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Abstract

In this thesis membrane instantons in type IIA superstring theory, compactified on a Calabi-Yau manifold,
are studied. These membrane instantons can be represented using special Lagrangian submanifolds, or SLags,
of this Calabi-Yau manifold. A SLag represents the image, or target space, of a membrane instanton. SLags
can also have some interesting geometric properties.

The main purpose of the research I did, presented in this thesis, was to find the image of membrane
instantons, in a few different cases. We will start with a detailed introduction of instantons in general.
Instantons are important: determining instanton solutions of a model is needed for performing complete
quantum corrections to the model. Then we will continue with a very detailed list of the needed mathematical
definitions and relations, but also with some specific propositions, related to the later chapters. Then we
will introduce type IIA superstring theory, D-branes, Euclidean D-Branes and membrane instantons, and
we will give a first motivation for studying SLags. Then we will briefly introduce the quintic and the mirror
quintic.

After that we will first give a formal definition of SLags, in a mathematical sense. Then the first examples
we start with are SLags embedded in tori of complex dimension 1, 2 and 3, thus in T 2, T 4 and T 6. We will
formally introduce the Borcea-Voisin product of two Calabi-Yau manifolds and the SLags they contain. We
will discuss SLags embedded in the Fermat quintic, in the Fermat cubic, in the Fermat quartic K3 surface, in
the singular K3 surface and in the Borcea-Voisin product of the Fermat quartic K3 surface and a flat torus.
The Fermat quintic and the Borcea-Voisin product of the quartic and the torus are Calabi-Yau manifolds of
complex dimension three, so these are manifolds we can use to compactify type IIA superstring theory on,
and the SLags these Calabi-Yau manifolds contain represent membrane instantons. The collection of SLags
of real dimension 3, thus images of membrane instantons, I found can be regarded as the most important
result of this thesis. They are presented in the chapter of conclusions.
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1 Introduction

Motivation. This thesis should be regarded as a report of some research I did about instantons in string
theory, a model in theoretical physics. In general, studying instantons is quite important for performing full
quantum corrections to a theory. Perturbation theory already gives us many quantum corrections, starting
with classical solutions and performing numerical procedures, but when we restrict to using perturbation
theory, the result is far from complete. The non-perturbative corrections, described by instantons, will help
us with performing complete quantum corrections, often related to tunnelling effects.

The reader will also find much mathematics in this thesis. A lot of mathematical tools are needed for
studying string theory and instantons in string theory. This thesis ends with physical results, but, before
reaching the end, I first did much research about the mathematical aspects of instantons in string theory.
This will be found in the later chapters, before the conclusions.

What are instantons anyway? In general, the study of instantons is a wide field of research. In many
physical models in quantum mechanics and quantum field theory the notion of instantons is mentioned.

A brief explanation of what instantons are: they are related to the model in question after changing from
Minkowski space-time to Euclidean space. In many models this is performed by using the so-called Wick
rotation, and changing the action and the corresponding equations of motion to the ‘Euclidean action’ and
the corresponding ‘Euclidean equations of motion’. Then the time variable will be complexified, and we will
use the imaginary part instead of the real part. We could say that an instanton, only living in imaginary
time, lives at one instant of real time. This mainly explains its name.

Then an instanton is one of the solutions of the classical Euclidean equations of motion, satisfying the
following convention: it has a finite Euclidean action. This is a rather artificial construction, but it will help
us explaining the tunnelling effect, which is one of the main effects caused by the laws of quantum mechanics
the microscopic world satisfies. In classical mechanics this would not have any meaning.

In the next section we will first point out what instantons technically are, and later in this section we
will explain why we are interested in instantons.

More about string theory. In string theory the basic physical objects are strings, instead of pointlike
particles. The travelling path of a pointlike particle we are familiar with is called a world-line, and this is a
1-dimensional subset of the background space-time. The travelling ‘area’ of a string is called a world-sheet,
and this is a 2-dimensional subset of the background space-time.

In general there are different kinds of string theory. There is bosonic string theory, living in a background
space-time with 26 dimensions, and there is supersymmetric string theory, or superstring theory, living in a
background space-time with 10 dimensions. Superstring theory is a string theory describing both bosonic
and fermionic degrees of freedom. Then, because this theory is supersymmetric, the results of the theory
will be invariant if specific bosonic and fermionic fields are smoothly exchanged.

There are a few different types of superstring theory, namely type I, type IIA, type IIB and two different
types of heterotic string theory. I restricted to type IIA superstring theory.

When studying one kind of theory, we can also choose what kind of 10-dimensional background space-time
we will use. We could, for example, choose a flat space-time, say R10. We could also choose a space-time
which is partially curved and compact, for example a direct product of R4 and C, where C is a curved
and compact 6-dimensional space. The word curved means that the space in question has a more complex
geometry, thus cannot be described as a flat space. The word compact means that the space in question
has a finite volume, but no boundary, just like a circle. As we will mention later, we also assume that the
properties of C have extra restrictions when applied to string theory.

In any case we need to construct a relation to physical reality of 4 dimensions; to connect the 10-
dimensional theory to physical reality of 4 dimensions, we first need to perform a procedure to make the
6 extra dimensions invisible. In general, there are some already known theoretical ideas how to do this.
We have chosen the so-called compactification of these 6 extra dimensions, so that the total 10-dimensional
space-time is a direct product of the space-time R4 and a curved and compact space of 6 dimensions. The

7



size of this, still, theoretical compact space is assumed to be very small, smaller than the sub-atomic scale,
so that indeed a relation to physical reality of 4 dimensions is possible.

To conclude, in this thesis I restricted to studying instantons in type IIA superstring theory, defined on a
10-dimensional background space-time being a direct product of R4, which is a 4-dimensional flat Minkowski
space, and a very small curved and compact space. I worked out a detailed definition of type IIA theory,
defined on such a space-time, in Chapter 3.

More about the curved and compact space of six dimensions. To be more precise: when study-
ing the compactification we will restrict to so-called Calabi-Yau spaces, which are very small compact 6-
dimensional spaces with special but complicated geometric properties which are mathematically interesting.
This type of spaces needs a very detailed and advanced mathematical definition, which can be found in
Chapter 2, the chapter about the definitions of needed mathematical tools. Especially see Section 2.7. Here,
in this chapter, we do not really need the technical definitions of Calabi-Yau spaces yet.

Instantons in type IIA superstring theory: Membrane instantons. In quantum theory an instanton
solution is a field described by a map from a domain space to a target space, and the domain space will
be a space with a Euclidean metric. In string theory the target space, or image, will be a subset of the
10-dimensional background space-time. Then we say that it is embedded in space-time. We assume that in
any case the domain space and the target space have the same dimension.

An instanton in string theory can be described by a map with a target space of arbitrary dimension. In
type IIA theory we have, for example, instantons described by a map with a target space of dimension 3.
I restricted to the study of these instantons, or so-called membrane instantons. The target space of each
of these membrane instantons is located at a single point in the first 4 dimensions of physical reality, thus
also at a single moment in time, so that we may indeed call these objects instantons in the 4-dimensional
physical reality.

To conclude, in this thesis I restricted to studying membrane instantons, or, to be more precise, to the
target spaces of these membrane instantons. These target spaces are compact 3-dimensional spaces, thus with
finite volume and without boundary, and also with interesting structures and special geometric properties.
These target spaces are called special Lagrangian submanifolds, or SLags, and they are also embedded in
the Calabi-Yau space. I have studied the mathematics specifically needed for this, and I will work this out
in Section 6.1. Here, in this chapter, we do not really need the technical definitions of SLags yet. There
are some other types of instantons in type IIA theory, but different mathematics is needed then. Then the
target spaces of these instantons are not represented by SLags.

The main goal of this thesis. The main goal of the research I did, and worked out in this thesis, was to
find some of the SLags, if a specific Calabi-Yau space is chosen. Then, in case of a 6-dimensional Calabi-Yau
space, these SLags represent the target spaces of membrane instantons. It depends on the chosen Calabi-Yau
space what the membrane instantons look like, and what the structure of the whole collection of possible
membrane instantons looks like.

As a preparation I studied the following needed knowledge, to be found in already existing literature: the
theory, techniques, formal definitions and mathematics regarding instantons in general, type IIA superstring
theory, Calabi-Yau spaces, membrane instantons and SLags.

In this thesis I will discuss some Calabi-Yau spaces of dimension 2, 4 and 6. In general, a Calabi-Yau
space of dimension 2n contains SLags of dimension n. I will discuss already known examples of SLags, in
different cases of Calabi-Yau spaces, and I will discuss other SLags I found by myself.

Only the 3-dimensional SLags can be used as the target space of a membrane instanton. In Section 7.2
and 8.3 I will discuss 3-dimensional SLags I found by myself. In Section 7.3, 8.1 and 8.2 I will discuss other
SLags I found by myself, but these cannot be used as target spaces of membrane instantons, as these are
of a lower dimension. In the other sections of Chapter 6,7 and 8 I will discuss already known SLags, to be
found in other literature, and I also did this as a preparation.
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Outlook. In the rest of this chapter I will give a more detailed introduction of instantons in general,
with some examples. The background knowledge can be found in other literature. In short, instantons in
quantum mechanics and quantum field theory are used for studying the so-called non-perturbative properties
of the theory, as they are in general, and I will mention these in Section 1.1 and 1.2. Section 1.1 will be
about instantons in quantum mechanics and I will, for example, explain in more detail what tunnelling,
perturbation theory and non-perturbative methods are. Here I will also work out the example of instantons
in the double-well potential. Section 1.2 will be about instantons in quantum field theory and I will work out
the example of instantons in Yang-Mills theory. In Section 1.3 I will mention the relation between solitons
and instantons, and in Section 1.4 I will give an introduction to instantons in superstring theory.

At the end of Section 1.4 I will give a description and a motivation of the rest of the chapters. Then I will
also explain in much more detail in which chapters I mention the already known SLags, in which chapters I
mention the SLags I found by myself and how I did it.

1.1 Instantons and tunnelling in quantum mechanics

In this section we will start with introducing instantons in quantum mechanics, but first we will define the
notions of Euclidean space and Wick rotation in some more detail. Then we will also mention tunnelling,
perturbation theory and non-perturbative effects.

Euclidean space. Here we will explain what ‘Euclidean space’ means in this context, but we will start
with Minkowski space-time. In a simple model, supporting special relativity, we often say we are dealing
with a Minkowski space-time. Then in four dimensions, which are three space dimensions and one time
dimension, say ~x and t, the inner product is ~x2 − t2. (There is an equivalent convention, where all the signs
are reversed.) The reason to use this inner product, or ‘Minkowski metric’, is because certain quantities are
invariant under Lorentz transformations. (The inner product itself is one of the invariant examples.)

If we have another space of dimension four, also with three space dimensions, but with a different time
dimension, say ~x and τ , and with inner product ~x2 + τ2, then we are dealing with a Euclidean space.

Now we can say it is possible to find a relation between the Minkowski space-time and a Euclidean version
of this space, as follows. Normally t lies in R, the space of real numbers. However, we can as well say that
t ∈ C, the canonical complexified version of R. If we first say that also τ ∈ C, then we can construct the
relation

τ = it, (1.1)

so that τ2 = −t2. Now, if we restrict to purely imaginary t, then τ is a real number. Then the Euclidean
inner product ~x2 + τ2 is a positive real number, and we say that τ is the Euclidean time variable. However,
it possibly is not clear yet why we should restrict to purely imaginary t. We will discuss this now.

The Wick rotation. We can say that the real time axis can be regarded as an integration contour in C.
A Wick rotation is a rotation of an integration contour by 90 degrees. The convention we use is that the
real axis will be rotated clockwise around the origin, thus it will be rotated to the imaginary axis. Then any
t ∈ R will be mapped to −it, lying in iR ⊂ C, so that it will be mapped to t. This is in harmony with (1.1):
when considered pointwise, any real number t will be canonically mapped to the real number τ after this
Wick rotation.

Relation (1.1) implies that t = −iτ , so that also dt = −idτ . Now, by using Cauchy’s theorem, we can
rewrite an integral as follows: ∫

R
dtf(t) =

∫ −i∞

+i∞
dtf(t) = −i

∫
R
dτf(τ). (1.2)

(Actually, in pure mathematics, this only makes sense if the integrals in question will not diverge, and if
the function f also has no poles in the parts of the domain of f we use when we continuously change the
contours. Also f(τ) and f(t) are not precisely the same functions. We can say that f(t) = ft(t) and that
f(τ) = fτ (τ).)
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The first rewriting step comes from continuously rotating the contour, and assuming that f goes to zero
if |t| → ∞. Then the contours lying on the ‘circle’ with infinite radius have no effect: then the value obtained
from the integral will remain constant. Then the second rewriting step comes from substituting t = t(τ).

The Wick rotation applied to the action of a model. The Wick rotation of the time variable can be
used for redefining the action S, defined on Minkowski space-time, to the Euclidean action SE , defined on
the the Euclidean space.

Let S[q] be an action of a model in quantum mechanics, and let L be its Lagrangian, so that

S[q(t)] :=
∫
dtL(q(t), q̇(t)) , L(q(t), q̇(t)) = T (q̇(t))− V (q(t)) =

1
2
mq̇2(t)− V (q(t)). (1.3)

Here q is a certain time-dependent quantity related to the model, and q̇ is its time derivative: q̇(t) = dq/dt.
(In this case we start with the assumption that S, t, q(t) and L are all real quantities.)

The equations of motion, or the ‘Euler-Lagrange equations’, are obtained by finding a critical point of
the action. In general we write:

∂L

∂q
=

d

dt

∂L

∂q̇
⇒ ∂V

∂q
+mq̈ = 0. (1.4)

Now (1.1) implies that we can rewrite q and q̇, which implies the following relation, after complexifying
the time variable. Here we will use that

q(τ) ' qτ (τ) = qt(−iτ) = qt(t(τ)) , q̇(τ) = q̇τ (τ) =
∂qτ
∂τ

(τ) ' −i∂qt
∂t

(−iτ) = −iq̇t(t(τ)),

so that
q̇2(τ) ' (q̇τ (τ))2 ' (−iq̇t(t(τ)))2 ' −q̇2(t(τ)).

Then we can apply (1.2) to S[q] to obtain the following:

S[q(t)] =
∫
dt(

1
2
mq̇2(t)− V (q(t))) =

∫
dt

dτ
dτ(

1
2
mq̇2(t(τ))− V (q(t(τ))))

= −i
∫
dτ(−1

2
mq̇2(τ)− V (q(τ))) = i

∫
dτ(

1
2
mq̇2(τ) + V (q(τ))) = iSE [q(τ)]. (1.5)

Then we can make a slight rewrite of (1.3). Here the Euclidean action SE [q] and the Euclidean Lagrangian
LE are defined as follows:

SE [q(τ)] :=
∫
dτLE(q(τ), q̇(τ)) , LE(q(τ), q̇(τ)) = T (q̇(τ)) + V (q(τ)) =

1
2
mq̇2(τ) + V (q(τ)). (1.6)

Then we have the following relation between the actions (1.3) and (1.6):

i

~
S[q(t)] = −1

~
SE [q(τ)].

(This is in harmony with the relation between S and SE as described in [3].)
We say that the Euclidean action itself is real and positive, or, to be more precise, it is a real and positive

functional. This means that the value of SE [q(τ)] is real and positive if we restrict to q(τ) itself being real.
(We cannot a priori make sure that a real-valued function q(t) implies that we obtain a real-valued function
q(τ), after a direct rewrite.) This is why we change the path integral

∫
Dq(t) to another path integral∫

Dq(τ), restricting to real-valued functions q(τ). Then the path integrals W (or the ‘transition function’)
and WE (or the ‘Euclidean transition function’), corresponding to S and SE respectively, are related as
follows:

W =
∫
Dq(t) exp(

i

~
S[q(t)]) ←→ WE =

∫
Dq(τ) exp(−1

~
SE [q(τ)]).

(In this case we again assume that SE , τ , q(τ) and LE are all real quantities.)
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The Euclidean equations of motion. We can rewrite the equations of motion, see (1.4), to the Euclidean
equations of motion:

∂LE

∂q
=

d

dτ

∂LE

∂q̇
⇒ ∂V

∂q
−mq̈ = 0. (1.7)

Instantons: Formal definition. Traditionally an instanton is an exact (real valued) solution of the
classical Euclidean equations of motion of a model, derived from the Euclidean action, in many cases obtained
after doing the Wick rotation, and it must satisfy an extra condition: its Euclidean action has a finite (but
non-zero) value. An instanton is also assumed to be localised.

Instantons: The double-well potential as an example. The double-well potential is defined by

V (q) :=
1
4
(q2 − 1)2. (1.8)

It satisfies V (q) ≥ 0, its global minima are q = ±1 and its minimal value is zero, at both minima. It has a
local maximum at q = 0, with V (0) = 1/4, and V has no other critical points. It goes to +∞, if |q| → ∞.

This double-well potential implies the following Lagrangian:

L(q(t), q̇(t)) :=
1
2
q̇2(t)− 1

4
(q2(t)− 1)2.

Then, applying (1.5) and (1.6) to this model, we obtain the following Euclidean action:

SE [q(τ)] =
∫

R
dτ(

1
2
q̇2(τ) +

1
4
(q2(τ)− 1)2). (1.9)

Then the Euclidean equations of motion, see (1.7), induced by this model, are:

mq̈ = q̈ =
∂V

∂q
= q3 − q.

We can present some non-trivial finite-action solutions of this equation:

q(τ) = q±,τ0(τ) := ± tanh((τ − τ0)/
√

2) ⇒ q̇±,τ0(τ) = ±(1− q2±,τ0
(τ))/

√
2. (1.10)

(The constant τ0 represents a translation.) Note that we are dealing with a non-linear differential equation,
thus a solution q±,τ0(τ) does not imply another solution qλ

±,τ0
(τ) := λq±,τ0(τ) in general, with arbitrary λ.

About the function ‘tanh’ itself: it is an odd function, and it satisfies | tanh(x)| < 1 for all x ∈ R, and
tanh(0) = 0. It also satisfies

limx→∞ tanh(x) = 1 , limx→−∞ tanh(x) = −1,

which implies that
lim|x|→∞ tanh2(x)− 1 = 0.

(We note that these values ±1 correspond to the global minima of V (q).)
Then (1.10) implies that for these q±,τ0(τ) we can rewrite the Euclidean action:

SE [q±,τ0(τ)] =
∫

R
dτ

1
2
(q2±,τ0

(τ)− 1)2 =
∫

R
dτ

1
2
(tanh2((τ − τ0)/

√
2)− 1)2.

We note that the integrand is a positive (but non-zero) integrable function, so that its integral over R is a
finite (but non-zero) value. Then these functions q±,τ0(τ) can be regarded as valid instanton solutions of
this model of the double-well potential.
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By convention we say that q+,τ0 is an instanton solution, and that q−,τ0 is an anti-instanton solution.
When τ goes from −∞ to +∞, the instanton solution goes from value q = −1 to q = +1 and the anti-
instanton solution goes from value q = +1 to q = −1. We conclude that an instanton describes a particle,
travelling in Euclidean time, from one to the other minimum. To be more precise, these functions q±,τ0 are
called 1-instanton solutions. (There also exist ‘n-instanton solutions’, and these solutions describe n ‘jumps’
between minima of the potential. In many cases of models these solutions are hard to construct exactly:
numerical mathematics is needed then.)

Instantons: What are they used for? Instantons are mainly used for explaining and finding the
following things related to the model and arising from the quantum effects:

• Tunnelling processes.

• Non-perturbative solutions.

To be more precise, tunnelling processes are rather specific examples of non-perturbative effects. In general
the non-perturbative effects are used for describing a full quantum correction to the model, starting with
the classical version. Now we will mention some details about these things.

Tunnelling. In many models the potential has a local maximum, and, classically, if the total energy of a
particle is lower than this maximum, then the particle cannot pass the barrier related to this local maximum.
However, processes of tunnelling are happening in the real world, which means that sometimes a particle can
pass this barrier. Therefore these processes cannot be explained by classical mechanics; quantum mechanics
can be used to explain them, and the study of instantons is closely related to these processes.

As an example: assume that the potential V (q) equals the double-well potential, as defined in (1.8),
which has a local maximum at q = 0, and that q(t) is a quantity related to a ‘particle’ or ‘object’, described
by this model. Then in classical mechanics it is impossible for this object to travel from q < 0 to q > 0
if it has an energy lower than V (0). We know that the energy of an object in quantum mechanics has an
uncertainty, which means that there is a certain probability for this object to pass the maximum at q = 0.

Tunnelling and instantons. By intuition it is possible to relate this to one of the instanton solutions. If
we observe the Euclidean Lagrangian, then we see that

LE(q(τ), q̇(τ)) = T (q̇(τ)) + V (q(τ)) = T (q̇(τ))− (−V (q(τ))).

This is related to a potential VE = −V , which has two global maxima, at q = ±1, and a local minimum, at
q = 0. Then any of the instanton solutions defined by (1.10) describes a classical trajectory of an object,
starting at q = −1 and with zero velocity if τ = −∞, and ending at q = 1 and (again) with zero velocity if
τ = +∞. (In case of the anti-instanton solutions this happens in the opposite direction.)

Thus, if we look at a local maximum of V , with respect to real time, then, after doing the Wick rotation
and changing to imaginary time, we will see that it will change into a local minimum of VE . Then it is ‘easy’
to pass the barrier.

Thus, the tunnelling is closely related to the classical trajectory happening in imaginary time, related
to one of the instanton solutions. In other words, an instanton solution will help us finding the transition
probability for the object to pass the barrier, by a tunnelling process. (A better and far more detailed
description can be found in [3].)

As we can read in [22], a tunnelling process itself, related to an instanton solution, lives in Minkowski
space-time, and it describes a trajectory from one vacuum (or local extremum of the potential), at time
t = t1, to another vacuum, at time t = t2 > t1.
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Perturbation theory. Before we will discuss the notion of non-perturbative solutions of models, we will
first discuss perturbation theory. In general, perturbation theory is a numerical procedure, in classical and
quantum models, to construct new solutions if some basic solutions (of a simpler model) are already known
exactly. If we perform an n-step numerical procedure, with a finite n, then we often find approximate
solutions only. Perturbation theory is often used if we cannot exactly find (a vast majority of) the solutions
of the model.

In quantum mechanics and quantum field theory we often try to find (exact) classical solutions of a simpler
model first, to be used as basic solutions, and perform perturbation theory ‘around’ these classical solutions
to find quantum solutions. However, perturbation theory can be regarded as a continuous procedure of
changing the basic solution of the simplified model to one of the approximate solutions of the full model.

Non-perturbative methods. In general, the full quantum model often has a whole family of other
solutions, which cannot be approximated by using this continuous procedure of perturbation. In many
cases there are still other methods for finding these other solutions, and we will call these methods ‘non-
perturbative’. (The whole family of the non-perturbative solutions, related to instantons, brings corrections
to the path integral of the model: this family can be regarded as the collection of the leading quantum
corrections, applied to the classical behaviour related to the model.)

In some cases we can exactly find such a non-perturbative solution. Especially if we are studying 1-
instanton solutions of the Euclidean version of the model, then we exactly find solutions we cannot find
by using the techniques of perturbation theory. (Then we can still apply numerical procedures to find
n-instanton solutions from this basic one.)

The tunnelling processes we already discussed are nice examples of processes which cannot be described
or explained by using perturbation theory. We can regard the procedures we used to find them anyway, as
an example of finding a non-perturbative solution. This is why we say that the quest for instantons can be
regarded as a non-perturbative procedure.

A comment. We will end this section with the notion that q(t) was mentioned as a one-dimensional
quantity. We can replace this q by a quantity of an arbitrary higher dimension. Then we can do similar
things, describing the instantons in such models in quantum mechanics.

1.2 Instantons and tunnelling in quantum field theory

Until now we mainly discussed instantons in quantum mechanics. In this case we studied quantities q,
of arbitrary dimension, and only depending on time. Now we will also discuss instantons in quantum field
theory.

Instantons in quantum field theory. Also in quantum field theory instantons are related to the model
in question after doing a change from Minkowski space-time to Euclidean space. Also in this case we can
use the Wick rotation: t ∈ R can be mapped to −it ∈ iR, and then we obtain a real value τ = it.

Let now φ(t, xj) be a field, defined on a space-time of D dimensions, and let S[φ] be an action of a model
in quantum field theory. The action S and the Lagrangian density L, with respect to Minkowski space-time,
are defined as follows:

S[φ(t, xj)] :=
∫
dt

∫
dD−1xL(φ(t, xj), φ̇(t, xj), ∂kφ(t, xj)),

L(φ(t, xj), φ̇(t, xj), ∂kφ(t, xj)) = T (φ̇(t, xj), ∂kφ(t, xj))− V (φ(t, xj))

=
1
2
(
∂φ

∂t
(t, xj))2 − 1

2

D−1∑
k=1

(
∂φ

∂xk
(t, xj))2 − V (φ(t, xj)),
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or, using compact notation:

S[φ] =
∫
dt

∫
dD−1xL(φ, φ̇,∇φ) , L(φ, φ̇,∇φ) = T (φ̇,∇φ)− V (φ) =

1
2
φ̇2 − 1

2
(∇φ)2 − V (φ).

(We say that S and L describe a field theory in D dimensions.)
Then we can change the action to the Euclidean action SE [φ(τ, xj)]:

SE [φ(τ, xj)] :=
∫
dτ

∫
dD−1xLE(φ(τ, xj), φ̇(τ, xj), ∂kφ(τ, xj)),

LE(φ, φ̇, ∂kφ) = T (φ̇, ∂kφ) + V (φ) =
1
2
(
∂φ

∂τ
(τ, xj))2 +

1
2

D−1∑
k=1

(
∂φ

∂xk
(τ, xj))2 + V (φ(τ, xj)).

Then the variables (τ, xj) are elements of a Euclidean space of dimension D. We again have the following
relation between the actions:

i

~
S[φ(t, xj)] = −1

~
SE [φ(τ, xj)].

Then the path integrals W and WE , corresponding to S and SE respectively, are related as follows:

W =
∫
Dφ(t, xj) exp(

i

~
S[φ(t, xj)]) ←→ WE =

∫
Dφ(τ, xj) exp(−1

~
SE [φ(τ, xj)]).

The perturbative and non-perturbative methods in quantum field theory are similar to the perturbative
and non-perturbative methods in quantum mechanics, as introduced in the previous section.

Instantons in Yang-Mills theory as an example. Yang-Mills theory is an example of a gauge theory,
based on the non-abelian symmetry group SU(N), for some arbitrary N ≥ 2. Here we will restrict to N = 2,
and the corresponding Lie group SU(2) has dimension 3. We assume that we are dealing with a fundamental
representation of the Lie group, and that the corresponding matrices are complex-valued and 2-by-2. Then
the corresponding Lie algebra is generated by 3 complex-valued traceless anti-hermitian 2-by-2 matrices. It
has three generators Ta, satisfying the following relations:

Ta = − i
2
τa , tr(TaTb) = −1

2
δab, (1.11)

where τa are the Pauli matrices. (We say that Ta are generators of a fundamental representation of the Lie
algebra of SU(2).)

The Yang-Mills field itself is a matrix-valued space-time vectorAµ(t, xj), with respect to the 4-dimensional
Minkowski space-time, and the matrices are lying in the Lie algebra representation. With respect to Ta it is
expressed as

Aµ(t, xj) = Aa
µ(t, xj)Ta.

Its field strength F = F (A) is expressed as

Fµν(t, xj) = F a
µν(t, xj)Ta , Fµν := ∂µAν − ∂νAµ + [Aµ, Aν ].

Thus, Aµ and Fµν are matrix-valued quantities, and their full components Aa
µ and F a

µν are scalar values.
The related gauge fixed action and Lagrangian density are given by:

S[A] = Sgf [A] :=
∫
dt

∫
d3xLgf (F (A)) , L(F (A)) = Lgf (F ) := c tr(F 2).

Here c is some constant, and the ‘value’ of F 2 itself is a contraction of the matrix-valued space-time tensor
Fµν with itself:

Fµν = F a
µνTa ⇒ F 2 = FµνF

µν = F a
µνTa · FµνbTb = F a

µνF
µνb · TaTb.
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Then we can compute tr(F 2), using (1.11):

tr(F 2) = F a
µνF

µνb tr(TaTb) = −1
2
F a

µνF
µνbδab = −1

2
F a

µνF
µνa.

(Note that here µ and ν are indices of space-time vectors, so that the Minkowski metric is used for raising
or lowering these indices. The indices a and b satisfy the Euclidian metric, as usual in the Lie algebra.
According to a rule in theoretical physics, we then can say that an upper index and a lower index are
equivalent.)

Now we can transform the Minkowski space to a Euclidean space, and change the action. In ([22]) we
can read how the action will change, and how to find 1-instanton solutions of the corresponding Euclidean
action. We will shortly represent it here. The Euclidean action is written as:

SE [A] = Sgf,E [A] :=
∫
d4xLgf,E(F (A)) , LE(F (A)) = Lgf,E(F ) := − 1

2g2
tr(F 2)E .

(Here x4 ' τ .) Here F is a function of Euclidean variables and with Euclidean indices, and g is the coupling
constant. Then we write Fµν ' Fµν , so that we can write

tr(F 2)E = tr(FµνFµν) = −1
2
F a

µνF
a
µν ⇒ SE [A] =

1
4g2

∫
d4xF a

µνF
a
µν .

We should note that F a
µνF

a
µν is positive, so that the Euclidean action itself is also positive.

Let now Dµ be a covariant derivative, with respect to the Lie algebra. Then the Euclidean action yields
the following classical Euclidean equations of motion:

DµFµν := ∂µFµν + [Aµ, Fµν ] = 0.

We can solve these equations by rewriting the action. Let first F̃ be the tensor field dual to F :

F̃µν :=
1
2
εµνρσFρσ.

If we take the dual of the dual of F , then we obtain F itself again. To show this we can use some identities:

εµναβεαβρσ = 2(δµρδνσ − δµσδνρ), Fµν = −Fνµ ⇒ ˜̃F = F.

Similarly we can show that F̃µνF̃µν = FµνFµν and F̃µνFµν = FµνF̃µν . Now we can find minima (thus some
of the extrema) of the action, if we rewrite the action as follows:

(F ∓ F̃ )2 = F 2 + F̃ 2 ∓ FF̃ ∓ F̃F = 2(F 2 ∓ FF̃ )⇒ F 2 =
1
2
(F ∓ F̃ )2 ± FF̃ ⇒

SE [A] = − 1
2g2

∫
d4x tr(F 2)E = − 1

2g2

∫
d4x tr(

1
2
(F ∓ F̃ )2 ± FF̃ )

= − 1
4g2

∫
d4x tr(F ∓ F̃ )2 ∓ 1

2g2

∫
d4x trFF̃ ≥ ∓ 1

2g2

∫
d4x trFF̃ .

Thus, we have a minimum of the action, which is only reached if F ∓ F̃ = 0. We say in general that a field
F is selfdual if it satisfies F̃ = F , or anti-selfdual if it satisfies F̃ = −F . To conclude, if F is (anti-) selfdual,
then it satisfies F ∓ F̃ = 0, so that we can rewrite and ‘simplify’ the action:

SE [A] = ∓ 1
2g2

∫
d4x trFF̃ =

8π2

g2
|Q| , Q := − 1

16π2

∫
d4x trFF̃ . (1.12)

This A has a finite action, and is a solution of the Euclidean equations of motion, thus it represents instantons.
The field strength F is selfdual in case of instanton solutions, and it is anti-selfdual in case of anti-instanton
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solutions. The quantity Q, called the Pontryagin index, the winding number, or the topological charge,
actually is an integer number, and it can be positive or negative. We can use this index to indicate the
instanton or anti-instanton we are dealing with. The action has the same value in case of an instanton with
number Q and an anti-instanton with number −Q.

Now we can represent some examples of 1-instanton solutions in Yang-Mills theory, with respect to SU(2),
to be found in more detail in [22]. How to represent these solutions depends on which gauge is in use. We
will shortly represent solutions in the regular gauge (Aa

µ,R), and in the singular gauge (Aa
µ,S):

Aa
µ(X;X0, ρ)R = 2

ηa
µν(X −X0)ν

(X −X0)2 + ρ2
, Aa

µ(X;X0, ρ)S = −η̄a
µν∂ν log(1 +

ρ2

(X −X0)2
). (1.13)

(Here X ' (τ, xj) = (τ, x1, x2, x3) ' (x1, x2, x3, x4).) Each of these solutions is only correctly defined on its
own domain, and these domains are not the same. (The symbols ηa

µν and η̄a
µν are some standard matrices

with constant components, and can be found in other literature. They are called ’t Hooft η tensors.)
We can simply construct 1-anti-instanton solutions by exchanging the role of the symbols ηa

µν and η̄a
µν

in (1.13). In Yang-Mills theory n-instanton solutions can be exactly constructed, and they are mentioned
in [3]. In short: an n-instanton solution corresponds to a Q = n solution of (1.12), and an n-anti-instanton
solution corresponds to a Q = −n solution of (1.12).

Each of these instantons corresponds to a tunnelling transition from one vacuum to another vacuum.
These vacua also have a Pontryagin index each, say N and N ′ = N +Q respectively.

1.3 Solitons and instantons: a relation

A soliton is a special solution of a (non-linear) classical field equation. It has a finite energy and has a
localised energy density. Its shape is preserved in time and it travels at a constant velocity. The dimension
D of the space of variables satisfies D ≥ 2. In this section we will discuss the relation between solitons
and instantons. (As we can read in [3], there is no universal convention for the exact definition of solitons.
The solitons we will discuss here should actually be called solitary waves, and real solitons can have extra
constraints, and we will not use these here.)

Solitons. Let M be a Minkowski space-time of dimension D, with vectors (t, xj) ∈ M . Then xj is an
element of a space of dimension D − 1. Let H(φ) be the Hamiltonian density related to a classical field
equation, where φ is a function with domain space M . Then the total Hamiltonian is

H[φ] :=
∫
dD−1xH(φ(t, xj)).

If now φ satisfies the equations of motion, then φ represents a soliton if its energy density satisfies the
following relation:

H(φ(t, xj)) =: ε(t, xj) ' ε(xj − vjt), (1.14)

where vj is some velocity vector.

Static solitons. A static soliton φ is a soliton, thus satisfying (1.14), with vj = 0. Thus, its energy density
only depends on xj :

H(φ(t, xj)) = ε(xj).

(Any soliton can be transformed to a static soliton, after a change of coordinate frame of the observer.)

A relation between solitons and instantons. In many cases an instanton in D dimensions is equivalent
to a static soliton in D + 1 dimensions. If the instanton φ in dimension D has the action

SE [φ] =
∫
dτ

∫
dD−1xLE(φ, φ̇,∇φ) =

∫
dτ

∫
dD−1x(T (φ̇,∇φ) + V (φ)) '

∫
dDx(T + V )
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(here we again replaced τ by xD), then φ can be regarded as a static soliton solution. Let ψ(t, xj) be the
corresponding static soliton defined on a space-time of dimension D + 1. Then we know that ψ(t, xj) =
ψ(t′, xj) for all t and t′, so that we can write ψ(t, xj) = φ(xj). Then the extra kinetic energy term related
to the t-variable will be zero:

T(D+1) =
1

2c2
(∂tψ(t, xj))2 = 0⇒

SE [φ] =
∫
dDx(T + V ) '

∫
dDx(T(D+1) + T + V ) '

∫
dDx(T (∂tψ, ∂jψ) + V (ψ)) = H[ψ].

Now knowing that the instanton has a finite action, we conclude that the static soliton has a finite energy.
(This construction of static solitons is valid for instantons both in quantum mechanics and in quantum field
theory.)

Solitons related to instantons in the double-well potential. The Euclidean action of the double-well
potential, see (1.9), can be used to construct a model in dimension 2. If we replace the symbol τ in this
action by x, and replace q(τ) by φ(t, x), then the instanton corresponds to a static soliton of a model with
the following Hamiltonian:

H[φ] =
∫

R
dx(

1
2c2

(
∂φ

∂t
)2 +

1
2
(
∂φ

∂x
)2 +

1
4
(φ2 − 1)2).

The instantons q± mentioned in (1.10) are directly related to static soliton solutions φ±:

φ±(t, x) := q±,τ0(τ)|τ=x.

Then a φ+, related to an instanton solution, is called a kink, and a φ−, related to an anti-instanton solution,
is called an antikink. (Note that the instanton in quantum mechanics corresponds to a static soliton in
2-dimensional classical field theory.)

1.4 Instantons in string theory: outlook

As already mentioned, the rest of this thesis will mainly be a report of studying geometric properties
of several special Lagrangian submanifolds, or SLags. A SLag is a submanifold (thus a smooth subset) of
the Calabi-Yau manifold. Any SLag can be regarded as the image of a membrane instanton, which is an
instanton in type IIA superstring theory, one of the string theoretic models we know. Here, in this section,
we will briefly introduce the context of type IIA theory and membrane instantons. At the end of this section,
I will give a description and a motivation of the rest of the chapters.

A compact description of the string theory we will study. The type of string theory we will study
is type IIA superstring theory, which is a supersymmetric model living in a Minkowski space-time of 10
dimensions. A string itself is a 1-dimensional object, sweeping through time, and the equations of motion it
satisfies are (locally) preserved under Lorentz transformations. Thus, the string can also be described as a
2-dimensional object in 10-dimensional space-time.

To make a connection to physical reality, we need to get rid of the 6 extra dimensions, so that we nicely
end up with 3 space dimensions, and one time dimension. One method of dealing with the 6 extra dimensions
is to ‘compactify’ them: we make some kind of 6-dimensional ‘loops’ of these dimensions. This will be done on
the sub-atomic scale, so that, effectively, these dimensions are invisible at the scale of everyday life. We say a
certain Calabi-Yau space K, of real dimension 6, or complex dimension 3, can help us. It has a list of rather
complex mathematical and geometrical properties, and these will be listed in Chapter 2. In mathematics
this space K is called a complex manifold of complex dimension 3 with Calabi-Yau ’s properties, or, in short,
K is a Calabi-Yau 3-fold. This Calabi-Yau 3-fold has a non-trivial curvature. We must introduce these
mathematical properties before we can make any use of them, and this mathematics needs some complex
introductory lecture itself.
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In Chapter 3 and 4 we will work out the main definitions of string theory, 10-dimensional supergravity and
membrane instantons in more details. These definitions can also be found in many already existing literature.
We will see that string theory and supergravity are very closely related. Massless string theory is equivalent to
supergravity, and type IIA supergravity also more generally contains objects like odd-dimensional p-branes,
which are objects of p spatial dimensions and one time dimension. (Then p itself is an even number.)

In fact type IIA supergravity also supports so-called Euclidean p-branes, which are objects of p+1 spatial
dimensions and no time dimension: they only exist at a moment in time. Thus, if we study instantons in
massless string theory, then we will study Euclidean p-branes. Note that restricting to only studying massless
strings is enough for studying instantons, thus it is enough to effectively study type IIA supergravity.

Now, if we restrict to Euclidean p-branes embedded in the Calabi-Yau 3-fold, then this object is auto-
matically of finite volume, thus with a finite action. The ones that also have a minimized volume and have
some supersymmetry are serious candidate instantons in string theory. In type IIA theory we will restrict
to so-called membrane instantons, and these are objects of (real) dimension 3.

However, until now we have mentioned some standard examples of instantons. The instantons mentioned
here should need some more general approach before we can continue, as these are not quite standard.

Domain space and target space of a model. Until now we mainly gave some examples where the
instanton is described by a function q(τ) or a field φ(τ, xj), and where τ , each component of xj , q and φ
are just real numbers. Thus, until now we were dealing with a trivial domain space, a set of points τ ∈ R
and xj ∈ RD−1, and a trivial target space, the set of points, lying in R or C (or with higher dimension), the
points lying in the domain space get mapped to, by q or φ.

In general we are dealing with arbitrary domain spaces and target spaces. We note that Rn has a trivial
topology (it is a contractible space), but in general the domain space and target space of the model do not
necessarily have trivial topological properties. Especially in string theory we are dealing with non-trivial
topological spaces.

What about tunnelling in string theory? In this case we will not really search for tunnelling processes,
just because these processes are not fully understood yet in string theory. Also note that, when restricting
to the first 4 coordinates, a membrane instanton remains at the same location. But, we can at least look at
some of the non-perturbative aspects of string theory, expressed in more general language. (At the end of
Chapter 4 we will discuss the effect of the membrane instantons: there will be a correction of the geometry
of the hypermultiplet moduli space.)

A Calabi-Yau 3-fold already has a Euclidean metric and a finite volume, thus, as a consequence, its
subspaces also have a Euclidean metric. The relevant subspaces mentioned are special Lagrangian subman-
ifolds, which are spaces without boundary, with a minimized finite volume, and of real dimension 3. Here
we claim that each of these spaces can directly be regarded as the target space of an instanton, so that we
are dealing with a solution with minimized action. Thus, we are dealing with membrane instantons and the
target spaces are SLags. (In Section 4.2 we will explain this.)

More comments about membrane instantons. Now we can assume that we can pull back the Eu-
clidean metric, defined on the SLag L, to the domain space Σ of the membrane instanton. In this sense we
could say that we are dealing with Euclidean variables defined on Σ. In this case it would be enough if the
map ι : Σ→ L is surjective (not an isomorphism), so that multiple wrappings are supported. (Note that we
assume that also Σ has a finite volume.)

In the study of instantons in string theory we will mainly focus on the action: its volume. We will ignore
the quest for (Euclidean) time variables and Lagrangians. The action of a membrane instanton wrapping a
SLag is directly related to the volume of the SLag, the target space in question. The SLag itself already has
a minimal volume, so that we can indeed use it as the correct target space of a membrane instanton.

A SLag, embedded in a Calabi-Yau 3-fold, is a real manifold of real dimension 3, and it is not a Calabi-
Yau manifold. It also has a list of properties, and the mathematical definitions and techniques, as listed in
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Chapter 2, will also help us defining these SLags. The SLags themselves will be introduced in much detail
in Section 6.1, and the SLag properties will be explained there.

More comments about the rest of the chapters. Here I will discuss the rest of the chapters. I will
shortly explain what they are about, what parts can already be found in other, already existing, literature,
and what parts discuss my own result, of independent studying.

Chapter 2 should mainly be regarded as a self-contained chapter. It lists the needed mathematics,
including brief explanations, but the reader can easily skip this. However, we will refer to formulas of this
chapter in later chapters. Some specific examples are also mentioned, and we will reuse them in the later
chapters. The final, most important, part of this chapter is about the main definition of Calabi-Yau spaces,
see Section 2.7. In fact there are some equivalent definitions of these Calabi-Yau spaces, but we will not use
them all. We have Calabi-Yau spaces with an extra property, and these Calabi-Yau spaces will be called
strict Calabi-Yau spaces. These strict ones are important when we will use them in physical models. Most
of the knowledge and basic definitions, mentioned in this chapter, can be found in already existing literature,
however, I used my own style of explanation. According to my opinion this style contains essential and
necessary parts, which often misses in other literature. In this chapter I also mentioned some partial results
of my own research. Especially one large part of Section 2.7, about the three properties of a holomorphic
top-form, should be regarded as one of these results. The proof of the third property can also be found in
[4] and [10], but there it contains some obscurities and a small mistake, and to my opinion I cleared it up.
One large part of Section 2.2, about the special property of the Laplace operator, see (2.25), should also be
regarded as one of these results. The proof of this relation is already worked out in other literature, but in
many cases a compact but more abstract mathematics is needed. Here I used a method of brute-force, using
very compact notation and a modular structure of proofs.

Chapter 3 is the main chapter introducing the physics, starting with the basic theory of the classical
string, and finishing with the bosonic sector of the massless superstring theory in the general setting of a
curved space-time. In Section 3.1 I will start with a short introduction of superstring theory, defined in a
flat Minkowski space-time of 10 dimensions. There I will also give a short introduction of supersymmetry
and of massless type II superstring theory. In Section 3.2 I will change from a flat Minkowski space-time
to curved space-time. There I will mention that massless type IIA superstring theory is equivalent to type
IIA supergravity. At the end of Section 3.2 I give a short introduction of supermultiplets, vector multiplets
and hypermultiplets. These are the degrees of freedom of the low-energy effective action in 4 dimensions. I
mainly followed the line of the already existing literature.

