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Abstract

Smooth planar vector fields containing two hyperbolic
saddles may contain contours formed by heteroclinic con-
nections between these saddles. This thesis presents an
overview of the bifurcations of these contours based on pub-
lications by J.W. Reyn [11] and A. Dukov [7]. Using trun-
cated correspondence maps, all relevant bifurcations dia-
grams are rederived. Additionally, two new explicit poly-
nomial systems containing such contours are derived which
are studied using the bifurcation software Matcont [5, 6, 3].

1



Contents

I Introduction 4

1 Overview 4
1.1 Structure of this thesis . . . . . . . . . . . . . . . . . 5
1.2 Contributions . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Acknowledgments . . . . . . . . . . . . . . . . . . . . 6

II Planar vector fields and bifurcations 7

2 Planar vector fields 7
2.1 Basic definitions . . . . . . . . . . . . . . . . . . . . 7
2.2 Equilibria and their types . . . . . . . . . . . . . . . 8
2.3 Cycles . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.4 Homoclinic connections . . . . . . . . . . . . . . . . 10
2.5 Heteroclinic connections . . . . . . . . . . . . . . . . 13

3 Bifurcations and bifurcation diagrams 13
3.1 Homoclinic bifurcation . . . . . . . . . . . . . . . . . 14

3.1.1 Sandstede’s Example . . . . . . . . . . . . . . 18
3.2 Heteroclinic bifurcation . . . . . . . . . . . . . . . . 21
3.3 Fold of cycles bifurcation . . . . . . . . . . . . . . . 22
3.4 Flashing heteroclinic connections . . . . . . . . . . . 25

III Bifurcations of heteroclinic contours 29

4 Heteroclinic contours 29
4.1 Model maps . . . . . . . . . . . . . . . . . . . . . . . 30

4.1.1 Monodromic . . . . . . . . . . . . . . . . . . 30
4.1.2 Non-monodromic . . . . . . . . . . . . . . . . 31

4.2 Dissipativity of the saddles . . . . . . . . . . . . . . 32

5 The monodromic case 33
5.1 Homoclinic connections . . . . . . . . . . . . . . . . 34
5.2 Limit cycles . . . . . . . . . . . . . . . . . . . . . . . 35

5.2.1 The first subcase . . . . . . . . . . . . . . . . 36
5.2.2 The second subcase . . . . . . . . . . . . . . 39
5.2.3 Semi-stable cycle . . . . . . . . . . . . . . . . 41

5.3 Heteroclinic connections . . . . . . . . . . . . . . . . 41

2



5.4 Sketching the bifurcation diagram . . . . . . . . . . 41

6 The non-monodromic case 44
6.1 Homoclinic connections . . . . . . . . . . . . . . . . 45
6.2 Limit cycles . . . . . . . . . . . . . . . . . . . . . . . 46

6.2.1 The first subcase . . . . . . . . . . . . . . . . 48
6.2.2 The second subcase . . . . . . . . . . . . . . 49
6.2.3 Semi-stable cycle . . . . . . . . . . . . . . . . 51

6.3 Heteroclinic connections . . . . . . . . . . . . . . . . 51
6.4 Sketching the bifurcation diagram . . . . . . . . . . 52

IV Two polynomial examples 55

7 A monodromic example 55
7.1 Derivation of the example . . . . . . . . . . . . . . . 55
7.2 Numerical analysis of the example . . . . . . . . . . 59

8 A non-monodromic example 62
8.1 Finding an example . . . . . . . . . . . . . . . . . . 62
8.2 Numerical analysis of the example . . . . . . . . . . 64

V Discussion 69

A Parameter tables 70

3



Part I

Introduction

1 Overview

Consider a vector field in the plane containing two saddles and
suppose an orbit leaving one saddle connects to the other saddle
and vice versa. This configuration of saddles and orbits is called a
heteroclinic contour. This thesis investigates bifurcations occurring
in two-parameter families of vector fields containing such contours.

Heteroclinic contours can be subdivided into two categories,
namely monodromic and non-monodromic. For both cases there
already exist separate theoretical studies. Results on the mon-
odromic case have been published in 1980 by J.W. Reyn [11] and
are quite well known. For example, they are included in the review
[2] and reproduced in the encyclopedic work [1]. A much more re-
cent 2018 publication by A. Dukov [7] treats the non-monodromic
case.

In both cases, depending on the eigenvalues of the saddles, ei-
ther one limit cycle or two limit cycles of opposite stability are
generated as the result of homoclinic bifurcations. When two limit
cycles exist these may collide to form a semi-stable limit cycle at a
fold (or saddle-node) of cycles bifurcation.

The non-monodromic case exhibits the additional phenomenon
of flashing heteroclinic connections, which may be described as an
infinite series of connections from one saddle to the other making
arbitrarily many windings around one of the saddles. This phe-
nomenon was already discovered in 1981 by I.P. Malta and J. Palis
[10] but in a less general (one-parameter) context. Consequently,
the non-monodromic case provides an example of a situation which
is only two-dimensional but nevertheless possesses a bifurcation di-
agram of considerable complexity.

The first aim of this thesis is to collect the results of both papers
and present them in a unified way. In this manner, we hope to ob-
tain a polished treatment of the bifurcations of planar heteroclinic
contours in both the monodromic as well as the non-monodromic
case.

The second aim of this thesis is to derive two polynomial sys-
tems which contain heteroclinic connections of the monodromic
and non-monodromic kind respectively. These systems may be
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perturbed to bifurcate as predicted in the theoretical part.
The method to obtain the monodromic example system is adap-

ted from a method to derive a polynomial system containing a
homoclinic connection published in a 1997 paper by B. Sandstede
[12]. The non-monodromic example system is derived by modifying
a reversible system containing a homoclinic connection.

After these explicit polynomial systems are obtained we use
the standard numerical software package MatCont [5, 6, 3] to con-
tinue relevant phase objects in two parameters, thus numerically
producing bifurcation diagrams of these systems.

1.1 Structure of this thesis

The core of this thesis consists of three parts. Below we will explain
the contents of these parts and describe the main techniques used
in each part.

In the preparatory first part, Planar vector fields and bifur-
cations, we collect notions necessary to define systems containing
heteroclinic contours. Then, the phenomenon of bifurcation is dis-
cussed and some relevant bifurcations are introduced, together with
the necessary tools to study and describe them.

In the second part, Bifurcations of heteroclinic contours, we de-
fine the different types of heteroclinic contours (monodromic and
non-monodromic) and distinguish two relevant cases to be con-
sidered. From here we treat the monodromic and non-monodromic
cases separately and discuss the generation homoclinic connections,
heteroclinic connections and limit cycles. In both cases this discus-
sion results in producing generic bifurcation diagrams under certain
non-degeneracy conditions.

Throughout this part, our main tools will be several model
maps, which are truncated maps describing the behaviour of so-
lutions both locally (near the saddles) and globally (along the het-
eroclinic connections). Composition of these maps yields a model
Poincaré map which describes the behaviour of solutions as they
move around the heteroclinic contour. Using this map, we will be
able to prove all results needed to produce the theoretical bifurca-
tion diagram.

In the third part, Two polynomial examples, we derive two poly-
nomial examples. The method to derive a monodromic example is
as follows. First, we look for an algebraic set which has a similar
shape to a monodromic heteroclinic contour. We choose the union
of a horizontal line with a parabola. Then, we look for vector fields
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which are tangent to this variety. We try two general second order
polynomials as the components of the vector field. This results
in a system of three polynomial equations. This system is solved
by computing the Gröbner basis of this system, selecting the least
complicated basis polynomial and solving in terms of the coeffi-
cients to obtain a function, which is identically zero on the union
of the line and the parabola. From the resulting conditions on the
parameters we obtain a vector field containing a nondegenerate
monodromic heteroclinic contour.

To this vector field we add two perturbing terms which respec-
tively leave the horizontal line and the parabola unaffected. Using
MatCont we numerically obtain the numerical bifurcation diagram
of this system and we supply numerically generated representative
phase portraits for all non-critical values of the parameters.

The non-monodromic example system is derived by modifying
a reversible system containing a homoclinic connection. To this
system we add a two-parameter perturbation. For this example
we again use MatCont to obtain several essential curves in the
bifurcation diagram. In this case, we supply phase portraits for
critical values of the parameters which show homoclinic connections
and two of the flashing heteroclinic connections.

1.2 Contributions

We claim that this thesis makes the following contributions to the
study of bifurcations of vector fields. Firstly, we revisit and unify
two existing theoretical studies [11] and [7]. Secondly, we derive
and study two explicit polynomial families of vector fields exhibit-
ing three of the four relevant subcases of bifurcations of planar
heteroclinic contours. At present, other publications presenting
such explicit examples are not known to us.

1.3 Acknowledgments

First and foremost, I would like to thank my supervisor Prof. dr.
Yuri A. Kuznetsov for his guidance, enthousiasm and countless
contributions to this thesis. Furthermore, we would like to thank
A. Dukov for providing an English translation of his paper [7].
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Part II

Planar vector fields and
bifurcations
The purpose of this part of the thesis is to supply all necessary
definitions and results needed to study bifurcations of heteroclinic
contours. The more knowledgeable reader may skip this part or
refer only to it when necessary.

We begin by defining the types of systems under consideration
and recall how from these systems we arrive at the orbits of these
systems which we can draw in the phase-portrait. Next, we discuss
the relevant types of orbits which appear in systems containing
heteroclinic contours. After the relevant objects appearing in the
phase portrait are discussed we discuss the concept of bifurcation
and how the bifurcational behaviour of a system may be depicted
in a bifurcation diagram. Lastly, we use the defined concepts to dis-
cuss all bifurcations which we will encounter in systems containing
heteroclinic contours, along with methods to study them.

Much of the treatment in this section is not rigorous. A com-
plete treatment of most topics can be found in [9].

2 Planar vector fields

2.1 Basic definitions

Let x = (x1, x2) represent a point in the plane R2 and consider a
system {

ẋ1 = P (x1, x2),

ẋ2 = Q(x1, x2),
(2.1)

where the functions P and Q are smooth functions from R2 to
R. The map (x1, x2) 7→ (P (x1, x2), Q(x1, x2)) is called a smooth
vector field . We recall that such a vector field defines, for small
values of t ∈ R a local flow ϕ : R2 × R → R2 which can be
understood as moving the point x0 ∈ R2 along the vector field for
t units of time.

If we denote by I(x0) ⊆ R the values of t for which the flow is
defined we define the orbit containing x0 as

{ϕ(x0, t) | t ∈ I(x0)} ⊂ R2.
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If we draw a collection of orbits in the plane along with the direction
of the vector field we obtain what is called a phase portrait , which
at a glance gives an impression of the behaviour of the system.

If we wish to describe the flow starting in a certain point without
explicitly mentioning this point we can more generally define a
solution curve as

γ(t) = ϕ(x0, t)

for some x0 ∈ R2.

