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Preface

You are about to read the Master’s thesis of Tomas Molenaars. This thesis
was written as the final part of the Master’s programme Stochastics and Fi-
nancial Mathematics of Utrecht University (UU), VU University Amsterdam
(VU) and University of Amsterdam (UvA).

I carried out my research at RiskCo B.V. in Utrecht. RiskCo’s main ac-
tivity is bridging the gap between financial product design and information
technology. 1 was involved in the research and development group Forecast-
ing Methodologies that develops approaches for the generation of financial
and economic scenarios. These scenarios are used within Asset Liability
Management and Solvency II calculations.

During my work on economic scenarios at RiskCo’s prior to my Master’s
research, I encountered that interest rate is one of the most important, but
also one of the most difficult aspects of generating economic scenarios. The
interest rates do not only depend on the market (through the demand for
capital), but are also highly correlated to governments’ monetary policies.
On the other hand, those same governments would like to be able to forecast
the interest rates to construct their debt strategies. With interest rates being
such an important, but difficult aspect of economic forecasting, this was the
first main research subject of the research group.

After exploring several models and theories about interest rate forecast-
ing with RiskCo’s research group, I decided to use a topic we had encoun-
tered as a starting point for my work: jump processes in the Nelson-Siegel
framework. From a business point of view my research may be of limited
importance (for RiskCo), because I went for a purely theoretical mathemat-
ical approach. Nevertheless it was possible to do my research project at
RiskCo’s, of which this thesis is the result.
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Notation

In this section we give some definitions and notations we will use in the
rest of this thesis. Those definitions are widely used, so this section is more
about our notation. A more detailed explanation can be found in Chapter
8 of ‘Stochastic Processes for Finance: Risk Management Tools’ [3].

Definition 1. A zero-coupon bond (or discount bond) is a contract which
guarantees a pay-off of 1 euro at time T'. The price of such a bond at time
t <T is denoted by P(t,T). It is the amount we are willing to pay at time
t to receive 1 euro at time T'. Time T is called the maturity.

By definition, P(t,t) equals 1 for all £. The collection of all bond prices at
time t = 0, {P(0,T)|T > 0}, is called the term structure of interest rates.

Definition 2. The yield to maturity, Y (¢,7), is defined as the continu-
ously compounded interest rate between times t and T such that P(t,T) =
e YOI)T—t) e Y(t,T):= —7logf_(i’T).

When we know the bond prices at given maturities, we can compute the
yields to those maturities and vice versa.

Definition 3. The forward rate for time T determined at time t is defined
as f(t,T) := —a%log P(t,T).

By integrating the forward rates and using that P(t,t) = 1, we get
T
/ f(t,s)ds = —log P(t,T) +log P(t,t) = —log P(t,T),
t

hence P(t,T) = e~ @9 ds and Y(t,T)= ftTj;(it_’j)(b The bond prices and
yields can be computed from the forward rates and vice versa. It is obvious
that those three definitions contain the same information. If we know one
of these, we can compute the other two.

Using the forward rate, we define the short rate as follows:

Definition 4 (Short rate). The short rate at time t is defined as ry :=
limpy, f(¢, 7).

Definition 5 (Savings account). The savings account-process is defined as
B(t) := exp (fgrsds>, 0<t<o0.

Let f be a function from R x R? to R. Denote by D, f(x, z) the partial
derivative of function f(z,z) to its first argument x and let V., f(z, z) be the
gradient of f(x,z) where z is d-dimensional:

df(z,z)

dz1
V.f(z,z) = :

df(z.2)
dzg






CHAPTER 1

Introduction

In 1987 Charles Nelson and Andrew Siegel published an article in the Journal
of Business about the modeling of yield curves: ‘Parsimonious Modeling of
Yield Curves’ [18]. Their aim was to construct a model of the yield curve
that uses only a few parameters to describe the yield curve, while at the
same time it had to be able to represent the various shapes a yield curve can
have. The shapes generally associated with the yield curve are monotonic-,
humped- and S-shaped. The Nelson-Siegel yield curve covers those shapes.

In 1994 Lars Svensson introduced an extended and more flexible version
of the Nelson- Siegel yield curve by adding a second curvature term [22].
Nowadays, the Nelson-Siegel model either with or without the Svensson
extension is widely used by central banks to estimate the yield curve (see
ref. [15]).

Yield curve (or interest rate in general) forecasting is very important in
bond portfolio management, for pricing derivatives and in risk management.
D. Bolder stated that one central question in a government’s debt strategy
analysis is “how much of the federal government’s annual borrowing needs
should be financed with long-term coupon bonds versus short-term trea-
sury bills?”[2]. One way to answer this question is to consider how various
strategies perform under different interest rate outcomes. In order to do
such an analysis, we need to have a model for the interest rates, to be able
to generate interest rate scenarios.

In their article of 2006, Diebold and Li [9] proposed a very practical
way to model the yield curve. They used neither the no-arbitrage approach
(models like Hull-White [17]), nor the equilibrium approach (models like
Vasicek [23], Cox et al. [7] and Duffie and Kan [10]). Instead, they fitted
the yield curve using a Nelson-Siegel curve and interpreted the parameters
as factors. By doing time-series analysis on the factors, they forecasted the
yield curve. They called their method the Dynamic Nelson-Siegel (DNS).
De Pooter examined this kind of forecasting by the Nelson-Siegel class with
additional extensions [3].

Whereas the article of Diebold and Li was mainly written to propose a
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very practical way to forecast the yield curve, the theoretical background
of the Nelson-Siegel dynamics had already been investigated by Filipovié
back in 1999 [13] and 2000 [14] and by Bjork and Christensen in 1999 [1].
Filipovi¢ showed there exist no nontrivial interest rate model in the Nelson-
Siegel framework when the parameters in the Nelson-Siegel framework are
driven by a state space process, which provides an arbitrage-free interest
rate model.

Where on the one hand people doubted whether the absence of arbitrage
would give better forecasts (like Coroneo [6]), other people tried to make
a theoretically rigid method, which still offers the flexibility of the Nelson-
Siegel framework. Christensen, Diebold and Rudebusch [4, 5] derived a class
of “affine arbitrage-free dynamic term structure models that approximate
the widely used Nelson-Siegel yield curve specification”. They introduced a
yield-adjustment term to make the Nelson-Siegel term structure arbitrage-
free. They called their models arbitrage-free Nelson-Siegel (AFNS) models.

In all the articles mentioned above continuous processes are used to fit
and forecast the parameters. Continuous processes, by definition, do not
allow the presence of jumps. However, the occurrence of a sudden change
in interest rate, a jump, cannot be excluded.

At the end of April 2012, during the political conflict between the Dutch
government and Geert Wilders, Fitch Ratings warned that the Netherlands
faced losing the AAA-rating, because of the failing housing market and the
lack of political action [12]. The consequences of such a devaluation cannot
be predicted. Some people think interest rates on Dutch government bonds
will increase with 50% if the Dutch government loses the AAA-rating, because
traders will be less eager to lend money. This shows it makes sense to
consider jumps in interest rates when we try to forecast them and use them
to generate scenarios.

In 1996 Duffie and Kan already mentioned the possible perception of
including jumps, see Chapter 11 of ref. [10]. Bolder confirmed that incorpo-
ration of jumps is an increase in reality. Moreover, he mentioned that this
incorporation increases the complexity as well, by reducing the existence of
closed form solutions for bond price functions [2]. Filipovi¢ mentioned the
possibility to involve jumps to expand his results too [13].

The main line in this thesis is as follows. In Chapter 2 we introduce
the Nelson-Siegel model and explore some of its properties. In Chapter 3 we
define the consistent state space process and prove, following Filipovi¢, there
exists no nontrivial interest rate model driven by a consistent state space Ito
process. In Chapter 4, we introduce a certain class of stochastic processes
with independent jumps, which we called Independent jump processes, and
stochastic calculus for jump processes. Furthermore we prove there exists no
nontrivial interest rate model driven by a consistent state space Independent
jump process (what has not been done before).




CHAPTER 2

Nelson-Siegel framework

In this chapter we introduce the Nelson-Siegel curves as constructed by
Nelson and Siegel in 1987 [18]. We also introduce some notation to simplify
expressions involving the Nelson-Siegel curves and we show some properties
of the curves. Furthermore, we mention the way to estimate the parameters
following DNS and possible issues with it.

2.1 The original Nelson-Siegel model

The model Nelson and Siegel constructed was parameterized by only four
parameters, denoted by Sy, 81, 2 and A. The (instantaneous) forward rate
in the Nelson-Siegel model is given by:

fi(1) = f(t,t +7) = Po + B1 - exp(—=AT) + B2 - [AT exp(—AT)], (2.1)

where A equals 1/7 and 7 equals m in the article of Nelson and Siegel.
Integrating from 0 to 7 and dividing by 7 gives the yield as function to
maturity 7 (see page v):

e*)\T

plr) = Y(tt+7) = o+ i

1— e*)\T

+ 52 AT

— e—”] . (2.2)

This is the formula for the yield to maturity in the Nelson-Siegel framework,
which is used in this thesis. Some people, including Filipovié [13], replace
B2 - A by one single parameter in (2.1).

In figure 2.1 we see a few examples of the different shapes the Nelson-
Siegel curve can represent. The estimated curves for two values for A as well
as real yield data is plotted. The Nelson-Siegel fits the inverted yield curve
(first and last figure) as good as the normal (second figure) and humped
(third figure) yield curve. In section 2.2 we will talk about the estimation
and the data used in more detail.
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Figure 2.1: Yield curve data and Nelson-Siegel (NS) fits for two different
N’s for four different dates.

2.1.1 Vector notation

To abbreviate the preceding formulas, we can rewrite them using vector
notation. Write the inner product of two column vectors a and b in R" as
a*b, where a* is the transpose of a. Define

Bo 1
B:=1| b |, W= e M
5o e M

The dependence of w; on the time is denoted by the subscript t. Note that
(B does not depend on t. Equation (2.1) can now be written as fi(7) = wi3
and (2.2) can be written as y;(7) = WZX3, where W, is defined as

1
L 1—e— M
W, = ,\t)‘t
l—e— -t
X €

Because 3 does not depend on ¢, the following holds: By definition (see page
v) y(T) = %fOT ft(s)ds, and using fi(7) = wiB we can write

wir) =+ [Twipas= (1 [waas)
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The second equality is valid because of the fact that 3 does not depend on
t and the integral fot w, ds is defined componentwise:

1 L 71ds
1 /T weds = 1 /T e s ds := %Tfoloe_)‘s ds
TJo TJo Ase s lfOT Ase s ds
T

This equals W (as expected).

2.1.2 Weight factor characterization

All parameters have different influences. If two parameters would have had
the same influence, we would not need both. Because the parameters are
constant in 7 (time to maturity), their influence in the forward rates and
yields depends on the weight factors. With weight factors, we mean the
components of w, and W respectively. The fact that the parameters Sg, 51
and B2 do not depend on t is already mentioned above; they were denoted
by the time-independent vector 3. Remark that A influences w, and W.
(Later on we will write w,(\) and W_(A).)

The influence of B on f;(7) (respectively y;(7)) is measured by the
weight w (respectively W). Let us investigate the weight functions. First,
we can examine their limiting behavior, ¢t | 0 and ¢ — oo:

1 1
limtw Wi = 1 5 limtw Wt = 1 5
1 1
]jmt*)OO W = 0 5 ]Jmt*)OO Wt == 0
0 0

We see limgjow; = limy o Wy and limy oo Wy = limy_,oo Wy; the limiting
behavior of the weight functions is the same.

For the forward rate and yield at time ¢ = 0, only 5y and [3; contribute,
whereas in the long run only Sy contributes. In figure 2.2 the weights for
Bo, B1 and o are plotted. The shapes of the weightfunctions are the same
in both cases (forward rates and yields). The properties as described above
are recognizable in the picture: the weight of 5y is 1 for ¢ | 0 and 0 for
t — oo, whereas the weight of By is 1 for both limits and the weight of 55 is
0 in both limits.

From figure 2.2 we can understand the following characterization of the
weights (as explained for example also in ref. [8]). The weight for fj is
constant and it is the only weight that does not decay to zero in the limit.
Therefore the component of 3y is characterized as the long-term. The weight
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1 1
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Medium Term Medium Term
0.8 —— Short Term 0.8 Short Term

0.6 0.6
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Figure 2.2: Left: components of wy, right: components of W.

of 81 is one in t = 0 but decreases to zero; therefore the component on 31 is
characterized as the short-term. A determines the rate of decay. The weight
of (B is the only term that starts at zero (and is therefore not short-term)
and which decays to zero (and is therefore not long-term). The component
on fs is therefore called medium-term. A\ determines the maturity on which
this weight reaches is maximum.

