads to the same result when using ∂µs

µ
α = 0.

• The sixth equation yields an expression for the top component of Rµ

Dµ = −1

4
�jµ (6.48)

and leads to the vanishing of the other contraction of tµν ,

∂νtµν = 0 . (6.49)

• The seventh equation is trivially satisfied.

• The final equation implies upon insertion of the solutions to Gµ and lα
that

− 1

2
σµαα̇�s̄

α̇
µ −

1

2
σµα̇α∂µ∂

ν s̄α̇ν = −1

2
σµαα̇�s̄

α̇
µ (6.50)

which again does not yield any new insights.

Relabeling sµa = d Sµa , tsym
µν = b Tµν , the Rµ component expression is given

by

Rµ = jµ + dθSµ + d̄θ̄S̄µ + θ̄σ̄νθ(bT
µν − 1

2
εµνρτ (∂ρjτ −

1

4
fρτ )

+
i

2
d̄θ2θ̄σ̄ν∂

νSµ +
i

2
dθ̄2θσν∂

ν S̄µ − 1

4
θ2θ̄2�jµ , (6.51)

and the corresponding chiral field strength tensor is given by

WRα = eiθ̄σ̄
µθ∂µ [−d̄σµαα̇S̄

α̇
µ + 2bθαT +

i

2
θβ(σµν)βαfµν − 2idθ2(σµν)βα∂µSνβ ] .

(6.52)

The constraints on the components of the R-multiplet are ∂µS
µ
α = ∂µT

µν =
Tµν − T νµ = 0 as before, but now also ∂µj

µ = 0. It has the same number of
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degrees of freedom as the FZ-multiplet, with some reshuffling on the bosonic
part: three less in jµ, φ and φ̄ to accommodate for fµν .

This multiplet also has an invariance, this time under the transformation

Rαα̇ → Rαα̇ + [Dα, D̄α̇]L (6.53)

WRα → WRα −
3

2
D̄2DαL , (6.54)

where L is real, globally well-defined and satisfies D2L = 0. This follows from

D̄α̇[Dα, D̄α̇]L = −D̄2DαL+ D̄α̇DαD̄α̇L+DαD̄
2L

= −D̄2DαL+
1

2
[Dα, D̄

2]L = −3

2
D̄2DαL .

If a theory admits a realisation of R-multiplet, and the vector superfield V R,
defined through WRα = − 1

4D̄
2DαV

R, satisfies D2V = 0 and is globally well-
defined, then it is possible to shift the multiplet to satisfy D̄α̇Rαα̇ = 0. This
immediately demonstrates the existence of a realisation of the FZ-multiplet with
ΦJ = 0.
Conversely, if a theory admits a realisation of the FZ-multiplet, and ΦJ =
1
2D̄

2A, then

Rαα̇ = Jαα̇ + [Dα, D̄α̇]A (6.55)

will be a realisation of the R multiplet with WRα = 3
2D̄

2DαA.

6.3 The S-multiplet

It will turn out that, although the R- and Ferrara-Zumino multiplets are the
most straightforward, there are theories that do not have a realisation of either
of them, as will be demonstrated later on. In order to circumvent issues that the
R-multiplet and the FZ-multiplet have, they can be generalized into a bigger
multiplet, called the S-multiplet, which has recently been studied in [1]. The
defining constraint on the S-multiplet is

D̄α̇Sαα̇ = WSα +DαΦS . (6.56)

Realisations of the S-multiplet can in some cases be modified to coincide with
either the R- or the FZ-multiplet, but can also exist in cases where neither of
the other two do.

Working out the components in a similar fashion as before would not be very
insightful, as there are too many degrees of freedom to easily eliminate in order
to establish the existence of conserved components. Instead, it is more conve-
nient to simply sum the components of the R and FZ-multiplet and redefine

60



the conserved terms through

jµS ≡ j
µ
J + jµR

SµαS ≡
3

2
cSµαJ + dSµαR

TµνS ≡ T
µν
J + TµνR (6.57)

with the ‘left-over’ terms SµαJ and TµνJ rewritten in terms of χα and τ . The
resulting component form of the S-multiplet is as follows:

Sµ = jµ + θ(Sµ −
1

2
σµχ) + θ̄(S̄µ +

1

2
σ̄µχ) +

i

2
θ2∂µφ̄−

i

2
θ̄2∂µφ

+ θ̄σ̄νθ(Tµν + τηµν −
1

2
εµνρσ(∂ρjσ − 1

4
fρσ))

+
i

2
θ2θ̄(σ̄ν∂νSµ −

1

2
σ̄µσ

µ∂ν χ̄)− i

2
θ̄2θ(σµ∂ν S̄µ −

1

2
σµσ̄

ν∂νχ)

+
1

2
θ2θ̄2(∂µ∂

νjν −
1

2
�jµ) .

with the familiar constraints that Sµα and Tµν are conserved, Tµν is real and
symmetric, and fµν is real, antisymmetric and satisfies the Bianchi-identity and
furthermore, τ must be real. This multiplet has 16+16 degrees of freedom,
rather than 12+12: compared to the Ferrara-Zumino multiplet, the additional
four bosonic degrees of freedom are found in fµν (3) and τ (1), and the fermionic
degrees in χα and χ̄α̇. The multiplets on the right hand side of the defining
equation are given by

ΦS = φ+ θχ+ θ2(τ − i∂µjµ) ,

WSα = eiθ̄σ̄
ρθ∂ρ [−2σµαα̇S̄

α̇
µ + 3χα + θβ(

i

2
(σµν)βαfµν + 2εβα(3τ + T )) ,

− iθ2σµαα̇∂µ(2(σ̄ν)α̇βSνβ + 3χ̄α̇)] .

The S-multiplet obviously has the modification terms of both the R-multiplet
and the FZ-multiplet.These can be generalised to

Sαα̇ → Sαα̇ + [Dα, D̄α̇]U

ΦS → ΦS −
1

2
D̄2U (6.58)

WSα →WSα −
3

2
D̄2DαU

with U real, but no other restrictions. If a realisation for a theory is found
with WSα = − 1

4D̄
2DαV

S and V S is globally well-defined, it is possible to take
U = − 1

6V
S and set WSα to zero to find the Ferrara-Zumino multiplet. Likewise,

if ΦS = D̄2A for some real globally well-defined A, setting U = 2A will kill
off this term and lead to the R-multiplet. Notice that the demand that V S is
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globally well-defined is an important condition, since WSα can always be written
as WSα = − 1

4D̄
2DαV

S for some general V S . If this condition would not be
necessary, any theory would that would admit a realisation of the S-multiplet,
would admit an FZ-multiplet, making this multiplet superfluous. This is not
the case however, as will be demonstrated specifically for models with non-exact
Kähler forms and models with Fayet-Illiopoulos terms.

6.4 The Supercurrent for the Sigma Model

Having found several current multiplets, we are now interested in seeing how
realisations of these current multiplets for specific models can be found. We
will write down a realisation for the sigma model and see what this implies in
the case of the Wess-Zumino model. Afterwards, we will consider some more
general features of supercurrents for the sigma model, which were first discussed
in [1].