2.2 Equilibria and their types

Given the system (2.1), a point x0 = (x01, x
0
2) satisfying

P (x01, x
0
2) = Q(x01, x

0
2) = 0

is called an equilibrium . At such a point, the vector field has
no direction and it is readily seen that the orbit containing an
equilibrium must consist of this equilibrium alone.

Recall that for linear vector fields, seen as linear maps from R2

to R2, we can calculate its eigenvalues at any point. At equilibria,
these eigenvalues allow us to classify them. We call an equilibrium
hyperbolic if none of its eigenvalues are purely imaginary. Among
hyperbolic equilibria we distinguish foci (both eigenvalues com-
plex), nodes (both eigenvalues real and with the same sign) and
saddles (both eigenvalues real and of opposing sign).

For general vector fields we may calculate its Jacobian matrix
at any point. This matrix defines a linear map which is the best
linear approximation of the vector field at this point. The following
theorem shows that locally, we may treat the equilibrium as linear.

Theorem 2.1 (Grobman-Hartman). Consider a vector field con-
taining a hyperbolic equilibrium x0. Then, this equilibrium has a
neighborhood, in which the phase portrait is homeomorphic to that
of the locally linearized system.

Thus, for hyperbolic equilibria, we can still distinguish between
foci, nodes and saddles based on the eigenvalues of the Jacobian
matrix, which are often referred to as just the eigenvalues of the
equilibrium.

In the case of a saddle, we introduce some useful terminology.
Consider a linear vector field containing an equilibrium x0 of saddle
type. Thus, this equilibrium has a pair of real eigenvalues of op-
posing sign which we denote λs < 0 < λu. Along the eigenvectors
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associated with these eigenvalues, solutions either move directly
towards the saddle (for λs) or away from it (for λu). This explains
the choice of notation s for stable and u for unstable. Thus, ev-
ery saddle has associated with it two orbits converging to it when
t→∞ and two orbits which converge to it when t→ −∞. These
orbits are sometimes referred to as separatrices.

In a general (not necessarily linear) setting, the role of the eigen-
vectors is played by the stable manifold and unstable manifold
of x0 which are the sets

W s(x0) := {x ∈ R2 : ϕt(x)→ x0 as t→∞}
Wu(x0) := {x ∈ R2 : ϕt(x)→ x0 as t→ −∞}

where again, both manifolds of x0 consist of two separatrices.

2.3 Cycles

Consider a solution γ(t) of (2.1) for which there exists a minimal
T > 0 such that

γ(t+ T ) = γ(t)

for all t ∈ R. Such a solution is said to be periodic with period T .
The orbit of a periodic solution is referred to as a cycle .

Let x0 be a point on a cycle. Because the vector field containing
this cycle is smooth, we can introduce a cross-section Σ at x0,
which is a line segment orthogonal to the cycle. On this cross-
section we may define a smooth coordinate ξ, where the point ξ = 0
coincides with x0.

Note that the periodic solution through x0 returns to Σ after
time T . Again by smoothness, solutions starting at a point x ∈ Σ
close to x0 also return to Σ close to x0 after completing a trajectory
near the cycle. Thus, we obtain a locally defined and discrete
smooth map P : Σ → Σ called the Poincaré map associated
with the cycle. The cycle at ξ = 0 is a fixed point of the Poincaré
map yielding P (0) = 0. In fact, any fixed point of the Poincaré
map corresponds with a cycle.

From the discrete dynamics of the Poincaré maps we can study
the behaviour of the smooth solutions near the cycle, a considerable
simplification. The Jacobian matrix of P at ξ = 0 yields the best
linear approximation of P at ξ = 0. The single eigenvalue of this
matrix, also called the multiplier µ of the cycle provides sufficient
information to study the behaviour of P . A cycle with µ 6= 1 is
called hyperbolic. If µ < 1, iteratively applying P to a point on Σ
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will bring this point closer and closer to ξ = 0. Thus, any solution
which moves through the cross-section will converge towards the
cycle. If this is case the cycle is said to be stable . Similarly, if
µ > 1, the cycle is unstable. If µ 6= 1 the cycle is referred to
as a limit cycle because it is the limiting set of some collections
of solutions of (2.1) as time increases forwards or backwards. We
conclude that the eigenvalues and thus the stability of the fixed
points of P directly corresponds to the stability of the cycle.

2.4 Homoclinic connections

In linear vector fields, the stable and unstable manifolds of an equi-
librium intersect only at the saddle itself. Theorem 2.1 asserts that
in non-linear systems the system locally looks the same. However,
globally the situation may be different. For example, it may be the
case that one of the orbits approaching x0 coincides with one of
the orbits leaving x0. Thus, there exists a solution γ(t) such that

lim
t→−∞

γ(t) = lim
t→∞

γ(t) = x0.

The orbit associated with this solutions is known as a homoclinic
connection . Depending on the position of the other separatrices
a homoclinic connection can be either small or big (see Figure 2.1).

(a) (b)

Figure 2.1: Homoclinic connections to saddles: small (a) and big
(b)

Now, we want to study the phase portrait near a homoclinic
connection. Treatment of the big and small homoclinic connections
is similar. Suppose therefore that at the saddle x0 there exists a
small homoclinic connection.

The following quantities will be of interest. Firstly we define
the saddle quantity σ = λs+λu which is a real number. Secondly
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we define the saddle index λ = −λs/λu which is a positive real
number. Saddles with λ > 1 are sometimes called dissipative ,
while saddles with λ < 1 are called non-dissipative .

To begin, assume that our vector field is linear in the unit
square, that is {

ẋ1 = λsx1
ẋ2 = λux2

(2.2)

for x = (x1, x2) ∈ [−1, 1]× [−1, 1].

0 1

1

∆

Q

ξ

x2

ξ̃

η

x1

Figure 2.2: Singular and regular maps.

This allows us to compute explicitly the singular map along
the orbits which pass near the saddle 0:

η = ∆(ξ) = ξλ, ξ > 0. (2.3)

Indeed, the “flying time” τ from a point (1, ξ) with 0 < ξ < 1 to
the point (η, 1) along the orbit of (2.2) can be computed from the
condition

1 = x2(τ) = ξeλuτ ,

so that

τ =
1

λu
ln

(
1

ξ

)
= − 1

λu
ln η.

Substituting this expression into η = eλsτ gives (2.3). We can also
set η = 0 for ξ = 0 by continuity.

The regular map

ξ̃ = Q(η) = θη + o(|η|), (2.4)
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is continuously-differentiable with its inverse, and θ > 0 since the
orbits do not cross.

The composition of the singular and the regular maps defines
the Poincaré map:

ξ 7→ ξ̃ = Q(∆(ξ)) = θξλ + o(ξλ). (2.5)

This conclusion is valid in general, since there is a local invertible
C1 coordinate transformation that maps solutions of a nonlinear
planar system near a saddle onto the solutions of (2.2), see [4] or
[9] for a more geometric treatment. Thus, we have sketched a proof
of the following result (see Figure 2.3).

Theorem 2.2. If λ > 1 (λ < 1) then the homoclinic orbit Γ0 is
stable (unstable) from one side. �

Γ0

(a) σ < 0

Γ0

(b) σ > 0

Figure 2.3: Stable and unstable small homoclinic orbits (loops).

Actually, there is a Ck linearizing transformation with any
k > 1, if a finite number N(k) of lower-order resonance condi-
tions on the eigenvalues are not satisfied [14]. Thus the map (2.5)
is generically as smooth as required for ξ > 0, provided the system
(2.1) is sufficiently smooth. There is an alternative approach [13]
that leads to the same map (2.5) but avoids a reduction to a linear
system. In this approach, one first introduces new coordinates near
the saddle, such that the system remains nonlinear but the stable
and unstable manifolds locally coincide with the axes (and some
other simplifications are done). Then by considering a boundary-
value problem, one proves that the singular map near the saddle
has the form

∆(ξ) = ξλ + o(ξλ)
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Composing this map with the regular global map (2.4), gives (2.5).
The construction leads to a small finite loss of smoothness relative
to that of (2.1).

2.5 Heteroclinic connections

Consider a vector field containing two saddles x0 and x1. In addi-
tion to solutions connecting a saddle to itself we may in this case
also find solutions which connect one saddle to the other. Thus,
there may exist a solution γ(t) such that

lim
t→−∞

γ(t) = x0 and lim
t→∞

γ(t) = x1.

The orbit associated with such a solution curve is called a hetero-
clinic connection (see Figure 2.4).

Figure 2.4: A heteroclinic connection between two saddles

3 Bifurcations and bifurcation diagrams

Having defined the necessary objects which might appear in a phase
portrait, we come to the concept of bifurcation. Consider a system{

ẋ1 = P (x1, x2, α),

ẋ2 = Q(x1, x2, α),
(3.1)

where α ∈ Rn is an n-dimensional parameter . With the intro-
duction of this parameter, (3.1) defines an n-dimensional family
of vector fields. Indeed, for any fixed choice of α ∈ Rn we obtain
a vector field as in (2.1).

Variation of the parameter results in different vector fields which
in turn yield different phase portraits. However, we consider phase
portraits to be equivalent whenever there exists a homeomorphism
between them which preserves orbits, that is, takes orbits from one
phase portraits to orbits of the other. If this is the case, we call
the associated vector fields orbitally topologically equivalent .

A vector field is said to be structurally stable if there exists
a neighborhood of it in the space of all smooth vector fields, such
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that all vector fields from this neighborhood are orbitally topologi-
cally equivalent. For parameter-dependent systems this implies the
following: If a system for a given value of α is structurally stable,
then there exists a neighborhood of α in the parameter space such
that for all parameter values in this neighborhood the correspond-
ing systems are orbitally topologically equivalent.

A bifurcation is then a qualitative change of the phase portrait
under variation of the parameter which results in a phase portrait
that is not topologically equivalent to the original one.

An overview of the bifurcational behaviour of a family of vector
fields can be given in the form of a bifurcation diagram . Such
a diagram consists of a depiction of the parameter space (for ex-
ample in the case of a two-dimensional parameter, a sketch of the
parameter-plane) which is partitioned into sets corresponding to
orbitally topologically equivalent vector fields. From this sketch
one can see at a glance for which values of the parameters which
bifurcation occurs. The diagram is completed when for every of
these partitioning sets a representative phase portrait is supplied.

In practice, a bifurcation diagram is often produced by show-
ing the set of points corresponding to structurally unstable vector
fields. To this end, we have the following useful theorem.

Theorem 3.1 (Andronov-Pontryagin). A smooth vector field on
a bounded region D0 ⊂ R2 that is nowhere tangent to the boundary
of this region is structurally stable if and only if

• It has a finite number of equilibria and limit cycles in D0,
and all of them are hyperbolic;

• There are no homoclinic or heteroclinic connections in D0.

From this theorem it follows that when producing a sketch of
the bifurcation diagram, it is sufficient to investigate the violation
of the above conditions.

To complete our preparation for the study of the bifurcational
behaviour of heteroclinic contours in the plane we present and dis-
cuss all bifurcations which we will encounter during this process.

