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1 INTRODUCTION 1

1 Introduction

The Jacobian Conjecture is a conjecture formulated in 1939 by Ott-Heinrich Keller. It states that if a
polynomial mapping has a Jacobian matrix whose determinant is a non-zero constant, the mapping has a
polynomial inverse. This conjecture has been proven for mappings of degree equal to 1 and degree equal to
2. The proof for degree equal to 1 will be shown in the next section, the proof for degree equal to 2 can
be found in [1]. The conjecture for degree higher than 2 is notoriously difficult to prove, and many have
published proofs which turned out to be faulty. There are not many reasons to assume the conjecture to be
true, and if it is false, it has a counterexample with integer coefficients and Jacobian determinant equal to 1
12].

In this thesis we will explore the reduction theorem proposed by Hyman Bass, Edwin Connell, and David
Wright in 1982 [3]. This theorem states that we can reduce any polynomial mapping of degree higher than
3 to a mapping of the form F' = Id + N, where N is a cubic homogeneous map. This would mean that, to
prove the conjecture, it is sufficient to show it is true for maps of the form F = Id + N, where N is cubic
homogeneous.

After that we will look into a paper by Engelbert Hubbers [4], in which he uses the paper by Bass, Connell
and Wright to reduce an example function to a cubic homogeneous map, using a modified version of their
technique, and then to a cubic linear, or Druzkowski map.

We compare those techniques to find out the difference and pros and cons of using them.
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2 Conjecture

2.1 Notation

In this thesis we consider polynomial maps, F' : C* — C", where F = (F,...,F,), with each F; €
C[X4,...,X,]. For the sake of clarity, we will use the notation X = (Xj,...,X,,) in the rest of this paper.
Let us denote the Jacobian matriz of F by JF, where,

)
J

Conjecture 2.1.1. The Jacobian Conjecture
Let I : C™* — C"™ be a polynomial map. Then, if det JF € C*, F is invertible, with polynomial inverse.

Below the proof for degree equal to one is shown.

2.2 Proof for degree equal to one

Proof. Let F' : C* — C™, be a polynomial mapping of degree equal to 1. This implies that for F' =
(Fy,...,F,), F; = Z?Zl a;; X; + ¢ for a;;,¢; € C, 4,5 € {1,2,...,n}. The Jacobian matrix J(F') is then
equal to;

aill N a1n

anl .- Ann -

Suppose now that J(F') € C*, then J(F') is invertible, with inverse,

bn bln
c Mnxn((c)’

bn1 oo bun.

thus > _; aikb; = 0;;, the Kronecker delta. We now define
G:C" 5 C", G=(G,...,Gn),

where G; = Z?Zl b;; X, + gi, with b;; as in the matrix above, and g; = — Z;;l bjkcr,i € {1,2,...,n}. When

we now compose F' and G, we end up with;
FoG=(F,0G,...,F,0QG),

FioG= Zaij(z bir Xk +g5) +¢i

j=1 k=1
n n n
= E E aijbjk Xr + E aij9; + ¢
k=1 \j=1 J=1

n
Oi Xk — Z dikcr + ¢
1 =1

X,'—Ci—FC,‘:Xi.

I
M-

Thus F' is invertible, and its inverse is equal to G. O
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2.3 Strong Real Jacobian Conjecture

The conjecture also has a real variant, called the Strong Real Jacobian Conjecture.

Conjecture 2.3.1. Strong Real Jacobian Conjecture
Let F: R™ — R"™ be a polynomial map, and det JE(X) # 0 for all X € R™, then F is injective.

This conjecture implies the Jacobian conjecture. This is done by considering polynomial maps F : C* — C"
as maps F : R2" — R2" by splitting the real and imaginary part.

In 1994, Sergey Pinchuk [4] came up with a counterexample in dimension 2. In response to that, Engelbert
Hubbers [5] modified the technique used by Bass, Connell and Wright to reduce this example to a cubic

homogeneous map, after which he pairs this to a Druzkowski map, which is a polynomial map of the form,
F(x) = (z1+ (ajzr+ -+ agzn)’, oz + (afzr + -+ apwn)?),

where the matrix JF — I is nilpotent. The exact meaning of 'pairing’ in this case is further explained in

section 3.3.1.
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3 Reduction Theorem

3.1 Bass, Connell, and Wright
Notation
Let k be a commutative ring, for each integer n > 0 we write;
n={1,...,n}, and X = (Xq,...,Xy),
with the X; being indeterminates. For the polynomial algebra over k we write,
kP = k[X] = k[X,, ..., X,).

We then define,
MA, (k) = (") = {F = (Fy,...,F,)|F; € k" i € n}.

On this M A,,(k), we consider two structures.