Diebold and Li give [9] a second interpretation of the factors. The long-
term factor By governs the yield curve level. To see this, note that changing
Bo moves the whole yield curve up or down: the loading of this factor is
identical for all ¢. For the short-term factor (1, note that a change of 3
influences the short yields more than the long yields, therefore changing the
slope of the curve. Finally, the medium-term factor 85 does not influence the
very short yields or very long yields, but will have effect on the medium-term
yields, therefore influencing the yield curve curvature.

The slope of the yield curve is often defined as the difference between
the long term yields and the short term yields. If one defines the yield curve
slope (like Frankel and Lown [16]) as lim;—, o y(t)—y(0), we get lim;_, oo y(t)—
y(0) = Bo — (Bo + P1) = — P41, so By is indeed directly related to the slope.

2.2 Dynamic Nelson-Siegel

In their article ‘Forecasting the term structure of government bond yields’
[9], Diebold and Li introduce a dynamic model using the Nelson-Siegel curve.
Their main idea is to interpret the parameters “as a three-dimensional pa-
rameter evolving dynamically”. They consider the parameters as being some
time series and this idea is reflected in the following notation:

— exp(— — exp(—A\
w(7) = g+ By - LI g, 1 XPLEAT)

+ Bot r

— exp(—AT)
(2.3)
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For a fixed ¢, this expression gives the yield curve; for fixed 7 this expression
gives the evolution of the yield of maturity 7 over time.

In figure 2.4 we plotted the values for Sy, 81 and 5o for the data provided
by Diebold and Li. The data set contains unsmoothed Fama-Bliss zero
yields from U.S. Treasuries from January 1970 through December 2000.'
By analyzing those time series, they try to predict the yield curve. Diebold
and Li use the (fixed) value 0.0609 for A. Recall that A\ determines where
the maximum of the medium-term weight factor is situated. Diebold and Li
argue that this maximum is commonly situated between the two- and three-
year maturity. They simply pick the average, 30 months, and state that
A = 0.0609 maximizes the medium-term weight factor at exactly 30 months.
This is not true: the maximum of the function f(x) = I_%M — exp(—x)
is reached in x = 1.79328 which implies A = z/7 = 1.79328/30 = 0.059776.
As is shown in figure 2.1, the difference between the fits with both A’s is
very small.

20000131
19950131
19900131
19850131
20 19800131

19750131
maturity (months) 0 19700130

60
40

Figure 2.3: Data used by Diebold and Li, see page 7.

2.2.1 Estimation of the parameters

In this section, we explain the way Diebold and Li estimate the parameters in
their article. Suppose we are given some yield curve data: a list of maturities
{7m1,...,7n} and yields to those maturities {y1,...,yn}. Our aim is to fit a
yield curve with the Nelson-Siegel form to this data. The system we want

!The data set can be downloaded from
http://www.ssc.upenn.edu/~fdiebold/papers/paper49/FBFITTED. txt
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to solve is given by:

Y1 w2
= B+e. (2.4)
YN W2,
To simplify this expression, we denote the matrix with rows W7 ... , W}
by W and y is the column vector of yields y1,...,yn. The system (2.4) can
now be written as:

y=Wp+e

The vector € € RY denotes the error made by estimating the data y by W 3.
Remark that the matrix W depends on A, hence this is not a linear system
in By, 51, B2 and Al We should estimate the parameters using nonlinear least
squares. By fixing A in advance however, we make it a linear system. For
N > 3 this is an overdetermined system and we can use Ordinary Least
Squares to find an (approximate) solution. The Ordinary Least Squares

solution is given by 8 = (W*W)~'W*y.

14

4 | | | |
19700130 19750131 19800131 19850131 19900131 19950131 20000131

_57 .

| | | |
19700130 19750131 19800131 19850131 19900131 19950131 20000131

10

5
N

0

-5 I I I ! |
19700130 19750131 19800131 19850131 19900131 19950131 20000131

Figure 2.4: Estimated values for 5y, 81 and fs from zero yields obtained
from U.S. Treasury price quotes, data used by Diebold and Li.
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2.2.2 Decay parameter

The decay parameter A is, just like the ’s, a parameter used to fit the curve
as good as possible to the data. Fixing the A during your whole analysis
and during your forecast, like Diebold and Li do, is not be preferable from a
‘best fit” point of view. Fixing A simplifies the analysis because we can use
Ordinary Least Squares as explained before. De Pooter however shows that
it is not impossible to use estimation techniques to find the best (or better)
A during forecasting [3].

In our theoretical analysis in the following chapters we do not impose
any restriction on A: it will be treated in the same way as [y, 51 and (5.







CHAPTER 3

Consistency: Ito process

After introducing the Nelson-Siegel framework, we are now going to intro-
duce some math. In this chapter we introduce the class of consistent state
space processes as used by Filipovié. These processes provide an arbitrage-
free interest rate model, in this case for the Nelson-Siegel forward rate fam-
ily, when representing the parameters g, 51, 82 and A of the Nelson-Siegel
family. The consistent state space processes will be characterized by their
parameters which will become clear later on.

We use the following version of the expression for the forward rates
given by (2.1): We replace the parameters 5y, 81, 82 and A by z1, 29, z3 and
z4. Furthermore, we make in this notation the dependence of the forward
rates on the parameters z = (z1, 22, 23, 24) clear:

F(x,z) = z1 + 29 4% 4 z3z4xe” *4%. (3.1)

The notation we use coincides with the notation Nelson and Siegel originally
used in ref. [9]. Remark that the notation of Filipovié¢ [13] slightly differs
from the definition of Nelson and Siegel; Filipovi¢ replaced z3z4 by z3.

A good choice of the parameter z € R* gives today’s term structure of
interest rates, where x > 0 denotes the time to maturity. After choosing zy,
this is easily done by Ordinary Least Squares as explained in Section 2.2.1.
Remark that the yield curve flattens for longer maturities, hence we restrict
z to what we call the state space Z = {z = (21,..., 24) € R*z4 > 0}. Using
page v we have y(z,z) = 2 Jo F(n,z)dn and hence the (structure of) bond
prices are given by

G(z,2) = exp(—y(z, 2)z) = exp (- /0 P 2) dn> . (3.2)

This is a function from [0, 00) X Z to R;.. Remark that it is C*° in x because
both the exponential function and F(zx, z) are C.

When we view the parameters as time dependent and try to forecast
them, we indirectly forecast a yield curve. The question rises, however,
whether this prediction, assuming some dynamics of the parameters, is

11
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arbitrage-free. The next step is to assume the parameters z follow some state
space process Z = (Zi)y<icn, With values in Z, and investigate whether
F(.,Z) provides an arbitrage- free interest rate model.

The bond prices are functions of the yields (or forward rates) (see Defi-
nition 1). If we make the yield curve (or forward rate) dependent on some
dynamic process, the bond prices will depend on this dynamic process too.
Suppose we have an expression for the forward rate F(x,z). The corre-
sponding bond prices are then (see equation (3.2)) denoted by G(z,z) and
using this, the price at time ¢ of a zero coupon bond with maturity 7' is
given by

Pt,T):=G(T —t,7y),

where Z; denotes the value of the process Z at time t.
We will discount the bond price with the process for the savings account,

see page v: B(t) := exp <fg Ts ds), where r; is the short rate.

Furthermore we know that the discounted bond prices have to be mar-
tingales with respect to the risk free (martingale-)measure P. This is the
idea behind the following definition by Filipovi¢:

Definition 3.1 (Consistency). The state space process Z is called consistent
with the Nelson-Siegel family, if the discounted bond price is a P-martingale,

for all T < o0, i.e. if
P(t,T)>
(57 &

1s a P-martingale, for all T < oo.

Now we have defined the consistent state space process, we take for the
state space process Z an It6 process (as defined in the next section) and
formulate conditions on the parameters of the process to make it consistent.
We prove that the interest rate models driven by a consistent It6 process
are trivial, in line with Filipovi¢ in his paper [13].

3.1 Stochastic process without jumps

3.1.1 Multidimensional Itd process

The state space process we will use for this first part is defined below in
Definition 3.4. It is a so called It6 process. Almost all stochastic processes
without jumps are It6 processes ([20], p. 143).

Let (2, F,P) be a complete probability space and (F;)o<t<oo a filtration
satisfying the usual conditions (see ref. [21]), and let W = (W}, ..., W)o<i<oo
be standard d-dimensional (F;)-Brownian motion, 1 < d.

First, let d = 1 to get the following definition of an Itd process which
can be found in ref. [20], page 143.
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Definition 3.2. An It process X; is a stochastic process of the form

¢ ¢
X, = X+ / bgds + / os AWy, (3.4)
0 0

where W is 1-dimensional Brownian motion, Xo is nonrandom (i.e. Fo-
measurable) and with b and o progressively measurable’ processes with values
i R, respectively R, such that

t ¢
/ |bs|ds < oo and / los|*ds < 0o, P-a.s., forallt>0.
0 0
We can also define the It6 process with a stochastic integral driven by a

multidimensional Brownian motion:

Definition 3.3. An It process X; driven by a multidimensional Brownian
motion is a stochastic process of the form

t d  pt ‘
Xt:X0+/ bsds+2/ ol dW7, (3.5)
0 ! 0
J=1

where W is d-dimensional Brownian motion, Xy is nonrandom (i.e. Fy-
measurable) and with b and o progressively measurable processes with values
in R, respectively R, such that, for j =1,...,d,

t t
/ |bs|ds < 0o and / lo71?ds < 0o, P-a.s., forallt> 0.
0 0

This definition can be extended to a definition for a multidimensional 1to
process:

Definition 3.4 (Multidimensional Ité process). The multidimensional 1t6
process Z = (Zy)o<t<oo, Zt = (Z}, ..., Z}) is given by

t d t
Z;:Zé+/b;ds+2/agﬂdwg, i=1,...,4, (3.6)
0 . 0
7j=1

where W is d-dimensional Brownian motion, Z} is nonrandom (i.e. Fo-
measurable) and with b and o progressively measurable processes with values
in R4, respectively R*>?, such that, fori=1,...,4, j=1,....,d,

t t
/ b ds < oo and / lc¥)?ds < 00, P-a.s., for allt > 0.
0 0

The conditions on b and o are to be sure that the integrals in the right hand
sides of (3.4), (3.5) and (3.6) are defined and the integral with respect to
the Brownian motion is a martingale.

LA process X; is called progressively measurable with respect to the filtration F if
VT >0, (w,t) = X¢(w) considered as a map between  x [0,7] — R is measurable with
respect to Fr ® B([0, T]) — B(R). Progressively measurableness implies adaptedness. See
page 2 of Stochastic Integration [21].
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3.1.2 Stochastic Calculus for Multidimensional It6 processes

Equation (3.6) for the multidimensional Itd process of Definition 3.4 can
also be stated in its differential notation as

d
dzi =bjdt+ Y o dWy. (3.7)
j=1
From this definition is it easy to see what the quadratic (co)variation [Z¢, Z7];
is (background information and more details about the quadratic (co)variation
can be found in Appendix B):

d
dzt, 29, = Azt dZ) = bib] dt dt + b Z olF At AwF

+ b Z ok dt AW} + Z ok Z ol AWl aw}.
k=1
Because dtdt = 0, dt th =0, for all k and dW} dWJ = 1;; dt, this equals

4z} 4z = Zagkza AWl aw} = Zoé’“aik
k=1

Hence the quadratic (co)varlatlon of the multldlmenswnal Ito6 process is
given by

1zt 79, —/ Zalkajkds
0

k=1

For a function f(t, z) with z € R? for which the partial derivatives %

dgsf) nd o flg j) for 1 < 7,7 < 4 are defined and continuous, we can

formulate an expression for the multidimensional It6 formula:

)

4 4
df (t, Z) df(t. Z1) . s VPt Z) v i g
df(t, Z;) = ————=dt ————=dZ; + ———=dZ", Z7};.
f(t,20) dt * ZZ; dzt t ]Z: 2 021027 42", 2l
When we substitute the equation for dZ; (3.7) and use the fact that dZ¢, Z7]; =

Zi 1 Ul%kafk dt, we get:

4
df = i{dtJer btdt+z o dW) + Z% ;ZJZ kol dt

= ,] 1 :
4 4 d
_df df ., 1 9*f ik _jk
= di+ Zﬁbﬁ Z 59705 > oikolt | at
i=1 i,j=1 k=1
4 df d
+) 7 > o awy, (3.8)
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where f := f(t, Z;) for simplicity.

