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Abstract

We consider type IIB superstring consistent backgrounds with U(1)¢ global isometry. The moduli-generating
group for such backgrounds is SO(d,d,R). We focus on the subgroup whose elements correspond to the
~v-deformations introduced by O. Lunin and J. Maldacena. From the point of view of supergravity, these
deformations can be used as a classical solution generating technique. The action of SO(d,d,R) on the
NS-NS and R-R bosonic fields of type IIB supergravity is presented. In this framework, we obtain the
~-deformed AdS5 x S® solution, known as the Lunin-Maldacena solution, and show subsequently that it
satisfies the equations of motion derived from a type IIB supergravity covariant action. Finally, we consider
several y-deformations of a %—supersymmetric AdSs x 52 x T type IIB solution. We present these new
solutions and determine their amount of unbroken supersymmetries.
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Chapter 1

Introduction

Bosonic string theory on non-trivial backgrounds is described by non-linear sigma models. In order for the
string to propagate consistently, the non-linear sigma model needs to remain conformally invariant at the
quantum level. This condition strongly constrains the possible backgrounds. In the low-energy limit of
string theory, where one can ignore the internal structure of the string and consider it as a point particle,
these constraints boil down to a set of equations of motion for the background fields. It is then possible
to construct a low-energy effective action corresponding to these equations of motion. In this picture, a
consistent background is seen as a classical solution of a low-energy effective field theory.

In this thesis, we consider the low-energy limit of type IIB superstring theory, namely, type IIB super-
gravity. By analogy with the bosonic string scenario, a consistent type IIB superstring background satisfies
the equations of motions of type IIB supergravity. Furthermore, we restrict ourselves to type IIB back-
grounds with a U(1)? global isometry realized geometrically. The group generating the moduli space for
such backgrounds has been identified in [I] as the special indefinite orthogonal group SO(d,d,R). This
means that any element of SO(d,d,R) maps a consistent background into another consistent background.
At the level of type IIB supergravity, this can be seen as a classical solution generating technique. We
focus especially on the subgroup corresponding to the «-deformations introduced by O. Lunin and J. Malde-
cena in [2]. The most famous examples of y-deformations are probably the one-parameter deformation
considered in [2] and the three-parameter deformation of Frolov [3]. Both of them were applied on the 5-
sphere of the AdS5 x S® maximally supersymmetric background. The first one leads to a i-supersymmetric
background known as the Lunin-Maldacena (LM) background, while the second deformation produces a
non-supersymmetric background, sometimes referred to as Frolov’s solution.

Three main reasons motivate the study of y-deformations. The first one is naturally that they allow to
generate, in a systematic way, new classes of non-trivial solutions of type IIB supergravity equations of mo-
tion. This is a remarkably powerful technique considering the complexity of these equations. Secondly, these
deformations can be studied in the scope of the AdS/CFT correspondence [4], as they are known to be holo-
graphically dual to the so-called S-deformations on the gauge theory side. In general, this enables new tests
of the correspondence between a string theory on a y-deformed background and the associated §-deformed
field theory. For instance, various tests have already been performed in [5] and [6] between the string theory
on the LM background and its dual counterpart: the i—supersymmetric marginal S-deformation of N' = 4
conformal Super Yang-Mills (SYM), namely a A/ = 1 conformal SYM. Finally, it is interesting to study
the integrability properties of the string sigma model on different y-deformed backgrounds. This has been
discussed for the case of the LM background in [3] and [7].

In this work, we choose to apply these y-deformations to a i—supersymmetric type IIB background whose
geometry is that of the direct product AdS, x S? x T6. It was introduced, along with several type IIA
backgrounds sharing the same geometry, by Sorokin, Tseitlyn, Wulff and Zarembo in [§]. This back-
ground exhibits seven U(1) isometries realized geometrically and, therefore, allows for a wide range of

different y-deformations. The geometry and the properties of the new solutions obtained in this manner,



2 Chapter 1. Introduction

strongly depend on which part of the AdSy x S? x T space we choose to deform. In particular, we derive

one i—supersymmetric solution and two non-supersymmetric ones. Furthermore, we show that certain -

deformations lead to solutions with an axion that cannot be gauged away.

The outline of this thesis is as follows. In chapter [2] starting from the expression of the non-linear sigma
model for the bosonic closed string, we discuss how the conditions for a consistent propagation of the string,
in the low-energy limit, constrain the background to satisfy the equations of motion of a low-energy effective
action. In a second section, we present the field content of type IIB supergravity as well as its covariant
action. In chapter [3] we start by introducing the notion of moduli space. We then focus on the case of back-
grounds with U(1)? global isometries and give a representation of their associated moduli-generating group
SO(d,d,R). In particular, we describe the group action on the NS-NS and R-R fields of type IIB super-
gravity. We then identify the embedding of the y-deformations and the TsT-transformations in SO(d, d,R).
Chapter [ is dedicated to the study of the LM deformation. Using techniques described in chapter [3] we
first entirely rederive the LM background which is then explicitly shown to satisfy the equations of motion
of type IIB supergravity derived from the covariant action presented in chapter 2} Chapter [f] deals with the
~-deformations of the supersymmetric AdSs x S? x TS background. As mentioned earlier, we derive three
new deformed solutions and comment on their geometry and regularity. Finally, in chapter [6] we consider in
details the issue of spacetime supersymmetry breaking by y-deformations. We first explain how, in principle,
one needs to solve the Killing spinor equations in order to determine the number of supersymmetries pre-
served by an arbitrary type IIB background. Due to the complexity of this task for the case of a y-deformed
background, we develop another approach in which one only needs to consider the super-isometry algebra
of the initial background. This allows us to study in detail the amount of unbroken supersymmetries of LM
background, Frolov’s solution and ~y-deformed solutions obtained in chapter
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Chapter 2

Supergravity as a low-energy limit of
superstring theory

2.1 The closed bosonic string in curved spacetime

In this chapter, we introduce the notion of non-trivial backgrounds for the bosonic closed string. We discuss
how, in the low-energy limit, a consistent propagation of the string requires the massless background fields
to satisfy the equations of motion of a low-energy effective action.

2.1.1 The non-linear sigma model

For a complete introduction to the bosonic string in flat spacetime, see for example [9].

We start from the generalization of the flat Polyakov action, denoted Sp, describing a bosonic closed oriented
string propagating in a D-dimensional curved spacetime:

S:

yo— / dodr Vhh*P9, X 93 X" G, (X) . (2.1)
X* is the coordinate of the string on the spacetime manifold (or target space) and defines an embedding
of the worldsheet into the target space. G, (X) is the spacetime metric while hop is the worldsheet one.
The worldsheet coordinates are denoted by 7 and o. The Regge slope o = [2 has units of spacetime-length-
squared and [ denotes the characteristic length of the string. Actions of the form are known for
historical reasons as non-linear sigma models.

At this point, the following legitimate question usually arises. By quantizing the bosonic closed string
in flat spacetime, one already obtained the graviton as a massless state of the string. The curved spacetime
metric G, (X) should then logically be constructed out of these gravitons. How can one make this relation
more explicit? To answer this question, at least schematically, let us follow most of the books and reviews
on the subject (see [I0] for example) and assume the following expansion of the metric

GMU(X) = Nuv + XMV(X) ’ (22)

where x,, (X) is a small fluctuation around flat spacetime. With such an expansion, the partition function
Z for the action (2.1]) becomes

7= /D[X]D[h]e‘SP‘V = /D[X]D[h]e‘SP (1 -V+ V; - ) : (2.3)

where

4ol

1
V=— / dodr Vhh*P9, X 95 XV X 0 (X) . (2.4)

3



4 Chapter 2. Supergravity as a low-energy limit of superstring theory

Here, V is known as the vertex operator of the graviton state. For a graviton with polarization &, and
momentum p,,, described by a plane wave, the small fluctuation is proportional to

Xpuv (X)) o @,,eip“XM , (2.5)

where &, is a symmetric, traceless tensor. Inserting a single copy of V into the path integral cor-
responds to the introduction of a single graviton state, while inserting e" corresponds to the introduction
of a coherent state of gravitons. In this sense, we see that we literally build the metric G, (X) out of
small fluctuations corresponding to graviton states of the string. A curved spacetime is then a coherent
background of gravitons.

This procedure suggests a natural generalization of the action . Indeed, one can also include coherent
backgrounds of other massless states of the bosonic closed string by exponentiating their corresponding
vertex operators. The two other massless states contain the degrees of freedom of a 2-form B,,, and a scalar
¢ called the dilaton. A detailed construction of their vertex operators is given in [II]. In the end, the action
describing the propagation of a bosonic string in a background of massless fields G, (X), B, (X) and ¢(X),
is given by

1

So=1— / dodr Vh [aaXﬂaﬂX" (h*P G (X) + € B, (X)) + o/ RP ¢(X)| . (2.6)
7

Here, R® is the Ricci scalar of the worldsheet and ¢*? is the antisymmetric 2-tensor normalized to
Vhe® = +1. From now on, we define a bosonic closed string background as the collection of massless
fields (also referred to as background fields) {G . (X), B, (X),6(X)}.

The natural question that arises now is wether a string background can be chosen arbitrarily. In other
words, are there some constraints to be imposed on the background fields for the action to properly
describe the propagation of a string on such a background? As we will see in the coming subsections, it
turns out that the background fields are bounded to satisfy a set of field equations. Therefore, in some
low-energy limit, one would expect some of the aforementioned constraints to take the form of Einstein’s
equations for the spacetime metric G, (X). This is actually what happens but let us first say a few words
about this limit.

2.1.2 The o/-expansion

In the conformal gauge, the flat Polyakov action is a free field theory. The non-linear sigma model
describes an interacting two-dimensional field theory since its couplings are now the spacetime-dependent
background fields. Let us look in more details at one of these couplings, namely the metric G, (X), and
expand the action around a classical solution which we take to be a string sitting at a point zf/. Thus,
XH(r,0) = xf + Va'Y#(1,0). We restrict ourselves to the term of the action containing the metric, as
similar results would be obtained with the full action. The fluctuations Y# are dimensionless quantities

since v/o/ has dimension of a lenght.
A
G (X)0a X105 X" = o (GW(:UO) + VG p(20)YP + %GW’,,)\(:UO)YPY’\ + ) D YHIYY,  (2.7)

where we assumed Y <« 1 and where G, 5, 5,...p. (o) denotes the nth-derivative of the metric evaluated at
xo. The coefficients vo/G wwp(20) &' Gy pa(x0), ... appearing in the Taylor expansion are the dimensionless
coupling constants for the interactions of the fluctuations. Therefore, the theory has an infinite number of
coupling constants, all of them nicely packaged into the function G, (X).

In the weakly coupled limit, the interacting two-dimensional quantum field theory defined by the path
integral

Zy = /D[X]D[h]e—sv, (2.8)
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can be generically studied in perturbation theory. It should be clear from our previous discussion, that such
a quantum field theory can be considered as weakly coupled when all the dimensionless coupling constants
appearing in are small. Let us denote the characteristic radius of curvature of the target space by R..
The derivative of the metric then scales as

oG 1
Rl 2.9
0X R, (2.9)
The dimensionless coupling constants appearing in equation (2.7)) therefore scale as
/ 2 /
06 Yo, %G o (2.10)

ox "R, “oxox TR T

As can be seen from (2.10]), the effective dimensionless coupling of the theory is \éicl and all of the coupling
constants will be small when it satisfies
A /Oé/

R,

<1. (2.11)

This means that one can use perturbation theory to study the quantum field theory (2.8) when the space-
time metric varies on scales much greater than the characteristic length of the string v o/ = l;. This should
naturally also be satisfied by the other background fields B and ¢. The perturbation series in %; is usually
referred to as the (small) o’-expansion. In what follows, we will assume condition to be satisfied in

order to use the a’-expansion.

Let us make a few final remarks. There exists a second perturbative expansion which goes under the
name of gs-expansion, such that, a quantity computed in string theory is given by a double perturbative
expansion: one in o/ and one in g,. Indeed, one should formally also include, in the partition function ,
a sum over all possible topologies of the worldsheet. In this series, a term corresponding to a worldsheet of
genus ¢ is weighted by a factor gg (19 The expansion parameter g, = e® is known as the string coupling
and ¢g denotes the average value of the dilaton. A detailed presentation of this topic can be found in any
textbook on string theory (see for example [1I]). We will, however, not deal with the gs-expansion here as
it is irrelevant for our purposes. It is also important to precise that we already assumed to hold in
order to restrict ourselves to coherent backgrounds of massless string states. Massive string states are not
created when the characteristic wavelength is long compared to the string scale.

In the limit (2.11]), another very useful tool can be used. Since the characteristic length scale of the
background is larger than [,, the string can be considered as a point particle. It is then possible to forget

about its internal structure and derive a low-energy effective action governing the dynamics of the massless
background fields.

2.1.3 The low-energy effective action

At the classical level, the two-dimensional quantum field theory defined by is conformally invarian{}
For general backgrounds however, this is not the case at the quantum level. The action will define
a consistent string theory only if the quantum field theory remains conformally invariant. This condition
has to be fulfilled in order to avoid gauge anomalies (see [20]). The breaking of conformal symmetry at the
quantum level can be generically studied in the o/-expansion. A thorough description of this phenomenon
would constitute a chapter on its own and will therefore not be provided here. We merely state the results
and direct the reader to [II] for a rather detailed presentation of the subject.

The condition for conformal invariance of the theory, up to order (/)™ in the o’-expansion, is the van-
ishing of the so-called beta functionals ny, fl,, (3¢, computed up to order (a/)". These functionals have

been extensively studied in the literature (see for example [I2]). Their expressions, to leading non-trivial

IThis is only true for constant dilaton.
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order in o/ (known as one-loop beta functions), are

s D—26 o ) ) 1 S o
B = ez g (A0 — VI — Rt 5 Hup H' ) + 0(a”), (2.12)
!
¢ — o/'Ry, — %HWAH[? +20'V,V, 6+ O0(a?), (2.13)
D =a/'VaH,, —2d (Vag)H?,, + O(a?). (2.14)

These expressions are given in string frame (cf. Appendix [A]). The operator V denotes the spacetime
covariant derivative, while R and R,, denote, respectively, the spacetime Ricci scalar and the spacetime
Ricci tensor. The 3-form H, sometimes also called torsion, is the field strength associated to the background
field B

Hyp = (dB);wp = 8[#31/9] = uByp — 0y Byup — 9B - (2.15)

For an arbitrary background, the condition for conformal invariance and thus consistent string propagation,
at least up to leading non-trivial order in o/, is then given by

B =p5, =85 =0. (2.16)

=P

A background satisfying (2.16]) is called a consistent background.

Let us now fix D = 26 and rewrite the one-loop beta functions in a more familiar form. One can add

equation (2.12) to (2.13)) in such a way that condition (2.16)) becomes

C, + 812G B” = Ry — %R ~T,, =0, (2.17)
1 1
¢ _ 2 _ 24 _ urp |
B ) (4(v¢) 4V%p — R+ 5 HuwoH ) 0, (2.18)
b = VaHY, —2(Vr¢)H",, =0. (2.19)

Equation (2.17)) now takes the usual form of Einstein’s equation for the spacetime metric with the following
energy momentum tensor

1

Gy
T = =~ (Hup,\Hyp’\ — K

1 HWHW> -2V, V.6 +2G,, V¢ — 2G,., (V). (2.20)

Here, T},, is a symmetric tensor and it must be conserved since the left hand side of Einstein’s equations is
conserved as a result of a Bianchi identity for the Ricci tensor. For general field strength H and dilaton ¢,
has no reason to be conserved but it is possible to verify that if (2.17), (2.18)) and (2.19) are satisfied,
it follows that V#T,,, = 0.

Equations (2.17)), (2.18), (2:19) can be viewed as equations of motion for the background fields G, By,
and ¢. One can now write a D = 26 dimensional spacetime action which precisely yields these equations
of motion via variational principle. This action is known as the low-energy effective action of the bosonic
string and is denoted here by S;. Its expression in string frame is

S, 1 /d%x e V-G <R+ 4(Vo)? — !

=53 HHPAUH")“’) , (2.21)
where = denotes a point on the spacetime manifold. The constant « has no physical significance since it can
be changed by a redenition of the dilaton, cf. Appendix[A] Here, on dimensional grounds alone, it scales as
k2 ~ 2%, The equations of motion for the dilaton and the field B derived from action exactly match
equations (2.18) and . However, a variation with respect to the metric does not, at first sight, yield
equation Let us show a way to bypass this problem. The specific form of the action in string frame
allows one to rewrite the dilaton term in infinitely many different ways up to some boundary terms. This
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freedom is due to the factor e=2¢. In order to expose this property, let us first recall a relation between the
covariant derivative and the normal one that will turn out to be very useful

V=G (V2) = VGGV, (3,6) = V=CG""0), (3,6) — V=GG*T, (8,0)
=9, (MGW (am)) , (2.22)

where I', are the Christoffel symbols defined as
DY, = 5G™ (0G4 0,Cr — 3Cl) (2.23)
Relation leads to the following consequence for the dilaton term of the low-energy effective action
/ 4z e /—G(V2¢) = / 23 =2\ /ZGGM'Y (3, 0) = / 425 e~2%9), (\/ZGW(@@)
= Boundary term — /de (0,72 —GG" (9, 9)
=2 / d*®z e 2V —GG" (V ,6)(V,9)
= 2/d26m e 2/ —G(V)?2. (2.24)

We consistently drop boundary terms as they do not affectﬂ the equations of motion. Bearing this result in
mind, action (2.21]) can be written as

1 B 1
Sl = ﬁ/d%m 672¢\/I <R + A(V¢)2 + §v2¢ - 12Hp)\0'Hp)\U> ) (225)

as long as A + B = 4. We now demand its variation with respect to G*¥ to vanish. Explicitly,

S 1 o -G B 1
75G:V:ﬁ d%xe_%ig{;: (R+A(V¢)2+2V2¢—12 pAaHpAa) (2.26)
R+ A(Ve)® + BV2¢ — LH,\ H
+/d26xe—2¢\/j ( +AV9) +§GW¢ 12-7PA ) (2.27)

T SGHv
§ (R+2V2%¢ — LH,\,H)
sGrv

1
=53 /d26x e V=G B, + 871G B%] =0, (2.28)

1 V= 1
— [ d*6ze?? [5 ¢ (R —4(V§)* +4V3¢p — 12Hp,\0H”A">

+V-G

where we choosed A = —4, B =8 in (2.26) and A =0, B =4 in (2.27). In this way, we see that the equa-
tions of motion for the metric derived from the low-energy effective action precisely coincide with Einstein’s

equations (2.17).

The effective action (2.21)) governs the low-energy dynamics of the background fields. The appellation

’

“low-energy” refers to the fact that we have worked with one-loop beta functions, i.e. we assumed - to
be very small in order to neglect higher order terms in the o/-expansion. If one decides to consider more
quantum corrections by pushing the o’-expansion further, new terms need to be added to (2.21) to account

for the higher order terms of the beta functions.

2This is not the case when the spacetime manifold has boundaries. In this work, we will focus closed submanifolds.



8 Chapter 2. Supergravity as a low-energy limit of superstring theory

2.2 Type IIB supergravity

For a detailed introduction to superstring theory see for example [I3]. We only review a few of the main
results.