The action for the sigma model is given by

S[Φ̄,Φ] =

∫
d4x

∫
d2θd2θ̄ K(Φ̄̄,Φj) +

∫
d2θ W (Φj) +

∫
d2θ̄ W (Φ̄̄) . (6.59)

Setting S[Φ̄̄,Φj 6=i,Φi+δΦi]−S[Φ̄̄,Φj 6=i,Φi] = 0 leads to the equation of motion

−1

4
D̄2 δK(Φ̄̄,Φj)

δΦi
+
δW (Φj)

δΦi
= 0 . (6.60)

The equation of motion allows us to derive that

Dα(−4W +
1

3
D̄2K) = D̄α̇(KīD̄α̇Φ̄̄)DαΦi + (−D̄2DαK −

2

3
D̄α̇[Dα, D̄α̇]K)

= −2D̄α̇(KīD̄α̇Φ̄̄)DαΦi + 2(KīD̄α̇Φ̄̄)D̄α̇DαΦi

− 2

3
D̄α̇[Dα, D̄α̇]K

= D̄α̇(−2KīD̄α̇Φ̄̄DαΦi − 2

3
[Dα, D̄α̇]K) ,

where we slightly abuse notation and use (5.30) in superspace as well, by setting

Kī ≡
δ2K(Φ, Φ̄)

δΦiδΦ̄̄
. (6.61)

Therefore, the pair

Jαα̇ = 2KīDαΦD̄α̇Φ̄− 2

3
[Dα, D̄α̇]K (6.62)

ΦJ = −4W +
1

3
D̄2K (6.63)

satisfy the defining relationship (6.5) for the FZ-multiplet and is thus a realisa-
tion of the supercurrent for this theory.
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By expanding the Kähler potential around Φi = φi, Φ̄̄ = φ̄̄ such that

K(Φ̄̄,Φi) =

∞∑
N,M=0

1

N !M !
Ki1....iN ̄1...̄M |Φi=φi,Φ̄̄=φ̄̄

(Φi1 − φi1)...(ΦiN − φiN )(Φ̄̄1 − φ̄̄1)...(Φ̄̄M − φ̄̄M ) (6.64)

the lowest component of the supercurrent is found to be

jµ = −1

4
σ̄α̇αµ (2Kī∂αΦ∂̄α̇Φ̄− 2

3
[Dα, D̄α̇]K)|

=
1

2
Kīχ̄

̄σ̄µχ
i
α +

1

3
(σ̄µ)α̇α∂α∂̄α̇(Kīθχ

iθ̄χ̄̄ +Kiiθ̄σ̄
µθ∂µφ

i −K̄iθ̄σ̄
µθ∂µφ̄

̄)

=
1

6
Kīχ̄

̄σ̄µχ
i +

2

3
i(Ki∂µφ

i −K̄∂µφ̄
̄) (6.65)

Let us now simplify this to the Wess-Zumino model (5.25) , where K = 2Φ̄Φ
and W (Φ) = mΦ2 + 4

3λΦ3. The Wess-Zumino model has an R-symmetry if
either m or λ is set to zero. The R-symmetry is given by

θ → eirθ, Φ→ eiqrΦ , (6.66)

with q the charge of the symmetry and r the variational parameter. Since all
terms in the multiplet Φ must transform the same way, this leads to

φ→ eiqrφ, χα → ei(q−1)rχα . (6.67)

At the level of the algebra corresponding to the R-symmetry group, these trans-
formations can be expressed as

δRθ = irθ, δRΦ = iqrΦ, δRφ = iqrφ, δRχα = i(q − 1)rχα . (6.68)

The Lagrangian is invariant for either q = 1 when λ = 0 or q = 2
3 when m = 0.

We can calculate the corresponding Noether current of the symmetry by
making use of (5.26) to find that

̃µ = −2∂µφδRφ̄− 2∂µφ̄δRφ+
i

2
(χ̄σ̄µδRχ+ χσµδRχ̄)

= −(q − 1)χ̄σ̄µχ+ 2qi(φ̄∂µφ− φ∂µφ̄) . (6.69)

On the other hand, we have that, in the Wess-Zumino case, the lowest compo-
nent of the realisation of the Ferrara-Zumino multiplet as supercurrent (6.65)
reduces to

jµ =
1

3
χ̄σ̄µχ+

4

3
i(φ̄∂µφ− φ∂µφ̄) (6.70)

As expected, the bottom component of the supercurrent is exactly the R-current
in the case that m = 0 and q = 2

3 . In the λ = 0 case, the bottom component is
apparently something other than the R-symmetry that has q = 1.
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Now, we go back to the general expression for the bottom component of the
FZ-multiplet (6.65) and see what happens under Kähler transformations. If we
perform a Kähler transformation K(Φi, Φ̄̄) → K(Φi, Φ̄̄) + Λ(Φi) + Λ̄(Φ̄̄), jµ
would gain an additional term

δΛjµ =
2

3
i(∂iΛ|∂µφi − ∂̄Λ̄|∂µφ̄̄) . (6.71)

making the multiplet not well-defined globally. This is problematic, since the
supercurrent ought to be globally well-defined. For theories that do have an
R-symmetry, there is a contribution of

∫
d3x∂0(Λ − Λ̄) to the physical charge

associated with the R-current, which is even worse.

If the Kähler form is exact, there is a globally defined connection A and thus a
globally defined Kähler potential. Therefore, in this case, there are no Kähler
transformations as the entire manifold can be covered by just one coordinate
patch. If the Kähler form is not exact, multiple different coordinate patches ex-
ist, each with their own Kähler potential, Kähler transformations will be needed
to transit from one part of the manifold to the other, and the term jµ, which
can be seen as the pullback of the Kähler connection to spacetime, will not
be invariant. Thus, if the Kähler form is not exact, the realisation of the FZ-
multiplet for the sigma model is ill-defined.

Let us examine the S-multiplet in this situation. Most of the work has al-
ready been done: similarly to how a realisation of the FZ-multiplet was found,
it is possible to check that

Sαα̇ = 2KīDαΦiD̄α̇Φ̄̄ (6.72)

ΦS = −4W (6.73)

WSα = −D̄2DαK (6.74)

satisfy (6.56). Note that WSα is in fact invariant under Kähler transformations
as desired. However, in cases where the Kähler form is not exact, K is obviously
not well-defined globally. Therefore, it is not possible to use (6.58) to set WSα
to zero and find an FZ-multiplet realisation. With this expression, the bottom
component of the supercurrent is

jµ =
1

6
Kīχ̄

̄σ̄µχ
i (6.75)

which is invariant under Kähler transformations. Hence the realisation of the
S-multiplet does not suffer from the maladies of the FZ-multiplet and is a well-
defined supercurrent.

6.5 The Supercurrent for Free SQED with an FI-term

Another interesting feature arises when we try to construct a supercurrent real-
isation for models with a Fayet-Illiopoulos term, as done in [21]. Let us consider
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SQED without the kinetic term, and include an FI-term. The action of this
model is given by

S[V ] =

∫
d4x

∫
d2θd2θ̄ ξV +

∫
d2θ

1

4
WαWα +

∫
d2θ̄

1

4
W

α̇
W α̇

=

∫
d4x ξD +

i

2
(λσµ∂µλ̄+ λ̄σµ∂µλ)− 1

4
fµνf

µν + 2D2 . (6.76)

Like the Wess-Zumino model, this model also has an R-symmetry. By noting
that ∫

d2θ − 1

4
D̄2DαVWα = −

∫
d2θd2θ̄ V DαWα (6.77)

the equation of motion is found to be

ξ = DαWα , (6.78)

Using this, we see that

D̄α̇(−4WαW α̇ −
2

3
ξ[Dα, D̄α̇]V ) = −ξD̄2DαV −

2

3
ξ(−1

2
[Dα, D̄

2]V − 2D̄2DαV )

= Dα(
1

3
D̄2V ) (6.79)

such that we have found a realisation of the FZ-multiplet and the corresponding
chiral field to be

Jαα̇ = −4WαW α̇ −
2

3
ξ[Dα, D̄α̇]V , (6.80)

ΦJ =
1

3
D̄2V . (6.81)

The R-symmetry that leaves the action invariant is given by

δRθ = irθ, δRV = 0, δRW
α = irWα . (6.82)

This implies for the components of V that

δRvµ = δRD = 0, δRλα = irλα (6.83)

Hence, the associated Noether current is given by

̃µ =
i

2
(λσµδλ̄+ λ̄σµδλ) (6.84)

as follows from (6.76). On the other hand, the lowest component of the FZ-
multiplet is given by

jµ = λσµλ̄+
1

3
ξvµ (6.85)

This is problematic not only due to the discrepancy, but also because the ad-
ditional term is not gauge invariant. This leads to an additional term in the
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corresponding R-charge that does not vanish and is not gauge invariant.