Defining a; := 040}, such that ZZZI Jgkagk = aij, and defining
1 o i, VORf(t,2)
At((ﬂ)f(t, Z) - bt(W)vzf(t, Z)+§ i]gz:l a; (W)W, 0 <t< oo, z e Z,

we can write (3.8) as (again with f:= f(t, Z;)):

df 4 df d. A
- 2 —J ) J <
df = dt+ Af dt+;dzi;at AW/, 0<t< oo, (3.9)

This formula will be used in the proof of the theorem in the following section
to simplify the expressions.

3.2 Consistency of the Ito process

In the following theorem, we state a condition using the forward rate curve
for the Ito process Z := (Z;)y<4n, t0 be consistent, following Definition
3.1. In this theorem we use the terminology forward curve family F': this is
nothing else than the set of forward rate curves with expression F(x, z) for
x€Ryand z € Z: F={F(x,z)|x € Ry,z € Z}. This does not have to be
the Nelson-Siegel forward curve.

Theorem 3.1. Suppose Z = (Zt)y<;< o, follows the Ito process of Definition
3.4 with values in Z. Then Z is consistent, following Definition 3.1, with
the forward curve family F' only if

4

1 0
— }h. _ )
D F(x,Z) =b-V.F(x, Z;) + 2”2:1@ 5 F @ Z)

A z 9
- Z a” (@F(Cﬂazt)/o @F(U, Zt)d77>

ij=1

for all x > 0, dt ® dP-a.s., where a = oo*.

Proof. In our new framework, the bond price depends on the parameter-
vector Z;, hence we will use the expression for the multi-dimensional Ito
formula for the bond price.

Suppose we have an expression for the forward rate F(z,z) (remark
that this notation relates to the definition of the forward rate (2.1) as
fi(x) = F(x,Z;)). The corresponding bond prices are then (see equation
(3.2)) denoted by G(x, z) and using this, the price at time ¢ of a zero coupon
bond with maturity 7" is given by

Pt,T) :=G(T —t,2,).
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Combining this with (3.9) gives the following It6 formula in differential form:

4 d
d . ,
dP(t,T) = (~DoG(T — t, Z;) + AG(T — t,Zy)) dt + Y d—g S o awy,
i=1 j=1

where we write G := G(T' — t, Z;) for simplicity. To simplify this equation
further, write dW; = (dW},...,dW)* such that 2?21 o AW} = (oy dWy);

and Z?:l W(O‘t dWh); = (V.G(T —t, Z;))*or dWy. In integral form,
above equation can be written as:
t
P(t,T)=P(0,T) + / (AsG(T — s,Zs) — D,G(T — s,Zs)) ds

0
t
+ / V.G(T —s,Zs)osdW,, 0<t<T, P-a.s. (3.10)
0

Now the short rate r, = r(t,0) is, by Definition 4:

r(t,0) := lir% F(x,Z;) = F(0,Z;) = —D;G(0,Z), 0<t< 0.
T
Furthermore, we have the definition of the process for the savings account:
¢
B(t) :=exp / r(s,0)ds |, 0<t<o0.
0

Remark that

d/Be) _d <_ [t ds)

=exp | — trs s E — trs s :_r(t,O)
- p< / uom)dt( / <,o>d> 08

Using this we derive the following expression for %:

11 1 1 _ [td1/B(s))
%—%—14‘1—%—%4‘1—/0Td8+1

Lr(s,0) L
__ ) d5+1:/ —_D,G(0,Z.)ds + 1.
| o By 0 7%)
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Now we are able to investigate d(ﬁ&’?):

d<Pg(’§)> _ Btt) dP(t.T) + P(t,T) d<$> 4 d(%) dP(t,T)

1
= 5% ((AtG(T — 1, 7)) — DuG(T — 1, Z,)) dt + V.G(T — t, Z,)* o th>
1 1
T —t, Z)——D,G(0, Z) dt + —— D,G(0, Z) dt
<(AtG(T 1 Z)) — DuG(T — , Zy)) dt + V.G(T — t, Z4) o th) .

(3.11)
Using the fact that d¢dt = 0 and d¢dW; = 0, we see that the last term

equals zero. Define

H(t,T) = % (AG(T —t,24) — DyG(T — t, Z4) + DuG(0, Z)G(T — t, Z,))

and
bt
M(t,T) := — T —5s,7)"
(t7 ) /0 B(S) VZG( 87 8) US dW87

which is is a local P-martingale because it is an integral with respect to a
(local) P-martingale. Using the definition of H(t,7") we can rewrite (3.11)
as

d<Pg(’§)> = H(t,T)dt + %VZG(T —t,Z) o AW

Using this we arrive at the following identity:

ngt?) —P(0,T) = /0 td<P§§)>

t t
1
— | H(s,T)d — NLG(T — s, Z) 0 AW,
/0 (s,T) s+/0 B(S)VG( s, Zs) o dW,

— /t H(s,T)ds+ M(t,T). (3.12)
0

P(t,T)

B(t) )ogth
is a P-martingale, for all 7' < co. Then we know that fg H(s,T)ds is a lo-
cal martingale (because it is the difference of two local martingales) which
is continuous (because H(s,T) is continuous) and of bounded variation.
Therefore we know for 7' < oo

Let’s suppose Z is consistent with the Nelson-Siegel family, i.e. <

t
/ H(s,T)ds=0, Vvte|0,T], P—a.s.. (3.13)
0

Because H(t,T') depends on the stochastic process Z; we write H(t,T)(w)
if we want to line out the dependence of H(t,T) via Z;(w) on w € Q.
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Claim 3.2. Equation (3.13) yields H(t,T)(w) = 0 for (t,w) € [0,T) x €,
dt @ dP — a.s..

Proof. Denote by A the lebesgue measure on [0,7") and by by N the col-
lection of points (t,w) € [0,T) x  where H(¢,T)(w) > 0: N := {(t,w) €
[0,T7)xQH(t,T)(w) > 0}. We will show that the measure of N equals zero:
(A xP)(N) =0.

Let’s have a look at

/ H(t,T)(w)dt ® dP.
N

Because H (s,T)(w) is positive on N, we can use Tonelli:

/ H(t, T)(w) dt @ dP — / ( H(t,T)(w)dt) dp,
N Q Ny

where N, = {t|(t,w) € N}. Because by assumption fot H(s,T)ds=0, Vte

[0,7], P—a.s., weknow wa H(t,T)(w)dt Fas 0, hence [ H(t,T)(w) dt®
dP = 0. Because H(t,T)(w) > 0 on N, it must hold that N has 0 dt ® dP-
measure. To prove that also N_ := {(t,w) € [0,T) x Q|H (¢, T)(w) < 0} has
measure 0, we follow the same argumentation applied to —H (¢,7T")(w). We
conclude H (t,T)(w) =0 for (t,w) € [0,T) x , dt ® dP — a.s.. O

Claim 3.2 holds for every T' < co. Because H(t,T') is continuous in T,
we know that

H(t,t+z)(w)=0, Vx>0, for dt®dP-ae. (t,w). (3.14)
Because B(t) > 0 for all ¢, (3.14) yields

AG(x,Z) — D,G(z,Z) + D,G(0,2)G(z,Z) =0, Vx>0, dt®dP-a.s.
(3.15)

Using the definition of the bond price G(z, 2), z € Z, equation (3.2), we see:

dG(z,z) rd
7 - _/0 dZiF(U, Z) dnG(ﬂf,Z),
0?G(z, 2) ro 0
9904 (/0 3ZiF(77,Z)d77/0 @F(mz)dn
T 62
o azjazi>G(x’Z)
and

D,G(x,z) = —F(z,2)G(z, 2).
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Details can be found in Appendix A.1, equations (A.1), (A.2) and (A.3).
Equation (3.15) can now be written as

0=AG(z,Z) — D,G(x,Z) + D,G(0, Z)G(x, Z)
d

1 0%z, 2)
b-V.G(z, )+2i;a i Gz, Z) + Dy G(0, 2)G(x, Z)

— —/xb -V.F(n, Z)dnG(x, Z)

0
d
- i F(n,Z —F(n, Z)dn -
+2ijzla </0 5, )d?7/0 557 L (1 Z)dn /0

G(x,Z)+ F(x,2)G(x,Z) — F(0,2)G(x, Z)
= _/Ol“ AF(n, Z)dnG(x, Z)

d
1 y * 0 r 0
— 4 -F(n,Z)d —F(n,Z)d Z
t3 2 ([ hraza [ Lrw2)w) 6.2
Z

62
SaigiL (b 2)dn

3,7=1

+ F(z,2)G(x,Z) — F(0,2)G(x,Z), Vx>0, dt® dP-a.s..

Dividing by —G(z, Z) gives:

/OxAF(n, )dn—— ( 55 Fn,zZ dn/ 77>

2,7=1
—F(x,Z)+ F(0,Z) =0, Vx>0, dt®dP-a.s..

Differentiating this to = gives

-5 a” Z) Z)d 5 F(n,Z)dn—=F(z,Z
Z <8zl “ / 027 mr / 0z (n, 2)d P (=, )>

+ AF(n,Z)dn — D,F(2,Z) =0, Vx>0, dt®dP-a.s., (3.16)

which can be rewritten to the expression of Theorem 3.1. ]

This theorem was derived using an arbitrary forward rate curve F(z, 2)
depending on a process Z. We are going to apply this theorem to the Nelson-
Siegel forward rate. The following corollary gives the explicit condition given
by Theorem 3.1 in the Nelson-Siegel forward curve case.

Corollary 3.3 (Nelson-Siegel). Suppose Z = (Zi)o<t<oo follows the Ito
process of Definition 3.4 with values in Z. Then Z is consistent with the
Nelson-Siegel family only if for dt @ dP-a.e. (t,w) in [0,00) X €,

0= po(x) + pr(a)e™ ™ + pa(z)e 7 (3.17)
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for all x >0, where po(z), p1(x) and pa(x) are polynomials in x with coeffi-
cients containing b® := bi(w),a" := a; (w) and 2* := Z}(w) for 1 <i,j < 4
which are given by

1
po(r) = — za™ + 0! — —(a'? +a'?) + ﬂfsam, (3.18)
24 zg

p1(x) =(22 — 23)24 + 23257 + b? + 24wb® + {(23 — ) x — 23z4x2] bt

[1 1
+ ——x] a'? + [—4—3&—24352] a3
Z4 Z4

1
T —223 a2t B (29 — 223) 22 + Z3Z4x3] alt — —a?

i zZy 24 Z4

P2 &

1 z9 + 2 29 — 2
_ ——|—x]a23+ 2 , 3_|_< 2 3
| %4 s 24

— 1) T +23£C2

(23 — 22)(23 + 22)33

2
24

a34 +

z
+ (1—|—2—2> z+ (23 — 24) 2
24

I o) T T D S SO S (3.19)
24 2 2

1

zo + z
po(x) =— <a22 + [1 4 2z42] a® + [—u

24

— 2290 — 2,23243:2 a*
zZ4

+ 34

—

24T + zZmQ} a3 + [—ngx — 22’22’4302 — z3z4ac2 — 223221‘3] a

_|_

T+ <z§ + zgz?,) 2%+ 222,23243:3 + z§z4x
zZ4

2 2
25 — 2
2 3 24] 44

(3.20)

Proof. The proof is nothing more than expanding what the condition of The-
orem 3.1 means when we take for F' the Nelson-Siegel family. The Nelson-
Siegel forward rates F'(x, z) are given by equation (3.1):

F(x,z) = 21 + 29" % 4 z3z4me” *4%.

The (partial) derivatives of F' are written out in Appendix A.2. Using that
a = a* and combining all the terms, one shows the condition in Corollary
3.3. O

Equation (3.17) can only be satisfied for all = > 0 if each of the polyno-
mials po(x), p1(z) and pa(x) are equal to 0 for all x > 0. This is proved in
Appendix C. This gives conditions on the b’ and a* and hence it determines
the dynamics of Z. Before we state a new theorem, we prove the following
lemmas which we will use in the proof:
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Lemma 3.4. Let f : R — R be given by f(z) =ax+0b,a € R, b€ R. The
solution for f(x) =0 for all x > 0 is given by a =0, b = 0.

Proof. b = f(0) = 0 gives b = 0 and then a +b = a = f(1) = 0 gives
a=0. ]

This lemma is a special case of the following lemma:

Lemma 3.5. Let f : R — R be given by a polynomial of degree p > 0:
fx) =Y _,era® with o € R. If f(z) = 0 for all z > 0, we know ¢, =0
for0 <k <p.