3.1 Homoclinic bifurcation

Consider now a system as in (3.1) with a parameter α ∈ R. Suppose
that at α = 0 this system has a homoclinic orbit Γ0 to a hyperbolic
saddle x0 = 0 with saddle quantity σ 6= 0 (saddle index λ 6= 1). By
the Implicit Function Theorem, there exists a smooth continuation
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of this saddle for small |α|, where we can place the origin of the
coordinate system. Thus, x0 = 0 will be a saddle equilibrium with
eigenvalues λs(α) < 0 < λu(α) for all sufficiently small |α| and
with σ(0) = λs(0) + λu(0) 6= 0.

β

1

∆

Q

x2

0

ξ

x1

η

ξ̃

1

Figure 3.1: Poincaré map near saddle homoclinic bifurcation.

Similar to Section 2.4, first assume that (3.1) is linear in the
square [−1, 1]× [−1, 1], i.e. can be written in the form{

ẋ1 = λs(α)x1,
ẋ2 = λu(α)x2.

(3.2)

The solutions of this system define a singular map near the saddle

∆ : ξ 7→ η = ξ−
λs(α)
λu(α) = ξλ(α)

(see Figure 3.2). Outside of the square, the solutions of (3.1) define
a regular map

Q : η 7→ ξ̃ = β(α) + θ(α)η + o(|η|),

where θ(α) > 0, and β(0) = 0 since at α = 0 there is a homoclinic
orbit to the saddle at the origin. The function β describes the
splitting of the saddle stable and unstable manifolds (separatrices)
and is known as the splitting parameter .

The composition Q ◦∆ gives the Poincaré map

ξ 7→ ξ̃ = β(α) + θ(α)ξλ(α) + . . . , (3.3)
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λ(0) < 1

β > 0

β = 0

β < 0

ξ̃

0 ξ

β = 0ξ̃

0

β < 0β > 0

λ(0) > 1

ξ

Figure 3.2: Bifurcation of fixed points of (3.3).

of which the fixed points are easy to analyze (see Figure 3.2). Since
a fixed point corresponds to a cycle, we see that a unique cycle
bifurcates from the saddle homoclinic orbit Γ0 with λ(0) 6= 1 when
β changes sign. The cycle is hyperbolic, and is stable for λ(0) > 1
and is unstable for λ(0) < 1. If follows that in order to analyse the
bifurcation it is sufficient to study the model map

ξ 7→ P (ξ) = β + θξλ

with constant θ > 0 and positive λ 6= 1.
As in Section 2.4, the above analysis is applicable in general.

Thus, the following theorem is valid.

Theorem 3.2 (Andronov-Leontovich). Suppose that a smooth pla-
nar system

ẋ = f(x, α), x ∈ R2, α ∈ R,

has at α = 0 a hyperbolic saddle with an orbit Γ0 that is homo-
clinic to this saddle. Then, generically, a unique hyperbolic cycle
bifurcates from Γ0 for small α > 0 or α < 0, while the homoclinic
orbit disappears:

(i) If λ(0) > 1, the cycle is stable and the unstable separatrix of
the saddle approaches it for t→ +∞, see Figure 3.3;

(ii) If λ(0) < 1, the cycle is unstable and the stable separatrix of
the saddle approaches it for t→ −∞, see Figure 3.4. �
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Cβ

ξ

β = 0β < 0 β > 0

Γ0

Figure 3.3: Saddle homoclinic bifurcation with λ(0) > 1: A sta-
ble cycle Cβ bifurcates from Γ0 while the separatrices exchange
position.

Γ0

Cβ

β = 0β < 0 β > 0

ξ

Figure 3.4: Saddle homoclinic bifurcation with λ(0) < 1: An un-
stable cycle Cβ bifurcates from Γ0 while the separatrices exchange
position.

Note that the period of the cycle tends to infinity as α ap-
proaches zero. Indeed, the cycle passes closer and closer to the
saddle, where the velocity ẋ vanishes so that the passage takes
more and more time.

The genericity conditions in Theorem 3.2 include λ(0) 6= 1 (i.e.
σ(0) 6= 0), as well as a condition for the separatrices of the saddle
to split under variation of α. This is guaranteed if β regularly
changes sign at α = 0, for which a sufficient condition is known.
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3.1.1 Sandstede’s Example

As a precursor to the final part of this thesis, we will now rederive
the results of [12], which presents a derivation of a system contain-
ing a homoclinic connection. Perturbing this system will yield an
example of a homoclinic bifurcation. In the final part of this thesis,
we will adapt this technique to obtain more complicated example
systems.

This technique is based on the idea of producing an algebraic set
(or variety) which has a similar shape to a homoclinic connection.
Once we have produced such a variety, we look for vector fields
which are tangent to it. This tangency condition will then yield
a system of polynomial equations from which we can derive two
polynomials defining a vector field.

The Cartesian leaf (see Figure 3.5) is an algebraic variety which
has a shape similar to a homoclinic connection.

0 1

x

y

Figure 3.5: The Cartesian leaf

This variety is defined as the zero-set of the functionG : R2 → R
defined by

G(x, y) = x2(1− x)− y2.
Thus, we define the Cartesian leaf as Γ := G−1(0).

To find a polynomial vector field which is tangent to Γ we be-
gin with a general polynomial vector field. It turns out that it is
sufficient to consider polynomials of second order, yielding a system

f(x, y) =

(
a00 + a10x+ a01y + a20x

2 + a11xy + a02y
2

b00 + b10x+ b01y + b20x
2 + b11xy + b02y

2

)
. (3.4)
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The condition of this vector field being tangent to Γ translates
to the condition

〈∇G(x, y), f(x, y)〉 = 0 ∀(x, y) ∈ Γ. (3.5)

We are thus looking to find coefficients of f(x, y) which render
both polynomials 〈∇G(x, y), f(x, y)〉 and G(x, y) identically zero
simultaneously. From this we obtain a system of equations

2a00x− 3a00x
2 + 2a10x

2 − 3a10x
3 + 2a20x

3 − 3a20x
4

− 2b00y + 2a01xy − 2b10xy − 3a01x
2y + 2a11x

2y

− 2b20x
2y − 3a11x

3y − 2b01y
2 + 2a02xy

2 − 2b11xy
2

− 3a02x
2y2 − 2b02y

3 = 0

x2 − x3 − y2 = 0.

(3.6)

To solve this system we calculate its Gröbner basis using Math-
ematica. We use a suitable monomial ordering. This basis consists
of several polynomials, including G and the following polynomial

P (x, y) =− 2a00x+ 2b00y + (2b10 − 2a01)xy

+ (3a00a10 + a20)x2 + (2b01 − 3a10 − a20)y2

+ (2b11 − 2a02 − 3a20)xy2

+ (3a01 + a11 + 2b20)x2y

+ (3a01 + a11 + 2b20)x2y

+ (2b02 − 3a11)y3 + 3a02x
2y2

(3.7)

which must be identically equal to zero. Thus, every coefficient
of P must equal zero which yields a number of constraints on the
coefficients. Substituting these into the general polynomial vector
field we obtain a system dependent on only three free coefficients,
which we have renamed a, b and c for convenience. We find

f(x, y) =

(
ax+ by − ax2 + cxy

bx+ ay −
(
3
2b+ 1

2c
)
x2 + 3

2axy + 3
2cy

2

)
. (3.8)

It is clear that this system has an equilibrium at the origin.
To determine its type we calculate the Jacobian matrix of f(x, y)
which equals

J(x, y) =

(
a− 2ax+ cy b+ cx

b+ 3
2ay − (3b+ c)x a+ 3

2ax+ 3cy

)
. (3.9)
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The Jacobian matrix at the equilibrium thus equals

J(0, 0) =

(
a b
b a

)
(3.10)

which has eigenvalues λ1 = a+b and λ2 = a−b. For the equilibrium
to be a saddle, these eigenvalues must be nonzero and of opposite
sign. This implies that a2 < b2.

Choosing a = 1 , b = −2 and c = 0 we find that λs = −1,
λu = 3 so the saddle index becomes λ = −λs/λu = 1/3 < 1. A
phase portrait for this system with an unstable homoclinic orbit is
presented in Figure 3.6.
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Figure 3.6: The phase portrait showing a homoclinic connection
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Figure 3.7: A homoclinic bifurcation generating an unstable cycle
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Adding a constant perturbing parameter α ∈ R to the second
component of this system causes a homoclinic bifurcation generat-
ing an unstable cycle, see Figure 3.7.

3.2 Heteroclinic bifurcation

Just as in the case of a homoclinic connection, if under variation
of a number of parameters a heteroclinic connection is broken, this
implies a bifurcation.

An example of a system exhibiting this bifurcation is{
ẋ = 1− x2 − αxy,
ẏ = xy + α(1− x2)

(3.11)

with α ∈ R. Note that this system has two equilibria of saddle
type at x0 = (−1, 0) and x1 = (1, 0). For α = 0, this system has
the x-axis as an invariant, that is, ẏ = 0 whenever y = 0. As
the saddles are the only equilibria on the x-axis there must exist a
solution γ(t) such that

lim
t→∞

γ(t) = x0 and lim
t→−∞

γ(t) = x1

so γ(t) is a heteroclinic connection.

−1.5 −1 −0.5 0 0.5 1 1.5
−1

−0.5

0

0.5

1
α = 0

Figure 3.8: The phase portrait showing a heteroclinic connection

For α 6= 0 the x-axis is no longer an invariant and the hetero-
clinic connection is broken.
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Figure 3.9: A heteroclinic bifurcation

3.3 Fold of cycles bifurcation

In order to understand the fold of cycles bifurcation we must first
understand a general fold bifurcation of maps. Consider the one
dimensional discrete system

ξ 7→ α+ ξ + ξ2 (3.12)

depending on the parameter α. At α = 0, this system has a fixed
point at ξ = 0 which is non-hyperbolic and has multiplier µ = 1.
For α < 0 this system has two fixed points at ±√−α of which one
is stable and the other is unstable. For α > 0 the system has no
fixed points.

We conclude that for increasing α < 0 we start out with two
fixed points of different stability which both move towards x =
0 when α goes to 0. At α = 0, these fixed points collide and
momentarily form a single fixed point which is stable from one side
and unstable from the other. Such a fixed point is said to be semi-
stable . Increasing α even more destroys this semi-stable point
leaving a system without fixed points. This bifurcation involving
the collision and destruction of two fixed points of different stability
is known as a fold bifurcation .

It turns out that under some general non-degeneracy conditions
(see [9] for details) any smooth map containing at α = 0 a fixed
point with µ = 1 is topologically equivalent to (3.12). Actually, one
can show that there exists a smooth transformation of coordinates
and parameters reducing the map to (3.12) plus higher-order terms,
which do not change the local orbit structure.

Now consider a system of the form (2.1) containing a limit cycle
which corresponds to a fixed point ξ0 with multiplier µ = 1 of
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the Poincaré map P , defined on a one-dimensional cross-section
Σ. From the discussion relating the stability of the fixed points of
P to the stability of the cycles we conclude that this cycle is also
semi-stable, so stable from one side while unstable from the other.