Once again, the S-multiplet has no such issues. A realisation of the S-multiplet
and the corresponding fields is given by

Sαα̇ = −4WαW α̇ ,

ΦS = 0 , (6.86)

WSα = ξD̄2DαV ,

which is basically just the R-multiplet (this is not surprising because, as pointed
out, the theory has an R-symmetry). Now, the problematic bosonic part of the
lowest component is once again dropped and we find

jµ = λσµλ̄ (6.87)

as desired.
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7 The Supercurrent for the Gauged Sigma Model

We would like to find the supercurrent for a more general model than SQED
or the sigma model. The model we will investigate is the gauged sigma model.
In this model, we take the sigma model as a starting point, and investigate
how it behaves when we transform the fields, which act as local coordinates
of the manifold, by isometry transformations. We will first consider how the
theory behaves under global isometry transformations, then proceed by gauging
these. This was first studied in component space in [22]. The gauging proce-
dure is rather more difficult in superspace than in component space, as there is
no straightforward way to add the gauge fields like replacing derivatives with
covariant derivatives. There are at least two dfferent ways of obtaining the
superfield gauge terms. We will adhere to the method of [23], although our
notation will be mostly along the lines of [24]. Following this, we will study
possibilities for the supercurrent of this theory.

7.1 Global Isometry Invariance of the Sigma Model

Our starting point is the sigmal model action (5.34)

S[Φi, Φ̄̄] =

∫
d4x

∫
d2θd2θ̄ K(Φi, Φ̄̄) +

∫
d2θW (Φi) +

∫
d2θ̄W (Φ̄̄) . (7.1)

The symmetry transformations we are interested in are described by the holo-
morphic isometry group of the Kähler manifold. This group is generated by the
Killing vectors

XA = Xi
A(Φi)

∂

∂Φi

X̄A = X̄ ̄
A

∂

∂Φ̄̄
, (7.2)

with (XA)∗ = X̄A. These generators satisfy the following brackets:

[XA, XB ] = f C
AB XC , [X̄A, X̄B ] = f C

AB XC , [XA, X̄B ] = 0 . (7.3)

Under the isometry algebra, the coordinates of the manifold transform as

δλΦi ≡ λAXi
A(Φi) , δλΦ̄̄ ≡ λAX̄ ̄

A(Φ̄̄) . (7.4)

and hence, the variation of the metric is given by

δλKī(Φ
i, Φ̄̄) = ∂mKīλ

AXm
A + ∂l̄Kīλ

AX̄ l̄
A

= λA(XA + X̄A)Kī . (7.5)

By definition, isometries preserve distance. As the line element on the manifold
is given by

ds2 = KīdΦidΦ̄̄ , (7.6)
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the Killing vectors must satisfy

δλ ds
2 = λA[(Xm∂m + X̄ l̄∂l̄)Kī +Km̄∂iX

m +Kil̄X̄
bl]dΦidΦ̄̄

= λA[∂̄(Kil̄X̄
l̄) + ∂i(Km̄X

m]dΦidΦ̄̄

!
= 0 , (7.7)

and hence

∇̄Xi(Φ
i, Φ̄̄) +∇iX̄(Φ

i, Φ̄̄) = 0 , (7.8)

must hold for the Killing vectors. This equation is the Killing equation on a
complex manifold. Notice that the covariant derivatives are actually equal to
the partial derivatives, as the connection satisfies Γk̄i = Γl̄ī = 0. The Killing
equation is satisfied locally by defining

KīX
i
A = i∂̄UA , KīX̄

̄
A = −i∂iUA , (7.9)

where UA(Φi, Φ̄̄) is a real scalar function known as the Killing potential.
The Kähler potential transforms as

λA(Xi
A∂i + X̄ ̄

A∂̄)K = λA(Xi
A∂iK − iUA) + λA(X̄ ̄

A∂̄K + iUA)

≡ λAFA(Φi) + λAF̄A(Φ̄̄) . (7.10)

As this is nothing but a Kähler transformation, the kinetric term of the action
remains invariant under global isometry transformations. The fact that F is
holomorphic follows by differentiating and comparing with (7.9):

∂̄FA = KīX
i
A − i∂̄UA = 0 . (7.11)

Just as in the case of super Yang-Mills theory, we simply demand that the po-
tential is gauge invariant under these transformations, which ensures that the
total action is invariant.

Since the Killing vectors span the Lie algebra, (7.10) can be used to find a
commutation relation of sorts for the Kähler transformation terms:

(XA + X̄A)(FB + F̄B)− (XB + X̄B)(FA + F̄A) = ([XA, XB ] + [X̄A, X̄B ])K

= fCAB(FC + F̄C) , (7.12)

leading to

XAFB −XBFA = f C
AB FC + iCAB

X̄AF̄B − X̄BF̄A = f C
AB F̄C − iCAB (7.13)

with CAB constant, antisymmetric and real, and satisfying CA[Bf
A

CD] = 0
due to the Jacobi identity. As long as the isometry group contains no abelian
subgroups with f C

AB = 0, we can set

CAB = f C
AB ξC , (7.14)
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as this can be inverted to find ξC = f E
CD CEGβ

DG, with β the metric used to
raise and lower indices. This metric is the Killing form, as defined in (2.13) and,
as noted, is given by

βAB = −f D
AC f C

BD . (7.15)

As was stated before, the metric is degenerate if and only if the Lie algebra on
which it is defined, which is the isometry algebra in this case, is not semisimple.
If this is the case, ξC is ill-defined. Assuming that this is not the case, the
constant can be removed.

We rewrite the isometry Kähler transformation in terms of shifted Kähler
transformation terms FA + F̄A = F ′A + F̄ ′A, with the shifted terms given by

F ′A = FA − iξA .

Rewriting the commutation relation (7.12) by means of these shifted terms leads
to

(XA + X̄A)(FB + F̄B)− (XB + X̄B)(FA + F̄A) = f C
AB (F ′C + F̄ ′C) (7.16)

such that

XAFB −XBFA = f C
AB FC . (7.17)

This shift results in a shift in the Killing potential due to (7.10), sending

UA → U ′A = UA + ξA . (7.18)

Therefore, if there is a term in the action proportional to V AUA, such shifts will
produce Fayet-Illiopoulos terms. Demanding that the constant CAB is removed
in this way fixes both the Killing potential and the isometry Kähler transfor-
mation terms.

In the case of abelian subgroups, CAB cannot be removed in this way. If there
are non-zero CAB , these will form obstructions to gauging, preventing the full
isometry group to be gauged. In this case, subgroups of the isometry group can
still be gauged. See [25] for more details.