Consider now the type II closed superstring propagating in a D = 10 dimensional flat spacetime. Its
massless spectrum is finite and is divided into spacetime bosons and spacetime fermions. The bosons split
again into two distinct sectors: the Neveu-Schwarz-Neveu-Schwarz (NS-NS) sector and the Ramond-Ramond
(R-R) sector. The former contains, just as for the bosonic closed string, the graviton, the dilaton and the
two-form B. The fermions also split into two sectors: the NS-R sector and the R-NS sector. At this point,
one should impose the Gliozzi-Scherk-Olive projection which essentially leads to two different theories with
spacetime supersymmetric and tachyonic-free spectra. These theories are type ITA and type IIB superstring
theory and their massless spectra are, respectively, that of type ITA and type IIB supergravity in ten di-
mensions. These two spectra share the NS-NS sectoxﬂ previously described but differ by the content of their
fermionic sector and R-R sector. In what follows, we will mainly focus on the type IIB superstring.

The type IIB superstring massless spectrum includes the degrees of freedom of:

e Spacetime bosons:

— NS-NS sector: the metric G associated to the graviton, the dilaton ¢ and the 2-form B.

— R-R sector: a real scalar x (or sometimes denoted C(gy) known as the axion, a 2-form C(,y and a
self-dual 4-form C'y).

e Spacetime fermions: two Majorana-Weyl spin—% spinors known as gravitinos (¢1,,,%2,,) and two

Majorana-Weyl spin-% spinors known as dilatinos (A1, A2). The presence of pairs of spacetime fermions
indicates that this theory has N' = 2 spacetime supersymmetry. The gravitinos and the dilatinos have
different chirality. However, the two gravitinos as well as the two dilatinos share the same chirality.
Therefore, the fermions and the theory, are said to be chiral.

The following table summarizes the massless fields of the type II superstring (supergravity) theories. The
fields C(;y and C(3) are, respectively, a 1-form and a 3-form. The two gravitinos (¢1 ,,,2,,) as well as the

two dilatinos (5\1, A2) have opposite chirality.

’ Theory H NS-NS bosonic \ R-R bosonic \ Chiral fermionic \ Non-chiral fermionic ‘
Type ITA Guvs 8B | Cyu Ciayuvp - (V1,0 Y2,0), (A1, A2)
Ci0), C2yuw
Type IIB || G, ¢, By SP TR @yt ), (M A2) -
(4)pvpA

We would like to find the low-energy effective field theory describing the dynamics of the massless degrees
of freedom of the type IIB superstring. A possible approach would be the one used in the previous section
for the bosonic closed string, namely, constructing an action describing the propagation of the superstring
in general massless background fields and requiring conformal invariance of the associated quantum field
theory to leading order in o/. Such a procedure is, however, a lot more complicated now since one has
to include coherent backgrounds of R-R and fermionic massless states by exponentiating their associated
vertex operators. Indeed, the inclusion of R-R massless superstring fields in the non-linear sigma model is
a very difficult task and how to do it is only known in certain cases. We will, therefore, drop this approach
and follow the historical path.

Another possibility would be to compute the scattering amplitudes for the massless modes of the super-
string, take the limit o/ — 0, then construct a field theory that precisely reproduces these amplitudes. In
principle, such a field theory has an expansion in powers of o’ but one usually only considers the lowest-order

3 Also known as common sector.
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terms, which are also of lower order in fields derivatives. In turns out that, using spacetime supersymmetry
arguments and at the level of two derivatives in the fields, the low-energy effective action is uniquely fixed.
It was constructed in the late 1970’s as type I1IB supergravity [14], [15].

The field content of type IIB supergravity should be clear from the previous table. The bosonic fields
are the NS-NS fields {G ., ¢, B, } and the R-R fields {x, C(2).1s C(4)uvpr}- The fermionic fields are the
chiral spinors {91 ,,%2,,, A1, A2}. The action governing the low-energy dynamics of these fields can be
decomposed as follows

StB = S1B, Boson + STIB,Fermion » (2.29)

where St Fermion describes the interactions of the spacetime fermions. In what follows, we will consider
purely bosonic solutions of type IIB supergravity where all the fermionic fields are consistently set to zero.
It is, therefore, unnecessary to describe the fermionic part of the action . The type IIB supergravity
action in string frame reduces to

St = SuB, Boson = S + Sig™ + SS) (2.30)

with
_ 1 1
Sﬁ\ls NS) _ @/dmx V—Ge 2¢ <R+4(V¢)2 _ 12Jr{#M1r1~;Llf/\) , (2.31)
S(R_R) _ 1 dlo IE 1F e 1 F Fp.l/)\ 1 F F[LV)\(S’Y 2.32
B =~ "5 V=G SF0ut 1) T 3 @mwale) T i Guas ) ’ (2:32)
C 1
SI(IBS) = +m/ 0(4) ANHA F(g) . (2.33)

Here, F(3) is the 3-form field strength associated to the R-R field C(s), while the 5-form F(5) and the 1-form
F(1) are respectively the field strengths associated to the R-R fields C4) and x.

Fyuwp = (dC) —x NH) = 0,C2yvp) — XHyuyp (2.34)
Fyuvprs = (dCy = Coy NH) = 0Clayupro) = CoyuvHpro (2.35)
Foyu = (dx),, = Oux (2.36)

where H is the 3-form field strength defined in (2.15). This action comes with an extra requirement that
has to be implemented by hand: the 5-form F{s) has to be self-dual

Fs)=Fs). (2.37)

The star denotes he Hodge dual, which will be defined later in (4.17)). The equations of motion derived from
the covariant action are consistent with condition t they do not imply it. Moreover, this
condition has to be imposed on the solutions of the equations of motion rather than on the action. Indeed,
if the latter is imposed on the action the wrong equations of motion will result.

The SI(IN S-NS) part precisely coincides with the low-energy effective action for the bosonic closed string
(2.21). This is not really surprising, as the NS-NS sector of the massless spectrum of type IIB superstring
theory coincides with the massless spectrum of the bosonic closed string. Actually, this part is also common
to other supergravities in ten dimensions. The topological term SI(ICBS) is called the Chern-Simons (CS)
term. It can be rewritten in terms of fields components by introducing the fully antisymmetric tensor in 10
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dimensions e*VPA?915E normalized to 0129 = 1.

T 41313
1
41313
!
41313
9
41313!

1
/ 0(4) ANHA F(3) = / dPz Euyp/\oénagC(4)yupAH06nF(3)CL§

/ lex 6“'/[)/\”6”@50(4)uup>\ (dB)otSn(dC(Q) )CLE

/ 02 P71 1 on (010 Bsiy) (91¢Caye)

/ leLE EMVP)\JSUCL§C(4)”VP>\ (603577) ((9(0(2)L5) . (2.38)

Let us then summarize the action (2.33]) as follows,

Sip = # /dl%ﬁ = # /dwx [\/z (L' + Lramond) + ﬁcs} ; (2.39)
where

L =e 2 (R +4(Vo)? — EQHPAGHPA“) ) (2.40)

LRamond = *%FQ)MFG) - %F(:),)WAF(IQL)M - %5,F(5)uup>\aF(‘frf)/p/\g ; (2.41)

Los = @ PTIEC 0 (00 Ba) (0C(ce) - (2.42)

8.4!

This is the form of the action we will use to derive the equations of motion for the bosonic background fields
in section (3]

It should now be clear, by analogy with the bosonic string case, that a consistent type IIB superstring
background to leading order in o/, has to satisfy the equations of motion of type IIB supergravity and
respect . Therefore, throughout the rest of this thesis, we will constantly juggle between the two
appelations: consistent superstring background and supergravity solution.

As mentioned multiple times already, all of our results have been presented in string frame by opposi-
tion to Einstein frame. This is not always the case in the literature. The metrics in the two frames are
related by a conformal rescaling depending on the dilaton. The expression of the bosonic part of the type
IIB supergravity action in Einstein frame is presented in Appendix [A]



Chapter 3

Deformation procedure: the
moduli-generating group

3.1 Moduli space and solution generating technique

For an introduction to conformal field theory methods in string theory, see for example [I1]. In this section
we reconsider the case of the bosonic closed oriented string.

As explained in the previous chapter, string theories use as building blocks conformal field theories (CFT).
Consider a given lagrangian L, which is a CF'T defined on a two-dimensional manifold parametrized by the
coordinates 7 and o. The couplings of the CFT are denoted by k;. In the language of string theory, this
lagrangian is a non-linear sigma model of the form , the manifold is obviously the worldsheet and the
couplings are the background fields. One would like to investigate wether there exist other CFTﬂ denoted
L', in the neighborhood of L. A neighborhood is defined as

L'=L+Y kOi(r.0), (3.1)

i=1

where O;(7,0) are the operators in the spectrum of the theory L, and k; are appropriate couplings. The
goal is to look for those new couplings k; that can be added to L such that L’ remains a CFT.

The operators O;(T, o) of the theory can be classified into three categories:

e Operators whose mass dimension is larger than 2. These are called “irrelevant” operators. Their
associated couplings have negative mass dimension.

e Operators whose mass dimension is smaller than 2. These are called “relevant” operators and their
associated couplings have positive mass dimension.

e Operators whose mass dimension is exactly 2. They are called “marginal” operators. Their associated
couplings are dimensionless.

We will forget about the irrelevant and relevant operators as they cannot be added to L. Indeed, their
associated couplings are not dimensionless and their insertion in the theory would therefore break scale
invariance. We are left with the marginal operators. Their couplings may however change under renormal-
ization and this causes the marginal operators to subdivide into three subcategories. In the end, two of
these subcategories turn out to contain relevant and irrelevant operators as their associated couplings flow
towards smaller or larger values in the infrared limit. We do not give more explanations about this feature
and we point the reader to [9] for more details. We only retain the remaining subcategory containing the

1 With the same central charge.

11
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so-called “truly marginal” operators. If L’ differs from L only by the addition of truly marginal operators
with appropriate couplings, then L’ is a CFT. The truly marginal operators are said to form a basis for a
neighborhood of conformal field theories.

The space of different conformal theories in the neighborhood of L is spanned by the corresponding couplings
k;. The space of all CFT’s connected to L by truly marginal deformations is called the (connected) moduli
space M of L. Locally around L, the moduli space reduces to the neighborhood described above. Therefore,
two different points in M correspond to two CFT’s with two different set of couplings, connected by a family
of truly marginal operators.

The key point is that, in some cases, one can span the moduli space M by applying a continuous group G
to L. Therefore, an element g € G takes a theory L; at one point in M parametrized by the couplings k;,
to a theory Lo corresponding to another point in M parametrized by new couplings k.

g: Ll (]{,‘Z) — L2 (k;) y g € g . (32)

As mentioned above, in the context of string theory, the couplings are the background fields. Since L; and
Ly are CFT’s, it should be clear from the discussion of chapter [2| that the two sets of couplings k; and
correspond to two consistent string backgrounds, or equivalently to two solutions of the equations of motion
(2.17), (2.18), (2.19). In what follows, we will forget about the worldsheet point of view and focus purely
on the action of G on the couplings. Schematically,

g:ki—k,, ge€g (3.3)

g : Consistent string background — New consistent string background .
The group G depends on the particular choice of M and therefore on the type of couplings k;, or string
background, that one is considering. Although a general classification of these groups is not yet known, in
some cases the group G has been identified and extensively studied. Given a consistent background and the

group G spanning the associated moduli space one can generate new consistent backgrounds. The group G
can therefore be used as a solution generating technique.

3.2 O(d,d,R) and its action

In this section, we specify the type of backgrounds we will consider and present the group generating the
associated moduli space. We then describe the action of specific group elements on the background fields.

3.2.1 Backgrounds with U(1)? isometry

The CFT we consider is the non-linear sigma model (2.6)) describing the propagation of the bosonic closed
string on a curved background. The number of truly marginal operators for a generic D-dimensional back-

ground is D?. These D? operators are composed by the w operators
VhhP, X o X" (3.4)
and the w operators
PO X XY, (3.5)

corresponding to the symmetric couplings G, (X) and the antisymmetric couplings By, (X). For now, we
disregard the dilaton. These truly marginal operators are precisely the vertex operators for the massless
states of the bosonic string, which is not a surprise. Indeed, the non-linear sigma model (CFT in curved
spacetime) was, roughly speaking, obtained from the Polyakov action (CFT in flat spacetime) by adding
vertex operators. This process fits in the picture described by . The existence of truly marginal op-
erators on the worldsheet corresponds to the existence of massless states in the target space. The target
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space tachyon corresponds to what we called a relevant operator on the worldsheet and the massive states
in target space correspond to irrelevant operators.

We now restrict ourselves to a very specific type of backgrounds, namely, those which have d global U(1)
isometries realized geometrically. Let us parametrize the spacetime manifold by the coordinates X = (¢;, z,)
where ¢ € {1,...,d} and a € {1,....,D — d}. The aforementioned condition means that all the background
fields are independent of ¢; but may depend on z,, and that the d global U(1) isometries are realized as
constant shifts of ¢;. The geometries of such backgrounds basically contain a d-torus, parametrized by the
coordinates ¢;, fibered over a (D — d)-dimensional manifold. The d coordinates ¢; are usually called angle
coordinates or isometry angles. These backgrounds are sometimes referred to as backgrounds with d toroidal
isometries. Although they are type IIB superstring backgrounds, we can already mention that the AdSs x S°
and the AdS, x S? x T® backgrounds are of this type.

At this point it is useful to arrange the D? couplings of the non-linear sigma model (2.6)) into one ma-
trix £ whose symmetric part is the spacetime metric G, (z,) and whose antisymmetric part is B, (z4)

(1)
_ _( By Ky
5/,1,1/ - Gp,z/ + Bl“’ - < K(Ej) Nab ) ) (36)
where 4, j,... = {1, ...,d} are d-torus indices. The D x D matrix £ is usually referred to as the background

matrix.

3.2.2 The O(d,d,R) group

It has been shown in [I], that the indefinite orthogonal group O(d,d,R) spans the moduli space of back-
grounds with d toroidal isometries. This means that an element g € O(d, d,R) acting, in a way that remains
to be defined, on a consistent string background with d toroidal isometries, described by its background
matrix £ and the dilaton ¢, generates another consistentﬂ background with d toroidal isometries described
by £ and ¢’. Let us now present this group and its action on the background matrix.

The group O(d, d,R), known as T-duality group, has dimension 2d? — d, and can be represented as (2d x 2d)-
dimensional matrices g preserving the bilinear form L

o a b _ 0 lixa
s=(0n)r=( ), ). (37)

where a, b, ¢,d, are (d x d)-dimensional matrices, and
¢'Lg=L = dlc+cla=0, bld+d'b=0, a'd+c'b=1444, (3.8)

where the superscript ¢ stands for transposed. A useful consequence of the above condition is that if
g € O(d,d,R), then g* € O(d,d,R).
g= ( > ; (3.9)

where a, IA), ¢, d are the D x D matrices of the form

N a 0 o b 0 . c 0 s d 0
(302 ) (3 0) (D) (2 ) e

2We should mention, to be more precise, that an element g € O(d,d,R) maps a consistent background with d toroidal
isometries onto the leading order in o’ of a consistent background. However, this is enough for us since such backgrounds
already solve the equations of motion derived from the low-energy effective action.

An embedding in O(D, D,R) is given by

>
U, o

o>
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It was proved, again in [I], that § acts on the background matrix £ (3.6) as a fractional linear transformation:

. ,GE+b E (a— E'c)KW
§:6 = &= E+d ( K2)(cE+d)™ N-K®(E+d)tek® )~ (3.11)
with
E' = (aE +b)(cE+d)™*. (3.12)

We further restrict the type of backgrounds we consider. We assume that K fbl )= 0and K 53) = 0 such that
we can view the background as two sectors: the internal sector, whose background matrix is F, fibered over
the “non-compact” or external sector whose background matrix is N. The internal sector is basically the
d-torus and our sloppy appellation for the non-compact sector can be justified by the fact that it contains
the time direction, which is usually non-compact. Once again, the AdSs x S® and the AdS, x S? x T©
backgrounds fall in this category. Such backgrounds, therefore, transform under g as

N , [ E 0
g.5—>5_<0 ~ |- (3.13)

Since the non-compact sector is invariant under O(d,d,R) transformations, we will forget about it. From
now on, we focus entirely on the d-dimensional internal sector, i.e. the d-torus. The element g € O(d,d,R)
acts as

g:E=G+B—FE =(@E+b)(cE+d) =G + B, (3.14)

where G’ and B’ are respectively the new (or deformed) spacetime metric and B field.

Let us now describe three types of elements that generate the group O(d, d, R):

e SL(d,R) transformations

=

with A € GL(d,R). Under such elements, the background matrix transforms as

o
ST~
~
|
R
S o
o

(At)-1 > , ga€50(d,d,R) CcO(d,d,R), (3.15)

E — E' = AEA". (3.16)

From the point of view of the coordinates, this can also be seen as a simple change of isometry angles.
Indeed, the line element squared of the initial background can be written as

ds® = (d)'G(do) = (d9)") AT G'(A") 7} (dg) = (d¢)'G'(dy), (3.17)

d
where ¢; = > ((At)_l)ij ¢; are the new isometry angles. We can interpret E’ in two different ways,
j=1
either as the background matrix (3.16)) of a deformed background expressed in the initial coordinate
basis ¢;, or as the background matrix (3.17) of the initial background but expressed in a new coordinate
basis ¢;. This second point of view is a bit misleading. Although we will use it to make a quick remark
later on, we stick with the first point of view in which the background gets deformed.
e O-shifts

_ a b _ 1d><d ©
go = ( . ) - ( o 1 ) ., go € 50(d,d,R) C O(d,d,R), (3.18)

with © being an antisymmetric d X d matrix. These elements shift the B field to B+0.

_fa b\ _ liva — € —e;
9D = ( ¢ d > N < —e; Lixd — € > ’ (3:19)

e Factorized dualities
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where the d x d matrix e; is zero except for the i¢ component which is equal to 1. The element ¢p,
acts on the background as a T-duality on the circle parametrized by ¢;. From and , one
can easily rederive Tim Buscher’s T-duality rules [16] for the components of the metric G and the B
field. Indeed, if one applies a T-duality on the circle parametrized by ¢1,

E' = ((laxa —e1)E —e1) X (—e1E + (Laxa —€1)) "
({0 0 Eu Ey ) (10
0 1g—1xd—1 En By 0 0
(L0 En Ey \, (0 0 -1
0 O En  Ey 0 li—ixd—1

(225 ) (5 ) ()
£y Eyg 0 li—ixd—1 Ey Ey 0 1g—ixd—1

1 B
E E
= " Buen | o (3.20)
By Pk — TR
where the indices [, k € {2,...,d}. By definition,
B+ B -
! _ 1] Je ! _ 1] Jt
Gij = — 5 B;; = — 5 (3.21)
Then, from (3:20),
1 By G1G1x — BuBig
4 = -, ’ = 4 = -, Gl = G — s 322
11 G 1k k1 G Ik lk G ( )
G G1 By, — B1iG
:/Lk _ _Bl/Cl _ le: , Bl/k _ Blk _ 1 lkG 1kG11 ) (323>
11 11

It is important to mention that the determinant of gp, is equal to —1 and therefore gp, ¢ SO(d, d,R).

3.3 S5S0O(d,d,R) deformations

We now turn to our main interests, which are type II consistent superstring backgrounds with d toroidal
isometries, or equivalently, type II supergravity solutions with d toroidal isometries. The moduli space of
such backgrounds is still spanned by the group O(d, d,R) and is now made of two disconnected components,
corresponding to type ITA and type IIB backgrounds. These are mapped into each other by O(d,d,R)
elements with determinant equal to -1. This is the case of factorized dualities , which are known to
take solutions of type IIB and type IIA supergravity to solutions of type IIA and type IIB supergravityEl,
respectively. In what follows, we will exclusively consider type IIB solutions and therefore restrict ourselves
to SO(d,d,R), which acts within ITA or IIB. It is important to note that any even number of T-dualities is
part of SO(d, d,R).