By the above discussion, this fixed point ξ0 with multiplier
µ = 1 is generically the result of a collision of two fixed points
of opposing stability. Because these fixed points are fixed points of
the Poincaré map P , they coincide with limit cycles of (2.1) and
the stability of these cycles is implied by the stability of the fixed
points, that is, one cycle is stable while the other cycle is unstable.

Thus the fold of cycles bifurcation can be seen as the result
of a fold bifurcation on the cross-section Σ and can be described
as the collision of two limit cycles of opposite stability type, re-
sulting in the birth of a critical semi-stable limit cycle which is
non-hyperbolic and structurally unstable.

The following system exhibiting a subcritical degenerate Hopf
bifurcation also undergoes a fold of cycles bifurcation.{

ẋ = (α− 1
4 )x− y + x(x2 + y2)− x(x2 + y2)2,

ẏ = x+ (α− 1
4 )y + y(x2 + y2)− y(x2 + y2)2

(3.13)

As seen from Figure 3.10, for α > 0, the system contains a
stable limit cycle enclosing an unstable one. These limits cycles
collide at α = 0 forming a semi-stable cycle which is unstable from
the inside but stable from the outside. For α < 0, this limit cycle
is destroyed and no cycles remain.
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Figure 3.10: Phase portraits showing a fold of cycles bifurcation
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3.4 Flashing heteroclinic connections

The last type of bifurcation under consideration is also the most
exotic. In fact, the appearance of this bifurcation is one of the most
important reasons to study bifurcations of heteroclinic contours
at all, as it results in a bifurcation diagram which is surprisingly
complex for a system which is only planar.

As noted in the introduction, this bifurcation was discovered in
1981 by I.P. Malta and J. Palis in [10], see also [13]. The flashing
of heteroclinic connections refers to the generation of an infinite
series of heteroclinic connections between two saddles which make
an increasing number of turns around one of the saddles before
reaching the other.

The situation in which this bifurcation was first discovered was
at a one-parameter bifurcation of a non-hyperbolic limit cycle. Of
the two saddles involved in this bifurcation, one is located inside
the limit cycle while the other is located on the outside1. The non-
hyperbolic limit cycle serves as the limit set of a solution leaving the
outside saddle for increasing t while simultaneously it is approached
for decreasing t by a solution approaching the other saddle for
increasing t. Thus, there are solutions winding around the cycle
from both the outside and inside.

The following theorem shows that when this limit cycle is de-
stroyed, an infinite series of heteroclinic connections is generated
which wind around the inside saddle an increasing number of times
(see Figure 3.14).

In the theorem we consider the parameter α ∈ R involved in the
fold of cycles bifurcation. Thus, for α = 0 there exists a semi-stable
limit cycle as described above and for α > 0 this cycle is destroyed.

Theorem 3.3. Consider a vector field containing two saddles and
a semi-stable limit cycle as described above. Then there exists a
sequence (αn)n∈N with αn > 0 for all n ∈ N and αn → 0 such
that for every n ∈ N, the vector field corresponding to the parame-
ter value αn contains a heteroclinic connection making more turns
around the inner saddle then the previous one.

Proof. For α = 0, the vector field contains a semi-stable limit cycle
which separates the saddles L and M . On this cycle we define a
cross-section Σ on which we define a coordinate x directed outwards
(see Figure 3.11). Suppose that the limit cycle and its cross-section

1Of course, more equilibria must be encircled by the cycle.
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intersect at x = 0. The orbit moving towards the saddle L reaches
the cross-section at x1 < 0 and the orbit leaving from M at x2 > 0.

x
M

L

Figure 3.11: Placing a cross-section on the cycle

When we pick α > 0 and study the vector field still furnished
with the cross-section Σ, we see that we get parameter dependent
values of x1(α) < 0 < x2(α) and that the semi-stable limit cycle is
destroyed. Thus, the parameter dependent Poincaré map Pα has
no fixed points. Therefore, we have that Pα(x) < x so after enough
iterations of the Poincaré map we will find n ∈ N and m ∈ N such

that P
(−n)
α (x1(α)) > 0 and P

(m)
α (x2(α)) < 0.

In contrast to this, we always have that Pα(x1(0)) < 0 and
Pα(x2(0)) > 0. Thus, assuming that n ≥ m, and letting α→ 0 we

will find αn such that P
(−n)
αn (x1(αn)) = P

(n)
αn (x2(αn)) = 0 which

coincides with a heteroclinic connection.

(a) No turns (b) One turn (c) Two turns

Figure 3.12: Heteroclinic connections making an increasing number
of turns

The occurrence of flashing heteroclinic connections is not lim-
ited to situations involving a fold of cycles bifurcation. They may
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also appear in a similar situation involving the bifurcation of a ho-
moclinic connection. More specifically, we consider the situation
in which there exist two saddles and a homoclinic connection at
one of the saddles. The other saddle is located inside this saddle.
We consider a system depending on the splitting parameter β of
the homoclinic connection. Suppose the saddle at which the ho-
moclinic connection exists has saddle index smaller than one, so
for β > 0 the homoclinic connection is broken and no limit cycle is
generated.

Theorem 3.4. Consider a vector field containing two saddles and
a homoclinic connection as described above. Then there exists a
sequence (βn)n∈N with βn > 0 for all n ∈ N and βn → 0 such that
for every n ∈ N, the vector field corresponding to the parameter
values βn contains a heteroclinic connection making more turns
around the inner saddle then the previous one.

Proof. The vector field for β = 0 contains a homoclinic connection
at M and L lies on the inside of this connection. The solutions
leaving L have the homoclinic connection as its limit set. On this
connection we define a cross-section Σ on which we define a co-
ordinate x directed inwards (see Figure 3.13). Suppose that the
homoclinic connection (that is, the solution leaving and approach-
ing M) and its cross-section intersect at x = 0 and that the solution
leaving the saddle L reaches the cross-section at x1 > 0.

M

L

x

Figure 3.13: Placing a cross-section on the homoclinic connection

When we pick β > 0 and study the vector field, still furnished
with the cross-section Σ, we see that we get parameter depen-
dent values of x1(β) > 0 and that the homoclinic connection is
destroyed. Moreover, the parameter dependent Poincaré map Pβ
has no fixed points. Therefore, we have that Pβ(x) < x so after
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enough iterations of the Poincaré map we will find n ∈ N such that

P
(n)
β (x1(β)) < 0.

In contrast to this, we always have that Pβ(x1(0)) > 0. Thus,

letting β → 0 we will find βn such that P
(n)
βn

(x1(βn)) = 0 which
coincides with a heteroclinic connection.

(a) No turns (b) One turn (c) Two turns

Figure 3.14: Heteroclinic connections making an increasing number
of turns
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Part III

Bifurcations of heteroclinic
contours
We are now ready to start our investigation of the bifurcations of
planar heteroclinic contours. We begin by giving a proper defini-
tion of a system containing a heteroclinic contour and distinguish
several cases.

Firstly, a distinction will be made between monodromic and
non-monodromic contours. In both cases we introduce two split-
ting parameters which describe how the heteroclinic connections
involved in the contour are broken. At this stage, we are ready to
introduce a number of model maps which will serve as the primary
tools used in this part of the thesis. Then, a further distinction is
made based on the saddle indices of the involved saddles. In each
case, two subcases are to be considered, yielding a total of four
different cases.

Each case is treated separately. In each case our primary objec-
tive will be to produce a complete sketch of the bifurcation diagram.
In accordance with Theorem 3.1 this is done by studying the ap-
pearance of homoclinic connections, hyperbolic and non-hyperbolic
limit cycles and heteroclinic connections, in this order.

4 Heteroclinic contours

Consider a smooth vector field as in (2.1) and assume this vector
field contains two equilibria of saddle type which we label L and
M . Let λ and µ be the saddle indices of L and M respectively.
Also suppose that this vector field has solutions γ1(t) satisfying

lim
t→−∞

γ1(t) = L and lim
t→∞

γ1(t) = M

and γ2(t) satisfying

lim
t→−∞

γ1(t) = M and lim
t→∞

γ1(t) = L.

We see that the orbits of γ1(t) and γ2(t) are heteroclinic connections
between L andM in opposing directions. Together with the saddles
they form a heteroclinic contour .
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Depending on the position of the stable and unstable manifolds
of L and M there are two distinct types of heteroclinic contours
called monodromic and non-monodromic, see Figure 4.1.

M

L

(a) Monodromic

M

L

(b) Non-monodromic

Figure 4.1: The two types of heteroclinic contours

To understand this choice of terminology, note that the mon-
odromic contour may be approached as a limit set by solutions
inside the contour. It is also possible to contain all stable and un-
stable manifolds inside the contour, in which case the contour may
be approached as a limit set for solutions outside the contour. This
case is also referred to as monodromic and is treated similarly. In
the non-monodromic case, the contour can not be approached as a
limit set, neither from the inside nor the outside.

4.1 Model maps

4.1.1 Monodromic

As in Section 2.4 we introduce a number of model maps to study
the heteroclinic contours. We begin with the monodromic case. As
we have seen before, we define a number of cross-sections on which
the model maps will be defined (see Figure 4.2).

In a neighborhood of L, we introduce two cross-sections, ΣL
and ΠL, on the incoming and outgoing heteroclinic connection re-
spectively. On these cross sections, we introduce coordinates ξL
and ηL, again respectively. We define these coordinates in such a
way that the points ξL = 0 and ηL = 0 coincide with the points
on the intersection of the stable and unstable manifolds and the
corresponding cross-section, and such that positive values of the
coordinates correspond with points inside the heteroclinic contour.
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Analogously, in a neighborhood UM of M , we introduce cross-
sections ΣM and ΠM furnished with coordinates ξM and ηM with
analogous properties.

ηL

ξM

L ΣL

ΣM M

ΠM

ΠL

ξL

ηM

Figure 4.2: The monodromic contour with all cross-sections and
coordinates

Using the cross-sections, we define the splitting parameters β1
and β2 which measure the splitting of the heteroclinic connection
along ΣL and ΣM respectively.

As in Section 2.4 we may now define exact singular maps ∆L :
ΣL → ΠL and ∆M : ΣM → ΠM by

∆L(ξL) = ξλL and ∆M (ξM ) = ξµM

near the saddles and truncated regular maps Q : ΠL → ΣM and
R : ΠM → ΣL by

Q(ηL) = β2 + θ1ηL and R(ηM ) = β1 + θ2ηM

near the heteroclinic connections where θ1 and θ2 are positive
constants. By composing these maps we arrive at the truncated
Poincaré map P : ΣL → ΣL which becomes

P (ξL) = (R ◦∆M ◦Q ◦∆L)(ξL)

= β1 + θ2(β2 + θ1ξ
λ
L)µ.

(4.1)

4.1.2 Non-monodromic

The construction of the model maps in the non-monodromic case is
virtually the same as in the monodromic case. However, to obtain a
singular map describing the behaviour of solution near the saddle,
the cross-sections at L must be oriented in the other direction to
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allow solutions to pass near the saddles on the positive side of the
cross-sections.