7.2 The Gauged Sigma Model

In order to make the isometry transformations local, we replace the constant
parameters λA with coordinate dependent superfields Λ and Λ̄. As we demanded
that the potential is invariant under global gauge transformations, it will also
be invariant under local gauge transformations as the potential is holomorphic
and contains no derivatives. The kinetic term requires the introduction of gauge
terms to remain invariant. For transformations that leave the Kähler potential
globally invariant, that is, δλK(Φi, Φ̄̄) = 0, the same trick can be used as in
the Yang-Mills case: we find a Φ̃̄ that transforms as

δΛΦ̃̄ = ΛAX̄A (7.19)
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such that

δΛK(Φi, Φ̃̄) = ΛA(Φi)(XA + X̄A)K(Φi, Φ̃̄) = 0 . (7.20)

Before, Φ̃̄ was given by Φ̄̄eV . It turns out that something similar works this
time:

Φ̃̄ ≡ eiV
AX̄AΦ̄̄ . (7.21)

As eV → e−Λ̄eV e−Λ, it follows that

e−iV
AXA → eΛ̄BXBe−iV

AXAe−ΛCXC . (7.22)

Complex conjugating this equation then leads to

Φ̃̄ → (eΛBX̄BeiV
AX̄Ae−Λ̄CX̄C )(eΛ̄DX̄D Φ̄̄) = eΛAX̄AΦ̃̄ , (7.23)

exactly as desired.

However, this trick is not good enough if instead the variation of the Kähler
potential leads to a Kähler transformation. In the general case where F (Φ) 6= 0,
the transformation of the Kähler potential (7.10) becomes

δΛK(Φi, Φ̄̄) = ΛAF (Φ) + Λ̄AF̄ (Φ̄) + i(Λ− Λ̄A)UA , (7.24)

such that the substitution Φ̄ 7→ Φ̃ would lead to a factor
∫
d2θd2θ̄ ΛAF̄A in the

action, which does not vanish. To compensate, we introduce additional terms
to the action K → K ′ ≡ K − ζ − ζ̄ which transform as

δλζ = λAFA(Φi) , δλζ̄ = λAF̄A(Φ̄̄) . (7.25)

These additional terms can be thought of as auxiliary variables and can be
included in the Killing vectors by setting

X ′A = XA − iFA
∂

∂ζ
, X̄ ′A = X̄A + iF̄A

∂

∂ζ̄
. (7.26)

These new Killing vectors still satisfy the algebra relation (7.3) due to (7.13),
provided the constants CAB vanish. It is for this reason that it is necessary to be
able to remove these obstructions if we are to gauge the full group. Now, when
requiring the action to be invariant under local transformations, we proceed as

before, setting Φ̄̄ → Φ̃̄ and ζ̄ → ζ̃ ≡ eiV AX̄′
A ζ̄ such that

δΛK
′(Φi, Φ̃̄, ζ, ζ̃) = ΛA(X ′A + X̄ ′A)K(Φi, Φ̃̄)− ΛA(X ′Aζ + X̄ ′Aζ̃)

= 0 (7.27)

such that the model is gauge invariant.
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So we have found the invariant kinetic term to be K(Φi, Φ̃̄) − eiV AX̄′
A ζ̄ − ζ.

Now we wish to rewrite it in terms of the Kähler potential dependent on the
old variables and without the newly introduced ζ. First, since X̄ ′AΦi = 0, the
Kähler potential can be rewritten as

K(Φi, eiV
AX̄′

AΦ̄̄) = eiV
AX̄′

AK(Φi, Φ̄̄)

= K(Φi, Φ̄̄) + (eiV
AX̄′

A − 1)(iV BX̄B)−1(iV CX̄C)K(Φi, Φ̄̄)

= K(Φi, Φ̄̄) + (eiV
AX̄′

A − 1)(iV BX̄ ′B)−1(iV C(iF̄C + UC)) ,
(7.28)

where in the last line the definition of F̄ (7.10) has been used. The auxiliary
variable can also be rewritten in this way as

eiV
AX̄′

A ζ̄ = ζ̄ + (eiV
AX̄′

A − 1)(iV BX̄B)−1(V C F̄C) . (7.29)

Inserting both of these into the action, the term proportional to the Kähler
transformation term F̄C drops out, as do the auxiliary variables which do not
contribute, which in turn reduces the primed Killing vectors to the old ones.
Also, in order to make the hermitian nature of the action manifest, we make use
of the fact that V AV BXAUB = −V AV BX̄AUB , and we add the kinetic terms
for the gauge fields, leaving us with

S[Φi, Φ̄̄] =

∫
d4x

∫
d2θd2θ̄ K(Φi, Φ̄̄) +

e
i
2V

A(X̄A−XA) − 1
i
2V

B(X̄B −XB)
V CUC(Φi, Φ̄̄)

+

∫
d2θ W (Φi) +

1

4
Wα
AW

A
α +

∫
d2θ̄ W (Φ̄̄) +

1

4
W

α̇

AW
A

α̇ . (7.30)

The operators in the denominator of the gauge term are somewhat of an abuse
of notation and should be interpreted by means of a power series.

7.3 The Supercurrent for Abelian Gauged Sigma Models

We can now investigate what a suitable supercurrent is for the gauged sigma
model. We take the gauge group to be abelian, and the model has

S[Φi, Φ̄̄] =

∫
d4x

∫
d2θd2θ̄ K(Φi, Φ̄̄) +

e
i
2V

A(X̄A−XA) − 1

V BX̄B
V CUC(Φi, Φ̄̄)

+

∫
d2θ W (Φi) +

1

4
Wα
AW

A
α +

∫
d2θ̄ W (Φ̄̄) +

1

4
W

α̇

AW
A

α̇ (7.31)

as action. From this point on, we will define

G(Φi, Φ̄̄, V ) ≡ e
i
2V

A(X̄A −XA)− 1

V BX̄B
V CUC(Φi, Φ̄̄) (7.32)
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to make notation slightly easier. The equations of motion for the model are
given by

−1

4
D̄2 δ(K +G)

δΦi
+
δW

δΦi
= 0 (7.33)

δG

δVA
+ D̄α̇W

A

α̇ = 0 . (7.34)

As this model does not generally have anR-symmetry and has a Kähler potential
that is not necessarily exact, we will not bother with the FZ- and R-multiplets,
and instead try and find a realisation of the S-multiplet straight away. As the
model can be seen as LGσM = LSQED +LK +LG, a tempting starting point is
to try and see if the S-multiplet is also just the sum of the S-multiplets for the
other models:

Sαα̇
?
= SKαα̇ + SSQEDαα̇ + SGαα̇ , (7.35)

where each term independently satisfies the defining equation of the S-multiplet
(6.56). For free SQED without a Fayet-Illiopoulos term, the S-multiplet realisa-
tion (6.86) can be used after generalising the number of gauge fields and setting
ξ = 0 to find

SSQEDαα̇ = −4(WA)αW
A

α̇

ΦSQEDS = 0 (7.36)

(WSSQED)α = 0 .

The S-multiplet realisation for the sigma model was found in (6.72) to be

SKαα̇ = 2KīDαΦiD̄α̇Φ̄̄

ΦKS = −4W (7.37)

(WSK)α = −D̄2DαK .

However, both of these realisations only satisfied the defining equation for the
S-multiplet up to equations of motion, which are now different. By making use
of these, we can find that differentiation of the supercurrent for the ungauged
sigma model now leads to

D̄α̇(2KīDαΦiD̄α̇Φ̄̄) =− D̄α̇(2∂i∂̄GDαΦiD̄α̇Φ̄̄)− D̄2Dα(K +G)− 4DαW

+ 2D̄α̇(2∂i
δG

δV A
D̄α̇V

ADαΦi) + D̄2(
δG

δV A
DαV

A) .