In Chapter 4 we specifically introduce the idea of D-branes, Euclidean D-branes and instantons. These
will give a physical motivation for studying the special Lagrangian submanifolds, or supersymmetric 3-
cycles, embedded in the Calabi-Yau manifold. The Euclidean D2-branes, or membrane instantons, play a
role in the non-perturbative sector of the massless type IIA superstring theory. Here we will mainly work
on a physical motivation for the SLag conditions, related to the preservation of supersymmetry. Before
we mention a complete and formal definition of SLags, as I do in Section 6.1, we can say that a SLag is
also called a supersymmetric 3-cycle, see [10]. Compactness and the SLag conditions guarantee that these
spaces support a supersymmetric theory of membrane instantons. Especially in this chapter I will work
this out in the physical context, and for this I will mainly follow the way how it is mentioned in [10]. In
Section 4.1 we mainly follow [20]. Here we mainly list the basics of the D-branes and Euclidean D-branes.
In Section 4.2 we mainly follow [10]. Here we will specifically mention membrane instantons, and how the
supersymmetric conditions are related to the SLag conditions. At the end of Section 4.2 we will shortly
discuss the non-perturbative corrections of the low-energy effective action in 4 dimensions.

In the next chapters we will mainly look at specific SLags, thus we will look at specific membrane
instantons, not at the total correction to the moduli space.

In Chapter 5 we will introduce some general knowledge about one of the Calabi-Yau 3-folds we will
mainly study in the later chapters: the Fermat quintic. The quintic is one of the best known Calabi-Yau
3-folds, a manifold which can directly be used to compactify type IIA superstring theory on. I will also
shortly mention the mirror quintic here, but I will not continue about it in a later chapter. I mainly followed
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the line of the already existing knowledge about these objects.
In Chapter 6 we will discuss the formal definition of special Lagrangian submanifolds, or SLags, in a

mathematical sense. In general, if M is a Calabi-Yau space, a complex manifold with complex dimension
m, then the real dimension of a SLag L embedded in M equals m. A SLag itself will always be described as
a real manifold. We will start with very simple basic examples of SLags, also in Calabi-Yau manifolds with
lower dimensions. Finally we will introduce the formal construction of a so-called Borcea-Voisin manifold,
a product of lower dimensional strict Calabi-Yau manifolds, so that the result is again a strict Calabi-Yau
manifold. If we have a strict Calabi-Yau m-fold M and a strict Calabi-Yau n-fold N , then we can construct
a so-called Borcea-Voisin (m + n)-fold, which is again a strict Calabi-Yau manifold of complex dimension
m + n. The SLags embedded in M and N can be used to construct SLags embedded in the Borcea-Voisin
product of M and N . This chapter should be regarded as a chapter mainly following the line of the article by
Halmagyi, Melnikov and Sethi [21], one of the main articles I studied for this thesis. In Section 6.1 I worked
out the formal definition and its features, as introduced in [21], but I especially added far more detailed
explanations and mathematical proofs of all the features, which I worked out myself, independently. We can
already find examples of SLags in T 2 and T 6, and a short introduction of the Borcea-Voisin construction in
[21]. I slightly rewrote the needed explanations in all these sections, and I added an independent (though
rather trivial) example of SLags in T 4. (We note that T 2 is a Calabi-Yau 1-fold, T 4 is a Calabi-Yau 2-fold
and T 6 is a Calabi-Yau 3-fold.)

In Chapter 7 I will work out some more research in much detail, about a collection of SLags embedded
in the Fermat quintic. The Fermat quintic is a Calabi-Yau 3-fold, thus this manifold itself can be used to
compactify type IIA superstring theory on. The SLags it contains then represent membrane instantons. I
have found 625 SLags in total, and these are all related. All the SLags are diffeomorphic to RP3, the real
projective space of dimension 3. (Being ‘diffeomorphic’ means that there exists a pointwise 1-to-1 relation
between all these sets, including RP3, preserving the so-called smooth structure.) They even all share the
same geometry: distances are measured the same way on each of these sets. The main line, the result and
the conclusion of Section 7.1 can be found in the article by Becker, Becker and Strominger [10] (also one of
the main articles I studied for this thesis), but I used a far more detailed approach to fully explain these
results. Here just one of the 625 SLags is mentioned. Section 7.2 should be regarded as one of the results
of my own research: here I mention the 624 other SLags, using some kind of copying technique, to make
duplications of the first SLag, introduced in Section 7.1. Section 7.3 is about an analog situation, where I
study SLags embedded in a much simpler Calabi-Yau space, of one complex dimension. This Calabi-Yau
space is also called the ‘cubic torus’, and the SLags embedded in it are also circles, similar to the SLags in
the flat torus, mentioned in Section 6.2. In this case I found 9 SLags, and it should also be regarded as one
of the results of my own research. (We note that the cubic torus is a Calabi-Yau 1-fold, just like the flat
torus T 2.)

In Chapter 8 we will discuss SLags in K3 surfaces. We will finally introduce the Borcea-Voisin 3-fold,
made from a Fermat quartic K3 surface and a flat torus, and shortly mention some SLags embedded in this
3-fold. Also this manifold itself can be used to compactify type IIA superstring theory on, and the SLags
it contains represent membrane instantons. In Section 8.1 I will start with the Fermat quartic, which is
a smooth K3 surface and a Calabi-Yau 2-fold, and I will introduce 24 SLags, embedded in this surface. I
used a similar method as used in Section 7.2 to find them. In Section 8.2 I will shortly mention a basic
example of a singular K3 surface, a K3 surface with singularities. This singular K3 surface can be regarded
as a Borcea-Voisin product of the flat torus with itself. Here I use the Borcea-Voisin construction to find
SLags, and to do this I explicitly used SLags embedded in the flat torus. Here I explain a relation between
SLags embedded in the singular K3 surface and SLags embedded in the smooth Fermat quartic K3 surface.
In Section 8.3 I will again explicitly work out the result of applying the Borcea-Voisin construction, applied
to the product of the smooth K3 surface and the flat torus, and the SLags embedded in these spaces. The
Borcea-Voisin construction used here is quite similar to the construction used in Section 8.2. This complete
chapter should also be regarded as one of the results of my own research.

Chapter 9 is a summary of the mathematical results of Chapter 6,7 and 8. We can say that the sections,
in these chapters, all have their own result, and we will list these results here. These results can be used for
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the conclusions of this thesis, in the next chapter.
Chapter 10 is about the conclusions of this thesis. The SLags represented in Section 7.2 and 8.3 are

3-dimensional spaces, so I can turn these in the main physical context of membrane instantons.

Disclaimer. I cannot claim that all of my own results should be regarded as really new results, but at least
I can say that these are the results of my own thinking, instead of reusing the results from other literature.
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2 Mathematical definitions

Preface. This chapter should be regarded as a self-contained part of the thesis, and people who are already
familiar with the basics should skip reading that part and go on with the more advanced concepts. Any
graduate student in theoretical physics should have an intuitive idea about the concepts described in the
basics, however I think it is important to pay a little attention to how it is built up in a mathematical
framework.

In Section 2.1 we will really introduce the basics of mathematics. In Section 2.2 some more advanced
concepts will be introduced, like differential forms, the exterior derivative, de Rham cohomology groups,
the Künneth formula, metrics, Riemannian geometry, vielbeins, the Hodge star operator, the exterior co-
derivative, the Laplace operator and harmonic forms. In Section 2.3 we will continue with complex manifolds,
complex differential forms, holomorphic and anti-holomorphic exterior derivatives, Dolbeault cohomology
groups and Hodge numbers. In Section 2.4 we will show some important examples. In later chapters we will
refer to examples introduced here in this section. In Section 2.5 we will continue with the subject of Section
2.3. Here we will introduce complex geometry, Kähler manifolds, holomorphic and anti-holomorphic exterior
co-derivatives, more about Laplace operators on compact Kähler manifolds and the Künneth formula applied
to Hodge numbers. In Section 2.6 we have some more examples. In Section 2.7 we will finally introduce the
Calabi-Yau manifolds, which are very specific compact complex Kähler manifolds, with special properties.
We can use these Calabi-Yau manifolds to compactify the 6 extra dimensions in superstring theory. (The
notions introduced in Section 2.3 and 2.5 are needed for Section 2.7.) In Section 2.8 we have another
self-contained part, this time of Chapter 2 itself. Then we will work out some definitions of, for example,
involutions and isometries, also needed in later Chapters.

2.1 The basics

Topological spaces. Let M be an unspecified set, and let T be a collection of subsets of M . These subsets
of M are now called elements of T . If any union and any finite intersection of elements of T regarded as
subsets of M , is again an element of T , and if the empty set and M itself is an element of T , then T is said
to be a topology of M . Then, the pair (M, T ) forms a topological space. By defining a topology T of M , we
gain knowledge of which subsets of M we can declare to be open, and we can say whether a subset of M , or
M itself is compact.

Let now (M, TM ) and (N, TN ) be a pair of topological spaces. A surjective map f : M → N , if existing,
is said to be continuous if for any U ⊂ N , which is declared open with respect to TN , the set f−1(U) ⊂ M
is open with respect to TM . If f is not surjective we can restrict the notion of continuity to the map
f : M → f(M) ⊂ N . The map f is called a homeomorphism if it is continuous and at the same time a
bijection.

With these definitions all kinds of exotic topological structures are possible, but from now on we are only
interested in the standard topology needed to describe real spaces. There is a straightforward definition of
a very useful topology on Rm. Without mentioning too much detail, we can intuitively define a basis for
this topology. Let ‖ · ‖ be the Euclidean distance function, which equips Rm with a metric, turning it into a
metric space. For any x ∈ Rm and any δ > 0, define B(x; δ) := {y ∈ Rm|‖y− x‖ < δ}. Our intuition tells us
that this is nothing more than an open ball, or disk, in Rm. The collection of all possible open disks B(x; δ)
is the basis for a topology of Rm, in the sense that any open set, according to the classical definition, is
the union of such open disks. We call this topology the standard Euclidean metric topology. This topology
satisfies the Hausdorff condition, which tells us that for any pair of distinct points a, b ∈ Rm, there exist
open sets A,B ⊂ Rm such that a ∈ A, b ∈ B and A ∩B = ∅.

Topological manifolds and homology. A topological space (M, T ) is called a topological manifold of
dimension m, if T satisfies the Hausdorff condition, and if M is locally homeomorphic to Rm. Here m is a
positive integer or zero. The last property means that for any point p ∈M there is an open neighbourhood
U ⊂M and a homeomorphism κ : U → V , where V is an open subset of Rm.
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For any topological manifold M of dimension m, and for any 0 ≤ k ≤ m we can define the k-th homology
group, which we denote by Hk(M ;G). Here G can be any abelian group. Any homology group is abelian by
definition, and it has a finite basis if M is compact. I prefer the following definition of homology groups of
a topological manifold. It is called the singular homology group, and the corresponding group G is Z. It is
defined by

Hk(M ; Z) := Ker(∂ : Ck(M) −→ Ck−1(M))/ Im(∂ : Ck+1(M) −→ Ck(M)),

where, for all k, the group Ck(M ; Z) = ZSk(M) is the space of singular chains of dimension k in M . The
groups Ck(M ; Z) are called the singular chain groups of M , and ∂ is the boundary operator between them.
The sequence of these groups and the maps ∂ inbetween is called the singular chain complex. Every boundary
operator is a group homomorphism, and it is nothing more than an operator which detects the boundary
of a given chain. For example, a filled triangle in M is a trivial example of an element of C2(M), and the
boundary operator finds the triangle itself, which is an element of C1(M). One subtlety is that we should
assign an orientation to the building blocks of a chain, and a rule for how ∂ acts on these oriented building
blocks, such that a boundary, which in case of this example is just the triangle, itself has no boundary. In
general we should find that ∂ is a nilpotent operator, thus ∂2 = 0. This is the reason why we can construct
a homology theory of the singular chain complex of M at all, based on arguments from homological algebra.

Any homology group of a compact topological manifold is a finitely generated abelian group, and as such
it satisfies the following isomorphism:

Hk(M ; Z) ' Z⊕ · · · ⊕ Z︸ ︷︷ ︸
rk

⊕Zp(k,1) ⊕ · · · ⊕ Zp(k,l).

The rank of Hk(M ; Z) is defined as the integer dimension of the free part of Hk(M ; Z), or just using symbols:
rank(Hk(M ; Z)) = rk. Later we will refer to rk as the k-th Betti number of M , denoted by bk(M).

A special case of interest is the first homology group H1(M ; Z). It can be identified with the abelianized
fundamental group π1(M,p). A topological space is called simply connected when its fundamental group is
trivial. This implies that H1(M ; Z) itself is trivial, which in turn implies that the first Betti number b1(M) is
zero. This implication cannot always be reversed: if b1(M) = 0, then H1(M ; Z) may still contain a non-free
part, for example when M is the real projective space RP 2. Another interesting case is H0(M ; Z), as it
counts the number of connected components of M . If M is (arcwise) connected, then H0(M ; Z) ' Z, thus
b0(M) = 1.

Another simple but nevertheless important case is the k-th homology group of Rm. Any of these Rm are
contractible spaces, in the sense of homotopy equivalence to a single point. This can be explained intuitively
by realizing that any boundary of a chain in Rm can be contracted to a point, meaning that all boundaries
are trivial, in the sense of homology classes. This means that for all m, b0(Rm) = 1 and bk(Rm) = 0 for all
k > 0.

A cell complex of a compact topological manifold. As we will discuss cell complexes of some manifolds
later, I would like to explain here what they are. For any compact topological manifold M we can choose a
finite set of k-cells, which equals M after gluing them together. By a k-cell in M we mean a subset of M
which is homeomorphic to the standard open k-dimensional unit disk in Rk. Note that this disk is declared
to be open according to the standard Euclidean metric topology which satisfies the Hausdorff condition.
With respect to this topology all k-cells are contractible spaces. The only exception of this description is
the 0-cell: it is just a point. However, we note that a point is always contractible by definition.

We denote the k-cells by Ck, and k is called the dimension of the cell. However, this notation does not
tell us anything about the exact shape and location of Ck. The cells must be chosen such that they are
mutually disjoint. The cell complex is this set, together with relations which describe how the k-cells are
glued together. The gluing always happens on the boundary of the cells, and is denoted by the ∪-symbol.
The space M itself equals the union of these k-cells. The union of cells of the same dimension can be denoted
by

Cn
k := Ck ∪ Ck ∪ · · · ∪ Ck.
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As an example, let’s have a look at a cell complex of the sphere S2. The sphere can be obtained by shrinking
the boundary of an open 2-dimensional disk to a point. This gives us the cell complex C0 ∪ C2. For an
arbitrary compact topological manifold M of dimension m, a cell complex C(M) has the following form in
general:

C(M) = Cn0
0 ∪ C

n1
1 ∪ · · · ∪ Cnm

m =
m⋃

k=0

Cnk

k .

Note that how the cells are glued together is not described by this notation, but it turns out that for our
purposes this is not important.

A cell complex of a space is far from unique. It is obvious that we are free to choose how these cells
exactly are defined. We can slightly deform any cell, as long as the total cell complex stays disjoint. We can
even split up one cell Ck into the disjoint union of 2 Ck’s and one Ck−1. Especially this last feature makes
plausible that we can describe a topological invariant using the data derived from the cell complex. This
invariant turns out to be the well-known Euler number of M , denoted by χ(M). When a cell complex of M
is known, its Euler number χ(M) can be shown to satisfy the following relation:

χ(M) ≡ χ(C(M)) = χ(
m⋃

k=0

Cnk

k ) =
m∑

k=0

χ(Cnk

k ) =
m∑

k=0

(−1)knk.

(At least we can do some fast check of the Euler number, with this plain and very simple technique.) Note
that this has the same form as an alternative definition in terms of the Betti numbers bk(M):

χ(M) =
m∑

k=0

(−1)kbk(M).

This is of course no coincidence, as the Betti numbers and the nk are related by the Morse inequalities (see
[2]).

For any two disjoint M1 and M2 we can easily show that χ(M1 ∪M2) = χ(M1) +χ(M2). Another useful
identity is the product rule for the Euler number. When M1 and M2 are compact topological manifolds,
then M := M1 ×M2 is again a compact topological manifold. Let C(Mi) be cell complexes of Mi:

C(M1) =
m1⋃
k=0

C
n1,k

k , C(M2) =
m2⋃
k=0

C
n2,k

k . (2.1)

Now we should note that the direct product of two cells is homeomorphic to another cell: Ck × Cl ' Ck+l.
Then (2.1) defines a cell complex of M :

C(M) = C(M1 ×M2) = C(M1)× C(M2) =
m1⋃
k=0

m2⋃
l=0

C
n1,k

k × Cn2,l

l '
m1⋃
k=0

m2⋃
l=0

C
n1,kn2,l

k+l ⇒

χ(M) = χ(C(M)) = χ(
m1⋃
k=0

m2⋃
l=0

C
n1,kn2,l

k+l ) =
m1∑
k=0

m2∑
l=0

(−1)k+ln1,kn2,l

=
m1∑
k=0

(−1)kn1,k

m2∑
l=0

(−1)ln2,l = χ(C(M1))χ(C(M2)) = χ(M1)χ(M2). (2.2)

(This implies that χ(Mk) = χ(M)k.) Later we will discuss a relation called the Künneth formula, which
relates the Betti numbers of M , M1 and M2, and this formula yields an alternative argument to conclude
the validity of relation (2.2).
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An atlas for a topological manifold. A chart on M consists of a pair (U, κ), where U is an open subset
of M , and κ : U → Rm is a homeomorphism from U to an open subset of Rm. We say that the map κ
provides a coordinate on U . If (V, λ) is another chart, and U ∩ V is not empty, then we have two charts for
U ∩ V . The map

λ ◦ κ−1 : κ(U ∩ V ) −→ λ(U ∩ V )

is a homeomorphism between open subsets of Rm, which we will call a chart transition, or coordinate
transformation. The integer m is called the (real) dimension of M , written as dimR(M), or simply dim(M).
A collection of charts A = {(Uk, κk)} for M is called an atlas if {Uk}k covers M totally.

Smooth manifolds. An atlas A = {(Uk, κk)} for M is called a smooth atlas if all coordinate transfor-
mations ψkl := κl ◦ κ−1

k are smooth. This means that for every ψkl, its inverse ψlk is also a coordinate
transformation. Thus, all ψkl are smooth (i.e. C∞) diffeomorphisms. When U ⊂M is open, then a function
f : U → R is called smooth with respect to A if, for all k, f ◦ κ−1

k : κk(Uk ∩U)→ R is smooth. We say that
f is smooth on M with respect to A if f is smooth with respect to A on any open U ⊂M . Another atlas B
of M is called equivalent to A if they both determine the same notion of smooth functions. The equivalence
class of A, also known as a maximal atlas, is called a smooth structure of M . When M is equipped with
such a smooth structure, we call M a smooth manifold.

If both A and A′ are atlases of M , then A′ is called a subatlas of A if all (Uk, κk) lying in A′ also lie in
A and if all diffeomorphisms ψkl corresponding to A′ also correspond to A.

We will always assume that we are dealing with smooth manifolds without boundary. This means that
a compact manifold and a closed manifold are the same thing.

Smooth submanifolds. Let M and N be smooth manifolds. Then N is called a smooth submanifold of
M if N ⊂ M and if a smooth map ι : N → M exists. This map ι is called a canonical smooth embedding:
it smoothly embeds N into M .

The tangent space and the tangent bundle. For any point p ∈M there is a linear space TpM which
is called the tangent space of M at p. This is a vectorspace over the field R. When M is described as a
space smoothly embedded in Rn, the space TpM can be interpreted as the m-dimensional hyperplane that
is tangent to M at p. The formal definition however is somewhat more abstract. For a specific point p ∈M
of interest, we can choose a chart κ around p. For any abstract curve γ : R → M , with γ(0) = p, the map
γ(κ) = κ ◦ γ : R → Rm is an ordinary curve, which can be smooth (at least at κ(p)). However, if γ(κ) is
smooth, then for any second chart λ, γ(λ) is also smooth. This is because γ(κ) and γ(λ) differ by composition
with a coordinate transformation, which is a smooth local diffeomorphism. To check whether the abstract
curve γ itself is smooth (at p), it is thus sufficient to pick an arbitrary coordinate κ and look what the
ordinary curve γ(κ) is doing at κ(p). We can define the following canonical equivalence relation between
curves. Let γ and γ′ be two smooth curves, with γ(0) = γ′(0) = p, then they are equivalent if

d

dt
γ(κ)|t=0 =

d

dt
γ′(κ)|t=0.

Every equivalence class obtained this way can be denoted by a vector V(κ), which is unique. The subscript
(κ) reminds us that the components of this vector depend on the chart. The curves γ and γ′ are both
equivalent to the curve κ−1(κ(p) + tV(κ)). This can be written as [γ] = [γ′] = V . The set of all V ’s can
be given the structure of a (real) vectorspace of the same dimension as M . The only thing needed is a
correct definition of vector operations. For any two smooth curves γ1 and γ2 through p, and for any pair of
real numbers λ1 and λ2, there exists a third smooth curve γ3 which can be interpreted as the vector sum
[γ3] = λ1[γ1] + λ2[γ2], or V3 = λ1V1 + λ2V2. The last identity of course also holds for the components of all
vectors.

For any chart κ we can introduce a basis for TpM , denoted by (∂/∂κµ)|p. This choice of basis may seem
arbitrary, but it has a meaning I will make somewhat more clear in the next item about the cotangent space.
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Any vector V ∈ TpM can be written with respect to this basis as V = V(κ)
µ(∂/∂κµ)|p. From now on the

(κ)-subscript and the |p will be dropped when not needed.
The tangent bundle is the disjoint union of all tangent spaces of M . It is denoted by TM , and it is

defined by TM =
∐

p∈M TpM . When we are talking about a vector field, we are always looking at a smooth
section of the tangent bundle. A section maps any p ∈ M to a pair (V, p) ∈ TM . Note that the word
section refers to the notion of a vector bundle. The vector bundle corresponding to the tangent bundle is
the canonical projection which maps any (V, p) in TM to its basepoint p in M . This projection itself is
smooth. For convenience we ignore the basepoint from now on, and we can write a vector field as a smooth
map V : p 7→ V (p) ∈ TpM for any p ∈M . This can be expressed as V (p) = V µ(p)∂/∂κµ, and V µ(p) can be
interpreted as a vector-valued function which is smooth on the whole chart domain, for any chart κ.

For a pair of smooth manifolds M and N , and a smooth map f : M → N , we see that any smooth
curve on M (and its equivalence class) is mapped to a smooth curve on N . This implies that any such f
induces a map between tangent spaces in a canonical way. We will call this the tangent map of f , written as
Dpf : TpM → Tf(p)N . A special case is when N = R. In this case we can write dfp : TpM → Tf(p)R ' R.
We call this the differential of f at p. What is striking is that the direction of the mapping arrow is preserved
when going from f to Dpf .

The cotangent space and the cotangent bundle. The cotangent space at p, denoted by T ∗pM , is the
space of linear maps, also called covectors, from TpM to R, and if M is finite dimensional, the dimension of
T ∗pM is the same as the dimension of the tangent space itself. When a chart around p is given, the cotangent
space can also be equipped with a basis, which is denoted by dκµ. This basis is dual to the basis of TpM
in the sense that dκµ(∂/∂κν) = δµ

ν . The cotangent bundle is defined in a similar way as the tangent bundle:
T ∗M =

∐
p∈M T ∗pM .

Let now f be a real-valued function on M , then we should note that in fact dfp is an element of T ∗pM .
Then we can define a natural action of a vector V on f , denoted by

V [f ] = V µ
(κ)

∂(f ◦ κ−1)
∂κµ

=
∂(f ◦ κ−1)

∂κµ
dκµ(V ) = dfp(V ). (2.3)

For a smooth map f : M → N , we can again induce a map between cotangent spaces, which we should
call the cotangent map. This time however it is only possible to define a map D∗

pf : T ∗f(p)N → T ∗pM . What
is striking now is that the direction of the mapping arrow is reversed when going from f to D∗

pf .

Coordinate transformations. When we have two different coordinates (U, κ) and (V, λ) around p, there
are also two different bases for TpM and T ∗pM each. The relation between these bases can be derived from the
coordinate transformations. Instead of looking at the bases, we can look at how the components of vectors
and covectors with respect to these bases are related. The components are related by something called the
differential map of the coordinate transformations. Let W := U ∩ V and ψ = λ ◦ κ−1 : κ(W )→ λ(W ), then
for every p ∈W it induces canonical maps ψ∗ : Tκ(p)κ(W )→ Tλ(p)λ(W ), and ψ∗ : T ∗λ(p)λ(W )→ T ∗κ(p)κ(W ).
These maps ψ∗ and ψ∗ can be derived from ψ in terms of classical calculus. Note however that ψ has
an inverse, thus the pullback can really be regarded as the inverse of some other map φ∗ : T ∗κ(p)κ(W ) →
T ∗λ(p)λ(W ). Using the composition rule, and a testfunction f , we obtain the following relation:

V [f ] = V µ
(κ)

∂(f ◦ κ−1)
∂κµ

= V µ
(κ)

∂(f ◦ λ−1 ◦ λ ◦ κ−1)
∂κµ

=
∂(λ ◦ κ−1)ν

∂κµ
V µ

(κ)

∂(f ◦ λ−1)
∂λν

= V ν
(λ)

∂(f ◦ λ−1)
∂λν

.

In the context of differentiation, it is common use, at least in most of the physics literature, to drop all the
inverse chart functions in the notation. For example (λ ◦ κ−1)µ becomes λµ. We then obtain the following
relation for the components after throwing away the testfunction:

V µ
(λ) =

∂λµ

∂κν
V ν

(κ). (2.4)
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In a similar way we obtain a relation for the components of a covector by using (2.3). For any ω ∈ T ∗pM :

ω(κ)
µ =

∂λν

∂κµ
ω(λ)

ν =⇒ ω(λ)
µ =

∂κν

∂λµ
ω(κ)

ν . (2.5)

Thus, the components of vectors and covectors transform as (2.4) and (2.5) under coordinate transformations.
We will follow mathematical conventions and say that any object transforming like a vector has a covariant
(or upper) index, and any object transforming like a covector has a contravariant (or lower) index. This
convention is motivated by category theory which is the origin of a sensible meaning of the adjectives covariant
and contravariant. For any p ∈M and for A the atlas in use for M , we can choose a finite collection

Ap := {(Ui, κi) ∈ A | ∀i : p ∈ Ui}

of charts. This Ap can be interpreted as an atlas for
⋃

i Ui and it contains at least one chart. However,
we are interested in an Ap with multiple charts, thus we are looking for a suitable p which lies in multiple
chart domains. Define U :=

⋂
i Ui. This is a nonempty open subset of M as it is a finite intersection of

open sets. For this U we can define a category CT (U) whose objects are the charts κi restricted to U . The
coordinate transformations ψij should then be regarded as morphisms between these objects. Then for any
q ∈ U there is a canonical covariant functor from CT (U) to CT (TqU), and a canonical contravariant functor
from CT (U) to CT (T ∗q U). The objects of, for example, CT (TqU) are the vectorspaces Vq,i := Tκi(q)κi(U),
and the morphisms are the tangent maps (ψij)∗ : Vq,i → Vq,j evaluated in the point κi(q).

Orientation. When a chart is given around a point p ∈M , we automatically obtain an ordered basis for
TpM , which is ∂/∂κµ, for µ = 1, · · · ,m. If ∂/∂λµ is another ordered basis for TpM , belonging to another
coordinate, then the matrix ∂λµ/∂κν has a determinant which we denote by D(κ→λ). The coordinate
transformation is named orientation preserving if D(κ→λ) > 0, and orientation reversing if D(κ→λ) < 0.
We always have the freedom to redefine the chart λ such that the coordinate transformation is orientation
preserving. What is more interesting is whether it is possible to define a chain of chart domains which covers
the whole manifold, such that all coordinate transformations are orientation preserving. A manifold is called
orientable if this is possible, and non-orientable otherwise. However, this doesn’t say anything about the
actual atlas in use. The atlas of an orientable manifold can still be unoriented. Such an atlas can be redefined
however to be oriented.

Tensors. A tensor is a generalization of objects like vectors and covectors. Locally, the bases ∂/∂κµ of
TpM and dκµ of T ∗pM can be extended to a basis

∂

∂κµ1
⊗ · · · ⊗ ∂

∂κµr
⊗ dκν1 ⊗ · · · ⊗ dκνs (2.6)

for the space
T r

s (M)p := TpM ⊗ · · · ⊗ TpM︸ ︷︷ ︸
r

⊗T ∗pM ⊗ · · · ⊗ T ∗pM︸ ︷︷ ︸
s

,

for arbitrary r and s. It is clear that this basis spans a vectorspace of dimension mr+s. Any tensor
A ∈ T r

s (M)p can be written in the following way:

A = A(κ)
µ1···µr

ν1···νs

∂

∂κµ1
⊗ · · · ⊗ ∂

∂κµr
⊗ dκν1 ⊗ · · · ⊗ dκνs .

The basis defined by (2.6) changes under coordinate transformations. This causes the components of A to
change also. Now A has r covariant and s contravariant indices, thus the components should change under
a coordinate transformation (κ→ λ) as follows:

A(κ)
µ1···µr

ν1···νs
7→ A(λ)

µ1···µr

ν1···νs
=
∂λµ1

∂κρ1
· · · ∂λ

µr

∂κρr

∂κσ1

∂λν1
· · · ∂κ

σs

∂λνs
A(κ)

ρ1···ρr

σ1···σs
.
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Tensors and maps between manifolds. If f : M → N is a smooth map between manifolds, then also
vectors and tensors can be mapped from M to N . In general we can only map purely covariant vectors and
tensors from M to N , and purely contravariant vectors and tensors from N to M . The map f induces a
map f∗ : TpM → Tf(p)N and a map f∗ : T ∗f(p)N → T ∗pM . (Note that f∗ equals Dpf and that f∗ equals
D∗

pf , which are operators already shortly introduced earlier as the tangent map and the cotangent map.)
These maps f∗ and f∗ are again linear, and they commute with taking tensor products of the input

variables. See the identities

f∗(V ⊗W ) = f∗V ⊗ f∗W , f∗(α⊗ β) = f∗α⊗ f∗β,

which hold for any pair of vectors V,W ∈ TpM and any pair of covectors α, β ∈ T ∗f(p)N .
These maps f∗ and f∗ are defined as follows. Let κ be a coordinate around p and let λ be a coordinate

around f(p). Now let V ∈ TpM be expanded in components as V(κ)
µ∂/∂κµ, with respect to coordinate κ,

and let α ∈ T ∗f(p)N be expanded in components as α(λ)
µdλ

µ, with respect to coordinate λ. Then we have

f∗V = f∗(V
µ
(κ)

∂

∂κµ
) = V µ

(κ)f∗(
∂

∂κµ
) = V µ

(κ)

∂λν

∂κµ

∂

∂λν
= V µ

(κ)

∂(λ ◦ f ◦ κ−1)ν

∂κµ

∂

∂λν
,

f∗α = f∗(α(λ)
µ dλµ) = α(λ)

µ f∗(dλµ) = α(λ)
µ

∂λµ

∂κν
dλν = α(λ)

µ

∂(λ ◦ f ◦ κ−1)µ

∂κν
dλν .

Thus, in short, if W := f∗V ∈ Tf(p)N and β := f∗α ∈ T ∗pM , then we have W = W(λ)
ν∂/∂λν and

β = β(κ)
νdκ

ν , with

W ν
(λ) =

∂λν

∂κµ
V µ

(κ) =
∂(λ ◦ f ◦ κ−1)ν

∂κµ
V µ

(κ) , β(κ)
ν =

∂λµ

∂κν
α(λ)

µ =
∂(λ ◦ f ◦ κ−1)µ

∂κν
α(λ)

µ . (2.7)

We see that a relation holds: for any V ∈ TpM and α ∈ T ∗f(p)N we can write

(f∗α)(V ) = α(f∗V ). (2.8)

In the specific case of f being a diffeomorphism, tensors of any type can be mapped from M to N and
vice versa. In this case we also have the map f−1 : N →M . Let now A again be a tensor in T r

s (M)p, thus
with r covariant and s contravariant indices, and define B := f∗A. Then A will transform as follows:

A(κ)
µ1···µr

ν1···νs
7→ B(λ)

ρ1···ρr

σ1···σs
=
∂λρ1

∂κµ1
· · · ∂λ

ρr

∂κµr

∂κν1

∂λσ1
· · · ∂κ

νs

∂λσs
A(κ)

µ1···µr

ν1···νs
.

Let for example r = s = 1. Then we write

A(κ)
µ

ν
7→ B(λ)

ρ
σ

=
∂λρ

∂κµ

∂κν

∂λσ
A(κ)

µ
ν

=
∂(λ ◦ f ◦ κ−1)ρ

∂κµ

∂(κ ◦ f−1 ◦ λ−1)ν

∂λσ
A(κ)

µ
ν
.

Tensor fields. A tensor field is a generalization of objects like vector fields and covector fields. It is a
smooth section of the following tensor bundle:

T r
s (M) :=

∐
p∈M

T r
s (M)p −→M.

If A is a section of this tensor bundle, then its components A(κ)
µ1···µr

ν1···νs
(p) depend smoothly on p, and it

is called an (r, s)-tensor field.
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2.2 Some more advanced concepts

Differential forms. A (smooth) differential form of degree k, or simply a k-form, on a manifold M
of dimension m, is a smooth (0, k)-tensor field ω which is also antisymmetric. The last property is best
understood when feeding ω with a set of vector fields V1, · · · , Vk. The antisymmetry property then reads

ω(V1, V2, V3, · · · , Vk) = −ω(V2, V1, V3, · · · , Vk) = ω(V2, V3, V1, · · · , Vk) = etc.

The space of k-forms on M is denoted as Ωk(M), and it can be interpreted as an abelian group with standard
addition as the group operation. The components of ω at p, with respect to some coordinate κ, are obtained
by feeding it with basis vectors (∂/∂κµ)|p:

ω
(κ)
µ1···µk(p) = ω(

∂

∂κµ1
|p, · · · ,

∂

∂κµk
|p).

Thus, the components themselves are antisymmetric in all indices. It is then sufficient to use dκµ1⊗· · ·⊗dκµk

as a basis for Ωk(M). However, we will do operations with k-forms and their components, and it turns out
that it is more convenient then to use an alternative basis instead, which is written as

1
k!
dκµ1 ∧ · · · ∧ dκµk . (2.9)

These basis tensors themselves are antisymmetric, and pointwise they span a linear space of dimension(
m
k

)
. As an example, when k = 2, the basis reads 1

2dκ
µ ∧ dκν = 1

2 (dκµ ⊗ dκν − dκν ⊗ dκµ). This basis
automatically antisymmetrizes the components. When the components are already antisymmetric, the basis
(2.9) is equivalent to the basis dκµ1⊗· · ·⊗dκµk . Another option is to use compact notation K := µ1, · · · , µk

and |K| = k, and write dκµ1 ∧ · · · ∧ dκµk = dκK . Then we write

ω =
1
k!
ωKdκ

K =
1
k!
ω

(κ)
µ1···µkdκ

µ1 ∧ · · · ∧ dκµk .

We will call such an index K a multi-index.
Another reason, maybe the main reason, to use the basis (2.9) is that it becomes straightforward to

define a multiplication operation. This operation is called the exterior product or wedge product, which to
any (ordered) pair of differential forms α ∈ Ωk(M) and β ∈ Ωl(M), should assign a (k + l)-form ω, and we
write ω = α ∧ β. When the components of α and β, with respect to some coordinate, are known, we can
compute ω:

ω = α ∧ β =
1
k!l!

αµ1···µk
βν1···νl

dκµ1 ∧ · · · ∧ dκµk ∧ dκν1 ∧ · · · ∧ dκνl

=
1

(k + l)!
ωρ1···ρk+l

dκρ1 ∧ · · · ∧ dκρk+l .

This induces a relation between the components of α, β and ω. The order of the factors of the wedge
product does matter, however the only difference is an extra minus sign in some cases. In general we have
α∧β = (−1)klβ∧α. In particular, when k is odd, also k2 is odd, thus in that case α∧α = −α∧α⇒ α∧α = 0.
Using compact notation we write dκKL = dκK ∧ dκL. For α = 1

k!αKdκ
K and β = 1

l!βLdκ
L, with k = |K|

and l = |L|, we then write

α ∧ β =
1
k!l!

αKβLdκ
KL. (2.10)

Differential forms: A pullback. Let f : M → N be a smooth map. Then we know that a pushforward
f∗ : TpM → Tf(p)N and a pullback f∗ : T ∗f(p)N → T ∗pM exist. Let now ω be a k-form defined on N . Then
an extension of (2.8) tells us that

(f∗ω)(V1, · · · , Vk) = ω(f∗V1, · · · , f∗Vk),

where Vj ∈ TpM .
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Differential forms on direct products of manifolds. When M = M1 ×M2, α ∈ Ωk(M1) and β ∈
Ωl(M2), we can naturally lift these forms to an α ∈ Ωk(M) and a β ∈ Ωl(M). Using coordinates on M
induced from the coordinates on Mi, we can write the components of ω := α ∧ β ∈ Ωk+l(M) as in (2.10),
where now the multi-index K only takes values on the M1-part of the product, and L only on the M2-part.
In other words, K is said to be an index tangent to M1 only, and L is said to be an index tangent to M2 only.
For example, when dim(M1) = dim(M2) = 2, and α ∈ Ω1(M1) and β ∈ Ω1(M2), then α∧β = αµβνdκ

µ∧dκν ,
where µ ∈ {1, 2} and ν ∈ {3, 4}. From now on, when we examine direct products of manifolds, M = M1×M2,
we automatically assume the coordinates on M being induced from the coordinates on Mi.

The exterior derivative. The exterior derivative is a linear map d : Ωk(M) → Ωk+1(M), and it can be
interpreted as a group homomorphism between abelian groups. For any ω ∈ Ωk(M), locally expressed as
1
k!ωµ1···µk

dκµ1 ∧ · · · ∧ dκµk , the exterior derivative reads

dω =
1
k!

(
∂

∂κν
ωµ1···µk

)dκν ∧ dκµ1 ∧ · · · ∧ dκµk . (2.11)

Using notation ∂µ = ∂/∂κµ, we see that ∂νωµ1···µk
is not totally antisymmetric by itself, but when contracting

with the antisymmetric basis (2.9), only its antisymmetric part survives. Thus, we are again dealing with a
differential form dω, which has degree k + 1. Using compact notation, we write dκλ ∧ dκK = dκλK , thus

dω =
1
k!
∂λωKdκ

λK .

We can also compute the exterior derivative of α ∧ β:

d(α ∧ β) =
1
k!l!

∂

∂κλ
(αµ1···µk

βν1···νl
)dκλ ∧ dκµ1 ∧ · · · ∧ dκµk ∧ dκν1 ∧ · · · ∧ dκνl

=
1
k!l!

(
∂

∂κλ
αµ1···µk

)βν1···νl
dκλ ∧ dκµ1 ∧ · · · ∧ dκµk ∧ dκν1 ∧ · · · ∧ dκνl

+ (−1)k 1
k!l!

αµ1···µk
(
∂

∂κλ
βν1···νl

)dκµ1 ∧ · · · ∧ dκµk ∧ dκλ ∧ dκν1 ∧ · · · ∧ dκνl

= dα ∧ β + (−1)kα ∧ dβ. (2.12)

Or, using compact notation again:

d(α ∧ β) =
1
k!l!

∂λ(αKβL)dκλ ∧ dκKL

=
1
k!l!

(∂λαK)βLdκ
λK ∧ dκL + (−1)k 1

k!l!
αK(∂λβL)dκK ∧ dκλL = dα ∧ β + (−1)kα ∧ dβ.

When M = M1 ×M2, and restricting to ω ∈ Ωk+l(M) which can be factorized according to ω = α ∧ β for
any α ∈ Ωk(M1) and β ∈ Ωl(M2), the exterior derivative d on M depends on the exterior derivatives di on
Mi. We see that dα = d1α and dβ = d2β, thus, when we write d(α∧β) ∈ Ωk+l+1(M) as in (2.12), we obtain

dω = d(α ∧ β) = dα ∧ β + (−1)kα ∧ dβ = d1α ∧ β + (−1)kα ∧ d2β. (2.13)

An important property of the d-operator is that it is nilpotent: d2 = 0. This motivates us to study a
cohomology theory of differential forms.

De Rham cohomology. The spaces of smooth k-forms are in general infinite dimensional. However, it is
possible to construct finite dimensional spaces from them (at least when M is compact) which are especially
important when studying topological properties of M . Let ω be a k-form. Then it is called closed if dω = 0,
and it is called exact if there exists a (k − 1)-form α such that ω = dα. It is easy to show that any exact
form is also closed. We can write this in formal language. A closed k-form is an element of

Ker(d : Ωk(M) −→ Ωk+1(M)),
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and an exact k-form is an element of

Im(d : Ωk−1(M) −→ Ωk(M)).

We should note that the spaces of closed and exact forms are closed under addition. Observe that any exact
form is also a closed form, and as such the space of exact k-forms is a subgroup of the space of closed k-forms,
and they are both subgroups of Ωk(M). Because all groups mentioned here are abelian, any subgroup of
another group is automatically a normal subgroup, meaning that we can define quotients of them without
any problems. Thus, the space of exact k-forms is a normal subgroup of the space of closed k-forms, which
in turn is a normal subgroup of the space of k-forms. Now we are ready to define cohomology. The k-th de
Rham cohomology group of M is defined as

Hk
dR(M) = Hk

dR(M ; R) := Ker(d : Ωk(M) −→ Ωk+1(M))/ Im(d : Ωk−1(M) −→ Ωk(M)),

or, just in words, the space of closed k-forms modulo the space of exact k-forms. To explain this further, we
should define an equivalence relation between closed k-forms. Let ω and ω′ be closed k-forms. Then they
are equivalent if there exists a (k − 1)-form α such that ω′ = ω + dα. In this case we say that ω and ω′

are cohomologous. Each equivalence class [ω] is called a cohomology class, and all elements of Hk
dR(M) are

written like that. An important remark is that any Hk
dR(M) is independent of the used atlas, and as such

the cohomology groups can be interpreted as objects describing global properties of M . As these cohomology
groups are torsion-free, we can simply write

Hk
dR(M) ' Rbk

,

for some integers bk = dim(Hk
dR(M)).

The philosophy behind cohomology is that any exact form is automatically closed, so they aren’t really
interesting. A physicist is temped to describe this as gauge theory. Any closed form represents a cohomology
class, but as any exact form is cohomologous to the zero form, it would be represented by [0]. Thus, precisely
those closed forms which are not exact represent non-trivial cohomology classes.

It is not that straightforward to find out what these de Rham cohomology groups look like for an arbitrary
smooth manifold, however there are some procedures for at least finding out their dimensions. In most cases
knowledge about these dimensions is sufficient. First of all, in this thesis I am mainly interested in compact
manifolds without boundary, which implies that the dimensions of all the cohomology groups are finite, and
exactly equal the Betti numbers:

bk = dim(Hk
dR(M)) = rank(Hk(M ; Z)) = bk.

This is called de Rham’s theorem. Especially when M is a contractible space, de Rham’s theorem implies
that, for all k > 0, any closed k-form on M is also exact. This result can be used to assert that any
closed form, defined on any arbitrary compact M , is locally exact. When we restrict a closed form ω to any
contractible patch U ⊂M , written as ωU , we directly see that ωU is also a closed form. As U is contractible,
all of its cohomology groups (except the 0-th) are trivial, thus any closed form on U , in particular ωU , is
exact. This means that in any case ω itself is locally exact.

Another important theorem, which holds for any compact oriented manifold without boundary and which
says that bk = bm−k for any 0 ≤ k ≤ m, is called the Poincaré duality.

There is another interesting theorem. When M and N are two smooth manifolds which are diffeomorphic,
their de Rham cohomology groups are isomorphic:

Hk
dR(M) ' Hk

dR(N)(∀k).