Proof. First note that if f(x) = 0 for all 2 > 0, also f(@(z) := dd%f(x) =
0 for ¢ > 0 and for all 2 > 0. Secondly, f@(z) = >5_ qck%(mk) =

b qck(kkq),x , hence f@(0) = gle,, for ¢ > 0. Because (9 (z) = 0
for ¢ > 0 and for all x > 0, we know ¢lc, = 0 for ¢ > 0, hence ¢, = 0 for
0<k<np. O

Lemma 3.6. Let M be an n x m matriz with M7 € R. Define B = MM*.
Suppose B =0 for some 1 <1 <n. Then B =Bil=0 forall1 <j<n.

Proof. Remark that B can be written as BY = >y M*MI* Now B! =
0 yields 0 = S0 MM =57 (M™)2. Because MY € R, we know that
(M¥7)2 >0 for all 1 <i<mn,1<j<m. From this it follows that M% =
for 1 < k < m. Obviously then BY = >"7"  M* Mk = D e 10M1k = 0.
Because B* = (MM*)* = M**M* = MM* = B, we know BY = BJ% hence
BY =pBil'=0forall<j<n. O

This is it for the preparation for the following theorem, which is a con-
sequence of Corollary 3.3.

Theorem 3.7. Suppose Z = (Zt)o<t<oo follows the Ito process of Definition
3.4 with values in Z. Let Z be consistent with the Nelson-Siegel family. Then
Zys is of the form

7 =17,
72 = 727200 4 73 74Pt
Z3 Z3 fZO

tAT

tAT d
. , ,
Zi =725 + /0 Cil{zg:zg:o} ds + Z/o 03]1{23:23:0} dwy,
j=1

with c* € R and the stopping time 7 = inf{s > 0|22 = Z3 = 0}.
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Proof. Z is consistent if equation (3.17) from Corollary 3.3 holds. As proven
in Appendix C, equation (3.17) can only hold if po(z), p1(z) and pa(x) equal
zero for all x. Let’s start with the first polynomial, pg(x).

The polynomial pg(x) is of the form of f in Lemma 3.4 (and 3.5), with
a=—aland b=b'— i(a12 +a'?)+ %au. From the lemma(s) we know
all =0.

Because we have a = o0, 0 € R**? and a'! = 0, we know by Lemma
3.6, a¥ = @/t = 0 for 1 < j < 4. What remains of the polynomial po(x) is
po(z) = b'. Obviously b' = 0. These observations simplify p;(x) somewhat.

Remark that the degree of ps(x) depends on whether z3 = 0 or not.
Suppose z3 # 0 and 2z # 0. Then the degree in py(x) is four and the
coefficient of z* is given by z§Z4a44. Because py(z) = 0 for all z > 0, we
know z§24a44 = 0 and hence a** = 0. By using Lemma 3.6 again, we know
a4j:aj4:0for1§j§4.

The polynomial reduces to

1
po(z) =— <a22 + [1 4 2z42] a® + [z4x + zsz] a33> .
24

The second order coefficient is z4a3, hence for the polynomial to be zero,

a3 = 0. The order reduces to 1 with coefficient 24?3, hence also ¢?* and a®?
22 . . . .

equal zero. Now only ‘;—4 is left, which means that a??> = 0. This implies

a = 0 and hence ¢ = 0. The polynomial p;(z) reduces to:

p1(z) =(20 — 23) 24 + 23232 + b% + 24263 + | (23 — 20) = — Z3z43:2] b,

(3.21)

A similar argument as above gives that b* = 0 and we are left with
b = —z324, (3.22)
b2 = (23 - 22)24. (323)

Until now we only assumed 23 # 0 and 22 # 0. It is worth considering what
happens when z3 # 0 and 2o = 0. The following lemma will make things
easier:

Lemma 3.8. For 1 < ¢ < 4, it holds that aiil{zizo} = bil{Zz':O} = 0,
dt ® dP-a.s..

Proof. The Occupation times formula (Corollary 1.6, Chapter VI of Revuz
and Yor [19]) gives the following: There is a P-negligible set outside of which

[occraxxl= [ e

— 00
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for every t and every positive Borel function ® and L{ a local time. Take
X =Z"fori=1,...,4, then [X, X], = [Z",Z"], = [; ai’ dt and take the
positive Borel function ®(z) = 1¢(z). Then by the formula

t L o0
/ 10(Z2)ay ds = / 1o(a)L{ da = / L{da =0,
0

—o0 {0}
because the lebesgue measure of 0 is zero. Because this holds for every ¢,
we know aiil{Zizo} =0,dt ® dP-a.s., fori =1,...,4.
Nowlet dY; = 15i_odZ{. Then [Y,Y]; = [14:0[2", Z"]s = [ 1zi—0al ds =
0. This implies that Y; “ Yy, or

t
Oa':s'th—YO:/ 1{Z5i=0} dZz,
0
= / 1{Z§=0}bé ds + Z/ l{Zsi:(]}O'? de
0 : 0
7j=1

t .
= /0 l{Z;ZO}b:lS d8+0

Again this holds for every t, so we know b'1 (zi—oy = 0,dt ® dP-a.s., for
i=1,...,4. O

The lemma tells us that when zo = 0, also by = 0. The condition (3.23)
gives z3 = 0, which contradicts the assumption z3 # 0 in the derivations of
(3.23). Hence this cannot occur.

Let’s consider the case that z3 = 0. As above we have that a'! = 0.
Now given that z3 = 0, we immediately know b and a3 are zero and hence
(using Lemma 3.6) a* = a/® = 0 for 1 < j < 4. This reduces pz(z) to:

1 z z 22 22

22 2 2 24 2 2. 2| 44

p2(x) = —a 5 F2—x|a” + | 5T+ =27 |a".
24 23 24 23 24

The highest order coefficient to be zero holds that a** = 0 (if 2o # 0)
and hence a* = a/* = 0 for 1 < j < 4. This gives pa(x) = iam hence
a®?> = 0. The matrix a" is zero again. We know immediately that pi(z) =
2924 + b? — zoxb*, hence b* = 0 and b2 = —2924.

If z3 and 2o equal zero, we know that a”/ = 0 and b* = 0 for all 1 <
1,7 <4, except for i = j =4, and 1 < k < 3. In this case the polynomials

are equal to zero, p1(z) = pa(z) = 0, regardless the choice for b* and a*t.
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Summarizing:

bt =0,

b = (23 — 22)2,

b? = —z324,

b =10y

a =0, for (i,7) # (4,4),

44 2
a” =" 1z=zs=0)

where ¢! € R and ¢ € R>q are arbitrary numbers.
Because Corollary 3.3 holds dt ® dP-a.e. (t,w), the process Z (3.6) is
now, up to indistinguishability, given by

7} 7 0
Zé _ Zoz N /t (z3 —ZSQZ Z{ | 4
Za 29l 0 1 — 7373
Z Zy ¢ L{zz=23-0)
N ! 0 0 _s
0 0 0 i
Mgz - g )\
(3.24)
or
7zt =73,

t
7t =272 +/0 (Z;S - 23) 71 ds,

t
Z3 =73 - / Z37% ds,
0
Zf:Zg—FA Cil{Zgzzg,zo}dS—FZA Ugj]-{Zg:Zg:O}dWsj'
j=1

On Qo = {Z3 = Z3 = 0}, Z? and Z} remain zero (a.s.). It remains to show
it on Q1 := Q\Qp. Introduce the stopping time 7 := inf{s > 0|22 = Z2 =
0}. Obviously o = {7 = 0}. As soon as Z2 and Z3 are zero, they remain
zero. Hence 1(z2_z3_gy = 17 o). Define the stopped process Y; = Ziar,




Chapter 3. Consistency: Ito process 25

then:
Y;fl = Z(%’
tAT
v=ziw [ (vEov?)vias
0
tAT
VP =275 - V2vids,
0

tAT

tAT d
}/;4 = Zal + / Cil{YSQZYSSZO} ds + Z/ U;ljl{Yf:YS?’:O} dWSj (325)
0 : 0
j=1

Remark that for t < 7, ctll (V2=Y3=0} and aélj 1 (Y2=y3=0} are zero. Further-
more

tAT

tAT d ) )
/ Cil{YSQZYSSZO} ds + Z / Oéj 1{Y32=Y53=0} dWSj
t d t '
= / s 1r00 10,7 ds + Z/ 03 17 001 10,7 AW
0 " 0
7=1

t d .t
1 49 j
:/ CS]_[T}dS—F E /USJI[T]dWSJ:O.
0 =Jo

Hence Y;* becomes Y,! = Z3, so Y; of (3.25) becomes
Y;tl = Z&?

tAT
e zis [ (v2-v2) Zhas,

tAT

YP=2i- | Y'Zids,

Y = Z3. :
The solution of the equation for Y;? is given by
Y3 = defzg(mr)’

which can easily been checked:
tAT tAT 4
Z3 — / V3Z4ds = 73 — / Z3e 20N Z4 45
0 0

tAT 4
=73 - Zg/ e %0574 ds
0

o4 1S=UINT
=73 73 [—e ZoS]
s=0

_ defZal(t/\T) _ }/;3.
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Furthermore it is easy to check that

Y2 = Z3e 40U 4 Z8Z3(t A r)emZ0tAT)

tAT
Z§+/ (vi-v2) zias
0
2 o 3 —Z3 2 —Z3 374 z3 4
=7 —|—/ (Zoef 0(AT) _ 72o=Z0(NT) _ 78 74 (5 A 7Y 0(3/\7)> Zy ds
0
tAT 4
=73+ (Zg - Z§> Z / e Z0(M) 4
0
tAT 4
— Z3(Z4)? /0 (s Ar)e 200N g
Sy (Zg - Z§> (1 - e*Zé‘“”))
-7z (—Zé(t A T)e_Zg(t/\T) +1-— e_Zg(t/\T)>
= Z3e WD 4 2378t N T)e D) = Y2,
Putting everything together we have
Y;fl = Z(%?
Y;Q _ ZOQQ—Zg(t/\T) + Zgzal(t A T)G_Zg(t/\T),
Yts _ de—Z{)l(t/\T)’
Yi =275
For t € [0,7], we have Y; = Z;. Remark that Y; > 0 for all ¢, hence
Oy = {7 > 0} = {r = oo}. Using this we get Y; = Z;n, = Z; and
z} =7,
72 = 73 %t 4+ 73 74 te %",
Z} = Z3e %,
zZ} = 73,
on €. Putting everything together we get
zZ} = 7§,
2} = Z3e %t v Z3 Zte %0t
7z} = Z3e 4,
d

tAT
=z [ gzt y

tAT 4 )
J W7
08 1{Z2:ZSZO} d $9
0 0 0
j=1

which is the result of Theorem 3.7. O
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We can of course substitute this expression for Z in the Nelson-Siegel
forward curve to see what this really means:

Corollary 3.9. The forward rates are non-random, they are Fo-measurable.

Proof. The Nelson-Siegel forward rate on Qg is given by F(x,Z;) = Z&
(because Z7 = Z} = 0), which is Fy-measurable. The dynamics of Z} have
no influence. The Nelson-Siegel forward rate on {21 is given by

F(x,7) = Z} + Z2e %% 4 73 Zhge Zi%
= 7} + (de_zgt + Zg’the_th) e %07 4 Zg’Zfe_thxe_ng
= Zb 4 22700 4 73 74(1 4 1) B = F(t + x, Zp),
hence all the randomness remains Fy-measurable. ]

Corollary 3.9 tells us that the interest rate model is nonrandom, trivial.
It only depends on the value of the process at time 0.







CHAPTER 4

Consistency: Jump process

In Chapter 3 we used stochastic processes without jumps, so called 1to pro-
cesses. For this class of processes it is shown that the only It6 processes con-
sistent with the Nelson-Siegel family provide a trivial interest rate model.
In this chapter we will show there is an analogous result for stochastic pro-
cesses involving jumps, from now on called jump processes. We will define
these processes first.

4.1 Stochastic process with jumps

4.1.1 Poisson process

One of the most well known jump processes is the Poisson process. This
section will give a short introduction. For more details, check for example
ref. [20], Section 11.2.

There are different descriptions of the Poisson process possible. Hereby
we use a definition that follows the construction in ref. [20] by Shreve.