The new configuration of the cross sections is pictured in Figure
4.3.

ηL

ξM

M

ΣL

L

ΠM

ΣM

ΠL

ξL

ηM

Figure 4.3: The non-monodromic contour with all cross-sections
and coordinates

Consequently, the splitting parameters at L are now also mea-
sured in the other direction. This change allows us to express the
exact singular maps ∆L : ΣL → ΠL and ∆M : ΣM → ΠM in
exactly the same way as before, thus as

∆L(ξL) = ξλL and ∆M (ξM ) = ξµM .

However this change does have an effect on the truncated regular
maps Q : ΠL → ΣM and R : ΠM → ΣL which in this case become

Q(ηL) = β2 − θ1ηλ and R(ηM ) = β1 − θ2ηM .

Thus, in the non-monodromic case we obtain the truncated
Poincaré map P : ΣL → ΣL as

P (ξL) = β1 − θ2(β2 − θ1ξλL)µ. (4.2)

Note that in terms of the model maps we can change between
the monodromic and non-monodromic cases through the transfor-
mation (θ1, θ2) 7→ (−θ1,−θ2).

4.2 Dissipativity of the saddles

We note that in both cases the Poincaré map depends strongly on
the values of λ, µ and also λµ. Especially, it is important whether
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these quantities are smaller or larger than 1. Recall that saddles
with index greater than one are called dissipative. In principle, the
following subcases are possible.

1 λ < 1 µ > 1 λµ < 1
2 λ < 1 µ > 1 λµ > 1
3 λ > 1 µ < 1 λµ > 1
4 λ > 1 µ < 1 λµ < 1
5 λ > 1 µ > 1 λµ > 1
6 λ < 1 µ < 1 λµ < 1

However, reversing time and interchanging the roles of L and
M , we see that there are only two essentially different subcases to
consider. More specifically, reversing time, we see that 1 goes to 3
and 5 to 6. When changing the roles of L and M , 1 goes to 4 and 2
to 3. Thus if we study only the subcases 1 and 6, the results for all
others follow immediately. To conclude, we consider only subcases
λ < 1, µ < 1 and λ < 1, µ > 1 with λµ < 1 in both of them.

5 The monodromic case

Having made the necessary distinctions we are ready to treat both
subcases of the monodromic case. As stated at the beginning of
this part we proceed in the following way. We begin by study-
ing the emergence of homoclinic connections. Then we investigate
limit cycles and their bifurcations. Lastly, we look at heteroclinic
connections. From these results we will then be able to sketch the
bifurcation diagram.

We will find that in both subcases there exist two curves in
the parameter plane corresponding to homoclinic connections at L
and M . Together with the origin, these curves divide the parameter
plane in two sectors.

In the first subcase (λ < 1 and µ < 1) we find that for parame-
ter values in one of these sectors there are no limit cycles present.
Then, moving to the other sector, an unstable limit cycle is gener-
ated as a result of the breaking up of either one of the homoclinic
connections.

In the second subcase (λ < 1 and µ > 1), an unstable limit cycle
is again generated when the homoclinic connection at L is broken.
Additionally, if we vary the parameters further such that the homo-
clinic connection at M (corresponding now to saddle index µ > 1)
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is broken, a stable cycle is generated enclosing the original unstable
cycle. Eventually these cycles collide and momentarily form a semi-
stable limit cycle at a fold of cycles bifurcation. In the remaining
regions, no limit cycles are present.

The results in this section are originally due to [11]. However,
we use a different approach similar to that in [7].

5.1 Homoclinic connections

From the geometry of the monodromic contour (see Figure 5.1) it
is readily seen that a homoclinic connection at L may only arise
whenever β1 < 0 and β2 > 0.

ΣL

ΣM M

ΠM

ΠL

L

Figure 5.1: The appearance of a homoclinic connection at L

Moreover, a homoclinic connection at L coincides with a solu-
tion of the equation

(R ◦∆M ◦Q)(0) = β1 + θ2β
µ
2 = 0 (5.1)

which we can rewrite into the expression

β2 =

(
−β1
θ2

) 1
µ

for β2 in terms of β1.
A similar discussion can be had for the emergence of homoclinic

connections at M . Firstly, we note that such connections may only
arise whenever β1 > 0 and β2 < 0. At M , a homoclinic connection
coincides with a solution of the equation

(Q ◦∆L ◦R)(0) = β2 + θ1β
λ
1 = 0 (5.2)

34



which we can rewrite into the expression

β2 = −θ1βλ1
for β2 in terms of β1.

Thus, we find that there are two curves in the parameter plane
corresponding to homoclinic connections at L and M . We label
these curves PL and PM respectively. Sketching these curves in
the parameter-plane is our first step in sketching the bifurcation
diagram. Depending on the two different subcases, we obtain dif-
ferent curves, see Figure 5.2.

B

PM

β2PL

β1

A

(a) λ < 1 and µ < 1

A

β2

PM

PL

β1

B

(b) λ < 1 and µ > 1

Figure 5.2: The emergence of homoclinic connections in the
parameter-plane

For ease of reference, we label the two sectors of the parameter-
plane delineated by PL and PM as A and B.

5.2 Limit cycles

As we have seen in Section 2.3, limit cycles correspond to fixed
points of the Poincaré map, in this case (4.1). Thus we are looking
for solutions ξL of

β1 + θ2(β2 + θ1ξ
λ
L)µ = ξL. (5.3)

This equation may be rewritten as

β2 + θ1ξ
λ
L =

(
ξL − β1
θ2

) 1
µ

.
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To look for solutions of this equation we consider the left- and
right-hand side separately. To this end, we define functions f and
g by

f(ξL) = β2 + θ1ξ
λ
L and g(ξL) =

(
ξL − β1
θ2

) 1
µ

which allows us to rewrite (5.3) as f(ξL) = g(ξL).
To study solutions of this equation we will also need the deriva-

tives of f and g which we find to be

f ′(ξL) = λθ1ξ
λ−1
L and g′(ξL) =

1

µθ2

(
ξL − β1
θ2

) 1
µ−1

.

Additionally, the maps f and g have an intuitive geometric
interpretation which will relate them to the generation of homo-
clinic connections. In terms of the model maps, we can see that
f = Q ◦ ∆L while g = (R ◦ ∆M )−1. Thus, both can be seen as
maps from ΣL to ΣM . This point of view makes it clear that the
solution f(0) = g(0) coincides with a homoclinic connection at L,
while a solution ξL 6= 0 satisfying f(ξL) = g(ξL) = 0 coincides with
a homoclinic connection at M .

Furthermore, we have expressions for

f(0) = β2 and g(0) =

(
−β1
θ2

) 1
µ

and we can find solutions to f(ξfL) = 0 and g(ξgL) = 0, namely

ξfL =

(
−β2
θ1

) 1
λ

and ξgL = β1.

From this point on we must treat both subcases separately.

5.2.1 The first subcase

As in this case both λ < 1 and µ < 1, the maps f and g have the
limiting properties

lim
ξL↓0

f(ξL) = β2 and lim
ξL↓0

f ′(ξL) =∞

while
lim
ξL↓β1

g(ξL) = 0 and lim
ξL↓β1

g′(ξL) = 0
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which tells us that f is convex upwards while g is convex down-
wards.

A useful observation is that in this case, for arbitrarily small
values of the parameters, there will be no small values of ξL where
f and g have equal derivative. To see this, suppose that f ′(ξL) =
g′(ξL) so

λθ1ξ
λ−1
L =

1

µθ2

(
ξL − β1
θ2

) 1
µ−1

.

We may rewrite this into the expression

β1 = ξL − θ2(λµθ1θ2)
µ

1−µ ξ
µ(λ−1)
1−µ

L .

Noting that µ(λ−1)
1−µ < 0 by our assumption on λ and µ we see that

limξL↓0 β1(ξL) = −∞. Thus, letting ξL as well as the parameters
go to zero, f and g can not have the same derivative at ξL.

This result locally precludes tangency of f and g and also im-
plies that locally there may be at most one intersection of f and
g. As, by Rolle’s theorem, between any two intersections of f and
g we can find a point where they have equal derivative.

Suppose that we choose a pair of parameters from sector A. For
β1 < 0 this point lies above PL and for β1 > 0 this point lies above
PM .

Suppose β1 < 0, we then find that

β2 >

(
−β1
θ2

)
so f(0) > g(0)

and β2 > 0. This, together with their limiting properties, implies
that f and g do not intersect for arbitrarily small values of β1 and
β2 as can be seen from Figure 5.3a.
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Figure 5.3: Possible configurations of f and g for parameters from
sector A

In the case that β1 > 0 we find that(
−β2
θ1

) 1
λ

< β1 so ξfL < ξgL

and β2 < 0 or that β2 > 0. This again implies that f and g do not
intersect for arbitrarily small values of β1 and β2 as can be seen
from Figure 5.3b.

Thus, for parameter values in sector A there are no limit cycles.
Moving on to sector B, we have for β1 < 0 that we are below PL
and for β2 > 0 that we are above PM .

Suppose then that β1 < 0. It then holds similarly that f(0) <
g(0) while β2 < 0 or β2 > 0. In this case we do find that f and g
intersect for arbitrarily small values of β1 and β2, as can be seen
from Figure 5.4a.
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Figure 5.4: Possible configurations of f and g for parameters from
sector B

In the remaining case that β1 > 0 we have again similarly that
ξfL > ξgL while β2 < 0. Again, we find that f and g intersect for
arbitrarily small values of β1 and β2, as can be seen from Figure
5.4b.

Thus, for parameter values in sector B there is a single limit
cycle.

5.2.2 The second subcase

It now holds that λ < 1 while µ > 1 which implies that

lim
ξL↓0

f(ξL) = β2 and lim
ξL↓0

f ′(ξL) =∞

while
lim
ξL↓β1

g(ξL) = 0 and lim
ξL↓β1

g′(ξL) =∞

so now both f and g are convex upward. Note that the standing
assumption λµ < 1 implies that λ < 1

µ . Thus for small values of
the parameters we may expect the graph of f to be steeper than
that of g.

We repeat the arguments from the first subcase which now yield
different results. Again assume that we choose a pair of parameters
from sector A. When β1 < 0 we again find that f(0) > g(0) and
that β2 > 0. Once more, this implies that there is no intersection
of f and g as is clear from Figure 5.4b.
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Figure 5.5: Possible configurations of f and g for parameters from
sector A

When β1 > 0 the situation is different. When β2 > 0 there
are still no intersections but when β2 < 0 it must again hold that
ξfL < ξgL in which case there now may be either no, one or two
intersection and thus limit cycles as illustrated in Figure 5.5b. We
see that there exists one limit cycle if and only if f and g are
tangent. This situation is structurally unstable. Variation of the
parameters immediately results into either one or two limit cycles.
We recognize that there thus occurs a fold of cycles bifurcation.