De Rham cohomology: Some examples. There are a few simple spaces though to begin with. For
example, H0

dR(Sm) ' Hm
dR(Sm) ' R, and all others only contain the trivial class. Thus, b0(Sm) = bm(Sm) =

1 and bk(Sm) = 0 otherwise. Another interesting and very essential space to study is the m-torus Tm '
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S1×· · ·×S1. We know that Tm ' Rm/Zm, thus when we use coordinates xµ inherited from Rm, with periodic
identifications, we have dxµ as a proper basis at any point for the cotangent space. A very important remark
is that all dxµ are globally defined, and so are arbitrary wedge products of them. Then all dxµ1 ∧ · · · ∧ dxµk

are global closed forms themselves. The functions xµ are only correctly defined locally, thus the dxµ are not
exact. The higher order wedge products of dxµ are also not exact. They are all independent of each other,
in the sense that there exist no exact forms that transform one into the other. This should be a proper set
of forms to make cohomology classes of. There are exactly

(
m
k

)
of these, so bk(Tm) = dim(Hk

dR(Tm)) =
(
m
k

)
.

The Künneth formula applied to Betti numbers. When M is a more complicated space, there are
ways to find its Betti numbers. We should try to imagine we can construct M by gluing together a sequence
of simpler spaces. Spaces of which we already know the cohomology groups and the corresponding Betti
numbers. The Mayer-Vietoris sequence, which is a long exact sequence, is one method to construct Hk.
A manifold can be constructed by using simpler building blocks of which the Hk are already known. The
Mayer-Vietoris sequence can then be used to construct the Hk of the final manifold.

Another trick is the Künneth formula, of which we only discuss its effects on Betti numbers here. For
any pair of compact smooth oriented manifolds M1,M2 of which we know the Betti numbers, we can easily
compute the Betti numbers of M := M1 ×M2, which is another compact smooth oriented manifold. The
Künneth formula reads as follows:

bk(M) = bk(M1 ×M2) =
∑

i+j=k

bi(M1)bj(M2). (2.14)

This is an alternative argument implying validity of χ(M) = χ(M1)χ(M2) discussed earlier, see formula
(2.2). As a trivial example: we know that the Betti numbers of the circle S1 and the torus T 2 = S1×S1 are

(b0(S1), b1(S1), b2(S1)) = (1, 1, 0) , (b0(T 2), b1(T 2), b2(T 2)) = (1, 2, 1).

Indeed this satisfies (2.14):

b0(T 2) = b0(S1)b0(S1),
b1(T 2) = b0(S1)b1(S1) + b1(S1)b0(S1),
b2(T 2) = b0(S1)b2(S1) + b1(S1)b1(S1) + b2(S1)b0(S1).

Metrics. A metric on a smooth manifold M is a globally defined tensor field g of type (0, 2). Thus,
gp : TpM ⊗ TpM → R for any p ∈ M , or gp ∈ T ∗pM ⊗ T ∗pM . Dropping the subscript p it is written with
respect to a coordinate κµ as g = gµνdκ

µ ⊗ dκν . We define

γ = γ(κ)(g) = det(gµν). (2.15)

We see that this is not really a scalar, as it still depends on the used coordinate. Additional properties
of g are that it is symmetric and non-degenerate. The first property means that gp(V,W ) = gp(W,V ) for
any pair V,W ∈ TpM , or, in components, that gµν = gνµ. The second property means that γ 6= 0 for any
p ∈ M . This automatically implies that g has a certain global signature. When γ is positive (or negative),
it can not cross zero, thus it should remain positive (or negative) for any other q ∈ M . We will say that
a metric has Riemannian signature if γ > 0, and that it has Lorentzian signature if γ < 0. However we
will only encounter metrics with all eigenvalues positive, which we will call Riemannian metrics, or with all
eigenvalues except one positive, which we will call Lorentzian metrics. The standard Lorentzian metric on
a flat space is the well-known Minkowski metric. The metric g, being non-degenerate, also has an inverse
denoted by g−1, which at any p should be regarded as an element of TpM ⊗TpM , which is the space dual to
T ∗pM ⊗ T ∗pM . Thus, g−1 is a smooth symmetric non-degenerate tensor field of type (2, 0), and it is written
as g−1 = gµν ∂

∂κµ ⊗ ∂
∂κν . It is inverse to g in the sense that gµνgνλ = δµ

λ , and det(gµν) = γ−1. Here δµ
λ , being

the Kronecker-δ, are the components of the identity map on the tangent space, which is thus an isotrope
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tensor field (of type (1, 1)). The metric and its inverse define natural maps between the spaces of tensor
fields of different types. In terms of components, they can be used to change lower indices to upper indices
and vice versa. Using multi-indices, we write

gI,J := gi1j1gi2j2 · · · gikjk
, gI,J := gi1j1gi2j2 · · · gikjk ,

where |I| = |J | = k. One example of raising (and lowering) indices is TK
L = gK,MTML. For future purposes,

we define the following pseudo-scalar:

G := G(κ) =
√
|γ(κ)| =

√
|det(gµν)|. (2.16)

When gi are metrics on Mi, i ∈ {1, 2}, we can trivially construct a metric g on M := M1 ×M2 from g1 and
g2. Using coordinates on M , again induced from the coordinates on Mi, we can write the components of g
as a block-diagonal matrix, where the i-th block contains the components of gi. In this case γ = γ1γ2 thus
also G = G1G2. We will also write g = g1 + g2.

Riemannian manifolds. A Riemannian manifold is a pair (M, g) where g is a Riemannian metric. A
Lorentzian manifold is a pair (M, g) where g is a Lorentzian metric. A Lorentzian manifold is an example of
a pseudo-Riemannian manifold. The metric defines a nice connection ∇ on the tangent bundle, the cotangent
bundle and tensor products of them. This connection is called the Levi-Civita connection, and for any vector
field V it assigns a (k, l)-tensor field ∇V T to any (k, l)-tensor field T . The action of ∇V on T is called a
covariant derivative, and any tensor field T is called covariantly constant if for all V its covariant derivative
is zero. The Levi-Civita connection is defined such that the metric itself is covariantly constant, thus it is a
metric connection. With respect to a coordinate, this ∇V satisfies

∇V = ∇V µ∂µ
= V µ∇∂µ

≡ V µ∇µ.

So we only need to look at the definition of∇µ. The action of∇V on a scalar function f is simply∇V f = V [f ].
In other words, ∇µf = ∂µf . On basis vectors and covectors the connection acts as follows:

∇µ∂ν = Γλ
νµ∂λ , ∇µdκ

ν = −Γν
µλdκ

λ.

The symbols Γλ
µν are defined by

Γλ
µν :=

1
2
gλρ(∂µgρν + ∂νgρµ − ∂ρgµν)

and are called the Christoffel symbols of the Levi-Civita connection. They are symmetric in the indices µ, ν.
They can be derived from the fact that g is covariantly constant. Now we know how ∇µ acts on the basis
vectors and covectors, the Leibnitz rule

∇V (fW ) = (∇V f)W + f∇V W

tells us that for any vector V and for any covector ω we have

∇µV = ∇µ(V ν∂ν) = (∂µV
ν)∂ν + V ν∇µ∂ν = (∂µV

ν)∂ν + V νΓλ
νµ∂λ = (∂µV

λ + Γλ
µνV

ν)∂λ,

∇µω = ∇µ(ωνdκ
ν) = (∂µων)dκν + ων∇µdκ

ν = (∂µων)dκν − ωνΓν
µλdκ

λ = (∂µωλ − Γν
µλων)dκλ.

Or, in components,

(∇µV )λ = ∂µV
λ + Γλ

µνV
ν , (∇µω)λ = ∂µωλ − Γν

µλων .

These rules can be generalized to any smooth (k, l)-tensor field T , with components T ν1···νk
ρ1···ρl

. The
Leibnitz rule also linearly extends to tensor products, which yields

(∇µT )ν1···νk

ρ1···ρl
= ∂µT

ν1···νk
ρ1···ρl

+ Γν1
µλT

λν2···νk
ρ1···ρl

+ · · ·+ Γνk
µλT

ν1···νk−1λ
ρ1···ρl

−Γλ
µρ1T

ν1···νk
λρ2···ρl

− · · · − Γλ
µρl
T ν1···νk

ρ1···ρl−1λ.
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Any such smooth (k, l)-tensor field T gives us a smooth (k, l + 1)-tensor field, with components

(∇µT )ν1···νk

ρ1···ρl
= ∇µT

ν1···νk

ρ1···ρl
.

(From now on we can ignore the brackets.)

Metrics and submanifolds. Let M be a manifold with a (Riemannian or Lorentzian) metric g, let
N ⊂ M be a smooth submanifold of M and let ι : N → M be the canonical (smooth) embedding with
pullback map ι∗ : T ∗ι(p)M → T ∗pN . Then we can pull back the metric from M to N .

If g is a Riemannian metric, then any N can be made into a Riemannian submanifold of M . Then
h := ι∗g defines a Riemannian metric on N . We say h is an induced metric. If g is not a Riemannian metric,
but if h has a conserved signature, then h also defines a metric on N .

Let κ be a coordinate on N , around a point p ∈ N , and let λ be a coordinate on M , around ι(p) ∈ M .
Then (2.7) implies the following relation between the components of h and g:

h(κ)µν =
∂λα

∂κµ

∂λβ

∂κν
g(λ)αβ =

∂(λ ◦ ι ◦ κ−1)α

∂κµ

∂(λ ◦ ι ◦ κ−1)β

∂κν
g(λ)αβ . (2.17)

(Of course, in case of a canonical embedding, the map ι can be ignored and removed again from the last
expression.)

Covariantly constant differential forms. A differential form ω ∈ Ωk(M) is called covariantly constant
if for all of its components ων1,··· ,νk

we can write

∇µων1,··· ,νk
= 0.

If ω is covariantly constant, then it is easy to prove that ω is also automatically closed. On the other hand,
if ω is an arbitrary closed form, then it is not necessarily covariantly constant.

Vielbeins and Riemann normal coordinates. In a pointwise manner, a vielbein is just a basis for
TpM , written as ea, with respect to which the component matrix of the metric is diagonal with unit entries,
except a minus sign in front of the first entry in case of a Lorentzian metric. Thus, with respect to this basis
ea, the metric has Kronecker (or Minkowski) form at p. This basis ea should satisfy gp(ea, eb) = δab (or ηab),
or:

gp(ea, eb) = (gp)µνdκ
µ ⊗ dκν(ea

α ∂

∂κα
, eb

β ∂

∂κβ
) = gµνea

µeb
ν = δab or ηab.

This ea
µ defines a local orthonormal frame in TpM , and we assume that its determinant is (strictly) positive:

e := det(ea
µ) > 0. (Here we assume that the coordinate κ we started with, is related to an already chosen

and fixed orientation, and that this orientation will be induced on ea
µ.)

We should note that this is a pointwise definition, as it is a transformation from (∂/∂κµ)|p to another
basis of TpM . As this is only a basis transformation at the point p, this is not a transformation induced by
a coordinate transformation. That is why we call the new basis non-coordinate. However, it is often possible
to induce a lift of this basis transformation which defines a coordinate transformation. This lift is far from
unique, but can be chosen in a trivial way. In this sense there is a coordinate with respect to which g is
Kronecker (or Minkowski) at p. The question arises whether it is possible to redefine any coordinate of the
patch U such that g is Kronecker (or Minkowski) in all p ∈ U . We will see that this is only possible when
the dimension of M is 1. When dim(M) = 2 it is only possible up to a (positive) scalar factor.

An important remark should be made. The basis ea is not unique. We can do a rotation of the ea, which
really is a rotation with respect to the metric. Thus ea 7→ e′a = Λabeb. This rotation should be orientation
preserving. In case of a Riemannian metric this matrix Λ should be an ‘element’ of SO(m), and in case of
a Lorentzian metric this matrix should be an ‘element’ of SO(1,m − 1). An extension of the concept of a
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lift of the vielbein is the notion of Riemann normal coordinates. A coordinate κ is called a Riemann-normal
coordinate with respect to p if the metric with respect to this coordinate is Kronecker (or Minkowski), thus
if gµν = δµν (or ηµν) at p, and if ∂λgµν = 0 at p. For any p ∈M we can find such a coordinate.

In a global manner, a vielbein should be regarded as a smooth section of the frame bundle. At least this
means that also objects like ∂µea

ν are well defined. The notion of vielbeins will, for example, be used in the
context of “light-cone gauge quantization” (as mentioned in [5]). Then the concept of spin connection is also
mentioned, and the vielbein postulate is introduced. The vielbein postulate states that also the vielbein is
covariantly constant. (We already know that the metric itself is covariantly constant.)

The Hodge star operator. On an oriented, not necessarily Riemannian, manifold (M, g) of dimension
m, the Hodge star operator ∗ is a linear map

∗ : Ωk(M) −→ Ωm−k(M),

and on the basis of Ωk(M)p it is defined as

∗(dκµ1 ∧ · · · ∧ dκµk) =
1

(m− k)!
Gεµ1···µk

νk+1···νm
dκνk+1 ∧ · · · ∧ dκνm ,

or, using again compact notation:

∗(dκI) =
1

(m− k)!
GεIJdκ

J ,

with |I| = k, |J | = m − k and G as defined in (2.16). Here ε, with only lower indices, is the permutation
symbol as usual, thus we have εI ' εi1···ik

∈ {−1, 0, 1}, and εKL = gK,M εML. Thus, on an arbitrary k-form,
the Hodge star operator acts like

∗ω =
1
k!
ωI ∗ dκI =

1
k!(m− k)!

ωIGε
I
Jdκ

J =
1

k!(m− k)!
εIJGω

IdκJ . (2.18)

If we apply ∗ two times, then we obtain:

∗ ∗ ω =
1

k!(m− k)!
GωIε

I
J ∗ dκJ =

1
k!k!(m− k)!

G2ωIε
I
Jε

J
Kdκ

K .

If we use

εIJε
J

K = εIJεJK = γ−1εIJεJK = (−1)|J||K|γ−1εIJεKJ ⇒
ωIε

I
Jε

J
K = (−1)|J||K|γ−1ωIεIJεKJ = (−1)k(m−k)k!(m− k)!γ−1ωK ,

where γ is defined as in (2.15), then we obtain

∗ ∗ ω =
1
k!

(−1)k(m−k)γ−1G2ωKdκ
K =

1
k!

sgn(γ)(−1)k(m−k)ωKdκ
K = (−1)k(m−k)+σω, (2.19)

where sgn(γ) = (−1)σ. Thus, σ = 0 for positive γ, thus for Riemannian metrics, and σ = 1 for negative γ,
thus for Lorentzian metrics. We see that ∗ defines an isomorphism between Ωk(M) and Ωm−k(M), and this
isomorphism is even pointwise.

The canonical volume form. The canonical volume form, a nowhere vanishing m-form written as ∗1, is
defined by

∗1 =
1
m!
Gεν1···νm

dκν1 ∧ · · · ∧ dκνm = Gdκ1 ∧ · · · ∧ dκm (2.20)

and gives a sensible meaning to the integration over M of any smooth function f : M → R. Note that we
used here that εKdκK (no summation) is invariant under permutations of K. As there are m! permutations
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we indeed exactly obtain the equality (2.20). Now we can define the integral over M of f , denoted by I(f)
as follows:

I(f) :=
∫

M

∗f =
∫

M

f ∗ 1 =
∫

M

fGdκ1 ∧ · · · ∧ dκm.

If f = 1, then this simply defines the volume of the manifold:

VolM := I(1) =
∫

M

∗1.

If M is a compact manifold, then its volume VolM is finite, and if g is also Riemannian, then VolM is also
positive.

An inner product induced by the Hodge star operator. The Hodge star operator induces an inner
product on the spaces of k-forms. For α, β ∈ Ωk(M) we define

〈α, β〉 :=
∫

M

α ∧ ∗β. (2.21)

Using (2.18), we see that

α ∧ ∗β =
1

k!k!(m− k)!
GαKβ

LεLMdκK ∧ dκM =
1
k!
∗ (αKβ

K) =
1
k!
∗ (βKα

K) = β ∧ ∗α.

Thus, the inner product (2.21) is symmetric:

〈α, β〉 =
∫

M

α ∧ ∗β =
∫

M

β ∧ ∗α = 〈β, α〉.

If, beside being orientable, (M, g) is also Riemannian the inner product (2.21) is positive and non-degenerate.

The Hodge star operator and direct products of manifolds. LetM = M1×M2, withm = dim(M) =
dim(M1) + dim(M2) = m1 + m2, and let the metrics gi on Mi induce a metric g on M . Then ∗i are the
Hodge star operators on Mi, induced by gi. Then, for any ω = α∧ β, with α ∈ Ωk(M1) and β ∈ Ωl(M2), we
can induce ∗ on M acting on this ω, by ∗i. In this case, using (2.10) and (2.18), we write

∗ω = ∗(α ∧ β) =
1
k!l!

αKβL ∗ (dκK ∧ dκL) =
1

k!l!(m− k − l)!
GαKβLεKLP dκ

P

=
1

k!l!(m1 − k)!(m2 − l)!
GαKβLεKLMNdκ

M ∧ dκN

= (−1)|L||M | 1
k!l!(m1 − k)!(m2 − l)!

GαKβLεKMLNdκ
M ∧ dκN

= (−1)l(m1−k) 1
k!l!(m1 − k)!(m2 − l)!

G1G2α
KβLεKM εLNdκ

M ∧ dκN

= (−1)l(m1−k) 1
k!(m1 − k)!

G1αKε
K

MdκM ∧ 1
l!(m2 − l)!

G2βLε
L

Ndκ
N

= (−1)(m1−k)l ∗1 α ∧ ∗2β. (2.22)

Note that here K,M are indices tangent to M1 only, and L,N are indices tangent to M2 only, and as
such we see that the multi-indices K,M and L,N are always disjoint, thus we are indeed allowed to write
εKMLN = εKM εLN , at least when contracting with the (also antisymmetric) basis dκM ∧ dκN . One subtlety
of (2.22) is the reordering of the multi-index P to obtain the multi-indices M,N such that M is purely
tangent to M1 and N is purely tangent to M2. This reordering (εKLP → εKLMN ) in the first line of (2.22)
gives an extra combinatorial factor of (m− k − l)!/((m1 − k)!(m2 − l)!).

From now on, when discussing any M = M1 ×M2, we automatically assume g on M to be induced by
gi on Mi. In this case (2.22) is always valid for any such ω = α ∧ β.

37



The exterior co-derivative. The exterior derivative is a linear operator d : Ωk(M) → Ωk+1(M). For
any oriented smooth manifold M of dimension m which carries a metric g, the Hodge star operator can be
used to construct an adjoint of the exterior derivative with respect to the inner product (2.21). We will call
this adjoint the exterior co-derivative. For any fixed k it is defined by

d? : Ωk(M) −→ Ωk−1(M) , d? = (−1)m(k+1)+1−σ ∗ d∗,

where σ again depends on whether M is a Riemannian or a Lorentzian manifold. This simplifies when m is
even. Then d? = −(−1)σ ∗d∗. This operator is defined to satisfy 〈α, dβ〉 = 〈d?α, β〉 in case M is also compact
and has no boundary. (We can use Stokes’ theorem to prove this.) Another property is that (d?)2 = 0,
which is implied by d2 = 0. This motivates to look at cohomology corresponding to d?. A k-form ω is called
co-closed if d?ω = 0, and it is called co-exact if there exists a (k + 1)-form α such that ω = d?α.

Let again M = M1×M2, α ∈ Ωk(M1) and β ∈ Ωl(M2). Then we can use (2.13) and (2.22) to derive how
d?, acting on ω = α ∧ β, depends on d?

1 and d?
2. In later applications we are only interested in the case that

m1 and m2 are even (to be precise, m1 = 4 and m2 = 6), and M1 is a Lorentzian manifold, thus σ1 = 1, and
M2 is a Riemannian manifold, thus σ2 = 0. In this case also M has even dimension, and it is a Lorentzian
manifold. This simplifies some computations, for example d? = ∗d∗, d?

1 = ∗1d1∗1 and d?
2 = − ∗2 d2∗2, and

(2.19) simplifies to ∗21α = (−1)k+1α and ∗22β = (−1)lβ. Now we can derive a relation between d?, d?
1 and d?

2:

d ∗ (α ∧ β) = d((−1)(m1−k)l ∗1 α ∧ ∗2β) = (−1)kld(∗1α ∧ ∗2β)
= (−1)kl(d1 ∗1 α ∧ ∗2β + (−1)m1−k ∗1 α ∧ d2 ∗2 β)
= (−1)kld1 ∗1 α ∧ ∗2β + (−1)k(l−1) ∗1 α ∧ d2 ∗2 β ⇒

d?ω = ∗d ∗ (α ∧ β) = (−1)kl ∗ (d1 ∗1 α ∧ ∗2β) + (−1)k(l−1) ∗ (∗1α ∧ d2 ∗2 β)
= (−1)kl+(k−1)(m2−l) ∗1 d1 ∗1 α ∧ ∗22β + (−1)k(l−1)+k(m2−l+1) ∗21 α ∧ ∗2d2 ∗2 β)
= (−1)kl−(k−1)l+ld?

1α ∧ β + (−1)k(l−1)+k(1−l)+k+2α ∧ d?
2β)

= d?
1α ∧ β + (−1)kα ∧ d?

2β. (2.23)

The Laplace operator. For any oriented smooth manifold M with a metric g it is possible to define a
second order differential operator ∆ called the Laplace-Beltrami operator, the Hodge-de Rham Laplacian,
the Hodge-Laplace operator or simply the Laplace operator. For any fixed k this operator is written in terms
of the exterior derivate and co-derivative:

∆ : Ωk(M) −→ Ωk(M) , ∆ := (d+ d?)2 = dd? + d?d. (2.24)

A special property of the Laplace operator. Let again M = M1 ×M2, then the Laplace operators
∆i, derived from gi,di and ∗i, induce a Laplace operator ∆ on M . (The metric g on M is also canonically
derived from the already given metrics g1 on M1 and g2 on M2: using simple notation we write g = g1 + g2.)

For future purposes, we would like to examine how the Laplace operator acts on any product of the form
ω = α∧β, where α ∈ Ωk(M1) and β ∈ Ωl(M2). We would like to use the results of (2.12) and (2.23) to work
this out. In later applications, we are only interested in manifolds Mi of even dimension. To be precise, we
will study a Lorentzian manifold M1 of dimension 4 and a Riemannian manifold M2 of dimension 6. The
product manifold M = M1×M2 will thus be a Lorentzian manifold of dimension 10. In this case the Laplace
operators ∆, ∆1 and ∆2 are related as follows:

∆ω = ∆(α ∧ β)
= dd?(α ∧ β) + d?d(α ∧ β) = d(d?

1α ∧ β + (−1)kα ∧ d?
2β) + d?(d1α ∧ β + (−1)kα ∧ d2β)

= d1d
?
1α ∧ β + (−1)k−1d?

1α ∧ d2β + (−1)kd1α ∧ d?
2β + (−1)2kα ∧ d2d

?
2β

+d?
1d1α ∧ β + (−1)k+1d1α ∧ d?

2β + (−1)kd?
1α ∧ d2β + (−1)2kα ∧ d?

2d2β

= (d1d
?
1 + d?

1d1)α ∧ β + α ∧ (d2d
?
2 + d?

2d2)β
= ∆1α ∧ β + α ∧∆2β.
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As ∆1 does not act on β and ∆2 does not act on α, we write ∆ω = ∆1ω + ∆2ω, or just

∆ = ∆1 + ∆2. (2.25)

This relation (2.25) also holds in general, for any arbitrary ω ∈ Ωm(M). For example if m = 0, then locally,
at some open contractible patch, we can always write ω(x, y) =

∑
j αj(x)βj(y), where x ∈M1 and y ∈M2.

(See Sobolev arguments.) This is possible at any point (x, y) ∈ M , so indeed ∆ω = ∆1ω + ∆2ω also holds,
globally, in this case.

Harmonic forms. A k-form ω is called harmonic if ∆ω = 0. In Chapter 3 we will further discuss this
kind of k-forms, when we will introduce massless superstring theory. For any compact Riemannian manifold
we can say that a k-form ω is harmonic if and only if it is closed and co-closed at the same time:

∆ω = 0 ⇔ dω = d?ω = 0. (2.26)

(This is easy to prove.)
According to Hodge’s theorem the space of harmonic k-forms defined on a compact orientable Riemannian

manifold M , is isomorphic to Hm
dR(M).

2.3 Complex Manifolds

Complex manifolds. We can easily generalize the notion of a holomorphic function f : Cn → C to
multivalued functions. A map F : Cn → Cd, written as F = (f1, · · · , fd), is called holomorphic if each fm

(1 ≤ m ≤ d) is. There is a canonical identification between R2d and Cd by writing zm = xm + iym for all m,
where z = (z1, · · · , zd) ∈ Cd and (x, y) = (x1, · · · , xd, y1, · · · , yd) ∈ R2d.

A complex manifold of complex dimension d is a smooth manifold M of real dimension 2d, where its
atlas A = {(Un, κn)} satisfies a special property: every smooth coordinate transformation, written as ψmn :
κm(Um)→ κn(Un), can be written as a holomorphic coordinate transformation Ψmn : Km(Um)→ Kn(Un).
This is by canonical identification of κm(Um) ⊂ R2d and Km(Um) ⊂ Cd. The atlas A′ := {(Un,Kn)} will be
called a holomorphic atlas.

Every complex manifold is a smooth manifold, but not every smooth manifold can be described as a com-
plex manifold. Any smooth manifold of even dimension has an atlas with smooth coordinate transformations
which can be represented by complex maps, but these are not necessarily holomorphic. But, sometimes it
is possible to find a subatlas A′ of A which can be described as a holomorphic atlas. In this case it is
often possible to find many inequivalent subatlases, each being holomorphic, but coordinate transformations
between these subatlases cannot be represented by holomorphic maps. This is related to a special property
called complex structure, which will be explained later.

Holomorphic maps. For any pair of complex manifolds M and N , with m = dimC(M) and n = dimC(N),
a map f : M → N is called holomorphic if for any p ∈ M and for any two charts κ around p and λ around
f(p) the map λ◦f◦κ−1 : Cm → Cn is holomorphic. This property is independent of the choices of coordinates
around p ∈M and f(p) ∈ N .

We say M is biholomorphic to N if an invertible holomorphic map f : M → N exists. Then f itself
is called a biholomorphism. Such an f is always a diffeomorphism, and being holomorpic it also induces a
biholomorphism f−1 : N →M . (Then also m = n.) In this case the complex structures of M and N can be
identified: (M,JM ) ' (N, JN ).

Holomorphic functions and the maximum modulus principle. A holomorphic function on M is
simply a holomorphic map between M and C. If f : M → C is holomorphic, then the maximum modulus
principle tells us the following: if f has an absolute maximum at a point in some connected open subset
U of M , then f must be constant on U . If M is compact, then f must reach an absolute maximum. This
implies that any holomorphic function f : M → C, with a compact domain M , must be a constant function.
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The complexified tangent space. We would like to define smooth complex functions on any complex
manifold M . For any pair f, g : M → R we can define a complex function h := f + ig : M → C, and any
complex function can be decomposed like this. Some of these functions can be holomorphic. An ordinary
holomorphic complex function f(z) satisfies ∂f/∂z̄ = 0. Similarly we would like a holomorphic function
h : M → C to satisfy V [h] = 0 for any anti-holomorphic vector field V . However, these V do not lie in TM ,
but rather in its complexified cousin TMC. This is a natural straightforward extension, and any Z ∈ TpM

C

can be written as X + iY , for some X,Y ∈ TpM . When tangent spaces are complexified, we also need to
complexify cotangent spaces. For any pair α, β ∈ T ∗pM we have an ω := α+ iβ ∈ T ∗pMC.

Real and complex coordinates. For any complex manifold M , with m = dimC(M) and coordinates zµ,
we can always represent the coordinates by real numbers by the identity zµ = xµ + iyµ. Then the complex
differentials, which are a basis for T ∗pM

C, become

dzµ = dxµ + idyµ , dz̄µ = dxµ − idyµ. (2.27)

The basis for TpM
C, dual to the basis of complex differentials, becomes

∂

∂zµ
=

1
2
(
∂

∂xµ
− i ∂

∂yµ
) ,

∂

∂z̄µ
=

1
2
(
∂

∂xµ
+ i

∂

∂yµ
). (2.28)

(Note that dimR(TpM
C) = 4m.)

Another useful notation is used for the spaces of vectors and covectors which have purely holomorphic
or anti-holomorphic indices. For the tangent space we define

TpM
+ := span{ ∂

∂zµ
} , TpM

− := span{ ∂

∂z̄µ
},

and we write TpM
C = TpM

+ ⊕ TpM
−. We do the same for the cotangent space T ∗pM

C = T ∗pM
+ ⊕ T ∗pM−,

with

T ∗pM
+ := span{dzµ} , T ∗pM

− := span{dz̄µ}.

Holomorphic and anti-holomorphic vector fields. Any holomorphic vector field V can be written as

V = V µ(z)
∂

∂zµ
,

and any anti-holomorphic vector field W can be written as

W = W µ̄(z̄)
∂

∂z̄µ
.

We see that the components V µ(z) and W µ̄(z̄) are holomorphic and anti-holomorphic functions respectively.
This can be related to holomorphic and anti-holomorphic functions. A complex function f : M → C

is holomorphic if and only if for any anti-holomorphic vector field W it satisfies W [f ] = 0. Similarly, it is
anti-holomorphic if and only if for any holomorphic vector field V it satisfies V [f ] = 0.

Complex manifolds and orientation. For a complex manifold we know that all of its coordinate trans-
formations Ψmn are holomorphic. This implies that the corresponding tangent maps (Ψmn)∗ are all linear
holomorphic maps, thus they have a positive determinant when representing them as real matrices. We
conclude that any complex manifold is orientable, which also means that a non-orientable manifold cannot
be described as a complex manifold. Sometimes we even say a complex manifold is already oriented, as Cd

carries a standard orientation and the image of any chart is contained in Cd.

40



Complex structure. Let J be a globally defined smooth tensor field of type (1, 1) on a smooth manifold
M , thus J ∈ TM ⊗ T ∗M . Then J can also be reformulated as a linear map J : TM → TM . It is a tensor
field, thus at every point p ∈ M it defines a map Jp : TpM → TpM . Then J is called an almost complex
structure on M if it satisfies J2 = − IdTM , or pointwise, for any p and for any V ∈ TpM , Jp(Jp(V )) = −V .
As we can always construct a not necessarily smooth tensor field J which satisfies the last identity in a
pointwise manner, we must indeed restrict to smooth tensor fields to be able to do something sensible.
Another subtlety is, when J is smooth and satisfies J2 = − Id on some coordinate chart, that it will not
necessarily extend globally. It turns out that not every smooth manifold can be equipped with an almost
complex structure, but when a smooth manifold permits an almost complex structure, it is called an almost
complex manifold.

However, we will only be dealing with complex manifolds from now on, thus there is a unique almost
complex structure corresponding to the holomorphic atlas, and from now on we will just call it the complex
structure. The complex structure J is a real tensor field which can be extended to TMC. Expressed in
holomorphic coordinates it can be defined as

J := i
∂

∂zµ
⊗ dzµ − i ∂

∂z̄µ
⊗ dz̄µ. (2.29)

This is an isotrope tensor, thus it will have this appearance with respect to any arbitrary holomorphic
coordinate in the same atlas. When we are dealing with a complex manifold M , we are automatically
dealing with a pair (M,J).

When a smooth manifold can be described as a complex manifold, the choice of a maximal holomorphic
atlas may not be unique. To any choice of a maximal holomorphic atlas, a complex structure J is related.
We say that J is an element of the complex structure moduli space MC . As a trivial example, there is only
one maximal holomorphic atlas for CN (by definition!), thus it carries a unique complex structure. We write
dim(MC(CN )) = 0. Any torus T 2, described as a smooth manifold, allows a (complex) 1-dimensional family
of holomorphic atlases, thus

dim(MC(T 2)) = dimC(MC(T 2)) = 1. (2.30)

We will discuss this later.
If (M1, J1) and (M2, J2) are complex manifolds, then (M,J) := (M1×M2, J) is again a complex manifold,

where the complex structure J is canonically derived from the already given complex structures J1 and J2:
using simple notation we write J = J1 + J2.

Complex tensor fields and differential forms. When A and B are two real (k, l)-tensors, A,B ∈
T k

l (M)p, then C := A + iB ∈ T k
l (M)C

p = T k
l (M)p ⊗ C is said to be a complex tensor. Again all complex

tensor fields can be decomposed this way. The bases (2.27) and (2.28) can be extended to bases of complex
tensors. Officially we should then say that a complex tensor C has type (k, l;m,n), and it is decomposed as

C = Cµ1···µkν̄1···ν̄l
ρ1···ρmσ̄1···σ̄n

∂

∂zµ1
⊗ · · · ⊗ ∂

∂zµk
⊗ ∂

∂z̄ν1
⊗ · · · ⊗ ∂

∂z̄νl
⊗ dzρ1 ⊗ · · · ⊗ dzρm ⊗ dz̄σ1 ⊗ · · · ⊗ dz̄σn .

This notation has a canonical extension to tensor fields C of type (k, l;m,n). Of course we can reorder
the basis in such an expression, for example dz ⊗ dz̄ 7→ dz̄ ⊗ dz, and the result should be a different
tensor, so to make this complete we should also indicate the ordering of holomorphic and anti-holomorphic
indices. Fortunately we are mainly interested in tensors with covector indices only. We will mainly look
at complex differential forms of type (k, l), which are complex tensor fields of type (0, 0; k, l). The space
of these forms is denoted by Ωk,l(M), which is of course a complex vector space, and we should note that
Ωk,l(M) ⊂ Ωk+l(M)C. As differential forms are completely antisymmetrized tensors, we will not care about
the ordering of holomorphic and anti-holomorphic indices. We will write the decomposition of any (k, l)-form
using an ordering prescription. When ω ∈ Ωk,l(M), we decompose it as

ω =
1
k!l!

ωµ1···µkν̄1···ν̄l
dzµ1 ∧ · · · ∧ dzµk ∧ dz̄ν1 ∧ · · · ∧ dz̄νl .
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Multiplying complex differential forms is a straightforward procedure. For any α ∈ Ωk,l(M) and β ∈
Ωm,n(M) we write α ∧ β ∈ Ωk+m,l+n(M).

The complex conjugate of any ω ∈ Ωk,l(M) is written as ω̄ ∈ Ωl,k(M), and its components are just the
complex conjugate of the components of ω. This means that when components are holomorphic functions,
then the complex conjugate of these components are anti-holomorphic functions. A form α ∈ Ωk,0(M) is
called holomorphic if all of its components are holomorphic functions with respect to any coordinate. This
means that ᾱ ∈ Ω0,k(M) and that all of its components are anti-holomorphic functions. Such an α is called
a holomorphic k-form. (Then ᾱ is called an anti-holomorpic k-form.)

Holomorphic top-forms. For any compact connected complex manifold M , with m = dimC(M), a so-
called holomorphic top-form is a form Ω ∈ Ωm,0(M), with only holomorphic components. It can be written
as follows:

Ω = Ωµ1···µm
(z1, · · · , zm)dzµ1 ∧ · · · ∧ dzµm ' Ω(z1, · · · , zm)dz1 ∧ · · · ∧ dzm. (2.31)

Note that Ω(z1, · · · , zm) is not a scalar function, as it transforms under coordinate transformations. However,
if Ω and Ω′ are different top-forms, and if Ω′ can be rewritten as φΩ, where φ : M → C is a holomorphic
scalar function, then the maximum modulus principle tells us that φ is a constant. Then Ω′ is a constant
multiple of Ω. Of course such a function φ only exists if Ω and Ω′ have the same zero set. This means that
the space of holomorphic top-forms which have the same zero set, has complex dimension one. Especially
the space of nowhere vanishing holomorphic top-forms has at most complex dimension one.

The holomorphic and anti-holomorphic exterior derivatives. The exterior derivative d : Ωk(M)→
Ωk+1(M) can be trivially extended to a map d : Ωk(M)C → Ωk+1(M)C. For any ω ∈ Ωk,l(M), we find

dω =
1
k!l!

(
∂

∂zλ
ωµ1···µkν̄1···ν̄l

dzλ +
∂

∂z̄λ
ωµ1···µkν̄1···ν̄l

dz̄λ) ∧ dzµ1 ∧ · · · ∧ dzµk ∧ dz̄ν1 ∧ · · · ∧ dz̄νl

by using relations (2.27) and (2.28). We see that dω ∈ Ωk+1,l(M)⊕ Ωk,l+1. We write dω = ∂ω + ∂̄ω, where

∂ω =
∂

∂zλ
ωµ1···µkν̄1···ν̄l

dzλ ∧ dzµ1 ∧ · · · ∧ dzµk ∧ dz̄ν1 ∧ · · · ∧ dz̄νl

∂̄ω =
∂

∂z̄λ
ωµ1···µkν̄1···ν̄l

dz̄λ ∧ dzµ1 ∧ · · · ∧ dzµk ∧ dz̄ν1 ∧ · · · ∧ dz̄νl

= (−1)k ∂

∂z̄λ
ωµ1···µkν̄1···ν̄l

dzµ1 ∧ · · · ∧ dzµk ∧ dz̄λ ∧ dz̄ν1 ∧ · · · ∧ dz̄νl ,

thus d = ∂+ ∂̄. We see that ∂ is a map from Ωk,l to Ωk+1,l, and ∂̄ is a map from Ωk,l to Ωk,l+1. Just like the
d-operator, these operators satisfy a product rule, which in fact is equal to that of d. For any α ∈ Ωk(M)C

and β ∈ Ωl(M)C we have

∂(α ∧ β) = ∂α ∧ β + (−1)kα ∧ ∂β , ∂̄(α ∧ β) = ∂̄α ∧ β + (−1)kα ∧ ∂̄β.

A form ω ∈ Ωk,l(M) is called ∂-closed (∂̄-closed) if ∂ω = 0 (∂̄ω = 0), and ∂-exact (∂̄-exact) if there
exists an α ∈ Ωk−1,l(M) (an α ∈ Ωk,l−1(M)) such that ω = ∂α (ω = ∂̄α). Again, it is easily shown that
∂2 = ∂̄2 = 0, thus we can study their cohomology theory. However it is sufficient just to look at one of
the two operators, as for any (k, l)-form ω we have ∂ω̄ = ∂̄ω. By convention we are only interested in
∂̄-cohomology.

Using the identity 0 = d2 = (∂ + ∂̄)2 = ∂2 + ∂̄2 + ∂∂̄ + ∂̄∂ = ∂∂̄ + ∂̄∂ we see that ∂ and ∂̄ anticommute.
Now d(∂ − ∂̄) = (∂ + ∂̄)(∂ − ∂̄) = ∂̄∂ − ∂∂̄ = −2∂∂̄, thus we obtain the identity

∂∂̄ = −1
2
d(∂ − ∂̄). (2.32)
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Dolbeault cohomology and Hodge numbers. For any complex manifold M , with m = dimC(M), we
can study the so-called Dolbeault cohomology, or ∂̄-cohomology. In fact it resembles de Rham cohomology
in many ways, except that now we are not looking at the behaviour of the total exterior derivative d, but
only at the behaviour of the anti-holomorphic exterior derivative ∂̄. Formally written, a ∂̄-closed (k, l)-form
is an element of

Ker(∂̄ : Ωk,l(M) −→ Ωk,l+1(M)),

and a ∂̄-exact (k, l)-form is an element of

Im(∂̄ : Ωk,l−1(M) −→ Ωk,l(M)).

Again the space of ∂̄-exact (k, l)-forms is a normal subgroup of the space of ∂̄-closed (k, l)-forms, and they
are both subgroups of Ωk,l(M). The (k, l)-th Dolbeault cohomology group of M is defined as

Hk,l(M) = Hk,l(M ; C) := Ker(∂̄ : Ωk,l(M) −→ Ωk,l+1(M))/ Im(∂̄ : Ωk,l−1(M) −→ Ωk,l(M)).

Alternative notations are Hk,l(M) = Hk,l
D (M) = Hk,l

∂̄
(M). Let ω and ω′ be ∂̄-closed (k, l)-forms. Then

they are equivalent if there exists a (k, l − 1)-form α so that ω′ = ω + ∂̄α, and we say that ω and ω′ are
∂̄-cohomologous. In this case we can write

Hk,l(M) ' Chk,l

,

for some integers hk,l = hk,l

∂̄
:= dimC(Hk,l(M)). These integers are called the Hodge numbers of M , which

again are finite when M is compact. Of course we could also look at the ∂-cohomology, defined by

Hk,l
∂ (M) := Ker(∂ : Ωk,l(M) −→ Ωk+1,l(M))/ Im(∂ : Ωk−1,l(M) −→ Ωk,l(M))

instead. Then, writing hk,l
∂ = dimC(Hk,l

∂ (M)), we obtain the identity hk,l

∂̄
= hl,k

∂ , which is generally applica-
ble. We conclude that, in general, we never have more than (m + 1)2 independent Hodge numbers for any
complex manifold. The Hodge diamond of M expresses all Hodge numbers of M :

h0,0 h0,1 · · · h0,m

h1,0 h1,1 h1,m

...
. . .

...
hm,0 hm,1 · · · hm,m.

(A rotation of 45 degrees still misses here!) As an example, we note that for any contractible complex
manifold M , for example Cn, we can write hk,l

M = δk,0δl,0.

Some remarks about Hodge numbers. The Hodge numbers are not pure topological invariants, but
rather pseudo-topological. They depend on topological properties and on properties of the complex struc-
ture. When M and N are complex manifolds, and if φ : M → N is a diffeomorphism, we know that its
Betti numbers are equal. The same is not necessarily valid for the Hodge numbers. However, if φ is also
holomorphic, it preserves the complex structure, and we say that φ is a biholomorphism, and it has a unique
holomorphic inverse. In this case the Hodge numbers are equal: hk,l

M = hk,l
N .

2.4 Examples of Complex Manifolds

The trivial ones. The sets Cm can be regarded as trivial complex manifolds. For any n < m the set Cn

can be embedded in Cm so that it is a complex submanifold of Cm. However, these submanifolds are not
compact, and in the main subject of this thesis we will mainly be interested in compact complex manifolds
(without boundary).
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The only compact complex manifolds embedded in Cm (as complex submanifolds) are points, thus they
are trivial ones, having complex dimension zero. This is related to the maximum modulus principle, which
will of course contradict the statement that the domain U of any non-trivial holomorphic map f : U → Cm

is compact. In other words, a compact complex manifold cannot be embedded in Cm. Therefore we need
other kinds of sets instead, to be described as complex manifolds, which admit more interesting compact
complex submanifolds.

Complex projective spaces. Many compact algebraic manifolds, or hypersurfaces, can be described
(or represented) as a subset of some complex projective space. We define the complex projective space of
(complex) dimension N , denoted by CPN , or in short PN , as follows:

PN :=
CN+1 − {(0, · · · , 0)}

C− {0}
= (CN+1)∗/C∗.

Elements of PN are denoted by [Z0 : Z1 : · · · : ZN ], where all Zj are complex. The element [0 : 0 : · · · : 0] is
not allowed. For any λ ∈ C∗ the following identity holds:

[Z0 : Z1 : · · · : ZN ] = [λZ0 : λZ1 : · · · : λZN ].

These PN are all compact complex manifolds of (complex) dimension N . It is important to realize that these
Zj are not coordinates on some chart of PN . However, we can restrict to a part of PN on which for example
Z0 is non-zero. Then we can write any point on this subset in a unique way:

[Z0 : Z1 : Z2 : · · · : ZN ] = [1 :
Z1

Z0
:
Z2

Z0
: · · · : Z

N

Z0
] = [1 : W 1 : W 2 : · · · : WN ].

With these W j , which are called inhomogeneous coordinates by convention, it is possible to define one of the
charts contained in a minimal holomorphic atlas of PN . This atlas contains N + 1 similar charts in total.
It is easy to show that the corresponding chart transition functions are all holomorphic, and it is clear that
we are dealing with an orientable manifold. A special case is P = P1, called the Riemann sphere. It has
complex dimension 1, and we will call it the complex projective line.

We should note that the complex structure of CN can be regarded as being unique, by definition. Similarly
the complex structure of PN can also be regarded as being unique, by definition.