1. Monoid We define composition as,
FoG=(Fi(G),...,F,(GQ)),
where the identity map, Id : X — X, is the neutral element.

2. Graded k-algebra We give M A, (k) the cartesian product ring structure, with grading
MA, (k)@ = (K",

this comes from grading k™ by modules k;([i”] of forms in X of degree d > 0. For F' € M A,,(k), we write

F=> Fay, where Figy = (Fay1,-- -, Fa),n) is the d — th homogeneous component of F'. Note that
d>0

Fpy = F(0). We call the largest d for which F(4y # 0 the degree of F', denoted deg(F).

We now consider the Jacobian matrix of a function F,
J: MA, (k) — M™" (k")

D\Fy ... D,F
J(F) = : : ,where D, F; =
DiF, ... D,F,
and note that it satisfies J(G(F)) = J(G)(F) - J(F).
We see that J(F')(0) = J(F(1))(0), the Jacobian matrix of the linear endomorphism F{;) at zero.
We now put

oF,
0xX;’

I°(k) = {F € MA,(k)|F(0) = 0}

d>1

We note that for F € I°(k), and G € MA,(k), FG(X) = (F1(X)G1(X),..., Fo(X)G, (X)), and thus
FG(0) = (F1(0)G1(0),...,F,(0)G,(0)) = 0G(0) = 0, and in the same way, GF(0) = 0. Thus, for any
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F e I°k), and G € MA,(k), GF,FG € I°(k), meaning that I°(k) is an ideal of M A, (k).
We can define,

Jo : I°(k) — M™ "™ (),
Jo(F) = J(F)(0).
This is a monoid homomorphism with respect to composition, with kernel,

I'(k) = {F € MA,(k)|F(0) =0, and J(F)(0) = Id}
={F € MA,(k)|F = X mod I°(k)?}.

We can now define for any d > 0
I(k) = {F|F = X mod I°(k)%*1}.
This is then the kernel of the natural homomorphism,
Endy_ o4 (k"™) = Endi—ay (K" /(X)*1),

where End_, g(k[n]) is the collection of k-algebra endomorphisms that stabilizes the ideal (X). Explicitly
End))_,,, (k") = {F € Endy_ay(K")|F(X) = X,VX € (X)}.

Proposition 3.1.1.
Let F € MA,(k), then
F = (X +F(0)o F},

where F'y = 3 Fgy. If F(y) is invertible, then,
d>1

F=(X+F(0)oFuyoF, (3.1)
with F' € T' (k). More specifically, F is invertible if and only if F' is invertible.

Proof. The first statement is quite straightforward,
(X+F0)oFy=XoF, +F(0)oF, =F, +F(0)=F, (since F(0)= Fq))

Then for I € M A, (k), Fyo F' = dgo Fyo F(’d). For this to be equal to F'., we need F(/o) = (),F(’l) =1d,

and F(’d) = (F(l))*l o Fgy, for d > 2. For this to hold, F(1y must be invertible, and F’ must be an element of

I (k). O
Remark 3.1.2. Since F' is a composite of functions, it follows that its inverse is a composite of inverses.

Meaning that F is invertible if and only if F’ is invertible, and we may restrict, for the Jacobian Conjecture,
to elements F € I'(k).

Definition 3.1.3. We call a function elementary if for some j, F;(X) = X, for i # j, and F;(X) — X is
independent of X;.

Example. An example of an elementary function is, F(X) = (X1, Xa,..., X;—1,a1 X1 + ... + ;1 X1 +
Xi+aj1 X1+ . +anXn, Xjq1,...,Xy), with a; € R, i€ {1,...,n}, for an arbitrary j € {1,...,n}.
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The inverse of an elementary function is of the form (F~1!); = 2X; — F;. We can check this per component,
for any i # j, F;(X) = X; = F; '(X), composing these will indeed result in the identity function. Now for
1 = j, working out, with F' defined as in our example elementary function, F o F’ gives
F(F'(X))=(X1,...,Xjo, a1 Xhi+ .. +a; 1 X1+ ajm Xjm+ o +an X +2X, —an X+ 401 X1 +
Xj+ajm1 X+ +aXn, Xjp,.... X)) = (X1, ., X)),

Composing F’ o F' will give is the same result.

From this we can conclude that all elementary functions are automorphisms. We call the group generated

by elementary automorphisms FA, (k), and put
EAL(k) = EA, (k)N 1%k), for d > 0.

We then define FI™l = (Fi,. .., Foy Xty oy Xopm), and note that

and that F is invertible if and only if FI™ is.