Definition 4.1 (Poisson process). Given a sequence of independent identi-
cally distributed exponential random variables T, T, ... with mean %, define
a Poisson process N (t) with intensity X > 0 as

N(t) =max{n: Y 7 <t}, (4.1)
i=1

1.e. when we interpret 7 as the time between the kth jump and the k — 1th
gump, N(t) counts the number of jumps that occur at or before time t.

As a consequence
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It is easy to check that

E[N(t) Zk ’f —5)" At

k=14 _ g)k—1
= A(t—s) Z %6)‘@3) = A(t — 3).
k=1

Furthermore we know that for t > s, N(t)—N(s) is independent of Fs, where
JF; is the o-algebra containing all the information of N(s) for 0 < s < t.
4.1.2 Compensated Poisson process

Whereas the Poisson process is a pure jump process (the process does not
change, unless it jumps), there is an extension of this process which can be
shown to be a martingale. We need this process to be able to say something
about integrals with respect to the Poisson process later on.

Definition 4.2 (Compensated Poisson process). Let N(t) be a Poisson pro-
cess with intensity A > 0. The compensated Poisson process M (t) is defined
as

M(t) = N(t) — At (4.2)
For this process, we prove the following:

Lemma 4.1. The compensated Poisson process M (t) is a martingale.

Proof. Let 0 < s <t be given. We have

E[M(t)|F] = E[M(t) — M(s)|Fs] + E[M(s)|F]
[N(t) — N(s) — Mt + As|Fs] + M(s)
[N(t) = N(s)] = At — s) + M(s) = M(s),

~—_ —

S

because M (s) is Fs-measurable, N(t) — N(s) is independent of Fs and the
expected value of N(t) — N(s) is A(t — s). O

4.1.3 Jump process

Next we will use the Poisson process to extend the state space process from
an I[to process to a jump process where the jumps are given by a Pois-
son process. Recall the definition of the multidimensional It6 process: Let
(Q, F,P) be a complete probability space and (F;)o<t<oo a filtration, satisfy-
ing the usual conditions [21], and let W = (W}, ..., W)g<i<o0o be standard
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d-dimensional (F;)-Brownian motion, 1 < d. The multidimensional Itd pro-
cess Z = (Zy)o<t<oo, Zt = (Z}, ..., Z}), is given by

t d ot
Z;:Zé+/bgds+z/ cIdWi,  i=1,...,4, (4.3)
0 . 0
7j=1

where Zé is nonrandom (Fy-measurable) and with b and o progressively mea-
surable processes with values in R%, respectively R**?, such that fot bl ds <
oo and fot \aﬁjlzds < o0, P-a.s., for all t > 0. This part is the continuous
part of the process. We add to this the jump part J = (J',...,J*) given by

m
Ji=> S9N}, i=1,....4 (4.4)

j=1
where N; = (N},...,N/*) is an m-dimensional vector with independent
Poisson processes with parameters Ai,..., Ay > 0 and ¥ € R**™. The

general jump process we define in this thesis is defined as follows.

Definition 4.3. The jump process Z = (Zi)o<t<oo, Zt = (Z},..., Z}), is
given by

Zi=(Z+Ji,  i=1,....4, (4.5)

where (Z€): is the continuous part of Z given by (3.6):
. . t . d t .. .
7=+ [(Bas+ Y [oiawi i=1a,
0 — Jo

and J} is the jump part of Z given by (4.4).

In what follows we will use a somewhat easier jump process, where N; =
(N}, N NP), & € R¥3, 20U = ( for i # j, and B! = !, 3?2 = o? and
333 = 3. This gives the following process, which we call the Independent
jump process:

Definition 4.4 (Independent jump process). The Independent jump pro-
cess Z = (Zy)o<t<oo, Zt = (Z}, ..., Z}), is given by

t d t
Z;:Zé+/ bgds+z/ o dW! + a'Njlgizyy, i=1,....4, (4.6)
0 —1 /0

where N} is a Poisson process with parameter \; € Ry, of € R, W is d-
dimensional Brownian motion, Z} is nonrandom (Fo-measurable) and with
b and o progressively measurable processes with values in R*, respectively
R**9 such that fori=1,...,4 and j=1,...,d,

t t
/ b ds < 0o and / lo¥|?ds < 0o, P-a.s., for allt>0.
0 0
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4.1.4 Stochastic Calculus for Jump processes

To be able to do some stochastic calculus, we have to analyze what the
quadratic (co)variation of those jump processes is. See Appendix B for more
information about the quadratic (co)variation. From standard It6 calculus,
we know that

¢ d
(29,2 = [ Y oot ds

0 k=1
as we have used before. As shown in ref. [20], Theorem 11.4.7, the quadratic
variation of two processes X; and X, with jumps is given by [X1, Xo]y =
[X{, XS]t + [J1, Jo]¢ where X¢ is the continuous part and J; the pure jump
part of process i and [J;, J;]; is given by [Ji, Jjls = D gcscr AJi(5)AT;(s).
The remark on page 482 of [20] tells that in differential form,

dXy (f) dXa(t) = dXT(t) dX5(8) + dJi(t) dJa(2)

and
dX{(t)dJ2(t) = dX5(t)dJi(t) = 0.

The processes N'(t) are right continuous. Define by f(¢t—) the limit
limgy f(s) from the left. Define for a process X; the jump size AX(t) =
X(t) — X(t—). For a right continuous process X, it holds that AX(¢t) = 0
if there is no jump and AX(t) = J if there is a jump with size J. For the
poisson process it holds that AN(t) = N(t) — N(t—) = 1 if there is a jump
and AN(t) = 0 when there is no jump. Furthermore, the poisson process
can only have a finite number of jumps in every time interval. Therefore we
mean by > ., AN(s) the sum over all jump times s of the process between
0 and ¢. This of course equals N(t) in this case: N(t) = > i<, AN(s).

Suppose we have a continuous function f with continuous first and sec-
ond order partial derivatives, depending on a 1-dimensional Ito-process X (t)
with jumps given by

X(t) = X°(t) + J(t),

t t
X¢(t) = X(0) —|—/ bs ds —i—/ os dWs,
0 0

where W, is brownian motion and J(t) is a Poisson process. The function f
becomes discontinuous because of the discontinuity of X (¢). However, when
there is no jump (i.e. in between jumps) we have

AF(X() = F/(X()) AX(5) + 5 (X (s))o? ds, (47)

like we have seen before. When there is a jump, from X (s—) to X(s), the
process f will jump from f(X(s—)) to f(X(s)). This leads to the following
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identity which can be found at page 484 of ref. [20

FOX(1) = /f ) dX(s L/ﬂ )o? ds
[F(X(s)) - F(X (48)

0<s<t

Remark 4.2. In some textbooks, for example in ref. [11], Theorem 7.3.1,
the second integral on the righthand side is with respect to the jump process,
not only to the continuous part of the jump process. To compensate for
the changes at the jump times, they have to add another term, involving
the derivative of the function and the jumps in X : fg (X (s))dXe(s) =

Jo /(X (£)) dX(8) = Ypeser /(X (8)(X(5) = X(57)).

This identity can be extended to the case that we have a function of a
multidimensional It6 process. Theorem 11.5.4 in ref. [20] gives the two-
dimensional It6-Doeblin formula for processes with jumps. This can be
extended to the following identity for higher dimensional processes X (t) =
(X1(2), ..., Xq(t)) with jumps:

t 8 d ¢
f(t, X(t) = £(0,X(0)) +/0 gf(s,X(S))der;/o

D) Z/ By 6% (5, X(s)dX7dXS+ Y [f(s, X (5)) = f(5,X(s—))] .

7]7 0<5St

0 :
5 /(5. X () X (9)

(4.9)

The next step is to analyze > o_ -, [f(s,X(s)) — f(s,X(s—))]. In order to
do this, we start with analyzing AX(¢). Remark that again we can write
Xe(t) 4+ X7 (t) with X°(t) the continuous part of X (t) and X7 (¢) the pure
jump part:

(XT(®),.... X5(1) ,
(Jl (t)7 (t))

Now AX(£) = X¢(t) + X7 () - (Xe(t—) + X/(t-)) = X’ (1) - X(t—) =
AX(t) by continuity of X¢(t). Note that AX”(t) = 0 if there is no jump
at time t.

If we take X7 (t) = (N1(t),..., Ng(t)), i.e. X7(t)is the vector containing
d independent Poisson processes, a jump in X~ (t) occurs when one of the
Poisson processes jumps. The following proposition tells that two of those
jumps never occur at the same time, almost surely.

(t)
t

Lemma 4.3. Let Ny(t) and Na(t) be two independent Poisson processes
with intensities Ay and Xy. Then P (AN1(t) =1, ANy(t) = 1) =0 for all t.
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Proof. Jumps of the Poisson processes occur when an arrival occurs. The
arrival times are defined as S% := >}, 7{ with 7/ exponential distributed
independent random variables with parameter \;, for ¢ = 1,2. For the
probability we have

P (AN{(t) = 1,AN,(t) = 1)

P (ANy(t) = 1,ANs(t) = 1|Ny(t) = k) P(N1(t) = k)

P (AN (t) =1, ANy(t) = 1|N1(t) = k, Na(t) = 1)

NoERANgE

k,l=1

P(Ny(t) = k)P(Na(t) = 1)

(4.10)

(]
v
/N
2
I
\.@F
R

[\
I
~
~—~"
o
=
I
o
5
=
|

1

k.l

The arrival times S? are Erlang(n, \;) distributed. Their distribution func-
tion is given by
>\i xn—l e—)\ia:

(k=1
The probability P (Sl}; =1, SIQ = t) can now be computed as

P(S,i:t,b?:t):/oop
0

fS@(CU;n, >‘Z) =

St=1,87 = 1|57 = 5) fsp(s51, 22 ds

St = s) fslz(s;l,)\g)ds

P <S,1 < s) - P <S,1 < s)} fslz(s;l,)\g) ds.
(4.11)

Now
P(sh<s)= /O Jsp koA dn = P (S} < s)
and hence equation (4.11) and (4.10) equal zero, hence
P (AN{(t) = 1,ANo(t) = 1) = 0.

This holds for every t, hence two jumps never occur at the same time, almost
surely. O

Next to this, we can prove an even stronger Lemma, which could have
been used to prove Lemma 4.3:
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Lemma 4.4. Let N1(t) be a Poisson processes with intensity Ay > 0. Then
P (AN(t) =1) =0 for all t.

Proof. Again AN;(t) = 1if there is an arrival at time ¢, so P (ANl(t) = 1) =
>0 P (S, =t), where S, is the time of the n-th arrival. Now P (S, =t) =
P (S, <t)— P (S, <t) and because

P (S, <s)= /Os fsp (kA1) dn = P (Sk < s) (4.12)

we have P (AN (t) =1) =32° | P (S, =t) =0. O
We are now able to rewrite Y, [f(s, X (s)) — f(s, X (s—))]: When

we denote by Ay the occurrence of a jump of process N (t), we can rewrite
(4.14) as

Z Af(st(S)) = Z [f(s,X(s)) - f(st(S_))]

0<s<t 0<s<t
d
NN ARf(s, X (s)). (4.13)
0<s<t k=1
Remark 4.5. In the case of independent jumps this can be written out as:

Z [f(s,X(s)) - f(st(S_))]

0<s<t

0<s<t

N [ (Xa(s), -, Xa(9)) = f(s, (Xa(s=), o, Xa(s))]
0<s<t

+ ) [f(s, (Xa(s), ..., Xa(9))) = £(s, (Xa(s), Xa(s=), ..., Xa(s)))]
0<s<t

because a jump in Ny only causes a jump in Xj.

Using equation (4.13), we can write the It6-Doeblin formula (4.9) as

FX0) ™ 50.X0) + [ 2516 X6 (5)) AX5()

l\')IH

d + 2
Z/ P, & X () dXTdXT+ > ZAkf(S,X(S)). (4.15)

0<s<t k=1
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4.2 Consistency of the Independent jump process

In the following theorem, we state a condition using the forward curve for
the Independent jump process to be consistent, following Definition 3.1.

Theorem 4.6 (Filipovi¢ with independent jumps). Suppose Z = (Z;)o<t<oco
follows a jump process with independent jumps with values in Z. Then Z is
consistent with the forward curve family F only if

4
1 y
D,F(x,Z) =b-V,F(x,Zs) + 3 E a"

i,j=1

32
024027

FY$,Z”

4 3
_ Z a¥ <8zz x, Zt / ’17, Zt d’l7> D, Z (1 — eﬂﬁakW;ﬁ(Z‘l)) Ao

ij=1
for all x > 0, where a = oo*.