(7.38)

A number of the new terms here are not of the form of WSα or DαΦS but instead
are of the form D̄α̇Sαα̇, suggesting that these are in fact the correct gauge
terms to add to the S-multiplet realisation. In this way, the terms SK and SGαα̇
become entwined and can not be written independently from one another in a
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way that satisfies the defining equation (6.56). Hence, we try and reformulate
our supposition for the solution of the S-multiplet (7.35) as

Sαα̇
?
= SK+G

αα̇ + SSQED+G
αα̇ , (7.39)

where instead of three terms that satisfy the defining equation independently,
we now have two. The first of these follows straightforwardly from (7.38): the
realisation

SK+G
αα̇ =2∂i∂̄(K +G)DαΦiD̄α̇Φ̄̄ − 2G′′ABDαV

AD̄α̇V
B

− D̄α̇G
′
ADαV

A −G′AD̄α̇DαV
A + 2DαG

′
AD̄α̇V

A

ΦK+G
S =− 4W (7.40)

(WSK+G)α =− D̄2Dα(K +G) .

satisfies the defining equation. Here, the shorthand notations

G′A ≡
δG(Φ, Φ̄, V )

δV A

= e
i
2V

B(X̄B−XB)UA (7.41)

and

G′′AB ≡
δ2G

δV AδV B

=
i

2
e
i
2V

C(X̄C−XC)(X̄B −XB)UA (7.42)

have been introduced. If, rather than the infinitesimal, we consider the finite
transformations

Φi → Ψi ≡ eΛXΦi

Φ̄̄ → Ψ̄̄ ≡ eΛ̄X̄Φ̄̄ , (7.43)

it follows that the first term of SK+G
αα̇ is gauge invariant:

2∂i∂̄(K +G)DαΦiD̄α̇Φ̄̄ → 2
∂Φk

∂Ψi
∂k
∂Φ̄l̄

∂Ψ̄̄
∂l̄(K +G)

∂Ψi

∂Φr
DαΦr

∂Ψ̄̄

∂Φ̄n̄
D̄α̇Φ̄n̄

= 2∂i∂̄(K +G)DαΦiD̄α̇Φ̄̄ . (7.44)

Although it is not immediately obvious that the additional terms in the S-
multiplet realisation are also gauge invariant, ΦK+G

S and (WSK+G)α both clearly

are, so D̄α̇SK+G
αα̇ is gauge invariant, implying that SK+G

αα̇ could transform by a
chiral field at most. Complex conjugation of the defining equation implies that
DαSK+G

αα̇ is invariant, so the tramsformation of SK+G
αα̇ is further restricted to

also be an antichiral field. As the variational parameters are not restricted to
be both chiral and antichiral, this can only be satisfied by δΛSK+G

αα̇ = 0.
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This leaves us with the issue of finding a suitable realisation SSQED+G
αα̇ . We

attempt to construct this term from the SQED realisation (7.36). Unfortu-
nately, this turns out to be rather problematic. Due to the new equations of
motions, we find that

D̄α̇(−4WαW α̇) =
δG

δV A
D̄2DαV

A . (7.45)

As it is, the term that appears on the right hand side of this equality is not
manifestly of the form D̄α̇Sαα̇, DαΦ or Wα, which means that it is not obvious
what to do with this term in order to find a realisation of SSQED+G

αα̇ . In fact, it
is not even clear whether or not this is even a possibility.

It may be that the solution found for SK+G
αα̇ (7.40)is already the supercur-

rent for the theory. For this to be the case, it is necessary that in the limit
where the chiral and antichiral superfields vanish, the supercurrent reduces to
the supercurrent of free SQED. It is not clear to the author whether or not it
does. Therefore, without further insights, it cannot be concluded whether or
not (7.40) is the supercurrent for this model.

Thus, unfortunately, a realisation of the S-multiplet for the abelian gauged
sigma model is unknown to the author at this point.
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8 Conclusion

In the first four chapters, we have discussed the fundamental theory of super-
symmetry, which consists of the Lie superalgebra known as the Poincaré super-
algebra, and superspace. We have examined the relation between the Poincaré
algebra and the superextension. We have extended the antihermitian repre-
sentation theory of the Poincaré algebra to include the supercharges. We have
introduced supernumbers, constructed supervector spaces over the algebra of
supernumbers, and examined the difference between representations of Lie su-
peralgebras over complex scalars on graded vector spaces with representations
of Lie algebras over superscalars on supervector spaces. We have concluded that
the supervector space R4|4 is to the Poincaré superalgebra what Minkowski space
is to the Poincaré algebra.

This was followed by a description of field theory in superspace. We have
seen how superspace offers a way to write down actions in a compact and mani-
festly supersymmetric way. We have discussed the dynamical variables of super-
space, superfields, and explained what kind of superfields are useful to construct
actions. We have constructed the action for basic theories, namely the Wess-
Zumino model, the sigma model, and gauge theories.

Thirdly, we have described how to define current multiplets, how to ensure
they contain well-defined conserved components that may have realisations as
the currents of a theory, and how to find supercurrent realisations of these
multiplets. Specifically, we have discussed the most widely used Ferrara-Zumino
multiplet, the R-multiplet, which has realisations only for theories with R-
symmetry, and the S-multiplet, a bigger multiplet which generalises the other
two. We have also discussed the superspace equivalent of improvement terms
that could be used to modify the current multiplets. We have seen that, if
a theory has an FI-term, or a Kähler potential which does not have an exact
Kähler form (i.e., multiple coordinate patches are required to globally describe
the manifold), realisations of the FZ-multiplet are ill-defined and one should use
the S-multiplet instead.

Finally, we have studied the gauged sigma model. We started out discussing
how to use Killing vectors to describe the isometries of the model, and how
the model transformed under global isometries. We then proceeded to the case
where the transformations were local, and described how to find the correct
way to add the gauge terms, which is unfortunately not as straightforward in
superspace as in Minkowski space. The way we managed to find the correct
gauge term was by adding auxiliary fields, transforming these, and then remov-
ing them in the end. An attempt was made to find a supercurrent realisation
of the S-multiplet for this model, which led to some results, but, unfortunately,
was not conclusive.

Apart from studying the correct way to fix this realisation, there is another
topic that is interesting for further investigation. Just as in a normal gauge
theory, where the gauge terms are added by coupling the Noether current of
the symmetry that is gauged to the gauge field, it is possible to couple the
supercurrent to a gauge superfield. Since the supercurrent contains both the
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energy-momentum tensor and the supersymmetry current, this would gauge
both supersymmetry and translation symmetry (and, if it exists for the the-
ory, R-symmetry). Thus, this procedure leads to a first order description of
supergravity.
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A Appendix

A.1 SL(2,C)
The Lie group SL(2,C) is defined as the set of all complex 2 × 2 matrices of
unit determinant:

SL(2,C) = {A ∈ GL(2,C) | det(A) = 1} . (A.1)

It has a natural action on C2 by multiplying a vector with a matrix. Alter-
natively, we can define another action on C2 by multiplying a vector with the
complex conjugate instead. In order to keep track of this difference, we will
denote elements in different representations by different indices. We will use
letters at the beginning of the Greek alphabet (α, βγ...) to denote the natural
representation, and dotted indices (α̇, β̇γ̇...) to indicate the complex conjugate
representation. Both dotted and undotted indices take value in {1, 2}. Thus,
in the first case, we would have %1(A)v = A β

α vβ , while in the second case, we

have %2(A)v = Ā β̇
α̇ vβ̇ (as a reminder, indices of R3,1 are given by Greek in-

dices starting halfway through the alphabet (µ, ν, κ, λ, ρ, ...) and take values in
{0, 1, 2, 3}). These representations also induce two representations on the dual
of C2, which we denote by raised indices. Indices are raised and lowered in the
usual fashion by means of the metric, as described in A.2, (A.9).