The spacetime dimension is now D = 10 and an element g € SO(d, d,R) acts on the background matrix of
the d-dimensional internal sector as the fractional linear transformation (3.14). The action of SO(d,d,R)
on the R-R fields will be presented in subsection [3.3.3]

3.3.1 ~v-deformations

The vy-deformations are the elements g, € SO(d, d,R) defined as

o= (M0, (3.24)

Llixa

3T-duality flips the chirality of one gravitino and one dilatino. It naturally also transforms type IIA R-R fields into type
IIB R-R fields. All of these transformation rules are explicitly presented in [I7].
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where T" is an antisymmetric d x d matri Therefore, the most general y-deformation is a real, d(d; )

parameter, deformation. From (3.11)), one can see that, under y-deformation, the background matrix trans-
forms as

gy E— E'=E(E+1444)"". (3.25)

These are the deformations that Lunin and Maldacenaﬂ as well as Frolov applied to the AdSs x S° type
IIB background. We will present this deformations in chapter |4/ and those of the AdSy x S% x T type IIB
background in chapter [f]

The composition of two y-deformations g,(I'1) and g,(I'2), yields another y-deformation

_( lixa O lixa O B Llaxa 0 B
g’y(rl)'g’y(FQ) - ( 1'\1 1d><d ) ( F2 1d><d > - ( 1'\1 +1’\2 1d><d > *g"/(rl +F2)a (326)

Furthermore,
-1
(9(I) " = g4(-T), 9(I'=0):E—E'=E. (3.27)

The ~-deformations, therefore, form a subgroup of SO(d, d,R). One of the nice features of these deforma-
tions is that, starting from a non-singular solution, they usually generate a class of non-singular solutions.

Let us finally turn back to the dilaton. We do not discuss this issue explicitly, as this was done in [I§]
and [I], and merely state the result. Under y-deformations, the dilaton transforms as

6— ¢ = 6= 3 ([det (B + Laxa) (3.28)

where the abbreviation “det” stands for determinant.

3.3.2 TsT-transformations

The TsT-transformations are the one-parameter y-deformations of the form

B lixa 0
I(Ty;50;Te;) = < F(Td>,;s¢_7~T¢,;) Lavd ) ) (3.29)

where the matrix I'(r, s, 1, ) 1S zero except for the ij and ji component which are, respectively, equal to
505 Lo,
—v and «. Here, v € R is the parameter of the TsT-transformation. Just to be clear, let us give an example.

is

The TsT-transformation 9Ty, 56, Tsy)
Lixa 0 0 —y 0
ITorseaTon) = ( D (TyyspyTer)  Laxa ) with Tz, sp,m)=| 7 0| 0 L (330)
preenh 0 0 |O4—2xa—2

It is obvious that a TsT-transformation g(r, s, 7, ), With parameter v, is the same as a TsT-transformation
i J i
9Ty, 56,Ts,) with parameter —v.

A general TsT-transformation (3.29) can be decomposed as follows
g(T¢1i S¢j Td)q',) = gD7 'gA(ij) gDz ) (331)

where g4, is the SL(d,R) transformation defined in (3.15) and A(;;) € GL(d,R) is the identity matrix up
to a non-vanishing ij-component equal to . Again, just to be clear, if i = 1,j = 2, then

0 0
0 . (3.32)

1
0| la—2xd—2

1
A(12) = 0
0

41t should not be confused with the Christoffel symbols introduced in (2.23).
5They actually used a different approach, based on the decomposition SO(2,2,R) ~ SL(2,R) x SL(2,R), which will be
briefly discussed later.
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As mentioned earlier, the action of g4, on the metric is ga,, : G — G = A(ij)GAfij). The same
deformation can also be obtained by the following shift of isometry angles

o — li; (A@-j))kl ¢, Yk, (3.33)
which is equal to
¢ — v9i + 05, (3.34)
o — Ok Yk FiF . (3.35)
Indeed, under such a shift
ds? = (d9)'G(d¢) — ds? = (d¢)' Ay GA (dd) = (d¢)'C'(dg) . (3.36)

This is regarded in the literature as a shift of the isometry angle ¢; and, therefore, the element g4, is
(a bit misleadingly) referred to as a shift. It should not be confused with the ©-shift introduced in .
A TsT-transformation is then a factorized duality on the circle parametrized by ¢;, followed by the
SL(d,R) transformation (or “shift”) ga,,, and another factorized duality on the circle parametrized by ¢;.
This explains the appellation “TsT-transformation”.

Let us make a final remark. As it is clear from (3.29)), a chain of two TsT-transformations with arbitrary
parameters boils down to

laxa 0 (3:37)
IToioosTou) ST Ton) = (F(Tm%ij) + Lz, s, T¢k)) Lixa )~ .
such that any 7-deformation (3.24) can always be decomposed into a chain of TsT-transformations. In
particular the most general ~-deformation can be written as a chain of @ TsT-transformations (each of
them with a different parameter).

3.3.3 ~-deformations of R-R fields

We describe here the action of SO(d, d,R) on the R-R fields. It was realized in [19] that the R-R fields of
type IIB supergravity combine with the NS-NS B-field in an appropriate way (see , and )
to transform under the chiral spinor representation of SO(d,d,R). We do not provide the details of the
proof, but we rather give, following [I8] very closely, a short summary of the results of [19]. However, our
expressions of the field strengths Fiqy, Fi3y, F{(s5) slightly differ from those of [19] and [18] which is naturally
also the case of our type IIB supergravity action. We stick with our conventions and translate their results.

First, we introduce F' as the sum of the three field strengths of type IIB supergravity defined in (2.36)),
£39), @39):
F = F(l) + F(g) + F(5) . (3.38)

As a remark, one should mention the existence of the so-called democratic formulation that one sometimes
encounters in the literature. It requires the introduction of the extra R-R field strengths F(7) and F(g). These
are then treated as independent variables, but one should impose the following Hodge duality conditions

F§=Fuy, F&=Fg, (3.39)

to match the right number of degrees of freedom. The advantage of this formulation is that one can rewrite
the type IIB supergravity actiorﬁ in a more compact and elegant way (see for example [20]). In this case,
F should actually be defined as in [19]

F:F(l)+F(3)+F(5)+F(7)+F(9). (3.40)

6By considering two extra R-R potentials in ITA, SUGRA one can actually cast both type ITA and type IIB action in a
single expression.
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However, we will consider type IIB solutions for which F(;) = Fi3) = 0 and, therefore, F(7) = F(g) = 0. It
will become apparent in what follows that the y-defomations do not produce any non-vanishing F7y or Fg)
from these types of solution. Thus, equation will always reduce to equation and we will not
deal with this alternative formulation of type IIB supergravity.

The second step is to introduce 2d fermionic operators, 1; and ', satisfying the usual anti-commutation
relations

{n v} =671, (i} = {9V} =0, dje{l,...d}, (3.41)
with (wi)T = . We construct a 2d-dimensional Fock space F spanned by the states |a) € F defined as
la)y =T im0y, nedo0,..,d}, (3.42)

where |0) is the vacuum, normalized to (0|0) = 1, such that v;|0) = 0. The operator 1 in (3.41)) denotes the
identity map on F. In (3.42), a is a multi-index v = (41, ....., 4,) with 43 < ..... <.

The trick is now, still following [I9], to use the one-to-one correspondence between the set of differential
forms and the space of creation operators 11, under which a general differential form €

M-

d 10—n
Q=" i déi, A Ndgr, = > S O L dgi, A Adg, (3.43)
n=1 qg=1 n=1

is mapped to the following operator

d

Q=)0 " AL AP =

n=1

H
T
3

M=

Q(Q)

i1 0p

T A L AT (3.44)

=]

Il
=

Il
—

n

where the superscript (¢) indicates that Qif)l is a g-form for the non-compact indices x1, ..., x19—q. This

gives an isomorphism as an algebra. It is then clear that we can associate a state |Q2) € F to each differential

form Q as
|Q) = €2]0) . (3.45)

The key result in [19] is that the state |F'), corresponding to the differential form (3.38)), transforms under
A € 50(d,d,R) as
|[F) — |F') = A|F), (3.46)

where the operator A is defined as

AIB) = "a)Sas (A) , o), |B) € F. (3.47)

Here, S, (A) denotes the spinor representation. The operator g, (I') acting on F, which corresponds to the
~-deformation g~ (I') defined in (3.24), was constructed in [19] as

g, (T) = exp (;anzpmwn) C myne{l,..d}. (3.48)

It should be clear from the isomorphism mapping (3.43) to (3.44)), that under the v-deformation, g, (I")
|Fy — |F')=g,(D)|F), F—F=9,(D)F, (3.49)
with

g, (') = exp (;anLan) ) (3.50)

where ¢, is the contraction with the isometry direction %. Such a contraction takes a n-form to an

(n — 1)-form. For instance,
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b (dpy Ao N1 N dpn N dpmyr Ao Ady) = (=1)" 71 (ddpy Ao Adn 1 Addmia A Ady) , (3.51)

where here m is fixed. In particular ¢,,i,, = 0.

As mentioned earlier, we will consider the AdSs x S° and AdS, x S? x T® type IIB solutions which both
have x = C(3) = 0 but non-vanishing C4). Hence, F' = F(5). After a y-deformation, the new R-R field
strengths F(’l), F('g)7 F(’5), are by definition,

1
ngU = exp (QanLan) F(5) = F/ = F(/l) + F(/g) + F(I5) . (352)

Expanding the exponential yields

1 > (Conntmtn)” 1 1
exp <2Panan) Fi5 = z;) WF@ = (1 + EanLan + SFManbkman) Fisy . (3.53)
p:

Higher order terms in the expansion vanish when contracted with the 5-form F(5). Therefore, the expressions
of the y-deformed R-R field strengths are

_!

1
F(/B) = grananF(‘B) 5 F(Il) = Sl“leankLleLnF(5). (354)

One would think, from , that the 5-form remains invariant under y-deformations. This is not exactly
the case as the spacetime metric gets deformed and F{5) depends implicitly on the metric via the self-duality
condition . Let us write F(5) = w + w*, with w being a 5-form, such that is automatically
satisfied. The expression of the «-deformed 5-form field strength is then

Flsy = w+w* (3.55)

where the primed star denotes the Hodge dual taken with respect to the deformed spacetime metric.



Chapter 4

~-deformations of the AdSs x S°
background

In this chapter, we start by presenting the consistent type IIB AdS5 x S® background. We then consider two
different y-deformations in order to derive two type IIB supergravity solutions known as the LM solution
and Frolov’s solution. Finally, we verify that the LM solution satisfies the equations of motion derived from
the covariant action presented in chapter

4.1 The AdSs x S° background

In order to discuss deformations, it is first necessary to give a detailed description of the AdSs x S° back-
ground. Its geometry is defined, in string frame, by the line element squared

ds% = d5,24d55 + ds?g5 .

The Anti-de Sitter space AdSs, is the five-dimensional maximally symmetric space with negative constant
curvature. We do not give a detailed constructiorﬂ of AdSs as we will exclusively consider deformations of
the 5-sphere S°. Nevertheless, we choose to parametrize AdSs by the coordinates (o, 1, T2, T3, T4) such

that
2

R
dshas, = = (dzf + da? — dal — da§ — daj) | (4.1)
0
where R denotes the radius of AdS5 in string frame.

We view the five-dimensional sphere of radius R as an embedding in a six-dimensional Euclidean space.
In terms of Euclidean coordinates (X7, X, X3, X4, X5, Xg), the 5-sphere is defined by the constraint

Xi+ X5+ X3+ X+ X2+ X, =R, (4.2)

We now switch to three pairs of polar coordinates (r;, ¢;), i € {1,2,3}, defined as

X, = Rricos(¢i), xiys = Rr;sin(¢;). (4.3)
Condition (4.2)) then becomes
3
dori=1. (4.4)
i=1

The line element squared of the Euclidean space is given by

6 3
ds® =Y dX; = R’ (Z dr + r?dqs?) , (4.5)
p=1

i=1

IThis can be easily be found in multiple books and reviews. See for example [20].

20
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and when condition (4.4) is implemented, this also describes the line element squared of the 5-sphere ds?gs.
This embedding will prove to be useful for some computations, but in other cases it will turn out to be more
convenient to deal with a set of five local coordinates (a, 0, ¢1, ¢2, ¢3), defined as

r1 = cos (@) = ¢, T2 =sin(a)cos () =sq4cp, 73 =sin(a)sin(0) = sasp, (4.6)
which automatically satisfy (4.4). Substituting (4.6) into (4.5]) yields
dsgs = R? (do® + s2d0° + 2 d¢3 + sZcpdds + s2s5dg3) (4.7

These are the notations suggested in [2]. In the end, the AdSs x S® manifold is parametrized by the local
coordinates (xg, 1, T2, T3, T4, @, 0, P1, P2, ¢3) and its metric in string frame can be read from

ds? = ds?qu5 + ds%s (4.8)
R2

=— (dzf + da} — da3 — daf — dz}) + R? (do® + s2,d0? + c2dei + sicgdds + stsgddy) . (4.9)
0

In the rest of this chapter we adopt the, possibly awkward, convention in which ten-dimensional spacetime
indices u, v, p, ... € {wo, 71, T2, 3, T4, , 0, d1, P2, d3} such that, for example, Ggg = R%s2. We also introduce,
for latter convenience, the hatted indices a, b, ¢, d, é, ... and the indices a, b, ¢, d, e, ... which are, respectively,

AdSs and S° indices. For instance Ga, = 0. Furthermore, the determinant of the metric factorizes as
G = GAdSS-GS5

The Ramond-Ramond field C'4) on AdSs x 5% reads
Cay = 4RY (wa + w1 Addy Adoa A des) (4.10)
where the 4-form wy and the 1-form w, are defined via the following relations

Wads; = dwy = /=G aas;, dro A dry A dag Adag Adey, (4.11)

dw; = coasos9ce da A d = Ggs da A db. (4.12)

Here, wags, is the volume form on AdSs and the tiny subscript 1 in GAdSsl and GS§ means that R =1 for
these determinants. We also have that
Rhe? = R*, (4.13)

where Rg denotes the radius in Einstein frame.

The dilaton is constant and denoted by ¢q while all of the other fields vanish
xX=B=Cy =0.
The associated field strengths, therefore, also vanish
H=dB=0, Fg=dCg =0, Fy=dx=0. (4.14)
However, the 5-form field strength Fi5) associated to C'4) doesn’t vanish and is equal to
F(sy = dC4y — C(2) ANdB = dC(4) = 4R, (waas, + wss) (4.15)
where wgs is the volume form on S°

Wwgs = dw1 A d¢1 A d¢2 A d¢3 == GS{’ da A df N d¢1 A d¢2 A d¢3 . (416)
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The Hodge dual of a p-form w on AdS5 x S% is the (10 — p)-form w*, defined as

-1
* _ Vl....UpVpt1....V10
Wiy = rme »¥p Gryv Gy, Woy o (4.17)
where the indices p1, ..., thp, V1, ..., V10 € {0, 21, T2, T3, T4, @, 0, @1, P2, @3} and where € is the fully antisym-

metric tensor in ten dimensions normalized to e*o¥1%2¥3Taa0¢16263 — 1 Using and , one can
easily show that
Wias, = Wss - (4.18)
Therefore,
Fis) = 4R (wads, + Whas,) - (4.19)
is clearly self-dual as required from . In terms of components, reads

Fsyabede = 43%\/ —G adss, €4ieder Fs)abcde = 4R/ Gss €abede » (4.20)

where the fully antisymmetric tensors €, and €gpcde are normalized t0 €3yz, 20052, = 1 a0d €09¢; oy = 1.
One could have been wondering why AdSs and S° share the same radius R. It should now be clear it has
to be the case in order for the 5-form F(s) to be self-dual.

Finally, let us mention that this background is a type IIB supergravity solution and is therefore a con-
sistent background. This can be proven using the type IIB equations of motion derived in section Due
to the relative simplicity of the AdSs x S° background, we leave this task to the reader. We can now apply
the solution generating technique described in section to generate new type IIB solutions.

4.2 ~-deformations of AdS; x S°

The 5-sphere possesses three U(1) isometries realized as constant shifts of the angle coordinates ¢;, i €
{1,2,3}, which parametrize a 3-torus

i — it a;, o €R. (4.21)

Actually, these three U(1) isometries are symmetries of the whole AdS5 x S® solution since the transforma-
tions (4.21) leave all the fields defined in section invariant. Only the invariance of the Cy4) field defined
in (4.10) might appear a bit puzzling. However, definitions and imply that all the components
of the 4-form wy and the 1-form w; are independent of the isometry angles ¢;. This immediately proves the
invariance of C(4) under . The geometry of the background contains, as explained earlier, a 3-torus
(or internal sector) parametrized by the isometry angles, fibered over a non-compact sector parametrized by
the coordinates xq, z1, 2, X3, T4, , 0.

Following our discussion in chapter [3] it is now possible to generate new solutions of type IIB supergravity
by deforming the AdS; x S® background with SO(3,3,R) elements. The AdSs space also exhibits U(1)
isometries and it would, therefore, also be possible to deform along its isometry directions. Although this
is feasibleﬂ we will not perform such deformations here, as their consequence is obviously the breaking of
conformal symmetry of AdSs. In what follows, we will focus entirely on ~-deformations of the 5-sphere. In
particular, we will study two main deformed solutions. The first one, chronologically, has been obtained
in [2] by a very specific one-parameter y-deformation and is known in the literature as the LM solution
(or LM background), while the second one, known as Frolov’s solution, has been obtained later by the
three-parameter y-deformation in [3].

4.2.1 The Lunin-Maldacena background

We will follow a different approach to the original derivation [2] of the LM background. A few remarks on
the the original approach will be made later. Here, we will make use of the solution generating technique
described in chapter [3]

2As long as T-duality is not performed on the non-compact time direction.
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NS-NS sector

Let us first focus on the deformation of the NS-NS fields. We denote the background matrix of the internal
sector (i.e. the 3-torus), defined in (3.6)), by E4)

G¢1¢1 G¢1¢72 + B¢>1¢2 G¢71¢3 + B¢1¢3 Rzr% 9 ) 0
Egy =1 Goigo — Bgros G2 G203 Bpigs = 0 Rr; o] (4.22)
G¢1¢3 - B¢1¢3 G¢2¢'3 - B¢2¢>3 G¢3¢3 0 0 R*r3

The deformation of [2] is a TsT-transformation applied on a very specific 2-torus. This particular choice of
the torus is motived by spacetime supersymmetry arguments. Indeed, the LM solution is known to preserve
i of the supersymmetries of the AdSs x S® solution. This probably sounds a bit confusing at this point and
we point the reader to chapter [6] for detailed explanations.