Proof. Assume as given an Independent jump process Z; following Definition
44: Fori=1,...,4, 0 <t < o0,

t d
Zl =7} + / bids + > / oIdWI + @' Njlyyy, (4.16)
0 —1 /0
where W; = (W}, oy , W) o<i<oo is standard d-dimensional Brownian mo-

tion, 1 < d, and N} is a Poisson process with parameter Aj, for 1 <5 < 4.
This process can be written as the sum of a continuous process and a pure
jump process:

Zt = (2%, + aiNtil{i;é4}7 (4.17)

where (Z¢)! is the continuous part, consisting of Z{+ fot bids—i—zgl:l fot o dwi
and N} is the pure jump part. Remark that the continuous part (Z¢)i in
this case equals Z} in (3.6).

In line with the proof of Theorem 3.1, we apply equation (4.9) to the
bond prize P(t,T) = G(T —t, Z;) where the process Z; is given by (4.16).
The continuous part of the proof remains the same, hence we add the jump
part to (3.10)

P(t,T) = P(0,T) + /t(A G(T — 5,2,) — DG(T — s, 2;)) ds

/ V.G(T — s, Z,) 05 dW,

[P(s T)—P(s—,T)], 0<t<T, P-as. (4.18)
0<s<t
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Let P(t,T) be the bond prize implied by the Nelson-Siegel forward rate
(3.1), so

1 — e ZH(T1)
Pt,T)=exp |—(T —t) | Z} + 22 | ————

ZNT —t)
1— e Zi(T-1) 4
Z3 _ —Zf(T—t)
i ( ZiT—1 ¢
= oxp [~ (T = )Z;Wr—i(Z})] (4.19)
where
7} W) i
—e— At
Zi:= | 27 | W\ = WZ)) | = = - (4.20)
7 Wi Y

Now we are interested in investigating the jump part of (4.18):

> [P(s,T) = P(s—,T)] = > AP(s,T)

0<s<t 0<s<t

=3 Z AlP(s, T) + AQP(S7 T) + AgP(s, T)
0<s<t

3
= > D AP(s,T).

0<s<t k=1

When there is a jump at time s in Z we know Z! = Z!_ + AZ! = Z!_+
a;AN! = Z!_+a;. Denote by ey the k-th unit vector, then Zs_ = Zs— ey,
when there is a jump of N¥ at time s. Now

ApP(s,T) = P(s,T) — P(s—,T)
= €Xp |:_(T - S)Z:WT—S(Z;l)} — exp |:_(T - S)Z:—WT—S(Z;l)]

= oxp | (T = $)ZIWr_o(Z4)| = exp | (T = 5)(Z; — aye}) Wr—o(23)]
—exp [~(7 - )Z;Wr(21)] (1 - oxp (7 - SJaneiWr-—.(21)])
= P(s,T) <1 — exp [(T - s)akW:?_S(Zf)})

when there is a jump of process N* at time s, else A P(s,T) = 0. Hence

AgP(s,T) = P(s,T) (1 — exp [(T — s)akwg_s(Z;l)]> ANk (s). (4.21)
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Remark 4.7. Above we used Zis_ = Zig — €. Of course we could also have
substituted Zy = Zis_ + ey,. This would result in

AgP(s,T) = P(s—,T) <exp {—(T — s)ale}fs(Z;l)] — 1) ANg(s).
(4.22)

Combining (4.21) and (4.22) gives
P(s,T)AN(s) = exp [(T - s)akwg,s(zg)} P(s—, T)AN(s),

which shows the relation between P(s,T)AN(s) and P(s—,T)ANg(s).

Now we get

> [P(s,T) - = > ZAkP s,T)

0<s<t 0<s<t k=1
3
=S Y P (1—exp (7= s Wh,(Z2)] ) ANi(o),
0<s<t k=1
(4.23)
Remark that > 5., f(s fo ) hence we can write
S [P(s,T) — Z / (5,7) (1 —eT —Smw?—s(zﬁ) AN (s).
0<s<t
(4.24)

Equation (4.18) now becomes:
t
P(t,T)=P(0,T) + / (AsG(T = s,Zs) — D, G(T — s, Zy)) ds
0
t
+ / V.G(T —s,Zs) 0, dW;

+Z/ (s,T) 1—e<T s)oxWi_,(Z; >) ANi(s), 0 <t <T, P-a.s..

In differential notation:
dP(t, T) == (AtG(T - t, Zt) - DxG(T - t, Zt)) dt + sz(T - t, Zt)*O't th

3
+ > P(t,T) (1 - e<T*t>akW?—t<Zé‘>) ANi(t), 0<t < T, P-a.s..
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And this is equal to

dP(t, T) = (AtG( - t Zt) - D$G(T - t, Zt)) dt + VZG(T - t, Zt)*O't th

+ Z G(T —t,7;) (1 - e(T—t>“kW?—t(Z?>) ANy(t), 0 <t < T, P-a.s..

In the same way as in equation (3.11) we are able to investigate d( ]_gt(g))

d(Pg(’g)> = Btt) dP(t,T) + P(t,T)d<$) + d<$> dP(t,T)

_ % [(AG(T —1,2)) — DyG(T — t, Z,)) dt + V.G(T — t, Z,) o, AW,

3
T —t,7) Z( (1= o W _ t(Z4)> AN, (t)
k=1
1

Y G(T —t, 2)

D,G(0, Z,) dt

=

t)
1
+ le«G(o, Zy)dt [(AG(T —t,Zy) — D.G(T —t,Zy)) dt

+VZG(T—t, Zt) ¢ th—F G —t Zt

Mw

( (Tt Wi, t(Z?)) AN (t)
k=1
1

= B(t) |:(AG(T - t, Zt) - DxG(T - t, Zt)) dt + VZG(T - t, Zt)*O't th

3
+G(T—t,2)) (1 - e(T*“akW?—t(Z?)) AN (t)

i
I

+ G(T = t, Z)——D,G(0, Z;) dt.

B(t)

Again because dtdt = 0, dtdW; = 0 and d¢tdN(¢t) = 0. Now we have in
integral form:

P(t,T) VAR .
5@~ PO.T) _/0 B VO 5 Z) oW
L
+ A m [AG(T - S, ZS) - D$G(T - 87 ZS) + G(T - 87 ZS)D$G(O7 ZS)] dS
5 ! 1 —S ) k 4
+ E A %G(T - 3728) <1 - e(T ) WT?S(ZS)) de(S) (425)
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Remark that if poisson process N () has intensity A, N(t) — At is a martin-
gale. Add and subtract to (4.25)

3 t 1
L e (T—)a Wh_ (Z2)
;le /O 5 G0 = 57) (1 i ))\kds

to get

P(t,T) ARy B .
B0 —P(O,T)_/O B(S)VZG(T 8, Zs) oy AW

t
+/0 B [AG(T .2 = DeG(T = 5.2 + G(T ~ 5, Z)D:G(0.2,)] s

3 t
1 4
_ _ (T—s)apy Wk _ (Z1)
+ kEZI/O B(S)G(T s, Zs) <1 e > dNg (s

t

T—s,Z)(l—e(TsakW SZD) Ny, ds

) )
3 t .
—;/O %G(T—S,ZS) <1—e( —s)ou Wh_,(Z] )>)\

t
1
= [ — T—5,7)"
/ 5 s)sz( s, Zs) os AWy
/ Bis [AG(T Zs) — D,G(T — s, Zs) + G(T — s, Zs) D, G(0, Z,)| ds

1 k 4
_ _ o(T=9)uWh_ (21 _
+k§_1j/0 B(S)G(T s,Z)<1 e BT >d[Nk(s) s

s, Zs) (1 — M=) Wh_ (2 >> A ds. (4.26)

Now define

t
1
MQ(t,T) = A msz(T — S, ZS)*O'S dWS

3

t k 4
_ _ (T—S)O{kW 7S(Zs) _
+ ;/0 B(S)G(T S, Zs) (1 e T )d[Nk(s) s
and
Hy(t,T) = %[AG(T 1, 7)) = DoG(T — 1, Z4) + G(T — t, Z:) Do G(0, Z1)

3
T —t,%) Z( o(T—Dax Wi _ t(Z4)>])\k_ (4.27)
k=1
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Ms(t,T) is a local P-martingale because it is an integral with respect to a
(local) P-martingale. Now we have that equation (4.26) can be written as

P(t,T)
B(t)

— P(0,T) = /0 t Hy(s, T)ds + My(t,T). (4.28)

In the same way as for the Ito process part, lets suppose Z is consistent
P(t,T))

B(t) )o<i<T
T < 0o. Then we know fg Hj(s,T)ds is a local martingale. In this case, it
is only right-continuous so we have to do a little bit more work to be able
to conclude fg Hy(s,T)ds = 0.

Fix w € Q. Let 71q,...,7 be the jump times of process Z such that 7y :=
0<7 <...<m <t=:741. On each of the intervals |1y, Tp+1), Ha(s,T) is
continuous. Now fot AU Hy(s,T) ds is a local martingale which is continuous
and of bounded variation. Therefore fOMTl Hy(s,T)ds = 0. Now we can
write fot Hy(s,T)ds = f:lvn Hj(s,T)ds which still is a local martingale.
Applying the same argument gives thIVTQ Hy(s,T)ds = 0. Applying this
repeatedly we conclude fg Hs(s,T)ds = 0. Applying Claim 3.14 on the
continuous parts of the integral, we conclude, because Hs(t,T') is continuous
in T,

with the Nelson-Siegel family, i.e. ( is a P-martingale, for all

Hy(t,t+z)(w) =0, Vr>0, for dt®dP-a.e. (t,w). (4.29)
Because B(t) > 0 for all ¢, (4.29) yields

AG(x, Zt) — DxG(x, Zt) + G(m, Zt)DxG(O, Zt)

3
+ G, Z)Y (1 . em'cw’ﬂzé‘)) Moy V>0, dt®@dP-as.  (4.30)
k=1

Using again that the definition of the bond price G(z, z),z € Z, equation
(3.2), we have (see Appendix A.1):

dG(z,z) rd
7 - _/0 dZiF(% Z) dUG(l“,Z),

0?G(z, 2) ro 0
W—(/O 3ZiF(77,Z)d77/0 5,7 L0, 2) dn

T 62
B 0 6zjazi G(‘T,Z)

and

D,G(x,z) = —F(z,2)G(z, 2).
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Equation (4.30) can now be written as

0=AG(z,Z) — D,G(z,Z) + D, G(0,2)G(x, Z)

3
+ G(x Z) Z < o exakWI;(Z‘l)) AL

k=1
=— | AF(n,Z)dnG(z,Z)
0
1<
+5 ) av F(n,Z dn/ Z)dn | G(z,2)
2 ij=1 0
+ Ple, 2)G(x, Z) — F(0,2)G(x, 2)
3
+G(x,2) Z <1 — emkwlﬂg(ﬂ)) Mg, Vo >0, dt®dP-a.s..
k=1
Dividing by —G(z, Z) gives:
_ ij
/0 AF(n,z)dn 2”21& </0 F(n,Z dn/ 77)

3
— P, 2)+ F(0,2) -y (1 - em'cWW“)) =0, Vz>0, dt®dP-a.s..
k=1

Differentiating this to z gives

1 Z i (W . Z)/ 82].F(77, ) dn+/0m 8‘2@.5‘(77, 7) dnaiF(x Z))

7]7

+ AF(n,Z)dn — Dy F(z,Z) — D, Z( — Pk Wil Z4>) Ak =0, (4.31)

Va > 0, dt ® dPP-a.s., which can be rewritten to the expression of Theorem
4.6. O

This theorem is very similar to Theorem 3.1, except the addition of three
terms involving the jump intensities A\; and the elements of the matrix 3.
In the following corollary we work out what Theorem 4.6 explicitly means
in the Nelson-Siegel forward curve case.

Corollary 4.8 (Nelson-Siegel with independent jumps). Suppose Z = (Z;)o<t<oo
follows the jump process of Definition /4.4 with values in Z. Then Z is consis-
tent with the Nelson-Siegel family only if for dt @ dP-a.e. (t,w) in [0,00) x €2,

0 =po(z) + p1(z)e 4" + pQ(CC)B_QZUC

_e—?4T o247 _
l1—e l1—e —_xe 241)7241.

o1 CMQ( B )72422 OZS( Za
+ Aa1e®? + hgane + A3azzaze ,
(4.32)
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for all x >0, where po(z), p1(x) and pa(x) are polynomials in x with coeffi-
cients containing b® := bi(w),a" := a; (w) and 2* := Z}(w) for 1 <i,j < 4
which are given by (3.18), (3.19) and (3.20) respectively.