SL(2,C) is spanned by the Pauli matrices. We will define a vector

σµαα̇ = (−1, σ1, σ2, σ3) (A.2)

which satisfies a great deal of useful equations, which can be found in A.3. This
vector gives a bijection between 2× 2 Hermitian matrices and vectors in R3,1:

xµ 7→ xµσ
µ
αα̇ =

(
−x0 + x3 x1 − ix2

x1 + ix2 −x0 − x3

)
.

The norm of the vector is preserved, as xµx
µ = −det(xµσ

µ
αα̇). This map is

invertible

yαα̇ = xµσ
µ
αα̇ ⇔ xµ =

1

2
σ̄α̇αµ yαα̇ (A.3)

as follows from (A.31).
There is a representation of SL(2,C) on the set of all Hermitian 2 × 2 ma-

trices: given A ∈ SL(2,C), a representation of SL(2,C) on a 2 × 2 Hermitian
matrix xαα̇ as

x 7→ AxA†

where the Hermitian conjugate ensures that the image of the action is still a
Hermitian matrix. Note that the determinant of x remains preserved, and that
the kernel of the action is, as expected, {1,−1}. Thus, it now follows that the
action of SO+(3, 1) on R3,1 can be extended to SL(2,C). Explicitly, the action
is given by

A : xµ 7→ 1

2
(σ̄µ)β̇βA α

β σµαα̇xµĀ
α̇
β̇
. (A.4)
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A.2 From Majorana to Weyl Spinors

Fermions are represented throughout this thesis by two-component Weyl spinors,
instead of the more commonly used four-component Majorana or Dirac spinors.
This appendix, meant for people who are unfamiliar with Weyl spinors, will
demonstrate how to transition from one to the other, and will be the only place
where we make use of Majorana spinors. Our conventions for Majorana spinors
are as follows: We define Majorana spinors with upper index ψ = ψa. The
conjugate is then given by

ψ̄ ≡ ψbCba , (A.5)

where Cba is the charge conjugation matrix, which is antisymmetric. Indices
are raised and lowered via the North-West, South-East convention; that is,

ψa = ψbCba , ψa = Cabψb . (A.6)

The transition from Majorana spinors to Weyl spinors is given by

ψaM =

(
ψα

ψ̄α̇

)
. (A.7)

For Weyl-spinors, the metric is also antisymmetric: note that this is necessarily
so, since spinors anticommute. We raise and lower indices of Weyl spinors by
means of the Levi-Civita tensors, also with the North-West, South-east conven-
tion

χα = χβεβα , χα = εαβχβ

χ̄α̇ = χ̄β̇ ε̄β̇α̇ , χ̄α̇ = ε̄α̇β̇χ̄β̇ , (A.8)

with the normalisation of the metric given by

ε12 = ε12 = 1 ,

ε̄1̇2̇ = ε̄1̇2̇ = −1 . (A.9)

This means the charge conjugation matrix is given by

Cab =

(
εαβ 0

0 ε̄α̇β̇

)
. (A.10)

Thus, the Weyl decomposition of ψ̄M is given by

ψMa = (ψα,−ψ̄α̇) (A.11)

and the inner product results in

ψ̄MχM = −(ψ̄α̇χ̄α̇ + ψαχα) . (A.12)

The gamma matrices will be decomposed in terms of Pauli matrices via

(γµ)ab =

(
0 −i(σµ)αβ̇

iσ̄µα̇β

)
. (A.13)

All conventions regarding Pauli matrices are described in A.3.
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A.3 Pauli Matrices

The Pauli matrices are well-known and given by

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ1 =

(
1 0
0 −1

)
. (A.14)

The Pauli matrix vectors are defined as

(σµ)αα̇ ≡ (1,σ) , (A.15)

σ̄µα̇α ≡ (−1,σ) . (A.16)

In a sense, they form a representation of the Clifford algebra, since

(σµ)αα̇σ̄να̇β + (σµ)αα̇σ̄µα̇β = 2ηµνδαβ , (A.17)

σ̄µα̇α(σν)αβ̇ + σ̄να̇α(σµ)αβ̇ = 2ηµν δ̄β̇α̇ . (A.18)

By raising and lowering indices, another set of Pauli matrix vectors are found:

(σ̄µ)α̇α = ε̄α̇β̇εαβ σ̄µ
β̇β

= (1, σ1,−σ2, σ3) , (A.19)

σµαα̇ = (σµ)ββ̇εβαε̄β̇α̇ = (−1, σ1,−σ2, σ3) . (A.20)

Given these four, the following intuitively expected equations can be proven
with one-line calculations:

(σµ)αα̇ = εαβ ε̄α̇β̇σµ
ββ̇

, (A.21)

(σ̄µ)α̇α = εαβ ε̄α̇β̇ σ̄µ
β̇β

. (A.22)

As can readily be checked by the explicit expressions, σ̄µ is the transposed of
the σµ, such that

(σ̄µ)β̇α = (σµ)αβ̇ , (A.23)

σ̄µ
β̇α

= σµ
αβ̇

. (A.24)

Complex conjugation reverses order of spinors and sends the defining repre-
sentation to the conjugate representation. Hence, the complex conjugate of σµ

is given by

[(σµ)αβ̇ ]∗ = (σµ)βα̇ . (A.25)

The commutators are defined as

(σµν)αβ ≡
1

2
[(σµ)αγ̇ σ̄νγ̇β − (σµ)αγ̇ σ̄µγ̇β ] , (A.26)

(σ̄µν) β̇
α̇ ≡

1

2
[σ̄µα̇γ(σµ)γβ̇ − σ̄να̇γ(σµ)γβ̇ ] . (A.27)
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By making use of the transposition rules, complex conjugation and raising and
lowering indices, the following must hold for the commutators:

(σµν)αβ = (σµν)βα (A.28)

[(σµν)αβ ]∗ = −(σ̄µν) α̇
β̇

(A.29)

(σµν)αα = 0 . (A.30)

A product of Pauli matrices can be written as the sum of the commutator
and the anticommutator, which leads to the identities most used in this thesis:

(σµ)αγ̇ σ̄νγ̇β = 2ηµνδαβ + (σµν)αβ (A.31)

σ̄µα̇γ(σµ)γβ̇ = 2ηµν δ̄α̇
β̇

+ (σ̄µν) β̇
α̇ (A.32)

and the transposed variants

(σµ)αγ̇(σ̄ν)γ̇β = 2ηµνδαβ − (σµν) β
α (A.33)

(σ̄µ)α̇γ(σµ)γβ̇ = 2ηµν δ̄α̇
β̇
− (σ̄µν)α̇

β̇
. (A.34)

For the products of three matrices, the identities are

σµσ̄νσρ = iεµνρτστ + ηνρσµ − ηρµσν + ηµνσρ (A.35)

σ̄µσν σ̄ρ = −iεµνρτ σ̄τ + ηνρσ̄µ − ηρµσ̄ν + ηµν σ̄ρ (A.36)

which results in the following for products involving the commutator:

σµνσρ = ηνρσµ − ηρµσν + iεµνρτστ (A.37)

σ̄µν σ̄ρ = ηνρσ̄µ − ηρµσ̄ν − iεµνρτ σ̄τ (A.38)

and

σ̄ρσµν = −ηνρσ̄µ + ηρµσ̄ν − iεµνρτ σ̄τ (A.39)

σρσ̄µν = −ηνρσµ + ηρµσν + iεµνρτ σ̄τ . (A.40)

In the case of a contraction of two commutators, use can be made of

(σµν) β
α (σνρ) γ

β = 3δρµδ
γ
α − 2(σ ρ

µ ) γ
α (A.41)

or its complex conjugate

(σ̄µν) β̇
α̇ (σ̄νρ)

γ̇

β̇
= 3δρµδ̄

γ̇
α̇ + 2(σ̄ ρ

µ ) γ̇
α̇ . (A.42)