Let us now follow the train of thought of [3] to obtain the deformed background matrix of the LM back-
ground. The first step is to make the following change of angle coordinates,

3 A
pi=) ((AfLM))_1>ij ¢j, with (AfLM)> =3 —12 1 1 : (4.23)
i=1

where the coordinates (1, ¢2, p3) provide another parameterization of the 3-torus. The three U(1) isome-
tries are now realized as constant shifts of the new isometry angles 1, s, 3. From our discussion of
equation (3.17)), the background matrix of the internal sector of AdSs x S® becomes

Gsﬁlsﬁl thltpz + B<P1<P2 Gsﬁlsﬁ?, + Btpltps
E(tp) = gA(LM)E(¢) = Gorps = Borgs Goops Gozps Bioros ) (4.24)
P13 B<P1<P3 GAP2<P3 - Btpzipfs G393<P3

where the element ga,,, € SO(3,3,R) has been defined in Recall that SO(d, d,R) elements act
on the background matrix as fractional linear transformations (3.14]). The second step is to perform a
TsT-transformation, with parameter «, on the 2-torus parametrized by the angle coordinates (1, p2). The
background matrix then gets deformed to

Elo) — Elo) = 91y, 50,70 Ele) » (4.25)

where the expression of g(r, s, 7,,) IS given by (3.30). The last step is to switch back to our initial isometry
angles ¢1, ¢2, ¢3. The deformed background matrix in the initial angle coordinates system is then

—1 /

Eé(b) = (gA(LIVI)) E((p)' (4.26)
Patching all these steps together gives the expression of the one-parameter y-deformation used in [2]
E(g) — Elg) = 9rean Blo) » (4.27)

where

—1
Iyviny = (gA(LM)) -g(Twlsg;QTg,l)-gA(LM)

= gA(_LlM) 'g(Txm SooTpy) ‘gA(LM)

_ A(_LlM) 0 ( 13><3 0 )( A(LM) . 0 . )
0 AELM) Uty ss,75) 13x3 0 (Alzan)

_ 13><3 0 _ ( 13><3 0 ) (428)
(AELM)'F(T¢1s¢2T¢1)'A(LM)) 13xs 1_\(LM) 1343 ’
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with
0 — v
F(LM) = Yy 0 - . (429)
-y v 0

The LM deformation g, ,,, is then equivalent to three TsT-transformations, each of them with the same
parameter 7, on the three 2-torus parametrized by the pairs of isometry angles (¢1, ¢2), (¢3, ¢1) and (d2, ¢3).
After some simple algebra, equation (4.27) gives

r2(1 + RY¥y2r3r3) r2(R2yr3 + R?4%r3r2)  ri(—R%yr3 + R*y?*rir3)
Blgy = B2 | r3(-Reyrt+ RiyPrind) - rd(1+ Riyrind) B + R ) (430)
r3(R yri+ R4 2r2)  r2(—R%yr3 + RY%92%rir3) r3(1+ R*y2rir3)
with )
J = (1 +72R4(r1r2 +7”57“1 +r%r§)) . (4.31)

Identifying the symmetric and antisymmetric part of the deformed background matrix EE %) yields, respec-
tively, the internal sector components of the deformed metric G’ and the deformed field B’

2.2 612¢2 54 522
Rc—i—R’y 3900

bior = R2Jri(1 4+ R*%y?r3rd) = 1+ 2R (2526 + 2 82 2t sic2s2)” (4.32)
;,2(1,2 = R*Jr3(1 4+ R**rir3) = I 72];2?02622 CQRj§6;34 Sj%rci 173y (4.33)
oy = BRI+ RYPrdnd) = - +7£i?é§;ﬁ2; 48_%054 el (4.34)
162 = Gongs = Gy, = ROTY riryrs = T W2R4(c£6272is;8§;9 a2 (4.35)
B</;51¢2 = R4’YJ7"17“2 -1 T 72R4(838§4'2YC_§5§§Z§ 2 Sécgsg) ) (4.36)
By, = RinJrir} = 1+ 72R4(cis§ 732_ 022 522 $2+ shc2s2)’ (4.37)
Bj,g, = R*yJriri = Rysasycy - (4.38)

1+ 2R4(c2s2¢2 + 25252 + shcis?)

As explained in[3.2] the other components of the metric and the B field are not affected by the y-deformation.
One can then write

B' = R*J (rir3 dgy A dds + riri dos A dey + rir3® dos A des) (4.39)

From (3.28)), we deduce that, under g, ,,,, the dilaton ¢o transforms as

b0 — ¢ = o — %m (det(T(par) E(g) + Laxs)) = ¢o — §1n( D = ¢ + §ha(J) (4.40)

In what follows, we will denote the deformed 5-sphere by 55 Note that the determinant of its metric is
Gss = J2Ggs.

R-R sector: Field strengths

We now turn to the action of g, ,,, on the R-R fields. For the AdS5 x 5% background, the sum of the field
strengths F', introduced in (3.38)), is

F = F(5) = 4R4E (, / _GAdS‘I’ dl‘o AN dJL‘l A dJEQ A dZE3 A d£E4 + GSf da A df N d¢1 AN d¢2 A d(bg) . (441)
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Under gy,

1
F—F = g’Y(LM)F = exp (Q(F(LM))W’L”LWL”> U= (1 - 7([“251 Ly = Lgpslepy T L¢2L¢3)) F

= F(5) - 7(L¢1L¢2 T Lyl T+ [’¢2[’<153)F(5)
_ / /

Clearly, F (’1) = dx’ = 0 and therefore Y’ is pure gauge. Using (4.41)), one obtains
F(/B) = 7’7(%71 Ly — Losley T Loy L¢3)F(5) = 4R4E7 GS‘? daNdf A (dgr + dp2 + dos)
= 12Rpydw;y A dyp, (4.43)

where the 2-form dw; was defined in (4.12) and we also introduced the angle ¢ := 1 (d¢1 + dgo + do3). It
was noticed in [3], that our expression for F{;, differs by a minus sign from the one of [2]. This difference is

due to the choice of T-duality rules. We add here a minus sign to F{3y to exactly match the results of [2].
The deformed 5-form field strength is

Fly) = 4R} (mdss + w;{dss) : (4.44)

where the Hodge dual is taken with respect to deformed metric. From the definition of the Hodge duality
and the expression of F(5), one can easily notice that the only non-vanishing component of w g is

-1
* — 12 3 g s e o7 s o 10 (Y ! ! ! !
(wAdSS)aa¢1¢2¢3 N 5!«/—G’€ Gaﬂl Opz T d1pz T dapa ¢3M5F(5)M6M7M8M9M10
-1
_ abprpapzabédeé 1 ! / / / _ o
T o5l /_G/‘S GaaG00G 6191 G0, Goges \ G Adss, €abede

1 +1

1
== G5l /-G = ———J?Ggs, /-G
5' \/—76” SV AdSSI *GAdS\r,-G,SE 5 Ad551

1 J
J2GS5«/—GAdSS = RYG 5w/_GAd85
J\/ =G ads;-Gss " VRY —Gadss, Gs3 o 1
NGRS (4.45)

Therefore, we have

Flsy = 4R (wads, + wias, ) = 4R (waas, +J\/Gsg da A db N don N dos 1 doy)
= 4RIE (wAds5 + sts) R (4.46)

and the self-duality of F(’5) is ensured by construction.

Bianchi identities

A good method to check the consistency of our expressions for the deformed field strengths is to verify
wether the following Bianchi identities are satisfied

dH' =d(dB) =0, (4.47)
dFlyy = d (dCly — H'AX') = H' Ay (4.48)
dF(IS): (dCE4)_H//\C£2)>:H//\F(IB)+H//\HI/\X/:H//\F(IB)7 (449)

d
dF},) = d(dx)0. (4.50)
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The last identity is trivially satisfied as F(’l) = 0. One can compute the field strength H from (4.39),

H:dB:’yR4 (8 ( 1r2)da/\d¢)1/\d¢2+8 ( 3T1)da/\d¢3/\d¢1 + Oa ( 2T3))da/\d¢2/\d¢3
+0p(Jr2r2)dO A ddy A dgo + Op(Jrard) dO A dbs A dey + Op(Jrars) do A dds A dqsg) )

(4.51)
The first identity is satisfied by construction since the exterior derivative is nilpotent. Explicitly,
dH = vR" ((090a(Jrir3) + 0900 (Jr3rT) + 090a(Jrir3)) dO A do A dpy A dda A dps
+(0a09(JriT3) + 0a0p(Jr3rT) + 0a0s(Jr3r3)) da A dO A dgy A dpa Adgs) = 0. (4.52)

The third identity is also satisﬁed since both sides vanish. This can be immediately seen by closely con-
sidering the expression of F| (5 and by realizing that the wedge product on the right hand side necessarily
vanishes as the components of F, ('3) and H’ always overlap along one spacetime direction. In the second
identity, the right hand side vanishes since F) (' n =0, while once more, it is straightforward to notice that
the left hand side is also null by looking at the expression of F; (3)

R-R sector: Gauge fields

Let us now derive the expressions of the deformed R-R fields, C{Q) and C( 1) We first choose to gauge x
away,

x=0. (4.53)
Bearing this result in mind and using (4.43|) with the necessary sign flip, one obtains the relation
Flgy = dClyy — X' A H' = dC{y) = —4RgpyRpdwy A (déy + da + des) , (4.54)
from which we deduce that
Clay = —4Rpw1 A (dpy + da + ds) = —12Rpwy Ady) . (4.55)
In order to derive C{ )y We first compute some useful expressions
dC{yy A B' = —ARpJ (V2R (rir3 + r3ri +135r3)) dwy A dgy A dga A deps
= —4RLJ(J ' — 1) dwy Adpy Adpy Adps = —4RE(1 — J) dwy Adpy Adpy Ndps,  (4.56)
and,
d(Clyy A B') = d(—4REJ (Y’ R*(rir3 + r3r] + rir3)) w1 A dgy A dga A des)
= d(=4R(1 — J)wi Addy Adga A dgs)

= 4RE ((0aJ)da + (3gJ)dO) A wy A dpy A dpa A des
— AR} (1 — J) dwy Adgy Adgy A deps . (4.57)

The exterior derivative of C( 4 can be written, using ) and (| -7 as

dClyy = Flsy + Clyy AN H' = Flg) + Clyy NdB' = Fl5) +d (C(Z) A B/) —dClpy A B’
= 4R} (wags, + Jdwy A dpy Adps A dps) + ARE, ((0uJ)da + (0 J)dO) Awy A dpy A dga A db3
—AREL(1 = J)dwy Adg1 Adea A dds — (—4RE (1 — J) dwy A dgy A dpa A dgs)
= 4R}, (dwy + (Jdwy + (9aJ)da A wy + (g J)dO Awy) A ddy A dba A des)
= 4R}, (dwy + d (Jwy Addy A dda A dgs)) = d (AR (ws + Jwi Ady Adds A des)) (4.58)

Hence,
Clyy = 4R (wy + Jwy Adgy N da A dgps) . (4.59)
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The LM background

Here, we sum up all of the results and drop the prime on the deformed fields. The LM background, in string
frame, is

3 3 3
dsg = dshgs, +dsg = dshgs, + R > (dr? + Jridg?) + RO Irirgri (O dei) (> de;) (4.60)
i=1 i=1 j=1
_ 1 _ ! (4.61)
14+ 2RI +r2r2 4 r2r2) 1+ 42RY(2s2c2 + 25282 + she2sd) ] '
e = 2% ] (4.62)
B = yR*J(rir3 dr A ddo + r3r7 dps A dpy + 1375 dda A dos) (4.63)
C2y = —12yRpwi A dip = —4yRy (w1 Adgr +wi A dds + wy A des) (4.64)
C(4) = 4R%~ (’LU4 + Jwy Adpy A doa A d¢3) , (465)
F(s) = 4R (waas, + J wss) (4.66)
x=0. (4.67)
It coincides exactly with the expressions of [2]. For v = 0, one immediately recovers the AdSs x S°
background.

4.2.2 Frolov’s solution

In [3], Frolov generated a new solution of type IIB supergravity by applying the following three-parameter
~-deformation, also referred to as 7;-deformation, on AdSs x S°

153 0 0 =13 ™7
Gvry = ( o 1 ) , with T'ipy=1|{ % 0 —-m |. (4.68)
(F) 3x3 s - 0

This v;-deformation corresponds to a chain of three TsT-transformations: one with parameter 3 on the
2-torus parametrized by (¢1,¢2), another one with parameter v, on the 2-torus parametrized by (¢3, ¢1)
and finally, one with parameter 7; on the 2-torus parametrized by (¢2, ¢3). When the three parameters are
equal, Frolov’s solution obviously boils down to the LM solution.

We do not provide the complete derivation of Frolov’s solution as it is basically the same as for the LM
solution. Instead, we just state the result in string frame

3 3 3
ds§ = dshys, + sty = dshgs, + R’ > (dr} + Jridg?) + R Jrir3ri (O vide) (O vidss),  (4.69)
i=1 j=1

i=1

1 1

J = = 4.70
T+ R3S+ B i) 1+ R(3ad + 3edeisd + ietdsd) 470

e = 2% J (4.71)
B = R*J(¥3rirs dpy A doe + variri dos A dey + yirsrs des A des), (4.72)

3
Clay = —4yRp(wi A (Z 'Vid¢i> ; (4.73)
=1

Cay = 4R (wy + Jwi Adey A dda A deps) (4.74)
F(s) = 4R4E (’LUAd55 + stzs) , (4.75)
x=0. (4.76)

Frolov’s deformation is known to break all the supersymmetries of the maximally supersymmetric AdSs x S°
background. Hence, Frolov’s solution is a non-supersymmetric one. For more details, see chapter [6]
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4.2.3 Original approach and AdS/CFT correspondance

In this subsection, we present a very short summary of the original approach of Lunin and Maldacena. In
[2], they introduced the TsT-transformations, in the context of the AdS/CFT correspondence [4], as the
holographic duals of the, sometimes called, 5-deformations on the gauge theory side.

Consider a U(N) conformal gauge theory with U(1) x U(1) global symmetry. The S-deformations arise
as a redefinition of the product of fields in the lagrangian

3 1 2 2 1
f(l) « f(2) _ e“f"/ <Qf(1) Qf(g) _Qf(l)Qf(2)> f(l)f(?) , (477)
where f(1)f(2) is the ordinary product and (Q',Q?) are the U(1) x U(1) charges of the fields fay and feo).
The gravity duals of such gauge theories exhibit two U(1) isometries realized geometrically, such that their
geometries contain a 2-torus fibered over an eight-dimensional manifold. The real components of the metric
and the B field on the 2-torus are denoted by Gi1,G12, G2 and Bis. The holographic description of the
deformation is given by the following transformation of the Kihler modulus p of the 2-torus

p=Bis+iVVr — p = 1f7p5312+i1/‘/¥«, (4.78)

where Vi = G11G22 — G2, is the volume of the 2-torus and where v € R. As explained in [2], this deformation
can then be used to generate new supergravity solutions. This is not surprising as one can show that (4.78))
precisely corresponds to a TsT-transformation.

As explained in chapter 3] for the case of a type IIB background containing a 2-torus, the solution generating
group is SO(2,2,R). A possible decomposition is SO(2,2,R) ~ SL(2R), x SL(2,R),, where the subindexes
7 and p refer to the fact that the first SL(2,R) acts on the complex structure modulus 7 of the torus, while
the second SL(2,R) acts on its Kéhler modulus p. More details can be found in any textbook on string
theory (see for instance [II]). We will not deal here with the SL(2,R); as it plays no role in the type of
deformations we consider. On the other hand, SL(2,R), acts on the K&hler modulus as

S

ISl

P+
0+

p—p = , with ab—cd=1, (4.79)

S

™

where @,b,¢,d € R. An embedding of SL(2,R), into SO(2,2,R) in terms of 4 x 4 matrices acting as fractional
linear transformations on the background matrix of the 2-torus, is given in [I8] by

a 0 0 —b
a b 0 a b O
= = ~ 2,.2.R 4.
¢ 0 0 d
. , aE+b . G G2 + Bis
g BE— E' = Frd with E = ( Gis — Bis G ) . (4.81)

It is now easy to see that deformation (4.78)), introduced in [2], is the specific SL(2,R), transformation
(4.79) for which @ =d = 1,b =0 and ¢ = 7. The corresponding embedding (4.80) precisely reduces to the
expression of a TsT-transformation defined in (3.29)).

Let us make two closing remarks. The first one concerns the AdS/CFT correspondence. It is widely believed
that type IIB string theory on AdSs x S® is dual to A/ = 4 conformal Super Yang-Mills (SYM). The LM
deformation of the 5-sphere is, as explained above, dual to a S-deformation. Since the deformation on
the gravity side does not affect AdSs, it should not be surprising that the corresponding S-deformation does
not break conformal symmetryﬂ on the field theory side. Furthermore, the LM deformation breaks % of the

3These types of deformation are called marginal.
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spacetime supersymmetries of the AdSs x S® background. The type IIB string theory on the LM background
is then dual to a N' = 1 conformal SYM. Various tests of this duality have already been performed (see for
example [5] and [6]).

LM deformation

Gravity: type IIB strings on AdS5 x S° type IIB strings on AdSs X Sg
i)
| AdS;/CFT, correspondence (3
!
Field theory: A = 4 conformal SYM N =1 conformal SYM

Marginal B-deformation

As a second remark, let us mention that type IIB supergravity is originally invariant under SL(2, R)
transformations associated to S-duality. We point the reader to [2I] for the derivation of a SL(2,R);
invariant type IIB supergravity action. When compactified on a 2-torus, type IIB supergravity becomes
invariant under SL(3,R) x SL(2,R),. The SL(3,R) symmetry is the result of the combination of the
SL(2,R)s and SL(2,R), symmetries. In [2], Lunin and Maldacena also used SL(3,R) transformations to
generate more general type IIB solutions.

4.3 The equations of motion

Our goal is now to verify that the LM background is indeed a consistent background. In what follows, we
will first derive the complete equations of motion for the six spacetime fields arising from the action ,
then verify that they are satisfied if one plugs in the LM background. They will be presented in a way that
allows immediate numerical treatment, c.f Appendix [B] In particular, we will prefer normal derivatives to
covariant ones throughout the whole computation. For simplicity, we also set ¢y = 0.

4.3.1 The axion

This is the simplest equation of motion,

a‘CRamond aERamond
N/ — = /G =tamond 4.82
aﬂ( NTTERY ) “ax (4.82)

Developping both side yields

0, (~V=GFY) = 0, (—V=G(0"0) = LC Ry, (4.83)

For the LM background, the right hand side vanishes since x = 0. The left hand side also vanishes as the
contraction of the two field strengths is null.

4.3.2 The dilaton

The equation of motion for the dilaton is naturally the same one as in the bosonic string case

0, (x/—Ga‘C/> = \/—G%‘i.

5(0,9) (4.84)

The left hand side of is equal to
d, (8\/—Ge’2¢G“” (ayqs)) = —16V—Ge 2°G" (8,0) (3,0) + 8e~2%D,, (\/—GG‘“’ (8u¢))

= —16V—Ge 2°G" (9,0) (8,0) + 4e 2V =G (9,G 5) GG (D, ¢)
+ 872/ ~G (0,G") (8,9) + 8¢ 2V —=GG" D, (d,9) , (4.85)
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and the right hand side is equal to
1
— 8V —Ge G (9,0) (0, ¢) — 2V —Ge™2? (R - 12HWHW> . (4.86)
The equation of motion for the dilaton (4.84)) then becomes

2(0uGps) GP G (9,6) +4G" 0, (3,6) — 4G™ (9,0) (9,0) +4 (9, G") (,8) = 75 Hun H' ~R. (4.87)

We now substitute the LM background in (4.87). An immediate consequence is that the last term of the left
hand side drops out. The final form of the equation that we obtain and need to check is the following one

(0uGpp) GPG (0,]) | G0y (0]) ™ (0]) (D)) _ 1

i g e = EHMMHW —~R, (4.88)

where,
HMVPH# P =6 (Ha¢1¢'2Ha¢1¢2 + H9¢'1¢2H0¢1¢2 + HO&¢2¢3HQ¢2¢3
+H9¢2¢3H0¢2¢3 + HOL¢1¢3HQ¢1¢3 + H9¢1¢3H0¢1¢3) : (4'89)

The Ricci scalar is computed numerically. Equation (4.88]) is satisfied.