Proof. The condition follows from writing out the condition of Theorem 4.6.
The proof is the same as the proof of Corollary 3.3, but then with addition

of —D, Zi:l (1 — emkWi(#)) Ai. Before we work this out, remember the

relations as shown in section 2.1.1:

1 1" 1ds

1 T 1 T T 7_0
—/ ws(A\)ds = —/ e ds = 1 [ e ds
TJo T Jo Ase ™A %fOT Ase=* ds

1

AT

= 1 v = W_(\). (4.33)
1—e? 6)\7‘
AT

Hence, because aj, does not depend on =,

1
D, (xakww()\)) =y e~ AT = apw(A).
Axe A
Now
3 3
-D, Z (1 _ emakW’;(z‘l)) M = Z Dxexakwg(z‘l))\k
k=1 k=1
3
= Zewakw’;(z4)Dx <xale§(z4)> Ak

k=1

3
k(.4
_ Zemakwx(z )akWI;(Z4))\k,
k=1

which can be written out as

3 175—24x>
ag | ——— | —z4x
_Dx E (1 — emakwlg(z‘l)) )\k = Alalealm + )\2@26 2( =4 *
k=1

—zqT

« (1_624 —J:e’z4””) — 24T
+ Agagzaze

Adding this to the result of Corollary 3.3 gives Corollary 4.8. O

It would be nice to be able to give a theoretical proof that Corollary 4.8
can only be satisfied if a3 = ag = ag = 0, i.e. that Corollary 4.8 can only
be satisfied if there is no jump part in the state space process. The rest of
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the analysis would be going like the analysis of the Ito process part. But
this, in general, is not as easy as the proofs in Appendix C which are used
in the analysis of the It6 process part. It looks evident that it has to be the
case that po(z) = p1(x) = pa(x) = g = ay = az = 0. Mathematica gives
the desired result.

Because aj, as and as have to be 0 to give a consistent state space
process, we see that an Independent jump process, a state space process of
the form of Definition 4.4, can’t in fact have jumps if it has to be consistent.
Therefore it will be a process as considered in Chapter 3 and we can draw
the same conclusion:

Theorem 4.9. Suppose Z = (Z;)o<t<oo follows the Independent jump pro-
cess of Definition 4.4 with values in Z. Let Z; be consistent with the Nelson-
Siegel family. Then Z; is of the form
zl =27}
72 = Z3e~ %t 4 73 Z e %o
7z} = Zge %ot
d

tAT tAT
4 4 1 4j ‘
Zy =2y + /0 cslizz—z3—0p ds + Z/o 05’ Lz2—z3—oy AW,
j=1
with c* € R and the stopping time 7 = inf{s > 0|22 = Z3 = 0}.

Proof. Because for Z to be consistent ay, as and ag have to be 0, the
Independent jump process is in fact just an It6 process following Definition
3.4. Therefore, the proof is the same as the proof of theorem 3.7. O

And we can formulate the same corollary as in Chapter 3:
Corollary 4.10. The forward rates are non-random, they are Fy-measurable.

Proof. The Nelson-Siegel forward rate on Qg is given by F(x,Z;) = Z&
(because Z7 = Z} = 0), which is Fy-measurable. The dynamics of Z} have
no influence. The Nelson-Siegel forward rate on 21 is given by

Fla, 2) = 2+ 222 1 737 1ne s
= ZO1 + (de_zgt + Zg’Zalte_th) e~ %o + Zg’Zfe_thxe_ng
— 73+ Z3e P00 4 Z374(t 4 w)e B = F(t + 2, Zy),
hence all the randomness remains Fy-measurable. O

Corollary 4.10 tells us that the interest rate model coming from a con-
sistent Independent jump process is nonrandom, trivial. It only depends on
the value of the process at time 0, as we saw earlier in the It6 process case.




CHAPTER 5

Concluding remarks

The Nelson-Siegel model is used by many practitioners in the field. In the
beginning it was just a method to fit the yield curve, nowadays people have
developed methods using the Nelson-Siegel curve to predict the yield curve.

Filipovi¢’s work showed the lack of theoretical background of this model
as a forecasting method based on continuous processes. In his line, we
defined the consistent state space process: the process which, when repre-
senting the parameters of the Nelson-Siegel curve (or in general of a forward
rate curve), turns the discounted bond price into a martingale (which can
be seen as the no-arbitrage condition). First we considered an It6 process
and using the definition of the consistent state space process, we derived
conditions on the dynamics of the It6 process as the state space processes.
We concluded there exists no nontrivial interest rate model driven by an 1to6
process consistent with the Nelson-Siegel family.

Secondly we extended his research by introducing jump processes and
stochastic calculus for jump processes. We also derived conditions on the
dynamics of the Independent jump process in order to represent a consistent
state space process. It turned out that there exists no nontrivial interest rate
model driven by an Independent jump process.

Based on my experience in the recent project, I believe it is relevant to
investigate the mathematical background of (new) mathematical and finan-
cial techniques to obtain a more reliable framework for financial products.
From my point of view, a theoretically rigid model which works well in prac-
tice is preferable. As mentioned before, some people think we don’t need
a mathematically or theoretically rigid method to forecast the yield curve.
This is of course true, if forecasting is the only aim of the method. However,
as soon as we want to say more about it, we need a solid mathematical
foundation. Not only because this could support the assumptions we make
in mathematical finance (like the concept of arbitrage-freeness), but also
because we will be able to base new theories on it.
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Further research

We only showed the dynamics of a consistent jump process in the Nelson-
Siegel framework for a so-called Independent jump process. It would be nice
to have a similar result for an arbitrary jump process, according to Definition
4.3, where the jump part is given by J = (J', J2,J3,0), Jf = Z;ﬂ:l SN
where N; = (N},...,N/*) is an m -dimensional vector with independent
Poisson processes with parameters Ai,..., A\, > 0 and 3 € R¥>*™,

One can show this process leads to the following equivalence of Theorem
3.1 and Theorem 4.6:

Theorem (Filipovi¢ with jumps). Suppose Z = (Z;)o<t<oo follows a jump
process as described above with values in Z. Then Z is consistent with the
forward curve family F family only if
1. . 92
DyF(x,2) =b-V.F(z,2) + 5 > a s F @ 2)

ij=1
(0 r 0
- U\ —F(x,Z —Fn,Z
>l (perw2) [ 5 2)a)

— D, Z <1 D zjkac(Z4)> Ak

for all x > 0, where a = oo*.

Proof. This proof is similar to the proof of Theorem 4.6. Outline of the
proof is given in Appendix D.1. O

Corollary (Nelson-Siegel with jumps). Suppose Z = (Z;)o<t<oo follows the
Jump process the Theorem above, with values in Z. Then Z is consistent
with the Nelson-Siegel family only if for dt ® dP-a.e. (t,w) in [0,00) x Q,

0 =po(z) + p1(z)e ** —i—pg(x)e_zzw

m ) 3
i Z A |e® 3 BIFWY (24) Z Zikwi(z4) ,
k=1 i=1

for all x >0, where po(z), p1(x) and pa(x) are polynomials in x with coeffi-
cients containing b® := bi(w),a" := a; (w) and 2* := Z}(w) for 1 <i,j < 4

which are given by (3.18), (3.19) and (3.20) respectively.

Proof. This proof is similar to the proof of Corollary 4.8. See Appendix D.2
for more details. O
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This is an equation with 3m — 3 (the nonzero entries of 3 minus 3) more
unknowns than the equation of Corollary 4.8. Mathematica didn’t manage
to solve this. A nice extension of my research would be to find a theoretical
way to proof a that this equation also implies no existence of nontrivial
interest rate models. I believe the possible corresponding processes providing
a nontrivial interest rate model are at most very restricted, because of the
complexity of the equation, which has to hold for all x > 0.

Apart from this ‘arbitrary jump process’, one could also think of other
jump processes to simulate interest rate jumps in specific periods in time,
like processes with clustered jumps, jump processes with time dependent
intensities and jump processes with time dependent jump sizes. Instead of
investigating all those cases separately, I think the analysis as proposed in
this thesis can be extended to a more ‘overall’ result. It may work with other,
arbitrary, (jump) processes, as long as they have a continuous compensator
to be able to construct expressions like 3.12 and 4.28.

Another subject which is not explored in this thesis is the question
whether (some of) those jump processes describe the data well, or in any
case better than the continuous processes, to be able to extend the research
of Diebold and Li [9].

Finally we come up with a subject for further research, which is not di-
rectly related to this thesis, but involves arbitrage-free-ness and jump pro-
cesses. As mentioned in the introduction, Christensen, Diebold and Rude-
busch adapted the Nelson-Siegel model to make it arbitrage-free [4, 5]. They
only used continuous processes. Being convinced that including jumps in
models is almost obligatory, another research subject might be to investi-
gate what the impact of jumps is on their arbitrage-free Nelson-Siegel model.
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APPENDIX A

Nelson-Siegel family:
integrals and derivatives

A.1 Bond prices

Recall the definition of the bond price G(z, z), z € Z, equation (3.2):

G(z, 2) = exp(—y(z, 2)x) = exp <— /O P, ) dn> .

Then we can calculate the following derivatives:

dG(z, 2) d v
L= — F
dz? dz? P ( /o (.2) dn)

—ew (= [ Foan) 5 (- [ Fos)an)

*d
= | Srms) anG. ), (A1)
9?G(z,2) 0? v
L = — F
0270z 0270z exp< /0 (n,2) d77>

o1
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T 82
o azjaziFm,z)dn) Gla,2) (A2)

and

D,G(z,2) = Dy exp (- /O "B, 2) d77>

= exp (—/OxF(n,Z)dn> D, (—/OxF(n,Z)dn>

= —F(z,2)G(, 2). (A.3)

A.2 Forward rates

The Nelson-Siegel forward rates F'(z, z) are given by equation (3.1):

F(x,z) = 21 + 29" % 4 z3z4me” *4%.
The (partial) derivatives are then given by:
D, F(x,2z) = —z9zqe” *4¥ — 2322566_Z4x + 23246 FAF,

V.F(x,z) = (1, AT e AT _zore T — sazuple AT 4 zgxe_zw) ,

O*F(x,z .
¥:0f0r1§z,j§3,
8Z¢82j
0 _ —24 — 24T 2 —24
—V.F(x,z) = (0, —ze *** ze — x°z4e ,
324
20227 — 2aq?eTHAT 4 pazypde AT — 23$26_z4$> .

Remark that ?F(z,2) _ 9°F(z2)

for all 1 <7 <4, hence

0z;0z; —  0z;0z;
0?F(z,2) 0
7’ p— _— F .
8Zi324 (82’4 VZ (1‘, Z)>Z

Because [ e” " dny = L (1—e =), [y ne M dn = % — (4L )e e

Z4 z4 Zy

T — 2 —
and [ n?e = dn = 3—2 — (L + 3—492” + 3—2)6 T we get

/ OF (1), 2) 1z,
0

821
aF(U, Z) d77 _ i <1 _ efz4:v) ,
0 0z Z4
Y OF(n, z) 1z 1 1 1.
— " 7 dn = (= _ Z4T\ — - 24T
| Bl = ot ) ™) = o (e e

T OF(n,z) 1 x 1\ _
———dn = (23— 2 — — | =4+ = | e A"
/0 0z4 n=(z 2) zZ 24 zf
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2 2 2 2\ _
—naul|lz-|—+tztz|e™],
zy zZ4 25z

Using these facts and combining terms, one can show Corollary 3.3.







APPENDIX B

Quadratic (co)variation

The quadratic covariation of two functions f(s) and g(s) which are defined
for 0 < s <t up to time ¢ is given by

n—1

[fs9le = Tim > [f(tj01) = f(E)]lg(ti1) — 9(E)]; (B.1)

|[11]|—0 Jary
where II is a partition of [0,¢], IT = {tg,t1,...,t,} With 0 =ty <t; < ... <
tn, = t, and ||II|| = maxj—q,. n-1(tj+1 —tj). The limit [[II|| — 0 is taken
as n, the points in the partition, going to infinity while the length of the
longest subinterval ¢;,1 — t; goes to zero.

The quadratic variation is simply given by equation (B.1) with g(t) =
ft):
n—1

[ o= Tim Y [f(t) — f()) (B.2)

= 1
I||—0
[ 11| j=0

Sometimes the differential form of equations (B.1) and (B.2) are informally
written as:

df gl = df(t)dg(t), df, f1(t) = df(t)df(t).