Theorem 3.1.4. Reduction Theorem
Let k be a commutative ring, and let F € I'(k) have an invertible Jacobian J(F). There then erists an
integer m > 0, elements G, H € EAY . (k), and F(T) € M Ay (K[T)), where T is an indeterminate, with

the following properties.
a. For T=1, F(1) = Go Fl™ o H. So if F is invertible, then so is F.

b. The k[T]-algebra endomorphism ¢z of k[T (ntml defined by F can be viewed as a k-algebra endomor-
phism of k[X1,..., Xpim,T] = k"L, with r=n+m+1. This defines an element L € MA,(k), which is
invertible if and only zfﬁ is invertible. We then have L = X, + N, with X, = (X1,...,X,), and N

being cubic homogeneous, and linear in each variable, except quadratic in T, and J(N) is nilpotent

Corollary 3.1.5.
Suppose that for all n and all F € M A, (k) of the form F' = X + N, with N cubic homogeneous, and J(N)
nilpotent, that F is invertible. Then, for all n, and oll F € M A, (k) with J(F) invertible, F is invertible.

This theorem implies that it suffices to prove the statement of the Jacobian Conjecture for maps of the form
F = X + N, where N is cubic homogeneous, and J(N) is nilpotent. We are going to go through the proof

given in 3] using an example. This proof is given in three steps,
e Step 1, Reduction to degree 3,
e Step 2, Making J(F) unipotent,

e Step 3, Homogenization.
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3.2 Proof
3.2.1 Reduction to degree 3

For our example, let k be Q, n =3, and

Fe MA,(k),

F = (Fy, F,, F3), with

= X{ + X,

Fy = X3 + Xo,

F3= X5+ X3. (3.2)

This way, deg(F) = 5.

Proposition 3.2.1.

Let F € MAy,(k). There is an integer m > 0 and elements G, H € EAL ., (k), such that F' = G o FI™ o I
0

has degree at most 3. By allowing H to be taken from EA) ., (k) we can further arrange F' to be linear in

each variable.

Let M be a monomial of degree d = deg(F') occurring in F, with coefficient a € k. We can then write
aM = PQ, with P and @ both of degree smaller than, or equal to, d — 2. Bass, Connell and Wright present
us the following elements of EA  ,(k),

G = (Xl - X’n+1X’n+2)X27 e ,XnaXn+1»Xn+2)7
H= (Xl,. .. ,erXan +P,Xn+2 + Q)

Then F' = G o F? o H is given by,
F' = (F{7F27"‘7FR7X’I’L+1+P7Xn+2+Q)u
where

Fl=F — (Xp11 + P)(Xni2 + Q)
= (F1 - CLM) - Xn-i—lQ - Xn+2P - Xn+1Xn+2~

In our example M is either X7, X5 or X3, all three have coefficient 1, in this example we choose X7. We
write X? = M = PQ = X7 X%, with P = X}, Q = X?. Our G and H are then equal to,

G = (X1 — X4 X5, X2, X3, X4, X5)
H = (X1, X0, X3, X4+ X7, X5 + X7).

Then F' = G o F2 o H is given by,
F/ = (F117F2,F3aX4 +X?7X5 +X12)a
where

F{ = F) — (X4 + X{)(X5 + X7)
=X — XuX5 — XuX? — X5X3.
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We note that now deg(F]) = 4, so we have successfully reduced the degree of F} to 4. We now choose for
M the remaining monomial of degree 4 in F|, so M = X;X3}, and M = P'Q' = X5X; X2, with P = X5X;,
Q = X?. Now,

G’ :(X1 — X X7, Xo,... ,X7)
H' =(X1, X2, X3, X4, X5, X6+ P, X7+ Q")
=(X1, X2, X3, X4, X5, X6 + X5 X1, X7 + X3).

Putting this in F” = G’ o F'?l o H' gets us,

F" = (X; — X4 X5 — X4 X? — X6 X7 — X X7 — X7 X5X1,
X3 4 Xo, X5 + X3,
X, 4+ X3, X5+ X7,
Xo + X5X1, X7 + X?).

We can now repeat this whole process for both X3 and X3, choosing G in the same ways as above, but in
the second component for the monomial in the second component of F', and third for the monomial in the

third component of F'. We also choose H in the same way as above. We will then end up with,

F= (X1 - XaXs — XuX? — X6 X7 — X6 X? — X7 X5X1,
Xy — XsXo — X X35 — X10X11 — X10X5 — X11 X0 X1,
X3 — X19X13 — X13X3 — X014 X105 — X14X5 — X15X13 X3,
X4+ X7, X5 + X7,
Xo + X5X1, X7 + X7,
Xg + X3, Xo + X3,
X0 + XoXo, X11 + X3,
X12+X§’7X13+X§7
X4 + X13X3, X15 + X3).

This is now a polynomial of degree 3, so we have successfully reduced our example from a polynomial F' in
M As(k) of degree 5, to a function F” in M As;12(k) of degree 3.