4.3.3 The 0(4) field

The only parts of the lagrangian contributing to the equations of motion for the Cy) field are Lramond and
Lcs. Hence,

OLRamond O0Lcs
0, v-G———2 | =V/-G—"2— 4.90
. ( 0 (a/to(él)upkcr) ) 80(4)VP>\0 ( )

With (2.41)), the left hand side yields

Q

-2 OF (5)¢uome sne 0(AC4y — Cray A H)¢uone
2o, | v= GFSeone _ Z2(0)Cong (5)¢eon _ 3L /7FQ né n
4.5! ! ( () 0 (8 0(4),4))\,7 4 5! ! 0 (a C(4)up)\z7)

) 5'8” (

Yre: Fcusns (9 Claysmg))
©) 9 (0,Clayvpno)
9.C )
— 8 FCL677§ ( (4)edn€
241" © 9 (0uCapwpro)
_ UV pAT
- 2'4!8 (\/ GFL ) . (4.91)

Using ([2.42) in (4.90)), the equations of motion for C(4) simplify to
1 VpAo LV PAT 1 vpAo T
V-G 5 (0uGe) G FP + 8, F 2" ] = - PAIOCET (95 Be) (0.C2)er)
=0. (4.92)
The term on the right hand side vanishes as H and F{3) only have non-vanishing components on the deformed

sphere. Let us now focus on the left hand side. Since this expression is fully antisymmetric in v, p, 0,6 we
are left with 210 equations to check.

e Mixed indices (e.g. v,p € AdSs, \,0 € S2) : the right hand side vanishes as F(‘g)'pM =0.

e v, p, A\, o € AdS5 : this case splits again into two possibilities. If one of the indices is equal to xg, the right
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hand side vanishes as the components of F(5) and G are independent of 1, z2,z3,z4. We are then left with
the second possibility v = x1, p = x2, A = 3 and 0 = 4. The right hand side becomes

1 ToT1T 1 —10 ToT1T
5 (amoGnC) GWCF(E)O) 12223%4 8@];1(92(3901902963%4 _ 3 (xo> F(BO) 12223%4 | 8IOF(£%(3£C1.’,C2.’,C3.Z4

-5 T
(200.) (o)

- (Zron) (52) -0 (193)

e U p Ao E S?/ : this case splits into three possibilities. If two indices are equal to o and 6, then the

right hand side vanishes as the components of G' and Fs) are independent of ¢1, ¢2, ¢3. The two remaining
possibilities are

abpi1paps alpipaps
21 (9 G C)GYICF(S) 1 %) F(5) 192 O, (494)
1 G n F9a¢> P23 ) F9a¢ G203 0 1.95
2(0 7()(;’( (5)1 0 (5)1 : ( )

These relations are checked with mathematica and are indeed satisfied.

4.3.4 The C(g) field

As for the C(y4) field, only Lramond and Lcs contribute to the equations of motion

a(mﬁRamond + CCS) a»CR,aLmond
0 =vV-G——. 4.96
g ( 3 (9.C2pvp) 9C 2y (4.96)

Let us first focus on the left hand side

O(vV—GLRamond + Lcs) V=G o5 9F3)r0s ( 1 per )
8 = a F T +(9 7 ”KTHVI)C o L(a B T
' ( 9 (9C2yvn) "6 Y 9(0.0eu) B4l (120500 er)

o, (—\/—G 05 901 C2)05)

8.41°

1 >\ SunCTuvp
+ — TOLNST a C oot 6 B T
6 (3) 9(9 C(2)yp)> ( (4)Aod )( ¢ )

_F

( (0uGn¢) G Fl3" + F“””)

1
+ 5T (9uClayags) (D Ber) (4.97)

Expanding the right hand side gives

@aﬁRamond _ \% 7GF>\0‘577L8F(5))\0'57]L Vv 7GF)\0'577L 6(0(2)[/\0'85377L])

IC 2y 2.51 = (® 9Cay, 251 O IC 2y
= —”;;F”Pém(a(;Bm). (4.98)

With (4.97) and (4.98]), the equations of motion (4.96) take the final form

A v uv v L -1 odunlTpy
-G ( (0uGne) G CF(%)‘) - *8 F(3)p o gF(;;én (863m)) = @6'\ o ?(0uCayro6.) Oy Ber) -

(4.99)
This equation is antisymmetric in v and p, i.e., we are left with 45 equations to check. Let us then start
and plug in the LM background. Once again, the study splits into three main cases. Two of them can be
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treated by hand.
e v,p € AdS;5 : the components of the field strength F(3) are zero and we are left with

1 5.5, 5.4~
\/ _GFabcde(ache)) — IEbcdecdeaab(a{lcv(él)i)éczé)(aCBde) , (4100)

since 0,C(4)r05, = 0 for mixed indices. Both sides of (4.100) vanish since B doesn’t have components on
AdSs.

e v e AdSs, p € S5 : for the same reasons (supplemented by ("5§5m = 0 for mixed indices), all the terms

vanish again independently.

e pE Sg : for v = a, p = 0, all the terms vanish independently since the components of both the metric

and the B field are independent of ¢1, ¢a, ¢3. For v, p = {1, P2, @3}, it is possible to prove, with the same
types of arguments, that all terms are once again null. We are finally left with the possibilities v € {a, 6}
and p € {¢1, P2, ¢3} which correspond to 6 equations of motion. These are treated with mathematica. Let
us simplify, as an example, the case v = a, p = ¢1. The left hand side of (4.99) becomes

V=G < (aeGnC)GWCF0a¢1 _ 760F9a¢1 _ gF(%C)%¢1¢2¢3 (2.8@B¢2¢3)> , (4.101)

while the right hand side becomes

1 abeded « 4.2. R \/m abcdea@
s 0aCede) 2-00 Boass) = - seal D129 036 (00 By

= _R4\/ _GAdS51 (8934724)3) ) (4.102)

where we used that 58@0( Dbede = F, (5)abede It is possible to prove numerically that both sides are equal.

4.3.5 The B field
The equations of motion for the B field take the following form

3(@(£' + ERamond) + »CCS) o
On ( 9(0uBy)) ) =0

With (2.40)), (2.41)) and (2.42)), the left hand side yields
F/\oém

o 3(\/ —G(ﬁ’ + ﬁRamond) + ﬁcs) —9 m —_e2¢ [yAo6 OH ps (5) 8F(5)/\<7577L
a 0(0,By,) . 6 9(8,B,,) 25! 9(9,B.,)

(4.103)

1
+ @6/\06”“//1”7(7 C(4))\05L (87] C(z)@-))

—€ ¢ 1 )\UV
o ()

1
b — EATOHPIT (9, Claynos) (OnClayer)

_ V& ;G ( (04Gne) GTFTMP Clapaa + O, F " ) (4.104)

_ 1
+v/—-G <4 (aﬂGnc)GnC@72¢HW’P+ F)“7 mr, C(g)xg))

_2¢

+vV-G <(8M¢)e_2¢H“”” - L 5 8MH“”P>

1
i (Do) nCiacr) (4.105)
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The two terms in (4.104) cancel against each other as they precisely correspond to the equations of motion
for the C'y4) field (4.92). Bearing this in mind, the equations of motion (4.103|) become

e 2%

— (-1 1 v - v
- (4 (8HGWC)G7’<€_2¢H/M+§F(A5?M ?(0uC2pno) + (Ou@)e > HMP —

o,1)

= — AT, C41205) (04 Clarcr). (4.106)
These equations are antisymmetric in v and p such that, as for the C(y) field, one has to verify here 45
equations. We substitute the LM background. We will not go again over the different cases in details as the
arguments are the same as for the C4) and C(y) fields (with the additional observation that the field strength
H only has components on Si) It turns out, after a quick analysis of , that if v and/or p belong to
AdSs, all the terms vanish independently. The same goes for v, p € {«,0} and v € {«, 0}, p € {1, P2, 3}
Therefore, we are this time left with 3 equations of motion to compute numerically. They correspond to
v,p € {¢1,¢2,¢3}. As an example, we give the explicit form of for the case v = ¢1, p = ¢2. The
left hand side is

-1 o 1 2 _ .0
V-G <4J (aaGrm) G H"? — E (69Gn<) G HO 92 + gF(5)¢1¢2¢3F(3)a9¢3

+2—; ((0a J)YH*1%2 + (99 J)H192) — % (0o H* 12> + 69H9¢1¢2)> : (4.107)

while the right hand side reads

1

8.4l

4
_4.2-R \/meaéédéa9¢1¢2¢3e

(aypede) (2-F3)a00,) = 2l abedeF(3)a08s

—R*\ /=G aass, F(3)a00; - (4.108)

Numerics show that (4.107)) cancels precisely against (4.108]).

eaz‘)edéqal boalds (92C

4.3.6 Einstein’s equations

We have already derived Einstein’s equations for a bosonic string background from the appropriate action
(2-21). Comparing the latter with the action (2.39), one immediately notices that Einstein’s equations of
type IIB supergravity will be those of with an additional term for the energy-momentum tensor
coming from LRamond-

1

R,u,u - iGuuR = Tuu 3 (4109)

1 G v o €2¢ 0 m‘CRamond
Tw =7 <111WJAHVPA - g Hpyyo HP ) — 2V, V.6 +2G,, V¢ — 2G,, (Vg)* — Nere ( G ) )
(4.110)

The factor €2¢ in front of the new term is probably a bit puzzling for the reader at this point. Its presence is
due to the fact that the rest of the energy-momentum tensor’s terms were derived from £’, which contains
a factor e=2¢. With (2.41]), one gets

e2® 0 (\/zﬁRamond) _ 62¢
V-G oG :

1 1 A 1 Aod
<2(3;LX)(8VX) + ZF(S)NP)‘F(S)VP + MF(5)W/\U5F(5)VP ) (4.111)

1 1
+ §G;w€2¢ (_2

1 o 1 Aod
(0x) (07%) = G Fmne Fly)” = i F@maoan ) n) '
(4.112)
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The last term of (4.112) drops out as the 5-form field strength Fis) is self-dual. It was, however, necessary
to keep it up to this point in order to obtain the last term of (4.111f). The explicit form of the V,V, ¢ term
is

1
vltvv¢ = v/t(av¢) = a/t (au¢) - FZu(ap¢) ) with rﬁy = iGpA (6;LGV>\ + &/G/M - aAG;w) . (4'113)

The final form of the energy momentum tensor is therefore

AT O 1 o 624) 62¢ Ao
Ty = G (2ap(af’¢) — 2GP 19, (050) — 2(0,¢)(0° ) — 5 oro HP — T FweFly = 5 FmeF) )
1 e?® e?® e2?® -

= 204(00®) + 20, (9,0) + T Hup S + == FayuFayw + Tz«}:ﬁ)“pw@)yﬂA - mF(E,)MMF(B)VPA

(4.114)

Remark : As a proof of consistency, one should check that these equations are satisfied for the AdSs x S®
background with constant dilaton ¢y # 0. In this case, the Ricci scalar is zero as well as the field strengths
H and F(3). Einstein’s equations reduce to

4 e2% Ao
Buw = = 5 Guw = Ly FormerasFs), ™" (4.115)
If u # v, both sides trivially vanish. For = v and p € AdSs,
e?% ros €290 2 Gads ey
HF(5)HP>\O'5F(5)VP = 74 (F(5)w0m1w2w3z4) GTVS = 462¢0R8E (\/m) W
1 4
_ 8 _
= AR piogw = G (4.116)

For p1 € S, the proof is basically the same.

Finally, let us turn back to the LM background (and set back ¢y = 0). Two immediate consequences
follow. Firstly, the Ricci scalar does not vanish anymore. Secondly, all terms containing the axion drop
out. Although most cases will require numerical treatment, it is still possible to simplify a few of them by
hand. Einstein’s equations are symmetric in @ and v and, therefore, correspond to 55 independent equations.

The Ricci tensor vanishes for mixed indices. Thus, the 25 equations corresponding to i € AdSs, v € S® are
trivially satisfied as both sides vanish. Two main cases remain:
4G

o u,v € AdSs : the Ricci tensor simplifies to R,, = which leads to the following Einstein’s

TR
equations
4 1 14 pPAT O 0 1 pAC 62¢ pAo
_ﬁGl’“j — §G,U,VR :G/“’ 2(9p(5 (b) — 2G FPA(30¢) — 2(8p¢)(a (b) — ﬂ p)\o'H — ﬂF(3)P)\0'F(3)
e2¢> Aod
+ MF@)/W)\U‘;F(E))VP . (4.117)

If 1 # v all the terms on both sides vanish. For the 5 cases corresponding to p = v, one should definitely use
mathematica. To this purpose, we give here all the non-vanishing components (on S:? only) of the symmetric

2-tensors F;‘)\ and FZA

1
b0 = —5 G (0aGop), (4.118)
1
Tho = 3G (9aGos) (4.119)
1
Fgwﬁj = _§G90(69G¢i¢j) s (4120)

« 1 o
ity — _iG (86¥G¢i¢j) ) (4.121)
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where ¢;,¢; € {¢1, ¢2, #3}. Numerics, once more, show that the equations (4.117) are satisfied.

LRNTRVRS Si : the Ricci tensor is null when p € {«,0}, v € {é1,d2,P3}. With this information it is

possible to see that both sides of (2.39) vanish. We have now reached the last step: 9 equations have to be
worked out. This is performed numerically. We choose here to expand entirely the case y = v = 6, as none
of the terms vanish in the expression of the energy momentum tensor (4.114J),

GQGR o*J 89J @ axj . an b aOJ
ROG - 9 :G09 |:aa ( ) + 80 (J - Geel—‘%T - C‘rﬂbld)J ¢1¢]T — Gd)l%l—‘ild) —_—

J i T
1 J . OpJ
e 0 Ao abop; 0
573 (@) @T) + (@) 7)) — g Hpra B — % Fisyano, Fly ] 9, <J>
T« an } H H. %1% o H. %1% I, $293 ZF P adi
+ 1gg T + 3 0192119 + Hop, 511y + Hogg,9,Hy + 5 (3600 F (30
J «
+ T E)00610000F(5) 7 (4.122)

where the explicit expression of H,xoH PA% has been given in ([4.89). The reader should be able to work out
the remaining 8 equations. With two months of work and a probably a little bit of luck, numerics show that

(4.122)) is satisfied.

This ends our “quest” in verifying the consistency of the Lunin-Maldacena background. All the equations of
motion of type IIB supergravity have been shown to hold. We can now move on and apply 7-deformations
to the more recently discovered AdS, x S? x TS background.



Chapter 5

~-deformations of the AdSy x S2 x TY
background

We now consider type II superstring theory on AdSs x S? x T as introduced in [§]. There exist several
solutions of type IIA and type IIB supergravity with the geometry of AdSy x S2 x T, which are related
by T-duality. We focus, not surprisingly, on a type IIB solution which has all its fields turned to zero
except the R-R field strength Fi5y. The deformations discussed earlier will be applied in order to obtain
new supergravity solutions. Although we are not ultimately interested in the superstring theory itself, let
us still highlight some of its features that motivated the study of AdSsxS?xT° backgrounds in the first place.

The initial purpose for studying such a superstring theory is to better understand the AdS, x S? background.
The latter is of great importance as it describes the near-horizon geometry of extremal four-dimensional
Reisner-Nordstrém black holes. This could therefore shed some light on the actual problems encountered
when trying to understand the AdS,/CFT; duality. The meaning of a CFTy, or (super)conformal quantum
mechanics is, indeed, still not very well understood. The second reason to study such a superstring theory
is the issue of integrability. It is, in principle, always feasible, using the Green-Schwarz (GS) formalism, to
construct an action (known as GS action) for a superstring theory on a R-R background. This is, however,
a very complicated task. Nevertheless, in certain cases, it is possible to bypass this difficulty by observing
that the GS action is equivalent to a supercoset sigma model. The most famous example is probably the
superstring theory on AdSs x S° described by PSU(2,2|4)/SO(1,4) x SO(5). The same applies to our case
and it turns out that a four-dimensional GS superstring action on AdSy x S? is given by the supercoset
sigma model PSU(1,1|2)/SO(1,1) x U(1). The latter is known to be fully integrable at the classical level
due to the Z4-structure of the psu(1,1]|2) superalgebra. However, the non-vanishing components of the field
strength F(5) introduce a mixing between the “flat directions” of T' 6 and the coset directions of AdS, x S2.
The consequence, as explained in [§], is that one cannot represent the full string sigma model as the direct
sum of the PSU(1,1|2)/S0O(1,1) x U(1) supercoset and additional bosonic and fermionic degrees of freedom
associated to T6. One has, therefore, to rely on the GS approach. In [§], the GS action was constructed
up to quadratic order in fermions. Furthermore, a Lax connection was derived using the (super)symmetric
Noether currents associated with the unbroken (super)symmetries of the AdSs x S? x T% background. This
led to the proof of the classical integrability of the full superstring theory. This specific approach to inte-
grability, based on the amount of supersymmetries of the background, is particularly interesting to us since
the ~-deformations tend to break some of these supersymmetries. We will come back, shortly, to this idea
in the conclusion.

5.1 The supersymmetric AdS, x S? x T% type IIB solution

We consider the type IIB supergravity solution discussed in [8]. We choose the metric, in string frame,

36
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of the AdSs x S? x T® manifold as
ds? = dsiqs, + dsgz + dshe

6
= R?* (—cosh®(z1)dz} + da?) + R? (df* + sin®(0)d¢?) + Z dy?, (5.1)
i=1

where the coordinates (zo,z1), (0,¢) and (y1,v2, V3, y4,Ys) parametrize, respectively, AdSs, S? and T°.
Once again, u,v,p,... € {xo,21,0,0,y1,Y2,Y3, Y4, Y6} are ten-dimensional spacetime indices such that, for
instance, G, = R?sin*(#). Note that AdSs; and S? share the same radius R, while the flat torus 7 is
the direct product of six circles with unit radius. The constant dilaton is by denoted ¢y and the B field
vanishes. Therefore, the torsion also vanishes

H=dB=0. (5.2)

The only non-vanishing R-R field strength is the 5-form F(s). Its expression is given in [§] in terms of the
zehnbein. We choose a diagonal zehnbein as well as the “mostly plus” convention for the signature of the
Minkowski metric of the ten-dimensional tangent space. This yields

F(l) = dX = 0, (53)
F(g) = dC(g) —HAyx= dC(g) =0, (5.4)
F(5) = dC(4) —HA 0(2) = dC(4) = —67¢0RCOSh(I1) dxo N dzi A Re (Q(g)) + Hodge dual, (5.5)

where ()(3) = dz1 AdzaA\dz3 is the holomorphic 3-form on T and where 2, 23, 23 are the following holomorphic
coordinates

=y FiYr; 2 =Ys+iys; 23 =Ys +iYs- (5.6)

One therefore obtains
F(5)y = w(s) + Hodge dual, (5.7)
with

W) = —e_¢°Rcosh(w1) dzo A dza A (dyr A dys A dys — dyr A dya A dyg
—dya N dys N dys — dyz N dys A dye) - (5.8)

As in the AdSs x S° case, the Hodge dual of a p-form w on AdSy x S? x T is the (10 — p)-form w*, defined
as

-1
w;‘“m.up = r _Ge”l"”"P"f“Jfl"”"mGM,,l....C?,”,,,pwupﬁ__“,,10 , (5.9)
where the indices p1, ..., ftp, V1, ..., V10 € {Z0, %1, 0,9, Y1, Y2, Y3, Ya, Y6 ; and e is the fully antisymmetric tensor

in ten dimensions, normalized to e?0®19:¢¥1v24sva¥s — 1 As an example, we compute one of the non-vanishing
components of w&)

w = -1
(5)09y2y1ys 51vV—G
-1

=5 IPy2yaysverTvsvoIo (R4sin2 (9)) WS vevrvsvorio

V1V2V3V4 Vs V6 VT V8 V910
€ G9V1 G@Vz Gy2l/3 Gy4V4 Gyevsw(5)V6V7Vsl/9V10

_ e% R°cosh(zy)sin®(0)
\/Rgcosh2 (1)sin®(6)
= e~ %0 Rsin(h). (5.10)

(R*sin®(0)) (—e® Reosh(z1))
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In the same manner, one obtains w(;, = wy; = wy; = —e~% Rsin(#) such that

00y2ysys 5)00y1y3Y6 5)00y1y4ys
wisy = e P Rsin(0)df A dpA (dya A dys A dys — dyz A dys A dys
—dy; A dys A dys — dyr A dyg A dys) . (5.11)
The complete expression of the 5-form field strength is then
Fs) = we) +wiy (5.12)

where the expressions of w5y and wz})) are, respectively, given by (5.8) and (5.11). Note that such a 5-form

field strength makes this solution non-trivial, as it couples AdSs and T° as well as S? and T°. Finally, it is
important to mention that this solution preserves 8 spacetime supersymmetries.