One important remark is that the inhomogeneous coordinates W j are induced by the coordinates Zj

which were defined on (CN+1)∗. In this sense, the W j are unique as they are uniquely related to the Zj

(up to a global scale factor of course). We could though have chosen other coordinates Z
′j , and study

coordinate transformations from Z to Z ′. (As we are dealing with a holomorphic atlas, we can safely assume
that a holomorphic map from Z to Z ′ exists.) According to [6] we should restrict ourselves to coordinate
transformations which are invertible linear maps with complex coefficients. Only these are free of poles and
are invariant under the complex rescaling we will apply when inducing coordinates W ′ on PN from Z ′.

The (smooth) set of invertible linear holomorphic maps from Ck to Ck forms a Lie group called the general
linear group with complex coefficients, or, in short, GL(k,C). Elements of GL(k,C) can be represented as
k-by-k matrices with complex coefficients and non-zero determinant. Any of the groups GL(k,C) induces a
collection of holomorphic coordinate transformations on Pk.

We note that PN can be embedded into PN+1 in many different ways. As a trivial example, we can write

[Z0 : · · · : ZN ] ∈ PN 7→ [Z0 : · · · : ZN : 0] ∈ PN+1.

Complex projective spaces: A cell complex. Let P1 = X1 ∪X2, with

X1 = {[0 : 1]} , X2 = {[1 : W 1]|W 1 ∈ C}.

We see that X1 is just a point, and that X2 ' C, thus C(P1) = C0 ∪C2, which is a disjoint union of a 0-cell
and a 2-cell. Similarly we can write P2 = Y1 ∪ Y2 ∪ Y3, with

Y1 = {[0 : 0 : 1]}, Y2 = {[0 : 1 : W 2]}, Y3 = {[1 : W 1 : W 2]}.
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We see that Y3 ' C2, thus C(P2) = C0 ∪ C2 ∪ C4 = C(P1) ∪ C4. In general we can write:

C(PN ) = C(PN−1) ∪ C2N = C0 ∪ C2 ∪ C4 ∪ · · · ∪ C2N−2 ∪ C2N .

As a consequence we can write χ(PN ) = N + 1.

Complex projective spaces: Betti numbers and Hodge numbers. The Betti numbers of PN are
expressed as follows:

(b0(P1), · · · , b2(P1)) = (1, 0, 1)
(b0(P2), · · · , b4(P2)) = (1, 0, 1, 0, 1)
(b0(P3), · · · , b6(P3)) = (1, 0, 1, 0, 1, 0, 1)
(b0(P4), · · · , b8(P4)) = (1, 0, 1, 0, 1, 0, 1, 0, 1).

(It is a coincidence that the cell complexes described above would also give the same result.)
The Hodge diamond of PN is expressed as

h0,0(PN ) h0,1(PN ) · · · h0,N (PN )
h1,0(PN ) h1,1(PN ) h1,N (PN )

...
. . .

...
hN,0(PN ) hN,1(PN ) · · · hN,N (PN )

 =


1 0 · · · 0
0 1 0
...

. . .
...

0 0 · · · 1

 , (2.33)

or just simply by
hk,l(PN ) = δk,l.

Later we will discuss the relation between the Betti numbers and the Hodge numbers for a specific kind of
compact complex manifolds, namely compact Kähler manifolds.

A real projective space embedded in a complex projective space. Note that the set [Z0 : · · · : ZN ]
with all Zj ∈ R is embedded in PN . This set is called the real projective space of (real) dimension N , and we
write RPN . Thus, we write RPN ⊂ PN . Note that RPM can also be embedded into PN if M < N . Another
way to express RPN is

RPN =
RN+1 − {(0, · · · , 0)}

R− {0}
= (RN+1)∗/R∗ ' SN/Z2,

where Z2 represents the group identifying antipodal points of the N -sphere. If N is odd, then RPN is an
orientable manifold, and if N is even it is not.

Hypersurfaces in complex projective spaces. Let p : C(N+1)∗ 7→ C be a homogeneous holomorphic
polynomial of degree n, then we can look at the zero set of p, which is defined as X̃ := p−1(0) ⊂ C(N+1)∗.
Homogeneity of p means that for any λ ∈ C∗ we have p(λZj) = λnp(Zj) for all Zj ∈ C(N+1)∗. Homogeneity
of p ensures that for any point (Z0, · · · , ZN ) lying in X̃, the point (λZ0, · · · , λZN ) also lies in X̃, namely

p(Zj) = 0⇒ p(λZj) = λnp(Zj) = 0 (∀λ ∈ C∗).

Thus the C∗ action, expressed by multiplying by λ, leaves the set X̃ invariant. This ensures that we can
consistently define the set X := X̃/C∗ ⊂ PN , and we will call X a compact hypersurface (or hypercurve) in
PN , with dimC(X) = N − 1. For any p we can define a holomorphic differential

dp :=
∂p

∂zµ
dzµ.

If dp = 0 has no solution on X̃ we say that p generates a complex manifold. This manifold is the pullback
of X̃ to PN , written as X := X̃/C∗ ⊂ PN . Saying that dp = 0 has no solution on X̃ is equivalent to saying
that X contains no singular points. As PN itself is a compact complex manifold, we see that X is a compact
complex submanifold of PN .
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Hypersurfaces in complex projective spaces: Complex structures. We should be careful in making
conclusions about the possible complex structures on such a hypersurface. First let X be an arbitrary smooth
submanifold of PN , where dimR(X) = 2N−2. The complex structure J on PN may be unique, but in general
there is no canonical way to pull back this J to X decently, as J is a tensor field of mixed type. Then we
need to redefine a complex structure on X from the start (if possible at all).

On the other hand, if X is a hypersurface, embedded in PN , then it is already defined with respect to
the holomorphic atlas of PN . Thus, X is already described as a complex submanifold of PN . This means
that we can describe X with a complex structure JX , canonically induced by J . (Doing this the other way
round is not possible: J cannot be induced by JX .)

If X and X ′ are different hypersurfaces embedded in PN , then they still have the same topology, and a
homeomorphism f : X → X ′ always exists. On the other hand, a biholomorphism φ : X → X ′ does not
always exist. If a map, represented by an element of GL(N,C), inducing a biholomorphism from X to X ′,
exists, then X and X ′ carry the same complex structure. But, in many cases such a biholomorphism does
not exist. Then X and X ′ carry different complex structures. We conclude that a hypersurface carries new
degrees of freedom for complex structures, compared to the embedding space PN .

Complex submanifolds of a hypersurface. Now we understand that the complex structure J of PN

canonically induces a complex structure JX on any hypersurface X ⊂ PN , with dimC(X) = N − 1. We can
say that JX is an induced complex structure, generated by J .

Now assume Y ⊂ X is a hypersurface (holomorphically) embedded in X, with dimC(Y ) = N − 2. Then
we can say that JY is an induced complex structure, generated by JX . In later chapters we will see some
examples of Riemann surfaces embedded in a K3 surface, in turn embedded in P3.

Now we will study some examples of hypersurfaces which will return in later chapters.

Cubics in P2. A general homogeneous third order polynomial on C3∗ can be written as

p : C3∗ −→ C : (Z0, Z1, Z2) 7→ pijkZ
iZjZk,

where the coefficients pijk are assumed to be complex and symmetric in all indices. Most choices of pijk will
give us a non-singular X ⊂ P2, thus X will be a complex manifold with dimC(X) = 1. We will call this X a
cubic in P2. We say that X is a compact Riemann surface. (Riemann surfaces will be discussed later.) To
be more precise: X is a Riemann surface of genus 1, thus it is a complex torus.

As pijk must be symmetric, there are only
(
5
3

)
= 10 independent coefficients. However, we can make

a further reduction. The group GL(3,C), which has complex dimension 9, acts on the Zj . Dividing out
polynomials which are equivalent under this group, results in a reduction from 10 to just 1 independent
coefficient. This means that the moduli space of complex structures of all complex tori, embedded in P2,
has (at least) complex dimension one: dimC(MC(T 2)) ≥ 1.

Cubics in P2: Deformations. We can also study deformations of one cubic into another. If we have, for
example, the two polynomials

p : (Z0, Z1, Z2) 7→ (Z0)3 + (Z1)3 + (Z2)3 , q : (Z0, Z1, Z2) 7→ (Z0)3 − (Z1)3 − (Z2)3,

then the zero sets of these functions generate hypersurfaces Xp and Xq in P2. Then we can study their linear
interpolation

rs : (Z0, Z1, Z2) 7→ (Z0)3 + (1− 2s)((Z1)3 + (Z2)3),

where s ∈ [0, 1]. However, the map r1/2 : (Z0, Z1, Z2) 7→ (Z0)3, with dr1/2 = 3(Z0)2dZ0, gives us a
hypersurface with singularities: note that the equations r1/2 = 0 and dr1/2 = 0 have exactly the same
solution set. This actually means that all points in X1/2 ⊂ P2, which is the hypersurface generated by r1/2,
are singularities. It is however still a complex manifold, as X1/2 ' P. (The equation r1/2(Z0, Z1, Z2) =
dr1/2(Z0, Z1, Z2) = 0 will be satisfied if Z0 = 0, thus for any point [0 : Z1 : Z2] ∈ P2.) Even if this X1/2 is
a complex manifold, we should ignore it in the family of complex tori.
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On the other hand, we can redefine rs and do a polar interpolation instead:

rs : (Z0, Z1, Z2) 7→ (Z0)3 + esπi((Z1)3 + (Z2)3).

Then the zero sets of rs correctly define a one-parameter family of hypersurfaces, starting at Xp and ending
at Xq, proving that Xp and Xq have the same topology. (In general we can always use some arbitrary
interpolation, avoiding singularities, to prove this for any pair of hypersurfaces embedded in PN .)

In this example the complex structure will not change, but in general this method also works for a pair
of hypersurfaces with different complex structures: then we can see how the complex structure smoothly
changes.

Quartics in P3. A general homogeneous fourth order polynomial on C4∗ can be written as

p : C4∗ −→ C : (Z0, Z1, Z2, Z3) 7→ pijklZ
iZjZkZl.

When X = p−1(0)/C∗ is non-singular, it will be a complex manifold with dimC(X) = 2. We will call this X
a quartic in P3. (These quartics are examples of K3 surfaces, see later chapters). Now there are

(
7
4

)
= 35

independent coefficients, and we are dealing with a reduction by GL(4,C) which has dimension 16. There
are only 19 out of 35 left. This means that the moduli space of complex structures of all quartics, embedded
in P3, has precisely complex dimension 19. (In [6] we can read that for any hypersurface X embedded in
PN , with N > 2, all of the complex structures can be found in this way.)

Quintics in P4. A general homogeneous fifth order polynomial on C5∗ can be written as

p : C5∗ −→ C : (Z0, Z1, Z2, Z3, Z4) 7→ pijklmZ
iZjZkZlZm.

Again, when X = p−1(0)/C∗ is non-singular, it will be a complex manifold with dimC(X) = 3. We will
call this X a quintic in P4. Now there are

(
9
5

)
= 126 independent coefficients, and we are dealing with a

reduction by GL(5,C) which has dimension 25. There are only 101 out of 126 left. This means that the
moduli space of complex structures of all quintics, embedded in P4, has precisely complex dimension 101.

Riemann surfaces. When the complex dimension of a complex manifold M is 1, we call M a Riemann
surface. From now on we only discuss compact connected Riemann surfaces S. By convention we assume
these to have no boundary. Any Riemann surface is orientable, thus any S can be described as a 2-dimensional
surface with genus g. Its Betti numbers are b0(S) = b2(S) = 1 and b1(S) = 2g, thus its Euler number is
χ(S) = 2 − 2g. For any 2-dimensional surface with genus 0, thus a sphere S2, there is a unique maximal
holomorphic atlas, which makes it into the complex projective line P. Uniqueness means that any two
holomorphic atlases of P are equal up to a holomorphic transformation. The Riemann-Roch theorem,
combined with Chow’s theorem, tells us that any Riemann surface of genus 0 can be identified with P, which
is a unique identification, and any Riemann surface of genus 1, thus any (complex) torus, can be identified
with a cubic in P2. This means that the moduli space of complex structures of all complex tori has precisely
complex dimension one, see (2.30).

Riemann surfaces: Some other examples. Some Riemann surfaces can be described as hypersurfaces
embedded in P2. Let

p : C3∗ −→ C : (X,Y, Z) 7→ Xk + Y k + Zk

be a (trivial) homogeneous polynomial on C3∗ of order k > 0, and let S̃ := p−1({0}). Then S := S̃/C∗ is a
non-singular compact Riemann surface, embedded in P2. Now we can examine a cell complex of this S, and
compute its Euler number χ(S). We start with χ = 0, and we will add some intermediate terms δχ:

• We know that [0 : 0 : 1] 6∈ S, so that δχ = 0. Thus we have χ 7→ χ+ δχ = 0 + 0 = 0.
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• We know that [0 : 1 : Z] ∈ S if 1 + Zk = 0. This has k points as solutions for Z, so that δχ = k. Thus
we have χ 7→ χ+ δχ = 0 + k = k.

• We know that [1 : Y : Z] ∈ S if 1 + Y k + Zk = 0. If 1 + Y k = 0, which has k points as solutions
for Y , then this has the trivial solution Zk = 0 ⇒ Z = 0. Then we have δχ = k, so that χ 7→
χ + δχ = k + k = 2k. Now, if 1 + Y k 6= 0, then this has k solutions for Z for any Y ∈ C−k, where
C−k equals C with k points removed. Knowing that χ(C−k) = 1− k, we obtain δχ = k(1− k), so that
χ 7→ χ+ δχ = 2k + k(1− k) = k(3− k).

Thus, the result is that χ(S) = k(3− k). We also know that χ(S) = 2− 2gS . Then we can finally say that a
trivial homogeneous polynomial of order k generates a compact Riemann surface of genus gS = 1

2 (k−1)(k−2).
This gives us the following table:

k 1 2 3 4 5 · · ·
gS 0 0 1 3 6 · · · (2.34)

2.5 Kähler Manifolds

The complexified metric. When a complex manifold M is equipped with a Riemannian metric g, we
can always naturally extend g to a metric acting on elements of the complexified tangent space. For any
Z,W ∈ TpM

C there exist X,Y, U, V ∈ TpM such that Z = X + iY and W = U + iV . Then

gp(Z,W ) = gp(X,U)− gp(Y, V ) + i(gp(X,V ) + gp(Y, U)). (2.35)

We can express components of g with respect to complex coordinates:

(gp)µν = gp(
∂

∂zµ
,
∂

∂zν
) , (gp)µν̄ = gp(

∂

∂zµ
,
∂

∂z̄ν
),

(gp)µ̄ν = gp(
∂

∂z̄µ
,
∂

∂zν
) , (gp)µ̄ν̄ = gp(

∂

∂z̄µ
,
∂

∂z̄ν
).

We see that also (2.35) is symmetric in its arguments, thus the components satisfy the following identities:

gµν = gνµ, gµ̄ν̄ = gν̄µ̄, gµν̄ = gν̄µ. (2.36)

Another property, derived from gp(Z̄, W̄ ) = gp(Z,W ), is

gµν̄ = gµ̄ν , gµν = gµ̄ν̄ . (2.37)

Hermitian metrics. A Riemannian metric g is called Hermitian if it satisfies

gp(JpX, JpY ) = gp(X,Y )

for all p ∈M and for all X,Y ∈ TpM . (Then gp(JpX,X) = 0 for all X ∈ TpM .) In this case the pair (M, g)
is called a Hermitian manifold. We should note that when h is an arbitrary Riemannian metric on M , then
a Hermitian metric g can be constructed from h. For all p ∈M and for all X,Y ∈ TpM we write

gp(X,Y ) :=
1
2
(hp(X,Y ) + hp(JpX, JpY ).

To check whether this is indeed a Hermitian metric is an easy exercise. There is a trivial extension of a
Hermitian metric to the complexified tangent space. It is easy to check that the components gµν and gµ̄ν̄ of
g with respect to complex coordinates are zero for any Hermitian metric. Thus, for any Hermitian metric,
properties (2.36) and (2.37) can be summarized as

gµν = gµ̄ν̄ = 0, gµν̄ = gν̄µ, gµν̄ = gµ̄ν .

The full expansion of g in components will be

gp = (gp)µν̄dz
µ ⊗ dz̄ν + (gp)µ̄νdz̄

µ ⊗ dzν = (gp)µν̄(dzµ ⊗ dz̄ν + dz̄ν ⊗ dzµ). (2.38)

We should note that X and JX are mutually orthogonal with respect to any Hermitian metric.
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Hermitian metrics and complex submanifolds. Let M be a complex manifold with a Hermitian
metric g, let N ⊂ M be a complex submanifold of M and let ι : N → M be the canonical holomorphic
embedding with pullback map ι∗ : T ∗ι(p)M → T ∗pN . Then we can pull back g from M to N , so that h := ι∗g
defines a Hermitian metric on N . Let now z be a complex coordinate on N , around a point p ∈ N , and let w
be a complex coordinate on M , around ι(p) ∈M . Then (2.17) has an analog, describing a relation between
the components of h and g:

h(z)µν̄ =
∂wα

∂zµ

∂w̄β

∂z̄ν
g(w)αβ̄ . (2.39)

The Kähler form. When a metric g and a complex structure J are defined on M , a Kähler form ω ∈
Ω1,1(M) can be constructed. For any pair V,W ∈ TpM , we define

ω(V,W ) := g(JV,W ).

From (2.38) we then derive that the full expansion of ω in components will be

ωp = (gp)µν̄(idzµ ⊗ dz̄ν − idz̄ν ⊗ dzµ) = i(gp)µν̄dz
µ ∧ dz̄ν . (2.40)

As g and J are still real tensor fields when restricted to real input vectors, also ω is a real 2-form when
restricted to real input vectors.

Kähler manifolds. When the Kähler form ω on a Hermitian manifold M is closed, thus when dω = 0, we
call M a Kähler manifold. We know that ω ∈ Ω1,1(M), thus dω = (∂+ ∂̄)ω = ∂ω+ ∂̄ω, where ∂ω ∈ Ω2,1(M)
and ∂̄ω ∈ Ω1,2(M), thus dω ∈ Ω2,1(M) ⊕ Ω1,2(M). This implies that ω, being d-closed, is also ∂- and
∂̄-closed: ∂ω = ∂̄ω = 0. Thus ω is locally ∂-exact and at the same time locally ∂̄-exact on any contractible
open Ui ⊂ M . This means that there exists a smooth function Ki : Ui → C such that ω = i∂∂̄K on U . In
components we write

ω = igµν̄dz
µ ∧ dz̄ν = i

∂2Ki

∂zµ∂z̄ν
dzµ ∧ dz̄ν ⇔ gµν̄ =

∂2Ki

∂zµ∂z̄ν
.

This Ki = Ki(zµ, z̄µ) is not unique, as we can add functions which are purely holomorphic or anti-
holomorphic, let’s say a holomorphic function F (zµ) and an anti-holomorhic function Ḡ(z̄µ). Then from
K ′

i := Ki + F + Ḡ and Ki the same ω|Ui
is obtained. We will call Ki a Kähler potential, which is thus not

unique. In fact, if Kj is another such function on a different coordinate patch Uj , then nothing guarantees
that it is possible that Ki and Kj coincide on Ui ∩ Uj . This is because Ki and Kj are only locally exact.
However, it is always possible to find a holomorphic Fij(zµ) and an anti-holomorphic Ḡij(zµ), both defined
on Ui ∩ Uj , so that the equality Kj = Ki + Fij + Ḡij holds on Ui ∩ Uj .

The Dolbeault class [ω] ∈ H1,1(M) is called the Kähler class. A property of a Kähler manifold is that
[ω] is non-trivial.

If (M1, g1) and (M2, g2) are Kähler manifolds, then (M, g) := (M1 ×M2, g) is again a Kähler manifold,
where g is canonically derived from g1 and g2. The corresponding Kähler forms ω1 and ω2 can be used to
construct a Kähler form ω := ω1 + ω2 on M .

The volume of a compact Kähler manifold. If M is a compact Kähler manifold, with m = dimC(M),
then the Kähler form ω ∈ Ω1,1(M) also defines a volume form ωm ∈ Ωm,m(M):

ωm = ω ∧ · · · ∧ ω , VolM :=
∫

M

∗1 =
∫

M

ωm

m!
. (2.41)

Note that ∗1 is the canonical Riemannian volume form. (Knowing that ω is a real 2-form, this also makes
ωm into a real 2m-form.)
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A connection on a Kähler manifold. For a general Hermitian manifold we can define the Hermitian
connection which, at first instance, differs from the Levi-Civita connection. First of all we write its Christoffel
symbols with respect to complex coordinates, thus these have holomorphic and anti-holomorphic indices. It
is defined such that a holomorphic vector after parallel transport is still a holomorphic vector. This means
that we can restrict ourselves to Christoffel symbols which are zero for all mixed holomorphic and anti-
holomorphic indices. The only non-zero Christoffel symbols thus are Γκ

µν and Γκ̄
µ̄ν̄ . Again we require this

connection to be a metric connection, thus the Hermitian metric must be covariantly constant with respect
to this connection. We thus require

∇κgµν̄ = ∂κgµν̄ − Γλ
κµgλν̄ = 0 , ∇κ̄gµν̄ = ∂κ̄gµν̄ − Γλ̄

κ̄ν̄gµλ̄ = 0,

which implies that

Γκ
µν = gκλ̄∂µgνλ̄ , Γκ̄

µ̄ν̄ = gλκ̄∂µ̄gλν̄ . (2.42)

For any Hermitian metric, the corresponding Hermitian connection is unique. In general the Christoffel
symbols of the Hermitian connecton are not symmetric in the lower indices, which means that the torsion of
this connection does not vanish. However, we are only interested in Kähler manifolds. On a Kähler manifold
we have a Kähler potential locally, thus, by interchanging derivatives, we can identify ∂µgνλ̄ = ∂νgµλ̄.
This implies that, on a Kähler manifold, we are dealing with a torsion-free Hermitian connection, which
coincides with the Levi-Civita connection with respect to complex coordinates. The Christoffel symbols of
the Levi-Civita connection thus simplify and become (2.42), still satisfying

Γκ
µν = Γκ

νµ , Γκ̄
µ̄ν̄ = Γκ̄

ν̄µ̄.

The complex structure J is a trivial example of a tensor field which is covariantly constant with respect
to the Hermitian connection defined on any Hermitian manifold. If M is a Kähler manifold, then J is
automatically also covariantly constant with respect to the Levi-Civita connection. According to a theorem
the converse is also true. If M is a Hermitian manifold and if J is also covariantly constant with respect to
the Levi-Civita connection, then M must be a Kähler manifold.

The Ricci form on a Hermitian manifold. Any Hermitian manifold M admits a Ricci form R which
is based on a real 2-form which can be complexified in a trivial way. Representing it with respect to complex
coordinates gives us:

R := iRµν̄dz
µ ∧ dz̄ν , Rµν̄ := −∂ν̄(gαβ̄∂µgαβ̄) = −∂ν̄Γα

µα.

We would like to rewrite the components of the Ricci form. For any square matrix A with real, positive and
non-zero eigenvalues we have the following identities:

∂j logA = A−1∂jA , tr logA = log detA.

Now g is a Riemannian metric, when restricted to the real part of the complexified tangent space, thus it
satisfies the needed conditions to be able to write:

Γα
µα = gαβ̄∂µgαβ̄ = tr ∂µ log gαβ̄ = ∂µ tr log gαβ̄ = ∂µ log det gαβ̄ . (2.43)

Now det gαβ̄ really means the complex determinant of the top-right part of the matrix of the metric coeffi-
cients, thus, using (2.15), it satisfies:

det gαβ̄ =
√

det gjk =
√
|det gjk| = G. (2.44)

Thus, the components of the Ricci form become Rµν̄ = −∂ν̄∂µ logG.
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Now we should be careful drawing conclusions too fast, as logG is not really a scalar function. The
function logG itself depends on the used coordinates, and it will not extend globally on the entire manifold.
However, as gαβ̄ transforms as

g
(y)

αβ̄
7→ g

(z)

αβ̄
=
∂yµ

∂zα

∂ȳν

∂z̄β
g
(y)
µν̄ ,

under coordinate transformations yµ 7→ zµ, we see that G(y) 7→ G(z) = G(y) detH detA, where H is purely
holomorphic and A is purely anti-holomorphic. As a consequence, taking the logarithm of this transformation
yields logG(y) 7→ logG(z) = logG(y) + log detH + log detA. Now log detH is again purely holomorphic and
log detA is again purely anti-holomorphic, thus when we put the derivatives in front we will see that these
terms will vanish:

R(y)
µν̄ = −∂ν̄∂µ logG(y) 7→ R

(z)
µν̄ = −∂ν̄∂µ logG(z)

= −∂ν̄∂µ(logG(y) + log detH + log detA) = −∂ν̄∂µ logG(y) = R(y)
µν̄ .

This property suggests that R can be written as −∂̄∂f , where f is a local scalar, thus we can represent R
in a coordinate independent manner:

R = −i∂̄∂ logG = i∂∂̄ logG = − i
2
d(∂ − ∂̄) logG. (2.45)

The last equality comes from (2.32). We should however be careful. This expression is coordinate indepen-
dent, but that is still not enough to make R into a globally exact form. Thus it is important to realize that
R is only locally exact, and (2.45) is a local identity.

We will conclude that R is closed as it is locally exact, thus it represents a cohomology class. This
cohomology class, up to a constant, is called the first Chern class, and it is written as c1(M) := [R/2π]. The
first Chern class defines an element in H2

dR(M ; R).

The Ricci form on a Kähler manifold. Now, if M is also a (compact) Kähler manifold, then the
components of the Ricci form coincide with the components of the Ricci tensor. The Kähler metric is called
Ricci-flat if the corresponding Ricci tensor vanishes. Thus, if M is a Kähler manifold, then also the Ricci
form vanishes. As a consequence also the first Chern class vanishes. Thus, if the metric is Ricci-flat, then
the first Chern class vanishes.

The converse implication is more complicated, as the first Chern class only carries topological information.
However, there exists a proposition telling us that the first Chern class is invariant under smooth changes
of the metric. Thus, if a Ricci-flat metric g exists on M , then the first Chern class c1(M, g), related to this
g, vanishes. However, this c1(M, g), only carrying topological information, will not change after smoothly
changing g to any other metric g′. Thus, in general we have the identity c1(M, g) = c1(M, g′) = c1(M),
thus if c1(M, g) = 0 then also c1(M, g′) = 0. To summarize, if M admits a Ricci-flat metric, then its first
Chern class vanishes. The Calabi conjecture, proven by Yau, also claims the converse implication. If the
first Chern class of a compact Kähler manifold vanishes, then it admits a Ricci-flat metric.

Many of the manifolds to be studied later are said to admit a Ricci-flat metric, but in many cases this
metric is not known (exactly).

The complex Hodge star operator. The Hodge star operator ∗ : Ωk(M)→ Ωm−k(M) naturally induces
a map ∗C : Ωk(M)C → Ωm−k(M)C. Now suppose M is a complex manifold, with m = dimC(M). Then
∗ = ∗C also nicely maps from Ωk,l(M) to Ωm−l,m−k(M), as we can read in [18].

Its conjugate operator is ∗ : Ωk,l(M) → Ωm−k,m−l(M). For any complex form α it is defined by
∗α := ∗α = ∗ᾱ. Then ∗ can be used to construct an inner product. Let α and β be (k, l)-forms. Then their
inner product can be defined as

〈α, β〉 :=
∫

M

α ∧ ∗β. (2.46)
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The adjoint operators of ∂ and ∂̄. We already know that the total exterior derivative operator d has
an adjoint operator d?. We can do the same for ∂ and ∂̄:

∂† := − ∗ ∂̄∗ , ∂̄† := − ∗ ∂ ∗ .

These operators also satisfy (∂†)2 = (∂̄†)2 = 0. These operators can be used to construct other Laplace
operators.

Laplace operators on Hermitian manifolds. We already have the usual Laplace operator ∆, as defined
in (2.24). On a Hermitian manifold we define other Laplace operators:

∆∂ := (∂ + ∂†)2 = ∂∂† + ∂†∂,

∆∂̄ := (∂̄ + ∂̄†)2 = ∂̄∂̄† + ∂̄†∂̄.

If α ∈ Ωk,l(M), then it is said to be ∂-harmonic if ∆∂α = 0, and ∂̄-harmonic if ∆∂̄α = 0. If α is
∂-harmonic, then it also satisfies ∂α = ∂†α = 0, and if α is ∂̄-harmonic, then it also satisfies ∂̄α = ∂̄†α = 0:

∆∂α = 0⇔ ∂α = ∂†α = 0 , ∆∂̄α = 0⇔ ∂̄α = ∂̄†α = 0. (2.47)

These equivalences, being similar to (2.26), can also be easily proven. Now we can define the group of
∂̄-harmonic forms:

Hk,l

∂̄
(M) := {α ∈ Ωk,l(M)|∆∂̄α = 0}.

These groups turn out to be isomorphic to the Dolbeault-cohomology groups:

Hk,l

∂̄
(M) ' Hk,l(M).

A proof can be found in [18]. This means that every ∂̄-harmonic form represents a ∂̄-cohomology class.

Laplace operators on compact Kähler manifolds. Let now M be a compact Kähler manifold, and
m = dimC(M). Then all Laplace operators are equal:

∆ = 2∆∂ = 2∆∂̄ . (2.48)

A proof can be found in [1]. Combining (2.48) and (2.47) will give us the following result:

∂α = ∂†α = 0 ⇔ ∂̄α = ∂̄†α = 0.

As a consequence we can say that if α is a holomorphic (or anti-holomorphic) k-form, thus α ∈ Ωk,0(M)
(or α ∈ Ω0,k(M)), then it automatically satisfies ∂̄α = ∂̄†α = 0 (or ∂α = ∂†α = 0), thus ∆∂̄α = 0 (or
∆∂α = 0). Then (2.48) implies that ∆α = 0. Thus, with respect to the Kähler metric, any holomorphic (or
anti-holomorphic) k-form is harmonic, ∂-harmonic and ∂̄-harmonic at the same time. Conversely, ∆α = 0
implies ∂̄α = 0 (or ∂α = 0), thus every harmonic (k, 0)-form (or (0, k)-form) is a holomorphic (or anti-
holomorphic) k-form.

We can say that especially a holomorphic top-form Ω is automatically a harmonic form. We already
know that the space of holomorphic top-forms with the same zero set, has complex dimension one, if M is
connected. This means that the space of harmonic (m, 0)-forms with the same zero set, also has complex
dimension one. This in turn means that hm,0(M) tells us more about the number of different zero sets
(including the empty zero set in case of a nowhere vanishing Ω) any holomorphic top-form can have.

Also note that ∂̄Ω = 0 and Ω cannot be ∂̄-exact, thus [Ω] represents a Dolbeault cohomology class.
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Hodge numbers of Kähler manifolds. If M is a compact Kähler manifold of complex dimension m,
then its Hodge numbers hk,l = hk,l(M) satisfy the following rule for all k and l:

hk,l = hl,k = hm−k,m−l = hm−l,n−k. (2.49)

(Relation (2.48) implies that the Hodge numbers satisfy the symmetry property hk,l = hl,k, and the Hodge
star operator implies that they should satisfy hk,l = hm−k,m−l.)

This means that the Hodge diamond of M is symmetric in the horizontal and in the vertical direction.
Then the number of independent Hodge numbers (m+ 1)2 can be reduced to

• ( 1
2m+ 1)2 if m is even,

• 1
4 (m+ 1)(m+ 3) if m is odd.

The Hodge decomposition. The Hodge numbers and Betti numbers of any compact Kähler manifold
are related:

bj(M) =
∑

k+l=j

hk,l(M).

There are two extra conditions. If 1 ≤ j ≤ m, then b2j−1 is even, and b2j ≥ 1. (A proof can be found in
[18].) This can be written alternatively:

Hj
dR(M)C =

⊕
k+l=j

Hk,l(M).

(Note that bj(M) = dimR(Hj
dR(M)) = dimC(Hj

dR(M)C).) This is related to the following identity:

Ωj(M)C =
⊕

k+l=j

Ωk,l(M).

Hodge numbers of tori. Let Mn := T 2n be a torus of complex dimension n. Then its Hodge numbers
are:

hk,l(Mn) =
(
n

k

)(
n

l

)
.

The Künneth formula applied to Hodge numbers. Now we will present the effects of the Künneth
formula on Hodge numbers. For any two compact Kähler manifolds M1 and M2, of which we already know
the Hodge numbers, we can directly compute the Hodge numbers of M := M1 × M2, which is again a
compact Kähler manifold. The Künneth formula now reads as follows:

hk,l(M) =
∑

a+c=k

∑
b+d=l

ha,b(M1)hc,d(M2). (2.50)

This formula can be found in [19], and it is in harmony with the Künneth formula applied to Betti numbers,
see (2.14). (We also note that (2.50) is related to properties of harmonic forms.)

As a trivial example: we know that the Hodge diamonds of the torus T 2, the 4-torus T 4 = T 2 × T 2 and
the 6-torus T 6 = T 2 × T 2 × T 2 are (

h0,0(T 2) h0,1(T 2)
h1,0(T 2) h1,1(T 2)

)
=

(
1 1
1 1

)
, (2.51) h0,0(T 4) h0,1(T 4) h0,2(T 4)

h1,0(T 4) h1,1(T 4) h1,2(T 4)
h2,0(T 4) h2,1(T 4) h2,2(T 4)

 =

 1 2 1
2 4 2
1 2 1

 , (2.52)


h0,0(T 6) h0,1(T 6) h0,2(T 6) h0,3(T 6)
h1,0(T 6) h1,1(T 6) h1,2(T 6) h1,3(T 6)
h2,0(T 6) h2,1(T 6) h2,2(T 6) h2,3(T 6)
h3,0(T 6) h3,1(T 6) h3,2(T 6) h3,3(T 6)

 =


1 3 3 1
3 9 9 3
3 9 9 3
1 3 3 1

 . (2.53)
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It is, again, easy to check that these satisfy (2.50). For example:

h1,1(T 4) = h0,0(T 2)h1,1(T 2) + h1,0(T 2)h0,1(T 2) + h0,1(T 2)h1,0(T 2) + h1,1(T 2)h0,0(T 2).

2.6 Examples of Kähler Manifolds

Riemann surfaces. Any compact connected Riemann surface S admits a Hermitian metric. As we have
dimC(S) = 1, the corresponding Kähler form ω ∈ Ω1,1(S) is automatically closed at the same time, thus any
S is a Kähler manifold.

The Hodge numbers of S are h0,0 = h1,1 = 1 and h1,0 = h0,1 = gS , where gS is the genus of S. Then we
see that the relation between the Betti numbers and Hodge numbers indeed says

b0(S) = h0,0(S) = 1, b1(S) = h1,0(S) + h0,1(S) = 2gS , b2(S) = h1,1(S) = 1.

(We already know that χ(S) = b0(S)− b1(S) + b2(S) = 2− 2gS .)

Fubini-Study metric. We already know that PN is a compact complex manifold, with homogeneous
coordinates [Z0 : · · · : Zj : · · · : ZN ]. Then we can choose patch j, with Zj 6= 0, and express a Kähler
potential Kj with respect to this coordinate:

Kj := log(
N∑

k=0

|Z
k

Zj
|2).

This yields a globally defined closed 2-form ω = i∂∂̄Kj . (We could have started with any other j, obtaining
the same result.) Then PN , together with this ω, can be regarded as a compact Kähler manifold. The
Fubini-Study metric gFS , which is unique, can be directly derived from ω.

Any complex submanifold of a Kähler manifold, especially any hypersurface, which is generated by
a polynomial, is also a Kähler manifold. (We can always pull back the Kähler metric to the embedded
submanifold, using (2.39).) As PN , equipped with the Fubini-Study metric, is a Kähler manifold, any cubic
(torus) embedded in P2, any quartic (K3 surface) embedded in P3 and any quintic embedded in P4 is also a
Kähler manifold.

We note that gFS is not a Ricci-flat metric, and PN does not admit a Ricci-flat metric either. If we pull
back gFS to any hypercurve, then also the resulting metric is not Ricci-flat, but in some cases this hypercurve
does admit a Ricci-flat metric. (See again the cubic, the quartic and the quintic.)

We note that if no metric is defined yet on PN , then we also cannot say that it has a radius or volume
either. But, if a Kähler metric is defined on PN , then it definitely has a radius and volume. If we use (2.41),
applied to PN , then we can also compute its volume. As we can read in [7] we can indeed say that PN has
a radius, related to the choice of Kähler class.

2.7 Calabi-Yau Manifolds

Calabi-Yau manifolds. Let M be a compact connected Kähler manifold, and m = dimC(M), then M is
a Calabi-Yau manifold, or Calabi-Yau m-fold, if it satisfies one of the following equivalent properties.

• There exists a nowhere vanishing holomorphic top-form Ω ∈ Ωm,0(M).

• There exists a Ricci-flat metric g on M .

(As M is connected, we can say that h0,0(M) = 1.) There are in fact still other properties equivalent to the
above, for example

• The first Chern class c1(M) vanishes.

• The holonomy of M is contained in SU(m).

but I will not use them in this thesis.
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Direct products of Calabi-Yau manifolds. Let M1 and M2 be Calabi-Yau manifolds. Then nowhere
vanishing holomorphic top-forms Ω1 and Ω2 exist. Then Ω := Ω1 ∧ Ω2 defines a nowhere vanishing holo-
morphic top-form on M := M1 ×M2. As a consequence we can say that the direct product of any pair of
Calabi-Yau manifolds is again a Calabi-Yau manifold.

Some examples of Calabi-Yau manifolds. Any complex torus T 2 describes a Calabi-Yau 1-fold. It
even describes the only possible Calabi-Yau of complex dimension one. We can write down direct products
of the standard flat torus, with Ω(T 2) := dz:

T 4 := T 2 × T 2, Ω(T 4) := dz1 ∧ dz2,
T 6 := T 2 × T 2 × T 2, Ω(T 6) := dz1 ∧ dz2 ∧ dz3.

Then T 4 is a Calabi-Yau 2-fold and T 6 is a Calabi-Yau 3-fold. See (2.51), (2.52) and (2.53) for the Hodge
diamonds of these three Calabi-Yau manifolds respectively.

A counterexample. We note that none of the complex projective spaces PN is a Calabi-Yau manifold.
For any PN , which is a compact Kähler manifold with dimC(PN ) = N , we have hk,l(PN ) = δk,l, see (2.33).
Thus we have hN,0 = 0. This means that no holomorphic top-forms exist at all on any PN . On the other
hand, some of the hypersurfaces embedded in a PN are Calabi-Yau manifolds.

Properties of a holomorphic top-form. A holomorphic top-form Ω existing on a Calabi-Yau manifold
M satisfies the following properties:

1. Ω is closed.

2. Ω is harmonic, and as a consequence it defines a Dolbeault-class in Hm,0(M).

3. Ω is covariantly constant with respect to the Ricci-flat metric.

We will prove these properties in the specific case we are dealing with a (3, 0)-form Ω, existing on a Calabi-
Yau 3-fold, as in the application in superstring theory we are mainly interested in 3-folds. These properties
can be proven in a similar manner in other dimensions.

• As Ω is holomorphic, we see that automatically ∂̄Ω = 0, and as Ω is a top-form, we also have ∂Ω = 0.
This means that Ω is closed, as dΩ = ∂Ω + ∂̄Ω = 0. This proves the first property.

• The identity (2.48) and its consequences can directly be used to explain why Ω, being holomorphic, is
also harmonic. This proves the second property.

• To prove the third property needs more work. However, a slightly similar (though less clear) proof can
be found in [4]. First of all, we will expand Ω into components:

Ω =
1
3!

Ωαβγdz
α ∧ dzβ ∧ dzγ . (2.54)

Here the component functions Ωαβγ = Ωαβγ(z1, z2, z3) are purely holomorphic. As Ωαβγ is purely
antisymmetric, we can write it as follows:

Ωαβγ = fεαβγ , Ω̄ᾱβ̄γ̄ = f̄ εᾱβ̄γ̄ .

Here f is some holomorphic function defined on the coordinate patch. Now, using (2.31), we can simply
rewrite Ω as

Ω =
1
3!
fεαβγdz

α ∧ dzβ ∧ dzγ = fdz1 ∧ dz2 ∧ dz3. (2.55)
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Then Ω ∧ Ω̄ is purely imaginary, thus up to an imaginary constant it is a real 6-form and using (2.20)
we can write

Ω ∧ Ω̄ = |f |2dz1 ∧ dz2 ∧ dz3 ∧ dz̄1 ∧ dz̄2 ∧ dz̄3

' |f |2

G
Gdκ1 ∧ dκ2 ∧ dκ3 ∧ dκ4 ∧ dκ5 ∧ dκ6 =

|f |2

G
∗ 1 = ∗ |f |

2

G
= ∗‖Ω‖2, (2.56)

where κ is just a real coordinate, and ∗ is related to the real part of the metric. The symbol ' used
here only means equality up to the imaginary constant. (Note that this identity is in harmony with
the definition of the inner product of differential forms. See (2.46) and the identity ∗Ω ' Ω̄, up to the
imaginary constant. Then we have 〈Ω,Ω〉 =

∫
M
∗‖Ω‖2.)

We should note that both |f |2 and G transform as the component of a real 6-form under coordinate
transformations, thus ‖Ω‖2 = |f |2/G nicely represents a nowhere vanishing globally defined positive
real scalar. It should be clear that ‖Ω‖2 satisfies the following identity:

‖Ω‖2 =
|f |2

G
=

1
3!
fεαβγ f̄

1
G
εαβγ =

1
3!
fεαβγ f̄g

αλ̄gβµ̄gγν̄ελ̄µ̄ν̄

=
1
3!

Ωαβγg
αλ̄gβµ̄gγν̄Ω̄λ̄µ̄ν̄ =

1
3!

ΩαβγΩ̄αβγ . (2.57)

Now writing G = |f |2/‖Ω‖2 we can explicitly compute the components Rαβ̄ of the Ricci form:

Rαβ̄ = ∂α∂β̄ logG = ∂α∂β̄ log
|f |2

‖Ω‖2

= ∂α∂β̄ log |f |2 − ∂α∂β̄ log ‖Ω‖2 = −∂α∂β̄ log ‖Ω‖2.

The last equality comes from the fact that f is purely holomorphic. Then log f is purely holomorphic
and log f̄ is purely anti-holomorphic, thus ∂α∂β̄ log |f |2 = ∂α∂β̄(log f + log f̄) = 0.

As ‖Ω‖2 is a globally defined scalar, we see that the Ricci form, already being closed, is also (globally)
exact. Then the first Chern class c1(M) = [R/2π] must vanish, thus M admits a Ricci-flat metric.
Now suppose the metric g is already Ricci-flat, then the corresponding Ricci form vanishes also, thus
∂α∂β̄ log ‖Ω‖2 = 0. This implies ‖Ω‖2 itself can be written as a sum of a purely holomorphic and a
purely anti-holomorphic (scalar) function, say log ‖Ω‖2 = H +A. Now, as M is compact, H : M → C
is holomorphic, and A : M → C is anti-holomorphic, the maximum modulus principle tells us that
these functions H and A must be constant. Then ‖Ω‖2 = eHeA should also be constant. In general it
should not depend on the metric whether a function is constant, but ‖Ω‖2 is constructed from a higher
rank tensor field and the metric, thus it depends on the metric, and it is only constant if this metric is
Ricci-flat. Thus, to conclude, if an Ω exists, M also admits a Ricci-flat metric g, and the norm ‖Ω‖2
of Ω is a constant if it is evaluated with respect to this g.