To now show we can further reduce this to be linear in each variable, we may assume that we already reduced
our function to degree < 3. Let e;(M) denote the power of X; in M. For f € kM we write M € f if M

occurs in f with a nonzero coefficient, and put,

e(f) = Z Zmax(ej(M) —1,0)%

Mef j=1
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For example in our reduced function F,
e(F)) = e(X1 — X4 X5 — X4 X? — X6 X7 — X6 X? — X7 X5X,)
= Z Zmaw(ej(M) —1,0)?
Mef j=1

=1-12+(1-1)*+1-1)*+(1-1)*+(2-1)2+(1-1)

+ (1 -1+ 1 -1 +2-1)+1-1)*+(1 -1+ (1—-1)?

— 12412

=2
We note that e(F') is equal to zero if and only if f is linear in each variable. Now put e(F') = e(Fy)+- - -+e(F},),

and we use induction on e(F) to make e(F) = 0. In our reduced example e(F') = 24. We then choose one
of the monomials divisible by ij for some j € {1,...,n}, let us choose M = —X,; X2, and define M = PQ,
where both P and @ should be divisible by the X; chosen. We define P = X4, X;, and @ = —X;. Using the
same way to define G, H as above, we now define F = Go F12 o H. Working this out gets us,

G = (X1 - Xi6X17, X2, ..., X17)

H= (X1a~";X15;X16 +P7X17+Q)
= (X1,..., X5, X16 + Xu X1, Xu7 — X1).

We notice that our G is still an element of EA}, (k), but the Jacobian matrix of H at zero is,

1 0 0
0

JH(0) =
0 0
-1 0 ... 01

Which is clearly not the identity matrix, and thus H € EAY, (k) Then
F=GoF¥om
= (F\, Fy,.. . Fis”, Xag + Xa X0, Xi7 — X1),

where

Fy=F — (X16 + X1 X4)(X17 — X1)
= X1 — Xy X5 — X6 X7 — X6 X7 — X7 X5X1 — X16X17 — X172 X1 X4 + X16X5.

We have now reduced e(F}) = 2 to e(F) = 1. If we keep doing this for any monomial divisible by X; for

some j, we will end up with e(F7) = 0. We can repeat this for the other components too. Resulting, for our
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example F, in the elements below.

G = (X1 — X16X17 — X18X19, Xo — X2 Xo1 — X2 Xo3, X3 — Xy Xo5 — Xo6Xor,
Xa — Xog Xog — X30X31, X5 — X32X33, X6, X7 — X34 X35,
Xg — X36X37 — X35 X39, Xog — XaoXa1, X10, X11 — X2 Xy3,
Xio — Xya X5 — Xye Xur, X153 — Xus X49, X14, X15 — X50 X501,
X6, -5 X51)s
H=(Xy,..., X1,
X6 + Xy X1, Xi7 — Xu, Xus + X6 X1, X19 — X1,
Xoo + XgXo, Xo1 — Xa, Xoo + X10Xo, Xo3 — Xo,
Xog + X12X3, Xos — X3, Xog + X14X3, Xo7 — X3,
Xos + X7, Xag + X1, X350 + X20X1, X531 — X1,
X2 + X1, X33 + X1, X34 + X1, X35 + Xy,
Xs6 + X3, Xs7 + Xo, X33 + X37 X2, X39 — Xo,
Xgo + X2, Xg1 + Xo, Xyo + Xo, Xy3 + Xo,
Xaa + X3, Xus + X3, Xa6 + Xu5 X3, Xa7 — X3,
Xyg + X3, Xag + X3, X50 + X3, X51 + X3).
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Filling this in in our formula, F = G o FI3% o [ gives us,

F=(F,....Fy)
= (X1 — Xy X5 — Xe X7 — X7 X5X1 — X46X17

— X7 X1 Xy + X6 X1 — X1s X19 — X6 X1 X179 + X138 X7,
KXo — XgXg — X10X11 — X11 X9 Xo — Xo0X21
— X201 X2 X5 + XooXo — X022 Xo3 — X10X2Xa3 + X202 X,
X3 — X12X13 — X14 X315 — X15X13 X3 — X204 Xo5
— Xo5 X3X12 + X24 X3 — XogXo7 — X124 X3X07 + X6 X,
X1 — XogXog — Xog X1 — X30X31 — X351 X290 X71 + X30 X7,
X5 — X392 X33 — X1 (X532 + X33), Xo + X5 X1, X7 — X34 X35 — X1 (X34 + X35),
Xg — X36X37 — X36X2 — X3sX39 — X39X37Xo + X35 X0,
Xo — Xy0Xa1 — Xo(Xyo + Xa1), X10 + XoXo, X171 — X2 Xy3 — Xo(Xy2 + Xu3),
Xi2 — Xaa Xas — Xgu X3 — Xy Xa7r — Xur Xy5 X5 + X46 X33,
X13 — Xyg Xug — X3(Xug + Xu9), X14 + X13X3, X15 — X50X51 — X3(Xs50 + X51),
Xie + Xy X1, X17 — X3, Xag + X X1, X109 — X1,
Xoo + XgXo, Xo1 — Xo, Xog + X10X2, Xo3 — Xo,
Xog + X12X3, Xog — X3, Xog + X14X3, Xo7 — X5,
Xos + X7, Xog + X1, X30 + X290 X1, X351 — X1,
Xsz2 + X1, X33 + X1, X4 + X, X35 + X1,
Xa6 + X3, Xa7 + Xa, Xas + Xs7 X, Xz0 — Xo,
Xao + Xo, Xa1 + Xo, Xyg + X, Xuz + Xo,
Xaa + X3, Xus + X3, Xa6 + Xu5 X3, Xa7 — X3,
Xus + X3, X9 + X3, X50 + X3, X51 + X3).