In order to test the compatibility of our conventions and the ones from [8], we now show that the above
expressions satisfy the type IIB supergravity equations of motion derived in section[4.3] It is, arguably, easy
to see that the equations of motion for the axion, the dilaton, the B field and the C|,) field are satisfied as
all the terms vanish independently. This is due to , , and the fact that the dilaton is constant.
We are then left with the equations of motion for the Cy) field and Eintein’s equations.

Einstein’s equations:

The Ricci tensor for AdSs x S? x T% can be computed easily and is equal to

—C;%“; if u,v € AdSs

R,uy = %‘2” lf /J/’ v e 82 (513)
0 otherwise .

Therefore, the Ricci scalar vanishes, R= G*R,,, = —2 4 2 = 0. The energy momentum tensor (4.114]), for
the AdSs x 82 x T solution, reduces to

e2%o0

Aod
T, = MF(5)HP)\U‘SF(5)VP . (5.14)
Hence, Einstein’s equations take the following simple form
e A0S
}%MV = 4.4!1Q5)upA06lQ5)yp . (5‘15)

We split these 55 equations into three categories:

e i # v : due to the structure of the 5-form F5) the contraction F(5)HPA05F(5)VP>\05 vanishes. As men-
tioned in ([5.13]), the left hand side also vanishes.

e p=vand pu,v€T%: let us consider the case 4 = v = y; in details. The remaining five cases are
basically the same. The right hand side reads

e2%o
Tyy, = MF(@ylp/\Ué

F pros 4!62¢0
Gy 4.4

2
((17é1m0m1y3y5) (;$010(;I1$1(;y3y3(;y5y5

+ (Fy1m0m1y4ys )2 GIT0To (FT1T1 (Y44 (FY6Y6
+ (Fyy00ysu6 )2 GO9 Gree (YsYs (Vs s
+ (Fy10¢>y4y5 )2 GO0 Gee Yaya Gy5y5)

e2do 2 -1
= 2 (—e~?° Rcosh _—
1 ( ( e COS (m)) <R4cosh2(x1))

+2 (7% Rsin(6)) (M))
. (5.16)
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The corresponding Einstein’s equation is satisfied since Ry, ,, = 0.

o n=vand p,v € AdSy x S%2: we choose t = v = . Once more, the remaining three cases are basi-
cally the same. The right hand side is

62450 pAGS 4!€2¢0

2 00
Ty = HF@)WMJF 5)p 441 ((Fw0y2y4ye) GGG GYeY

+ (Fsoeyzysys)Q G99 v2y2 Y3Ys (FYsYs
+ (F¢0y1y3y6)2 G99 vy (Y3Ys (FY6Yo
+ (F¢9y1y4y5)2 G i Gy4y4Gy5y5)

- (4 (—e* Rsin(9))’ (;))

= sin?(f) . (5.17)

The left hand side is R, = G}%’;” = sin?(#) and the Einstein’s equation is therefore satisfied.

The 0(4) field:

For the AdS; x 5% x T® solution, one can see from ([(.92) that the equations of motion for the C(yy field
reduce to

1 vpAo vpAo
3 (0uGae) GTF + 8, Fl2"7 = 0. (5.18)

Both terms on the left hand side vanish trivially except for the two following non-trivial cases.

o v==x4,p,\,0 €T : we pick p = y1,\ = y3,0 = ys5. The rest of the cases can be worked out simi-
larly.

(8 G )Gxoonzl)moylysys _|_a F961royly3y5
1~ ToTo (5 x1

Z 3Y5 Z 5 1
(0,Ge) GnCF(;g)oylysy + %F(Ag)oylysy — 5 e

= (tanh(z1) + Ox,) F(zsl)zoylyw"’
e~ %0 Reosh(z1)
= (tanh +0y) | ——————2
(tanh(z) ) ( 7R4cosh2(x1) )

=0. (5.19)

1
2

ev=y,p \ocT%: this time, we pick p = y2, A\ = y4,0 = ys. Once more, the rest of the cases can be
worked out similarly.

6 0
(aﬂGUC) G"CF(‘?;’-’/W‘*% + (?MF(‘gfyw“yG _ (aeGW)) Gst(Sfyzyz;ye + 89F(5fy2y4y6

1
2
(tan_l(ﬁ) +80) F(95s§y2y4y6

~%0 Rsin(6)
tan=1(0) + 9p) [ o
(tan”"(6) + 9)< R4sin?(9) )
0. (5.20)

1
2

This proves that the type IIB AdS, x S? x T% background is indeed a consistent background. Let us
now start applying ~y-deformations in order to obtain new type IIB supergravity solutions.
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5.2 Deformations of AdSs x S? x T°

The AdS, x S? x T manifold possesses severﬂ U(1) global isometries realized as constant shifts of the angle
coordinates
Y —p+ag, Yi — Yi +ay, 7’:{1776}7 Qp, A1, ..., Qg € R. (521)

These isometries are also symmetries of the whole AdS, x S? x T solution as the expression of the 5-form
field strength is invariant under the transformations . The geometry of the solution contains an
internal sector parametrized by the isometry angles ¢, y1, Y2, ys, Y4, s, Yy Which is fibered over a non-compact
sector parametrized by the coordinates xg,x1,60. The internal sector can be seen as the 7-torus resulting
from the direct product S(lso) x T6, where S(lw) C S? is parametrized by the angle . The 7 x 7 background
matrix of the internal sector is therefore

(5.22)

. R2sin? (0 0
E =G+ B =diag (GSDW Gyryis Gyayss Gysyss Guayss Gysys Gyeye) = ( ( ) ‘ ) .

0 | L6xo

As explained in chapter [3] we can now use elements of the moduli-generating group SO(7,7,R) to deform
the internal sector and obtain new solutions of type IIB supergravity. We will restrict ourselves to three
different one-parameter ~y-deformations, as it turns to be enough to capture all the important features of
most y-deformed AdS; x S? x T® backgrounds.

5.2.1 TsT-transformations of AdS, x S? x T©

We start by applying two types of TsT-transformations.

TsT-transformations involving S? and 7°

The first type of TsT-transformation that we consider acts on the 2-torus S(lso) X S(lyi), where S(lm) C TS is

parametrized by the isometry angle y(;). The choice of S ! ) s arbitrary, as different circles in 7 lead to
new solutions with very similar structure. We choose to perform a TsT-transformation with parameter ~y
on the 2-torus parametrized by (¢, y1). The corresponding SO(7,7,R) element,

7wz 0 .
g(T‘pSlew) = ( F(Twsle‘p) l7><7 ) Wlth F(Tcpslekp) = ? (523)

acts on the background matrix (5.22) as a fractional linear transformation. Hence, the deformed background
matrix E’ reads

1 R%2Jsin?(f)  R2Jysin?(0) | 0O
E—FE=E (F(Tq,slev)E + 17><7) = | —R*Jysin*(0) J 0
0 0 oo
=G + B, (5.24)
with
1

- . 5.25
1+ R242sin’(0) (5.25)

Symmetrizing and antisymmetrizing the deformed background matrix (5.24)) yields, respectively, the expres-
sions of the deformed metric and B field

R%Jsin?(d) 0] 0O 0 R%J~sin?(0) | 0
G = 0 J| 0 , B'=| —R%Jysin*(0) 0 0 (5.26)
0 0 ‘ 15><5 0 0 ‘ 05><5

1As discussed in the previous section, we do not consider here the U(1) isometry of AdSs as y-deformations along this
direction would probably break conformal symmetry.
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The dilaton transforms, according to (3.28)), as

1 1
6 — ¢/ = g0 — 5l (det (Do, 1) B+ Lrx7) ) = do + 5In() (5.27)

According to (3.52)), the R-R field strengths transform as follows

1
F— F/ = g(TwSy1T<p)F = exp (2 (F(Tapsm TW))mn LmL") F

= exp (—Yepty,) Fis) = (1 = Yipty,) F5)
= F(5) = Yigty Fi5) = Fis) + F(s) + Fy - (5.28)

Obviously, F (’1) = 0. With (5.11), one obtains

Flgy = =Ygty Fis) = —Viply, Ws)

= —e P Rysin(0)ipty, (—dO A dp Adys A dys A dys — dO A de A dyy A dys A dys)

= —e~ % Rysin(0) (dys A dys + Adys A dys) (5.29)
and

The computation of wé) is very similar to (5.10)) and we do not perform it here explicitly. One obtains

wis) = e~ Rsin(0)df A doA (dys A dys A dys — dys A dys A dys
—Jdy; Ndys A dys — Jdyr A dys A dys) . (5.31)

Let us now sum up our results. The TsT-transformed solution, dropping the prime on the deformed fields,
is

dsg = dsiqs, + R*d0® + R*Jsin?(0)dp® + Jdy; + 26: dy? (5.32)
=2
J = (14 R*sin(6)?) ", (5.33)
e = e, (5.34)
B = ~yR*Jsin(0) do A dy, , (5.35)
Fay =0, (5.36)
Fis) = e Rysin(0) (dys A dys + Adya A dys) , (5.37)
Fis) = w(s) + wl) (5.38)

with the necessary sign flip of the 3-form field strength discussed in section [£.2] Although we do not present
explicit computations here, we have verified, in the gauge x = 0, that this deformed background satisfies all
the equations of motion of type IIB supergravity of section [I.3] Furthermore, it will be argued in chapter [f]
that the TsT-transformation applied here breaks all the spacetime supersymmetries of the AdSy x S? x T°
solution. This deformed solution is therefore non-supersymmetric. Finally, the geometry of the initial
background has been deformed, as the metric does not describeﬂ the direct product AdSy x 52 x T
anymore. Indeed, the 2-sphere is now deformed by J along the ¢ direction and the 6-torus is now fibered
over the deformed 2-sphere as the radius of S;l C T is now equal to v/J.

2 Although locally this is still the case.
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TsT-transformations on 72 C T

We now perform a TsT-transformation on the 2-torus S ) X S 1 . This time, different choices of the circles
will lead to solutions with vanishing or non-vamshlng 3- forrn ﬁeld strength F(3). Looking at the deformation
procedure of the R-R field strengths (3.52)) and at the components of F{s), one sees that a TsT-transformation
applied on any of the three 2-torus parametrized by the isometry angles (y1,y2), (y3,v4) or (ys,ys) leads to
a solution with vanishing F(3y. All other choices for the 2-torus lead to solutions with non-vanishing Fs).
We choose to apply a TsT-transformation with parameter v on the 2-torus parametrized by (y2,ys). The
corresponding SO(7,7,R) element is

O2x2 |0 O 0
17x7 0 . 0 0 —v 0
9T yo Sys 92) ( F(Ty2 sysTyy) 17><7 s with F( TypsysTys) — 0 - 0 0 . (539)
0 |0 O |Os3xs
After some very simple algebra, one finds the deformed background matrix
R%sin?(@) 0] 0 0] 0
= 0 11 0 0 0 1
E=E (EF( s Sus Tyn) T 1m) = 0 0o J ~J| 0 , with J' = e (5.40)
0 0|~ J | 0 Bt
0 0| O 0 | 1343
As usual, the dilaton becomes
1
¢’ = do+ iln(J’) : (5.41)

and the R-R field strengths transforms as

1
F— F = g( N )F = exp (2 <F(Ty2sy3Ty2))mn Lan> F

= F) = Yo tys L) - (5.42)

The TsT-transformed solution, dropping the prime on deformed fields, is therefore

6
ds} = dsiqs, + dsd + dy? + J (dy3 + dy3) + > dy?, (5.43)
i=4
J =1+ (5.44)
€2 = ¢e2%0J (5.45)
B =~Jdys Adys, (5.46)
Fuy=0, (5.47)
Fg) = e~ Ry (sin(@) dO A dp A dys — cosh(x1) dxg A dzy A dyg) (5.48)
where we flipped, as usual, the sign of F{3) and where
wigy = e~ Rsin(0)d0 A dA (dya A dys A dys — Jdya A dys A dys
1
—dy1 N dys A dys — jdyl Adys A dy5> . (5.50)

Once more, we have verified that this new background satisfies all the equations of motion of type IIB
supergravity. This TsT-transformation does not affect the geometry of our initial background. Indeed, the
deformed metric still describes the direct product AdSy x S2 x T®. However, the two circles S (1y2) C T and
S (1y3) C T, have now a y-dependent radius equal to v/J. This time, the TsT-transformation we applied does

not break any spacetime supersymmetries of the initial AdSs, x S? x T solution. Therefore, the deformed
solution preserves 8 supersymmetries.
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5.2.2 y-deformation of AdS; x S% x T©

We consider, in this last subsection, a slightly more complicated one-parameter ~y-deformation. Our goal
is to generate a new solution with non-vanishing 1-form field strength F{;). Looking back at the definition
, one realizes that this was not possible in the AdSs x S° case, as a minimum of four isometries is
required. Thus, we choose the following ~-deformation with parameter ~y

- l7><7 0 . _
gy = ( T, Lrer ) with T'y = (5.51)

coocooco o
|
coocooo
coocoooo
coocoocoo
coocooooO
coocooo o
cool coo
2

which can be decomposed as a chain of two TsT-transformations with the same parameter ~y

97 = Y(Tpsyy Te) I(Tyg sy Tus) - (5.52)

The deformed metric and B field are respectively obtained by symmetrizing and antisymmetrizing the
deformed background matrix

R2Jsin?(0) R?*yJsin?(§) 0 0 0 0 0
—Jsin?(6) J 0 0 00 0
0 0 1 0 00 0

E = 0 0 0o J 00 ~J |, (5.53)
0 0 0 0 10 0
0 0 0 0 01 0
0 0 0 —J 0 0 J

where J and J’ are respectively as in (5.33) and ((5.44]). Bearing (5.52)) in mind and considering our previous
results (??) and (5.40)), one should not be surprised by the structure of the deformed background matrix
(5.53). The deformed dilaton is

1
¢ = g0 + SIn(J ). (5.54)
With (3.54)), the deformed R-R field strengths read
1

Flay = 5Ty )mntminFis) = (=Vtptys = Vg te) Fls) (5.55)
1

F(/l) = g(Fv)mnww)pquLquLnF(S) = 'VQLWLyl LysLys F(5) (5.56)

Fis) = wis) + wjs) (5.57)

The ~-deformed solution therefore reads

ds§ = dsias, + R*d0* + R*Jsin®(0)d? + Jdyi + dy + J'dy3 + dyi + dy3 + J'dyg , (
J= (1+R251n2(9)72)_1 ; J = (1—1—72)71 : (
e?? = 2% JJ" | (
B =~ (R*Jsin®(0) dp A dys + J' dys A dys) | (
Fuy = —e *Ry’sin(f) db (5.62
Fig) = e~ %0 Ry (sin(8) df A (dp A dyy + dys A dys + dys A dys)) (

— e_‘i’Ovaosh(xl) dzg N dxy A dys (
Fs) = w(s) + wfs) (
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where the sign of F{3) has been flipped and where the Hodge dual of the 5-form ws) is now
wé) = e P Rsin(0)dd A doA (dys A dys A dys — Jdya A dys A dys

—JJ'dyy A dys A dyg — %dyl Adys A dys) ) (5.66)
We expect this new background to satisfy all the type IIB supergravity equations of motion, although we
only checked the ones for the NS-NS fields. The main feature of this new solution is the presence of a non-
vanishing 1-form field strength F{;). This is due to the specific y-deformation we applied and to the structure
of the initial 5-form Fs). For instance, applying similar v-deformations, such as g, = 9Ty, T)I(Tyy 595 Tys)
OF Gy = Y(Tyy 5y, Tyy)I(Tyy 56 Tys)® would lead to solutions with vanishing F{;y. In the current case, the geome-
try of the deformed background is different from the direct product AdSs x S? x T® as the 6-torus is, once
again, fibered over a deformed 2-sphere. Finally, we will argue in the next chapter that this solution breaks
all the supersymmetries of AdSy x S2 x TS.

As a closing remark for this chapter, let us quickly consider the regularity of our deformed solutions. The
only problems that could arise would be divergences associated with possible poles of J and J’. However,
one immediately notices from that the denominator of these quantities never vanishes as v € R. All
of the three deformed solutions are therefore regular.



Chapter 6

Supersymmetry breaking

6.1 Unbroken (super)symmetry

In this section, we discuss the issue of supersymmetry preserved by generic backgrounds. In a first part,
following [22], we introduce the notions of (super)symmetric solution, (super)-isometry group and (super)-
isometry algebra. We then explain the effects of y-deformations on the supersymmetries of the AdS5 x S®
and AdSs x S? x TS backgrounds.

6.1.1 Purely bosonic theories

The equations of motion of a given theory (in our case type IIB supergravity) are invariant under certain
symmetries forming a symmetry group G. Usually, the solutions (in our case consistent type IIB super-
string backgrounds) break most of these symmetries: those which remain are called residual or unbroken
symmetries and they also form a symmetry group H C G. These solutions are said to be symmetric. The
symmetries of the theories that are broken by the solution can then be used to generate new solutions. This
is precisely the solution generating technique we have been using from the beginning. The equations of
motion of type IIB supergravity, assuming solutions with U(1)? isometry, are invariant under SO(d,d,R)
transformations. However, the same does not apply to the solutions.

A usual example is given by general relativity. Einstein’s equations are invariant under the infinite-
dimensional group of general coordinate transformations (GCT). The solutions are given metrics g which
are only invariant under a finite-dimensional group of isometries. This isometry group H is therefore a
subgroup of the group of GCTs. An infinitesimal isometry which, by definition, leaves the metric (i.e. the
solution) invariant, acts as

5§g;w = _ﬁgg;w = _2(V;L'£1/ + vuf,u) =0, (61)

where the solutions are £#(x) = £k*(x). £ is an infinitesimal parameter and k*(x) is a Killing Vectorﬂ
Equation is known as the Killing equation. Each Killing vector k(jy is associated to a generator Pr)
of the isometry algebra §). As can be seen from the Killing vector equation, the action of these generators
on the metric is represented by the Lie derivative —Ly, ..

For more complicated theories, which contain the metric but also other fields (as B, ¢, x, C(a), C(4) for
type IIB supergravity), only those isometries that leave invariant the metric and all of the other fields, form
the isometry groupEI of a given solution.

As a closing remark for this subsection, let us mention that those solutions which preserve a maximal
number of symmetries are usually called vacua. This is due to the fact that they correspond to possible

1Here & denotes a point on the spacetime manifold.
2We will systematically refer to the symmetry group of a solution as the isometry group since its elements always leave the
metric invariant.
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vacuum states in the quantum field theory. These states will be annihilated by the operators associated to
the unbroken symmetries in the quantum theory. In the case of pure general relativity in d = 4, without
cosmological constant, the only vacuum is Minkowski spacetime. Its isometry group is the Poincaré group
(ten isometries). With a (negative) positive cosmological constant, the only vacuum is the (anti-) de Sitter
spacetime which has (SO(2,3)) SO(1,4) as an isometry group (still ten-dimensional) .