Moving on to sector B, and assuming that β1 < 0 we again
obtain that f(0) < g(0) and that β2 < 0 or β2 > 0. In this case we
find that there is one intersection of f and g as is seen in Figure
5.6a.
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x
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f

g

f

β2

(a) β1 < 0

f

x

β2

β1

g

(b) β1 > 0

Figure 5.6: Possible configurations of f and g for parameters from
sector B
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The remaining case of β1 > 0 implies that ξfL > ξgL and that
β2 < 0 which also shows that there is one intersection, visible from
Figure 5.6b.

In conclusion, for parameters in sector B there is again a single
limit cycle.

5.2.3 Semi-stable cycle

The semi-stable which appears at a fold of cycles bifurcation re-
quires some more attention. As vector fields containing such a cycle
are structurally unstable, it is necessary to know for which values
of the parameters they appear when sketching the bifurcation dia-
gram.

As we have seen, a semi-stable limit cycle appears exactly when
the graphs of f and g are tangent. This yields the conditions
f(ξL) = g(ξL) and f ′(ξL) = g′(ξL) yielding

β2 + θ1ξ
λ
L =

(
ξL − β1
θ2

) 1
µ

and

λθ1ξ
λ−1
L =

1

µθ2

(
ξL − β1
θ2

) 1
µ−1

.

In [11], the following expression for β2 in terms of β1 is derived
using the above two conditions:

β2 = −θ2βλ1 − (1− µµ)(λµθ1θ2)
1

1−µ β
λ−1
1−µ
1 (5.4)

5.3 Heteroclinic connections

It is clear from the geometry of the monodromic case and the defi-
nition of the splitting parameters that heteroclinic connections are
only possible when one of the parameters is zero. Thus, in the
bifurcation diagram, the curves corresponding to heteroclinic con-
nections are exactly the axes.

5.4 Sketching the bifurcation diagram

Summarising the results of both monodromic subcases, we may now
sketch the bifurcation diagrams. As before, we denote the curves
corresponding to homoclinic connections PL and PM . In the second
subcase, we denote the curve in the parameter plane corresponding
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to the semi-stable limit cycle F . Curves corresponding to hetero-
clinic connections between the saddles are denoted with the letter
H and are labeled by the saddle from which they leave. Thus the
curve corresponding to a heteroclinic connection from L to M is
denoted HL. We obtain the following bifurcation diagrams.

0

1

PM

4

5

HL,1

β2

HL,2

3

2

6

PL

PMHM,2

HL,1

PL

β1

HM,2

HM,1

1

HM,12

HL,2

3

4 6

5

Figure 5.7: λ < 1 and µ < 1

Choosing parameter values on the curve PL and varying the
parameters through the bifurcation diagram (Figure 5.7) counter-
clockwise, we observe the following evolution of the phase portrait.

We begin with a small homoclinic connection at the saddle L.
This homoclinic connection is broken outwards and an unstable
limit cycle is generated which is in accordance with the fact that
λ < 1. After some time, a heteroclinic connection from L to M
is formed and destroyed, and thereafter the same happens for a
heteroclinic connection from M to L. Eventually, the unstable
limit cycle disappears to form a small homoclinic connection at M
which is then broken inwards. This generates no limit cycles in
accordance with the fact that λ < 1. Under further variation of
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the parameters, heteroclinic connections from L to M and back are
formed and destroyed before the original homoclinic connection at
L is again formed.

In short, one might describe these dynamics as the interplay
between two homoclinic bifurcations.
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β1

0

Figure 5.8: λ < 1 and µ > 1

In the second subcase we perform the same analysis. Starting
out with parameter values on PL and varying them counterclock-
wise through the bifurcation diagram (Figure 5.8) we start with
a small homoclinic connection at L which is destroyed forming an
unstable limit cycle. This behaviour is not different from the first
subcase, which was to be expected as it still holds that λ < 1.

The evolution of the phase portrait does not differ from the
first subcase until a small homoclinic connection at M is formed.
In this process, the unstable limit cycle does not disappear but is
contained within the homoclinic connection. This is in accordance
with the fact that µ > 1. Furthermore, when this connection is
broken inwards another, now stable, limit cycle is generated en-
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closing the original unstable limit cycle. Eventually, these limit
cycles collide forming a single limit cycle which is stable from the
outside but unstable from the inside. This semi-stable limit cycle
is immediately destroyed and further variation of the parameters
only forms heteroclinic connections from L to M and back before
the original homoclinic connection at L is again formed.

In short, one might describe these dynamics as the interplay
between two homoclinic bifurcations resulting in a fold of cycles
bifurcation.

6 The non-monodromic case

We now proceed to the non-monodromic case. The treatment will
be analogous to that of the monodromic case. Thus, we begin by
studying homoclinic connections, then move to limit cycles and
their bifurcations and then heteroclinic connections. Once more,
this will be enough to sketch the bifurcation diagram in both sub-
cases.

Many of the results on the non-monodromic case will be similar
to previous results. Once more, we will be able to find two curves,
PL and PM , corresponding to homoclinic connections at L and M
which we use to divide the parameter-plane into two sectors.

In the first subcase (λ < 1 and µ < 1) we find that in one
of the sectors no limit cycles are present. If we continuously vary
our parameters from this sector into the other sector we cross its
border either through PL or PM . Breaking either on of the asso-
ciated homoclinic connections generates an unstable limit cycle at
a homoclinic bifurcation. If we vary the parameters further, a ho-
moclinic connection at the opposing saddle is generated and then
destroyed, also destroying the unstable limit cycle.

In the second subcase (λ < 1 and µ > 1) the first sector still
does not contain any limit cycles. We may once more break the
homoclinic connection at L to generate an unstable limit cycle.
Varying the parameters further, a homoclinic connection appears
at M , now with µ > 1. As a result of this difference, breaking
of the homoclinic connection does not destroy the unstable limit
cycle, but generates an additional stable limit cycle enclosing it.
Eventually, these limit cycles collide, momentarily forming a semi-
stable limit cycle at a fold of cycles bifurcation.

We recognize that all these results are similar to the mon-
odromic case. However, the non-monodromic case also presents
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a new phenomenon. In the non-monodromic case there may be
non-trivial heteroclinic connections, that is, heteroclinic connec-
tions which appear when both splitting parameters are non-zero.
These connections must wind around L at least once before reach-
ing L or M .

Actually, in both subcases, there exist two infinite series of
curves corresponding to heteroclinic connections between the sad-
dles with each connection making an increasing number of turns.
Thus, we encounter the phenomenon of flashing heteroclinic con-
nections, both at the bifurcation of a semi-stable limit cycle as
well as a homoclinic connection. In the parameter plane, the infi-
nite series of curves corresponding to these non-trivial heteroclinic
connections accumulate, in the first subcase at PL and PM , corre-
sponding to the homoclinic connections, and in the second subcase
at PL and F , corresponding to the semi-stable limit cycle.

The results and techniques in this section are due to [7].

6.1 Homoclinic connections

As in the monodromic case, the emergence of a homoclinic connec-
tion at L coincides with a solution of the equation

(R ◦∆M ◦Q)(0) = β1 − θ2βµ2 = 0 (6.1)

which we rewrite as

β2 =

(
β1
θ2

) 1
µ

expressing β2 in terms of β1.
For saddles at M we again solve

(Q ◦∆L ◦R)(0) = β2 − θ1βλ1 = 0 (6.2)

which becomes
β2 = θ1β

λ
1 .

Once more, we have obtained the curves PL and PM in the
parameter-plane corresponding to homoclinic connections. We sketch
these curves in both relevant cases in Figure 6.1.
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β2
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β2
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β1
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(b) λ < 1 and µ < 1

Figure 6.1: The emergence of homoclinic connections in the
parameter-plane

Both sets of curves in the parameter-planes divide the planes
into two sectors. Again, we denote these sectors A and B.

6.2 Limit cycles

The geometry of the non-monodromic contour does not allow the
generation of limit cycles near the contour when one of the splitting
parameters is negative. This can for example be seen from Figure
(6.2).

M

L

ΠMΠL

ΣL

ΣM

(a) Both parameters negative

M

ΠMΠL

ΣL

ΣM

L

(b) Parameters of opposite sign

Figure 6.2: Negative parameter values prohibit the generation of
homoclinic connections
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Thus, we may restrict our attention to non-negative values of
the parameters when looking for the emergence of limit cycle.

To study the appearance of limit cycles we again look for fixed
points of the Poincaré map which now becomes (4.2). Thus, we
look for solutions ξL of

β1 − θ2(β2 − θ1ξλL)µ = ξL

which we may rewrite to the equation

β2 − θ1ξλL =

(
β1 − ξL
θ2

) 1
µ

. (6.3)

Considering the left- and right-hand sides as separate functions,
we define f and g by

f(ξL) = β2 − θ1ξλL and g(ξL) =

(
β1 − ξL
θ2

) 1
µ

which allow us to rewrite (6.3) as f(ξL) = g(ξL).
To look for solutions of this equation we study the derivatives

of f and g which we find to be

f ′(ξL) = −λθ1ξλ−1L and g′(ξL) = − 1

µθ2

(
β1 − ξL
θ2

) 1
µ−1

.

Just as in the monodromic case the maps f and g have a geo-
metric interpretation as maps from ΣL to ΣM and again a solution
f(0) = g(0) coincides with a homoclinic connection at L while a
solution ξL 6= 0 satisfying f(ξL) = g(ξL) = 0 coincides with a
homoclinic connection at M .

Furthermore, we have expressions for

f(0) = β2 and g(0) =

(
β1
θ2

) 1
µ

and we can find solutions to f(ξfL) = 0 and g(ξgL) = 0, namely

ξfL =

(
β2
θ1

) 1
λ

and ξgL = β1.

This allows us to relate the parameters in sectors A and B to
configurations of f and g.
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6.2.1 The first subcase

In this case we have that λ < 1 and µ < 1. The maps f and g have
the limiting properties

lim
ξL↓0

f(ξL) = β2 and lim
ξL↓0

f ′(ξL) = −∞

while
lim
ξL↑β1

g(ξL) = 0 and lim
ξL↑β1

g′(ξL) = 0

which tells us that both f and g are convex downwards.
Similar to the monodromic case, f and g can not have equal

derivative for arbitrarily small values of the parameters. In this,
f ′(ξL) = g′(ξL) implies

−λθ1ξλ−1L = − 1

µθ2

(
β1 − ξL
θ2

) 1
µ−1

.

We may now rewrite this into the expression

β1 = ξL + θ2(λµθ1θ2)
µ

1−µ ξ
µ(λ−1)
1−µ

L .

Noting again that µ(λ−1)
1−µ < 0 by our assumption on λ and µ we see

that limξL↓0 β1(ξL) =∞. Thus, letting ξL as well as the parameters
go to zero, f and g can not have the same derivative at ξL and we
may also find at most one intersection for small values of ξL and
the parameters.

Suppose that we choose a pair of parameters from sector A.
This pair lies either above or below PL and PM . Suppose the pair
lies below them, then

β2 <

(
β1
θ2

) 1
µ

so f(0) < g(0)

and
β2 < θ1β

λ
1 so ξfL < ξgL.