Finally, when ‖Ω‖2 is a constant, we can easily derive that Ω itself is covariantly constant with respect
to the Ricci-flat metric g. We directly see that ∇κ̄Ωλµν = 0, as Ω is purely holomorphic, so to prove
this we will only compute ∇κΩλµν . As Ωλµν itself is totally antisymmetric, thus vanishes if λ, µ and
ν are not all different, ∇κΩλµν will also vanish in that case. So, we only need to check it for λ, µ and
ν all different. Thus

∇κΩλµν = ∂κΩλµν − Γρ
κλΩρµν − Γρ

κµΩλρν − Γρ
κνΩλµρ

= ∂κfελµν − f(Γρ
κλερµν + Γρ

κµελρν + Γρ
κνελµρ)

= ∂κfελµν − f(Γλ
κλελµν + Γµ

κµελµν + Γν
κνελµν)

= ∂κfελµν − f(Γλ
κλ + Γµ

κµ + Γν
κν)ελµν = (∂κf − fΓρ

κρ)ελµν .
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Note that we did not do any summation over λ, µ and ν as they are no dummy indices. Now using
(2.43) and knowing that ‖Ω‖2 is a constant we can write

Γρ
κρ = ∂κ logG = ∂κ log

|f |2

‖Ω‖2
= ∂κ log |f |2 − ∂κ log ‖Ω‖2 = ∂κ log |f |2

= ∂κ(log f + log f̄) = ∂κ log f =
1
f
∂κf.

Thus
∇κΩλµν = (∂κf − fΓρ

κρ)ελµν = (∂κf − ∂κf)ελµν = 0.

We conclude that indeed Ω is covariantly constant with respect to the Ricci-flat metric. This proves
the third property.

Now we should note that in [10] the authors wrote that since Ω is covariantly constant, its norm ‖Ω‖2 is a
constant. However, it is exactly the other way round. We can directly prove that ‖Ω‖2 is a constant with
respect to a Ricci-flat metric, so that Ω is covariantly constant. In [4] similar things are discussed, but from
that article it is very hard to conclude that the author indeed means that it is the other way round, as it
was not written that clear, so I assume it was easy for the authors of [10] to make this small mistake, if they
were reading [4] for some studying purposes.

Thus, we conclude, ‖Ω‖2 is a constant with respect to a Ricci-flat metric, so that Ω is covariantly constant.
In fact we mainly need the properties of ‖Ω‖2, instead of Ω being covariantly constant.

A relation between the Kähler form and the holomorphic top-form. Let M be a Calabi-Yau
m-fold with a Ricci-flat metric g, a Kähler form ω and a holomorphic m-form Ω. Then Ω and ω are related
as follows:

Ω ∧ Ω̄ ' ∗‖Ω‖2 ⇒ Ω ∧ Ω̄ = ∗c = c ∗ 1 =
c

m!
ωm =

c

m!
ω ∧ · · · ∧ ω. (2.58)

The left equation comes from (2.56), the right equation comes from (2.41) and c is some (complex) constant.
(We know that ‖Ω‖2 is a constant.) A similar relation can also be found in, for example, [16].

Strict Calabi-Yau manifolds. We will call a Calabi-Yau manifold M a strict Calabi-Yau manifold if
its holonomy exactly equals SU(m). (For example in [13] the notions of strict Calabi-Yau manifolds and
the difference between strict and nonstrict Calabi-Yau manifolds are not mentioned, but we see that the
Calabi-Yau manifolds mentioned there indeed turn out to be the strict ones only. Only the strict ones are
interesting in the context of superstring theory.)

As briefly mentioned in [13] we can say that then the Hodge numbers of M satisfy the following restric-
tions.

• hk,0 = h0,k = 0 for any 0 < k < m.

• hm,0 = h0,m = 1.

If M is simply connected, then its fundamental group is trivial. Then we also know that h1,0(M)+h0,1(M) =
b1(M) = 0, thus h1,0(M) = h0,1(M) = 0. This purely topological property is equivalent to the fact that the
holonomy of M exactly equals SU(m), if m ≥ 2. (Note that if b1(M) = 0, then M itself is not necessarily
simply connected.)

Then the symmetry rules, see (2.49), and strictness imply that a Calabi-Yau 2-fold only has one inde-
pendent Hodge number, and that a Calabi-Yau 3-fold only has two.

In the context of compactified superstring theory we are only interested in strict Calabi-Yau 3-folds. Then
the corresponding holonomy group is precisely SU(3), so that it admits precisely one covariantly constant
spinor field η of positive chirality.
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We know that hm,0(M) = 1, which holds for any strict Calabi-Yau m-fold M , implies that all of the
holomorphic top-forms are nowhere vanishing: a strict Calabi-Yau m-fold does not admit any holomorphic
top-form with a non-empty zero set. Thus, we can say that a strict Calabi-Yau manifold only admits a
nowhere vanishing holomorphic top-form.

Note: if M1 and M2 are strict Calabi-Yau manifolds, then M := M1 ×M2 is not necessarily a strict
Calabi-Yau manifold.

Some examples of strict Calabi-Yau manifolds. Note that the complex torus T 2, being a Calabi-Yau
1-fold, is automatically strict. The holonomy group SU(1) is trivial: it only contains the identity.

Examples of strict Calabi-Yau 2-folds are K3 surfaces. They all have the following Hodge diamond: h0,0(K3) h0,1(K3) h0,2(K3)
h1,0(K3) h1,1(K3) h1,2(K3)
h2,0(K3) h2,1(K3) h2,2(K3)

 =

 1 0 1
0 20 0
1 0 1

 .

In short, writing h1,1(K3) = 20 is sufficient. These K3 surfaces turn out to be the only strict Calabi-Yau 2-
folds existing. All of these surfaces are at least diffeomorphic, and many of these surfaces can be represented
as a hypersurface embedded in P3.

Examples of strict Calabi-Yau 3-folds are quintics. (See the example already introduced in Section 2.4:
hypersurfaces embedded in P4.) They all have the following Hodge diamond:

h0,0(Q) h0,1(Q) h0,2(Q) h0,3(Q)
h1,0(Q) h1,1(Q) h1,2(Q) h1,3(Q)
h2,0(Q) h2,1(Q) h2,2(Q) h2,3(Q)
h3,0(Q) h3,1(Q) h3,2(Q) h3,3(Q)

 =


1 0 0 1
0 1 101 0
0 101 1 0
1 0 0 1

 . (2.59)

In short, writing h1,1(Q) = 1 and h2,1(Q) = 101 is sufficient.
Proving that any quintic or K3 surface is indeed a Calabi-Yau manifold is not that difficult. We can

easily explicitly define nowhere vanishing holomorphic top-forms, and we will do so in later chapters. A
proof that they are strict Calabi-Yau manifolds can be found in other literature. (For example, in [11] we
can read that the “Lefschetz hyperplane theorem” shows that the fundamental group of any K3 surface X
is trivial, thus X is simply connected, so that it is a strict Calabi-Yau 2-fold.)

Strict Calabi-Yau 3-folds and their moduli spaces. Let M be a strict Calabi-Yau 3-fold and let
M(M) be the collection, a continuous family, of all Calabi-Yau 3-folds being diffeomorphic to M . Then
MC(M) is the collection of possible complex structures, each of which being related to an M ′ ∈M(M), and
MK(M) is the collection of possible Kähler classes, each of which being related to an M ′ ∈ M(M). Then
MC(M) andMK(M) together give us M(M):

M(M) 'MC(M)×MK(M).

Thus,MC(M) is the complex structure moduli space related to M , andMK(M) is the Kähler moduli space
related to M . Strict Calabi-Yau 3-folds satisfy the following relation:

h2,1(M) = dimC(MC(M)) , h1,1(M) = dimR(MK(M)).

This yields dimR(M(M)) = 2h2,1(M) + h1,1(M). (More explanations can, for example, be found in [13].)

2.8 Some remaining notions

Involutions. Let M be a smooth manifold. A smooth map ι : M →M is called an involution if ι2 = IdM ,
or ι2(p) = p for all p ∈M . This means that ι should be a diffeomorphism. Its inverse map ι−1 equals ι.
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Holomorphic involutions. Let M be a complex manifold. A map ι : M → M is called a holomorphic
involution if it is an involution and a biholomorphism at the same time.

Anti-holomorphic involutions. Let M be a complex manifold. An involution ι : M → M is called an
anti-holomorphic involution if it is also an anti-holomorphic map.

Isometries. Let M be a smooth manifold and let g be an arbitrary metric defined on M . A diffeomorphism
f : M →M is called an isometry (with respect to g) if for all p ∈M it preserves the metric as follows:

f∗gf(p) = gp. (2.60)

As an equivalent definition, derived from (2.8), we can say that f is an isometry if for any p ∈ M and for
any pair of vectors V and W in TpM , the following holds: gf(p)(f∗V, f∗W ) = gp(V,W ).

Let now κ be a coordinate at p and let λ be a coordinate at f(p). We know a real metric, at p, is written
as gp = (gp)µνdκ

µ ⊗ dκν . Then f∗gf(p) can be expanded in components:

f∗gf(p) = f∗(gf(p)) = f∗((gf(p))αβdλ
α ⊗ dλβ) = (gf(p))αβf

∗(dλα)⊗ f∗(dλβ)

= (gf(p))αβ
∂(λ ◦ f ◦ κ−1)α

∂κµ

∂(λ ◦ f ◦ κ−1)β

∂κν
dκµ ⊗ dκν = (gf(p))αβ

∂λα

∂κµ

∂λβ

∂κν
dκµ ⊗ dκν .

Then the condition (2.60) can be rewritten in components:

∂λα

∂κµ

∂λβ

∂κν
(gf(p))αβ = (gp)µν .

Holomorphic isometries. Let now (M, g) be a Hermitian manifold and let f : M →M be a biholomor-
phism. Then f is called a holomorphic isometry if for all p ∈M it satisfies (2.60). Let now z be a complex
coordinate at p and let w be a complex coordinate at f(p). We know a Hermitian metric, at p, is written as
gp = (gp)µν̄(dzµ ⊗ dz̄ν + dz̄ν ⊗ dzµ). Knowing that f is holomorphic, we can write

∂wα

∂zµ
dzµ =

∂(w ◦ f ◦ z−1)α

∂zµ
dzµ ,

∂wα

∂z̄µ
dz̄µ =

∂(w ◦ f ◦ z̄−1)α

∂z̄µ
dz̄µ = 0,

so that

f∗(dwα) =
∂wα

∂zµ
dzµ +

∂wα

∂z̄µ
dz̄µ =

∂wα

∂zµ
dzµ , f∗(dw̄α) =

∂w̄α

∂z̄µ
dz̄µ.

Then

f∗gf(p) = f∗((gf(p))αβ̄(dwα ⊗ dw̄β + dw̄β ⊗ dwα))

= (gf(p))αβ̄(f∗(dwα)⊗ f∗(dw̄β) + f∗(dw̄β)⊗ f∗(dwα))

= (gf(p))αβ̄(
∂wα

∂zµ

∂w̄β

∂z̄ν
dzµ ⊗ dz̄ν +

∂w̄β

∂z̄ν

∂wα

∂zµ
dz̄ν ⊗ dzµ)

= (gf(p))αβ̄

∂wα

∂zµ

∂w̄β

∂z̄ν
(dzµ ⊗ dz̄ν + dz̄ν ⊗ dzµ).

Then the condition (2.60), applied to a biholomorphism, can be rewritten in components:

∂wα

∂zµ

∂w̄β

∂z̄ν
(gf(p))αβ̄ = (gp)µν̄ .
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Anti-holomorphic isometries. Let now (M, g) again be a Hermitian manifold and let f : M →M be an
anti-holomorphic diffeomorphism. Then f is called an anti-holomorphic isometry if for all p ∈M it satisfies
(2.60). Let now z be a complex coordinate at p and let w be a complex coordinate at f(p). Knowing that
f is anti-holomorphic, we can write

∂wα

∂zµ
dzµ =

∂(w ◦ f ◦ z−1)α

∂zµ
dzµ = 0 ,

∂wα

∂z̄µ
dz̄µ =

∂(w ◦ f ◦ z̄−1)α

∂z̄µ
dz̄µ,

so that

f∗(dwα) =
∂wα

∂zµ
dzµ +

∂wα

∂z̄µ
dz̄µ =

∂wα

∂z̄µ
dz̄µ , f∗(dw̄α) =

∂w̄α

∂zµ
dzµ.

Then

f∗gf(p) = (gf(p))αβ̄(
∂wα

∂z̄µ

∂w̄β

∂zν
dz̄µ ⊗ dzν +

∂w̄β

∂zν

∂wα

∂z̄µ
dzν ⊗ dz̄µ)

= (gf(p))αβ̄

∂wα

∂z̄µ

∂w̄β

∂zν
(dz̄µ ⊗ dzν + dzν ⊗ dz̄µ).

Then the condition (2.60), applied to an anti-holomorphic diffeomorphism, can be rewritten in components:

∂wα

∂z̄ν

∂w̄β

∂zµ
(gf(p))αβ̄ = (gp)µν̄ . (2.61)
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3 Type IIA Superstring Theory

In this chapter we will mainly introduce the physics. In Section 3.1 we will start with the basic theory
of the classical string, a two-dimensional object embedded in a high-dimensional space-time. It has two
coordinates: one space-like coordinate and one time-like coordinate. A string can be regarded as a one-
dimensional object of finite size, travelling in time. We can quantize the basic model of a string and add
fermionic degrees of freedom. Then we will also give a short explanation of supersymmetry. The quantized
theory has more constraints than the classical one, but precisely these constraints are also supposed to
explain certain natural phenomena. We will look at a supersymmetric model, defined on 10-dimensional
space-time. We will start with the flat Minkowski space-time, so it supports special relativity.

In Section 3.2 we will introduce a background field related to a curved space. Then we will look at
massless type IIA superstring theory, or type IIA supergravity. We will mainly look at the bosonic part of
this theory. Then we will also mention the effect of compactifying the curved space-time, and we will use a
Calabi-Yau manifold for this. We can use the topological properties of this Calabi-Yau 3-fold for finding out
more about the physical degrees of freedom of the effective theory in 4 dimensions.

3.1 Bosonic and fermionic theory in flat Minkowski space-time

Some basics of string theory: Open and closed strings. A classical string is described by a map
Xµ = Xµ(τ, σ), defined on the so-called world-sheet : a string is a one-dimensional object travelling in time,
so that it traces a surface. The classical string theory can be described in any arbitrary space-time dimension
D, so that Xµ(τ, σ) ∈ RD.

The parameters τ and σ can be interpreted as the world-sheet coordinates. (In general these parameters
are only correctly defined locally, on contractible patches of the string surface.) Here τ is a free coordinate,
while, in case of the open string, σ will be restricted to a closed interval [0, π], thus (τ, σ) ∈ R× [0, π]. The
closed string satisfies the boundary condition Xµ(τ, σ) = Xµ(τ, σ+π) (for all σ). Then the endpoints of the
interval [0, π] will ‘meet’, so that the collection of points (τ, σ) is diffeomorphic to R× S1.

Some basics of string theory: Quantizing. Bosonic string theory can only be properly quantized when
the space-time dimension D equals 26. It is not that easy to make such a theory correspond to the physical
reality of dimension 4 we are familiar with. Things seem to get easier when fermions are included and when
we require the theory to be supersymmetric, as the critical dimension then reduces to D = 10. Then there
are only 6 dimensions too many. However, to construct such a supersymmetric theory we need to do a
number of modifications to the bosonic theory which are not that straightforward. But we will get there
after taking some intermediate steps.

Bosonic theory. The bosonic theory starts with the Polyakov action on a flat space-time background
with Minkowski metric ηµν :

SPol = −T
2

∫
Σ

dτdσ
√
hhαβ∂αX

µ∂βX
νηµν .

Here Σ is the world-sheet, which is canonically embedded into the target space T = R26, T is the string
tension, hαβ is the world-sheet metric and h = −det(hαβ) > 0.

If we are only looking at closed string theory, then we can assume that Σ can be represented by some
compact Riemann surface. Then Σ is orientable, so that the Hodge star operator ∗ (as introduced in (2.18))
is well-defined. Then this action can be written in a coordinate-free form. Let ι : Σ→ T be the embedding.
Then we can write

SPol = −T
2

∫
Σ

∗(ι∗η(h−1)).

Writing the Polyakov action this way, we see that by definition it is invariant under reparametrizations, also
simply known as coordinate transformations. Thus, to check whether SPol is reparametrization invariant
becomes redundant.
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Including fermionic theory. The next step will be to include fermions: we will add a field ψµ. This
requires a vielbein, or in the two-dimensional case a zweibein, ea

α, which satisfies hαβea
αeb

β = ηab. (This
zweibein is assumed to be covariantly constant.) Using the inverse of this zweibein, ea

α, we can write
hαβ = ea

αηabe
b
β , so that we obtain det(hαβ) = −det2(ea

α), which implies that
√
−det(hαβ) = det(ea

α).
The zweibein ensures that the added fermion field ψµ transforms correctly as a Majorana spinor in two
dimensions. Let now e := det(ea

α), then the following step is writing an action which includes fermionic
degrees of freedom and is supersymmetric:

S = − 1
8π

∫
Σ

dτdσe(hαβ∂αX
µ∂βXµ + 2iψ̄µρα∂αψµ − iχ̄αρ

βραψµ(∂βXµ −
i

4
χ̄βψµ)). (3.1)

About the added auxiliary fields: here the ρα = ea
αρa and the ρa are the curved and the flat Dirac matrices

in two dimensions, and χα is the gravitino.
The next step is to divide out by the five local symmetries of this action, which are local supersymme-

try (we will soon explain what supersymmetry is), Weyl invariance, Super Weyl invariance, Local Lorentz
symmetry and Reparametrizations. Then we can fix a gauge, called the superconformal gauge, in the fol-
lowing way. Reparametrization can be used to find a coordinate with respect to which the metric has the
form hαβ = e2φηαβ . Because the metric has the gauge freedom of Weyl invariance, we can get rid of the
factor e2φ. However, this is only possible locally on some chart of the world-sheet. Then we must solve
hαβ = ηαβ = ea

αηabe
b
β for the zweibein, or using matrix notation: η = eT ηe. This is exactly the require-

ment that the zweibein is an element of the local Lorentz group SO(1, 1), which is a Lie group of dimension
one. So in general the zweibein has four degrees of freedom. After fixing η = eT ηe still one degree of freedom
is left, and we are still free to choose this one. The simplest choice is ea

α = δα
a , so that e = 1. Another

gauge choice is one which makes the gravitino vanish, and we will use this gauge choice.
This gauge choice results in a very simple action, and (3.1) can be rewritten as

S = − 1
8π

∫
Σ

dτdσ(ηαβ∂αX
µ∂βXµ + 2iψ̄µρα∂αψµ).

This gauge choice is called the superconformal gauge, which is freely possible in classical theory. In quantum
theory it is possible in critical dimension D = 10 only.

Supersymmetry. In theoretical physics there are models describing only bosons, or only fermions. There
are also models describing both bosons and fermions. Such a model is called supersymmetric if a continuous
transformation of the fields is possible, so that we can exchange the fields related to the bosons with the
fields related to the fermions, and so that the model itself is invariant. In short, this means that a symmetry
exists between the bosons and the fermions. (We could represent it with a continuous rotation of a couple
of bosonic and fermionic fields.)

In general a supersymmetry transformation is represented in infinitesimal form. If X represents a boson,
if ψ represents a fermion, and if X and ψ together can be transformed into each other, then we write the
supersymmetry transformation as follows:

(X,ψ) 7→ (X ′, ψ′) = (X + δεX,ψ + δεψ), δεX = S(X,ψ, ε), δεψ = T (X,ψ, ε). (3.2)

Here ε is an infinitesimal Grassmann parameter.
In general we can have a N = 1, N = 2, N = 4 or N = 8 supersymmetry. The value of N mainly

expresses the number of gravitinos which occur in the model. In string theory there are slightly different
types of supersymmetry transformations. We have so-called world-sheet supersymmetry and so-called space-
time supersymmetry. (These notions are explained in much detail in [5] and [20].) Later, for example in
Section 4.2, we will mainly mention N = 2 space-time supersymmetry, thus, in this case we assume there
are two gravitinos.
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The Ramond sector and the Neveu-Schwarz sector. We distinguish different kinds of string modes.
There are certain boundary conditions for the components ψµ

+ and ψµ
− of the spinor ψµ, the fermionic degrees

of freedom. In case of the open string model, we have the Neveu-Schwarz sector (or NS sector) and the
Ramond sector (or R sector). In the NS sector ψµ are anti-periodic:

ψµ
+(τ, 0) = ψµ

−(τ, 0) , ψµ
+(τ, π) = −ψµ

−(τ, π).

In the R sector ψµ are periodic:

ψµ
+(τ, 0) = ψµ

−(τ, 0) , ψµ
+(τ, π) = ψµ

−(τ, π).

In case of the closed string model, we have two independent degrees of freedom. Then we have the Neveu-
Schwarz-Neveu-Schwarz sector (or NS-NS sector), the Neveu-Schwarz-Ramond sector (or NS-R sector), the
Ramond-Neveu-Schwarz sector (or R-NS sector) and the Ramond-Ramond sector (or R-R sector). Then we
have these conditions for the left moving and right moving modes separately.

The GSO projection. One of the solutions of the equations of motion of the (quantized) string describes
the tachyon, a mode carrying an imaginary mass: M2 < 0. In reality we will not occur such a particle, so
we need to slightly change the theory so that the tachyon can be ignored. The model of superstrings can be
changed so that half of the mathematical solutions of the string equations can be projected out, by applying
the so-called GSO projection (named after Gliozzi, Scherk and Olive): only the physical modes will remain.
There are multiple reasons to apply the GSO projection to the model. For example, the GSO projection
also restores the modular invariance of the model, and, after performing the GSO projection, the model will
be space-time supersymmetric.

At least the tachyon mode will be projected out, including other modes. However, in case of the super-
string model this will not give any inconsistencies.

The different types of superstring theory. After applying the GSO projection, we can say that there
are 5 remaining basic superstring theories, each of which having its own constraints: type I superstring
theory, type IIA superstring theory, type IIB superstring theory, SO(32) heterotic string theory and E8 ×E8

heterotic string theory. For example, type I theory describes both open and closed strings. Type IIA and
IIB only describe closed strings. As we are dealing with independent left moving and right moving modes
in the closed string model, we can say that the GSO projection is performed for each of these two modes
separately. We can say that there are two different choices of these combined GSO projections, and that is
why there are two different types of models, i.e. type IIA and IIB. If we choose opposite projections, then
we are dealing with type IIA theory, and if we choose the same projections, then we are dealing with type
IIB theory.

Both type IIA and IIB theory are N = 2 supersymmetric models. The NS-NS sector and the R-R sector
contain bosonic degrees of freedom (space-time bosons), and the NS-R sector and the R-NS sector contain
fermionic degrees of freedom. From now on we will mainly discuss type IIA theory, and we will mainly study
the bosonic part of the theory, thus we will ignore the NS-R sector and the R-NS sector. (To be even more
precise: we will only explicitly study the R-R sector.)

Type IIA superstring theory is the theory with two conserved supercharges of opposite chirality, and this
theory is called nonchiral because it is left-right symmetric. In the next sections we will discuss what to do
with the 6 superfluous dimensions. In fact there are many different solutions for getting rid of them, but we
will only discuss the method of compactification, using Calabi-Yau manifolds.

Massless modes of type IIA superstring theory. The only massless bosonic modes in the NS-NS
sector of type IIA superstring theory, are related to the fundamental representation of the symmetry group
SO(8)× SO(8), which is the 2-tensor representation of SO(8), the ‘little group’ related to SO(1, 9). We can
split this representation into three parts:

• A scalar field of dimension 1, also called the dilaton.
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• An antisymmetric 2-tensor field of dimension 28, also called the axion.

• A traceless symmetric 2-tensor field of dimension 35, also called the graviton.

The only massless bosonic modes in the R-R sector of type IIA superstring theory, are related to a product of
a left chiral spinor and a right chiral spinor, or 8L×8R. (This is a tensor product of a pair of Majorana-Weyl
spinors of opposite chirality.) We can split this representation into two parts:

• A vector state of dimension 8, also written as 〈ψL|Γj |ψR〉.

• An antisymmetric 3-tensor field of dimension 56, also written as 〈ψL|ΓjΓkΓl|ψR〉.

This is an even product of fermionic degrees of freedom, so the total product indeed represents bosonic
degrees of freedom.

3.2 Superstrings in Background Fields

There are different ways for dealing with the 6 extra dimensions. One of the methods is introducing a
curved compact space K, assumed to be very small, so that T := M := M4 × K, is the background of
interest, where M4 = R4. (To be more precise: to any point p ∈ M4 a space Kp can be added. As long as
all of these Kp share the same topology, and if Kp varies smoothly, it will describe a consistent theory. In
this thesis we will restrict ourselves to the simplified toy model of an Kp being constant.)

In reality a Calabi-Yau 3-fold is not found yet. We assume it is much smaller than subatomic scale. It
is, unforunately, far too small to detect one using the present day measuring devices.

This space K will be a strict Calabi-Yau manifold, with dimC(K) = 3. Thus it is a simply connected
compact complex manifold, also being a Kähler manifold and which also admits a Ricci-flat metric, so that a
nowhere vanishing holomorphic 3-form exists. However, until now we only introduced type IIA superstring
theory on a flat space-time. Now we can discuss the effects of introducing a curved background space-time.
In this section we will mainly follow the book [5], and later on also the books [17] and [20].

On M4 we define the trivial flat Minkowski metric g4 = η, and on K we define the metric gK . These
metrics induce a new metric g = g4 + gK , defined on M . (When looking at the components of these metrics,
with respect to the direct product coordinates, we will see that g is a block-diagonal matrix, where the two
blocks contain the components of g4 and gK .)

Recall that type IIA superstring theory has N = 2 supersymmetry. A Calabi-Yau 3-fold also supports
N = 2 supersymmetry as well, at least if it is a strict one. A nonstrict Calabi-Yau 3-fold does not support
N = 2 supersymmetry.

The effects of a background space-time metric in the bosonic case D = 26. Until now we only
mentioned the flat Minkowski metric ηµν in the presented models. If we use ηµν in the model, then the
model is Weyl invariant. If we replace ηµν (written in the bosonic action) by an arbitrary metric gµν close
to ηµν , defined on the background space-time, then we are not sure yet if the model is still Weyl invariant.
(We want the model to satisfy Weyl invariance, so that the model is renormalizable. Not in every case the
Weyl invariance will hold, thus we need to impose a constraint on the metric.)

If we now write gµν = gµν(Xρ) = ηµν + fµν(Xρ), then fµν(Xρ) is a wave function representing a
graviton. If we derive a world-sheet path integral from the altered bosonic action, then we can write down
a perturbation of this action, mainly expressed in terms of f . This model then describes the interaction of
strings with an external graviton.

Now we can add other, more general fields to this action, in case of oriented bosonic strings. We already
have

S1 = − 1
4πα′

∫
Σ

dτdσ
√
hhαβ∂αX

µ∂βX
νgµν(Xρ),

where α′ is the Regge slope, directly related to the string tension. Then we can add

S2 = − 1
4πα′

∫
Σ

dτdσεαβ∂αX
µ∂βX

νBµν(Xρ).
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Here we used ε12 = 1, and Bµν is the background antisymmetric tensor field. Finally, we can add

S3 =
1
4π

∫
Σ

dτdσ
√
hΦ(Xρ)R(2).

Here R(2) is the world-sheet Ricci scalar, related to hαβ , and Φ is the background value of the dilaton. The
total action S = S1+S2+S3 describes a nonlinear sigma model. Note that if we choose Φ a constant, then S3

represents a purely topological term. Also the terms S2 and S3 are invariant under reparametrizations of the
string world-sheet Σ, so this S is the most general action (for Xµ) that is invariant under reparametrizations
of Σ. We still need to introduce constraints to make this model consistent.

The condition for Weyl invariance. If we perform the lowest non-trivial approximation in α′, then the
condition for Weyl invariance to hold for the action S is that the fields gµν , Bµν and Φ satisfy the following
constraints:

Rµν +
1
4
Hµ

ρσHνρσ − 2DµDνΦ = 0,

DρH
ρ
µν − 2Hρ

µνDρΦ = 0,

4DµΦDµΦ− 4DµD
µΦ +R+

1
12
HµνρH

µνρ = 0. (3.3)

Here Hµνρ := ∂µBνρ + ∂ρBµν + ∂νBρµ, thus H, being a 3-form, expresses the exterior derivative of B, being
a 2-form: H = dB. In addition, R is the Ricci scalar related to the space-time metric gµν .

These constraints (3.3) must have a physical interpretation. They are the Euler-Lagrange equations
corresponding to the following action, living in the 26-dimensional target space:

S26 = − 1
2κ2

∫
d26x
√
ge−2Φ(R− 4DµΦDµΦ +

1
12
HµνρH

µνρ).

(Here κ is Einstein’s gravitational constant.) This action is called a gravitational action, and it describes the
long-wavelength limit of the model of interactions of the massless modes of the (closed) bosonic string.

Massless theory and supergravity. We can do a similar thing with the model of type IIA superstrings
in 10 dimensions. The bosonic part of the low-energy action can be written as

SIIA := SIIA,1 + SIIA,2 + SIIA,3, (3.4)

where

SIIA,1 :=
1

2κ2
0

∫
d10x
√
ge−2Φ(R+ 4DµΦDµΦ− 1

12
HµνρH

µνρ),

SIIA,2 := − 1
8κ2

0

∫
(G(2) ∧ ∗G(2) +

1
12
G(4) ∧ ∗G(4)),

SIIA,3 := − 1
4κ2

0

∫
B ∧ dC(3) ∧ dC(3).

Here gµν is (again) the metric, B is the NS-NS 2-form, H = dB is its field strength and Φ is the dilaton. We
also have the R-R field strengths G(2) := dC(1) and G(4) := dC(3) +H ∧ C(1), where C(1) and C(3) are the
R-R potentials. (Here we follow the notation as in [17]. Note that the sign convention is slightly different
here.)
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Zero modes of the Laplace operator: Massless fields in ten dimensions. Now we can work out
some relations between some topological properties of the compactified space K, harmonic forms and the
effective model in four dimensions. First we will start with a simple model, in ten dimensions, and work out
the desired properties.

Let M be an arbitrary smooth manifold with a metric g. The Laplace operator ∆, as defined in (2.24),
has zero modes: a k-form ω ∈ Ωk(M) is called a zero mode of ∆ if it satisfies ∆ω = 0, thus if it is a harmonic
k-form. If g is a Riemannian metric, then any zero mode ω also satisfies (2.26):

∆ω = 0 ⇔ dω = d?ω = 0. (3.5)

This does not hold (in general) if g is a Lorentzian metric.
Let now B be a k-form representing a physical theory defined on M = M4 ×K, and let C := dB be a

(k + 1)-form. Then B represents a potential and C its field strength. Then we can define an analog of the
Maxwell action:

S0 := 〈C,C〉 =
∫

M

C ∧ ∗C =
1

(k + 1)!

∫
M

dκ1 ∧ · · · ∧ dκ10√ggµ1ν1 · · · gµk+1νk+1Cµ1···µk+1Cν1···νk+1 .

We can use the variational principle to minimize the action S0. We solve δS0 = 0 as follows:

d?dB = 0. (3.6)

A gauge choice is still possible: we can write
d?B = 0. (3.7)

If we combine (3.6) and (3.7), then we know that B also satisfies ∆B = 0, where ∆ is the Laplace operator
defined on M .

Zero modes of the Laplace operator: Massless fields in four dimensions. Now we can determine
the behaviour of B on the manifolds M4 and K separately. Assume B can be written as B = α ∧ β, where
α is an l-form defined on M4 and β is an m-form defined on K, so that 0 ≤ l ≤ 4, 0 ≤ m ≤ 6 and l+m = k.
Assume β already satisfies ∆Kβ = 0, so that (3.5) implies that also dKβ = d?

Kβ = 0.
We know that a K is a Riemannian manifold, and that M4 and M are Lorentzian manifolds. Then we

can apply (2.25) to B:

0 = ∆B = (∆4 + ∆K)(α ∧ β) = ∆4α ∧ β + α ∧∆Kβ = ∆4α ∧ β.

This in turn implies that ∆4α = 0. Now note that ∆4 is a Laplace operator defined on a Lorentzian manifold,
so that we cannot simply conclude that d4α = d?

4α = 0. We will do some alternative steps. If we now apply
(2.23), combined with (3.7) and d?

Kβ = 0, then we can conclude that

0 = d?B = d?
4α ∧ β + (−1)lα ∧ d?

Kβ = d?
4α ∧ β ⇒ d?

4α = 0.

This, combined with ∆4α = 0, implies that d?
4d4α = 0:

d?
4α = ∆4α = 0 ⇒ d?

4d4α = 0.

This means that α describes a massless field in four dimensions. Let c := dα. Then the action S0 can be
reduced to an effective action in four dimensions (up to some constant):

S(4) '
∫

M4

dκ1 ∧ · · · ∧ dκ4√g(4)gµ1ν1
(4) · · · g

µl+1νl+1

(4) cµ1···µl+1cν1···νl+1 . (3.8)

The number of linearly independent massless l-forms, arising in four dimensions and related to Ωk(M), is
the Betti number bk−l(K) = bm(K).

Note that linear combinations of solutions of type α ∧ β are also solutions:

B =
∑

j

αj ∧ βj .

66



Low-energy effective action. We can do a similar thing when we replace the simple action S0 by the
action SIIA, introduced in (3.4). We can use the variational principle to minimize the action SIIA with
respect to the NS-NS fluctuations of the fields g, B and Φ, and the R-R fluctuations of the fields C(1) and
C(3), see [15]. Then similarly it is possible to split up M = M4 × K and construct a low-energy effective
action S(4)

IIA in four dimensions (D = 4), just like we constructed (3.8), using harmonic forms. (We will not
explicitly write down this S(4)

IIA.)

Supermultiplets, vector multiplets and hypermultiplets. The degrees of freedom of the massless
fields corresponding to the effective action in four dimensions, are called supermultiplets. In general, a
supermultiplet is a group representation of a supersymmetry algebra, defined in the supersymmetric theory
we are studying. Then it is represented by a collection of particles, which is structured as a collection of
‘superpartners’.

The supermultiplets we will mention in the effective type IIA theory, thus in the low-energy effective action
in D = 4 and in N = 2 supersymmetry, contain vector multiplets and hypermultiplets. See also [20]: “The
metric perturbations and other scalar zero modes lead to moduli fields that belong to N = 2 supermultiplets”.
A vector multiplet and a hypermultiplet are the only massless supermultiplets that contain scalar fields, in
this case of D = 4, N = 2. In both cases there are 4 bosonic and 4 fermionic degrees of freedom. In case of
the vector multiplet we are dealing with a supermultiplet with maximal helicity 1. This multiplet contains
one vector, two gauginos and two scalars. In case of the hypermultiplet we are dealing with a supermultiplet
with maximal helicity 1/2. This multiplet contains two spin 1/2 fields and four scalars.

Especially the numbers of linearly independent vector multiplets and hypermultiplets are determined
by the Hodge numbers of the Calabi-Yau manifold K. Each harmonic (1, 1)-form, defined on K, can be
represented by a vector and 2 scalars, which coincide with the bosonic part of a vector multiplet. Each
harmonic (2, 1)-form, defined on K, can be represented by 4 scalars, which coincide with the bosonic part of
a hypermultiplet. According to [15], in case of the bosonic part of the effective type IIA theory in D = 4,
there are

• h1,1 vector multiplets,

• h2,1 + 1 hypermultiplets.

Now M1,1(K) is the moduli space of vector multiplets, and M2,1(K) is the moduli space of hyper-
multiplets. These moduli spaces are parametrized by the scalar fields contained in these multiplets. Each
vector multiplet contains 2 real scalar fields, and each hypermultiplet contains 4 real scalar fields. Thus,
dimR(M1,1(K)) = 2h1,1 and dimR(M2,1(K)) = 4(h2,1 + 1).

Each of these moduli spaces is a manifold, where M1,1(K) is also called a special-Kähler manifold, and
where M2,1(K) is also called a quaternionic Kähler manifold. The total moduli space is simply a direct
product of these two: M1,1(K)×M2,1(K).
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4 Wrapping Euclidean D-Branes and Instantons

In this chapter we will shortly introduce p-branes, D-branes, Euclidean D-branes and instanton solutions,
and then we will especially pay much attention to Euclidean D2-brane instantons, or membrane instantons.
These are extended objects to be added to the model of massless superstring theory, and these are non-
perturbative objects. These objects will give an adjustment to the effective model: in type IIA superstring
theory the moduli space of hypermultiplets can be non-perturbatively corrected by membrane instantons
wrapping special Lagrangian submanifolds, or SLags, embedded in the Calabi-Yau manifold in question.
In the next chapters we will give a mathematical introduction of some SLags, related to a few different
Calabi-Yau manifolds, but first we will give the physical motivation. In Section 4.1 we will mainly follow
the book by Becker, Becker and Schwarz [20]. We will only assume that the 10-dimensional space-time M
is compactified by M = M4 ×K, where M4 = R4 (with Minkowski metric) and K is a Calabi-Yau manifold
of complex dimension 3. In Section 4.2 we will mainly follow the article by Becker, Becker and Strominger
[10]. There we will discuss membrane instantons in much detail. The central point will be to explain why
exactly the SLags are selected for analyzing membrane instantons. Finally we will shortly discuss the non-
perturbative corrections of the low-energy effective action, and why we restrict to the hypermultiplets and
ignore the vector multiplets.

4.1 Basics

p-branes and D-branes. A p-brane is an extended object in string theory. Conventionally it has p spatial
dimensions and one time dimension, thus it has p + 1 dimensions in total, and it is an object with tension
Tp. We say that a p-brane appears in superstring theory as a non-perturbative excitation. The action of a
p-brane is written as Sp := −TpV , where V is the volume of the (p+1)-dimensional manifold, corresponding
to the brane. This manifold is also called the world volume of the p-brane. The classical equations of motion
extremize this action.

A p-brane is completely defined by a map ι : Σ → T , where Σ is the domain space of the p-brane, and
where ι(Σ) ⊂ T is the target space of the p-brane, embedded in the 10-dimensional space-time. The manifold
T itself has a Minkowski metric, however, in certain subsets of T this metric can partially have a Euclidean
signature. The subset ι(Σ) can either have a Minkowski metric, or a Euclidean metric. We can pull back
this metric to the domain space Σ itself.

A (classical) string itself is a special example of a p-brane, if p = 1. (In this case Sp coincides with the
Nambu-Goto action of the string.) Other examples are D-branes, or Dp-branes, where D stands for Dirichlet.
Usually these are specific p-branes upon which an open string, satisfying the Dirichlet boundary conditions,
can end. We should note that this contact is only with respect to the spatial direction. A D-brane can be
regarded as a boundary object for an open string, and a D-brane itself has no boundary. The tension of
the D-branes contained in type IIA (and IIB) superstring theory, is proportional to 1/gs, the inverse of the
string coupling constant.

p-branes and differential forms. In type IIA (and IIB) theory several antisymmetric tensor fields appear,
coming from the effective action in 10 dimensions of supergravity. These tensor fields are gauge fields and
are often represented by differential forms. Note that, in general, these k-forms represent certain ‘charges’,
and we say a k-dimensional submanifold of 10-dimensional space-time can carry this charge. (Note that we
can always canonically integrate over any k-form if we take a k-manifold as its integration domain.)

Any k-form, regarded as a gauge field, can couple to a p-brane. We say an electric and a magnetic
coupling is possible. A k-form can couple electrically to a (k − 1)-brane, and can couple magnetically to a
(7− k)-brane. Then we can say that an n-brane is related to a (6− n)-brane, being its ‘magnetic dual’.

We explain this as follows: a k-form gauge field is related to a (k + 1)-form field strength, which has
another field strength as a Hodge dual, represented by a (9−k)-form. Now this dual field strength is related
to an (8− k)-form gauge field, which is in turn indeed related to a (7− k)-brane.
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D-branes and differential forms. Especially in the R-R sector of the bosonic part of the type IIA action
several specific differential forms appear. The term SIIA,2 in the supergravity action (3.4) contains the terms
G(2) ∧ ∗G(2) and G(4) ∧ ∗G(4), where G(2) and G(4) are the R-R field strengths related to the R-R potentials
C(1) and C(3) (respectively). Now we say that this theory should contain stable branes that carry these
charges C(1) and C(3). Then at least a D0- and a D2-brane are related to SIIA,2.

Now note that G(2) is a 2-form, G(4) is a 4-form, ∗G(4) is a 6-form and ∗G(2) is an 8-form. We can as well
write G(6) = ∗G(4) and G(8) = ∗G(2). (These are no new field strengths.) Now G(6) and G(8) are the R-R
field strengths related to the R-R potentials C(5) and C(7) (respectively). Then we can say that C(5) and
C(7) are related to the magnetic duals of the D2- and D0-branes. The D0-brane indeed has a D6-brane as a
magnetic dual, and the D2-brane has a D4-brane as a magnetic dual. Indeed, in total we have a D0-, D2-,
D4- and a D6-brane. (Note that we will ignore a D8-brane, related to a 10-form field strength. This field is
nondynamical, as it is a constant maximal form, so it does not represent a physical degree of freedom.)

These Dp-branes (with p = 0, 2, 4, 6), turning out to be stable, are sometimes called half-BPS D-Branes,
because they preserve half of the supersymmetries. There are also Dp-branes with p being odd, and these
turn out to be unstable, because they do not carry conserved charges. (In type IIB theory we are dealing
with odd D-branes being stable and even ones being unstable.)

Euclidean D-branes. A Dp-brane, defined by ι : Σ→ T , is usually interpreted as a world volume with p
spatial coordinates and one time coordinate. Then the metric defined on Σ has a Minkowski signature, so
that we are dealing with degenerate metrics. Thus, if we look at the solutions of the equations of motion of
a D-brane, derived from its action, we can say that this is why it is possible to describe D-branes as objects
with an infinite time domain, but still a finite action, just like in case of the ordinary string.

Now we can introduce the idea of Euclidean D-branes. In this case Euclidean metrics are defined on Σ
and ι(Σ). Only the internal coordinates itself, of the Dp-brane, will be ‘Euclideanized’ (before extremizing
the action). Now we will use (p+1) spatial coordinates and no time coordinate. Note that the action SIIA,2

does not give any restriction of the kind of manifold we will use for a D-brane, thus SIIA,2 also supports
Euclidean D-branes.

At least if the Euclidean Dp-brane has finite volume, then we will not encounter any serious problems.
Anyway, not much effort is needed if we restrict to D-branes entirely embedded in the Calabi-Yau manifold.
Then a D-brane is already compact, so that its volume is indeed finite. (Many non-Euclidean D-branes are
not compact.) Then the target space of the D-brane, embedded in the Calabi-Yau space, is called a cycle.

In general, if some supersymmetry is preserved when a Euclidean p-brane can wrap a (p+ 1)-cycle, then
its target space is called a supersymmetric cycle.

Note that minimizing the volume of (for example) a Euclidean D-brane embedded in the Lorentzian
manifold R4 will only give us a trivial solution, a point, as R4 is a contractible space. If we minimize the
volume of a Euclidean D-brane, entirely embedded in the Calabi-Yau 3-fold, then we have a chance we
end up with a non-trivial manifold. This is why Euclidean D-branes are mainly studied embedded in the
Calabi-Yau 3-fold, when studying instantons in string theory.

Instantons in type II superstring theory. Assume we will only look at Dp-branes entirely embedded in
the Calabi-Yau 3-fold K from now on. (Thus K contains the target space C of a Dp-brane.) Such D-branes
are perfectly allowed in the R-R sector. This means that we will only look at p = −1, 0, 1, 2, 3, 4, 5. In type
II theory, if a Euclidean Dp-brane wraps around a topologically non-trivial (p+ 1)-dimensional submanifold
C of K, or around a (p + 1)-cycle, then its domain space Σ has a finite but non-zero volume. Solving the
equations of motion of the D-brane makes sure that C is a manifold with minimized volume. The map
m : Σ→ C ⊂ K is smooth and surjective.

Note that in type IIA theory only for p even the Dp-branes are stable. (The Dp-branes for p odd are
stable in type IIB theory.) Now note that the Euclidean D0- and D4-branes are all trivial, as K is a strict
Calabi-Yau 3-fold. Then b1(K) = b5(K) = 0, so that any 1-cycle or 5-cycle is topologically equivalent to a
point (at least, if K is simply connected). So only 3-cycles remain interesting.
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Now, in type IIA theory, the hypermultiplets are only related to the odd cohomology groups H1
dR(K),

H3
dR(K) and H5

dR(K). However, we already know that

b1(K) = b5(K) = 0⇒ dimR(H1
dR(K)) = b1(K) = 0, dimR(H5

dR(K)) = b5(K) = 0,

thus the hypermultiplets only arise from H3
dR(K). This is in harmony with that we are only interested in

the 3-cycles.