While this is indeed of a much higher dimension than the original function we started with, however it i

linear in each variable, and of degree 3.
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3.2.2 Making J(F) unipotent

Proposition 3.2.2.

Let F € I'(k), and let F' = Go F o H as in Proposition 3.2.1. Then F' = F)

(1) —|—F(’2) —|—F(’3), and F' is linear

i each variable.

More specifically F(/l) =GuyoFuyoHpyy=Hgy € EA) (K).

The first part is clear, since this comes straight from the definition in the referenced proposition. The second
part is explained using our example F.

Let F be F. We note that G(l) = (X1,...,X51), since for all i, G; is of the form G; = X, — PQ — P'Q’,
for some monomials P,Q, P’,Q’. Then 13'(1) = F([f?] o ﬁ(l). Because F' € I'(k), JF(0) = Id, and because

JF(0) = J(F(1)(0), it follows that F([f)ﬁ] = (X1,...,X51), and thus F(l) = fI(l). In our example then,

Foy=Huy = (X1,..., X1,
X6, X17 — X1, X18, X190 — X1,
X0, Xo1 — X2, Xog, Xog — Xo,
Xoa, Xos — X3, Xog, Xo7 — X3,
Xog, Xog + X1, X30, X31 — X1,
KN32 + X1, X33 + X1, Xgg + X1, X35 + X1,
X36, X37 + X2, X8, X39 — X2,
Xao + Xo, X1 + Xo, Xyo + Xo, Xy3 + Xo,
Xaa, Xas + X3, Xu6, Xa7 — X33,
Xug + X3, Xug + X3, X50 + X3, X51 + X3).

‘We now consider
F? = (Fay) "o F =X+ (Fuy) " (Fo)) + (Fuy) " (Fla)),

an element of I'(k). Note that F” is still linear in each variable, which is not necessarily true for FoF (;)1,
and deg(F”) < 3. Replacing F' by F”, we reduced successfully to a situation where deg(F') < 3, and F' is

linear in each variable. Then, in our example,

Floy = (F(1)) " o (Flyy) = (= XaX5 — X6 X7 — X16X17 — X135 X9,
— X5 X9 — X10X11 — X20X21 — X22Xo3,
— X12X13 — X14Xq5 — X204 Xos — XoeXor,
— XosXog — X350 X31, —X32 X33 + X7, X5X1, X34 X35 + X7,
— X36X37 — X3 X39, —Xa0Xa1 + X3, Xo X2, X42Xus + X3,
— X4 X5 — X6 Xar, —Xas Xag + X3, X13X3, X50X51 + X3,
X4X1,0,X6X1,0, XgX5,0, X10X2,0, X12X3,0, X14X3,0,
X7,0, X20X1 — X7,0,0,0,0,0,
X3,0, X37X> — X3,0,0,0,0,0,
X3,0,X45X2 — X3,0,0,0,0,0), (3.3)
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and

Fray = (F(y) 7o (Flgy) = (= Xo X5 X1 — X7 X1 Xy — X7Xy — X6 X1 X109 — X X7,
— X11X9Xs — X01 X0 X5 — X5 X5 — X10X2Xo3 — X10X3,
— X15X11 X5 — Xos X3X12 — X5 X120 — X14X3X07 — X14X3,
— X31 X090 X1 + X351 X7 — X990 X7 + X7,0,0,0,
— X39X37X1 + X39X3 — X37X3 + X3,0,0,0,
— X7 X5 X3+ Xur X2 — X4s X2 + X3,0,...,0). (3.4)

Let now T be an indeterminate. We define,
S(T) = X + TFp) +T?F3) € I'(k[T)).

Then

7

J(S(T)) =Id+TJ(F2) +T?J(F) = J(F)(TX).