If the pair lies above PL and PM the inequalities are reversed so
f(0) > g(0) and ξfL > ξgL. In either case, there will be no inter-
sections for small values of the parameters, which we can see from
Figure 6.3a and 6.3b. The graphs might suggest that tangency is
possible but we have just noted that for small enough values of the
parameters this is impossible. We conclude that no limit cycles are
present for parameters from sector A.
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Figure 6.3: The graphs of f and g for parameters in sector A

Parameters in sector B are found above PL but below PM .
Thus, we find that f(0) > g(0) while ξfL < ξgL. In this case, there is
an intersection for small values of the parameters as can be seen in
Figure 6.4a. We conclude that there is one limit cycle for parameter
values in sector B.

g
ξL

ξM

f

(a) One intersection

Figure 6.4: The graph of f and g for parameters in sector B

6.2.2 The second subcase

Moving to the second subcase (λ < 1 and µ > 1), the maps f and
g have the limiting properties

lim
ξL↓0

f(ξL) = β2 and lim
ξL↓0

f ′(ξL) = −∞
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Figure 6.5: The graphs of f and g for parameters in sector A

while
lim
ξL↑β1

g(ξL) = 0 and lim
ξL↑β1

g′(ξL) =∞

which tells us that both f is convex downwards and g is convex
upwards.

If we choose parameters from sector A, we find as above that if
we choose parameters below the curves PL and PM so f(0) < g(0)

and ξfL < ξgL there will be no cycles generated, see Figure 6.5a.
Alternatively, we choose parameters above PL and PM yielding
f(0) > g(0) and ξfL > ξgL. In this case we find that either there
are two intersections, one intersection when f and g are tangent or
no intersections for increasing values of β2 see Figure 6.5b. As in
the monodromic case, we see that this corresponds with a fold of
cycles bifurcation.

Lastly, we consider parameter values from sector B implying
f(0) > g(0) and ξfL < ξgL. In this case, we see that there is one
intersection, as pictured in Figure 6.6a.
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Figure 6.6: The graph of f and g for parameters in sector B

6.2.3 Semi-stable cycle

As in the monodromic case, we are interested in the parameters
values for which a semi-stable cycle exist. Specifically, we would
like to express β2 in terms of β1 for these parameter-values. The
same conditions hold as in the monodromic case, except that we are
now in the non-monodromic case which in terms of the parameters
can be reached by the transformation (θ1, θ2) 7→ (−θ1,−θ2). Thus
we can derive an expression for β2 in terms of β1 by applying this
transformation to (5.4), yielding

β2 = θ2β
λ
1 − (1− µµ)(λµθ1θ2)

1
1−µ β

λ−1
1−µ
1 . (6.4)

6.3 Heteroclinic connections

As in the monodromic case, a heteroclinic connection exists when-
ever one of the parameters is zero. However, as opposed to the
monodromic case, the non-monodromic case may exhibit hetero-
clinic connections when both parameters are nonzero. For this to
happen, a connection must wind around the saddle L at least once
before making a connection. As we shall see, there exist infinite se-
ries of curves in the parameter plane corresponding to heteroclinic
connections making an increasing number of windings around the
L, a phenomenon introduced in Section 3.4 as flashing heteroclinic
connections.

In both subcases, vector fields for parameter values in sector
B contain a limit cycle which separates the saddles, making a
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heteroclinic connection impossible. In the first subcase, this ob-
struction to heteroclinic connections disappears when a homoclinic
connection is formed and immediately destroyed at either one of
the saddles. Indeed, we are in the situation of Theorem 3.4 which
shows that in sector A, two infinite series of curves corresponding
to flashing heteroclinic connections exist which accumulate at PL
and PM .

In the second subcase the situation at PL is the same as in the
first subcase. However, at the destruction of PM , a second, now
stable, limit cycle is born, further prohibiting the formation of het-
eroclinic connections. Eventually, after the two limit cycles have
collided to form a critical semi-stable cycle which then disappears,
heteroclinic connections are again possible. In fact, we recognize
that we are in the situation of the original flashing heteroclinic con-
nections of [10] so Theorem 3.3 shows that in this case there exists
a second infinite series of curves in A corresponding to heteroclinic
connections which accumulates at F .

6.4 Sketching the bifurcation diagram

Summarising the results of both non-monodromic subcases we sketch
the bifurcation diagrams of both cases. We use the same notation
for curves corresponding to homoclinic connections and semi-stable
limit cycles. The curves corresponding to heteroclinic connections
are indicated along with the number of turns around the saddle L,
indicated as a bracketed subscript. We only supply phase portraits
for heteroclinic connections making at most one turn. The accumu-
lating curves corresponding to the connections making more turns
are drawn dashed. We obtain the following bifurcation diagrams.
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Figure 6.7: λ < 1 and µ < 1

Choosing parameter values on the curve H
(0)
L and varying the

parameters through the bifurcation diagram (Figure 6.7) counter-
clockwise, we observe the following evolution of the phase portrait.

At the outset, there is a heteroclinic connection from L to M
which is destroyed. After variation of the parameters, a second
heteroclinic connection is formed which winds around the saddle L
once before reaching M . Varying the parameters further results in
an infinite series of heteroclinic connections from L to M making
an increasing number of turns around L before eventually a big
homoclinic connection at L is formed. This big homoclinic con-
nection is broken inwards, generating an unstable limit cycle in
accordance with the fact that λ < 1. This limit cycle disappears
when a small homoclinic connection at M is formed, in accordance
with µ < 1. Breaking this homoclinic connection results again in
an infinite number of heteroclinic connections, now from M to L
and making a decreasing number of turns. After further variation
of the parameters the original heteroclinic connection from L to M
is formed again.

In short, the dynamics of this situation may be described as the
interplay between to homoclinic bifurcations in the presence of two
series of flashing heteroclinic connections.

53



PLF

H
(0)
M

H
(0)
L

1

3

2

4

5

6 7

2PM3

6H
(0)
M H

(0)
L

H
(1)
L

75

14

H
(1)
M

β1

β2

H
(1)
L

PL

H
(1)
M

PM

F

Figure 6.8: λ < 1 and µ > 1

Performing the same analysis in the second subcase (see Figure
6.8) yields the same result up to the appearance of a small homo-
clinic connection at M . In accordance with the fact that µ > 1, the
existing unstable limit cycle is not destroyed in this process. As in
the monodromic case, the destruction of this small homoclinic loop
generates a stable limit cycle enclosing the stable one. Eventually
these two cycles collide, momentarily forming a limit cycle which is
stable from the outside but unstable from the inside. In this case,
an infinite series of heteroclinic connections from M to L accumu-
lates at this semi-stable limit cycle. Thus, when this limit cycle is
destroyed we again encounter an infinite series of heteroclinic con-
nections from M to L making a decreasing number of turns around
L. The further behaviour is the same as in the first subcase.

These dynamics may be described as the interplay between two
homoclinic bifurcations yielding a fold of cycles bifurcation in the
presence of two series of flashing heteroclinic connections.
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Part IV

Two polynomial examples
In this part of the thesis we will present two systems of polynomial
ordinary differential equations which will illustrate some of the the-
oretical results obtained in the previous part. These explicit exam-
ples allow for numerical computation of the various phase objects
and bifurcation diagrams using MatCont [5, 6, 3], which are then
to be compared to their theoretically predicted counterparts.

Our strategy to find explicit monodromic examples, originally
due to [12] and introduced in Section 3.1.1, will be to look for an
algebraic variety which has the shape of the monodromic contour
and then to look for vector fields which are tangent to this va-
riety. For a non-monodromic example a different construction is
necessary. It is based on the idea of perturbing a reversible system
containing a big homoclinic connection.

7 A monodromic example

7.1 Derivation of the example

To construct a vector field containing a monodromic heteroclinic
contour, we will again look for an algebraic variety which has a
shape similar to such a contour. For this example we choose the
union of a parabola with the x-axis. Specifically, we choose the
parabola described by y = x(1− x), see Figure 7.1.

0 1

x

y

Figure 7.1: The union of the parabola y = x(1−x) with the x-axis.

55



This algebraic variety can be realised as the zero-set of the
function

G(x, y) = y(y − x(1− x)) (7.1)

and we write Γ = G−1(0).
Our next step is to look for two polynomial equations P (x, y)

and Q(x, y) such that the vector field defined by{
ẋ = P (x, y)

ẏ = Q(x, y)
(7.2)

is tangent Γ. For this to happen it must hold that

〈∇G(x, y),

(
P (x, y)
Q(x, y)

)
〉 = 0 (7.3)

for all (x, y) ∈ Γ. The equation (7.3) will yield conditions from
which we can derive preliminary expressions for P (x, y) andQ(x, y).
As we will soon see, it will suffice to use polynomials of second de-
gree. Thus, we set{

P (x, y) = a00 + a10x+ a01y + a20x
2 + a11xy + a02y

2,

Q(x, y) = b00 + b10x+ b01y + b20x
2 + b11xy + b02y

2.
(7.4)

Then, (7.3) yields the system of equations

2a00x− 3a00x
2 + 2a10x

2 − 3a10x
3 + 2a20x

3 − 3a20x
4

− 2b00y + 2a01xy − 2b10xy − 3a01x
2y + 2a11x

2y

− 2b20x
2y − 3a11x

3y − 2b01y
2 + 2a02xy

2 − 2b11xy
2

− 3a02x
2y2 − 2b02y

3 = 0

y2 − xy + x2y = 0

(7.5)

To study this polynomial system we use the software package
Mathematica to calculate its Gröbner basis using the elimination
order as monomial order. This yields a total of five basis poly-
nomials including G(x, y) itself. To look for solutions of (7.5) we
choose the shortest basis polynomial and look for choices of the co-
efficients which render this polynomial identically zero. This yields
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the system of linear equations

2b00 − a00 = 0

b01 − 2b20 − a20 − 2a10 − a01 = 0

b02 − 2a11 − a02 = 0

−b00 = 0

2a00 + a10 + a20 + 2b10 + 2b20 = 0

2a01 + a11 − 2a20 + b11 + 2a02 = 0

b00 − b10 = 0

b10 − b20 = 0

b20 = 0

(7.6)

which is solved whenever we set a20 = −a10, b01 = a01 +a10, b11 =
−2a01−2a10−a11, b02 = 2a11 and all remaining coefficients to zero.
We see that this leaves us with three free parameters remaining.
Renaming a10 = a, a01 = b and a11 = c and substituting the
solution of (7.6) into p(x, y) and Q(x, y) we get the preliminary
expressions{

P (x, y) = ax+ by + cxy − ax2,
Q(x, y) = (a+ b)y − (2a+ 2b+ c)xy + 2cy2.

(7.7)

Using (7.2) we now obtain a vector field{
ẋ = ax+ by + cxy − ax2,
ẏ = (a+ b)y − (2a+ 2b+ c)xy + 2cy2.