6.1.2 Supersymmetric supergravity solutions

The equations of motion of a supergravity theory are invariant under the (infinite) group of local spacetime
supersymmetry transformations. As expected from our previous discussions, the solutions are usually not
invariant under these local supersymmetry transformations (3.14). Those which remain invariant under a
finite number of residual (or unbroken) supersymmetries are said to be supersymmetric. The action of an
infinitesimal supersymmetry transformation on the bosonic (B) and fermionic (F') spacetime fields can be
represented schematically by

0B ~ €eF, (6.2)
0.F ~ Oe + Be, (6.3)

where €(x) is the infinitesimal local supersymmetry parameter and 0 is a differential operator. Although
these schematic expressions hold for all supergravity theories, their exact expressions naturally differ from
one theory to another. As mentioned earlier, we have only been interested in purely bosonic solutions of the
bosonic equations of motion and we have therefore consistently set all fermionic fields to zero. It is clear,
from and , that a bosonic supergravity solution is supersymmetric if it satisfies

0F ~0e+ Be=0 (6.4)

for some parameter €(x). In the absence of fermionic fields, vanishes automatically. Equation is
called a the Killing spinor equation. Its solutions can be written as e(x) = ex(x) which is the product of an
infinitesimal anticommuting number € and a Killing spinor «(x). The Killing spinors are the generators of
the supersymmetries. Therefore, for a given solution, one has to solve the Killing spinor equation in order
to determine the number of unbroken supersymmetries.

In the same spirit as in the previous subsection, the unbroken supersymmetries of a solution form a finite-
dimensional supergroup S called super-isometry group. Each Killing spinor is associated with a fermionic
generator of the super-isometry algebra &. The supergroup S is part of the infinite-dimensional supergroup
of all local supersymmetry transformations, GCTs, and other possible symmetries of the supergravity the-
ory. Therefore, it is not surprising, that the bosonic generators of G are the ones generating the unbroken
isometries of the solutions. Hence the name super-isometry group for .S. To sum up, given a supergravity
solution, the bosonic and fermionic elements of its super-isometry algebra are the generators of its isometries
and supersymmetries, respectively.

6.1.3 Type IIB supergravity Killing spinors equations

Let us now focus on the case of type IIB supergravity. The fermionic fields of the theory are one Weyl
complex gravitino 1, and one Weyl complex dilatino A. When discussing supersymmetry and Killing
spinor equations, it is convenient to think of a complex spinor as a doublet of real spinors. Following [23]
we represent ¢, as a SO(2) doublet of Majorana-Weyl gravitinos 11 ,,, %2, and X as a SO(2) doublet of
Majorana-Weyl dilatinos A1, Ao. Explicitly, we write

_ | ¥, (M
w#<¢2,5>7 A<A2>. (6.5)

To be exact, ¥, and v, are 32-component spinors projected onto one chirality by %(1 +T1). The gamma
matrix I'1; is defined as T'y; = I'T'L.....T"?, where the constant D = 10 gamma-matrices I satisfy the Clifford
algebra

{4 1By =29 | with 748 = diag(—, +, +, +, +,+, +, 4+, +, +) . (6.6)
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This projection reduces the number of non-zero components of ¥ ,,, 12 ,, to 16. The gravitino v, is therefore
considered as a 32-component chiral spinor. The same happens to the dilatino, but projected by %(1 —Ty).
Thus, the gravitino and the dilatino have opposite chirality. Finally, the supersymmetry parameter is
described in the same way as the gravitino

1
€= < c ) , with  —(14Tq1)ei = €, (6.7)
€2 2

where k = 1,2 is an SO(2) index. The supersymmetry parameter € is, therefore, also considered as a 32-
component chiral spinor which shares the gravitino’s chirality.

There are obviously two Killing spinor equations for type IIB supergravity corresponding to the schematic
expression . One is algebraic and arises from requiring that the variation of the dilatino A\ vanishes.
The second one is a differential equation and arises by requiring the same for the variation of the gravitino
. Although we won’t need them explicitly, we present the Killing spinor equations in string frame
S R 1 vp ei(b . v 1 vpA i vpAES _
61/)# = vyf + ngWpF 03€ — e (ZF(l)uF o9 — EF(3)W)/\F o1+ T5!F(5)Vp)\§5r 0'2) Ie=0,

12

where all the indices are spacetime indices. All the spacetime fields have been introduced in chapter [3] The
object ['#1#2:--Hn ig defined as the entirely antisymmetrized product of n gamma-matrices

Phr st Plirpia sl (6.9)

The spacetime vector I'* is related to the tangent space vector I'4 introduced in by ' = e’iF“, where

eﬁ is the zehnbein and A a tangent space vector index. The matrices 01,02 and o3 are the Pauli matrices

and they act on the SO(2) index k of the spinors. Let us finally mention that the differential operator
V is the sum of the usual covariant derivative V and a term depending on the spin connection. Detailed

treatments of the Killing spinor equations for different type II supergravities can be found in [22] and [I7].

1 1
O i= (0up)THe+ —H,p yTHPo3e — e ? (uF(s)MVpF’me - iF(l)MF“@) e=0, (6.8)

To sum up, the general procedure to determine the amount of unbroken supersymmetries and the super-
isometry algebra of any given type IIB supergravity solution boils down to two steps. One should first solve
the Killing vector and Killing spinor equations for the given solution. As mentioned earlier, only the
Killing vectors generating the isometries under which all fields are invariant should be kept. The second step
is to associate a bosonic generator Py of the super-isometry algebra to each Killing vector k() and to asso-
ciate a fermionic generator ( also called supercharge) @y with each Killing spinor #(y7). A representation
of the super-isometry algebra is determined by the structure constants f;; %, f,, N and f,,5! appearing in
the commutators

[Py Pon) = f1" Py, [Quanys Pin) = fut Quvy s [Quanys Q)] = Fars! Py - (6.10)

This is unfortunately easier said than done, as solving Killing spinor equations quickly becomes a difficult
task when the solutions become “non trivial”. However, this has been done for the solutions we consider.
In particular, the Killing spinor equations have been solved for the AdSs x S° solution (see for exemple
[24]), which is known to be a maximally supersymmetric solution preserving 32 supersymmetries. Its super-
isometry algebra is known to be the psu(2,2|4) superalgebra. The only other maximally supersymmetric
solution of type IIB supergravity is the Minkowski solution. Furthermore, the Killing spinor equations for
the AdSs x S? x TS solution have also been solved. As mentioned earlier, it has been shown in [8] that
this solution preserves 8 supersymmetries and that its super-isometry algebra is an extended version of the
psu(1,1]2) algebra.

6.1.4 TsT-transformations and unbroken supersymmetries

We have now introduced the necessary material in order to ask the question: how much supersymmetries
are preserved by the different ~-deformed backgroundsEI? There is at least one obvious method to answer

3By that, we mean the LM solution, Frolov’s solution and our «-deformed solutions of AdSs x S2 x T°S.
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this question which is to solve the Killing spinor equations for the deformed backgrounds. This is precisely
what we want to avoid since the expressions of these backgrounds are too complicated to be plugged in
(6.8). We would like to find another method that does not require to solve the Killing spinor equations.

We have seen that the deformations we consider can always be decomposed as a chain of TsT-transformations.
It turns out that the effects of T-duality (which can then be generalized for TsT-transformations) on the
supersymmetries of a supergravity solution have been studied before. Since we know the super-isometry
algebra of our initial solutions (AdSs x S® and AdSs x S? x T%) we can deduce, from these effects, how
much supersymmetries will remain after a specific TsT-transformation.

As usual, we restrict ourselves to type IIB supergravity solutions with d U(1) global isometries realized
as shifts of the angle coordinates (¢1,...,¢q). It is was shown in [25] that if one applies a T-duality on a
circle parametrized by the angle coordinate ¢;, the Killing spinors of the solution with explicit dependence
on ¢; will lead to broken supersymmetries, while T-duality will commute with the supersymmetries gener-
ated by the Killing spinors independent of ¢;. A TsT-transformation, by definition, involves two different
circles parametrized by (¢;,¢;). The shift, in between the two T-duality, “mixes” the two circles. The
second T-duality therefore affects both circlesﬂ The above statement then naturally generalizes to: super-
symmetries generated by Killing spinors without explicit dependence on ¢; and ¢; will commute with such
a TsT-transformation. From the point of view of the super-isometry algebra & of the solution, a Killing
spinor independent of ¢; and ¢; corresponds to a supercharge @) satisfying

[P¢77Q]:[P¢J3Q]:Oa Q5P¢77P¢J€6; (611)

where Py, and Py, are, respectively, the generators of the U(1) isometries realized as a shifts of the angle
coordinate ¢; and ¢;.

It is clear that a supersymmetry that commutes with a TsT-transformation will remain a supersymme-
try of the deformed solution (obtained by such a TsT). This can be seen in the following very naive and
schematic way without specifying any representation. If one denotes the TsT-transformation with parameter
v by T's,T" and a supersymmetry of the solution A by S4, then the action of the TsT-transformation on the
solution, T's,T.A = B, generates the deformed solution B. The action of the supersymmetry, by definition,
leaves the solution invariant S4.A = A. If [T's, T, S4] .A = 0, then

[Ts,T,S4] . A=Ts,T.A—Sy.B=B—S4.B=0, (6.12)

which means that S4.B = B. Therefore S4 is also a supersymmetry of the deformed solution. On the other
hand, if [T'syT, Sa] # 0, then obviously, S4.B # B. At first sight one would say that, in this case, S4 is not
a supersymmetry of the deformed solution anymore. However, this case turns out to be a lot more tricky.
Sy is still a supersymmetry but it is, in some sense, “hidden”. One says that it is realized non-locally. A
proper explanation of this phenomenon calls for worldsheet arguments that we will not provide here. This
is explained in details in [26], [27], [28] and [29]. In what follows, we will not consider it as a supersymmetry
of the deformed solution as it does not appear in the way we initially defined it. This is also the point of
view adopted by almost all authors when discussing y-deformations.

To summarize, if a supersymmetry of the initial solution is invariant under the U(1) x U(1) isometry real-
ized as shift of the angle coordinates ¢;, ¢;, then it will remain a supersymmetry of the deformed solution
obtained by a TsT-transformation on the 2-torus parametrized by (¢;,¢;). This is precisely the condition
stated in [2]. This condition is satisfied, at the level of the super-isometry algebra of the initial solution, if
equation @ holds. This is the point of view we will adopt. Finally, if the supersymmetry is not invariant
under the U(1) x U(1), it will then be broken by the TsT-transformation.

4This has to be the case otherwise any TsT-transformation would always reduce to the shift. Indeed, applying two T-duality
on the same circle reduces to the identity map.
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6.2 The AdS; x S° case

In this section, we investigate the effects of the different v-deformations studied in chapter 4 on the supersym-
metries of the AdS5 x S® background. In other words we determine the amount of unbroken supersymmetries
(in the sense of locally realized as discussed earlier) of the deformed backgrounds.

6.2.1 The (P)SU(2,2|4) super-isometry group

The AdSs x S® solution preserves 32 supersymmetries and its super-isometry group is PSU (2, 2|4)|ﬂ The
super-isometry algebra su(2,2(4) can be represented in terms of 8 x 8 matrices. An element M € su(2,2|4)
can be decomposed in terms of 4 x 4 matrices as follows. We refer to [30] for a more detailed presentation.

=™ " = —tr(n) = .
M—(77 n)’ strM = tr(m) — tr(n) =0, (6.13)

where the even elements m and n respectively span the unitary subalgebras u(2,2) and u(4) and therefore
satisfy the following conditions
ml = —YmX, n'=-n, Y= 0 . (6.14)
0 -1,
As explained in [30], su(2,2|4) also contains the u(1)-generator i1l. Therefore, the bosonic subalgebra of
s5u(2,2/4) is
su(2,2) @ su(4) ®u(l). (6.15)

The off-diagonal odd elements n and 7 of M are the fermionic generators of the group and are constrained
to
i=-xn. (6.16)

The superalgebra psu(2,2|4) is obtained by taking the quotient algebra su(2,2|4) over its u(1)-factor. It is
important to note that there does not exist a representation of psu(2,2|4) in terms of 8 x 8 matrices anymore.
We will however continue to work with this representation as we won’t have to consider u(1) elements. In our
case, to sum up, m € su(2,2) and n € su(4) are respectively the generators of the AdSs and S° isometries
and the 4 x 4 matrices 7 are the 16 complex (32 real) supercharges.

The idea is now to work with an embedding of AdSs x S° into SU(2,2[4). Let g(z) € SU(2,2) x SU(4) C
SU(2,2|4) be such an embedding. The coordinates z = (x4, ¥,), with a = 1, ..., 5 parametrize S° and AdSs,
respectively. Following [7] and [31], we can define G as

S

G = g(2)Ksg(2)" = ( %“ 0 > , with Kg= ( IO{ IO( ) , (6.17)

where K are 4 x 4 matrices satisfying K? = —14. The 4 x 4 matrices g, € SU(2,2) and gs € SU(4)
then provide another parameterization of AdSs and S®. For a certain choice of K, the 5-sphere can be
parametrized as follows (see [32])

0 U3 Uy U9
garog)=| — 0w with [ug]? + u[? + [us[? = 1 (6.18)
s\liy P —uy _u§ 0 u§ ’ 1 2 3 ) :
—uy U} —uj 0

where u; = r;e’® with i = 1,2,3 and (r;, ¢;) are the coordinates we introduced in (4.3)).

5We actually consider the group SU(2,2|4) as will be explained below.
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Our goal, for now, is to explicitly construct the three elements pg,,pg,, Dy, € su(2,2|4) generating the
three commuting isometries that act as shifts of the angle coordinates ¢1, @2, @3 of S°. It is clear that

0 0
.= . , 6.19
where pg, € su(4). Let us denote the associated group elements by Py, («)
_ 14 0 D — ,QPgi
Py, (a) = < 0 By (a) ) € SU(2,2|14), Py(a)=ce e SU(4), (6.20)

where « is the shift parameter such that under Py, («) the angles transform as ¢; — ¢; + a.

A generic transformation h € SU(2,2|4) acts on g(z) € SU(2,2|4) by left multiplication ¢ — hg. From
(6.17), we then deduce that for h = Py, (a),

G = (Py, () G (Py, ()", (6.21)

. O Ga 0 )
( gO 9s ) - < 0 (]5¢,i(oz)) Js (f’%(a)) ) : (6.22)

~ ~ t
Since, under Py, (a), we see that gs(r;, ¢;) — (Pdn (a)) (gs(ri, 04)) (P(m (a)) it is then clear that we can
pick

1 0 0 0 1 0 0 0 10 0 0
il o 10 o ~iflo -1 0 0| - ilo1 0o o
Por=501 0 0 1 0 |'P2=3l0 0 -1 0| P5T3( 00 -1 o0 (6.23)
0 0 0 -1 0 0 0 1 00 0 -1

This is a correct choice as these three generators are linearly independent and satisfy
str(pg,) = 0 — tr(pg,) = 0. (6.24)

As desired, they generate the shifts of the angle variables ¢1, @2, ¢3 of the 5-sphere. As an exemple, let us
look at the action of Py, («)

e 0 0 0 e 0 0 0
- ~ t 0 ez 0 0 0 e=2 0 0
(Por(@) (astrino) (Pa(@) = | 0“0 s o et | o 0 s
0 0 0 e3° 0 0 0 e=°
0 U3 u e Ug
| —ugetr 0 us —uj _ _
= —uy —u 0 . uge—m = gs(14, 01 + @, 2, ¢3) . (6.25)
—1Us uy  —uje 0

It is also important to notice, from the expression of the generators ps,, that all the supersymmetries
transform under all the isometries Py,. One can say that all the “fermions” are charged under these isometries.
This can easily be seen by computing the following commutator at the level of the super-isometry algebra

pon@= (0 o ) ( oy 6) (o ) (0 o)

0 nﬁd,v )
= N S I 6.26
( ~Ypgnt 0 (6.26)

where @ € su(2,2|4) denotes an arbitrary supercharge. Since the py,’s do not have vanishing eigenvalues, it
is clear that for any @ # 0, the commutator (6.26]) never vanishes.
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6.2.2 The LM deformation

We have set our framework and will now explain why the one-parameter deformation of Lunin and Malda-
cena breaks % of the supersymmetries of the AdSs x S° background. Let us follow exactly the approach of
[3], as was already done in and look at the implications of each step on the super-isometry algebra

su(2,2/4).

The first step is to make the following change of angle coordinates

1 ¢1 1 1 1 —2 ¢1
p2 | =(Alian) | 62 | =5 2 11 ¢ | (6.27)
©3 o 11 1 b3

The coordinates (1,72, 73, 91, @2, p3) along with condition (6.18)) provide a new parameterization of S®. The
generators of the three commuting isometries P, , P,,, P,,, acting as shift of the new angle coordinates, are
therefore given by

0 0 . Py ¢ 1 Do,
Py, = ( 0 ]3% ) 65u(2,2|4) with pitpz = (A(LM)) piti’z 65“(4)7 (628)
’ DPeps Pos
such that

0 0 0 0 00 0 0 30 0 0
il 0o -2 0 0 . difo 1 0 0 il o -1 0 o0
Peo=31 0 0 10 [['P273l00 —20 | PsT5l0 0o -1 o0
0 0 0 1 00 0 1 0 0 0 -1

The key point is that some fermions are now uncharged under the two isometries P, , P,, because of the
vanishing eigenvalues of p,, and p,. It is indeed obvious that there are four complex (8 real) independent
non-trivial supercharges @) satisfying

[ptpl ) Q] = [pcpza Q] =0. (629)

The second step is to make a TsT-transformation with parameter v on the two circles parametrized by
and po. As explained in the previous section, after this TsT-transformation, the remaining unbroken super-
symmetries are the ones left invariant by the U(1) x U(1) isometry realized as shifts of the angle coordinates
©1, p2. It is then clear from that the LM background only preserves eight real supersymmetries. The
other 32 — 8 = 24 supersymmetries, initially preserved by the AdSs x S® background have been broken
by the TsT-transformation. From the point of view of the super-isometry algebra, this TsT-transformation
reduces the super-isometry algebra su(2,2|4) to a subalgebra of su(2,2|4) that we denote by J. The bosonic
part of J naturally contains the whole su(2,2), as our TsT-transformation does not deform the AdS; space.
Also contained in the bosonic part of J is a subalgebra of 5u(4)|ﬂ The fermionic part of J only contains the
eight supercharges that commute with p,, and pmm J is the super-isometry algebra of the LM background
and is known as the A/ = 1 superconformal algebra.

The third step, which is now obsolete for us as we already determined the amount of supersymmetry
preserved by the LM background, is to rotate back the angle coordinates to the initial angles (¢1, @2, P3).
This is needed in order to obtain the expression of the LM background in the (r;, ¢;) coordinates as pre-
sented in [2]. The super-isometry algebra J remains obviously the same one, but the Cartan generators
of the deformed 5-sphere are rotated back to pg,,Ps,,Pes. It is probably worth noting that none of the
eight remaining real supercharges commute with the generators pg,, pg,,Pg, as this was not the case in the
s5u(2,2]4) super-isometry algebra.