A.4 Other Conventions & Miscellaneous Useful Identities

This appendix is meant as a quick overview of conventions used which are not
yet referred to in the appendices on Weyl spinors and Pauli matrices.
The signature of the Minkowski metric used is

ηµν = diag(−1,+1,+1,+1) , (A.43)
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and the Levi-Civita tensor in Minkowski space is defined as

ε0123 = −ε0123 = 1 . (A.44)

We make use of antihermitian Lie algebra generators, satisfying the following
bracket:

[TA, TB ] = f C
AB TC . (A.45)

The complex conjugation of a spinor is defined as

(εαβ)∗ = ε̄β̇α̇ , (εαβ)∗ = ε̄β̇α̇ (A.46)

(χα)∗ = χ̄α̇ , (χα)∗ = −χ̄α̇ (A.47)

(ψχ)∗ = ψ̄χ̄ (A.48)

If spinor indices are not spelled out, contractions are made as follows:

θχ = θαχα (A.49)

θ̄χ̄ = θ̄α̇χ̄α̇ (A.50)

θσµχ̄ = θα(σµ)αα̇χ̄α̇ (A.51)

θ̄σ̄µχ = θ̄α̇σ̄µα̇αχ
α (A.52)

θ(σµν)χ = θβ(σµν)βαχ
α (A.53)

θ̄(σ̄µν)χ̄ = θ̄α̇(σ̄µν) β̇
α̇ χ̄β̇ . (A.54)

Note that (A.50) specifically is an uncommon convention.
The derivatives acting on spinorial coordinates are defined as

∂αθ
β = δβα (A.55)

∂α̇θ̄
β̇ = δ̄β̇α̇ , (A.56)

which are part of the supercovariant derivatives

Dα = ∂α − iσµαα̇θ̄
α̇∂µ (A.57)

D̄α̇ = ∂α̇ − iσ̄µα̇αθ
α∂µ , (A.58)

and the supercharges

Qα = ∂α + iσµαα̇θ̄
α̇∂µ (A.59)

Q̄α̇ = ∂α̇ + iσ̄µα̇αθ
α∂µ . (A.60)

The supersymmetry transformations act on chiral fields as

δεΦ = (εQ+ ε̄Q̄)Φ . (A.61)
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The component expression of chiral superfields is

Φ =φ+ θχ+ θ2F + iθ̄σ̄µθ∂µφ

− i

2
θ2θ̄σ̄µ∂µχ+

1

4
θ2θ̄2�φ , (A.62)

and the component expressions of vector superfields and chiral field strength
tensors in Wess-Zumino gauge are given by

V = θ̄σ̄µθvµ + θ̄2θλ+ θ2θ̄λ̄+ θ2θ̄2D , (A.63)

Wα = eiθ̄σ̄
µθ∂µ [λα + 2θαD +

i

2
(σµν)βαfµν + iθ2σµ

αβ̇
Dµλ̄β̇ ] . (A.64)

Finally, we denote the lowest component of a superfield with the following no-
tation:

f(Φ, Φ̄)| ≡ f(Φ, Φ̄)|θ=θ̄=0 (A.65)

There are a number of useful identities that have been used in calculations
throughout this thesis. First of all, there is the Baker-Campbell-Hausdorff,
which is used to rewrite the product of exponents of non-commuting terms:

eXeY = exp(X + Y +
1

2
[X,Y ] +

1

12
[X, [X,Y ]] +

∑
j≥2

cj(adX)2jY +O(Y 3)) ,

(A.66)

where ad X · Y = [X,Y ].
There are also a number of spinor identities that have been used extensively.
The Fierz identities

θαχβ = −1

2
θχεαβ −

1

8
θ(σµν)χ(σµν)αβ (A.67)

θαθβ = −1

2
θ2εαβ (A.68)

allow us to rewrite the contractions of the indices of spinors. Using these, the
following identity is easy to prove, but very useful as it occurs often:

θ̄σµθθ̄σνθ = −1

2
θ2θ̄2ηµν . (A.69)

Due to (A.37), Levi-Civita contractions can occur, which can be simplified
through

εµνρσε
µνκλ = −2(δκρ δ

λ
σ − δλρ δκσ) . (A.70)

Laslty, there are a number of handy identities for derivatives and chiral fields
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in superspace:

{Dα, D̄α̇}D̄α̇ = D̄α̇{Dα, D̄α̇} (A.71)

−2{Dα, D̄α̇}D̄α̇ = [Dα, D̄
2] (A.72)

−{Da, D̄α̇}(Φ− Φ̄) = [Da, D̄α̇](Φ + Φ̄) (A.73)

D̄2DαΦ = 0 (A.74)∫
d2θf(Φ, Φ̄, V ) = −1

4
D2f(Φ, Φ̄, V )| (A.75)

[D2, D̄2] = 0 . (A.76)

A.5 Kähler Manifolds

In order to extend the Wess-Zumino model to the more general case of the
sigma model, some knowledge of Kähler manifolds is required. We shall briefly
introduce the necessary formalism here. This appendix mostly follows along the
lines of [26], with additional details taken from [27].

Given a smooth manifold M of dimension 2m, a tensor J of type (1, 1) on
M that satisfies

J2 = −1 (A.77)

is called an almost complex structure. By a tensor of type (1, 1) we mean that
J ∈ Γ(TM ⊗ T ∗M). If such an almost complex structure exists, M is called an
almost complex manifold.

The tangent space at a point of a manifold is a vector space over R. We can
complexify it by instead considering it as a vector space over C, such that

TpM
C ≡ {Z, Z̄ | Z =

1

2
(X + iY ), X, Y ∈ TpM} . (A.78)

It is then possible to extend the almost complex structure to act as a linear map
on TMC, still satisfying J2 = −1. The eigenvalues of Jp are ±i, and we can
split up the tangent space into the two eigenspaces, TpM

C = TpM
+ ⊕ TpM−.

These are defined by TpM
± = {Z|JpZ = ±iZ}, and vectors that are elements

of TpM
+(TpM

−) are called holomorphic vectors(antiholomorphic vectors).
An almost complex structure that is integrable is called a complex structure.

Here, by integrable, we mean that the holomorphic vector fields on M are in
involution: the Lie bracket of any two holomorphic vector fields is another
holomorphic vector field. A smooth manifold equipped with a complex structure
is called a complex manifold. Note that this is equivalent to demanding that M
has a holomorphic atlas. That is to say, given two coordinate charts, φi : Ui →
U

′

i ⊂ Cm, φj : Uj → U
′

j ⊂ Cm, the map φiφ
−1
j : φj(Ui ∩ Uj)→ φi(Ui ∩ Uj) has

to be complex differentiable.
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By making use of the complex structure, we can define operators

P± =
1

2
(1∓ iJp) (A.79)

such that, for an arbitrary vector X ∈ TpMC,

JpP
±(X) =

i

2
(−iJp ± 1)X = ±iP±(X) , (A.80)

so we conclude that these are projection operators to TpM
±. Furthermore, as

it must hold that ∀Z ∈ TpM+ ∃X ∈ TpMC such that Z = P+(X), we notice
that

Z̄ =
1

2
(1− iJp)W = P−(X) (A.81)

and hence, the complex conjugate vector resides in the other eigenspace. There-
fore, if we have ∂

∂za as a local basis for TpM
+, ∂

∂z̄b
forms a basis for TpM

− and
likewise the cotangent spaces. So we see that

Jp = idzi ⊗ ∂

∂zi
− idz̄̄ ⊗ ∂

∂z̄̄
. (A.82)

is an explicit expression for the complex structure at a given point p.