Instantons in type IIA superstring theory: Membrane instantons. As b3(K) > 0 we can say
we have at least one topologically non-trivial 3-cycle L, embedded in K. This L describes the image of
a membrane instanton, which is one particular kind of all the instantons occurring in type IIA theory.
This membrane instanton is an instanton describing a non-perturbative correction in gs. (For example,
fundamental-string instantons describe a non-perturbative correction in α′.)

Before this 3-cycle L plays the role of a membrane instanton, we require it to admit supersymmetry. So,
besides it has a minimal volume, we need it to satisfy extra conditions. The pullback of the Kähler form
on L must vanish, and the pullback of the holomorphic top-form must be a constant complex multiple of a
real 3-form. We will call these conditions the SLag conditions, and if L satisfies these conditions, then we
call L a special Lagrangian submanifold of K, or a SLag. In the next section we will work out much more
details about these membrane instantons, and how the SLag conditions are caused by the supersymmetry
conditions.

If L indeed describes a membrane instanton, then we should note that it is entirely embedded in the
Calabi-Yau 3-fold K, at one instant : it only exists at one moment in time. In massless effective theory in
four dimensions a membrane instanton is even just a single point.

Any SLag L is a compact oriented manifold, with dimR(L) = 3. Then its Betti numbers satisfy the
Poincaré duality, thus bj(L) = b3−j(L), so that

χ(L) = b0(L)− b1(L) + b2(L)− b3(L) = b0(L)− b1(L) + b1(L)− b0(L) = 0. (4.1)

Note that L can have multiple connected components, say k. Then b0(L) = k, b1(L) = l, b2(L) = l and
b3(L) = k.

4.2 Membrane instantons

Now we will specifically mention membrane instantons, related to type IIA theory, as mentioned in [10].
We will also use a few related results mentioned in [20]. The SLags themselves, including the SLag conditions,
will be explained in much detail in Section 6.1, but here we will mainly explain how the consequence of the
supersymmetry conditions (or ‘BPS conditions’) are the SLag conditions. The supersymmetry conditions
mean that the theory is invariant under the supersymmetry transformations. To explicitly work out some
relations, we actually do it with respect to the supergravity model in 11 dimensions. We do this because
then we can do it with a simpler notation, compared to the 10-dimensional type IIA model. According to
[10] we do this in preparation of the analysis of the type IIA theory. After compactifying, we can work out
the effect of the membrane instantons with respect to S

(4)
IIA, the low-energy effective type IIA action in 4

dimensions. Then we say there are corrections to the hypermultiplets.

The action of a membrane instanton. Later we will continue with membrane instantons embedded
in the 10-dimensional space-time, related to type IIA theory, but first we will start with 11-dimensional
space-time. In [10], the authors give a detailed explanation and they start with S11, the bosonic part of the
Euclidean action of 11-dimensional supergravity. This action is a lot simpler to work with for the moment,
instead of the action SIIA. In S11, a 4-form dC will be gauged to zero, which is needed for supersymmetric
compactification. This gives a 3-dimensional effective action S3 on large enough scales, simplifying the
model severely. Then the first term of the (effective) action reduces to the volume of the membrane, and the
equations of motion ofX, the coordinates of the membrane, require extremization of the volume. This already
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looks similar to the first step needed for the SLag conditions. We can do something similar with respect to
the 10-dimensional model of type IIA theory. Then we would need more intermediate computations.

To work out explicitly, we will start with the bosonic part of the Euclidean action of 11-dimensional
supergravity:

S11 :=
1

2π2`9

∫
d11x
√
g(−R+

1
48

(dC)2) +
i

12π2`2

∫
C ∧ dC ∧ dC.

Here C is a 3-form potential, and ` is the 11-dimensional Planck length. Now this action looks somewhat
simpler to work with for the moment. Then we have the following action for the membrane instanton:

S3 :=
1
`3

∫
d3σ
√
h(2hαβ∂αX

M∂βX
NgMN − 2− iΘ̄Γα∇αΘ

+
i

3!
εαβγ∂αX

M∂βX
N∂γX

PCMNP + · · · ). (4.2)

Here σ are the coordinates of the world volume, hαβ , with α, β = 1, 2, 3, is a world volume metric (with
Euclidean signature), XM (σ), with M,N,P = 1, · · · , 11, is the coordinate field of the membrane and Θ is
an 11-dimensional Dirac spinor. Then X represents a bosonic field of the membrane, and Θ represents a
fermionic field of the membrane. (Note that also the spin connection should be integrated in the covariant
derivative ∇α.)

Note that Γα are the induced gamma matrices. We write Γα := ∂αX
MΓM , where ΓM are the 11-

dimensional Euclidean space-time gamma matrices. The induced gamma matrices satisfy the rule

{Γα,Γβ} = 2hαβ .

Note that ∂αX
M∂βX

N∂γX
PCMNP are the components of the pullback of the 3-form C, induced on the

membrane, and that εαβγ = det(h−1)εαβγ , as usual.
We note that in (4.2) certain terms are missing: of all the terms containing powers of the fermi fields only

the most important ones, those of leading order, are explicitly written down. (We also redefine the physical
units so that we can write ` = 1.)

Only the first term of (4.2) is a part containing the world volume metric hαβ . There we see that this
metric has well known equations of motion, and its solution is that we turn it into the induced metric, the
metric we pull back from 11 dimensions:

hαβ = ∂αX
M∂βX

NgMN .

Then the first term of the action (4.2) will be equal to the volume of the membrane, which is a quantity
with respect to the 11-dimensional space-time, and its metric g, as usual. From now on we will assume that
dC = 0, as according to [10] this is “required for supersymmetric compactifications”. We can also say that
“the X equation of motion requires extremization of the volume”.

The action of a membrane instanton: Fermionic symmetries. Now there are two kinds of fermionic
symmetries, or supersymmetry transformations, acting on X and on Θ, a global one and a local one. Before
introducing these symmetries we will first define some extra auxiliary symbols. We have 11-dimensional
spinors ε and κ, where ε is constant and anticommuting, so that we can use it for a global transformation,
or a global supersymmetry, and where κ is a variable spinor which depends on the coordinate σ of the
membrane, so that we can use it for a local transformation. We also have a couple of projection operators:

P± :=
1
2
(1± i

3!
εαβγ∂αX

M∂βX
N∂γX

P ΓMNP ).

Here ΓMNP equals the totally anticommuting operator (as usual):

ΓMNP = Γ[MΓNΓP ] =
1
3!

(ΓMΓNΓP + ΓNΓP ΓM + ΓP ΓMΓN − ΓMΓP ΓN − ΓNΓMΓP − ΓP ΓNΓM ).
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These operators obey the following three properties:

P 2
± = P±, P+P− = P−P+ = 0, P+ + P− = 1.

Now we have infinitesimal variations of the membrane fields, according to these auxiliary spinors, and the
projection operator. The global fermionic symmetry acts as follows:

δεX
M = iε̄ΓMΘ , δεΘ = ε.

And the local fermionic symmetry acts as follows:

δκX
M = 2iΘ̄ΓMP+κ(σ) , δκΘ = 2P+κ(σ).

(See (3.2) for the formal definition of supersymmetry transformations.) Now the membrane theory is invariant
under these κ-transformations, so that it should describe an equivalent solution after such a transformation.

In general, any arbitrary bosonic state of the membrane, described by XM (σ), will not be invariant under
the supersymmetries generated by ε, at least if δκXM = δκΘ = 0. Then we say that ε generates a broken
supersymmetry. However, in specific cases we can choose a spinor κ(σ) compensating the transformation by
ε. Then we say that ε together with κ(σ) generate an unbroken supersymmetry. For such a κ(σ), we assume
that

δεΘ + δκΘ = ε+ 2P+κ(σ) = 0 ⇒ 2P+κ(σ) = −ε. (4.3)

As a result we then automatically have

δεX
M + δκX

M = iε̄ΓMΘ + 2iΘ̄ΓMP+κ(σ) = i(ε̄ΓMΘ− Θ̄ΓMε) = 0.

Now we can insert the projection operator P− in (4.3):

P−(ε+ 2P+κ(σ)) = P−(0) = 0 ⇒ P−ε+ 2P−P+κ(σ)) = P−ε+ 0 = P−ε = 0.

Thus, writing that δεΘ + δκΘ = 0 implies that P−ε = 0. In other words, at least we require P−ε to be zero,
so that it might be possible to compensate ε. Before we apply this constraint, we will work out some more
details about a part of the target space: a Calabi-Yau 3-fold.

Spinors in the Calabi-Yau 3-fold. Let K be an arbitrary strict Calabi-Yau 3-fold, with a Ricci-flat
metric, with a Kähler form ω, as written in (2.40), and a holomorphic top-form Ω, as written in (2.54). Let
zµ and z̄µ be the complex coordinates, defined on K, with µ = 1, 2, 3. We know that on a strict Calabi-Yau
3-fold we have N = 2 supersymmetry, which is equivalent to that there are 8 covariantly constant spinors,
defined on this K. (These spinors automatically define 8 covariantly constant spinors on the total target
space.)

We will restrict to membranes, described by (4.2), embedded in this Calabi-Yau space, and thus located
at a single point in the remaining dimensions. This means that in the first 5 flat dimensions we have
coordinates Xj(σ), with j = 1, 2, 3, 4, 5, so that ∂αX

j = 0. Then we can also restrict to the 6 dimensions
of the Calabi-Yau space when we express (4.2). Now we will also express the other 6 coordinates XM with
respect to the complex coordinates zµ and z̄µ.

Now we can look at two of these covariantly constant 6-dimensional spinors, ε+ and ε−, which have
opposite chirality, where ε+ has positive chirality and ε− has negative chirality. They satisfy ε+ = (ε−)∗

and we use an imaginary representation of the gamma matrices (when restricting to the Calabi-Yau space),
see the γ-symbols. We choose the following normalization:

γµνρε+ = Ωµνρε−, γµ̄νρε+ = i(ωµ̄νγρ − ωµ̄ργν)ε+, γµ̄ε+ = 0. (4.4)

Here we applied a relation between Ω and ω, as mentioned in (2.58), which only holds in case of a Ricci-flat
metric, and we made a specific choice, for the complex constant c, and this choice is also mentioned in [16]:

iΩ ∧ Ω̄ =
4
3
ω ∧ ω ∧ ω.
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(If we make another choice for c, then an extra constant factor, in front of Ωµνρ, should be added to (4.4).)
Anyway, why do we already restrict to a Ricci-flat metric? We will finally apply this to SLags, and these are
only defined with respect to a Ricci-flat metric.

Note that (4.4) automatically relates expressions like γµν̄ρε+ and γµνρ̄ε+ to γµ̄νρε+ (so we have three of
these), and all the other expressions, like γµ̄ν̄ρε+ or γµ̄ν̄ρ̄ε+, are chosen to be zero. We have 3 real indices,
and we can make 8 combinations of complex indices, with j holomorphic indices and 3− j anti-holomorphic
indices. Only 4 of these combinations are non-zero, and 3 of the 4 are in fact equal, so we have in fact
2 non-zero combinations: one with 3 holomorphic indices, and one with 2 holomorphic indices and 1 anti-
holomorphic index, but this last one has a factor 3. For ε− we do it similarly: we only have non-zero
expressions γµ̄ν̄ρ̄ε− and γµν̄ρ̄ε−.

Now we define

εθ := eiθε+ + e−iθε− , ε := λ⊗ εθ,

where λ is a 5-dimensional spinor, defined on the first 5 flat dimensions. Now we can express the relation
P−ε = 0 in terms of these complex coordinates and the spinors ε+ and ε−. If P−ε = P−(λ ⊗ εθ) = 0, then
we can restrict to P−εθ = 0, because ∂αX

j = 0 (with j = 1, 2, 3, 4, 5), and this P−εθ contains the derivatives
with respect to zµ and z̄µ. Now we introduce some auxiliary symbols:

Pµνρ := i
3!ε

αβγ∂αz
µ∂βz

ν∂γz
ρ , P µ̄νρ := i

3!ε
αβγ∂αz̄

µ∂βz
ν∂γz

ρ , · · · .

Then, applying
P µ̄νργµ̄νρε+ = iP µ̄νρ(ωµ̄νγρ − ωµ̄ργν)ε+ = 2iP µ̄νρωµ̄νγρε+

where the second equality is caused by the anti-symmetry of P µ̄νρ (when exchanging ν and ρ), we can write

P−εθ = P−(eiθε+ + e−iθε−) = eiθP−ε+ + e−iθP−ε−

=
1
2
eiθ(ε+ − Pµνργµνρε+ − 3P µ̄νργµ̄νρε+) +

1
2
e−iθ(ε− − P µ̄ν̄ρ̄γµ̄ν̄ρ̄ε− − 3Pµν̄ρ̄γµν̄ρ̄ε−)

=
1
2
eiθ(ε+ − PµνρΩµνρε− − 6iP µ̄νρωµ̄νγρε+) +

1
2
e−iθ(ε− − P µ̄ν̄ρ̄Ω̄µ̄ν̄ρ̄ε+ + 6iPµν̄ρ̄ωµν̄γρ̄ε−)

=
1
2
((eiθ − e−iθP µ̄ν̄ρ̄Ω̄µ̄ν̄ρ̄ − 6ieiθP µ̄νρωµ̄νγρ)ε+ + (e−iθ − eiθPµνρΩµνρ + 6ie−iθPµν̄ρ̄ωµν̄γρ̄)ε−)

= 0

(Here we used that ωµ̄ν = igµ̄ν = −igµν̄ = −ωµν̄ , applying (2.37).) Thus,

(e−iθ − eiθPµνρΩµνρ + 6ie−iθPµν̄ρ̄ωµν̄γρ̄)ε− + c. c. = 0⇒
eiθPµνρΩµνρε− − e−iθε− − 6ie−iθPµν̄ρ̄ωµν̄γρ̄ε− + c. c. = 0,

so that
i

3!
eiθεαβγ∂αz

µ∂βz
ν∂γz

ρΩµνρε− − e−iθε− + e−iθεαβγ∂αz
µ∂β z̄

ν∂γ z̄
ρωµν̄γρ̄ε− + c. c. = 0

Now the spinors ε−, γρ̄ε−, ε+ and γρε+ are all linearly independent. Then the first term together with the
second term, the third term and the complex conjugate term will all vanish on their own:

i

3!
eiθεαβγ∂αz

µ∂βz
ν∂γz

ρΩµνρε− − e−iθε− = 0 , e−iθεαβγ∂αz
µ∂β z̄

ν∂γ z̄
ρωµν̄γρ̄ε− = 0.

We can rewrite these equations:

εαβγ∂αz
µ∂βz

ν∂γz
ρΩµνρ = −3!ie−2iθ , εαβγ∂αz

µ∂β z̄
ν∂γ z̄

ρωµν̄ = 0.

This pair of equations is equivalent to the following pair of equations:

∂αz
µ∂βz

ν∂γz
ρΩµνρ = −ie−2iθεαβγ = e−iϕεαβγ , (4.5)

∂αz
µ∂β z̄

νωµν̄ − ∂βz
µ∂αz̄

νωµν̄ = 0. (4.6)

(The angle ϕ is related to θ as follows: ϕ = 2θ + π/2.)
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Spinors in the Calabi-Yau 3-fold: The result. We see that (4.5) is equivalent to the statement that
the set of components of the pullback of Ω on the membrane equals a complex constant (a phase factor), and
we claim that (4.6) is equivalent to the statement that ι∗ω, the pullback of ω, vanishes. In Section 6.1 the
reader can find more details related to the pullback of ω. There, in (6.1), we will indeed see that (4.6) means
that ι∗ω vanishes. Then we can conclude that (4.5) and (4.6) are equal to the SLag conditions. Thus, we
can finally conclude that the supersymmetry conditions are equivalent the SLag conditions. In other words,
(4.5) and (4.6) imply that the bosonic membrane field XM (σ) is supersymmetric.

Global corrections to massless effective type IIA superstring theory. If we look at the total theory,
then we need to keep track of all possible corrections by instantons. We will, for example, also need to keep
track of all corrections by world-sheet instantons and NS5-branes. In case of the membrane instantons,
non-perturbative objects from the R-R sector, we can say that there are corrections to the geometry of the
hypermultiplet moduli space and (thus) to the low-energy effective action for the hypermultiplets, and these
corrections will contain contributions of order e−1/gs .

In fact these non-perturbative corrections will modify the geometry of type IIA superstring theories in four
dimensions, with N = 2 space-time supersymmetry. In this four dimensional massless superstring theory (or
supergravity), there are vector multiplets and hypermultiplets, which are specific types of supermultiplets,
as introduced at the end of Section 3.2. However, we recall that supersymmetry imposes that these two
multiplets cannot have any interaction in case of the massless low-energy effective action.

Now note that, in case of type IIA theory, the dilaton lives in a hypermultiplet; it is not present in a vector
multiplet. According to [10], this means that non-perturbative corrections to the vector multiplet moduli
space are not possible. Thus, this means that we can ignore the vector multiplets if we are studying the non-
perturbative corrections. We only have non-perturbative corrections to the geometry of the hypermultiplet
moduli space. This is why only hypermultiplets are mentioned in the context of membrane instantons.
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5 An example of a Calabi-Yau threefold: The Fermat Quintic

In this chapter we will introduce the Fermat quintic, a hypersurface embedded in the complex projective
space P4 and an example of a Calabi-Yau 3-fold. In Section 5.1 we will mainly give a definition and a specific
choice of splitting up this manifold. We will build a cell complex of the quintic. In Section 5.2 we will shortly
introduce how to construct the mirror quintic, a manifold with exchanged Hodge numbers compared to the
original manifold. Then it will be clear why we made the specific choice of splitting up the quintic in Section
5.1.

5.1 Definition

The Fermat quintic in P4. In this chapter we are mainly interested in the fifth order Fermat polynomial,
which corresponds to the special choice of coefficients fijklm:

f(Zj) = (Z0)5 + (Z1)5 + (Z2)5 + (Z3)5 + (Z4)5. (5.1)

The corresponding hypercurve Q := f−1(0)/C∗, embedded in P4, is called the Fermat quintic: our space of
interest.

An atlas of the Fermat quintic. The standard minimal holomorphic atlas of P4 contains 5 patches. If
Z0 6= 0, then for example the first patch contains points like [1 : a : b : c : d], where (a, b, c, d) ∈ C4. Then
we can construct a minimal holomorphic atlas of Q, the Fermat quintic.

We know that there is a constraint on a, b, c and d: 1 + a5 + b5 + c5 + d5 = 0. This means that we can,
for example, express d in terms of the first three coordinates a, b and c:

d = d(a, b, c) := −αk 5
√

1 + a5 + b5 + c5, (5.2)

where α = e2πi/5 and k ∈ {0, 1, 2, 3, 4}. We could say that this generates 5 patches. (To make sure this
consistently describes patches, we could make a restriction: 1 + a5 + b5 + c5 6= 0 ⇔ d 6= 0. Also note
that these patches could as well be described as subsets of the collection of points of the following form:
[d′ : a′ : b′ : c′ : 1], with d′ 6= 0.) We could as well express, for example, a in terms of b, c and d, in a
similar fashion. There are 4 of these possible restrictions of the coordinates. We could say that a minimal
holomorphic atlas of 5 · 5 · 4/2 = 5 ·

(
5
2

)
= 50 patches can be constructed this way, completely describing the

Fermat quintic.

A holomorphic top-form. Let [1 : u : v : w : x(u, v, w)] be a chart of Q. Then we can define a
holomorphic top-form as follows:

Ω :=
du ∧ dv ∧ dw

x4
. (5.3)

(See [10] for this definition.) Now we can check if this is indeed a correct definition of a top-form. Let
[1 : u(v, w, x) : v : w : x] be another chart of Q. Then we can check how Ω transforms. Then u5(v, w, x) =
−(1 + v5 + w5 + x5) and du5 = 5u4du, so that

du =
1

5u4
du5 = − 1

5u4
(dv5 + dw5 + dx5) = − 1

u4
(v4dv + w4dw + x4dx).

Then we can rewrite Ω:

Ω =
du ∧ dv ∧ dw

x4
= − (v4dv + w4dw + x4dx) ∧ dv ∧ dw

x4u4
= −x

4dx ∧ dv ∧ dw
x4u4

=
dv ∧ dx ∧ dw

u4
.

Let now [U : 1 : V : W : X(U, V,W )] be again another chart of Q. If U 6= 0, then we have the following
coordinate transformation:

[U : 1 : V : W : X(U, V,W )] = [1 :
1
U

:
V

U
:
W

U
:
X(U, V,W )

U
] = [1 : u : v : w : x(u, v, w)].
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Thus we have: u = 1/U , v = V/U , w = W/U and x = X/U . Then du, dv and dw will also transform:

du = d( 1
U ) = − 1

U2 dU , dv = d(V
U ) = 1

U dV −
V
U2 dU , dw = d(W

U ) = 1
U dW −

W
U2 dU .

Then Ω will transform as follows:

Ω =
1
x4
du ∧ dv ∧ dw =

U4

X4
(− 1
U2

dU) ∧ (
1
U
dV − V

U2
dU) ∧ (

1
U
dW − W

U2
dU)

=
U4

X4
(− 1
U2

dU) ∧ (
1
U
dV ) ∧ (

1
U
dW ) =

1
X4

dU ∧ dW ∧ dV.

We conclude that the explicit form of Ω will be preserved after applying any (similar) coordinate transfor-
mation, thus we could say that Ω indeed is a correctly (and also globally) defined holomorphic top-form. If
we examine the behaviour of Ω on any patch of Q, we can also say that it is nowhere vanishing. (We know
that the maximum modulus principle implies that any other holomorphic top-form Ω′ should be a constant
multiple of Ω.)

Thus Q, when equipped with this Ω, defines a (strict) Calabi-Yau 3-fold, so that also a Ricci-flat metric
exists on Q. (However, this Ricci-flat metric is not (exactly) known.)

We note that the explicit form of Ω, described by (5.3), also contains a division, but this description only
holds on a certain (open) patch of Q, where x 6= 0, so there is no question of a singularity. For x = 0 we use
another patch.

Splitting up the Fermat quintic. Using (2.1) and (2.2) we can compute the Euler number of the Fermat
quintic Q. The only thing needed is an arbitrary cell complex for Q. We can split up P4 into smaller parts,
and determine which points in these parts are lying in Q. The cell complex we will introduce here will have
its applications later.

Splitting up the Fermat quintic: The types of points in P4. Any point in P4 is of the form
[Z0 : Z1 : Z2 : Z3 : Z4], where all of the Zj are complex. Some of them could be zero. We can split up P4

into subsets on which a fixed number of Zj is non-zero, and the others are zero. The reason for this choice
will become clear later. It is clear that this gives us 5 types of points, where a point of type n has exactly n
non-zero components. Using the inhomogeneous coordinate representation, we can list the 5 types of points:

Type 1: [1 : 0 : 0 : 0 : 0], [0 : 1 : 0 : 0 : 0], · · · , [0 : 0 : 0 : 0 : 1],

Type 2: [1 : a : 0 : 0 : 0], [1 : 0 : a : 0 : 0], · · · , [0 : 0 : 0 : 1 : a],

Type 3: [1 : a : b : 0 : 0], [1 : a : 0 : b : 0], · · · , [0 : 0 : 1 : a : b],

Type 4: [1 : a : b : c : 0], [1 : a : b : 0 : c], · · · , [0 : 1 : a : b : c],

Type 5: [1 : a : b : c : d].

(Here a, b, c, d ∈ C∗)
Of course we can do permutations of Zj for any type of point. Officially we should define subtypes of

points. Any two subtypes of ‘type n’ points can be related by permutation of the coefficients. It is easy to
see that the set of ‘type 1’ and ‘type 4’ points admit 5 permutations, thus they can be split into 5 subtypes.
The ‘type 2’ and ‘type 3’ points admit 10 permutations. Type 5 admits only 1 permutation, namely the
trivial permutation. In total there are 31 = 25 − 1 subtypes, which correspond to mutually disjoint subsets
of P4. From now on we will ignore the subtypes, as they all behave in the same way. A point of a certain
type is automatically of the first Subtype, i.e. the left one in the table above.
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Splitting up the Fermat quintic: The types of points in Q. Now we would like to know which
points, of any type, lie in Q. We immediately see that there are no ‘type 1’ points lying in Q. For example
[1 : 0 : 0 : 0 : 0] corresponds to Z0 6= 0 and Z1 = Z2 = Z3 = Z4 = 0, but then the Fermat polynomial is
reduced to (Z0)5, which has Z0 = 0 as the zero set, which yields a contradiction.

The ‘type 2’ points in Q are of the form (Z0)5 +(Z1)5 = 0, where Z0 and Z1 are both non-zero. In terms
of inhomogeneous coordinates this becomes 1 + a5 = 0, with a ∈ C∗. We immediately see that this equation
has 5 solutions. Let Q2 be the corresponding solution set. Then χ(Q2) = 5. As there are 10 subtypes of
type 2, this results in 50 points of type 2 in total, which are lying in Q. In terms of cells this corresponds to
50 0-cells, resulting in a contribution χ2 = 10χ(Q2) = 50 to the total Euler number of the Fermat quintic.

The ‘type 3’ points in Q are of the form 1 + a5 + b5 = 0. For 1 + a5 = 0, which has 5 solutions, we
also have b = 0, which is not wanted. Thus, to ensure that b 6= 0 we need to use an additional constraint:
1 + a5 6= 0. The solution set of this constraint is: a ∈ C∗ −Q2. For any of these a we know that b 6= 0, so
that we have 5 distinct solutions for b. (Note that χ(C∗) = 0 so that χ(C∗ − Q2) = −χ(Q2) = −5.) Let
now Q3 be the solution set of 1 + a5 + b5 = 0 with a, b ∈ C∗. Then χ(Q3) = −5χ(Q2) = −25. As there are
10 subtypes of type 3, this results in a contribution χ3 = 10χ(Q3) = −250 to the total Euler number of the
Fermat quintic.

The ‘type 4’ points in Q are of the form 1 + a5 + b5 + c5 = 0. For 1 + a5 + b5 = 0, which has Q3 as
its solution set, we also have c = 0, which is not wanted. Thus, to ensure that c 6= 0 we need to use an
additional constraint: (a, b) ∈ (C∗)2 − Q3. (Then χ((C∗)2 − Q3) = −χ(Q3) = 25.) For any such (a, b) we
again have 5 solutions for c. Let now Q4 be the solution set of the equation 1 + a5 + b5 + c5 = 0 with
a, b, c ∈ C∗. Then χ(Q4) = −5χ(Q3) = 125. As there are 5 subtypes of type 4, this results in a contribution
χ4 = 5χ(Q4) = 625 to the total Euler number of the Fermat quintic.

The ‘type 5’ points in Q are of the form 1 + a5 + b5 + c5 + d5 = 0. We again need to use an additional
constraint: (a, b, c) ∈ (C∗)3 −Q4. For any such (a, b, c) we again have 5 solutions for d. Let now Q5 be the
solution set of the equation 1 + a5 + b5 + c5 + d5 = 0 with a, b, c, d ∈ C∗. Then χ(Q5) = −5χ(Q4) = −625.
As there is only one subtype of type 5, this results in a contribution χ5 = χ(Q4) = −625 to the total Euler
number of the Fermat quintic.

As a result we have:

χ(Q) = χ2 + χ3 + χ4 + χ5 = 10χ(Q2) + 10χ(Q3) + 5χ(Q4) + χ(Q5)
= 50− 250 + 625− 625 = −200. (5.4)

This is in harmony with the Hodge numbers, of any quintic, we already know. See (2.59). In the next section
we will apply this specific choice of splitting up the Fermat quintic Q.

We note that any of the sets similar to Q2 meets 3 sets similar to Q3, and any of the sets similar to Q3

meets 3 sets similar to Q2. For example [1 : a : 0 : 0 : 0] meets [1 : a : b : 0 : 0], [1 : a : 0 : b : 0] and
[1 : a : 0 : 0 : b], and [1 : a : b : 0 : 0] meets [1 : a : 0 : 0 : 0], [1 : 0 : a : 0 : 0] and [0 : 1 : a : 0 : 0].

5.2 Mirror Symmetry and the Mirror Quintic

Mirror symmetry. If M is a strict Calabi-Yau 3-fold, then, according to a lemma, another strict Calabi-
Yau 3-fold W exists, which satisfies

h1,1(W ) = h2,1(M) , h2,1(W ) = h1,1(M). (5.5)

In general we can say: hk,l(W ) = h3−k,l(M) and χ(W ) = −χ(M). This is called mirror symmetry. Then
we say W is the mirror of M , or (M,W ) is a mirror pair of Calabi-Yau 3-folds. (Not every arbitrary W
satisfying (5.5) is the manifold we are looking for. The specific properties of M and W are also involved,
and W is the unique manifold related to M .)

If we examine superstring theory, compactified on these two manifolds M and W , then we will conclude
that we are dealing with identical effective field theories. In the context of type IIA and type IIB superstring
theory, we see that the following statements are closely related:
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• Type IIA compactified on M is dual to type IIB compactified on W .

• Type IIB compactified on M is dual to type IIA compactified on W .

However, in this thesis we will restrict to type IIA theory only, but we will shortly have a look at mirror
symmetry, just to examine some properties of M and W to check which one will be the ‘easiest’. If we study
non-perturbative massless theory, then, in case of type IIA theory, we will study supersymmetric 3-cycles,
embedded in the Calabi-Yau 3-fold M or W . There are b3(M) of independent homology 3-cycles lying in
M . If b3(W ) < b3(M), then maybe it is easier to study type IIA theory compactified on W instead of M .

If (M,W ) is a mirror pair of Calabi-Yau 3-folds, then we should note that both h1,1(M) ≥ 1 and
h1,1(W ) ≥ 1. On any Calabi-Yau manifold the Kähler form is a non-trivial (1, 1)-form. Thus, if W is the
mirror of M , but if h2,1(M) = 0, then h1,1(W ) = 0, so that W cannot be a Calabi-Yau 3-fold. To conclude,
both M and W should satisfy h1,1 ≥ 1 and h2,1 ≥ 1.

The mirror quintic: Introduction. We will discuss the mirror quintic MQ, as discussed in [7], thus
MQ is the mirror of the quintic Q. It is quite difficult to explicitly describe this MQ, but we can at least
introduce its construction. The first step will be to define a finite group G of holomorphic automorphisms
f : Q→ Q. As we will work out in detail, this group G is abelian and isomorphic to Z3

5 = (Z/5Z)3, thus it
has 125 elements. Then we can define the set Q′ := Q/G as a candidate manifold.

However, this set Q′ still contains singularities. This means that a smooth atlas of Q′ is not possible
(yet). If Q′′ is the maximal subset of Q′ with all of the singularities removed, then a smooth atlas is possible,
but then Q′′ is not necessarily a compact manifold.

A blow-up is needed to replace these singularities by their smooth equivalents: we write MQ = b(Q′),
and this will again be a Calabi-Yau 3-fold. We will not mention the details of how to do these ‘blow-ups’:
it is quite complicated to explicitly describe these. In [8], [11] and [17] more can be found in the context of
‘orbifolds’ and ‘blow-ups’.

The group of automorphisms of the quintic: Step 1. Let first G5 be a group of automorphisms of
C5, and let fi, 1 ≥ i ≥ 5 be its generators. Let α := e2πi/5, so that α5 = 1, then the generators fi are defined
as the following actions:

f1 : (z0, z1, z2, z3, z4) 7→ (αz0, z1, z2, z3, z4),
f2 : (z0, z1, z2, z3, z4) 7→ (z0, αz1, z2, z3, z4),
f3 : (z0, z1, z2, z3, z4) 7→ (z0, z1, αz2, z3, z4),
f4 : (z0, z1, z2, z3, z4) 7→ (z0, z1, z2, αz3, z4),
f5 : (z0, z1, z2, z3, z4) 7→ (z0, z1, z2, z3, αz4).

Then we see that each of the fi are of order 5: f5
i = 1. Thus, the total group G5 is isomorphic to Z5

5. We
should note that this group is abelian, so that every subgroup is automatically a normal subgroup. We can
use the following notation for any element f of G5. If f is defined as

f : (z0, z1, z2, z3, z4) 7→ (αjz0, αkz1, αlz2, αmz3, αnz4), (5.6)

then we write f = (j, k, l,m, n) = jf1 + kf2 + lf3 +mf4 + nf5. (We note that for example j + 5 = j.) From
now on, as G5 is abelian, if f = (j, k, l,m, n) and f ′ = (j′, k′, l′,m′, n′) are elements of G5, then we can write

f + f ′ = (j + j′, k + k′, l + l′,m+m′, n+ n′)

as the composition of these elements.
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The group of automorphisms of the quintic: Step 2. This group G5 can now be used to induce a
group G4 of automorphisms of P4. For any (z0, z1, z2, z3, z4) ∈ (C5)∗ we have [Z0 : Z1 : Z2 : Z3 : Z4] ∈ P4.
(Here Zj is just the homogenic version of zj .)

We should note that the action (1, 1, 1, 1, 1) in G5, written as

(1, 1, 1, 1, 1) : (z0, z1, z2, z3, z4) 7→ (αz0, αz1, αz2, αz3, αz4),

induces the trivial action in G4, as we can always write

[αZ0 : αZ1 : αZ2 : αZ3 : αZ4] = [Z0 : Z1 : Z2 : Z3 : Z4].

In fact this means that we can restrict to 4 of the 5 generators. We can ignore generator f1 and define the
following generators of G4:

F2 : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z0 : αZ1 : Z2 : Z3 : Z4],
F3 : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z0 : Z1 : αZ2 : Z3 : Z4], (5.7)
F4 : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z0 : Z1 : Z2 : αZ3 : Z4],
F5 : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z0 : Z1 : Z2 : Z3 : αZ4].

If we now define F := 4F2 + 4F3 + 4F4 + 4F5, then we also have

F : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z0 : α4Z1 : α4Z2 : α4Z3 : α4Z4] = [αZ0 : Z1 : Z2 : Z3 : Z4].

Thus any action f in G5 induces an action F in G4:

f = (j, k, l,m, n) 7→ F = (K,L,M,N) = (k − j, l − j,m− j, n− j).

The abelian group G4 of these actions F is isomorphic to Z4
5.

The group of automorphisms of the quintic: Step 3. As now (αj)5 = (α5)j = 1j = 1, we also have
(αjZk)5 = (αj)5(Zk)5 = (Zk)5. This means that for any F ∈ G4 and for any point p lying in the quintic Q,
we also have F (p) ∈ Q. Thus G4 ' Z4

5 also leaves the quintic invariant.
On the other hand, according to [13] and motivated by [8], we need an extra restriction on G4, say

G ⊂ G4, as in our application every F ∈ G must leave the holomorphic 3-form Ω invariant. (Not all elements
in G4 will satisfy.) This restriction will assure us that the resulting Ω′ on Q/G will still be a nowhere
vanishing holomorphic 3-form, automatically making Q/G into a Calabi-Yau 3-fold. At the same time any
of these F ∈ G should also be a holomorphic isometry, so that it makes sense to construct a resulting metric
g′ on Q/G from the original Kähler metric g defined on Q, and this g′ will also be a Kähler metric.

None of the 4 standard generators Fj leaves Ω invariant. On the other hand, if we define the following 3
generators:

g1 := (1, 0, 0, 4) : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z0 : αZ1 : Z2 : Z3 : α4Z4],
g2 := (0, 1, 0, 4) : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z0 : Z1 : αZ2 : Z3 : α4Z4],
g3 := (0, 0, 1, 4) : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z0 : Z1 : Z2 : αZ3 : α4Z4],

then we see that G, generated by these gj , is the maximal (abelian) subgroup of G4 of actions which still
leave Ω invariant. For example g1 will act on Ω as follows:

du 7→ d(αu) = αdu , x4 7→ (α4x)4 = α16x4 = αx4.

(This corresponds to (5.3), a definition of Ω on the desired patch.) According to [13] any of the actions
contained in this group G already is a holomorphic isometry.
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We finally obtain the group G, isomorphic to Z3
5. This result corresponds to [7]. Note that also the

following automorphism g0 := (4, 4, 4, 3) can be constructed, using g1, g2 and g3:

g0 := (4, 4, 4, 3) = (4, 4, 4, 48) = 4(1, 1, 1, 12) = 4g1 + 4g2 + 4g3.

This automorphism satisfies

g : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z0 : α4Z1 : α4Z2 : α4Z3 : α3Z4] = [αZ0 : Z1 : Z2 : Z3 : α4Z4]. (5.8)

Similarly we can express automorphisms like, for example, (1, 0, 4, 0) or (4, 1, 0, 0) using g1, g2 and g3.

Fixed point sets of the automorphisms. In Section 5.1 we have introduced a way of splitting up the
quintic into subsets containing ‘type n’ points. In general the effect of G will differ for each point in Q, but
for any point lying in one of these special subsets Qj , the effect of G will be the same. For any Qj there
exists a subgroup Gj of G, so that any g ∈ Gj sends any p ∈ Qj to itself. We then say that p is a fixed
point of the group Gj . Let now Hj be a group so that Gj ⊕Hj = G, then we only need to take the quotient
Qj/G = Qj/Hj . (We should also note that any of the Qj is invariant under the total group G, so that
Qj/G makes sense.) This will make it easy to take the quotient of any of these complete subsets of Q by G.

We note that none of the ‘type 4’ and ‘type 5’ points are fixed, as they have at least 4 non-zero components:
none of the generators g1, g2 or g3 will map any of these points to itself. Then χ(Q4/G) = χ(Q4)/125 and
χ(Q5/G) = χ(Q5)/125. Only points of type 2 and 3 remain.

The example set Q2 = {[1 : a : 0 : 0 : 0]}, a set of type 2, contains 5 points: χ(Q2) = 5. It is fixed by
the generators (0, 1, 0, 4) and (0, 0, 1, 4), thus Q2/G = Q2/Z5, so that χ(Q2/G) = χ(Q2)/5. We note that
{[1 : 0 : a : 0 : 0]}, another set of type 2, is similar to Q2, and it is only fixed by the generators (1, 0, 0, 4)
and (0, 0, 1, 4). We also note that {[0 : 1 : a : 0 : 0]} is similar to Q2, and it is only fixed by the generators
(4, 4, 4, 3) (see (5.8)) and (0, 0, 1, 4). (We can do similar things in case of all the other ‘type 2’ points.)

The example set Q3 = {[1 : a : b : 0 : 0]}, a set of type 3, is a Riemann surface of genus 6 with 15 points
missing: χ(Q3) = −25. Indeed, if we take the union of this Q3 and the three sets similar to Q2,

{[1 : a : 0 : 0 : 0]}, {[1 : 0 : a : 0 : 0]}, {[0 : 1 : a : 0 : 0]},

then we obtain a Riemann surface of genus 6 (see (2.34)). The set Q3 is fixed by the generator (0, 0, 1, 4),
thus Q3/G = Q3/Z2

5, so that χ(Q3/G) = χ(Q3)/25. (We can do similar things in case of all the other ‘type
3’ points.)

We note that any subset of Q similar to Q2 is a set of fixed points of some subgroup of G. Similarly, any
subset of Q similar to Q3 is a fixed curve of some subgroup of G.

Constructing the mirror quintic. Now we know the effect of taking the quotient of any of the chosen
subsets of Q by the group G, we know how to construct Q/G itself. As none of the points of type 4 and 5
are fixed, we know that Q4/G = G4/Z3

5 and Q5/G = G5/Z3
5. Then we can compute χ(Q/G):

χ(Q/G) = 10χ(Q2/Z5) + 10χ(Q3/Z2
5) + 5χ(Q4/Z3

5) + χ(Q5/Z3
5)

= 10
χ(Q2)

5
+ 10

χ(Q3)
25

+
5χ(Q4) + χ(Q5)

125
= 10

χ(Q2)
5

+ 10
χ(Q3)

25
. (5.9)

This is not the mirror quintic yet, as we still need to do the blow-ups.
We need to insert blow-up factors for the fixed points and fixed curves. From [7] we can sort of derive

that the blow-up factor related to any fixed point is 25, and related to any fixed curve is 5. (However, in
[7] no clear explanation or reference is mentioned.) Then we can compute the Euler number χ(b(Q/G)),
derived from (5.9).

χ(b(Q/G)) = 10χ(b(Q2/Z5)) + 10χ(b(Q3/Z2
5)) = 10 · 25

χ(Q2)
5

+ 10 · 5χ(Q3)
25

= 50χ(Q2) + 2χ(Q3) = 50 · 5 + 2 · (−25) = 250− 50 = 200 = −χ(Q).
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According to [7] this manifold MQ = b(Q/G) should indeed be the mirror quintic. The Hodge numbers
are reversed then: h1,1(MQ) = h2,1(Q) = 101 and h2,1(MQ) = h1,1(Q) = 1. Thus the Hodge diamond of the
mirror quintic is directly related to the Hodge diamond of the quintic itself, expressed in (2.59). This yields
the following Betti numbers:

b3(Q) = 2(h3,0(Q) + h2,1(Q)) = 204 , b3(MQ) = 2(h3,0(MQ) + h2,1(MQ)) = 4.

This indeed gives us the inequality b3(MQ) << b3(Q). In theory this should strongly simplify the quest for
independent homology 3-cycles. In practice it is still very complicated to do some explicit research in this
topic. (We could say that the mirror quintic MQ is still quite an artificial Calabi-Yau 3-fold.) In Chapter 7
we will not discuss SLags lying in the mirror quintic, only in the quintic itself.

In [13] we can read that, in general, not every manifold W having Hodge numbers reversed, compared
to the original manifold M , should be regarded as the mirror manifold of M . There are also other technical
constraints to make sure that W is the mirror manifold of M . In this specific case however, we are indeed
dealing with the mirror manifold MQ of Q.

Taking the quotient of a general Calabi-Yau 3-fold by a group of automorphisms. We should
note that the group G, acting on the quintic, only has fixed points and fixed curves. It has no fixed
hypersurfaces. If M is a general Calabi-Yau 3-fold and if G is an arbitrary group of automorphisms from M
to itself, then G can have fixed hypersurfaces.

In [8] we can read that if N ⊂M is a hypersurface, thus if dimC(N) = 2, then the quotient M/G is not
singular at N . A blow-up is not needed then. Thus, in general, for investigating all the blow-ups, we only
need to study the fixed points and fixed curves anyway.

We can have a similar look at Riemann surfaces. If M is a Riemann surface, then any non-trivial
holomorphic automorphism g : M → M can only have fixed points. If G is the group generated by g, then
M/G has no singularities: a coordinate redefinition in a neighbourhood of a fixed point p is sufficient for
removing the ‘fake’ singularity. A coordinate redefinition will not help us in case of fixed points and fixed
curves in a Calabi-Yau 3-fold.
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6 Special Lagrangian Submanifolds

In this chapter we will introduce special Lagrangian submanifolds, or SLags, mainly in a mathematical
sense. The definitions of SLags are already introduced in many other already existing articles, using many
different approaches. Here we will mainly follow the definitions of [21]. In Section 6.1 we start with the formal
definition of SLags. We will also work out the four related properties, or ‘features’, in much detail. The
most important feature is the second one: we see that a SLag has minimal volume, so that we can directly
find a membrane instanton. At the end of Section 6.1 we will discuss the problems we can encounter, when
trying to find SLags. In Section 6.2, 6.3 and 6.4 we will introduce basic examples of SLags, in the tori T 2,
T 4 and T 6, thus in Calabi-Yau manifolds of complex dimension 1, 2 and 3. In Section 6.5 we will define
the Borcea-Voisin construction, or the BV construction. If M1 and M2 are strict Calabi-Yau manifolds,
of complex dimension m1 and m2 respectively, then we can construct a new strict Calabi-Yau manifold,
of complex dimension m1 + m2. Then we can use simpler Calabi-Yau manifolds, of lower dimension, to
construct a Calabi-Yau 3-fold, which will be interesting in superstring theory. (We will continue in Chapter
8.)