The following identities are widely known and can for example be found
in ‘Stochastic Calculus for Finance II’ [20] (including the proofs). All iden-
tities including Brownian motion hold almost sure.

e Let f(t) = t, then [f, f]; = 0. In the informal notation above, this
tells us dtdt = 0.

e Let f(t) = W; be Brownian motion. Then [W, W], = t.

e Let W,' and W7 be independent Brownian motion, then [W*, W7, =
t1;5. Informally: dW* W7], = dW;dW] = 1;; dt.
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o Let f(t) =t and g(t) = Wy, then [f,g]: = [t, W], = 0. Informally:
dt, W]y = dtdW; = 0.

e The quadratic variation of an It6 process of the form

t t
Xt:Xo—i—/ bsds—i-/ os dWs,
0 0

where W is 1-dimensional Brownian motion, Xy is nonrandom (i.e.
Fo-measurable) and with b and o adapted processes with values in R,
respectively R, such that fg |bs|ds < oo and fg los|?ds < oo, P-a.s.,
for all t > 0, is given by

[X,X]t:/o (0s)? ds.

In informal notation: dX;dX; = (o) dt.

Remark that this result can be easily found by using the informal
notation and the bullets above:

dX, X]; = dX; dX; = (b dt + op dW;) (by At + oy AW})
= b2 dt dt + 2bs0; dt AW + (0)? AW, AW
=0+ 0+ o2 dt = (0y)* dt.

e Let X! and X? be two It6 processes:

t t
Xg:Xng/O b;ds+/0 oldwy,

t t
XE:X§+/O b§ds+/0 o2 AWy,

where bl, b2 and ¢!, 02 satisfy the same conditions as above. Then
the quadratic covariation is given by

t
[Xl,XZ]t:/ olo?ds.
0

Informally, this is written as: dX} dX? = o}c? dt.

e Let X! and X? be two It processes driven by two independent Brow-
nian motions W} and W2

t t t
X§:X01+/0 b;ds+/0 a,}ldW;Jr/O ol2dw?,

t t t
XE:X§+/O bgds+/0 afldW;Jr/O o2 dW2,
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where b’ and a?, i,7 = 1,2, satisfy the same conditions as above.
Then the quadratic covariation is given by

Xk XJ / Zaklaﬂ ds.

Informally, this is written as: dX} ng = ZZQ 1 01{“0{ “dt.

e Let X},..., X! be I It6 processes driven by d-dimensional Brownian

motion. Then
(X", X7, —/ Zaklaﬂds

Informally, this is written as: dX} ng = Zf 1 Uflaf "t

e Let f(t) = J} and g(t) = J? be two independent right continuous pure
jump processes. Then

TP =Y ATIAJL

0<s<t

e Add to the Itd processes X/, ... ,Xé above the right continuous, pure

jump processes Jtl,...,Jé to get Ytl = th + Jtl,...,Ytl = Xf + Jtl.

Then

[YF, y7] / Za’%ﬂdsju > AJEAT,
0 0<s<t
and ‘ A A
Yk vi) = [x* X9) + [JF, )7,
and

(X%, 9] = [X7,v*) =o.

In informal notation: dY;*dYy = dX}dX] +dJFdJ} and dX}FdJ] =
dX] dJf =o0.







APPENDIX C

Exponential polynomials

Lemma C.1. From
0=po(z)+pi(x)e™, V>0, (C.1)

where po(x) is a polynomial of degree qo and p1(x) is a polynomial of degree
q1, we conclude

po(x) =0 and p1(z) =0, Vz>0.
Proof. Write po(z) = S0 apz® and pi(z) = YSFL, bpa® where gy and ¢
are the orders of py and p; respectively. We know e™® = > 77 = 1,)kac .
_ (=D~ )

. Now (C.1) can be written as

O—Zakx +Zbkﬂ? ZCM

k=0 k=0
00
= Z ar + Z bjck_j xk, (02)
k=0 =0

with aj, = 0 for £ > go and b; = 0 for j > ¢1. Equation (C.2) to hold, yields
ak—i—Zf:O bjci—j = 0 for all k. For k& > qgp, we have a; = 0 hence this implies

Define ¢, :

Z;?:O bjcy—j = 0. Because b; = 0 for j > ¢; we have

qNk
Z bjck_j =0, Vk> qp.
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Because qo+¢1 > qoV g1 we can make the following system of g +1 equations:

@
E :bjcqo+Q1*j =0,
7=0

q1

§ :bjC(IOﬂLQI*jJrl =0,
j=0

q1

E :bjCQO+Q1*j+Q1 = 0.

Jj=0
This can be written in matrix form as Cb = 0 where b = (bg, b1,..., by, )"
and
Coo+q1 Cqo+q1—1 < Cootqi—qu
Cqotq1+1 Cao+q1 <o Cootrqi—q1
C= ) )
Coo+q+a1 Coot+qit+q—-1 - -- Cqo+q1

Furthermore, we know that the homogeneous equation Cb = 0 has a non-
trivial solution if det(C)=0. If det(C)=0, there exists no inverse of C. But
MATLAB shows that C has an inverse, so the only solution to Cb = 0 is
b = 0, hence pi(x) = 0. The inverse of C is not easy to determine. For
given gg and g1, one can of course get the inverse with MATLAB and check
that it is the inverse. Now (C.1) immediately gives po(x) = 0,Vx > 0, hence
ap = 0, Vk. O

Lemma C.2. From
0=po(x)+pi(z)e® +p2(x)e_2$, Vo > 0, (C.3)

where po(x) is a polynomial of degree qo, p1(x) is a polynomial of degree ¢y
and pa(x) is a polynomial of degree g2, we conclude

po(z) = 0,p1(z) = 0 and pa(z) =0, Va >0.
Proof. Multiply (C.3) by e* > 0 to get
0=po(z)e” + p1(z) + p2(x)e™™®, Vz>0.

Using the same notation as in Lemma C.1 , we can write

q0 [ee] q1 q2 [ee]
0= Z apz® Z da® + Z b + Z cpa® Z kak
k=0 k=0 k=0 k=0 k=0

00 k k
Z ajdk_j + by, + Z ijk—j xk, (C4)
k=0 \j=0 Jj=0
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with dj, = 1k—lj and fr = (_k—l,)k Equation (C.4) gives

k k
> ajdi_j+ b+ cifimj =0, Vk=>0. (C.5)
j=0 j=0

When we take k& > qo V q1 V g2, we have by = 0 and
q0 q2
Zajdk,j + chfk*j =0, VE>qVaqVqg. (CG)
j=0 j=0

To determine the gy + 1 + g2 + 1 coefficients of po(x) and pa(z), we need
qo + 1+ g2 + 1 equations. Because qo + q1 + q2 > qo V q1 V q2 we can take
the following equations:

q0 @
Z ajdgy+qi+q2—j + E :ijqo+q1+q2—j =0,
Jj=0 Jj=0

q0 q2

E ajd2q04+g1+2q24+2—5 T E ¢j fago+ar+2¢a+2—5 = 0.
j=0 j=0

This system can be written as Cb = 0 with

dQO+Q1+QQ s dth+£]2 fQO+Q1+QQ s fQO+Q1
C— dqo+q1+q2+1 s dq1+q2+1 fqo+q1+q2+1 s fqo+q1+1
dQQO+Q1+2¢J2+1 s dQO+q1+QQQ+1 f2q0+¢h+2q2+1 s fQQO+Q1+q2+1
and
*
b = (ao,...,aqo,co,...,ch) .

Again, we know that the homogeneous equation Cb = 0 has a non- trivial
solution if det(C)=0. If det(C)=0, there exists no inverse of C. But MAT-
LAB shows that C has an inverse, so the only solution to Cb =0 is b = 0,
hence po(z) = 0 and pa(x) = 0. The inverse of C is not easy to determine.
For given ¢g and ¢o, one can of course get the inverse with MATLAB and
check that it is the inverse. Now (C.3) immediately gives pi(z) = 0, for
x> 0. U







APPENDIX D

Appendix - Concluding
remarks

D.1 Proof of the theorem of the Concluding re-
marks

To prove the theorem in the Concluding remarks, Chapter 5, we mimic the
proof of Theorem 4.6. The only difference is the jump part of the process
under consideration.

Suppose we have a process according to Definition 4.3, where the jump
part is given by J = (J*, J?,J%,0), Jf = Y7L BYN] with N, = (N, ..., Nf*)
is an m-dimensional vector with independent Poisson processes with param-
eters Ai,..., Ay > 0 and ¥ € R,

Let P(t,T) be the bond prize implied by the Nelson-Siegel forward rate
(3.1), so

P(t,T) = exp |—(T = ) ZiWr_4(Z})| ,

where
Z} W1 () R
_e At
Zi=| Z22 | , Wi\ =] W) | = e
z} WE(A) Loe M oAt

Now we are interested in investigating the jump part of (4.18):

S [P(s,T) = P(s—T)] = > > AP(s,T).

0<s<t 0<s<t j=1

When there is a jump at time s in Nf we know Z! = Z! + AZi = Z!_ +
S*ANE = 71+ 3 Denote by e the k-th unit vector, then Z, =

63
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Z, — Ye;, when there is a jump of N* at time s. Now
ApP(s,T) = P(s,T) — P(s—,T)
= exp [~(T' = $)ZiWr_o(Z])] = exp [—(T = )25 Wy, (2})]
= oxp [T~ )2 Wr_(21)] ~ exp [T~ )% — Doy Wr_(22)]

3
=P(s,T) | 1 —exp | (T —s) Z SIMWEL (78
j=1

when there is a jump of process N* at time s, else A, P(s,T) = 0. Hence

AgP(s,T) = P(s,T) | 1 —exp —5) Z EJkW JZH| | ANL(s).

Now we get

> [P(s,T) - = > ZAkP (s,T)

0<s<t 0<s<t k=1
m
= Z ZP(S,T) 1 —exp —5) Z EJkW J(ZH| | AN(s).
0<s<t k=1
Remark that ZO<s<t f(s fo ) hence we can write

> [P(s,T) - P(s—,T)]

0<s<t
=S / < (TS WG (] )>de()
k=

Equation (4.18) now becomes:

P(t,T)=P(0,T)+ /t(AsG(T —8,2s) — D,G(T — s,2;)) ds
0
/ V.G(T — s,Z) 05 AW

—I-Z/ (s,T) <1 T i DWW ( ;1)> dNi(s), 0 <t <T, P-a.s..

In differential notation:

dp(t, T) = (AtG(T - t, Zt) - D$G(T - t, Zt)) dt + VZG(T - t, Zt)*O't th

+ 3 P(t,T) (1 — TS EjkWJfJZ?)) ANi(t), 0<t < T, P-a.s..
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And this is equal to
dp(t, T) = (AtG(T - t, Zt) - D$G(T - t, Zt)) dt + VZG(T - t, Zt)*O't th

+3G(T —t,2y) <1 — T Ej’“w’%—s@?)) dN,(t), 0 <t < T, P-a.s..
k=1

Following the lines in the proof of Theorem 4.6 with 1 — eT—)oxWi_ (2%

T30 FWE_ (7Y

replaced by 1 — gives the desired result. O

Remark D.1. Theorem 4.6 is a special case of the theorem in Chapter 5.
It is the case that SFE =y, for k =1,2,3, and % =0 for k # j. The
sum 2221 SIEWY, - (Z1) will disappear and only axyWh_ (Z2) is left.

D.2 Proof of the corollary of the Concluding re-
marks

To prove the corollary in the Concluding remarks, Chapter 5, we mimic the
proof of Corollary 4.8. The only difference is the jump part of the process
under consideration.

Remember
1
Dy (tW,(N)) = e A = wg(A),
\ze A
hence
Dy (x> SFWIN) [ =D Fwl()).
Jj=1 Jj=1
Now

k=1 k=1

3o e Za WA D N iR W (1) |
1 =1

Bl

3
3 Gk (54 . .
e® =12 "W (z%) g Sikwi (2M) M
1 j=1

I
NE

T

Adding this to the result of Corollary 3.3 gives the corollary in the Conclud-
ing remarks. O
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Remark D.2. Remark that Corollary 4.8 is (of course) a special case of
the corollary above. It is the case that £ = oy, for k =1,2,3, and 3% =0

for k # 7.
If we write out the result above we get

m ) m ) ) 3
-5, 3" (1= BTN = 3 BT S g
k=1 k=1 j=1

4 4

1k g2k l—e %t 3k 1=e”?

x(E += T+ ( e
e

t_ —z4t
‘ )) (Elk+E2k67z4t+23kz4tefz4t)‘

This equation has 3m — 3 more unknowns than the equation in the Inde-
pendent jump case.
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