Let g = {gp} be a family of inner products gp : TpM × TpM → R, with
p 7→ gp(Xp, Yp) smooth for any two vector fields X,Y on M . If ∀p ∈M and for
any vector field X on M , gp(Xp, Xp) ≥ 0, then g is called a Riemannian metric.
In other words, g is a section of T ∗M ⊗ T ∗M .
By making use of the existence of partitions of unity and the existence of an
inner product on any vector space, it can be proven that any smooth manifold
admits a Riemannian metric.

A Riemannian metric on a complex manifold is called a Hermitian metric if
it satisfies

g(JX, JY ) = g(X,Y ) ∀X,Y ∈ TM , (A.83)

and the set (M,J, g) is called an Hermitian manifold.

Proposition. Any complex manifold admits a Herrmitian metric h.

Proof. Take an arbitrary Riemannian metric g. Define the metric h by setting

h(X,Y ) = g(X,Y ) + g(J(X), J(Y )) . (A.84)

Since this means that h(X,Y ) = h(JX, JY ), h is Hermitian.
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Given local bases dzi, dz̄̄ of TpM
±, the metric has the component expression

gp(., .) = gijdz
i ⊗ dzj + gı̄̄dz̄

ı̄ ⊗ dz̄̄ + gīdz
i ⊗ dz̄̄ + gı̄jdz̄

ı̄ ⊗ dzj . However, for
an Hermitian metric, we have that

gij = gp(
∂

∂zi
,
∂

∂zj
) = gp(Jp(

∂

∂zi
), Jp(

∂

∂zj
)) = i2gp(

∂

∂zi
,
∂

∂zj
) = −gij = 0

(A.85)

and by complex conjugation, we also find that gı̄̄ = 0. Thus the component
expression can be simplified to

gp(., .) = gī(dz
i ⊗ dz̄̄ + dz̄̄ ⊗ dzi) . (A.86)

We define the fundamental form as a two-form given by

Ω(X,Y ) ≡ g(JX, Y ) . (A.87)

The antisymmetry follows by explicitly writing out the fundamental form in
components, using (A.86) and (A.82). The component expression of the funda-
mental form turns out to be

Ωp = 2igīdz
i ∧ dz̄̄ , (A.88)

where the normalisation of the wedge product is a ∧ b = a⊗ b− b⊗ a.
In case the fundamental form is closed, that is, dΩ = 0, it is known as the

Kähler form. An Hermitian manifold with closed fundamental form is called a
Kähler manifold. We can examine the consequences of this demand by explicitly
writing out the Kähler form:

dΩp = (∂ + ∂̄)2igīdz
i ∧ dz̄̄

= i(∂kgī − ∂igk̄)dzk ∧ dzi ∧ dz̄̄ + i(∂k̄gī − ∂̄gik̄)dz̄k̄ ∧ dzi ∧ dz̄̄

!
= 0 . (A.89)

This leads to the conclusion that ∂kgī − ∂igk̄ = ∂k̄gī − ∂̄gik̄ = 0. This holds
if and only if there is a locally defined real function Ka(zi, z̄j) : Ua −→ R
satisfying gī = ∂i∂̄Ka. Such a function is called a Kähler potential. Notice
that this does not imply that 0 = gij = ∂i∂jKa.

On the overlap of two charts, (Ua, φa) and (Ub, φb) with local coordinates
z = φa(p), w = φb(p) for some p ∈ Ua ∩ Ub, the following must hold:

∂wr

∂zi
∂w̄s̄

∂z̄̄
∂

∂wr
∂

∂w̄s̄
Kb =

∂

∂zi
∂

∂z̄̄
Ka . (A.90)

This can only hold if

Ka(zi, z̄̄) = Kb(w
r, w̄s̄) + f(wr) + f̄(w̄s̄) , (A.91)

where f is a holomorphic function. Such transitions between Kähler potentials
on different coordinate patches are called Kähler transformations.
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Locally, we can express the Kähler form in terms of the Kähler connection:
some A for which Ωp = dA. Given the local component solution of the funda-
mental form on an open set Ua with Kähler potential Ka (A.88), it can readily
be checked that

A ≡ −i(Kidz
i −K̄dz̄

̄) (A.92)

is indeed a Kähler connection. Here, Ki is shorthand for ∂Ka(zk,z̄l̄)
∂zi and likewise

K̄. This is a rather unfortunate notation given the fact that up to now, sub-
script has been used to denote the specific coordinate patch; however, the main
text rarely requires this specification, so it should not lead to confusion.
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Models And Their Gauging In and Out of Superspace, Nucl. Phys.
B 266, p. 1, 1986.

[24] W.Bagger, J. Wess, Gauging the Supersymmetric Sigma Model with
a Goldstone Field, Phys. Lett. B 199 p. 243, 1987.

[25] T.T. Dumitrescu, Z. Komargodski, M. Sudano, Global Symme-
tries and D-Terms in Supersymmetric Field Theories, arXiv:
1007.5352v2, 2010.

[26] E.A. Di Napoli, The Role of Kähler and Special
Kähler Geometry in Supersymmetric Field Theory,
http://people.maths.ox.ac.uk/hausel/m392cr/dinapoli.pdf, 2003.

[27] S.J.G. Vandoren, Lectures on Riemannian Geometry,
Part II: Complex Manifolds, http://www.phys.uu.nl/ van-
doren/MRIlectures.pdf, 2008.

[28] K. Higashijima, M. Nitta, Kähler Normal Coordinate Expansion in
Supersymmetric Theories, arXiv: hep-th/0006027v4, 2001.

[29] O. Pelc, L. P. Horwitz, Generalization of the Coleman-Mandula
Theorem to Higher Dimension, arXiv: hep-th/9605147v1 1996.

[30] S.M. Kuzenko, Variant Supercurrent Multiplets, arXiv:
1002.4932v5, 2010.

[31] X. Bekaert, N. Boulanger, The unitary representations of the
Poincare group in any spacetime dimension arXiv: 0611263, 2006.

91

http://arxiv.org/abs/0905.4630v1
http://arxiv.org/abs/0904.1159v2
http://arxiv.org/abs/1007.5352v2
http://arxiv.org/abs/1007.5352v2
http://people.maths.ox.ac.uk/hausel/m392cr/dinapoli.pdf
http://www.phys.uu.nl/~vandoren/MRIlectures.pdf
http://www.phys.uu.nl/~vandoren/MRIlectures.pdf
http://arxiv.org/abs/hep-th/0006027v4
http://arxiv.org/abs/hep-th/9605147v1
http://arxiv.org/abs/1002.4932v5
http://arxiv.org/abs/1002.4932v5
http://arxiv.org/abs/0611263

	Introduction
	Lie Superalgebras
	The Poincaré Algebra
	The Poincaré Group and the Poincaré Algebra
	Unitary Representations of the Poincaré Group

	The Poincaré Superalgebra
	Supernumbers & Super Linear Algebra
	Superspace
	Antihermitian Representations of the Poincaré Superalgebra
	Finite Representations of the Poincaré Superalgebra

	Supersymmetric Field Theory
	Superfields
	The Wess-Zumino Model
	The Sigma Model
	Supersymmetric Gauge Theory

	Current Multiplets
	The Ferrara-Zumino Multiplet
	The R-multiplet
	The S-multiplet
	The Supercurrent for the Sigma Model
	The Supercurrent for Free SQED with an FI-term

	The Supercurrent for the Gauged Sigma Model
	Global Isometry Invariance of the Sigma Model
	The Gauged Sigma Model
	The Supercurrent for Abelian Gauged Sigma Models

	Conclusion
	Appendix
	SL(2,C)
	From Majorana to Weyl Spinors
	Pauli Matrices
	Other Conventions & Miscellaneous Useful Identities
	Kähler Manifolds