(7.8)

for any choice of a, b and c.
As expected, this vector field always has equilibria L = (0, 0)

and M = (1, 0). However, the types of these equilibria depend on
the values of a, b and c. To see this, we calculate the eigenvalues
of the linearised systems at these points. The Jacobian matrix of
this vector field is given by

J(x, y) =

(
a− 2ax+ cy b+ cx
−(2a+ 2b+ c)y a+ b− (2a+ 2b+ c)x+ 4cy

)
.

(7.9)
From this we calculate the eigenvalues at (0, 0) to be a and a + b
and the eigenvalues at (1, 0) to be −a and −a− b− c.

As a first example, we set a = 1, b = −3 and c = 3/2. We find
that λu = 1 and λs = −2 so λ = −λs/λu = 2 > 1, while µu = 1/2
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and µs = −1 so µ = −µs/µu = 2 > 1. Obviously, λµ > 1 implying
that the heteroclinic contour is stable from inside. We recognize
that these saddle indices correspond to the first subcase treated in
Section 5, after the time reversal. A phase portrait of this system
is given in Figure 7.2.

0 0.2 0.4 0.6 0.8 1
−0.1

0

0.1

0.2

0.3

Figure 7.2: Phase portrait of (7.8) for a = 1, b = −3 and c = 3/2

0 0.2 0.4 0.6 0.8 1
−0.1

0

0.1

0.2

0.3

Figure 7.3: Phase portrait of (7.8) for a = 1, b = −3 and c = 1/2
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As a second example, we set a = 1, b = −3 and c = 1/2. Then
it remains that λ = 2 > 1 but now µu = 3/2 and µs = −1 so
µ = −µs/µu = 2/3 < 1 and λµ = 4/3 > 1. We recognize that we
are in the situation of the second subcase treated in Section 5. A
phase portrait of this system is displayed in Figure 7.3.

In order to perform bifurcation analysis we still need to add
two parameter-dependent perturbing terms to (7.8) which break
the heteroclinic connections separately. As these connections can
be described by the equations y = x(1 − x) and y = 0 this can
be achieved by choosing parameters α and ε and adding the per-
turbing terms α(y − x(1− x)) and εy to (7.8). It is clear that the
first perturbation does not affect the parabola while the second
perturbation does not affect the straight line.

We add one perturbing term to ẋ and one to ẏ. This yields{
ẋ = ax+ by + cxy − ax2 + εy,

ẏ = (a+ b)y − (2a+ 2b+ c)xy + 2cy2 + α(y − x(1− x)).

(7.10)

7.2 Numerical analysis of the example

Using the software package Matcont [5, 6, 3] we perform numerical
analysis of the system (7.10) in both subcases. More specifically,
we will be able to locate and continue homoclinic connections and
cycles which will allow us to approximate the bifurcation diagrams
of both subcases.

Section 5 resulted in a general sketch of these diagrams (see
Figure 5.2). The numerical study of these polynomial systems will
allow us to compare this general diagram based on the behaviour
of model maps to an actual example of such a diagram.

This analysis in the first case yields the bifurcation diagram
displayed in Figure 7.4.
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Figure 7.4: The parameter plane diagram in the first subcase (a =
1, b = −3 and c = 3/2)

This analysis in the second case yields the bifurcation diagram
displayed in Figure 7.5.

-0.005 -0.003 -0.001 0 0.001 0.003 0.005

,

-0.8

-0.6

-0.4

-0.2

0

0.2

"

PM

F

PL
HM

HL

Figure 7.5: The parameter plane diagram in the second subcase
(a = 1, b = −3 and c = 1/2)

To complete our analysis of these systems we compute repre-
sentative phase portraits for parameter values in all components
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of the bifurcation diagrams. The contents of these phase portraits
were already predicted in the previous part. They are displayed in
Figures 7.6 and 7.7.
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Figure 7.6: The full bifurcation diagram for the first subcase
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Figure 7.7: The full bifurcation diagram for the second subcase

8 A non-monodromic example

8.1 Finding an example

The starting point is the following reversible system2{
ẋ = y,
ẏ = x+ xy − x3, (8.1)

that has a saddle (0, 0), a stable focus (−1, 0), and an unstable focus
(1, 0). The saddle at the origin has a ‘big’ homoclinic orbit, while

2The system is invariant under the involution (t, x, y) 7→ (−t,−x, y).
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both foci are located inside the domain bounded by the homoclinic
loop as seen in Figure 8.1.

−3 −2 −1 0 1 2 3

−4

−2

0

2

4

Figure 8.1: System (8.1) containing a big homoclinic loop

−3 −2 −1 0 1 2 3
−4

−2

0

2

Figure 8.2: The symmetric non-monodromic heteroclinic contour
in the reversible system (8.2) with γ = γ0.
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The one-parameter modification of (8.1) that preserves the re-
versibility, {

ẋ = y(y + γ),
ẏ = x+ xy − x3, (8.2)

has an additional saddle at (0,−γ). This saddle is connected to
the saddle at (0, 0) by two heteroclinic orbits when γ0 = 2.5315 . . .
(see Figure 8.2). Of course, both saddles of (8.2) are neutral.

To break reversibility, introduce the following two-parameter
deformation of (8.2):{

ẋ = εx+ y(y + γ),
ẏ = αy + x+ xy − x3. (8.3)

This system still has a saddle at (0, 0), while the second saddle
moves off the y-axis. In order to obtain a generic non-monodromic
heteroclinic contour, all three parameters of (8.3) have to vary.
Since the existence of such heteroclinic contour is a codim 2 phe-
nomenon, we expect a curve in the (α, ε, γ)-space passing through
(0, 0, γ0), along which the contour persists.

8.2 Numerical analysis of the example
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(0)
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H
(0)
M

C1

C2

Figure 8.3: Partial bifurcation diagram of (8.3) with γ = 2.7:
heteroclinic bifurcation curves (green), primary homoclinic curves
(blue).
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The main curves of the bifurcation diagram of (8.3) in the (α, ε)-
plane at γ = 2.7 is shown in Figure 8.3. Since the transformation
(t, x, α, ε) 7→ (−t,−x,−α,−ε) preserves the system (8.3), its bifur-
cation diagram is invariant under the inversion (α, ε) 7→ (−α,−ε).

0.38 0.39 0.4 0.41 0.42
,

-0.45

-0.44

-0.43

-0.42

-0.41

-0.4

"

C1

H
(0)
M

H
(1)
M

PM

PL

H
(1)
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H
(0)
L

Figure 8.4: Partial bifurcation diagram of (8.3) near the lower
codim 2 point C1: primary and secondary heteroclinic bifurcation

curves H
(k)
L,M (green), primary homoclinic curves PL,M (blue).

There are two non-monodromic heteroclinic contours at the
intersection points C1,2 of the heteroclinic curves H

(0)
L,M . These

points are the end-points of two primary homoclinic curves PL,M ,
which also intersect at (α, ε) = (0, 0), where two independent ho-
moclinic orbits to both saddles exist. Since the system is reversible
at α = ε = 0, both homoclinic orbits are symmetric. All orbits in
the annulus bounded by these two homoclinic orbits are periodic.

The lower heteroclinic contour point

C1 = (α, ε) = (0.422432 . . . ,−0.452007 . . .).

The corresponding phase portrait is shown in Figure 8.5. The
saddles at these parameter values are

L = (0, 0) and M = (−0.57039 . . . ,−2.6009 . . .),

with eigenvalues

λs = −1.7151 . . . , λu = 1.6856 . . .
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and
µs = −2.8436 . . . , µu = 2.2436 . . . ,

respectively. The corresponding indices are

λ = −λs
λu

= 1.0175 . . . > 1 and µ = −µs
µu

= 1.2674 . . . > 1.

Notice that both saddles in this heteroclinic contour are dissipative.

−3 −2 −1 0 1 2 3
−4

−2

0

2

Figure 8.5: Non-monodromic heteroclinic contour in system (8.2)
with γ = 2.7 at codim 2 point C1.

The upper heteroclinic contour point

C2 = (α, ε) = (−0.422432 . . . , 0.452007 . . .).

The corresponding phase portrait is shown in Figure 8.6. The
saddles at these parameter values are

L = (0, 0) and M = (0.570399 . . . ,−2.6009 . . .),

with the eigenvalues

λs = −1.6856 . . . , λu = 1.7151 . . .

and
µs = −2.2436 . . . , µu = 2.8436 . . . ,
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respectively. The corresponding indices are

λ = −λs
λu

= 0.982 . . . < 1 and µ = −µs
µu

= 0.789 . . . < 1.

−3 −2 −1 0 1 2 3
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0

2

Figure 8.6: Non-monodromic heteroclinic contour in system (8.3)
with γ = 2.7 at codim 2 point C2.
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Figure 8.7: Phase portraits for critical values of the parameters
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Part V

Discussion
Finally, we discuss some points of improvement and further ques-
tions.

The theoretical results collected in this thesis are all derived
from the study of truncated model maps. However, it needs further
justification that the results obtained from these truncated maps
correspond with the results one obtains from the full model maps.
More concretely, it must be shown that adding higher order terms
to the truncated model maps does not change the results so that
the asymptotics of the leading terms are indeed sufficient to obtain
all theoretical results. Both theoretical papers [11, 7], on which
this thesis is based, deal to some extent with this issue, however a
unified treatment is still absent.

In order to complete our collection of examples demonstrating
the theoretical results of this thesis, one more example needs to
be added. Of the non-monodromic contours, we were only able to
produce an example of the simpler subcase (with λ < 1 and µ <
1). Addition of a non-monodromic example of the other subcase
(with λ < 1 but µ > 1), displaying a fold of cycles bifurcation will
complete the stock of examples.

The bifurcations discussed in this thesis all have a semi-local
nature. That is, they appear in a neighborhood of a heteroclinic
contour. It is often the case that bifurcations which have a global
or semi-local nature in systems with few parameters appear locally
in systems with more parameters. For example, in [2, 8] the mon-
odromic case is shown to appear close to one case of a degenerate
Bogdanov-Takens bifurcation of codim 3. For the non-monodromic
case, an analogous result remains to be found. We expect that it
must have codimension bigger than 3 and that the linear part of
the associated critical normal form is identically zero.
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A Parameter tables

For purposes of reproduction, we present a listing of all parameter
values used in numerical computation throughout this thesis.

α ε
1 0.01 0.01
2 -0.025 0.1
3 -0.1 0.05
4 -0.01 -0.01
5 0.005 -0.01
6 0.01 -0.01

Table 1: Parameter values for Figure 7.6

α ε
1 0.02 0.01
2 -0.003 0.3
3 -0.005 0.1
4 -0.005 -0.1
5 0.0025 -1
6 0.006 -1
7 0.001 -0.2

Table 2: Parameter values for Figure 7.7

α ε

H
(0)
M -0.43 0.38

H
(1)
M -0.43 0.3925

PM -0.43 0.4025
PL -0.43 0.405

H
(0)
L -0.43 0.415

H
(1)
L -0.43 0.406

Table 3: Parameter values for Figure 8.7
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