This means that J(S(T)) is invertible if J(F) is. We now consider k"], and denote the variables by
(X,Y)=(X1,...,Xn,Y1,...,Y,). We now consider the elements,

G(T) =(X+TY,Y)

} € EAY, (K[T)),
H(T) =(X,Y —TFg)

and put S'(T) = G(T) o S(T)™ o H(T). We note that this is equal to

S'(T)

(S(T)+T(Y — TF(g)),Y — TF(g))
(X+TY + TFo),Y — TF(3))
(X, Y)+ TN,

where N = (Y + F(3), —F(3)). We now have J(S'(T)) = Id + TJ(N) € GLa,(k*"[T]), where J(N) looks
like,
) = ( J(Fra) Id) |
—J(F)) 0
We also note that J(S'(T)) is invertible if J(S(T')) is. We now want to show that this matrix J(N) is nilpotent.
For that we are going to use the following lemma, applied to the ring A[T], where A = M?™*2* (k) graded
by powers of T, and the element a = J(N)T € A;.

Lemma 3.2.3. Let A= AP A1 P ... be a graded ring, and let a € Aq for some d > 1. Then 1 —a is

inwvertible if and only if a is nilpotent.

Proof. First, let us assume that a is nilpotent, then there exists an m > 1 such that a™ = 0. Then

1=1—(a)™
=(l-a)(l+a+a*+---+a™t),
meaning that (1 — a) is invertible, and it’s inverse is equal to Z:’;Bl al.

Assume now that (1 — a) is invertible, then there must exist a b € A, such that (1 —a)b = 1. Since A is
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graded, we can write b = by + by + ..., and consider ((1 — a)b) ) = b(n) — ab,—q), for n > d,for n < d,
(1 =a)b)(n) = bn)- We note that, for (1 —a)b = 1 to hold, b¢,) — ab,—q) should be equal to 1 for n = 0, and
equal to 0 for n # 0. Then, for 0 <i < d, by = 0, and by — abo = bg) — a = 0, thus by = a. We suspect
that bigq) = a®, and bkati) = 0 for k,i € N,0 < 7 < d. We will show this using induction. The first step is
already shown above, so let us assume this is true for some k.

Then b((k+1)d) ~ab(ka) = b((r+1)a) ="' = 0,50 b(iy1yay = ¥, and b((er1)a+i) —ab(ra+i) = O((h+1)d+i) =0 =
0, 80 b((k+1)d+i) = 0. This means that b = by + by +---=1+a+ a® + ..., since it is not possible to have

infinite nonzero coordinates, there must be some m such that ™ = 0, meaning that a is nilpotent. O

If we now set T'= 1, we obtain,

F'=8(1)=G1)oS1)™ o H(1)
=G(1)o F" o H(1)
= (X,Y)+N.
Where G(1), H(1) € EAS,,(k), and N = (Fio) +Y, —F(3)), with F(3) and F(3) defined explicitly in[3.3)and

respectively. Replacing F' by F’ means that we have now reduced to the case, F' = X + N, where N is cubic
and linear in each variable, and J(N) is nilpotent, making J(F') = Id + J(N) unipotent.

3.2.3 Homogenization

Now to make N a cubic homogeneous map. We consider,
F = X + N(T), where N(T) = T2N(1) + TN2) + Nz). Then for T = 1, F(1) = F. Identifying k"™ =
k[X1,...,Xn,T] gets us the k-endomorphism defined by F,

L= (F,...,F,,T)=(F,T)=(X,T)+ (N,0),

with Jacobian,

Jx(N) | 2T'N N,
J(L)Id+< Xé ) Ol (2)>,

0
where B B
8N1 6N1
X, ' 90X,
Ix(N)=1 : :
SN, SN,
0X1 Tt 0Xao

We note that .J(L) is unipotent if and only if Jx (V) is nilpotent. This is quickly seen by computing powers
of J(L) — Id,

Tx (N)™ | Jx(N)" (2T Ny + Ngy) ) ,

(J(L) — Id)™ = ( o] ;

Seeing as now N is cubic homogeneous in (X, T), linear in each of the X;, and quadratic in 7', this leaves us

to show Jx (NN) is nilpotent to establish all claims of the theorem.

Let A=Ay P A1 P ... be a graded ring, if we grade A[T] by,

ATy =T AP T AP - P Aa
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and put T'= 1 we get the linear isomorphism,

AlT)g = Ay = AP AP - P Aa

Inverting this gives us the map Ay > ap+a1 + - +aqg =a ' = Tag + T Yay + - 4 aq € A[T]q4.
For b € A(,), we put ¢(T) = a!D(T)b)(T) € A[T)ge.

If we now put 7 = 1, we get, with the linear isomorphism above, ¢(1) = a(®(1)b(¢)(1) — ab € A(de), thus
aDp(©) = (ab)(¢+e) . And consequently (a(P)N = (aV)N9 for N > 1. From this it follows that a is nilpotent
if and only if a(? is nilpotent.