6.1 Definition and Features

Of special interest in the search for membrane instantons are so-called special Lagrangian submanifolds, or
simply SLags, of a Calabi-Yau manifold M on which we would like to compactify our type IIA superstring
theory. Before describing what exactly a SLag is, it is important to realize why a physicist is interested
in SLags at all. Just in words, if M is a Calabi-Yau 3-fold, thus with real dimension 6, if L ⊂ M is a
submanifold of (according to [16]) real dimension 3 and if this L satisfies certain properties called the SLag
conditions, then it is a good candidate for wrapping a supersymmetric membrane instanton around it.

Any membrane instanton in a Calabi-Yau 3-fold M can be described as a smooth surjective map

m : X → L ⊂M,

where X is a compact Euclidean domain space and where L is some SLag in M . Then the map m describes
a Euclidean D2-brane. This map m can be injective, but it does not need to be, so it can indeed describe
wrapped D2-branes as well. We will also discuss SLags in Calabi-Yau manifolds of other dimensions.

A nice definition of SLags and some properties and examples can be found in [21]. However, I would like
to give a detailed description of the SLag conditions in mathematical terms, and tell why these conditions
are desired for theoretical physics.

Formal definition. First we should look at the formal definition which is quite short. Let M be a
Calabi-Yau m-fold, let g be its Ricci-flat metric, let ω be its Kähler form and let Ω be a holomorphic (m, 0)-
form. Then we write (M, g, ω,Ω). Now let L be a smooth submanifold of M , and let ι : L → M be its
canonical embedding. According to the definitions introduced in much detail by [16], this L should satisfy
dimR(L) = dimC(M). Then we can pull back g, ω and Ω onto L. There are three conditions such an L can
satisfy:

1) The pullback of ω on L vanishes, or ι∗ω = 0.

2) The pullback of Ω on L can be written as a real nowhere vanishing m-form times a constant phase
factor. In other words, there exists a constant angle θ such that Im(eiθι∗Ω) = 0.

3) L is compact, so that it has a finite volume.

For any vector V ∈ TpL we see that ι∗V = V ∈ TpM . The first condition means that for any pair of vectors
V,W ∈ TpL, we have ι∗ω(V,W ) = ω(ι∗V, ι∗W ) = ω(V,W ) = 0.

If L only satisfies the first condition, then it is called a Lagrangian submanifold. If L also satisfies the
second condition, then it is called a special Lagrangian submanifold. The third condition is important for
the study of instantons. If M is compact and if L is a compact submanifold of M , then its volume is finite.
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The instanton action is nothing more than this volume, up to a constant prefactor. For any M there is
a possibility to find many L which satisfy the first two conditions, but which are not necessarily compact.
These L will have infinite volume, thus an infinite action. These must be excluded when studying the
application of SLags in the quest for instantons. From now on we use the substantive SLag when L satisfies
all three listed conditions.

We should note that any SLag L should be an orientable submanifold of M . This condition is explicitly
written in [16]. Only if L is orientable a suitably chosen orientation is possible, so that Ω induces a positive
volume form on L.

We should also note that especially the second condition causes a strong constraint. We should recall
that if Ω is one of the holomorphic m-forms on M , then any other Ω′ holomorphic m-form is just a constant
scalar multiple of Ω, thus there is no way to ‘deform’ Ω. Thus, if M = (M,J, ω,Ω) and M ′ = (M,J, ω,Ω′)
are different Calabi-Yau m-folds, then they contain the same SLags. Thus, to make sure that Im(eiθι∗Ω)
vanishes, we are restricted to very special submanifolds of M . To conclude, if it is hard to find SLags with
respect to one Ω, then it will not be easier to find SLags with respect to another Ω′.

We could say that if we have an arbitrary L, which is not a SLag yet, then we can deform it, to another
manifold L′, until it satisfies the SLag conditions. Then this deforming is equivalent to finding an L′ with
minimized volume. (In some specific cases of M many different results of finding such an L′ are possible,
after starting with the same arbitrary L.)

The SLag features. Now we will discuss the main features of SLag geometry, shortly introduced in
[21] and to be derived from the main SLag conditions. In the first feature normal spaces are mentioned.
There exist slightly different conceptual definitions of normal spaces. We will use the following definition
which fits best in the context of differential geometry. Let L be a submanifold of M . Then for any p ∈ L
we know that also TpL ⊂ TpM . The normal space at p of L, denoted by NpL, is the set of all vectors
V ∈ TpM satisfying g(V,W ) = 0 for all W ∈ TpL. This means that TpL and NpL are perpendicular with
respect to the metric. Now we can write TpM = TpL ⊕ NpL. In this case dimR(TpL) = dimR(NpL) as
dimR(M) = 2 dimC(M) = 2 dimR(L). In the second feature we will mention a real top-form ΩL,θ := eiθι∗Ω.
(It satisfies Im(ΩL,θ) = 0 ⇒ ΩL,θ = Re(ΩL,θ) if the second SLag condition is satisfied.) This ΩL,θ is also a
nowhere vanishing form, thus it can be used as an alternative volume form.

SLag feature 1. The Kähler form ω yields a pointwise isomorphism m from TL to N∗L, thus from TpL
to N∗

pL for any p.
Proof: A thing to note is that ω is non-degenerate, as, by definition, for any pair of vectors V,W ∈ TpM ,

we have ω(V,W ) = g(JV,W ). The Riemannian metric g is also non-degenerate and the complex structure
J is an isomorphism from TpM to itself.

We know that for any V ∈ TpL the map ω(V, ·) maps from TpM to R, thus ω(V, ·) ∈ T ∗pM = T ∗pL⊕N∗
pL.

Knowing that ω(V,W ) = 0 for any W ∈ TpL we can say that ω(V, ·) ∈ N∗
pL. Now knowing that ω is non-

degenerate we can say that the map mp : V 7→ ω(V, ·) is injective: if ω(V1, ·) = ω(V2, ·) for some V1, V2 ∈ TpL,
thus if ω(V1,W ) = ω(V2,W ) for all W ∈ NpL, then V1 = V2. As the domain and codomain of mp have the
same dimension, thus dimR(TpL) = dimR(N∗

pL), we can say that mp is also surjective. Then mp is indeed
an isomorphism.

SLag feature 2. The SLag L is ‘calibrated’ by ΩL,θ = eiθι∗Ω. (See [16] for the definition of ‘calibrated
submanifolds’.) This means that ΩL,θ, which is an alternative volume form, is absolutely volume minimizing
with respect to the metric h := ι∗g, the pullback of the Ricci-flat metric g. In other words, eiθι∗Ω equals
the volume form ∗1, defined on L and induced by h, up to some constant c. Thus ΩL,θ = eiθι∗Ω = ∗L,hc.

Proof: We note that L can be described as a real manifold. Let σα be real coordinates at some p ∈ L ⊂M
and let zm be complex coordinates at p = ι(p) ∈M . Then we can explicitly pull back the Kähler form to L
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and apply ι∗ω = 0:

ι∗ω = ι∗(igmn̄dz
m ∧ dz̄n) = igmn̄(ι∗(dzm) ∧ ι∗(dz̄n)) = igmn̄(

∂zm

∂σα
dσα ∧ ∂z̄

n

∂σβ
dσβ)

= igmn̄
∂zm

∂σα

∂z̄n

∂σβ
(dσα ⊗ dσβ − dσβ ⊗ dσα) = igmn̄(

∂zm

∂σα

∂z̄n

∂σβ
dσα ⊗ dσβ − ∂zm

∂σα

∂z̄n

∂σβ
dσβ ⊗ dσα)

= igmn̄(
∂zm

∂σα

∂z̄n

∂σβ
dσα ⊗ dσβ − ∂zm

∂σβ

∂z̄n

∂σα
dσα ⊗ dσβ) = igmn̄(

∂zm

∂σα

∂z̄n

∂σβ
− ∂zm

∂σβ

∂z̄n

∂σα
)dσα ⊗ dσβ .

Now, if ι∗ω = 0, then for all α and β the following holds:

igmn̄(
∂zm

∂σα

∂z̄n

∂σβ
− ∂zm

∂σβ

∂z̄n

∂σα
) = 0 ⇒ ∂zm

∂σα

∂z̄n

∂σβ
gmn̄ =

∂zm

∂σβ

∂z̄n

∂σα
gmn̄. (6.1)

Now we can pull back the metric g to L, thus h := ι∗g. If we use (2.38), then

h = ι∗g = gmn̄(ι∗(dzm)⊗ ι∗(dz̄n) + ι∗(dz̄n)⊗ ι∗(dzm)) = gmn̄
∂zm

∂σα

∂z̄n

∂σβ
(dσα ⊗ σβ + σβ ⊗ σα)

= gmn̄(
∂zm

∂σα

∂z̄n

∂σβ
+
∂zm

∂σβ

∂z̄n

∂σα
)dσα ⊗ σβ = hαβdσ

α ⊗ dσβ .

Now, if we apply (6.1), then we finally obtain the following identity:

hαβ = 2
∂zm

∂σα

∂z̄n

∂σβ
gmn̄ = 2∂αz

m∂β z̄
ngmn̄. (6.2)

Let now G be the (complex) determinant of gmn̄, see also (2.44) and (2.16). Let h be the real determinant of
hαβ , or h := det(hαβ) > 0, and let det(∂z) be the determinant of the matrix ∂αz

µ. Then h can be rewritten
as

h = 2m det(∂z) det(∂z̄)G = 2m|det(∂z)|2G ⇒
√
h = 2m/2|det(∂z)|

√
G. (6.3)

This defines the canonical volume form

∗L,h1 :=
√
hdσ1 · · · dσm.

We can write Ω = fdz1 ∧ · · · dzm, using the notation introduced in (2.31). Then we can explicitly pull
back Ω to L:

ι∗Ω = f(ι∗(dz1) ∧ · · · ι∗(dzm)) = f
∂z1

∂σα1
· · · ∂z

m

∂σαm
dσα1 ∧ · · · ∧ dσαm = f det(∂z)ε,

where ε = dσ1∧· · ·∧dσm. We know that both f and det(∂z) are nowhere vanishing, thus also f det(∂z) 6= 0.
As we want ΩL,θ = eiθf det(∂z)ε to be real, we can rewrite f det(∂z) as

f det(∂z) = eiϕ|f det(∂z)| = eiϕ|f ||det(∂z)|,

where either ϕ = −θ or ϕ = π − θ. Then

ΩL,θ = eiθeiϕ|f ||det(∂z)|ε = ±|f ||det(∂z)|ε = |f ||det(∂z)|(±ε).

(As L is orientable, we can choose a proper orientation in which ΩL,θ, thus ±ε, is positive.) Now knowing
that (2.57) implies that |f | =

√
|f |2 =

√
‖Ω‖2G, ΩL,θ can be rewritten as

ΩL,θ = ±
√
‖Ω‖2G|det(∂z)|ε = ±2−m/2

√
‖Ω‖2 · 2m/2|det(∂z)|

√
Gε = ±2−m/2

√
‖Ω‖2

√
hε = ∗L,hc,

where c = ±2−m/2
√
‖Ω‖2 is a constant. (We already know that ‖Ω‖2 is a constant with respect to the

Ricci-flat metric.) Thus indeed ΩL,θ = ∗L,hc, so that L is calibrated by ΩL,θ.
In [10] we can see a similar (but reversed) proving scheme in the question whether a specific subspace of

the Fermat quintic can be regarded as a supersymmetric 3-cycle, thus as a SLag.
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SLag feature 3. The local deformation theory of a compact SLag L is directly related to topological prop-
erties of L. According to a theorem, see [14] and [16], the deformations of L are in one-to-one correspondence
with the harmonic 1-forms on L. In other words, Hodge’s theorem tells us that locally the deformation mod-
uli space MD(L) of L is a smooth manifold of real dimension b1(L), thus dimR(MD(L)) = b1(L). (We
should note that MD(L) is the “connected component of the set of special Lagrangian m-folds containing
L”, see [16]; that is what locally seems to mean.)

This ‘deformation’ can be interpreted as a very rigid shifting of the SLag in question. We should also
note that there is a constraint: if L is continuously shifted to another SLag L′ ⊂M , then the angle θ should
also remain constant and the family of manifolds between L and L′ should also be SLags, with respect to
the same angle.

A family of SLags which could be smoothly deformed into each other, will be called a deformation class,
and in general a Calabi-Yau space should carry a whole spectrum of possible deformation classes. This
spectrum is closely related to the topological properties of the Calabi-Yau space itself. Each class should at
least contain one SLag, but it is not immediately clear whether this SLag is unique. The deformation class
of one SLag could contain a whole subfamily of manifolds which are all SLags. To conclude: the dimension
of this subfamily is directly related to topological properties of the initial SLag.

In Section 6.2, 6.3 and 6.4 we will discuss some examples of SLag’s in tori. Then we will clearly see how
the SLags can be deformed.

SLag feature 4. The Kähler form ‘calibrates’ any holomorphic submanifold N of M . We already know
that for any such N we can pull back ω to N , so that N is again a Kähler manifold. If n = dimC(N), if
ι : N → M is the canonical embedding and if ωN := ι∗ω, then ωn

N = ωN ∧ · · · ∧ ωN again defines a volume
form on N , see (2.41).

We should note that none of the SLags can be interpreted as a holomorphic submanifold of M , simply
because then ι∗ω = 0. This especially also means that a SLag L itself cannot contain a (part of a) holomorphic
submanifold of M . In a pointwise manner, none of the tangent spaces TpL contains a holomorphic plane.

SLags with multiple connected components. Let L be a SLag in M and let L = L1 ∪ L2, with
L1 ∩ L2 = ∅. Then each of the sets L1 and L2 is also a SLag in M . The other way round, if now L1 and
L2 are SLags with respect to θ, and if L1 ∩ L2 = ∅, then we can construct a new SLag L = L1 ∪ L2 with
respect to the same θ. However, in general we cannot combine two arbitrary SLags: if Lj are SLags with
respect to θj , and if θ1 6= θ2 (modulo π), then the resulting set L = L1 ∪ L2 cannot be a SLag.

How to find SLags. For a general Calabi-Yau space it is not straightforward to find all possible SLags,
but some of them can be trivially constructed, and I would like to discuss these.

In theory, to find any SLag in a Calabi-Yau 3-fold M we could start with an arbitrary compact membrane
embedded in M . On this membrane we can define an action which contains a term which is similar to a 3-
dimensional Nambu-Goto action, and thus is nothing more than the volume of this membrane. Note however
that this action is not invariant under Weyl rescaling like in two dimensions, but that is not needed anyway,
because we will not try to quantize the field equations corresponding to the membrane action. We could try
to smoothly deform this membrane until it has minimal volume, or even better, until the SLag conditions
are satisfied.

Physicists often tend to interpret a deformation as an infinitesimal deformation of a metric, while keeping
the actual set the same. Here, the deformation of membranes should really be regarded as a process of
deforming a set into another set nearby. However these deformations are still smooth, and could be described
by a one-parameter group of local diffeomorphisms. The geometry of the membrane is then induced by the
ambient space metric, and in this sense not only the metric changes, but also the set itself. This procedure
of deforming however requires a lot of computations in general, so we just start off with choosing a possible
candidate and check whether it satisfies the SLag conditions. When we conclude that this membrane is a
SLag, it can be regarded as contributing to our study of membrane instantons.
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So how will we find possible candidates? We will start with the simplest Calabi-Yau space we could
imagine, which is the complex torus, a space of dimension 2, or complex dimension 1. It turns out that
all SLags in the torus are known, and can be represented by straight lines wrapping it. (See Section 6.2.)
Other relatively simple Calabi-Yau spaces are the quartic of complex dimension 2, which is actually a K3
surface, and the quintic of complex dimension 3. (See later chapters.) These examples can all be studied by
looking at their algebraic properties, and finding some SLags in them is not that complicated. The context
of so-called ‘algebraic geometry’ fits best in this research area.

To make any decent and complete conclusion about the contribution of SLags to the study of membrane
instantons, we would actually need knowledge of all SLags a Calabi-Yau space could contain. Unfortunately,
we only know the complete spectrum of SLags in case of a few trivial Calabi-Yau spaces.

6.2 SLags in T 2

The complex torus. Fortunately we have an extremely simple example to start with. The complex torus
T 2 can be represented as a Riemann surface, which is a complex manifold of (complex) dimension 1. It is
also compact and closed, i.e. it has no boundary, and of course it is oriented. It is possible to define a Kähler
form ω on T 2 which is related to a Ricci-flat metric g, and a nowhere vanishing holomorphic (1, 0)-form Ω.
If T 2 is equipped with all this, then it is a Calabi-Yau manifold.

Let τ be a non-zero complex number satisfying Im(τ) > 0. Then the group Gτ := Z ⊕ τZ defines a
lattice. Any complex torus can be identified with the space C/Gτ for some τ , using a biholomorphism. The
value of τ determines a complex structure, and it is a single coordinate in the moduli space of complex tori.
All tori are diffeomorphic, but if two tori have different values of τ then they are not biholomorphic. (We
should note that here τ and τ ′ are said to be different if τ 6= τ ′ and if no modular transformation exists,
transforming τ into τ ′.)

Making the complex torus into a Calabi-Yau manifold. The standard complex coordinate z = x+iy,
defined on C, induces a complex coordinate on T 2. Then z ∼ z + 1 and z ∼ z + τ on T 2. The (trivial)
metric, the Kähler form and the holomorphic top-form are very simple:

g :=
1
2
(dz ⊗ dz̄ + dz̄ ⊗ dz) = dx⊗ dx+ dy ⊗ dy, ω := i

2dz ∧ dz̄ = dx ∧ dy, Ω := dz = dx+ idy.

The complex structure is written in the standard way, see (2.29), and ω(·, ·) = g(J ·, ·). (We see that g is a
Ricci-flat Kähler metric. It is even a flat metric.) These definitions are valid globally, and these make T 2

into a Calabi-Yau 1-fold.

Candidate SLags in the complex torus. Let L be an arbitrary closed smooth 1-dimensional subman-
ifold of T 2, canonically embedded with the map ι : L→ T 2. It is obvious that its tangent space TpL is also
of dimension 1, thus any two (non-zero) tangent vectors V,W are related by a scalar factor: W = λV . This
means that

ι∗ω(V,W ) = ω(ι∗V, ι∗W ) = ω(V,W ) = λω(V, V ) = 0.

The last identity holds because ω is antisymmetric. Thus, the requirement ι∗ω = 0 is vacuous: L automat-
ically satisfies the first SLag condition. (This confirms the idea that only the first SLag condition is not
sufficient for making sure that L has a minimal volume.)

To make sure that ΩL,θ, the pullback of Ω on L, is a real multiple of some constant phase factor θ, we
need to introduce an additional constraint on L. It is only possible to satisfy the second SLag condition
when all tangent spaces TpL are parallel, which means that then we are restricted to straight lines.

To make sure that L is a closed manifold we only need to restrict to straight lines which wrap an arbitrary
integer number around any of the two lattice cycles. Otherwise L will not be compact, making up a dense
subset of T 2, which is not what we can use. When L is dense, it has infinite length, but for the study of
instantons we need a finite value for the action, which is excluded in this case.

We note that these compact straight lines represent non-trivial 1-cycles embedded in T 2, with a ‘minimal
volume’, at least with respect to the flat standard metric.
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Candidate SLags in the complex torus: An explicit definition. The explicit definition of any curve
which possibly is a compact SLag in T 2, is given by

z(t) = z0 + vt,

where v ∈ C∗. Then the curve L, with real coordinate t, is closed if there exists a t0 6= 0 and a pair of
integers m and n such that z(t0) − z(0) = vt0 = m + nτ . (The case m = n = 0 will be ignored.) It should
be clear that not for all v we can find such a triple (t0,m, n) making sure that L is closed. Note that, if L is
compact, then v can be rescaled, v 7→ vt0, so from now on we assume t0 = 1. Then we assume v = m+ nτ .
Now we can express ΩL,θ as follows:

ι∗Ω = ι∗(dz) =
∂z

∂t
dt = vdt ⇒ ΩL,θ = eiθvdt.

Then L is a candidate SLag if eiθv ∈ R. For any θ a v can be found such that L satisfies the first and the
second SLag conditions, but L will not be a closed curve for all θ. Thus L is only compact if v = m + nτ .
In other words, not for all θ a compact SLag can be found. However, we have countably infinitely many
possibilities for choosing (m,n) ∈ Z2 − {(0, 0)}. We know that we can rewrite m+ nτ as ρeiϕ. If we define
either θ = −ϕ or θ = π − ϕ, then we found a compact SLag. Then we can find countably infinitely many
SLags, embedded in the complex torus.

Candidate SLags in the complex torus: An example. We can describe one of the simplest examples
of a SLag in T 2 as follows. We already assume that t0 = 1 and we define z0 := (0, 0) and (τ,m, n) := (i, 1, 0)
so that v = 1. Then these numbers define z(t) := t and the SLag L := {z(t) ∈ T 2|t ∈ [0, 1)}. According to
the second SLag condition eiθv = eiθ should be a real number. Then L is a SLag with respect to θ = 0 or
θ = π.

Deformations of SLags in the complex torus. Any of these SLags in T 2 are compact connected
manifolds L with dimR(L) = 1, thus any L is diffeomorphic to the standard circle S1. Knowing that
b1(L) = b1(S1) = 1 and applying SLag feature 3, as discussed in Section 6.1, we may conclude that there is
a 1-dimensional moduli space of deformations, or dimR(MD(L)) = 1.

If L is a SLag defined by z(t) = z0 + vt and if L′ is another SLag defined by z′(t) = z1 + vt, and assume
they do not overlap (i.e. z0 6∈ L′ and z1 6∈ L), then we can say that L′ can be obtained by deforming L. We
immediately see that, for any v, there is a 1-dimensional smooth family of SLags which can be deformed into
each other. This is indeed in harmony with dimR(MD(L)) = 1. This family of SLags is even a closed set,
and we note that all of the SLags in the same family also have the same ‘volume’. We conclude that in total
there are countably infinitely many 1-dimensional families of connected SLags, embedded in the complex
torus. (Thus, there are uncountably infinitely many SLags in total.)

6.3 SLags in T 4

The trivial 4-torus. In this section we will study SLags in the trivial 4-torus T 4. We define G := Z⊕ iZ
and the trivial 2-torus T 2 := C/G. Then T 4 := T 2 × T 2 = C2/(G × G). The standard coordinates
(z1, z2) = (x1 + iy1, x2 + iy2) of C2 induce coordinates on T 4. We can define the (trivial flat) metric, the
Kähler form and the holomorphic top-form:

g := 1
2

∑
j=1,2(dz

j ⊗ dz̄j + dz̄j ⊗ dzj), ω := i
2

∑
j=1,2 dz

j ∧ dz̄j , Ω := dz1 ∧ dz2.

These definitions make T 4 into a Calabi-Yau 2-fold. (Note that T 2 is a strict Calabi-Yau 1-fold but T 4 is
not a strict Calabi-Yau 2-fold.)
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Candidate SLags in the complex 4-torus. We will study the following candidate SLags. Let α, β, γ
and δ be real integer parameters. Then we define

y1(x1, x2) = αx1 + βx2 , y2(x1, x2) = γx1 + δx2.

Then the graph

(z1(x1, x2), z2(x1, x2)) = (x1 + i(αx1 + βx2), x2 + i(γx1 + δx2)) ' (x1, αx1 + βx2, x2, γx1 + δx2) ∈ R4

describes a compact 2-dimensional surface L embedded in T 4 and parametrized by the real coordinates xj .

Candidate SLags in the complex 4-torus: The pullback of the Kähler form. Now we can explicitly
write ι∗ω with respect to xj . We know that

∂z1/∂x1 = 1 + iα, ∂z1/∂x2 = iβ, ∂z2/∂x1 = iγ, ∂z2/∂x2 = 1 + iδ. (6.4)

Then

ι∗ω =
i

2

∑
j=1,2

(ι∗(dzj) ∧ ι∗(dz̄j)) =
i

2

∑
j=1,2

(
∂zj

∂x1
dx1 +

∂zj

∂x2
dx2) ∧ (

∂z̄j

∂x1
dx1 +

∂z̄j

∂x2
dx2)

=
i

2

∑
j=1,2

(
∂zj

∂x1

∂z̄j

∂x2
− ∂zj

∂x2

∂z̄j

∂x1
)dx1 ∧ dx2.

Then (6.4) implies that

∂z1

∂x1

∂z̄1

∂x2
− ∂z1

∂x2

∂z̄1

∂x1
= (1 + iα)(−iβ)− iβ(1− iα) = −2iβ,

∂z2

∂x1

∂z̄2

∂x2
− ∂z2

∂x2

∂z̄2

∂x1
= (iγ)(1− iδ)− (−iγ)(1 + iδ) = 2iγ,

so that
ι∗ω =

i

2
(−2iβ + 2iγ)dx1 ∧ dx2 = (β − γ)dx1 ∧ dx2.

To conclude, the first SLag condition, ι∗ω = 0, is satisfied if γ = β. (This means that the matrix corre-
sponding to α, β, γ and δ is symmetric.)

Candidate SLags in the complex 4-torus: The pullback of the holomorphic top-form. Now we
can explicitly write ι∗Ω with respect to xj . Then (6.4) implies that

ι∗Ω = ι∗(dz1) ∧ ι∗(dz2) = (
∂z1

∂x1
dx1 +

∂z1

∂x2
dx2) ∧ (

∂z2

∂x1
dx1 +

∂z2

∂x2
dx2)

= (
∂z1

∂x1

∂z2

∂x2
− ∂z1

∂x2

∂z2

∂x1
)dx1 ∧ dx2 = ((1 + iα)(1 + iδ)− (iβ)(iγ))dx1 ∧ dx2

= (1 + βγ − αδ + i(α+ δ))dx1 ∧ dx2.

If we choose for example θ = 0, then Im(ΩL,θ) = Im(eiθι∗Ω) = Im(ι∗Ω) = (α+ δ)dx1∧dx2. Then the second
SLag condition, Im(ΩL,θ) = 0, is satisfied if δ = −α.

SLags in the complex 4-torus. To conclude, we found some SLags in T 4, and the SLag conditions imply
the constraints γ = β and δ = −α. Then any of these SLags can be described by

z1(x1, x2) = x1 + i(αx1 + βx2) , z2(x1, x2) = x2 + i(βx1 − αx2). (6.5)

We can move such a SLag: we could as well define zj as

z1(x1, x2) = x1 + i(αx1 + βx2) + c1 , z2(x1, x2) = x2 + i(βx1 − αx2) + c2, (6.6)

for some arbitrary constants cj ∈ R.
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Deformations of SLags in the complex 4-torus. Any of these SLags in T 4 are again compact connected
manifolds L with dimR(L) = 2, thus any L is diffeomorphic to the standard torus T 2. Knowing that
b1(L) = b1(T 2) = 2 and applying SLag feature 3, we may conclude that there is a 2-dimensional moduli
space of deformations, or dimR(MD(L)) = 2.

For a fixed pair (α, β) we already know that we can smoothly deform the SLag defined by (6.5) to another
Slag defined by (6.6). Then the pair of constants (c1, c2) ∈ R2 indicates the deformation, which is indeed in
harmony with dimR(MD(L)) = 2. However, we should note that if we have two different SLags L and L′,
indicated by different pairs (α, β) and (α′, β′) respectively, then there is no continuous deformation from L
to L′ possible. This means that the total family of all SLags, with respect to θ = 0, is a smooth manifold
with multiple connected components. In fact this family will have infinitely many connected components,
but any of these connected components is still a closed set. This is indeed in harmony with what local seems
to mean, in the context of local deformations of SLags, as described by feature 3.

A counterexample. If we define L ⊂ T 4 as the set of points z1 ∈ T 2 and z2 = 0, then L is diffeomorphic
to all the SLags in T 4 already discussed. Then also ι∗(dz1) = dz1 and ι∗(dz2) = 0, so that

ι∗ω =
i

2
dz1 ∧ dz̄1 , ι∗Ω = dz1 ∧ 0 = 0.

We see that both ω and Ω do not satisfy the SLag conditions: ι∗ω 6= 0 and we cannot use ι∗Ω as a volume
form defined on L. Note that the equation Im(eiθι∗Ω) = 0 is satisfied for all θ, which leads to a contradiction
if we interpret L as a SLag. Also note that L is a holomorphic curve embedded in T 4. Thus, we conclude
that L is not a SLag embedded in T 4.

6.4 SLags in T 6

The trivial 6-torus. In this section we will study SLags in the trivial 6-torus T 6 := T 2 × T 2 × T 2, where
T 2 := C/G and G := Z ⊕ iZ. The standard coordinates (z1, z2, z3) = (x1 + iy1, x2 + iy2, x3 + iy3) of C3

induce coordinates on T 6. We can again define the metric, the Kähler form and the holomorphic top-form:

g := 1
2

∑3
j=1(dz

j ⊗ dz̄j + dz̄j ⊗ dzj), ω := i
2

∑3
j=1 dz

j ∧ dz̄j , Ω := dz1 ∧ dz2 ∧ dz3.

These definitions make T 6 into a Calabi-Yau 3-fold.

Candidate SLags in the complex 6-torus. We will study the following candidate SLags. Let Mjk be
a real 3-by-3 matrix with integer coefficients. Then we define yj(x1, x2, x3) := Mjkx

k, thus

y1(x1, x2, x3) = M11x
1 +M12x

2 +M13x
3,

y2(x1, x2, x3) = M21x
1 +M22x

2 +M23x
3,

y3(x1, x2, x3) = M31x
1 +M32x

2 +M33x
3.

Then the graph

(z1(x1, x2, x3), z2(x1, x2, x3), z3(x1, x2, x3)) = (x1 + iM1jx
j , x2 + iM2jx

j , x3 + iM3jx
j)

' (x1,M1jx
j , x2,M2jx

j , x3,M3jx
j) ∈ R6

describes a compact 3-dimensional surface L embedded in T 6 and parametrized by the real coordinates xj .

Candidate SLags in the complex 6-torus: The pullback of the Kähler form. Now we can explicitly
write ι∗ω with respect to xj . We know that

zj = xj + iyj = xj + iMjkx
k ⇒ ∂zj

∂xk
=

∂

∂xk
(xj + iMjlx

l) = δjk + iMjlδkl = δjk + iMjk. (6.7)
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Then we can pull back the Kähler form (ignoring the summation symbol):

ι∗ω =
i

2

3∑
j=1

(ι∗(dzj) ∧ ι∗(dz̄j)) =
i

2
(
∂zj

∂xk
dxk) ∧ ∂z̄

j

∂xl
dxl) =

i

2
(δjk + iMjk)(δjl − iMjl)dxk ∧ dxl

=
i

2
(δjkδjl + iMjkδjl − iδjkMjl +MjkMjl)dxk ∧ dxl

=
i

2
(δkldx

k ∧ dxl + iMlkdx
k ∧ dxl − iMkldx

k ∧ dxl +MjkMjldx
k ∧ dxl).

Now the following coefficients are symmetric: δkl = δlk and MjkMjl = MjlMjk. The 2-form dxk ∧ dxl is
antisymmetric, thus:

ι∗ω =
i

2
(iMlkdx

k ∧ dxl − iMkldx
k ∧ dxl) =

1
2
(Mkl −Mlk)dxk ∧ dxl.

If now Mkl itself is a symmetric matrix, thus if MT = M , then ι∗ω vanishes, so that the first SLag condition
is satisfied.

Candidate SLags in the complex 6-torus: The pullback of the holomorphic top-form. Now we
can explicitly write ι∗Ω with respect to xj . We define the matrix Djk := ∂zj/∂xk = δjk + iMjk, see (6.7).
This implies that

ι∗Ω = ι∗(dz1) ∧ ι∗(dz2) ∧ ι∗(dz3) =
∂z1

∂xj
dxj ∧ ∂z

2

∂xk
dxk ∧ ∂z

3

∂xl
dxl = D1jD2kD3ldx

j ∧ dxk ∧ dxl

= D1jD2kD3lεjkldx
1 ∧ dx2 ∧ dx3 = det(D)dx1 ∧ dx2 ∧ dx3.

If we choose θ = 0, then Im(ΩL,θ) = Im(ι∗Ω) = Im(det(D))dx1∧dx2∧dx3. Then the second SLag condition,
Im(ΩL,θ) = 0, is satisfied if Im(det(D)) = 0. If now M , being symmetric, and D are explicitly written as

M =

 M11 M12 M13

M21 M22 M23

M31 M32 M33

 =

 α β γ
β δ ε
γ ε ζ

 ⇒ D =

 1 + iα iβ iγ
iβ 1 + iδ iε
iγ iε 1 + iζ

 ,

then Re(det(D)) and Im(det(D)) are explicitly written as

Re(det(D)) = 1 + β2 + γ2 + ε2 − αδ − αζ − δζ,
Im(det(D)) = α+ δ + ζ + αε2 + δγ2 + ζβ2 − αδζ − 2βγε.

Some SLags in the complex 6-torus. To conclude, we found some SLags in T 6, and the SLag conditions
imply the constraints MT = M and Im(det(D)) = 0. Any of these SLags can again be moved. We can
replace the variables (x1, x2, x3) by (x1 − x1

0, x
2 − x2

0, x
3 − x3

0) for some arbitrary constants xj
0 ∈ R.

Deformations of SLags in the complex 6-torus. Any of these SLags in T 6 are again compact connected
manifolds L with dimR(L) = 3, thus any L is diffeomorphic to the (real) standard torus T 3 = S1 × S1 × S1.
Knowing that b1(L) = b1(T 3) = 3 and applying SLag feature 3, we may conclude that there is a 3-dimensional
moduli space of local deformations, or dimR(MD(L)) = 3. Any two SLags in the same deformation class
must be parallel, and any deformation is indicated by a triple (x1

0, x
2
0, x

3
0). The total family of all SLags,

with respect to θ = 0, is again a smooth manifold with infinitely many connected components, each of which
being a closed manifold.

A remark in the physical context. The SLags we found in T 6 are not really interesting in the context
of representing membrane instantons in type IIA superstring theory, as T 6 is not a strict Calabi-Yau 3-fold.
Then it does not support N = 2 supersymmetry.
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6.5 The Borcea-Voisin construction

Motivation. Let M1 and M2 be strict Calabi-Yau manifolds, with mj = dimC(Mj). In Section 2.7
we already introduced the trivial case of constructing a new Calabi-Yau manifold M := M1 ×M2, with
m = dimC(M) = m1 + m2. However, this resulting manifold M is not necessarily a strict Calabi-Yau
manifold.

The Borcea-Voisin construction, or BV construction, introduced in [9] and [12], is an alternative method
of constructing a new Calabi-Yau m-fold from M1 and M2, and this M will again be a strict one. Then we
will shortly introduce the method of constructing SLags in M .

Formal definition. Let σj : Mj → Mj be holomorphic involutions, reversing the sign of the respective
holomorphic top-forms Ωj :

σ∗j (Ωj)σj(p) = −(Ωj)p,

for all p ∈Mj . Then σ := σ1 × σ2 : M1 ×M2 →M1 ×M2 is another holomorphic involution.
Note that σ preserves the holomorphic top-form Ω := Ω1 ∧ Ω2, defined on M1 × M2. We can write

σ∗ = (σ1 × σ2)∗ = σ∗1 × σ∗2 and σ(p, q) = (σ1(p), σ2(q)), so that

σ∗Ωσ(p,q) = σ∗((Ω1)σ1(p) ∧ (Ω2)σ2(q)) = σ∗1(Ω1)σ1(p) ∧ σ∗2(Ω2)σ2(q)

= (−(Ω1)p) ∧ (−(Ω2)q) = (Ω1)p ∧ (Ω2)q = Ω(p,q),

for all (p, q) ∈M1 ×M2.
The involution σ generates a group G isomorphic to Z2. Then the BV construction is a matter of taking

the quotient M1 ×M2/G and blowing up the singularities:

M := b(M1 ×M2/G).

Then M is the BV product of M1 and M2, and this M is a new strict Calabi-Yau manifold. As G preserves
Ω, we can say that Ω can be used to represent a holomorphic top-form defined on M , thus we can say that
M is again a Calabi-Yau manifold. (Of course this is only valid after the blow-up.)

As G does not preserve Ωj (it even reverses them), we can say that some of the Hodge numbers of M
will be zero, so that we will end up with a strict Calabi-Yau manifold.

SLags in the BV product of two Calabi-Yau manifolds. Let L1 be a SLag in M1, with angle θ1, and
let L2 be a SLag in M2, with angle θ2. If ιj : Lj → Mj are the canonical embeddings of these SLags, then
Im(eiθj ι∗jΩj) = 0. Then it is possible to construct a SLag in M from L1 and L2. Now it is easy to show that
L1 × L2, with canonical embedding ι = ι1 × ι2, is again a SLag in M1 ×M2, with angle θ = θ1 + θ2:

Im(ei(θ1+θ2)ι∗Ω) = Im(eiθ1ι∗1Ω1 ∧ eiθ2ι∗2Ω2)
= Re(eiθ1ι∗1Ω1) ∧ Im(eiθ2ι∗2Ω2) + Im(eiθ1ι∗1Ω1) ∧ Re(eiθ2ι∗2Ω2)
= Re(eiθ1ι∗1Ω1) ∧ 0 + 0 ∧ Re(eiθ2ι∗2Ω2) = 0.

Let now L := L1×L2/G. If Lj are smooth and if L1×L2 does not intersect the fixed point set of σ, then
also L will be smooth, so that a blow-up is not needed. Then we can directly say that L is a SLag in M .
However, if L1 × L2 contains some fixed points, then it will be far more difficult, and a blow-up is needed.
Then we define L := b(L1 × L2/G).

In general a product of SLags L1×L2 does not need to contain any fixed point, but it should at least be
invariant under the action of G, thus σ(L1 × L2) = L1 × L2, which implies that σj(Lj) = Lj . If σ does not
map the whole set L1 ×L2 to itself, then the candidate set L1 ×L2/G does not make any sense. (Note that
[21] does not mention this.)

We assume that the holomorphic involution should also be an isometry, thus σ should be a holomorphic
isometric involution. If gj are the Ricci-flat metrics defined on Mj , then the metric g, trivially induced by
g1 and g2, defines a Ricci-flat metric on M1 ×M2. If σ preserves g, which in fact means that σj preserve gj ,
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then g induces a correctly defined Ricci-flat metric on M = b(M1 ×M2/G). Then any candidate SLag L in
M , constructed from SLags Lj in Mj , is correctly defined with respect to the Ricci-flat metric g. (Note that
[21] does also not mention this.)

A remark. Note that the involution sends Ω to −Ω. However, note that if Ω satisfies the SLag conditions,
thus if there exists a θ so that Im(eiθι∗Ω) = 0, then also −Ω satisfies the same equation.
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7 SLags in the Fermat Quintic

In Chapter 5 we already introduced the Fermat quintic. In this chapter we can also discuss the SLags
embedded in the Fermat quintic. We can find one example of a SLag in the quintic in [10], and we discussed
this example in Section 7.1. In Section 7.2 we will work out the results of some research. We found 624
copies of the example SLag, given in Section 7.1, so we found 625 SLags in total. These SLags all share the
same geometry, and they have the (smooth) topology of RP3, the real projective space of real dimension 3.

7.1 The Anti-Holomorphic Isometric Involution acting on the Fermat quintic

It is not that simple to find all SLags in the Fermat Quintic Q, defined by (5.1). However, it is possible
to construct some specific examples of SLags in Q. These SLags can be found by trying to determine
submanifolds of Q which are fixed point sets of certain involutions D : Q → Q. We will mainly discuss
the method introduced in [10]. We know that dimC(Q) = 3, thus any SLag in Q has real dimension 3. To
make sure that the fixed point set L ⊂ Q of D has real dimension 3, we need to use an anti-holomorphic
involution. (See Section 2.8 for the definition of anti-holomorphic involutions.) We will also mention that D
should be an anti-holomorphic isometry. Then D must also satisfy (2.60) and (2.61). Then we say that D
is an anti-holomorphic isometric involution. In this context L will still be a candidate SLag: we will check
if L indeed satisfies the SLag conditions introduced in Section 6.1.

The concept of isometric involutions can be clarified with help of a simple example. The unit sphere
S2 with standard metric induced from its embedding supports a whole family of isometric involutions. Any
plane P intersecting S2 and the origin defines an isometric involution by orthogonal reflection in P of any
point p ∈ S2. The circle P ∩ S2 is the set of fixed points of this involution.

We note that in [10] there is no explicit mention of the notion ‘SLag’. At the time this article was written,
the concept of SLags was still not finished yet. Then we are talking about supersymmetric 3-cycles instead,
embedded in the Calabi-Yau 3-fold in question.

We should note that there is no Ricci-flat g known for Q (only numerical approximations). However,
fortunately the method we will use here does not depend on the explicit definition of g.

Formal definition. The anti-holomorphic involution

ι̃ : C5 → C5 : (Z0, Z1, Z2, Z3, Z4) 7→ (Z̄0, Z̄1, Z̄2, Z̄3, Z̄4)

induces an anti-holomorphic involution

ι : P4 → P4 : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z̄0 : Z̄1 : Z̄2 : Z̄3 : Z̄4].

We note that any point [Z0 : Z1 : Z2 : Z3 : Z4] in Q satisfies

(Z0)5 + (Z1)5 + (Z2)5 + (Z3)5 + (Z4)5 = 0 = 0̄ = (Z̄0)5 + (Z̄1)5 + (Z̄2)5 + (Z̄3)5 + (Z̄4)5,

thus

[Z0 : Z1 : Z2 : Z3 : Z4] ∈ Q ⇔ [Z̄0 : Z̄1 : Z̄2 : Z̄3 : Z̄4] ∈ Q.

Thus we can safely conclude that ι leaves Q invariant. Let now D : Q → Q be the anti-holomorphic
involution induced by ι. According to [10] this is also an isometry. We will prove this as follows. We will
use the same coordinate chart for p and D(p). Now D is an anti-holomorphic isometric involution because
it satisfies (2.61), explicitly written as

∂(Z ◦D ◦ Z̄−1)α

∂Z̄ν

∂(Z̄ ◦D ◦ Z−1)β

∂Zµ
(gD(p))αβ̄ = δα

ν δ
β
µ(gD(p))αβ̄ = (gD(p))νµ̄ = (gp)νµ̄ = (gp)µν̄ . (7.1)

(This holds, for example, on a patch [1 : Z1 : Z2 : Z3 : Z4(Z1, Z2, Z3)] ⊂ Q, thus then Z = (Z1, Z2, Z3).)
Even if g is the Ricci-flat metric on Q, and if we do not explicitly know its definition, then we can still

say that (7.1) implies that D preserves g.
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The fixed point set of the involution. Now it is time to study the fixed point set of D. For any
p = [1 : Z1 : Z2 : Z3 : Z4] ∈ Q we have D(p) = [1 : Z̄1 : Z̄2 : Z̄3 : Z̄4]. Then p is a fixed point of D, thus
D(p) = p, if p can be expressed in real coordinates: Z1, Z2, Z3, Z4 ∈ R. If we describe Z4 as a function of
Z1, Z2 and Z3, then (5.2) implies that

Z4 = Z4(Z1, Z2, Z3) = − 5
√

1 + (Z1)5 + (Z2)5 + (Z3)5 ∈ R. (7.2)

(Note that the extra factor αk appearing in (5.2) is left out here: only if k = 0 we can say that Z4 ∈ R.)
Thus, we can say that to any triple (Z1, Z2, Z3) exactly one Z4 is associated.

Let now L be the fixed point set of D. Then L is a real submanifold of Q with dimR(L) = 3, and (7.2)
describes a subset L1 of L, and this subset is isomorphic to R3.

What kind of set is the candidate SLag? In total we can split up L into 4 subsets containing certain
types of points:

L1 := {[1 : Z1 : Z2 : Z3 : Z4(Z1, Z2, Z3)]}, Z4(Z1, Z2, Z3) = − 5
√

1 + (Z1)5 + (Z2)5 + (Z3)5,
L2 := {[0 : 1 : Z2 : Z3 : Z4(Z2, Z3)]}, Z4(Z2, Z3) = − 5

√
1 + (Z2)5 + (Z3)5,

L3 := {[0 : 0 : 1 : Z3 : Z4(Z3)]}, Z4(Z3) = − 5
√

1 + (Z3)5,
L4 := {[0 : 0 : 0 : 1 : Z4]}, Z4 = −1.