61t is clear that su(4) is partially broken as we deformed S5. The generators Dy, are, however, part of J as the LM background
is still invariant under shifts of the angle coordinates.
"However, they do not commute with P, which does not have vanishing eigenvalues.
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6.2.3 Frolov’s deformation

We refer to section for its detailed expression. Frolov’s solution is obtained by a three-parameter
deformation of the AdS5 x S° background. We recall the corresponding element g, p € S0O(3,3,R) acting
as a fractional linear transformation on the background matrix F4 defined in (4.22)

13 0 0 —v3 2
Ivery = ( Tiry 1 > € SO(3,3,R), I'r)= V3 0 —m . (6.30)
Y2 M 0

Here, v1,72,73 € R are the 3 parameters of the deformation. This deformation can be decomposed into
three TsT-transformations, each of them with a different parameter, and each of them involving two different
circles. As explained in section [£.2] if one performs an arbitrary change of angle coordinates in the same

3
spirit as in (6.27)), ¢; = > (A?) ;jl ¢;, the expression of the deformation g, ., acting now on the background
j=1
matrix E(Lp) = gAE(¢) is

_ 13 0 .
g’Y(F) - ( (At)fll“(p) (A)_l 13 ) B d t(A) 75 0. (631)

It is maybe obvious to the reader, but nevertheless very important to realize, that after such change of
angle coordinates, this deformation will, by definition, always remain a 3 parameters deformation. There-
fore, regardless of the basis (or set of angle coordinates) in which we choose to express the deformation,
it will always boil down to a chain of three TsT-transformations with different parameters. Since such a
deformation always involves a 3-torus parametrized by three isometry angles of S°, it should be clear that
the only supersymmetries preserved by the deformed background are the ones left invariant by the U(1)?
isometry realized as shifts of the three angle coordinates. Picking the basis (¢1, ¢2, ¢3), then from ,
we see that due to the absence of vanishing eigenvalues for Dy, , Pg,, Dg,, the deformation will break
all the supersymmetries of the AdSs x S° background.

Finally, one could wonder wether this conclusion is indeed consistent up to the change of angle coordi-
nates . This should obviously be the case as the deformation remains the same. To this purpose,
let us try to find a set of new angle coordinates (¢1, @2, ®s) such that a certain number of supercharges
Q € su(2,2|4) satisfy

Dy . Do, ay az ag Pey
[ptpva} = [pwQO] = [ptpsﬂ Q] =0 with 124/92 = (A )_ 12¢>2 = b1 by b3 73(252 )
Pes Pes €1 C2 (3 Pos

(6.32)
where A € GL(3,R) and with pg, and pg, given by (6.19) and (6.23), respectively. This is only possible if
Dy s Dy, and Py, share at least one vanishing eigenvalue. A possible choice of A satisfying this condition is

(—az —az) az as
(A = (=ba—b3s) by b3 | . (6.33)
(—C2 - 03) C2 C3

This is, however, not an acceptable change of basis as det((A?)~1)=0. All other choices of (A*)~! satisfying
have vanishing determinant. This confirms that no fermions can be uncharged under the three
commuting isometries at the same time and that Frolov’s solution is therefore non-supersymmetric. Another
way to see that the condition can never be satisfied is to realize that it is impossible to find three
linearly independent diagonal 4 x 4 matrices Py, , Py, and P, , sharing a vanishing eigenvalue and satisfying
tr(py,) = 0. As a closing remark, let us point that a two-parameter deformation of the form of would
also break all supersymmetries as it would already involve the 3-torus parametrized by (¢1, @2, @3).
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6.3 The AdS, x S%? x TS case

Our goal, in this section, is to determine the amount of supersymmetry preserved by the ~y-deformed solutions
obtained in chapter |5l To do so, it is necessary to study the super-isometry algebra of the i-supersymmetric
type IIB AdS; x S? x T solution. In particular, we are interested in the following commutators

[psaaQ] ) [pme] ) for i= {172a3a4a576}7 (634)

where @) denotes the % = 8 supercharges generating the unbroken supersymmetries of the solution and where
P, and p,, are respectively the generators of the U(1) isometries acting as shifts of the angles coordinates ¢
and y;. Fortunately, the super-isometry algebra, as well as a convenient representation, have already been
provided by Sorokin et al. in [8]. We adopt their conventions and give, in a first part, a very brief review of
their results. This allows, in a second part, to study in details the commutators and determine the
amount of unbroken supersymmetries of our y-deformed solutions.

6.3.1 Enlarged psu(l,1]2) algebra

The first step is to construct a representation of the D = 10 dimensional gamma—matricesﬁ ' satisfying
the Clifford algebra . The indices A, B, ... = (a, a,a’) are ten-dimensional tangent space vector indices,
while the indices a,b,... € {0,1}, a, b,.. € {2,3} and o', V', ... € {4,5,6,7,8,9} are, respectively, AdSy, S?
and 7O tangent space vector indices. As mentioned earlier, we choose the zehnbein as

= diag (Rcosh(z1), R, R, Rsin(0),1,1,1,1,1,1) , with nap = diag(—,+,+,...,+) , (6.35)

such that the expression of the spacetime metric, G, = eﬁnABeB coincides with (5.1). For instance,

r, = eéI‘A =e2T's = Rsin(0)l's.
The four-dimensional, 4 x 4 gamma-matrices v% associated with AdSy x S? are

(2,42} =292t | with 7% = diag (—, +, +,+) , (6.36)

P =", AP = 1aa, {3709 =0, (6.37)
where (a,b,..) = (a,b,.;a,b,..) € {0,1,2,3} are AdS, x S? tangent space vector indices. The components
of the these gamma-matrices are denoted by (v%)as, with a,8 € {1,2,3,4} being the indices of a four-
dimensional spinor representation of SO(3,1). These 4 x 4 matrices can be decomposed in terms of 2 x 2
AdS; gamma-matrices p® and 2 x 2 S? gamma-matrices p®

Y =p"@laxa, Y=y@p", v=p"", (6.38)

where we choose p° = ioy, p! = 09,p? = 01,p> = 03. The six-dimensional 8 x 8, gamma-matrices 'y“/
associated with 7 are

(v A =26%Y | with %Y = diag (4, +, +, +,+,+) , (6.39)

Y =iv"0 Y, Y =1sks, {77} =0 (6.40)

The components of the gamma-matrices are denoted (*ya/)a/g/, with o/’ € {1,2,3,4,5,6,7,8} being the
indices of an eight-dimensional spinorial representation of SO(6). We choose the following realization

V'=01®12®laxa, PP =020 12 ®1x2, 7’ =03®01® laxs, (6.41)
V' =0300201laxa, P =03Q03001, ' =03003%0;. (6.42)

Finally, using (6.36)) and (6.39), one can construct the D = 10, 32 x 32 gamma-matrices ' as
(PATBY =948 1A= (rﬁ, ra’) 7 (6.43)
M=yt0lys, =407, I'"=4c9", {14} =0. (6.44)

8These should not be confused with the antisymmetric T’ matrix introduced in (3.24).
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In this realization, a 32-component spinor O, is labeled by the 4-component AdS, x S® spinor index
a and the 8-component T spinor index o/. The components of the gamma-matrices are, for instance,
(T ap,arp = (7%)as(Lsxs)a’pr. Before moving one to the super-isometry algebra itself, it will turn out to
be useful to introduce a spinor projection operator Pg which projects onto an eight-dimensional subspace of
the thirty-two-dimensional space of spinors. It was defined in [8] as

Pg = i (L3ox32 — @ (D*T° + TOT7 4+ I°19) 77) | (6.45)

where 77 = (5°) ® 47 = 1454 ® 7”. Using the representation introduced above, one finds

1 .
Ps=7 (Ls2xs2 — ilaxa © (V19" + %" +4%9%) 1)
1
= 71 ® (axs = 1% =915 = 419795 7) (6.46)

and 7977849 + 42454849 4 44454047 = diag(—3,1,1,1,1,1,1,1,1, —3). Therefore

1 0 0
Ps=14xa®@ | 0] 06x6 |0 | =1yxa®ps. (6.47)
0 0 1

The super-isometry algebra of the full AdS, x S? x T solution presented in chapter [5is an extended version
of the psu(1,1|2) superalgebra. The bosonic elements of the psu(1,1]|2) superalgebra are the generators of
the isometries of AdS, x S2, while its fermionic elements are the eight supercharges ). The extended version
of psu(1,1|2) is enlarged by the additional bosonic generators of the U(1) isometries and SO(6) rotations in
TS. We point the reader to [8] where this enlarged super-isometry algebra is presented in details. The eight
supercharges are represented by the 32-component spinors (), subject to the eight-dimensional projection

Therefore Qn; = 0,i € {2,3,4,5,6,7} and we write an arbitrary supercharge as
Q = (a17a27a37a4) & (b17070707070707b2) ) (649)

where a1, az,as,a4,b1,b2 € R are independent parameters. We can directly read from [8] the result of the
commutator we are interested in

[pA,Q]zﬁQwTAPS, with 4 =TT, (6.50)

Here, p,s are the generators of the U(1) isometries realized as shifts of the angle coordinates of T, while
p3 = (Rsin(#))~'p, is the generator of the U(1) isometry realized as a shift of (.

6.3.2 Supersymmetries of the deformed AdS; x Sy x T°® solutions

Let us first pick the case A = a’. One can see easily that the following commutators vanish

(77, Ps] = Luxa® [Y',ps] =0,  [7,Ps] = [7"7' ® Lgxs, Luxa @ ps] =0, (6.51)
{W7aFa’} — ,?5 ® {77’%,} =0, [7,Tw] = [7071’,?5] ®Yar =0, (6.52)

although the first one requires to compute the explicit form of v”. The commutator (6.50)), keeping in mind
the constraint (6.48]), then becomes

1

- - 7 e
5 RQWM’sV = —ﬁQFaﬂ’sz- (6.53)

= L 54T ’ f—
[pa’aQ] - QRQ’Y’Y Fa PS
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With some simple algebra, one can verify that QT'y,Pg = 0 for any value of the index a’. As an example,
we pick @’ =4

0 0] 0 (0 O
1 0] 0 |0 O
QTP = Q (3° @ v'ps) = (a1, a2,a3,a4) 4° © (b1,0,0,0,0,0,0,b5) | 0 0] 0axea |0 O
0 0] 0 |0 1
0 0] 0 [0 O
=0. (6.54)
We now turn to the case A = 3. The commutator (6.50]) reads
T
[ps, Q) = Q5 Q¥ TsPs = Q (1'% ©77ps) (6.55)
1 0 11 0 0
= (a1,a2,a3,as) [ 27 ® (b1,0,0,0,0,0,0,b2) [ 0[06x6 | 0 | . (6.56)
0 —1oxe
0o 0 | -1
This commutator never vanishes.
The eight supercharges of the extended psu(1, 1|2) superalgebra therefore satisfy
[P, Q] # 0, [Py, Q) =0, for ie€{1,2,3,4,56}. (6.57)

This allows us to conclude that a TsT-transformation involving the circle S(l o) C S? parametrized by the

isometry angle ¢ breaks all the supersymmetries of the initial AdS, x S? x T solution. On the other
hand, a TsT-transformation applied on any of the 2-torus 7?2 C T° does not break any supersymmetries.
This explains why the first and the second TsT-transformed solution derived in chapter [5] are respectively a
non-supersymmetric solution and i—supersymmetric solution. The third solution is the result of a chain of
two TsT-transformations g, = I(Tysy, T)-I(Tys 535 Tys)- One might fear that, as for the LM deformation, this
precise combination of TsT-transformations preserves in a subtle way some of the supersymmetries of the
initial solution. Such a phenomenon was possible in the LM case since all 32 supercharges were charged un-
der the three U(1) isometries of the AdS5 x S° solution. Our case is much simpler. The TsT-transformation
9(Tys 545 Tys) does not affect any of the 8 supersymmetries while 9(Tysy, T,) breaks all of them. The third
solution is, therefore, non-supersymmetric.

Finally, let us mention that several i—supersymmetric type ITA supergravity solutions with AdSy x % x T
geometry were presented in [§]. They can be obtained by T-dualizing our type IIB solution along one of the
TS directions. The fact that all of these type IIA solutions remain supersymmetric is consistent with our
previous conclusions.



Chapter 7

Conclusion

In the two first chapters, we explained why and how the «-deformations can be used as a type IIB supergrav-
ity solution generating technique. We applied them to the AdSs x S® background in order to rederive the LM
background. We then proved explicitly that the latter satisfies the equations of motion derived from a type
IIB supergravity covariant action. In chapter 5, we considered the recently discovered i—supersymmetric
AdS x §% x T type IIB background. Applying three different y-deformations led us to three new regular
solutions. An interesting feature of one of the solutions was the presence of a non-vanishing R-R 1-form field
strength. Finally, we studied the effects of the y-deformations on the supersymmetries of the backgrounds.
We proved that all the supersymmetries of the initial AdS x S? x T® background break as soon as the
2-sphere gets deformed. This allowed us to conclude that two of our new deformed solutions still preserve
8 supersymmetries while one of them is non-supersymmetric. Let us also mention that we performed the
most general y-deformation, namely, a 7(7—1)/2 = 21 parameter deformation. However, we did not present
those results here as the expressions of the deformed background fields turn out to be too complicated. For
arbitrary parameters, this deformed solution is non-supersymmetric.

These new results suggest two main directions for further research. A first idea would be to look for
the (B-deformed gauge theories dual to the string theories on the y-deformed AdSy x 5% x T backgrounds.
Since the «-deformations we applied do not affect the AdSs space, one would expect the deformed gauge
theories to remain conformally invariant. Depending on the type of y-deformations one is considering, it
would be interesting to perform tests of the AdS;/CFT; correspondence between (non)-supersymmetric
theories.

y-deformation

Gravity: IIB strings on AdSy x S§% x T° IIB strings on (non)-supersymmetric
0 y-deformed AdS, x S x T
o AdS;/CFT; correspondence |
4
Field theory: CFT, (non)-supersymmetric
Marginal B-deformation [B-deformed CFT,

A second idea would be to look at the integrability properties of the superstring theory on the AdSs x $2 x T
~-deformed backgrounds. As previously mentioned, it was shown in [8] that the type IIB GS superstring
propagating on the AdSs x S? x T background is classically integrable. This was done by constructing a
zero-curvature Lax connection (up to second order in the fermions) from the components of the conserved
currents of the GS action. In particular, the existence of a supersymmetric current is necessary to ensure
that the curvature of such a Lax-connection vanishes. Since the 7y-deformations tend to break some of the
supersymmetries of the string backgrounds, it would be interesting to analyze their direct implications on the
possibility of constructing zero-curvature Lax connections for the superstrings on ~-deformed backgrounds.
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Appendix A

String frame vs. Einstein frame

We start from the low-energy effective action for the bosonic string (2.21) in D spacetime dimensions,
expressed in the so-called string frame

! b oo [ 2(D—26) 1
S_2n2/d vV —Ge ( 3o +R B

Ho HP £ 4(V ) <v“¢>) L @A)

The first term was actually absent in (2.21]), as we fixed D = 26. Here we will keep the value of D arbitrary.

One can notice that the action does not look exactly like the Einstein-Hilbert one, as it contains
a strange factor e~2?. The kinetic terms are not canonically normalized and the dilaton term seems to have
the wrong sign. In order to rewrite the action in a more familiar form we make a field redefinition. To this
purpose, it is first necessary to distinguish between the average value ¢g of the dilaton and the part that
varies ¢. We set the average value of the dilaton to zero such that

p=¢—do=0¢. (A.2)
Secondly, in D dimensions, we define the Einstein frame metric g as a conformal rescaling of the string frame

metric G by the dilaton

—4¢ —4¢

G () = eP2G, () =eP2G), (x) . (A.3)

It is useful to precise the associated transformation for the inverse metric as well as for the determinant of
the metric G

gt (z) = e GV (), V/—g= e D5V G. (A.4)
This redefinition of the metric obviously leads to a, not so obvious, new Ricci tensor R. From [11], we read

R=eP2R+ 4% (V,8) (V) — 4% (V29) . (A.5)

Plugging the transformations (A.3), (A.4)) and (A.5) in the action (A.1]) yields

1 2D _ 2(D — 26 —12¢ 1 = —4¢ ~
S = ﬁ/dDa: —geD-ze <_(3o/)+R_eD_2 EHW,\H“ A +4e7-2 (V,9) (V“(b)) , (A.6)
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58 Appendix A. String frame vs. Einstein frame

where a tilde means that the indices have been lifted with the Einstein frame metric g. Let us focus on the
Ricci scalar and more precisely on the term containing V2.

—47 / dPa/—Ge 2?V?%¢p = -1 / dPx=GGH eV, (0,9)
_ _47 / a7z 200, (V-GG (,0)) (A7)
D - 1 2D—4
= —47D - /dDz 672(#(9” (e( cE V—=99"" (0, ))
D — D 2D-4)¢
=gy [ e e e 0,0) (0,0
D —
—ap— [P0, (vag 0.0) (A8)
= _ZgD_;)l) / dPx/~Ge * (V,.0) (V') , (A.9)

where the term of (A.8)) drops out as a total derivative and we used the identity (2.22) in line (A.7). With
(A.5) and (A.9), the Ricci scalar term in the action now becomes

/de V-Ge 2R = /dDm V-Ge <ef_’4q;‘R — 4% (Vi) (V“¢>>

= [ @Pa et (PR AL e (9,0) (V)
. D—-1 /-

Substituting (A.10) in (A.6) gives the action in Einstein frame

D —26) 49 ~ —ss 1 ~ 4 .
= 7/dD.’£\/ ( %eﬂ’*z +R*€Dj; EH;LV)\HM A m(vyﬂs) (V”QS)) s (A].].)

where kg = r. However, if one does not set ¢o = 0, one obtains kg = ke?0. The coefficient in front of the
Einstein-Hilbert term /—¢gR is usually identified with Newton’s constant G as

K% = 81Gy . (A.12)

Note however, that this is Newton’s constant in D arbitrary dimensions and its value will, therefore, differ
from the one measured in a four-dimensional world. In D = 26 dimensions, one obtains the usual action for
the bosonic string

1 ~ -¢ 1 ~ 1 -
SLE = 272 /d26x \Ya!) (R - eT(b*HW/\HWA -z (Vu¢) (V”¢)) :
) 12 6

Let us express the bosonic part of the type IIB supergravity action in Einstein frame. We recall its expression
in string frame

Sup = SI(FS_NS) + SI(IB + SICS) . (A.13)

with
S = o [0 vae (R+4<v¢> ).
(R-R) VA 1 UAS
Sup =5, 2/d10x _G( FoyuFy +1 F(S);m By + g omaon ) 7)’ (A-14)

cs 1
SI(IB ) = 1 —5 0(4) ANH N F(g)
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The SI(%\I S-NS) part is the same as (A.l) without the first term and with D = 10. It is then clear that its
expression in Einstein frame can be immediately deduced from (A.11]). The SI(I(]J_%S) part remains the same in
Einstein frame as it does not depend on the metric. The expression of SI(IRB'R) in Einstein frame is obtained

by using (A3) in (A14)
_ 1 5¢
SI(Il?B,RE) = —ﬁ/dlox V—gez2 (

1 —¢ ~ 1 -3¢ ~ LA 1 —s¢ FUUAS
56 2 F(l)MF(pi) + Ee 2 F(3)W,/\F(Ig) + He 2 F(5)H,,)\57F(I5) 7.
The complete expression of the bosonic part of the type IIB supergravity action in Einstein frame is then

1 ~ 1 ~ 1 - 1 _— 1 ..
= sz [ 4V (R (709) (990) ~ 36 iy = BB — 5 Bl P

S
E 2k%

1 A2 1
+r5!F(5)HV)\5’YF(H5) 7) +@/ C(4)/\H/\H/.



Appendix B

Mathematica programs

These programs, written in Mathematica, check that the LM background satisfies all type IIB supergravity
equations of motion. Naturally, the same programs were used to verify the consistency of the three -
deformed AdSs x S? x T% backgrounds. Those interested in these codes should contact me at the following
e-mail address: cicerifranz@gmail.com.
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