If we now take A to be the ring M™*"*(kl™) = M™ (k) which we grade by degree of X, and let a =
J(N) = J(Ny) +J(Ne2) + J(N)) € Arz). We note that a® = T2J(Ny)) +TJ(Nez)) + J(N1)) = Jx (N).
Since we have previously proven that J(N) is nilpotent, we must conclude that Jx (IV) is nilpotent, and thus
J(L) is unipotent.

With this we have concluded the proof for Theorem [3.1.4]
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4 Modified Reduction Theorem

In [5], Hubbers transforms an example function, which is given in [4], from dimension 2 to a Druzkowski map
in dimension 1999. This reduction is a lot like the reduction we did above. The difference is mainly that
his algorithm takes polynomials as input, wheras the theorem by Bass, Connell and Wright takes monomials
as input. This means that Hubbers’ way is not necessarily quicker, but it results in a function of dimension
less or equal to that of Bass, Connell and Wright. After reducing, Hubbers further reduces the resulting
map, which is of the form F' = X + N, with N being cubic homogeneous, to a map which is cubic linear (or
Druzkowski).

Definition 4.0.1. A polynomial mapping, F' : C — C" is called cubic linear if there exists an n x n matrix
A such that,
F(X)=X - (AX)*3,

for all X € C" To compare techniques, we again use some examples.

As in 3], we start with finding suitable functions G, H € EAL . (k), such that F' = G o F™l o H is of lower
degree than F. The structure of these maps is much like G and H as we defined above.

Assume we are reducing a polynomial mapping F : C* — C™. Let then R be a polynomial in F;, of degree
4 or higher, and R = ¢;PQ, whre ¢; is a constant, ant P, have degree at least 2. Now we have three

possibilities, for each possibility, we also give an example.

1. There exist k and [ such that both X; + P and X; + @ are components of F, then we don’t have to

add new variables to reduce component i. Our G and H are then of the form;

G = (X17 s 7Xi717Xi - CiXle7Xi+17 s >Xn)7

H=1d.
For an example, we consider the function
F:.C3—C?
F=(-X5 + X;X{ + X,
Xy + X3,

X3+ X7 - X3).
We choose our R to be R = —X4 + X3X?, and note that we can write,
R= X5+ X2X?
= X3(X7 - X3).

And thus,
P-X3,  Q-Xi-xi
We note that, Xo + X3, and X3 + X7 — X3 are components of F', and thus we can define G and H as
follows;
G = (X1 — X2X3, X5, X3),
H = (X17X27X3)'
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Our reduced function F/ = G o F' o H would then be;

F' = (X, — XoX3 — Xo X7 4+ X3 — X2X3,
Xy + X3,
X3+ X7 — X3).

We note that the degree of our new function is now three, and we are done reducing. It still maps from
C3 to C3. If we were to reduce this same function using the technique described by Bass, Connell and

Wright, we would have ended up with a function mapping from C” to C”.

2. There exists k such that X + P is a component of F', but there is no [ such that X; + @ is a component

of F' (without loss of generality we can swap P and @ if necessary). Our G and H are then of the form;

G=(X1,.... X1, Xi — i XeXnt1, Xig1, ..., Xn),
H=(X1,..., X0, Xpns1)

For an example, we consider the function
F:C3? — C3,
F=(-X3+ XX} + X,
X+ X3,
X3+ X7 - X3).
We choose our R to be R = — X4 + X2X?, and note that we can write,

R= X5+ X3X?
= X3(x{ - X3).
And thus,
P=X3 Q=Xi-X3

We note that now only, X3+ X? — X2 is a component of F, and thus we can define G and H as follows;

G = (X1 — X4X3,X2,X3)
H = (X1, Xo, X3, X4 + X3).

Our reduced function F/ = G o F o H would then be;

F' = (X1 — X4 X3 — Xu X7 + Xu X3 — X5 X3,
—X2 + X237
X3+ X7 - X3,
X4+ X3).
We note that the degree of our new function is now three, and we are done reducing. It is now a

function mapping C* to C*. If we were to reduce this same function using the technique described by

Bass, Connell and Wright, we would have ended up with a function mapping from C7 to C”.
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3. The last option is most like the technique described by Bass, Connell and Wright, with the only
difference being that it takes polynomials instead of monomials. In this option, there exist no k£ and [
such that X, + P or X; + Q are components of F. Our G and H are then of the form;

G = (le ceey XiflaX’L' - can+1Xn+27Xi+17 ceey X’n)7
H= (X17 B Xn7Xn+1; Xn+2)-
For an example, we consider the function
F.C3—C3
F=(-X;+X3X7 + Xu,
Xo + X3,
X5 — X2).
We note that no matter what way we choose our R, we cannot define P or ) such that Xs + P, X5 +
Q, X3+ P or X3+ Q are components of F. We choose our R to be R = — X4 + X2X?Z, and note that
we can write,
R=—-X5+ X3X?
= XX - X))
And thus,
P=X2 Q=X X3
We can now define G and H as follows;

G = (X, — X4 X5, X5, X3)
H = (X1, X, X3, X4 + X3, X5 + X7 — X3).
Our reduced function F' = G o F o H would then be;

F'=(X; — X4X5 — Xy X2 + X, X2 - X2X5,
X, + X3,
X3+ X7 - X2,
X, + X3,
X5+ X7 — X3).