Note that there are no restrictions on Zµ ∈ R, thus there are diffeomorphisms

L1 ' {[1 : a : b : c]}, L2 ' {[0 : 1 : b : c]}, L3 ' {[0 : 0 : 1 : c]}, L4 ' {[0 : 0 : 0 : 1]},

with a, b, c ∈ R. Thus, there is a diffeomorphism from L to the real projective space RP3. As mentioned in
Section 2.4 we can say that RP3, thus also L, is an orientable manifold, so that L is possibly a SLag. To
conclude, L is an orientable smooth compact connected manifold.

Its Betti numbers are b0(RP3) = 1, b1(RP3) = 0, b2(RP3) = 0 and b3(RP3) = 1, and these indeed
satisfy (4.1). These are in fact the same as the Betti numbers of S3, the 3-sphere. However, there is no
diffeomorphism from S3 to RP3. (The torsion subgroups of the homology groups of RP3 are still non-trivial.)

On the other hand, an unramified double covering is possible from S3 to RP3. The antipodal points in
S3 can be identified, so that we obtain the points in RP3.

Why do we need an isometry? As D is an isometry, it preserves the metric, but what will it do with
the Kähler form ω? We know that D(p) = p for all p ∈ L, thus Zµ(p) = Z̄µ(p), so that Zµ(p) ∈ R. Let
now Xµ(p) be the (real) coordinates of L around p, and let ι : L → Q be the canonical embedding. Then
ι(p) = p for all p ∈ L, and ι∗(dZµ) = ι∗(dZ̄µ) = dXµ, so that

ι∗ωι(p) = ι∗ωp = ι∗(i(gp)µν̄dZ
µ ∧ dZ̄ν) = i(gp)µν̄(ι∗(dZµ) ∧ ι∗(dZ̄ν)) = i(gp)µν̄dX

µ ∧ dXν .

Now (7.1) and D(p) = p imply that (gp)µν̄ = (gD(p))νµ̄ = (gp)µ̄ν , thus (gp)µν̄ ∈ R, so that

ι∗ωι(p) = i(gp)µν̄dX
µ ∧ dXν = −i(gp)µν̄dX

ν ∧ dXµ

= −i(gp)νµ̄dX
ν ∧ dXµ = −i(gp)µν̄dX

µ ∧ dXν = −ι∗ωι(p).

This implies that ι∗ω = 0. Thus, to conclude, ω satisfies the first SLag condition on L because D is an
isometry. (Note that if Z̄µ = Zµ and if gµν̄ ∈ R, then the righthand side of (6.1) is automatically satisfied,
so that indeed ι∗ω = 0, thus now we have a reverse implication of (6.1).)

The pullback of the holomorphic top-form. The holomorphic nowhere vanishing top-form Ω on Q is
already defined in (5.3). When expressed with respect to Zµ and Z4 = Z4(Z1, Z2, Z3), using (2.55), it can
be written as

Ω :=
dZ1 ∧ dZ2 ∧ dZ3

(Z4)4
= fdZ1 ∧ dZ2 ∧ dZ3 ⇒ f = f(Z1, Z2, Z3) =

1
(Z4)4

=
1

(Z4(Z1, Z2, Z3))4
.
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(Of course we could have chosen an extra constant complex factor in front of Ω.) On L we have Zµ = Z̄µ =
Xµ ∈ R, ι∗(dZµ) = dXµ and Z4 = X4, so that

ι∗Ω = ι∗(fdZ1 ∧ dZ2 ∧ dZ3) = f |L(ι∗(dZ1) ∧ ι∗(dZ2) ∧ ι∗(dZ3)) =
dX1 ∧ dX2 ∧ dX3

(X4)4
.

Then we immediately see that ι∗Ω is a real 3-form, thus Im(eiθι∗Ω) = 0, for θ ∈ {0, π}, so that Ω satisfies
the second SLag condition on L. Note that f = f |L = 1/(X4)4. If we use a suitable patch with X4 6= 0,
then (X4)4 > 0 so that

f > 0 ⇒ f = |f | = 1
|X4|4

=
1
|Z4|4

.

Now note that feature 2 (see Section 6.1) implies that ι∗Ω is proportional to the volume form defined by
h, the pullback of the metric g on L. We can also prove this explicitly, using the same proving scheme used
in [10]. Note that (2.56) implies that ‖Ω‖2 = |f |2/G, where G is the determinant of gµν̄ , see (2.44). As g is
a Ricci-flat metric we can say that ‖Ω‖2 is a constant, see Section 2.7. If we write ‖Ω‖2 = 8c2, c > 0, then

G =
|f |2

‖Ω‖2
=
|f |2

8c2
=

1
8c2|Z4|8

.

We already know that ι∗ω = 0, so that (6.1) holds. As a consequence also (6.2) holds with respect to
arbitrary real coordinates σα of L:

h
(σ)
αβ = 2

∂Zµ

∂σα

∂Z̄ν

∂σβ
gµν̄ = 2∂αZ

µ∂βZ̄
νgµν̄ .

Then (6.3) implies that

h = 8|det(∂Z)|2G =
8|det(∂Z)|2

8c2|Z4|8
= (
|det(∂Z)|
c|Z4|4

)2 ⇒
√
h =

|det(∂Z)|
c|Z4|4

.

Let now σα := Xα. Then

∂Zµ

∂σα
=

∂

∂Xα
(Xµ + iY µ) =

∂Xµ

∂Xα
= δµ

α ⇒ det(∂Z) = det(∂Z̄) = |det(∂Z)| = 1,

so that
√
h = 1/c|Z4|4 = f/c, thus

ι∗Ω = fdX1 ∧ dX2 ∧ dX3 = c
f

c
dX1 ∧ dX2 ∧ dX3 = c

√
hdX1 ∧ dX2 ∧ dX3 = c ∗L,h 1 = ∗L,hc. (7.3)

An extra phase factor. Note that ι∗Ω is already real in this case. In general an extra phase factor will
also be there. This is why this extra factor eiθ should also be added to (7.3).

7.2 Other Anti-Holomorphic Isometric Involutions

A family of involutions. In the previous section we introduced the standard anti-holomorphic involution,
acting on the Fermat quintic Q. In total there are 625 similar involutions acting on Q. If α := e2πi/5, so
that α5 = 1, then we can define a family of involutions on P4, similar to the family of involutions defined in
(5.6):

Dj,k,l,m : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z̄0 : α2jZ̄1 : α2kZ̄2 : α2lZ̄3 : α2mZ̄4].

Then the single involution mentioned in Section 7.1 satisfies D = D0,0,0,0. Now note that (α2jZ̄1)5 =
(α5)2j(Z̄1)5 = (Z̄1)5. Then any point [Z0 : Z1 : Z2 : Z3 : Z4] ∈ Q satisfies

(Z0)5 + (Z1)5 + (Z2)5 + (Z3)5 + (Z4)5 = 0 = 0̄ = (Z̄0)5 + (Z̄1)5 + (Z̄2)5 + (Z̄3)5 + (Z̄4)5

= (Z̄0)5 + (α2jZ̄1)5 + (α2kZ̄2)5 + (α2lZ̄3)5 + (α2mZ̄4)5,
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thus

[Z0 : Z1 : Z2 : Z3 : Z4] ∈ Q ⇔ [Z̄0 : α2jZ̄1 : α2kZ̄2 : α2lZ̄3 : α2mZ̄4] ∈ Q.

Now note that αj = α−j , thus any fixed point Z1 of the action Z1 7→ α2jZ̄1 can be expressed as Z1 = αjX1,
where X1 ∈ R:

Z1 = αjX1 7→ α2jαjX1 = α2jα−jX̄1 = αjX1 = Z1.

Thus, the fixed points of Dj,k,l,m can be expressed as

[X0 : αjX1 : αkX2 : αlX3 : αmX4] , Xµ ∈ R.

Candidate SLags. Let now Lj,k,l,m be the fixed point set, or ‘candidate SLag’, related to the involution
Dj,k,l,m. Then L = L0,0,0,0 is the standard SLag introduced in Section 7.1. We will look if these Lj,k,l,m are
again fixed point sets of a related isometry, so that we can indeed safely conclude that each is a SLag. First
we will do a coordinate transformation, depending on which candidate SLag we are testing.

A family of coordinate transformations. Now note that we can do a coordinate transformation

Zµ 7→Wµ , [Z0 : Z1 : Z2 : Z3 : Z4] = [W 0 : αjW 1 : αkW 2 : αlW 3 : αmW 4].

Then Wµ helps us describing Lj,k,l,m as a real manifold: Wµ satisfies Wµ = W̄µ = Xµ on Lj,k,l,m. Then Q
is still a Fermat quintic with respect to the coordinates Wµ:

(Z0)5 + (Z1)5 + (Z2)5 + (Z3)5 + (Z4)5 = 0 ⇔ (W 0)5 + (W 1)5 + (W 2)5 + (W 3)5 + (W 4)5 = 0.

If we now express (7.1) with respect to Wµ, for any Dj,k,l,m, then we will again see that we are indeed
dealing with an anti-holomorphic isometric involution. On Lj,k,l,m we again have

gp = (g(W )
p )µν̄(dWµ ⊗ dW̄ ν + dW̄ ν ⊗ dWµ),

with (gp
(W ))µν̄ being real, so that if we pull back the Kähler form, then it vanishes. Thus, Lj,k,l,m satisfies

the first SLag condition. As the polynomials, with respect to Zµ and Wµ, are equal, we can say that the
candidate SLag Lj,k,l,m has exactly the same form as L. They will at least all be diffeomorphic.

Let now U ⊂ Q (again) be the (standard) patch of inhomogeneous coordinates expressed as

[1 : Z1 : Z2 : Z3 : Z4(Z1, Z2, Z3)] = [1 : αjW 1 : αkW 2 : αlW 3 : αmW 4(W 1,W 2,W 3)],

with respect to the different coordinates Zµ and Wµ. Then we can say that this describes a finite group
G of 54 = 625 coordinate transformations, from the standard coordinate Zµ to any Wµ. To any involution
Dj,k,l,m one of these coordinate transformations is related. Now we can also rewrite Ω with respect to Wµ:

Ω =
dZ1 ∧ dZ2 ∧ dZ3

(Z4)4
=
d(αjW 1) ∧ d(αkW 2) ∧ d(αlW 3)

(αmW 4)4

= αj+k+l−4m dW 1 ∧ dW 2 ∧ dW 3

(W 4)4
= αj+k+l+m dW 1 ∧ dW 2 ∧ dW 3

(W 4)4
.

After pulling back to Lj,k,l,m we obtain

ι∗(j,k,l,m)Ω = ι∗(W )Ω = αj+k+l+m dX1 ∧ dX2 ∧ dX3

(X4)4
.

Now we see that Ω has a constant phase with respect to any Lj,k,l,m, thus any of these candidate SLags
satisfies the second SLag condition. As Lj,k,l,m is already compact, we simply say that it is a SLag from now
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on. The coordinate transformations corresponding to D1,0,0,4, D0,1,0,4, D0,0,1,4 and D0,0,0,1 can be regarded
as 4 generators of the total group G. The first three generators satisfy j + k + l +m = 0, so that Ω looks
the same with respect to both Zµ and Wµ. Then also its pullbacks Im(ι∗(Z)Ω) and Im(ι∗(W )Ω) vanish with
respect to L and Lj,k,l,m respectively, thus both are real with respect to the same θ = 0. In total there are
125 SLags with respect to this angle, and for any other θ we can do something similar. Now note that there
is a finite number of angles, θ = 2πn/5 (or θ = 2πn/5 + π) with n ∈ {0, 1, 2, 3, 4}, with respect to which
there are 125 SLags each. Thus, indeed, there are 625 SLags in total.

A family of holomorphic actions. In Section 5.2 we already introduced a group G4 of holomorphic
actions, isomorphic to Z4

5, see (5.7). Both the Fermat quintic and P4 are invariant under the actions of G4.
The 625 elements can be expressed as follows:

Hj,k,l,m : [Z0 : Z1 : Z2 : Z3 : Z4] 7→ [Z0 : αjZ1 : αkZ2 : αlZ3 : αmZ4].

Then we see that any anti-holomorphic isometric involution Dj,k,l,m can be rewritten as

Dj,k,l,m = H2j,2k,2l,2mD0,0,0,0 = Hj′,k′,l′,m′D.

(Note that there is a 1-to-1 relation between the 625 possible indices (j, k, l,m) of D and (j′, k′, l′,m′) of H.)
This also means that

Hj′,k′,l′,m′ = Hj′,k′,l′,m′DD = Dj,k,l,mD,

where both Dj,k,l,m and D are isometries, so that any Hj′,k′,l′,m′ is also an isometry itself. Thus, the 625
SLags are all related by isometries, so that they all have the same geometry, the same volume.

We should note that b1(Lj,k,l,m) = b1(RP3) = 0. This means that none of these 625 SLags is a member
of a smooth family of SLags: they are all isolated.

A remark in the physical context. The 625 SLags we found in total in the quintic Q are interesting in
the context of representing membrane instantons in type IIA superstring theory, as Q is a strict Calabi-Yau
3-fold. Then it does support N = 2 supersymmetry. However, we cannot say we found all SLags, so we
cannot write down a complete correction to the effective theory.

7.3 SLags in the Fermat cubic

The general cubic was already introduced in Section 2.4. The Fermat cubic is a complex manifold C,
embedded in P2 and generated by a homogeneous third order polynomial of Fermat type:

f(Zj) = (Z0)3 + (Z1)3 + (Z2)3.

It is diffeomorphic to the torus, thus it is a Calabi-Yau 1-fold. (It is not a flat torus.) To find some SLags
in C we can use techniques similar to those used for finding SLags in the Fermat quintic. Here we will only
shortly repeat these steps already mentioned in Section 7.1 and 7.2, applied to C. We will again look at a
family of anti-holomorphic isometric involutions Dj,k : C → C and their fixed point sets Lj,k ⊂ C. These
Lj,k will again be SLags, and we know that any SLag in C has real dimension 1.

The anti-holomorphic isometric involutions. This time the family of involutions is defined as

Dj,k : [Z0 : Z1 : Z2] 7→ [Z̄0 : β2jZ̄1 : β2kZ̄2],

where β = e2πi/3, so that β3 = 1. In total we have 32 = 9 of these Dj,k. Again we see that any point
[Z0 : Z1 : Z2] in C satisfies

(Z0)3 + (Z1)3 + (Z2)3 = 0 = 0̄ = (Z̄0)3 + (Z̄1)3 + (Z̄2)3 = (Z̄0)3 + (β2jZ̄1)3 + (β2kZ̄2)3,
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thus any Dj,k indeed leaves C invariant. We can use similar arguments as mentioned in Section 7.2 to explain
why any Dj,k is an isometry. The corresponding holomorphic actions

Hj,k : [Z0 : Z1 : Z2] 7→ [Z0 : βjZ1 : βkZ2]

are again related to Dj,k as

Dj,k = H2j,2kD0,0 = Hj′,k′D ⇒ Hj′,k′ = Dj,kD,

and these Hj′,k′ are again isometries. (Note again that there is a 1-to-1 relation between the 9 possible
indices (j, k) of D and (j′, k′) of H. These H form an abelian group isomorphic to Z2

3.) Thus, the 9 SLags
are all related by isometries, so that they all have the same geometry, the same volume.

The fixed point sets of these involutions. The points in Lj,k, the fixed points of Dj,k, can be expressed
as

[X0 : αjX1 : αkX2] , Xµ ∈ R.

For example, we can study L = L0,0, the fixed point set of D = D0,0. We can split up L into 2 subsets:

L1 := {[1 : X1 : X2(X1)]}, X2(X1) = − 3
√

1 + (X1)3,
L2 := {[0 : 1 : X2]}, X2 = −1.

(Any Lj,k can again be split up into similar subsets.) There are diffeomorphisms L1 ' {[1 : a]|a ∈ R} and
L2 ' [0 : 1], thus there is a diffeomorphism from L to the real projective space RP1. Now RP1 ' S1/Z2 ' S1,
thus, to conclude: L is an orientable smooth compact connected manifold, so that it is indeed a SLag.

The SLags. We again have alternative coordinates Wµ so that [Z0 : Z1 : Z2] = [W 0 : βjW 1 : βkW 2].
Then a group G of coordinate transformations exists, from the standard coordinate Zµ to any Wµ, and this
group contains 9 elements. The holomorphic nowhere vanishing top-form on C can be written as

Ω =
dZ1

(Z2)2
= βj+k dW 1

(W 2)2
,

when expressed with respect to the patch [1 : Z1 : Z2(Z1)]. The coordinate transformations corresponding
to D1,2 and D0,1 can be regarded as 2 generators of the total group G. The first generator satisfies j+k = 0,
so that Ω looks the same with respect to both Zµ and Wµ. In total there are 3 SLags with respect to this
angle, and for any other θ we can do something similar. There are three different angles, θ = 2πn/3 with
n ∈ {0, 1, 2}, with respect to which there are 3 SLags each. To conclude, we have indeed found 9 SLags in
total.

We should note that b1(Lj,k) = b1(S1) = 1. This means that any of these 9 SLags is a member of a
1-dimensional smooth family of SLags.
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8 SLags in K3 surfaces

In this chapter we will discuss two different K3 surfaces and SLags in them. First we will discuss the
Fermat quartic F4 ⊂ P3, and this is a smooth K3 surface. We can find 24 SLags in F4, and they are all
diffeomorphic to the torus. Then we will discuss a singular K3 surface S4: this is a blow-up of the manifold
T 4/Z2, which has singularities. We will discuss the BV construction to find SLags in S4. Finally we will
again use the BV construction and try to find SLags in a Calabi-Yau 3-fold F4 × T 2/Z2, the BV product of
the Fermat quartic and the flat torus.

We should note that the nonstrict Calabi-Yau 3-fold F4 × T 2 admits N = 4 supersymmetry, and is
surely not simply connected. After performing the BV construction we obtain a strict Calabi-Yau 3-fold
F4 × T 2/Z2, which admits N = 2 supersymmetry, which we need.

8.1 SLags in the Fermat quartic

The Fermat quartic in P3. In this section we are mainly interested in the fourth order Fermat polynomial,
which corresponds to the special choice of coefficients fijkl:

f(Zµ) = (Z0)4 + (Z1)4 + (Z2)4 + (Z3)4. (8.1)

The corresponding hypercurve F4 := f−1(0)/C∗, embedded in P3, is called the Fermat quartic, and this is a
specific example of a K3 surface. We will see that there are smooth families of SLags, embedded in F4, but
we will at least find 24 of them. (We will ignore the holomorphic top-form Ω and the phase factors eiθ for
the moment.)

We can use a cell complex of F4 to compute its Euler number, and we can do this in a similar way as we
computed the Euler number of the Fermat quintic, see (5.4). The result is that χ(F4) = 24, and this indeed
corresponds to the Euler number of any K3 surface.

The anti-holomorphic isometric involutions. The family of involutions is defined as

Dj,k,l : [Z0 : Z1 : Z2 : Z3] 7→ [Z̄0 : γ2jZ̄1 : γ2kZ̄2 : γ2lZ̄3] = [Z̄0 : ijZ̄1 : ikZ̄2 : ilZ̄3],

where γ = eπi/4, so that γ8 = 1. In total we have 43 = 64 of these Dj,k,l. It is easy to check that any
Dj,k,l leaves F4 invariant, and that any of these Dj,k,l is an anti-holomorphic isometric involution. The
corresponding holomorphic actions

Hj,k,l : [Z0 : Z1 : Z2 : Z3] 7→ [Z0 : ijZ1 : ikZ2 : ilZ3] (8.2)

are related to Dj,k,l as

Dj,k,l = Hj,k,lD0,0,0 = Hj,k,lD ⇒ Hj,k,l = Dj,k,lD,

thus these Hj,k,l are again isometries. These Hj,k,l form an abelian group isomorphic to Z3
4.

The fixed point sets of these involutions. The points in Lj,k,l, the fixed points of Dj,k,l, can be
expressed as

[X0 : γjX1 : γkX2 : γlX3] , Xµ ∈ R.

We should however take care, because there are a few different kinds of these fixed point sets. (Note that,
for example, if X1 ∈ R, then also γ4X1 ∈ R, thus also in this case we will only consider j, k, l ∈ {0, 1, 2, 3}.)
We will do a few example tests (with respect to the patch X0 6= 0):
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• For example, if j = k = l = 0, then we have

Lj,k,l = L0,0,0 = {[1 : X1 : X2 : X3] ∈ F4|Xµ ∈ R}.

Then we have the following equation:

0 = 1 + (Z1)4 + (Z2)4 + (Z3)4 = 1 + (X1)4 + (X2)4 + (X3)4. (8.3)

As Xµ ∈ R we have (Xµ)4 ≥ 0, so that 1 + (X1)4 + (X2)4 + (X3)4 ≥ 1. Then (8.3) has no solutions.
Thus, the fixed point set L0,0,0 (of D0,0,0) is empty. Similarly we can prove that the fixed point sets of
7 other involutions, D0,0,2, D0,2,0, D0,2,2, D2,0,0, D2,0,2, D2,2,0 and D2,2,2, are also empty.

• For example, if j = k = 0 and l = 1, then we have

Lj,k,l = L0,0,1 = {[1 : X1 : X2 : γX3] ∈ F4|Xµ ∈ R}.

Then we have the following equation:

0 = 1 + (Z1)4 + (Z2)4 + (Z3)4 = 1 + (X1)4 + (X2)4 + (γX3)4 = 1 + (X1)4 + (X2)4 − (X3)4.

This equation has solutions. We have 1+(X1)4 +(X2)4 ≥ 1, so that (X3)4 ≥ 1. Then, for any X1 and
X2 we have X3 = ± 4

√
1 + (X1)4 + (X2)4. Thus, for any (X1, X2) ∈ R2 we have exactly two solutions

for X3: a strictly positive and a strictly negative one. Thus, the total solution set contains two isolated
parts, each of which being connected. Now we can split up L0,0,1 into 6 subsets:

L±1 := {[1 : X1 : X2 : X3(X1, X2)]}, X3(X1, X2) = ± 4
√

1 + (X1)4 + (X2)4,
L±2 := {[0 : 1 : X2 : X3(X2)]}, X3(X2) = ± 4

√
1 + (X2)4,

L±3 := {[0 : 0 : 1 : X3]}, X3 = ±1.

There are diffeomorphisms L+
1 ' L−1 ' {[1 : a : b]|a, b ∈ R}, L+

2 ' L−2 ' {[0 : 1 : b]|b ∈ R} and
L+

3 ' L−3 ' [0 : 0 : 1], thus there is a diffeomorphism from L to 2 RP2, or two copies of the real
projective space RP2. Unfortunately RP2 is not orientable (see Section 2.4), thus, to conclude: L0,0,1

is not a SLag. (In total there are 32 of these sets.)

• For example, if j = 0 and k = l = 1, then we have

Lj,k,l = L0,1,1 = {[1 : X1 : γX2 : γX3] ∈ F4|Xµ ∈ R}. (8.4)

Then we have the following equation:

0 = 1 + (Z1)4 + (Z2)4 + (Z3)4 = 1 + (X1)4 + (γX2)4 + (γX3)4 = 1 + (X1)4 − (X2)4 − (X3)4.

This equation has solutions. We have 1 + (X1)4 ≥ 1, so that (X2)4 + (X3)4 ≥ 1. Then for any
X1 ∈ R we have (X2)4 + (X3)4 = 1 + (X1)4, and, for each X1 fixed, the corresponding solution set is
diffeomorphic to the circle S1. Now we can split up L0,1,1 into 2 subsets:

L1 := {[1 : X1 : X2 : X3]}, (X2)4 + (X3)4 = 1 + (X1)4,
L2 := {[0 : 1 : X2 : X3]}, (X2)4 + (X3)4 = 1.

There are diffeomorphisms L1 ' {[1 : a]|a ∈ R}×S1 and L2 ' [0 : 1]×S1, thus there is a diffeomorphism
from L0,1,1 to RP1×S1 ' (S1/Z2)×S1 ' S1×S1 ' T 2. Thus, to conclude: L is an orientable smooth
compact connected manifold, so that it is indeed a SLag. Similarly we can argue that, for example,
L1,0,1 and L1,1,0 are SLags, diffeomorphic to T 2.
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Relations between the different SLags. We should note that any of the holomorphic actions

H2j,2k,2l : [Z0 : Z1 : Z2 : Z3] 7→ [Z0 : (−1)jZ1 : (−1)kZ2 : (−1)lZ3]

will leave all the SLags invariant, so we only need to check the following 23 = 8 holomorphic actions:

H0,0,0, H0,0,1, H0,1,0, H0,1,1, H1,0,0, H1,0,1, H1,1,0, H1,1,1.

These 8 actions are isometries, and they can be used to make copies of the SLags already found. For example,
we find 7 other SLags diffeomorphic to L0,1,1, namely L2j,2k+1,2l+1 = Hj,k,l(L0,1,1). These SLags are the
fixed point sets of the involutions D2j,2k+1,2l+1 = H2j,2k,2lD0,1,1. Then these 8 SLags are the following sets:

L2j,2k+1,2l+1 = {[1 : ijX1 : ikγX2 : ilγX3]}.

Similarly we can find 7 other SLags diffeomorphic to L1,0,1, namely L2j+1,2k,2l+1, and 7 other SLags dif-
feomorphic to L1,1,0, namely L2j+1,2k+1,2l. Then we have found 24 SLags in total, all being (at least)
diffeomorphic.

These three groups of 8 SLags can be related by other holomorphic actions, being isometries and leaving
F4 invariant. For example, we have the holomorphic permutation involution:

P : [1 : Z1 : Z2 : Z3] 7→ [1 : Z1 : Z3 : Z2].

Then P can be expressed with respect to another coordinate Wµ, so that Z1 = W 1, Z2 = W 2 + W 3 and
Z3 = W 2 −W 3. Then the Fermat polynomial can be expressed with respect to Wµ:

f(Wµ) = 1 + (W 1)4 + 2(W 2)4 + 2(W 3)4 + 12(W 2)2(W 3)2.

(Note that this is a quartic with the same complex structure: any general linear map will preserve the
complex structure, so that we are still dealing with the Fermat quartic.) We can express P with respect to
W as P : (W 1,W 2,W 3) 7→ (W 1,W 2,−W 3). Then it is easy to prove that P can be written as a composition
of two simple anti-holomorphic isometric involutions, so that P itself is also an isometry. Similarly we can
prove that any other of the holomorphic permutation involutions is an isometry. Then L0,1,1, L1,0,1 and
L1,1,0 can be related: there are isometries between the following three sets:

{[1 : X1 : γX2 : γX3]}, {[1 : γX1 : X2 : γX3]}, {[1 : γX1 : γX2 : X3]}.

In total we have found 24 SLags with the same geometry. Other SLags, like for example

{[γX0 : γX1 : X2 : X3]} = {[X0 : X1 : γ7X2 : γ7X3]} = {[X0 : X1 : γ3X2 : γ3X3]} = L0,3,3 ' L0,1,1,

can be identified with one of these 24.

A conclusion. We should note that

b1(L2j,2k+1,2l+1) = b1(L2j+1,2k,2l+1) = b1(L2j+1,2k+1,2l) = b1(T 2) = 2,

which means that any of these 24 SLags is a member of a 2-dimensional smooth family of SLags.

8.2 SLags in a singular K3 surface

The BV product of two tori. We can use the BV construction, introduced in Section 6.5, to construct
a BV product of the standard flat torus T 2 := C/(Z ⊕ iZ) with itself. Let z ' z + 1 ' z + i be the trivial
coordinate on T 2. We will use the standard flat metric and the standard holomorphic top-form Ω(T 2) = dz.
This induces a coordinate (z1, z2) on T 4 = T 2 × T 2, and a holomorphic top-form Ω(T 4) = dz1 ∧ dz2 on T 4.
In Section 6.2 we already discussed the (connected) SLags in T 2, so that we can easily construct SLags in
T 4: any pair of SLags L1 and L2 in T 2 will induce a SLag L1 × L2 in T 4.
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The BV product of two tori: holomorphic involutions. The holomorphic involutions needed for the
BV construction will be

σj : T 2 → T 2 : zj 7→ −zj ⇒ σ = σ1 × σ2 : T 4 → T 4 : (z1, z2) 7→ (−z1,−z2).

The maps σj indeed map Ωj(T 2) = dzj to −Ωj(T 2) = −dzj . This especially holds in a pointwise manner,
as Ω(T 2)p = Ω(T 2)q for all p, q ∈ T 2:

σ∗j Ωj(T 2)σj(p) = σ∗j (dzj) = −dzj = −Ωj(T 2)p. (8.5)

It is easy to prove that these σ∗j are also holomorphic isometric involutions. Then we have T 4/{σ} = T 4/Z2

as a candidate BV product of two tori. (Note that we already pointed out in Section 6.5 that such an
involution should indeed also be an isometry.)

The BV product of two tori: fixed points and singularities. The involutions σj have 4 isolated
fixed points each: 0, 1/2, i/2 and (1 + i)/2. This means that the total involution σ has 4 · 4 = 16 isolated
fixed points. Then the singularities induced by the fixed point set T 4

f ⊂ T 4 of σ cannot be removed by
coordinate redefinitions: these points are no ‘fake’ singularities because dimC(T 4

f ) < dimC(T 4) − 1. Then
T 4/Z2 will be a singular surface. Then we need to do a blow-up.

The resulting smooth K3 surface S4. According to [11] the set T 4/Z2 will actually be a singular K3
surface, and its blow-up S4 := b(T 4/Z2) will even be a smooth K3 surface.

We can shortly repeat how to do this blow-up, and why S4 could indeed be a K3 surface. The Betti
numbers of T 4 are (1, 4, 6, 4, 1). The 1-forms and 3-forms will be cancelled by the involution σ, so that the
Betti numbers of T 4/Z2 are (1, 0, 6, 0, 1). In [11] we can read that the 16 singular points will be replaced
by their smooth equivalents, each of which being diffeomorphic to a sphere S2. Then these 16 spheres will
replace b2 = 6 by b2 = 22. Thus, the Betti numbers of S4 will finally be (1, 0, 22, 0, 1), and these coincide
with the Betti numbers of any smooth K3 surface.

Indeed, if we also look at the Hodge numbers, then we see that the 16 spheres will add 16 real 2-forms,
thus 16 will be added to h1,1(T 4/Z2):

hj,k(T 4) =

 1 2 1
2 4 2
1 2 1

⇒ hj,k(T 4/Z2) =

 1 0 1
0 4 0
1 0 1

⇒ hj,k(S4) =

 1 0 1
0 20 0
1 0 1

 .

(See (2.52) for the Hodge diamond hj,k(T 4).) The Hodge numbers of S4 again coincide with the Hodge
numbers of any smooth K3 surface.

SLags in S4. Not all of the connected SLags L in T 4, written as L = L1 × L2 with L1 and L2 being
connected SLags in T 2, are invariant under the involution σ. Only the connected SLags Lj in T 2, containing
two fixed points will be invariant under σj , thus, unfortunately, the BV construction applied to these SLags
cannot avoid any of the corresponding singularities. The connected SLags in T 2 are diffeomorphic to a circle,
thus the constructed SLags in T 4 are diffeomorphic to T 2. However, any clear article explicitly describing
how such a SLag L transforms to a new one L(S4) in S4, after the blow-up, is hard to find. Especially
any information about the resulting relevant differential forms (Ω and ω), needed to explicitly describe the
resulting SLags, is hard to find. All we can write until now is that L(S4) = b(L1 × L2/Z2).

On the other hand, if one of the SLags, say L1, is not connected, then maybe we can avoid the fixed
points of σ. For example, if we have a connected SLag L0 ⊂ T 2 which does not contain any of the 4 fixed
points, then the involution σ1 can make a copy of L0, or L′0 := σ1(L0), so that L0∩L′0 = ∅ and both L0 and
L′0 are SLags with respect to the same θ. Now define L1 := L0 ∪ L′0, a new SLag in T 2 with two connected
components. Then L1 will be diffeomorphic to two copies of the circle, and it will be invariant under the
action of σ1.
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Let L2 still be the same circle as defined earlier. Then L = L1 × L2 will again be invariant under the
total action of σ. This L will have two connected components, each of which being diffeomorphic to T 2, and
L will not contain any of the fixed points of σ. Now note that σ will map any point lying in one connected
component of L to the other connected component. Then L/Z2 is correctly defined. Thus, we found a SLag
L(S4) := L/Z2 = L1 × L2/Z2 in S4, the smooth version of the singular K3 surface, and this SLag is (also)
diffeomorphic to T 2. This is in harmony with the result of finding SLags in the Fermat quartic K3 surface,
see Section 8.1.

8.3 SLags in the BV product of the Fermat quartic and the flat torus

The direct product of the Fermat quartic and the flat torus. We can compute the Hodge diamond
of F4 × T 2, using the Künneth formula:

hj,k(F4) =

 1 0 1
0 20 0
1 0 1

 , hj,k(T 2) =
(

1 1
1 1

)
⇒ hj,k(F4 × T 2) =


1 1 1 1
1 21 21 1
1 21 21 1
1 1 1 1

 .

Now we see that the resulting space F4 × T 2 is indeed no strict Calabi-Yau 3-fold, thus we indeed have to
perform the BV construction.

A holomorphic involution defined on the Fermat quartic. Let F4 be the Fermat quartic K3 surface,
as described in (8.1). Then we can define a holomorphic involution

σ1 : F4 → F4 : [a : b : c : d] 7→ [a : b : c : −d].

(We could choose another σ1 as well, mapping to [−a : b : c : d], [a : −b : c : d] or [a : b : −c : d], or to a
totally different image.)

Note that if L1 is one of the 24 SLags, and if the point [a : b : c : d] lies in L1, then also [a : b : c : −d] ∈ L1.
Thus, any of the 24 SLags will be invariant under the involution σ1.

Now we can define the following nowhere vanishing holomorphic top-form on [1 : Z1 : Z2 : Z3(Z1 : Z2)],
the standard patch of F4:

Ω1 = Ω(F4) :=
dZ1 ∧ dZ2

(Z3)3
.

For any point p ' (Z1, Z2, Z3) we have σ1(p) ' (Z1, Z2,−Z3), when expressing both p and σ1(p) with
respect to the same coordinate. Then we have

σ∗1(Ω1)σ1(p) = σ∗1(
dZ1 ∧ dZ2

(−Z3)3
) = −σ

∗
1(dZ1) ∧ σ∗1(dZ2)

(Z3)3
= −dZ

1 ∧ dZ2

(Z3)3
= −(Ω1)p.

Now note that σ1 is one of the holomorphic actions, defined in (8.2): σ1 = H0,0,2. This means that σ1 is a
holomorphic isometric involution, so that it finally satisfies the needed conditions. (Note that we already
pointed out in Section 6.5 that such an involution should indeed also be an isometry.)

Now we can determine the fixed point set of σ1. Points like [a : b : c : 1], with at least one of the values of
a, b and c non-zero, will not be mapped to themselves. Only points like [a : b : c : 0] ∈ F4 will be mapped to
themselves. This generates an interesting subset E1 of F4. This subset E1 can be identified with the Fermat
quartic in P2, and this is a Riemann surface of genus 3, see (2.34). Then χ(E1) = −4.

SLags in the Fermat quartic and fixed points. Let L1 be the standard SLag L0,1,1 in F4, see (8.4).
Then we can check which of the fixed points, lying in E1, are also lying in L1:

E1 ∩ L1 = {[X0 : X1 : γX2 : 0] ∈ F4|Xµ ∈ R} ⇒ (X0)4 + (X1)4 = (X2)4.
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For all X0 and X1, thus for all [X0 : X1] ∈ RP1 ' S1 there are precisely two solutions for X2, namely

X2 = X2(X0, X1) = ± 4
√

(X0)4 + (X1)4).

Thus, E1 ∩ L1 has two connected components, each of which being diffeomorphic to the circle. (Note that
for any of the 23 other SLags, say L′1, we can construct an intersection E1 ∩ L′1 in a similar way.)

A holomorphic involution defined on the flat torus. Let T 2 := C/(Z⊕ iZ) be the standard flat torus
with Ω2 = Ω(T 2) = dz and with the standard flat metric. Then the holomorphic involution σ2 : z 7→ −z
maps Ω2 to −Ω2, as (8.5) explains. We already know that not every connected SLag L2 in T 2 will be
invariant under this involution. Only if L2 contains exactly two points, contained in the set E2 of 4 isolated
fixed points of σ2, then L2 will be invariant under σ2. Thus, E2 ∩ L2 contains two points.

However, if L0 ⊂ T 2 is again a connected SLag which does not contain any of the 4 fixed points, then the
involution σ2 can be used to construct an invariant SLag L2 := L0∪σ2(L0), with two connected components,
and this SLag does not contain any fixed point of σ2. Thus, E2 ∩ L2 = ∅. (From now on we will ignore the
connected SLag L2.)

The total involution defined on the direct product of the Fermat quartic and the flat torus.
Now we can define the total involution σ = σ1 × σ2 as follows:

σ : F4 × T 2 → F4 × T 2 : ([a : b : c : d], z) 7→ ([a : b : c : −d],−z).

Let now E := E1×E2 be the total fixed point set of σ. Then E is diffeomorphic to 4 copies of the Riemann
surface of genus 3. Thus, E, with dimC(E) = 1, has 4 connected components and

χ(E) = χ(E1 × E2) = χ(E1)χ(E2) = −4 · 4 = −16.

This fixed point set generates singularities which cannot be removed, because dimC(E) < dimC(F4×T 2)−1.
Then F4 × T 2/{σ} = F4 × T 2/Z2 will be a singular Calabi-Yau 3-fold, so that we need to do a blow-up.

A SLag in the direct product. Knowing that L1 is a SLag in F4 and that L2 is a SLag in T 2, we can
define a SLag L := L1 × L2 in F4 × T 2. If L2 is still the SLag containing no fixed points of σ2, thus if
L2 = L0 ∪ σ2(L0), then the intersection of the total fixed point set and L, thus

E ∩ L = (E1 × E2) ∩ (L1 × L2) = (E1 ∩ L1)× (E2 ∩ L2),

is a direct product of two circles and the empty set, thus E ∩ L is empty. Also knowing that L1 ' T 2 and
that L2 is diffeomorphic to two copies of the circle, we may conclude that we have found a SLag L in F4×T 2,
being diffeomorphic to two copies of T 2 × S1 = T 3.

A SLag in the BV product. We know that Lj are invariant under the action of σj , thus L is also
invariant under the action of σ. Then it makes sense to define L/Z2 = L/{σ}. This σ will again map any
point lying in one connected component of L to the other connected component, so that L will not contain
any of the fixed points of σ. Now define M := b(F4 × T 2/Z2), the blow-up of the BV product of the Fermat
quartic and the flat torus. Then we can also define a SLag in M :

LM := b(L/Z2) = b(L1 × L2/Z2).

We see that the BV construction applied to these SLags avoids the singularities, so a blow-up is not needed.
Thus LM ' L1×L2/Z2, and this SLag is diffeomorphic to T 3. (Note, also T 3 satisfies χ(T 3) = 0, see (4.1).)

A remark in the physical context. The SLags we found in the Borcea-Voisin productM = b(F4×T 2/Z2)
are interesting in the context of representing membrane instantons in type IIA superstring theory, as M is a
strict Calabi-Yau 3-fold. Then it does support N = 2 supersymmetry. However, we did not find all SLags,
by far, so we cannot write down a complete correction to the effective theory.
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9 A summary of the mathematical results

In this chapter we will present the mathematical results of Chapter 6,7 and 8. These chapters, or most
of the sections of these chapters each have an independent result, and we will give an overview here. In all
of these chapters we have listed results of the quest for SLags in a specific manifold. The SLags listed in
Section 7.2, 7.3, 8.1, 8.2 and 8.3 can be regarded as my own results, and the others can be found in the
literature.

• In Section 6.2 we started with a manifold T 2 with complex dimension 1. This is the complex torus.
Here we described infinitely many SLags. All the connected SLags are diffeomorphic, to the circle (as
a real manifold).

• In Section 6.3 we started with a manifold T 4 = T 2 × T 2 with complex dimension 2. Here we also
described infinitely many SLags. All the connected SLags we explicitly mentioned are diffeomorphic,
to the real torus T 2.

• In Section 6.4 we started with a manifold T 6 = T 2×T 2×T 2 with complex dimension 3. Here we again
described infinitely many SLags. All the connected SLags we explicitly mentioned are diffeomorphic,
to the real 3-torus T 3 ' T 2 × S1.

• In Section 7.1 we started with the Fermat quintic, a manifold Q with complex dimension 3. Here
we just described one SLag, and this SLag is diffeomorphic to the real projective space RP3, with
dimR(RP3) = 3.

• In Section 7.2 we continued with the manifold Q of Section 7.1. Here we described 624 other SLags,
and these all share the same geometry of the first one from Section 7.1: this means they are at least
all diffeomorphic, and the responsible diffeomorphisms are all isometries.

• In Section 7.3 we started with the Fermat cubic, a manifold C with complex dimension 1, and this C is
diffeomorphic to T 2. Here we described 9 SLags, and these all share the same geometry. These SLags
are all connected manifolds, thus they are all diffeomorphic to the circle, just like the SLags mentioned
in Section 6.2.

• In Section 8.1 we started with the Fermat quartic, a K3 manifold F4 with complex dimension 2. Here
we described 24 SLags. These SLags all share the same geometry, and they are diffeomorphic to the
real torus T 2.

• In Section 8.2 we started with two manifolds with complex dimension 1 each: they are equal. The
Borcea-Voisin product of these manifolds is S4 = b(T 2 × T 2/Z2) = b(T 4/Z2), which has complex
dimension 2, and the example SLag mentioned is (also) diffeomorphic to the real torus T 2. (This
manifold S4 is also a K3 manifold, and the manifold with singularities T 4/Z2 is also called a ‘singular’
K3 surface.)

• In Section 8.3 we started with two manifolds, one with complex dimension 2 and one with complex
dimension 1. The Borcea-Voisin product of these manifolds is M = b(F4×T 2/Z2), which has complex
dimension 3, and the example SLag mentioned is diffeomorphic to the real 3-torus T 3.
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10 Conclusions

This chapter is about the conclusions of this thesis. Here we will present the results of the quest for
membrane instantons in type IIA superstring theory.

The SLags found in Section 6.2, 6.3, 7.3, 8.1 and 8.2 are all manifolds of real dimension 1 or 2. They
are not embedded in a Calabi-Yau 3-fold, so they cannot directly be related to the quest for membrane
instantons, and the compactifying from 10 to 4 dimensions.

The SLags found in Section 6.4 are of real dimension 3, so they are indeed embedded in a Calabi-Yau
3-fold, but not in a strict Calabi-Yau 3-fold, thus these SLags are still not really interesting in the context
of representing membrane instantons in type IIA superstring theory. Then it does not support N = 2
supersymmetry, which is required (by definition) in case of type IIA theory.

The following Calabi-Yau 3-folds are strict Calabi-Yau 3-folds, thus the corresponding SLags are inter-
esting in the main physical context of membrane instantons, thus of the non-perturbative corrections to
massless type IIA superstring theory. The SLags found in Q, the Fermat quintic, represented in Section 7.1
and 7.2, and found in M , the Borcea-Voisin product of the quartic and the torus, represented in Section 8.3,
are nice candidate SLags, of real dimension 3, embedded in a strict Calabi-Yau 3-fold, so they can indeed
be used to represent the image of membrane instantons. Thus, the SLags embedded in Q, diffeomorphic to
RP3, represent the images of membrane instantons in Q, and the SLags embedded in M , diffeomorphic to
T 3, represent the images of membrane instantons in M . These instantons are then represented by surjective
maps

m : Σ→ L(' RP3) ⊂ Q or m : Σ→ L(' T 3) ⊂M,

where L = m(Σ) is a SLag, embedded in Q or in M . There are many different possibilities for the map
m, from different possible domain spaces Σ, and to different possible target spaces L, such that m(Σ) = L.
Then, for any specific L, a specific wrapping number is related to each of these possible m and Σ related to
L. In case of Q we found 625 different SLags, thus there are, at least, 625 different (but equivalent) target
spaces for membrane instantons.

In both cases, of Q and M , it is still not clear yet if we found all possible SLags, thus we cannot say if we
found all possible images of membrane instantons. So, unfortunately, in both cases we cannot write down a
full correction to the effective theory.
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