We note that the degree of our new function is now three, and we are done reducing. It is now a
function mapping from C° to C®. If we were to reduce this same function using the technique described

by Bass, Connell and Wright, we would have ended up with a function mapping from C” to C”.

It is quite clear that what is done above resembles a lot the technique described by Bass, Connell and Wright.
Hubbers himself does not claim this algorithm to be faster than the original in general, but says that it does
work well with the example he reduces. We can note for ourselves that his technique is also a bit faster for
the specific examples we have chosen. Were we to reduce the function we used as an example before, ,
we would end up with the same function we did then. This because that specific example falls into the third
possibility lined out above.

From this point on, Hubbers uses the same techniques described by Bass, Connell and Wright to transform

his example map into a cubic homogeneous map, that point is what he calls 'halfway’.
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4.0.1 Transformation to Druzkowski maps

In this section we will explain how Hubbers transformed his cubic homogenous map into a Druzkowski map.
However we will not explicitly compute this for our example. This simply because it would take multiple

days of computer time, and a proficiency in Maple that we lack.

The algorithm that Hubbers uses was proposed by Gorni and Zampieri in [6], it shows a way to transform
a cubic homogeneous expression into a cubic linear expression, which is invertible if and only if the other is.

Thus further narrowing down what we have to do to prove the Jacobian Conjecture.

The reduction itself consists of five steps, which are briefly described below.

Step 1

We start by finding a cubic linear mapping that is 'paired’ to the cubic homogeneous mapping we want to

reduce.

Definition 4.0.2. Let f : C* — C" be a cubic homogeneous mapping, and F' : CN¥N — CV, F(X) :=
X — (AX)*3, be a cubic linear mapping, with N > n. We call f and F paired through matrices B and C, of

dimension n X N and N X n resectively, if ker(A) = ker(B), and the following diagrams commute;

cv E cr cV¥ & cr
le /7, I
o cv 2 ¢

thus BC = Id, and f(x) = BF(Cx) for all x € C™.

When two such maps are paired, they share a number of properties, all of those are outlined with examples
in [6], with the most important one for now being that one is invertible if and only if the other one is.

In step 1 of his algorithm, Hubbers finds matrices By and Dy, such that F = X — By(DoX)*3. To do this,
he writes the monomials in F' as a sum of cubic powers of linear forms of X, then Dy consists of the linear
forms, and By consists of the coefficients of the linear forms. Extending By and Dy to be of full rank adding
columns to By, and an identity matrix to Do, G = X — B(DX)*3 was obtained.

Step 2

The next step was to find a right inverse, C', of B. Since all computations were done using Maple, this was

a time-intensive, but relatively easy feat.

Step 3

The third step is finding the kernel of B, putting those as the columns in a matrix we will call M.

Step 4

The next step consists of finding a matrix F, such that CE~! = M.
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Step 5

The last step would be to compute A := K E, where the columns of K are the kernel of D.

Results

We can now see that the matrices A, B and C' meet the requirements for the resulting map G = X — (AX)*3

to be paired to the original map F', because of the way it is constructed. In [5] this results in a map
C1999 — C!999 after beginning with a map of dimension 2. The matrices are also not easily printed, since
the smallest one is 203 x 1999 entries. However, the resulting matrices are, to quote Hubbers, pretty sparse,

with the densest being A, in which 14% of entries are not equal to zero.
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5 Conclusion

In this paper we have talked a bit about the Jacobian Conjecture, it’s history, and showed the proof for when
the degree of a polynomial mapping is equal to one. We then explained the Reduction Theorem by Bass,
Connell and Wright, and showed it in action using an example of low dimension. Then we went through the
paper by Hubbers, and compared what he did to the technique described by Bass, Connell and Wright.
This did not differ too much from what they did, mostly it results in a mapping of lower dimension, and has
the potential to be a bit quicker for some mappings (not necessarily for all). Lastly we explained a bit of
continue from there to make a cubic homogeneous mapping into a Druzkowski or cubic linear map.

In conclusion, Hubbers adjusted algorithm might be a bit faster, if it is clear for the polynomials in a
polynomial mapping how one can factor them. Checking this by hand might take a bit more time than just
adding a couple of variables, but the final result might be of significant lower dimension. In Hubbers paper,
with his algorithm, he ended up with a cubic homogeneous map of dimension 201, where with the original
algorithm he would have ended up with a cubic homogeneous map of dimension 715, after which he would

still need to add a lot more variables to get to a cubic linear mapping.
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